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We study the Dirichlet problem for the Laplace equation in the exterior of a multi-
dimensional paraboloid. We describe the boundary traces of functions in the energy
space corresponding to the problem and obtain mecessary and sufficient conditions for
the existence and uniqueness of an energy solution. Bibliography: 10 titles.

1 Introduction and Formulation of Results

As is known [1, 2], the study of the solvability of the Dirichlet problem for the Laplace equation
is reduced to a description of the boundary traces of functions with finite Dirichlet integral in the
domain. By the Gagliardo theorem [3] (cf. also [4, 5]), the boundary traces of functions in W} ()

in a domain with compact closure and Lipschitz boundary belong to the space Wp1 —L/p (09).

In the case of an infinite domain with locally Lipschitz boundary, the Gagliardo theorem
characterizes the local behavior of the boundary trace, but this information is, generally speak-
ing, unsufficient for obtaining a complete characteristics of trace.

In this paper, we consider functions of class L% in the exterior of a multi-dimensional
paraboloid and characterize the traces of such functions on the infinite boundary of the paraboloid.
Thereby we obtain sufficient and necessary conditions for the solvability of the Dirichlet problem
(one-lateral or two-lateral) in the class Li.
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We formulate the main results of this paper. Let F' be an increasing locally Lipschitz function
on the half-axis [0, 00) such that F(0) =0, F'(0+0) < oo, and F'(r) — oo as r — co. We write
a point in R” as R 3 z = (y,2): y € R"™!, 2z € R, Introduce the domains QF C R” by the
formula

(
(

z) €R": 2> F(ly))},

Ot
a- z) eR": z < F(ly])}-

{(y,
{(y,
We call the domain Q1 an n-dimensional paraboloid and Q2 its exterior.

Let I" be the common boundary of the domains Q7 and Q7. In each of these domains, we
consider the Dirichlet problem

Au=0 in QF, ulp = f, (1.1)

Au=0 in Q, ul = f. (1.2)

By the energy space H'(£27) of the problem (1.2) we mean the closure in the norm IVull £, -
of the set of smooth functions in 2~ with bounded support in 7. In a similar way, we introduce
the energy space H'(Q2") of the problem (1.1).

A solution to the problem (1.1) (or (1.2)) is a function u € H'(Q%) satisfying the boundary
condition u|r = f and such that for all v € C§°(QF)

/ VuVudr = 0.
(k=

As is known, the Dirichlet problem under consideration admits a variational statement: a
solution to the problem (1.1) or (1.2) is a minimizer of the Dirichlet integral on the set of
functions satisfying the boundary condition

U‘F:f'

It is easy to show that the minimizing sequence for the Dirichlet integral converges in the energy
space and thereby we justify the solvability of the Dirichlet problem provided that the class
of functions satisfying the boundary condition is not empty. The uniqueness of a solution is a
consequence of the convexity of the DIrichlet integral.

On the surface I', we introduce the space Tr*(T") of traces u|F of functions u € H'(QF),
equipped with the norm

I iz ) = nf{ | Vul| 04y + w € HY(QF),ulr = f}.

The space
Tr(T)=Tr (I)NTrt(T)

can be interpreted as the space of traces on I' of functions in H!(R"), equipped with the norm

I fll7ry = nf{|Vull y@n) : w € H'(R™), ulr = f}.
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Theorem 1.1. There exists a linear continuous extension operator
HY Q™) — HY(R").
Consequently, the space Tr~(T) is continuously embedded into Tr™(T).

Remark 1.1. In Theorem 1.1, the domain 2~ cannot be replaced with Q. We consider
the following example. Suppose that ¢ = F~! and u = u(z). Then the inclusion v € H'(Q") is
equivalent to the relations

Z—00

/u )" ldz < 00, lim u(z) = 0.
1

In particular, if we set p(z) = z/(=1) and u(z) = 2*n(z), where 7 is a smooth cut-off function
that vanishes in a neighborhood of the point z = 0 and is equal to 1 for large z, then for
A € [(2—=n)/n,0) we have u € H'(QT), but u & Ly(QT), ¢ = 2n(n — 2)~!, which contradicts
the possibility to extend u to R™ with preserving the class H!.

The following assertion describes the class Tr~(I") for n > 3.

Theorem 1.2. Let o = F~1. Forn > 3 the following equivalence of norms holds:

1/2
ds, o) — o dsgdse
P ( / oo+ [ rw@-rel ‘x_ﬂn) R

{I7£GF‘Z74|<M(‘Z7C)}

where x = (y,2), & = (1,¢), M(2,{) = max{p(2),9(C),1}, and ds;, ds¢ are area elements
on the surface I'. The finiteness of the norm on the right-hand side (1.3) is a necessary and
sufficient condition for the existence and uniqueness of an energy solution to the problem (1.2),
and also a necessary and sufficient condition for the unique solvability of the two-sided Dirichlet

problem
Au=0 in R*"\T, ulp = f. (1.4)

The assertion below is related to the case n = 3, which is specific.
Theorem 1.3. Assume thatn =3, o = F~1, and

sup{p(22)/¢(z) : 2 = 1} < 0.

