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For a second order elliptic equation of nondivergence form in the plane, we investi-
gate conditions on the coefficients which imply that all strong solutions have first order
derivatives that are Lipschitz continuous or differentiable at a given point. We assume
the coefficients have modulus of continuity satisfying the square-Dini condition, and ob-
tain additional conditions associated with a dynamical system that is derived from the
coefficients of the elliptic equation. Our results extend those of previous authors who
assume the modulus of continuity satisfies the Dini condition. Bibliography: 6 titles.

1 Introduction

We consider an elliptic equation in nondivergence form
a(z,y) uge + b(2,Y) Uzy + c(2,y) Uyy =0 in (1.1)

where () is an open subset of R%. Suppose that u € W22(Q) is a strong solution of (1.1). We
want to know how regular u is in . This, of course, depends upon the smoothness of the
coefficient functions a, b, and c. If we only assume the coefficients are bounded, then u has first
order derivatives that are Holder continuous in €, i.e., u € C1*(Q2) where a € (0,1) depends
on the coefficient bounds and the ellipticity constant (cf. [1]). If the coefficients are continuous
in Q, then u € C1%(Q) for all @ € (0,1) (cf. [2]). On the other hand, if the coefficients are
Hoélder continuous in €2, or more generally if the coefficients are Dini-continuous in 2, then it is
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well-known that u € C?(2) (cf. [3]). In this paper, we want to find conditions on the coefficients,
weaker than Dini continuity, under which u will be second order differentiable.

Let us assume that € contains the origin 0 = (0,0) and focus on the differentiability at 0.
Using ellipticity and a change of independent variables, we may arrange that a(0) = 1 = ¢(0)
and b(0) = 0. Consequently, we assume that the coefficients a, b, ¢ satisfy

sup (la(x) — 1] + [b(x)] + |e(x) = 1]) S w(r) asr — 0, (1.2)

x|=r

where x = (x,y) and the modulus of continuity w is a continuous, nondecreasing function for
0 < r < 1 satisfying w(0) = 0. The coefficients being Dini continuous means that (1.2) holds
with w(r) satisfying the Dini condition

1
/w(r) r~ldr < oo.
0

Hélder continuity, of course, corresponds to the special case w(r) = Cr® where o € (0,1) and C
is a positive constant. But we assume that w(r) satisfies the more general square-Dini condition:

1
/w2(r) % < 00. (1.3)
0

Given a solution u € W22(Q) of (1.1), let us introduce the vector U = (U1, Us) = (ug, uy).
Using ugzy = (U1)z, Uzy = (U1)y, and uy,y = (Usz)y, we can write (1.1) as

a(z,y) (U1)z + bz, y) (Ur)y + (c(2,y) = 1)(U2)y + (U2), = 0.

If we differentiate this with respect to x and use (Uz)ye = Uyye = Uzyy = (U1)yy (where third
order derivatives are interpreted weakly), we obtain

(a(z,y) (U1)z)e + (0(z,y) (U1)y)z + ((c(z,y) = 1)(U2)y)z + (U1)yy = 0. (1.4)

Now, we perform a similar calculation using u,, = (Usz), instead of (U;), and differentiating
with respect to y instead of x to obtain

(U2)az + ((a(z,y) = D(Ur)e)y + (b(x,y) (U2)z)y + (c(2,y) (Ua)y)y = 0. (1.5)

Putting (1.4) and (1.5) together as a second order system, we obtain

(69,27 99 5+ (6 ) o oo

Now, (1.6) may look more complicated than (1.1), but at least it is in divergence form:
(AHUJ;)z + (AQlUx)y + (AlgUy)x + (AQQUy)y =0, (17)

where the A;; are (2 x 2)-matrices and U € Wh?(Q,R?) is a weak solution. Moreover, the
matrices A;; are perturbations of d;;1, where I is the 2 x 2 identity matrix, in that

sup |Aj(x) — 01| Sw(r) asr —0. (1.8)

x| =r



In this way, (1.7) is reminiscent of our work [4] which considered the first order differentiability
of weak solutions to an elliptic equation in divergence form. Moreover, the first order differ-
entiability of U corresponds to the second order differentiability of u, so the conclusions of [4]
are just what we need here. However, the formulas of [4] pertain to equations and not systems
(whose coefficients are matrices so that products do not commute). Consequently, they cannot
be used directly in the present situation. Nevertheless, we can apply the methods of [4] to (1.7).

