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The boundary integral equation associated with the Dirichlet problem for the Laplace
equation on a polyhedral domain is considered. Pointwise estimates for the kernel of the
inverse operator are derived. As a consequence, the solvability of the integral equation in
the space of continuous functions and in a weighted L,-space is obtained. Bibliography:
24 titles.

1 Introduction

This paper is closely related to our previous works [1]-[3], where integral equations of the
harmonic and elastic potential theory on surfaces with conic vertices were considered. In this
paper, we investigate the integral equation generated by the Dirichlet problem for the Laplace
equation in a 3-dimensional polyhedron that is not necessarily a Lipschitz graph domain.

We use the method proposed by Maz’ya [4]-[7], according to which the analysis of boundary
integral equations is reduced to the study of auxiliary boundary value problems. Different
applications of the method can be found in [8]-[15].

Based on the estimates for the fundamental solutions of the Dirichlet and Neumann problems
[16, 17] (cf. [18] for a detailed exposition), we estimate the kernel of the inverse operator of the
integral equation in question, which leads to results on the solvability of this equation in various
function spaces and, in particular, in the space C' of continuous functions.

The question of the validity of the last result was stated long ago. The solvability of the
boundary integral equation in the space C over surfaces of a fairly wide class was established in
the multi-dimensional case by Burago, Maz’ya [19] and Kral [20] under the requirement that the
essential norm |T'| of the double layer potential 7" is less than 1. This condition can be formulated
in geometric terms. However, it does not always hold even for sufficiently simple cones. Angell,
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Kleinman, Kral [21] and Kral, Wendland [22] succeeded in compelling the inequality |T'| < 1 for
certain 3-dimensional polyhedra to hold by replacing the usual norm in C' with an equivalent
weighted norm. The polyhedral surfaces considered in [21] are constituted by a finite number
of rectangles parallel to the coordinate planes.

The solvability in the space C' for the above mentioned integral equation on surfaces in
R™ with a finite number of conical points was proved by Grachev and Maz’ya [1]-[3] without
any complementary geometric assumptions. Thus, it was shown that the use of the essential
norm had been unnecessary and dictated only by the method of proof. We, and,independently
Rathsfeld [23], extended this result to arbitrary polyhedra. A direct approach based on the
Mellin transform was used in [23]. Some of the results of the present paper were announced in
[24] and in Preprint LiTH-MAT-R-91-50.

Now, we briefly describe our results. We assume that I' is a polyhedron in the three-
dimensional Euclidean space. We denote by G the interior of this polyhedron and consider the
Dirichlet problem

Au=0 on GT, u=Ff on T. (1.1)

Let Oq,...,0y, be the vertices of the polyhedron, and let 9y, ..., M be its edges. We
denote by w; the opening of the dihedral angle with the edge 9; from the side of G* and put
Aj = m/w;. We use the notation

rj(x) = dist (z, M), pi(x) = dist (z, 0;),

(@)= min {ry(@)}. p(e) = min {pi(2)}.
Let K;, k=1,2,...,m, be the cone with vertex O; which coincides with GT near the point
O;. The open set cut by the cone K; out of the unit sphere S? centered at O; is denoted by Qj,
and the set Sz\f is denoted by Q.. Let ¢; and v; be positive numbers such that 6;(; +1) and
v;(v; +1) are the first eigenvalues of the Dirichlet problem on (2 and the Neumann problem on
2 for the Beltrami operator. Further, we denote by s; the minimum of 4;, v;, and 1.
Let W1 denote the classical double layer potential with the density 1:

_ Lo 1 :
(Ww)—4W/an£(|x_£|)w(g)ds§, e G
I

We are looking for a solution of Equation (1.1) in the form of a double potential. It is known
that the density v satisfies the integral equation (1 + 7)) = 2f, where T is the operator on I"
defined by the equation (T¢)(z) = 2Woth(z) + (1 — d(z))¢(z), where d(z) = 1 for z € Q\IM;,
d(z) = wj/m for x € M;, d(z) = meas Q; /27 for x € O;, and Wy is the direct value on I' of
the double layer potential.

The following two theorems present the main results of this paper.

Theorem 1.1. The operator 1 +T : C(I') — C(I') performs an isomorphism. The inverse
operator admits the representation

A+T)'f=Q1+L+MFf,

where L and M are integral operators on T with kernels L(x,y) and M(x,y) admitting the
following estimates. If 9M; is the edge nearest to the point y and O; is the vertex nearest to y,



then

M (z,y)| < cp(y)"i‘l‘g(%)M_l_e.

If points x and y lie in a neighborhood of a vertex O;, i = 1,2,...,m, this neighborhood contains
no vertices of the polyhedron O; and, if M;, M are the edges nearest to the points y and x
respectively, then

L(z,y)| < ep(y) 2 (r(y) /o)) V'

+C(7’(y)+‘x—y)—2<%>>\l_e<%>>\j—l—a

for p(x)/2 < p(y) < 2p(x) and

min{p(z), p(y)} \ == (r(y)\Ni—1-e
p(xp)+p[()y@)/ ) (_y>

_ -1
L, y)| < ep(y) ™ (ole) + o)~ (
( ) p(y)
in the opposite case. Here, € is an arbitrary positive number.

The following theorem concerns the operator defined by T = 2Wyt) almost everywhere on
I' as an operator in the weighted L,-space Lg 7(F ) endowed with the norm

lullry ) = 107 77 ull 1, (-

Theorem 1.2. Let » = min{s;}, A = min{\;}. If1<p<oo, 0<S+v+2/p <1+,
O0<y+1l/p<Aorp=00,0<B+y<1+3x 0<vy <A, then the opemtor1+T:Lg7(F)%
Lg V(F) performs an isomorphism.