Then the following equivalence of norms holds:

£z ( [saroeass [ irw-ser o ) fﬁdgﬁ,)m, (15)

{z,elm2-1<z/¢<2}

where
P(t) = 1+t%/((log(1 +1)))?,
o(2) = (p(2)log(max{2, z/¢(2)}) ",
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and the remaining notation is the same as in the previous theorem. The finiteness of the norm
on the right-hand side of (1.5) is a necessary and sufficient condition for the unique solvability
of the problem (1.2) in the energy space, and also a necessary and sufficient condition for the
unique solvability of the two-sided Dirichlet problem.

Remark 1.2. Functions with the finite Dirichlet integral in QF, decreasing at infinity at
the rate O(|z|>~™, belong to the class H'(Q*), n > 3. However, solutions to the problem
(1.1), (1.2) or (1.4) not necessarily decrease with order O(|x|*>~™) at infinity. Let, for example,
f(z) = |z|*n(z), where n = 0 in a neighborhood of the point z = 0 and n(z) = 1 for large |z|.
Then for A € (2—n,1—n/2) the problem (1.4) is uniquely solvable in the class H'(R™), but for
the sequence {zy} C I, |zx| — o0, and the solution u to the Dirichlet problem we have

Ju(ag)l|ae]" ™ — oo

2 Extension Operator H'(Q) — H(R")

We denote by B, (or Bﬁn)) an open ball in R” centered at the origin and by Sﬁn_l) the sphere
in R™ of the same radius and center.

If G is a domain in R™, then C§°(G) is the set of infinitely differentiable functions compactly
supported in G. Denote by Vu the gradient of u. Further, L3(G) is the space of functions in
L 10c(G) such that their gradients belong to La(G). This space is equipped with the norm

1/2
lulzgey = (il + IVl @) s

where ¢ is an interior subdomain of G, i.e., g is a compact set containing in G. Varying g, we
obtain an equivalent norm [6]. The space H'(G) is the closure in L(G) of the set of smooth
functions in G with bounded support in G. In accordance with [7], the space H'(R™) for n > 2
is the intersection L1 (R™) N L, (R™), ¢ = 2n(n —2)~!, and the H!(R"™)-norm is equivalent to any
of the norms

IVullpy@ny or ullz, @ + IVull,@ny, ¢ =2n(n—2)7"

The symbol a ~ b means the ratio of positive numbers a and b is bounded from above and from
below by positive constants independent of a and b. Further ¢ denotes positive constants (their
values can change within the same chain of inequalities) depending only on n, and I'" denotes
the common boundary of the domains Q* and Q—.

Proof of Theorem 1.1. We set ¢ = F~!. Since F'(r) — oo as r — o0,

. / T o
Jim ¢'(2) = lim ¢(2)/z = 0.
We fix zg > 0 such that
o(z0) > 1, @(2)/2<1/2, ¢(2) <1/2, z€ [2,00). (2.1)
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We construct a sequence {zj} by the rule

Rk+1 :Zk—i_SD(ZkJrl)v k=0,1,...

It is clear that {zx} increases and z; — oo. Furthermore,

L1 Pk :90(2’““)—>0,
Rk+1 Rk+1
ZE41
1
pIC ¢ (t)ydt — 0

o(2k41) ©(2r41)

2k

and, in particular,
R+l _ i ©(2k+1)
2k o(zk)

lim

We consider the cells

O ={(,2) 1 2 € (21, 2041), 1 < [yl/op(2) < 2}

for £k > 1. The transformation

Y 2= Zk-1
r=(y,z) d—=> () =X =(Y,72), Y = , 4= , 2.2
(v2) () ( ) ¢(z) (Zk41 — 2K-1) (22)
sends the cell €, to the cylinder
G={Y,2):Z€(0,1),1<|Y| <2}
and the domain
Q. ={z=(y,2) eR": 2€(0,1), |y <2¢(2)}
to the cylinder
D={(Y,2): Z € (0,1),]Y] < 2}.
Setting ¢(z) = ¢ for the sake of brevity, we find
dr ~ @pdX, |Viu| ~ @i|Vx(uo s ). (2.3)

We denote by E the linear continuous extension operator Wy (G) — W3 (D), i.e., Eul o= u
for all u € W}(G). Then the operator

W3 () 2 uw Eyu= (E(uosxt)) o € Wy ()
is an extension operator and, in view of (2.3), the following estimates hold:

I Brull Loy < Nullpyom) + 0l Val oo, (2.4)

9 (E)l ey < 03 el ey + IVl - (2.5)
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We proceed by constructing the bounded extension operator H'(27) — HY(R™). Let {px} r>1
be a partition of unity in [z, 00) subject to the covering by intervals (zx_1, 2x+1). We can assume
that 0 < pp < 1, p € C§°(2k—1, 2k+1), and

dist (Supp H]ﬁRl \ (Zk—h Zk+1)) ~ Pk, ‘:U’§€| < csolzla k= 17 27 ) (26)

where ¢ = p(2). We complete this partition of unity by one more element py € C°°[0,00) by
setting po(z) = 0 for z > 21, up(z) =1 for z < 2, and pog = 1 — py in |20, 21]. It is obvious that

Z,uk(z) =1, z€l0,00).
k=0

We also introduce the “cell”
Qy ={z Q] 1z€(20,21)} U{z:2€(=1,21), |yl <2¢(20)} \ﬁJr.