The method of [4] suggests that we find a first order dynamical system on 0 < ¢t < oo whose
stability properties as t — oo control the differentiability of the solutions of (1.7). To derive
the dynamical system, we first write x = r 6 where r = |x| and 6 = (01,62) = (cos ¢, sin ) for
0 < ¢ < 2m. Then we write

U(z,y) = Uo(r) + Vi(r)z + Va(r)y + W(z,y), (1.9)
where Up, V1, and V5 are given by mean integrals
Unir) = fUG0) dp. Vi) = fUGO)0de, Vi) = fUCO e (120)
St St St

and W (x,y) has zero spherical mean and first spherical moments:

W(r0)de=0=4W(r0)o,dp = 4W(r6)oyde. (1.11)
furensezo=fuenne=

Similar to [4], we show that the 4-vector function V(r) = (Vi(r), Va(r)) satisfies a dynamical
system that depends on W, and W satisfies a partial differential equation that depends upon
V. Ultimately, we show that the behavior of Uy, V', and W are all controlled by the asymptotic
behavior of solutions to the following first order system:

dep

%+R90:0 on 0 <t < oo, (1.12a)

where 7 = e~! and R(e™") is the (4 x 4)-matrix function defined on 0 < t < oo by

o B 0 a0

. as(r bo(r 0 Colr

R(r) = B 0 h) o) | (1.12b)
—ai ’l“) —bl(’l") 0 —C1 7“)

with coefficients given by certain second spherical moments of the original coefficients:

@ (r) = /a(re)(eg _ ) dp, () = —2 /a(r9)9192 do,

g1 St

bi(r) == fb(rﬂ)w% —0D)de,  by(r):= —be(r9)9192 dp, (1.12¢)
g1 St

ci(r) = fc(r@)(@% — 0% de, Co(r) = —2f0(7"9)9192 de.

St St



Asin [4], the first order regularity of solutions of (1.7) is determined by the stability properties
of (1.12). In particular, we say that (1.12) is uniformly stable as t — oo if for every € > 0 there
exists a § = d(g) > 0 such that any solution ¢ of (1.12a) satisfying |¢(t1)] < 0 for some t; > 0
satisfies [p(t)| < e for all ¢ > ¢;. We show that the following holds.

Theorem 1.1. If (1.12) is uniformly stable, then every weak solution U € W12(Q,R?) of
(1.7) is Lipschitz continuous at x = 0.

Another important stability condition is that a solution of (1.12) be asymptotically constant,
i.e., that (t) = poo as t — oo. As discussed in [4], this is actually independent of uniform
stability, so we need to assume both conditions to conclude the differentiability of weak solutions.
We show that the following holds.

Theorem 1.2. If (1.12) is uniformly stable and every solution is asymptotically constant,
then every weak solution U € W12(Q,R?) of (1.7) is differentiable at x = 0.

Recalling the derivation of (1.7) from (1.1), these results yield the following.

Theorem 1.3. If (1.12) is uniformly stable, then every strong solution u € W2(Q) of (1.1)
has first order derivatives that are Lipschitz continuous at 0. If, in addition, every solution of
(1.12) is asymptotically constant, then u is second order differentiable at 0.

We can obtain analytic conditions on the matrix function R that imply the desired asymptotic
properties of (1.12). The simplest condition is

r~'R(r) € L'(0,¢e) for some ¢ > 0, (1.13)
which guarantees that (1.12) is both uniformly stable and asymptotically constant (cf. [5]).

