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The Camassa–Holm shallow water equation

mt + mxu + 2mux = 0 (m = u− uxx)

admits “multipeakon” solutions of the form

u(x, t) =
n

∑
i=1

mi(t) e−|x−xi(t)|

x

u

x1 x2 x3
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u = ∑ mi e−|x−xi | satisfies the PDE iff

ẋk = u(xk) ṁk = −mk
〈
ux(mk)

〉
which is shorthand notation for

ẋk =
n

∑
i=1

mi e−|xk−xi |

ṁk =
n

∑
i=1

mk mi sgn(xk − xi) e−|xk−xi |

(Geodesics for metric gij = e−|xi−xj|.)
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Explicit formulas for general n-peakon solution found
by Beals, Sattinger & Szmigielski (2000).

Example. Formulas for positions when n = 3.

x1(t) = ln
(λ1 − λ2)

2(λ1 − λ3)
2(λ2 − λ3)

2b1b2b3

∑j<k λ2
j λ2

k(λj − λk)2bjbk

x2(t) = ln
∑j<k(λj − λk)

2bjbk

λ2
1b1 + λ2

2b2 + λ2
3b3

x3(t) = ln(b1 + b2 + b3)

where λk = constant 6= 0, bk(t) = bk(0) et/λk > 0.
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In general:

xn+1−k = ln
∆0

k
∆2

k−1
mn+1−k =

∆0
k∆2

k−1

∆1
k∆1

k−1

in terms of Hankel determinants of moments

∆a
k =

∣∣∣∣∣∣∣∣∣
βa βa+1 βa+2 · · ·

βa+1 βa+2
βa+2

...

∣∣∣∣∣∣∣∣∣ (size k× k)

βi =
∫

yi dµ(y)

(
=

n

∑
j=1

bjλ
i
j since µ =

n

∑
j=1

bjδλj here

)
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Cf. orthogonal polynomials:{
ON in L2(µ):

∫
Pr(y)Ps(y)dµ(y) = δrs

Pk has degree k with positive leading coeff.
=⇒

Pk(y) =
1√

∆0
k∆0

k+1

∣∣∣∣∣∣∣∣∣∣∣

βa βa+1 βa+2 · · ·
βa+1 βa+2
βa+2

...
1 y y2 · · · yk

∣∣∣∣∣∣∣∣∣∣∣
For example, xk = xk+1 iff Pn−k(0) = 0.
(Useful for study of peakon–antipeakon collisions.)

7/26



How the spectral measure µ = ∑n
j=1 bjδλj arises:

(∂2
x − 1

4 )ψ = − 1
2 z m ψ (from CH Lax pair) can be

transformed to string equation φ′′ = −z g φ on

the finite interval (−1, 1).

For peakons, m & g are discrete measures.

φ(−1; z) = 0, φ′(−1; z) = 1 defines Weyl function

W(z) =
φ′(1; z)
φ(1; z)

=
z
2

(
1
z
+

n

∑
j=1

bj

z− λj

)
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Degasperis–Procesi equation (1998):

mt + mxu + 3mux = 0 (m = u− uxx)

(Cf. Camassa–Holm mt + mxu + 2mux = 0.)

Peakons: ẋk = u(xk) ṁk = −2 mk
〈
ux(xk)

〉
Explicit n-peakon solution involving less familiar-
looking expressions than for CH.