Since €, is a domain with Lipschitz boundary, there exists [8, Chapter VI| a bounded extension
operator Ey : WH(Qy) — Wy (R™).

Finally, we consider one more collection of functions {A;} of type of partition of unity with
the following properties:

Ao € C3%(zn-1,2041), N < e, k=1, A= pi, >0

For a given function u € HY(Q7), x € R" \ Q~, we set

o(@) = 5 (=),
k=0

(e 9]

w(z) =) () (Ex(Ar(u — 1)) (),
k=0

where 7, is the average of u on €2, and the generic term of the second sum in (2.7) vanishes by
definition if z ¢ (2x_1, zx+1). Now, we can write the required extension operator

HY Q™) 3 uw Suc HY(R™)
in the form
u(x), x e,
(Cu)(z) =
v(z)+w(z), zeR*\Q .
To justify the last formula, we need to check the following three assertions.
1. If the support of u is bounded in 7, then the support of &u is bounded in R"™.

2. For the same u the function &u has locally summable gradient in R™.

3. For the same u the following estimate holds:
V(&) Ly wn) < clIVUllz,0-)- (2.8)
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1. If supp w is bounded in 7, then each of the sums in (2.7) has a bounded number of
nonzero terms. Hence supp &u is bounded in Q7 and, consequently, in R” since

supp &u C (supp u) U (supp Sun Qh).

2. Each term of the sums in (2.7) has locally summable gradient in R™; moreover, (2.7)

o0
implies that for z € |J Q
k=0

[o¢]
:ZﬂkukJruk)\k (u —uy,) Zuku—u
k=0 k>0
Thus, there exists V(&u) € Lajoc(R™).

3. The estimate (2.8) follows from the inequalities proved below:
IVl Loty < ellVullpy o), (2.9)
IVwl, @) < eIVl L, (2.10)

Consider (2.9). If z = (y,2) € Q7T then either z € (0, 29] or z € (2, 2k+1] for some k > 0. In
the first case, v(x) = g, so that Vv = 0. In the second case, x € supp pu; only if i = k, k + 1,
and for these x

v(x) = pg(2)8x + ppy1(2)Thg1 = g + Py (W1 — Tg)-

Setting o = (zk, 2k+1), we obtain

2 —2|— — 12
IVI|T, (freatzesy) S €L [Urtr — Uk

The right-hand side of the last inequality is not greater than

—2— — 112
@y M1 = TrllL, (famesiiciyl /o) <2

Hence
k+1

2 -2 112
IVOlT, (et mesy) S cer D llu— Uill, -
ik

Using the Poincaré inequality in the cell ;", we arrive at the estimate

2 2
VUL, ((reatzesy) S €IVl - FU0L )

Taking the sum with respect to k, we obtain (2.9).
Let us prove the inequality (2.10). From (2.7) it follows that

||Vw||%2(9+) sc Z o 1Bk (Ar (u — ﬂk)‘|%2(ﬂ+) tc Z IV Ek(Ak(u — ﬂk)H%Q(Qﬂ
k>0 k>0

By (2.4), (2.5) and the Poincaré inequality in the cell 2, , we can majorize the right-hand side
of the last inequality by
¢y IVull? o

k>0
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Hence we obtain (2.10).

We have shown that the linear operator u +— &u defined on a dense set in H'(Q27) of smooth
functions with bounded support in Q= is a continuous extension operator in the space H!(R™).
This operator can be uniquely extended to the continuous extension operator H'(Q27) —
H!'(R™). The theorem is proved. O

By the above theorem, the following assertion holds.

Corollary 2.1. The spaces Tr(I') and Tr—(T') coincide, and, consequently, the problem
(1.2) is solvable if and only if the two-sided Dirichlet problem (1.4) is solvable.

3 Space Tr—(I') for n > 3

For r < R < oo we set A, p = Br\ B,. By definition, Ar oo =R" \ B,.

Lemma 3.1. For n > 2 the following estimate holds:

[0l o) < 1) IValda, s 0 € H (Arce) (31)

with the exact constant ¢; = (n —2)~!

Proof. Since smooth functions with bounded support are dense in H!(A4, ), it suffices to
verify (3.1) for such functions. For these functions we have

o0

u(r,0) = — /ug(g, 0)do, 6¢€ anil).