Corollary 1.1. If R as in (1.12b) satisfies (1.13), then every strong solution u € W22(Q)
of (1.1) is second order differentiable at 0.

Analytic conditions weaker than (1.13) can also be obtained. For example, if we introduce the
symmetric matrix S = —(R + R")/2 and let u(S) denote the largest eigenvalue of S, then it is
shown in [4] that

r2

/pl,u(S(p)) dp <K foralle >re>r; >0 (1.14)

r1

implies that (1.12) is uniformly stable. As a consequence, (1.14) guarantees that every strong
solution u € W22(Q) of (1.1) has first order derivatives that are Lipschitz continuous at x = 0.
In addition, it is shown in [4] that

r

r_lR(r)/p_lR(p) dp € LY(0,¢) (1.15)
0

implies that (1.12) is uniformly stable and asymptotically constant. As a consequence, (1.15)
guarantees that every strong solution u € W?22() of (1.1) is second order differentiable at
x=0.



One may also consider special cases to better understand the significance of the role of the
dynamical system (1.12) in determining the regularity of strong solutions of (1.1). In particular,
let us assume that the coefficients b and ¢ in (1.1) satisfy

bi(r)=¢i(r)=0 fori=1,2. (1.16)

This occurs, for example, when b and ¢ are constant, or more generally if they depend only on
r: b= 0b(r) and ¢ = ¢(r). In the case (1.16), we see that (1.12a) decouples into three scalar
equations

d d
—80—1-614,0:0, —QO—EN,OZO, — taxp=0.

dp
dt dt dt

But these are all of the form ¢’ + p(t)¢ = 0 which can be solved using the integrating factor
exp [ " p(7)dr]. We conclude that the three scalar equations will be uniformly stable provided

¢ t
/61 (r1)dr| < K1 and /62(7’) dr > —Ky for t > s sufficiently large. (1.17)

s

Moreover, the three scalar equations will be asymptotically constant provided

@1(7) dr converges to a finite real number, and

(1.18)

G2 (7) dt converges to an extended real number > —oo.

ﬂ\g ’ﬂ\g

Thus, when the coefficients b, ¢ satisfy (1.16) and the coefficient a satisfies (1.17) and (1.18),
then every strong solution of (1.1) will be second order differentiable at 0.

2 Derivation of the Dynamical System

A weak solution U of (1.7) satisfies

Q

for all n € C§°(€2), where we used the Einstein summation convention of summing over repeated
indices. To obtain the dynamical system (1.12), we begin by considering (2.1) with different
choices of test functions 7.

Taking 1 to be a radial function n(r) and using (1.9), we obtain the following first order
ordinary differential equation:

A (1) Uy + rBi(r) V] +rBa(r) Vi + T1(r) Vishould be bold-  [5-=0, (2.2)
face O
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where the (2 x 2)-matrices &7, %y, and T’y are

T‘) = fAU(TG) 97,9] ng =1+ O(w(r)) asr — 0

PBr(r) = fAij(TG) 010;0; dp = O(w(r)) asr —0

(2.3)
S1
Ly(r) = /Aik(re) 0;dp = O(w(r)) asr—0,
S1
and the 2-vector A is
AVW(r) = f (A 0:Wy + Asp; W) dep. (2.4)
S1
Using Lemma 1 in [4], we can show that
AV (r f|vvv| d. (2.5)

Note that, although we are thinking of (2.2) as an ordinary differential equation, the coefficients
are matrices and so it is really a system of two equations.