(Lundmark & Szmigielski 2003, 2005)
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Example. DP peakons, n = 3

x1(t) = ln
U3

V2
m1(t) =

U3(V2)2

V3W2

x2(t) = ln
U2

V1
m2(t) =

(U2)2(V1)
2

W2W1

x3(t) = ln U1 m3(t) =
(U1)

2

W1

with abbreviations explained on next page.
(Time evolution bk(t) = bk(0) et/λk as before.)
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U1 = b1 + b2 + b3 V1 = λ1b1 + λ2b2 + λ3b3

U2 =
(λ1 − λ2)

2

λ1 + λ2
b1b2 +

(λ1 − λ3)
2

λ1 + λ3
b1b3 +

(λ2 − λ3)
2

λ2 + λ3
b2b3

V2 =
(λ1 − λ2)

2

λ1 + λ2
λ1λ2b1b2 +

(λ1 − λ3)
2

λ1 + λ3
λ1λ3b1b3

+
(λ2 − λ3)

2

λ2 + λ3
λ2λ3b2b3

U3 =
(λ1 − λ2)

2(λ1 − λ3)
2(λ2 − λ3)

2

(λ1 + λ2)(λ1 + λ3)(λ2 + λ3)
b1b2b3

V3 = λ1λ2λ3U3

W1 = U1V1 −U2 W2 = U2V2 −U3V1
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What’s going on?

Explanatory framework:

Cauchy biorthogonal polynomials∫
pi(x) qj(y)

1
x + y︸ ︷︷ ︸

Cauchy kernel

dα(x) dβ(y) = δij

(Bertola, Gekhtman & Szmigielski 2009, 2010)
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Also relevant to other integrable peakon equations.

V. Novikov (2008):

mt + (mxu + 3mux)u = 0 (m = u− uxx)

(Hone, Lundmark & Szmigielski 2009)

Geng–Xue (2009):

mt + (mxu + 3mux)v = 0 (m = u− uxx)

nt + (nxv + 3nvx)u = 0 (n = v− vxx)

(Lundmark & Szmigielski, work in progress)

13/26



(∂3
x − ∂x)ψ = −z m ψ (from DP Lax pair) can be

transformed to cubic string equation φ′′′ = −z g φ

on the finite interval (−1, 1).

(For peakons, discrete cubic string: g = ∑n
k=1 gk δyk .)

Two Weyl functions:

W(z) =
φ′(1; z)
φ(1; z)

Z(z) =
φ′′(1; z)
φ(1; z)

where φ(−1; z) = φ′(−1; z) = 0, φ′′(−1; z) = 1.
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W(z) and Z(z) have poles where φ(1; z) = 0.

In other words: at the eigenvalues z = λk of the discrete
cubic string φ′′′ = −z g φ with boundary conditions

φ = φ′ = 0 at y = −1, φ = 0 at y = +1.

(When all gk > 0, the eigenvalues λk are real and positive
because of total positivity.)

W(z)
z

=
1
z
+

n

∑
k=1

bk

z− λk

Z(z)
z

=
1
2z

+
n

∑
k=1

ck

z− λk
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The even part of Z(z) = φ′′(1)
φ(1) is determined by

W(z) = φ′(1)
φ(1) .

(For g ≥ 0 this means that W determines Z completely.)

Proof. Let η(y; z) = φ(y;−z).
Then φ′′′ = −zgφ and η′′′ = +zgη so that

0 = ηφ′′′ + η′′′φ = (ηφ′′ − η′φ′ + η′′φ)′.
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Integration over −1 ≤ y ≤ 1 gives

0 = η(1) φ′′(1)− η′(1) φ′(1) + η′′(1) φ(1)

since the boundary conditions kill contributions
from y = −1.
Division by η(1) φ(1) gives

Z(z)−W(−z)W(z) + Z(−z) = 0.
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With W(z)
z = 1

z + ∑ bk
z−λk

and Z(z)
z = 1

2z + ∑ ck
z−λk

we
see that Z is completely determined by W (unless
some λi + λj = 0):

Z(z)−W(−z)W(z) + Z(−z) = 0

res
z=λk

(
Z(z)

z
−W(−z)

W(z)
z

+
Z(−z)

z

)
= 0

ck −W(−λk) bk + 0 = 0

ck =

(
1 +

n

∑
j=1

λkbj

λk + λj︸ ︷︷ ︸
Cauchy kernel appears here!