T

Using the Cauchy—Bunyakovskii inequality and integrating with respect to 6, we find

/ u(r,0)%d /do/ugg,“ldg/lndg

Sy(‘n—l) S(n 1) T
Thus,
H ||L (S(" 1)) (n_2) THVU||%2(AT,OO)
It remains to note that the constant c1(r,n) is attained on u(x) = |z|>~™. O

Owing to Lemma 3.1, we can obtain useful estimates for the trace of functions. In the
assertion below, we establish the embedding H!(Q27) C L, (T) into some weight space on the
surface I'.

Lemma 3.2. Suppose that n > 3 and v € H'(Q7). Then

ds
2. v < 2 )
[ v e < eIVl o, (32)

where ¢ = F~1.
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Proof. Let zy satisfy (2.1), and let 79 = @(29). It is clear that the denominator of the
integrand on the left-hand side of (3.2) can be replaced with max{|y|,ro}. By the Gagliardo
theorem [3] and Theorem 1.1, we have

u(z)?ds, < ¢ ||Vu\|%2(g,).
{zeTl|y|<ro}

Let us prove the inequality

d
uaf e <o / V(o) de. (3.3)
Y
{zeT:|y|>ro} Q-
The unit vector of normal to I' directed towards 2~ is equal almost everywhere to

1+ ) (S ).

[yl
We introduce the spherical coordinates y = (r,6). Then
dse = (1+ F'(r)*)*r"2drdo
and the left-hand side of (3.3) is equal to

/Tn_3(F'(T)2 +1)Y2dr / u(r, 0, F(r))*do.
: s

2)

By Lemma 3.1, the last integral over S%n_ does not exceed

/ IV uly, F(r)) dy.

ly|>r
Therefore,
2 dSy 10 N2\1/2 2
[ werTr<e fard@n e [T,
{zel:|y[>ro} 20 ly|>ep(2)
and we arrive at (3.3) in view of (2.1). O

We proceed by describing the family of equivalent norms on the surface I'. For the sake of
convenience, we first formulate some consequences of the Gagliardo theorem and the theorem
about equivalent norms in W3.

Lemma 3.3. Let G be a domain in R™, n > 2, with compact closure and Lipschitz boundary
S = 0G.
(i) The following seminorms are equivalent:
1/2

B o) — o dszdse
ns={ [[re-reor=gs] (34)

(f)s = inf{[|VullL,(c) : u € W3 (G),uls = f},

{f}s = nf{|Vul|y®n) : u € L(R™), uls = f}.
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The constants in the relation
[fls ~ (f)s ~{f}s (3.5)
depend only on S and the dimension n.

(ii) If S" is a measurable subset of S of positive area and the average f' of f on S’ vanishes,
then

[fls ~ mf{[|Vull,@n) - u € H'(R"), uls = f}, (3.6)

where the constants depend on S and S’.

Proof. We note that [f]s < oo implies
/|f &)Pdse < oo

for a.e. x € S. Hence f € Ly(S). Thus, the seminorm (3.4) is finite if and only if the norm

£ llyy2r2 gy = 1Fllzacs) + 1f]s

is finite.

Let u € W3 (G), u‘S = f, and let w be the average of u in the domain G. Combining the
Gagliardo theorem and the Poincaré inequality in the domain, we obtain

[fls =1f —uls <cllu =Ty <cllVullr,e)-

Thereby we establish the estimate

[fls <c(f)s.

The inequality
(Hs <A{f}s

is obvious. To complete the proof of (3.5), it remains to verify the estimate
{f}s <c[fls-

By the Gagliardo theorem and the theorem about extension of functions of the same class W3,

there exists a linear continuous extension operator E : VVQ]L / 2(S) — W3 (R"). We denote by f
the average of f on S. We set

u=f+E(f—-f)
Then u € L}(R"), u‘S = f, and

IVull ey < clf = fls+cllf = Fllos) < [fs-

The relation (3.5) is proved. Consider assertion (ii). If f/ = 0, then

£l Loy = I = Fllacs) < ¢lflss

and the above-mentioned bounded extension operator

E:W,)(S) > Wi (R™)
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satisfies the estimate
IV(Ef) Ly @y < c[fls-

We complete the proof of the lemma by the reference to (3.5), which implies, in particular, the
inequality [f]s < ¢{f}s. O

Remark 3.1. If we omit the condition f’ = 0, then assertion (ii) of the lemma fails. For

example, in the case S = S%n_l) and f = 1, the left-hand side of (3.6) vanishes and the infimum
on the right-hand side is attained at the solution to the two-sided Dirichlet problem

Au=0 in R"\ S, u!Szl,

i.e., at the functions
1, x| <1

> 2] > 1
and, consequently, is positive.

We proceed by considering the norms for functions on the surface I', which characterize the
membership of functions to the class Tr(T").

Lemma 3.4. Suppose that n > 3, {zk}k>0 is a sequence of points, and {p}r>1 is the
partition of unity described in the proof of Theorem 1.1. We set

I'n={xel:z¢e (z_1,241)}, k=12,...