Taking n = n(r)x and then n = n(r)y in (2.1), we obtain two second order ordinary differ-
ential equations which we can put together as a second order system

(G- () (G- G 296D -GR)]
By Ul oy o) \rVy B Boaz) \Va P[VW]
rU} B By (TVf> <6511 6512) (V1> <Q1[VW]> (0)
+ ~ + (= ~ + + = , (2.6
" ((FQU{)) (%21 %QQ) TVQI %21 C522 V2 QQ[VW] 0 ( )
where the %; are defined above, but the other (2 x 2)-matrices are as follows:

(1 fA” (r0) ;6 0k65dg0——5kglg+0( (r)) asr — 0,

%kg fAZg 7“(9 egdeO—*(;kgIQ—f-O( (’r‘)) as r — 0,
g1

Bra(r fAkz (r6) 60 dp = 5u L+ O(w(r)) as r — 0, (2.7)

Che(r) = /Akg(rﬁ) de = dpely + O(w(r)) as r — 0,
S1

_ fAk,-(TQ) 0: dp = O(w(r)) as r — 0,

and the 2-vectors Py, P>, (Q1, Q2 are given by

[VW /Am 7’9 0; Qk ow dgo and Qk VW fAkz 7’9 - . (28)
0z 856]
g1



As with (2.5), we can show

PUYWI(), |QuIVW](r :ﬂvwm¢ (2.9)

We want to use (2.2) to eliminate U} from (2.6) and then identify the leading order terms.
Since @/ (1) = I, should be "2" is invertible for small 7 and we can write

instead of "n
%iLO_ — ZIT V] +¢@2T‘/3+F1V1+F2V2+A[VW]).

But the coefficients of T‘Vj’ and Vj in this expression are “lower order,” i.e.,
%i%_lr%j, %id_ll“j = O(UJ2(T)) as r — 0.

So when we plug this into (2.6), it does not affect the leading order terms in er/ and Vj. Similarly
for replacing I';Uj in (2.6).

Let us make the substitution r = e~!, so that rd/dr = —d/dt. Next, let us introduce
g(t) = w(e™") and then write (2.6) (after the elimination of Up) as

[ (= AVi+ BV + PIVW]+ O(E*(1)], + e (= BVi+ CV +QIVW] + O(*(1) =0,

where V = (W1, Va), P= (P, Py), and Q= (Q1,Q2) are 4-vectors and A, B, B, and C are the

(4 x 4)-matrices
A— (42/11 %2) _ <=%’11 %’12> B_ @11 «%212 _ (Cfn %2)
oy olaz)’ Bn PBa)’ By, B’ G C2)’
and we used O(e2(t)) to represent terms depending linearly on V;, V, or A[VW], but with
coefficients that are O(2(t)) as t — oo. We can remove the factor e 2! to obtain

PA%+BV+ﬁwWHmm%mL+@A—Eﬁ 210
+(C — 2B)V — 2B[VW] + GIVW] + O(e%(¢)) = 0. '

However, this is still a second order system, and we want to avoid differentiating the coefficient
matrices, so let us convert it to a first order system by replacing the vector in the brackets in
(2.10) by a new 4-vector

U=—AV,+BV + P[VW] + O((t)). (2.11)

We now have a first order system in the 8-vector (V,U):

Vi—AT'BV + A7'U = A'P[VIW] + O(£?),
U, + (C—BA™'B)V 4+ (BA™! —2)U = —Q[VW] + O(?).

where T is the (4 x 4) identity matrix. The coefficients of V and U behave as follows:

~ 1 ~
—A7'B~ 1, AAAAH,(J—BAf%Lv§L BA‘L—HAHJFTgmmdbeCmnma

instead of period

7
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where ~ means differs by a term that is O(g) as t — oo. Consequently, let us rewrite the first

order system as
d (V 1% Fi(t, VW)
el I MWD %) = 2.12
dt (U) +M(1) (U) (Fz(t,VW) ’ ( )

where the (8 x 8)-matrix-valued function M(t) is of the form

M(t) = Mo + S1(t) + Sa(t),

—I 21
MW—QI—J'

with a constant matrix

The variable coefficient matrices S; and So satisfy

I-A'B At 21

Si(t) = <C _BA-B _ 1 BA-1 _ I) =0(e(t)) ast— o0

and Sy = O(£2(t)) as t — co. The right-hand side of (2.12) satisfies

Fi(t, VW) < (1) f YW de.
Sl

In order to analyze (2.12), as in [4] we introduce a change of variables

(g) ~J <z> : (2.13)

where the matrix

diagonalizes M, i.e., J7'MyJ = diag (0,0,0,0, —2, —2, —2, —2). We find that (p,) satisfies
a dynamical system of the form