)
bk
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Inverse spectral problem for the discrete cubic string:
determine {yk, gk}n

k=1 from {λk, bk}n
k=1.

Explicit solution in terms of determinants of bi-
moments (with respect to the Cauchy kernel) of
the spectral measure µ = ∑n

k=1 bk δλk :

Iab =
∫∫ xayb

x + y
dµ(x) dµ(y) =

n

∑
i,j=1

λa
i λb

j bibj

λi + λj
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A curious approximation problem plays a key role:

For 1 ≤ k ≤ n, seek polynomials Q(z), P(z), P̂(z) of
degree k− 1 such that

• W =
P
Q

+O(z−(k−1)), Z =
P̂
Q

+O(z−(k−1))

• Z∗Q+W∗P+ P̂ = O(z−k)
(

W∗(z) :=−W(−z)
Z∗(z) := Z(−z)

)
• P(0) = 1, P̂(0) = 0

(Similar to Hermite–Padé, but the degrees are too
low, and the functions W & Z to be approximated
are not independent.)
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All this fits into the general theory of Cauchy
biorthogonal polynomials.

And we’ll finish with a quick glimpse of that theory.
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Let α and β be measures supported on the positive real
axis, with finite moments

αk =
∫

xk dα(x), βk =
∫

yk dβ(y)

and finite Cauchy bimoments

Iab =
∫∫ xayb

x + y
dα(x) dβ(y).

Then

〈 f | g 〉 =
∫∫ f (x) g(y)

x + y
dα(x) dβ(y)

is a bilinear form on the space of polynomials (not sym-
metric in general).
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There are unique monic polynomials { p̃k, q̃k}∞
k=0, with

degree equal to the subscript, such that〈
p̃i
∣∣ q̃j
〉
= hiδij.

They can be written in terms of the bimoments:

p̃k(x) =
1

Dk

∣∣∣∣∣∣∣∣∣
I00 I01 · · · 1
I10 I11 · · · x
...

...
...

Ik0 Ik1 · · · xk

∣∣∣∣∣∣∣∣∣ q̃k(y) =
1

Dk

∣∣∣∣∣∣∣∣∣
I00 I01 · · · I0k
I10 I11 · · · I1k
...

...
...

1 y · · · yk

∣∣∣∣∣∣∣∣∣
where Dk is the k× k bimoment determinant which starts
with I00 in the upper left corner.
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Normalized biorthogonal polynomials {pk, qk}∞
k=0 such

that 〈
pi
∣∣ qj
〉
= δij

are given by

pk(x) =
1√

DkDk+1

∣∣∣∣∣∣∣∣∣
I00 I01 · · · 1
I10 I11 · · · x
...

...
...

Ik0 Ik1 · · · xk

∣∣∣∣∣∣∣∣∣ =
√

Dk
Dk+1

xk + · · ·

qk(y) =
1√

DkDk+1

∣∣∣∣∣∣∣∣∣
I00 I01 · · · I0k
I10 I11 · · · I1k
...

...
...

1 y · · · yk

∣∣∣∣∣∣∣∣∣ =
√

Dk
Dk+1

yk + · · ·
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A basic property of the Cauchy kernel is that

Ia+1,b + Ia,b+1 =
∫∫ xa+1yb + xayb+1

x + y
dα(x) dβ(y)

=
∫∫

xayb dα(x) dβ(y) = αaβb.

For the Hessenberg matrices X and Y given by

x

(
p0(x)
p1(x)

...

)
= X

(
p0(x)
p1(x)

...

)
, y

(
q0(y)
q1(y)

...

)
= Y

(
q0(y)
q1(y)

...

)
,

this implies that X + Yt has rank 1, which leads to four-
term recurrence relations for pk & qk.
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In addition:

• interlacing of zeros

• Christoffel–Darboux-type identities

• Hermite–Padé-like approximation

• Riemann–Hilbert problems

• random matrix models

and so on. But that’s another talk!

THE END
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