For functions f € Lajoc(I') such that f(y,z) = 0 for z < z1 we introduce the norms (or

seminorms)
e = J[ @ - rops= "
lz =& )
z,E€:|(—2z|<M(2,C)
p 1/2
Sx
||f||r—</f — >1}> ,
where

€T = (yvz)> 5 = (777 C)v M(Z> C) = max{go(z),@({), 1}'

The seminorms [-|r and [-|r, are defined by formula (3.4), where S should be replaced with I' or
Ty respectively. The following equivalence relations hold:

1/2 1/2
[ lle =+ [fle ~ [ flle + [ flo ~ (1]l + ( Z[f]%k> ~ | flle + ( Z[#kf]%k> . (37

k>1 k>1

Proof. We denote by |- ||1,...,]| - |l4 the norms in the order as indicated in (3.7). We verify
that

||f||l < CHfH’L'+17 1= 172737
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and

[flla < el

The first inequality follows from the estimate

/ECE <>|2‘d8“”d;i\cufu%.

z,6€l:|(—2|>M (2,()

To prove (3.8), we note that

|2 = ¢l ~ o = ¢
if |z — ¢| > M(z,(). Therefore, the left-hand side of (3.8) does not exceed
2 9y ds¢
c [ dsg (f(@)" + f(€) )|z—C|”’

T gel:|¢—z|>M(z,¢)
which, in turn, does not exceed
2
dsg
o [sapas [ jo-arracse [HO
o(2)
r I¢—2|>¢(2) r

Let us prove the inequality

[fll2 < el fls-
We set
={zel:ze (2 2k+1)},
9(x,8) = |f(z) = FEP /| — €|
Then

\f\%:2/d§ / g(x,&)ds, < ¢ Z/dSE/ (z,€)ds; < c Z// (x,&)ds dse.

r zel0<¢—2<p(C) k>11" k21T 1y

Hence we obtain the required result.

Now, we consider the inequality

1flls < ellflla-

If z,£ € I'y, then
Fl@) =€) = D> ((wf) (@) = (uif)©).

li—k|<1

Hence

SR <> (mff, + > [mifE)-

k=1 k=1 li—k|=1
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Let, for example, i = k — 1. By (2.6), the support ux_1 is located at a distance equivalent to ¢y
from (zg, zk11), which implies

d
-1 /18, < /(Hk 1f)(@ de/ & + -1 I

|z —¢["
dsx
< [ue-1fI7, 1+c/f )? (3.10)
The following estimate is proved in a similar way:
2 2 2 dSa
a1 fIr, < [Mk+1f]1“k+1 +ec | f() o) (3.11)
I
Combining (3.9)—(3.11), we obtain
Z r, Sc Z 1 f1E Iy +c|IfII7,
k>1 k>1
ie.,
13 < cllflla-
To complete the proof of the lemma, it remains to verify the estimate
[flla < ellflh-
Indeed,
_ 2
ukf /Z,uk dsx/ x,§)dsg +c Z/f ds / i (2) Ml;(()) ds,. (3.12)
k>1 k>1 k21 o — ¢l
Since
|k (2) = e (Q)] < ¢ |z = Cl /e,
the last integral over I'y, is not greater than
cpp’ / |z — £> "ds,. (3.13)
r

Making the change of variables

=y,2) > X=,2): Y=y/p(2), Z=(2—2)/¢k

we verify that for £ € I'y the integral in (3.13) does not exceed ¢y, which implies that the
second sum on the right-hand side of (3.12) is majorized by c| f||%.

To estimate the first term on the right-hand side (3.12), we note that
St <
k
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Thus, the right-hand side of (3.12) is not greater than c[f]% + ¢||f||3. The lemma is proved. O

Proof of Theorem 1.2. Let u be a function in H*(Q27), and let f = u!r be its trace. We
show that the norms of functions on I' described in the previous lemma are equivalent to the
Tr~(I')-norm. Since the surface I' is locally Lipschitz, the locally boundary trace is characterized
by the Gagliardo theorem. Using this theorem and a finite partition of unity, we reduce the
description of the boundary trace to the case where the function vanishes in a neighborhood of
the point O. Without loss of generality, we assume that u = f = 0 for z < z;1, where {2z }x>0
is the sequence constructed in the proof of Theorem 1.1. By Theorem 1.1, we can assume that
u € H(R™).

Thus, let v € H'(R"). By Lemma 3.2,

[flle < el Vull, @n)

(hereinafter, we use the notation introduced in the previous lemma).

We consider a cut-off function ¢ € C*°([0,00)) such that ¢(t) =1 for ¢t € [0,2] and (t) =0
for t > 3. We set ¥ (y) = ¥(|lyl/vk), vr = ¢(2x). Let {ux}r>1 be the partition of unity from
Theorem 1.1. The function 2 = (y, 2) — pur(2)Yk(y) is supported in the cylinder

Dy ={x: z € (zk—1, 2k+1), |y| <3¢} (3.14)
From (2.1) it follows that ¢ (y)ux(2) = pux(2) if (y,2) € §+}. We set
up(w) = p(2)ve(y)u(z), =R

It is clear that
supp ug C Dy

and

Let 3¢, be the change of variables (2.2), under which the surface
Iy={z €Tl :2€ (z-1,2k4+1)}

is transformed to the lateral surface of the cylinder

Q=1{(Y,2): [Y| <1,Z € (0,1)}.