% <ZZ> * <8 —g 1) (i) +R(1) <z> =G(t, VW), (2.14)

where
Ry (t) Rz@))
R(t) = ,
() <R3<t> Ryt
with . . .
Ri(t) ~ 1A—l - 5A—lB +C-BA 'B+ 5JT%A—1 ~1,

where ~ means differs by a term that is O(e%(t)) as t — oo. The right-hand side of (2.14)
satisfies

G(t, VW] < &(t) f YW deo. (2.15)
Sl



Estimates on W that we shall discuss in the next section together with the stability theory
presented in Section 2 of [4] show that the stability of (2.14) is determined by that of
de

LR =0 2.16
T 1(t)p =0, (2.16)

so we need to determine the asymptotic behavior of R;. But to do this, let us write
1 1 ~ 1 ~
A:§(I+Ao)7 BZQ(IJFBO), B:§(I+Bo)7 C =1+ Gy,

where [Ag|, |Bo|, |Bo|, |Co| = O((t)) as t — co. Also note that A~! ~ 2(I — Ag). Using these,
we can simplify R; to obtain R; =~ Cy— By = C — 2B, and after a careful calculation we obtain
the formula given in (1.12b).

3 Proofs of Theorems 1.1 and 1.2

Since we are only interested in the behavior of our weak solution near 0, we may assume
1 = B.(0) with € > 0 chosen small enough to make

5

/r_lw(r) dr <0 and w(e) <, (3.1)
0

with § > 0 as small as we like. In fact, for any p € (1,00) we can choose § = §(p) > 0 in
(3.1) small enough that the small oscillation condition on the coefficients (1.2) ensures that
VU € L () (cf. [6, Corollary 6.2]). Henceforth, we pick p > 2 and choose € small enough that

loc

VU € Lfoc(Q). But by rescaling the independent variables, we may arrange € > 1, so we may

assume that our weak solution U of (1.7) satisfies

VU € LP(2), wherep > 2and Q= Bl(Ok Should be bold 2)

face 0
In particular, by Sobolev’s inequality we know that U is continuous inkz

For our analysis, it is useful to consider (1.7) on all of R?, so we extend the matrices 4;; to
all of R? by A;; = d;;1 for |z| > 1. We also extend our modulus of continuity w to (0,00) by
w(1) for » > 1. It will also be useful to introduce the LP-mean of a function over the annulus

A ={z:r<|x|<2r}: »
My(f,7) = (f @) dx) .
Ay

To control growth of the first derivatives of functions, we introduce
Myp(f,r) = rMp(Vf,7) + Mp(f,7).

Let us introduce a smooth cut-off function x(r) that is 1 for 0 <= < 1/4 and 0 for r > 1/2.
We find that x(r)U(z,y) satisfies

(A11(XU)a)z + (A21(XU )2 )y + (A12(XU)y)z + (A22(XU)y)y = Fo + (F1)z + (F2)y

where Fy = Anx'01Uz + A21X 02Uy + A1ax' 01Uy + A2 X'02U,, F1 = X' (A1161 + A1262)U, and
Fy = X' (A2101U + Ag205)U. Using (2.1) with n = x, we see that
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/Fo dxdy = 0. (3.3)
R2

Since we are interested in the behavior near x = 0 = y where U and xU agree, we can simply
assume that U is supported in r < 1/2 and satisfies

0i(Ai0;U) = Fo + 0i(Fy), (3.4)

where Fy, Fy, Fy € LP(R?) are supported in 1/4 < r < 1/2 and Fp satisfies (3.3). Of course, we
now must replace (2.1) by

/Aij 0;U 0y dady = /(Fi@m — Fy)dzxdy for all n € C§°(Q). (3.5)

R2 R2

At this point, we observe that (3.4) with (3.3) for the vector function U is identical with
(51lab) in [4] for the scalar function u. This means that we can repeat the analysis of [4] to
connect the stability of the dynamical system (1.12b) with the regularity of our weak solution.
We do not want to repeat all of the details here, but let us give an outline of the argument.