The function vy, = uy 0 s Lis defined at least in a neighborhood of @, v, = 0 in a neighborhood
of the bases of @, and vy has trace g = (urf) o %,;1 on the lateral surface of the cylinder Q.
We define g by zero on the bases of the cylinder. By Lemma 3.3,

lgklog < cIVvkllr,(q)-

Returning to the variable x = s 1X, we obtain

[k fIry, < el Vug|| p,we)-

We show that

D IVl @y < e IVulZ, - (3.15)
k>1
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Then the last two inequalities and Lemma 3.2 imply the estimate

ds,
[ @S+ SR, < cIVul o, (3.16)
er:z> A=
x zZ>2 =

Let us prove (3.15). Since supp uy C Dy, we have

D IVurllz @y < ¢ Y IVuli,p,) +e D Iu/erli, o,
k>1 k k

< || VullL, @y + ¢ llu/12lllZ, @ 5., )
and the right-hand side of the last inequality does not exceed the right-hand side of (3.15) in

view of the Hardy inequality.

Let f be a function on I' (vanishing for z < z;) with the finite left-hand side of (3.16). We
construct a function u € H'(R"), u|pr = f, such that the inverse of (3.16) holds. Using (2.2),
we consider a function gy = (uxf) o s, 1 on the lateral surface S of the cylinder Q. Since the
left-hand side of (3.16) is finite, [gx]s < oo for k > 1. Since gx(Y,Z) = 0 in a neighborhood of
Z =0and Z =1, we define g; by zero on the bases of the cylinder ) and obtain a function on
0Q such that

[9k]oq < clgk]s.
Using Lemma 3.3, we see that there exists v, € H'(R") such that vk|5 = g and
Vol Lymny < clgrls-

Since the Lipschitz functions with bounded support are multiplicators in H!(R"), we can assume
that v, has bounded support. We set

Ul = Vg O .

From the definition of u;, we obtain the following properties: u; € H'(R™), the support of uy is
bounded, uk“rk = uif, and

IVugll L, @) < ¢[prfIr,- (3.17)
Let {\x}x>1 be a collection of functions described in the proof of Theorem 1.1. Then the function
x = (y,2) = Up(x) = e (2)dr(y)ur ()

is defined in R"™, Uy, has support in the cylinder (3.14), and Uy

k>1

‘F = urf. We set

We have
ulp =D Mepwf =Y mf =f.
k k

Thus, to complete the proof, it suffices to verify the estimate

1/2
HVUH(LQR") < C( Z HVUkH%Q(Rn)> :

k>1
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Combining this estimate with (3.17), we obtain the inverse of (3.16). We have

U 2
IVullf ey < € D IVUIT by < € D IVurll,@ey +¢ D ng_z
k k K

Lo(Dy)

Since @y ~ |z| in the cylinder Dy, the last sum with respect to k is not greater than

> lur/1elZ, @ 5.y < € > IVurl7, gy
k=1 k;

Here, we used the Hardy inequality. The theorem is proved. ]

4 Weight Estimates for Traces in the Case n =3

We begin with the following auxiliary assertion.

Lemma 4.1. Suppose that 0 < r < R < oo and A, r = Br \ B, is a planar annulus. If
u € W3 (A R), then

1 R\\ 7' [ 2 1 2 2
3 <log <?>> /U(Tﬁ) df < SE lullZyca, ) T IVElZ, 4, 0
0

Proof. For v € Cl[r, R] we have

R R
Rl_r/'”(é’)d@—’v("”) </Iv’(9)\d9,
which implies
1 1 R 2 R 9
Su(r)? < T ( /v(g)d9> + (/I’U'(@)\d@>

Thus, for 6 € (0,27) we have

R

R
Fu(r,0)” < <W/U(@,9) Qd9+/\u;(979)\ Qd0> log .

T

Integrating over 6 € (0,27), we arrive at the required result. O

The assertion below proves the continuity of the trace operator H(R3) — Lo »(I') in some
weight space.

Lemma 4.2. Suppose that n =3, u € H*(Q7), and zy satisfies the condition (2.1). We set

((2)log(2/(2))) ", 2 € [20,00),

O'(Zo), z e (0, Zo).

o(z) =
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Then
/ o(2)u(x)?ds, < c|[Vul, o). (4.1)
I

Proof. Let
lo={zel:z<z}, I'=T\T,.
The estimate
/u(x)Qa(z)dsx < CHV’LLH%Q(Q_)
1)
follows from the Gagliardo theorem.

Let us estimate the integral over IV of the same function. Passing to the cylindrical coordi-
nates, we find

21
w(2) 2o (2)ds.. — ’rQl/QL ulr 20,
J() (2)dss W/(Z)<1+F<>> 1og<F<r>/r>O/ (1,6, F(r)) 6

Using the above lemma (with R = F(r)), we find

1 2 ) 72 ) )
- - < . ) .
log(F(r)/7) /0 u(r, 8, F(r))*d0 < cF(r)”=|lu( ’F(T))”M(AT,F(T)) + ¢||Vu( ’F(T))HLQ(AT,F(T))

After the change F(r) = z we obtain the estimate

/ u<x>%<z>dsw<c7w<z>dz [ (M2 v )

I p(2)<|yl<z

where 1(z) = (1 + ¢'(2)?)"/2. By (2.1), the right-hand side of the inequality obtained is not

greater than
o

c / / (lu(z)/le])2dz + ¢ | Vul2, g
20 p(z)<ly|<z

By Theorem 1.1, we can assume that v € H'(R3). Then, by the Hardy inequality, the double
integral does not exceed ¢ ||Vu\|%2(R3). The lemma is proved. O

5 Equivalent Norms for Functions on the Surface I'

We will describe some norms of functions on the surface I' that characterize the class of
boundary traces of functions in H!(R3). We begin with necessary remarks. Hereinafter, we
assume that the function ¢ describing the paraboloid satisfies the additional condition

sup{p(22)/¢(z) : 2 > 1} < 0.

We set t = 2 29, k =0, 1,..., where 2 satisfies the condition (2.1). Let {1z }r>1 be a smooth
partition of unity on the set [t1,00) subject to the covering by intervals (tx_1,tx+1). We can
assume that 0 < pp <1, pup € C3°(tg—1,tk+1), and

dist (Supp HkuRl \ (tk—latk-f-l)) ~ g, |H;€‘ < Ct;l, k= ]-7 27 s

548



For f € Lgjoc(I") we introduce the following norms and seminorms:

£l = ( / I dsgc) ,
|z — |\ dsgds 2
{fir= (//\f ( e >‘xf£f3> : (5.1)

I'xIl’
| | ds.d 1/2
_ 7 — 2 z S2aS¢
<f>r—< (@)~ 1)) P<M< )m 5‘3) :

where o is the weight function defined in Lemma 4.1, x = (y, 2), £ = (1, (),

M (z,¢) = max{o(2), ¢(¢), 1},

ds, and dsg¢ are surface area elements on I'm and

P(t) = 14 %/((log(1 + t)))%

{z,£eT271<z/(<2}

Lemma 5.1. Let f € Ly oc(I'), and let f(y,z) =0 for z < 2z9. Then

1/2
1A lle + {30 ~ I flle + (e ~ 1 flle + (Z</~ka>2> : (5.2)

k>1

Proof. The following inequalities hold:

d
/ |x _82‘3 < C/@(C)% < g < CU(Z)v Z > 20,

¢
{¢eT:(>2z} 2z
d “r d
| e [e@F<E<en@. (>2u
{zelzo<z<(/2} 20
1
/ Mz, ()P cof GOk
| — Elllog(1 + |2 = ¢|/M (2, ¢))]* ~ ) [log(¢/¢(0))]? ¢2
{¢éeT:(>2z2} 2z

U(¢lele) dg _
</ log (/o (=) &%

where z > zp, and

LY af__a
/ 7~ &llloa (1 + 1¢ — 2/M (5 O < ¥ /t(log(t/gp(§))2 <cea(6),

{zelz<(/2} ¢/2
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where ¢ > 2 zy. Thus,

[ Garsrenr (5o h) s < / [(@)0(2)ds..

{z,£el:(>22}

which implies the first relation in (5.2).

Let us establish the second relation. We set

E={(z,6):z,6cT:27 < 2/¢ <2},
where x = (y, z) and £ = (1, (). It is clear that
F@)= &) = (m(2) (@) — (O f (), (2,€) € E
k>1

and the number of nonzero terms in the sum is uniformly bounded with respect to =, £. There-
fore,

(@) = P <ed lm()f (@) — ml(Q)FEF,

k>1

r < CZ<#kf>12“

k>1

which implies

To prove the second relation in (5.2), it suffices to verify the estimate

S [[16n@ - i@ Fo L) S < wp k. 63

k>1E

We note that

e 1 f) @) = () E < If @) = FOP D m(2)® + LD lin(z) — ()1

k>1 k>1 k>1

moreover, the first sum on the right-hand side is not greater than 1, and the last sum does not
exceed ¢( 2|z — ¢|? if (z,€) € E. Furthermore,

1, | — 2| < M,
P(EE) ~ S ey =2\
M -z -z
( 7 ) <log<1+ 7 >> , |C—z] > M,

where M = M(z,(). Since M(z,¢) ~ ¢(C), (z,§) € E, the left-hand side of (5.3) is majorized
by ¢ ((f)3 + 11 + I3), where

d dsy
I = / G / =P
T

|z —¢[3
{zel:|(—2z|<M(2,()}

odsg (IC — 2]/(Q))d=
f2= / & / Tog(1 1 IC — 21/ Q)
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and