To begin with, we recall the decomposition U = Uy +Viz+ Vay+W in (1.9). We have shown
that V satisfies a dynamical system (2.12) that depends on VW, so we need to know VW is
sufficiently well-behaved in order to obtain estimates for V. This is done by showing that W
satisfies a partial differential equation that depends on V. To derive the differential equation

for W, we introduce
Qij = Aij — (5@‘], (36)

which satisfies [Q;;| < w(r) for 0 < r < 1 and §;; = 0 for »r > 1. We also introduce for

should be bold 2\40})

face O

f(ro)* = f(rf) — Pf(r0), (3.7)

where P is the projection of f onto the functions on S' spanned by 1,61, 6s:

Pf(r0) = co(r) + c1(r)01 + ca(r)f2, where

co(r) = ff(r&) dp and ¢(r) = 2/91' f(r0)de.
Sl Sl

Note that P[A(Up + Viz + Vay)] = AUy + Viz + Vay) and P[AW] = 0, so W satisfies the
following perturbation of Laplace’s equation on R?:

AW + [0;(2350;U0)| ™ + [0:(Q1;0; (Vi) - + [0:(Qi;0; W) = [Fy + 0;(Fy)] - (3.8)

Now, we simultaneously consider the dynamical system (2.12) for V' and Equation (3.8) for
W. The analysis in [4] shows the assumptions that U € W12(Q) and that (1.12) is uniformly
stable together imply that V satisfies

sup (|V(r)| +r[V'(r)]) <C (3.9)
0<r<1
and W satisfies
My ,(W,r) < Cw(r)r, 0<r<l1. (3.10)

10
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(In both (3.9) and (3.10), the constants C' depend upon the W-2-norm of U, but not on r.) Since

p > 2, we can use Sobolev embedding to conclude that |W (z,y)|r~! < wag) Sh oy
ould be bold
W (z,y)|r~! — 0 as r = |x| — 0. This shows that W is differentiable at 0.

face O

To estimate Uy, we use (2.2) and the estimates that we have obtained ol v; and VW to

conclude
Uo(r) = Uo(0)] = /Ué(p) dp| < Cw(r) | (Should be bold V1) dp < Cw(r)r.
0 0 [face x

But this implies that Uy is differentiable at & = (_and U} (0f=>hould be bold

We have now shown the assumption that (l.lmniform face 0 show that
our weak solution U € W2(Q) satisfies  [Should be bold

U (z,y) — U(0)] < |Uo(r) — Uy(0)| +[face 0 y| + W (z,y)l <Cr.

But this shows that U is Linschitz continuons rt_‘af\: OP completing the proof of Theorem 1.11.

Should be bold Should be bold
For Theorem 1.22, Wface x face 0

constant. The dynamical Systems analysis of [4] applied t6zrFrtrersmowstnat ¢(f) — Yoo
and ¥ (t) — 0 as t — oo. However, we can use (2.13) to express ¢, in terms of V and V;:

0)- (7%

Hence the conclusion ¢ — 0 implies V; — 0 as ¢ — oo, in other words,

. / .
ll_% rV'(r) =0. (3.11)

that every| wsymptotically

But (3.11) implies that Vi (r)z 4+ Va(r)y is differentiable at 0. Since we have already shown that
Uy and W (z,y) are differentiable at 0, we obtain the conclusion of Theorem 1.22.
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