U(¢) ={z: p(¢) < ¢ — 2] < ¢}
We denote by J(§) the inner integral over I;. Since the integrand in J(§) does not exceed
|z — &1 and @(2) ~ ¢(¢) for |¢ — 2| < M(z,(), we have

76 < / & — €] \dsy < cl(0):
{zel:|z—¢|<ce(()}

Consequently,

Iy < |l £l

To estimate I2, we represent the integral over the set ¢(¢) in the form
¢/v(6)
20(0) [ atide, g(t) = t(og(1 + )~
1
Since the function g attains the maximal value at the right endpoint of the integration interval,

/ F(©20(¢ (0

< < cll £

The inequality (5.3) is proved. Thereby the proof of the lemma is complete. 0

6 Proof of Theorem 1.3

Let v € HY(Q7), u‘r = f. Using the Gagliardo theorem and a finite partition of unity,
we can reduce the description of the trace f of a function u to the case where u = f =0 1in a
neighborhood of the origin. For the sake of definiteness, we assume that u(x) = f(x) = 0 for
z € (0,2 zp), where the number zj satisfies the condition (2.1).

By Theorem 1.1, we can assume that v € H'(R?). We obtain the estimate

£l + (e < e IVull g, ms)- (6.1)

The first term on the left-hand side is majorized by the right-hand side of (6.1) in view of
Lemma 4.2. Let {tx} be a number sequence, and let {ux} be the partition of unity described
in the previous section before Lemma 5.1. Suppose that 1 € C*°[0,00) is such that (t) =1
for t € [0,1] and ¥(t) = 0 for t > 2. We set ¥r(y) = ¥(|y|/tx) and ug(z) = pr(2)vr(y)u(z) for
k > 1. The function uy, is defined in R? and is supported in the cylinder

Qk = {x A (tk—lutk+1)7 |y\ < th}. (62)

Moreover,
uk‘rz,uk.f, k=1,2,....

The transformation

=, 2) =) =X=(Y,2), Y=
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sends the subdomain {z € Q : z > 0} into the exterior of the cylinder
Q={(.2):Y|<1,Z R}
and the surface I' \ {O} into the lateral surface S of the cylinder ). We set

ve=ugov,t, gr= (uef)ov, . (6.3)

Then Uk‘S =gr and v (Y, Z2) = 0if Z ¢ (tx—1/0(tx), tk+1/o(tx)). By Theorem 3.7 in [9] (cf.
also [10]),

dSXdSX/

x_xp 4

inf {|[Vo]2, gs) v € LH(R®), 0]y = g1} ~ // 96(X) — gs (X)) 2P(Z = Z/))
SxS

where P(t) = 1+ t?/(log(1 + t))?. We return to the variables z = v, ' X, ¢ = v, ' X’. Taking
into account that
X — X[p(t) ~ |z =&,

we find
Vgl py@s) = c{pefir, k=1,2,... (6.5)

where the seminorm (-)r is defined in (5.1).

Let us check the estimate

D IVurll, sy < e IVull?, @s)- (6.6)
k>1

Since the support of uy lies in the cylinder (6.2), we have

u(z)?
Z ||Vuk||%2(R3) <c Z HVUH%Q(Q,C) + C/ t—zdfﬁ <c ||VUH%2(R3) +c / |22
k>1 k>1 O R3\B.,

and (6.6) follows from the Hardy inequality. Combining (6.5) and (6.6) with Lemma (5.1), we
obtain (6.1).

Now, we prove the inverse of (6.1). We assume that

Iflle + (f)r < oo

and construct a function u such that u‘r = f and

IVull,@sy < cllfllr +c{fr (6.7)

For k > 1 we have
supp purf C{r el z € (tk—1,tky1)}-

Let prf be equal to zero in the remaining part of I' (recall that we assume that f(y,z) = 0 for
z < t1). We define vg, and gi by formula (6.3). Then g is the trace of v; on the lateral surface
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S of the cylinder Q. By (6.4), there exists a function vj, € L(R?) such that vy ¢ = gk and the
norm || V||, rs) is majorized up to a constant by the right-hand side of (6.4). We set

Uk = UV O V.
The function U has support in the strip z € (tx_1, tg41); moreover, Uk| = Mk f and

VU yrey < ¢{pefir, k=1,2,... (6.8)

We also define the function

= (y,2) = M2 (y)Uk(2),

k>1
where

)\k € Cgo(tk—latk+1)7 ‘)‘k| ’ k > 17 )\’Lul = Wi, 12> 1. (69)

Since supp A; C (0,00), the function u is defined in R3. It is clear that
ulp =D vkdeaf =Y = f.
k>1 k>1

It remains to verify the estimate (6.7). Taking into account (6.8), (6.9), and the fact that the
product of \;1)y is supported in the cylinder (6.2), we obtain

1902, @) < ¢S VU g0 + 3 / Y .

k>1 k>1Q

By the Hardy inequality, the right-hand side is not greater than

CZ ||VU]€||%2(R3)

k>1

Applying (6.8) and Lemma 5.1, we obtain (6.7). The theorem is proved. O
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