In Section 2, we collect some preliminary information on boundary value problems and find
a representation for the inverse operator of the integral equation in question stated in terms
of the inverse operators of boundary value problems. The estimates for L(z,y) and M(x,y) in
Theorem 1.1 are obtained in Section 3. Finally, in Section 4, we prove theorems on the unique
solvability of the integral equation in the spaces C' and Lg} »

2 Representation for the Inverse Operator
of the Boundary Integral Equation

2.1 Preliminary information

We use the notation from Section 1. We also denote G~ = R3\GT and B(r,z) = {y € R?:
|lx —y| < r}.

We define some weighted Holder spaces. For the sake of simplicity we introduce the same
weight 7 for all edges and the same weight p° for all vertices. We denote by Né’%(G*) the
space of functions on G with the finite norm

el g ey = S0P, p(@)?r (@) [ul 8 o e + p p(x)’r(x)y — 1 — alu(z)|. (2.1)

Here, (3, v are real numbers, a € (0, 1), [ is an integer, | > 0, and

[Wfy = sup > | —y[FI707u(z) - 7 uly),

TYEE 151 [0)



where E is a subset of R3, p is a positive noninteger, and [p] is the integer part of p.
We also introduce the space Céf;(GJr) (0 <y <!+ a,l+ a—risnot integer) of functions
w in G with the finite norm

_ 8 I+
Il iy = 500 o) r(@) (1]
I+a—y B+y—Il—a
+ sup p(z)” [u + sup p(x) |u(x)]- (2.2)
zeGt [ ]G+mB(p/2,x) zeGt
For the domain G~ we define similar spaces Né’C;(G*) and Clﬁ’O;(G*). Suppose that the
ball B(R,0) contains G*. We denote by x a function from the space C®(R3) equal to one
on B(R,0) and to zero on R3*\ B(R + 1,0). A function u in G~ belongs to N/é’ofy(G_) and to
CEO;(G*) respectively if and only if the norms (2.1) and (2.2) respectively of uy and the norm
I+a+1 l+o
sup |z| v + sup [z] |v(z)]
z€G~ [ }B(IIW@) zeG~
of the function v = (1 — x)u are finite.
Let I'; denote a face of the polyhedron I'. We denote by Né,‘f/(FZ) the space of traces on I'; of
functions from Né,’i(G‘F) or from Né"f‘y(G_). We say that u belongs to Né‘f‘y(I‘) if the restriction

u; on each I'; belongs to Néf;(f‘z) and introduce the norm
HUHN[??/(F) = Z HUHN[@’Z(F").
1

The space of traces on I' of functions from C’[lf;(G*) or from Clﬂ’(fy(G*) is denoted by Cg’o;(l“ ).

Consider the interior Dirichlet problem and the exterior Neumann problem for the Laplace
equation

Au=0 on G", u=f on I, (2.3)
Av=0 on G~, Ov/on=g on D'\, (2.4)

where §/0n stands for the derivative in the direction of the outward normal to T\ = |J 9.
1<i<k

Now, we formulate estimates for the fundamental solutions of the problems (2.3) and (2.4).
Let K;,i=1,2,...,m, be the cone with the vertex O; which coincides with G near the point
O;. The open set that the cone K; cuts from the unit sphere S? centered at O; is denoted by
Q1 and the set S2\m is denoted by Q7. Let ¢; and v; be positive numbers such that 6;(d; + 1)
and v;(v; + 1) are the first positive eigenvalues of the Dirichlet problem in Q" and the Neumann
problem in Q~ for the LaplaceBeltrami operator on S?. The result formulated here is contained
in [16].

Theorem 2.1. Suppose that 67 = minjcj<d;, AT = minj<7/wj, and l is a positive
integer. If =67 < B+~v—a <1+ and 0 < a — v < min{1,\"}, then for any f € C/g’iH(F)
there exists a unique solution u € C’g"fﬁl(G*) of the Dirichlet problem (2.3) and the solution
admits the representation

wm—/ﬁwaaﬂo@g (2.5)
I



Suppose that points x and & lie in a neighborhood of a vertexr O;, ¢ = 1,2,...,m,. If either
20(€) < pla) or p(€) > 2p(x), then

OTOFP™ (2,€)| < cor p(x) V7l p(€) T (pla) + p(€))

min{p(x), p(§)}\0 = rr(x)\ N —lol=c /(&) \ N —Irl-1—¢
“ o) + (e ) (m> o) '

p()
In the zone p(€§) < 2p(x) < 4p(&), the estimates have the form

0207 P (2,6)| < or |z — €721 17]
7’(:1,’) At —|o|—¢ 7’(5) A—1—|7]—e
“Gorrn—a) | Gara—a) -

In the case x € U;, § € Uy, where U; and U, are small neighborhoods of the vertices O; and Oy
with © # q, the estimates take the form

07 0F P (x,6)| < c(,,Tp(x)é*-“'—Ep@)é*—m—l—a(M)X*—'“—ff(@)”—Tl—l—s

p(z) p(§)

where o, T are arbitrary multi-indices and € is a sufficiently small positive number.

I

The following result is essentially proved in [17].

Theorem 2.2. Suppose that v~ = minigicm v, A~ = minigjp{n/(2m — wj)}, and | is a
positive integer. If 0 < f+~v—a <1 AND 0 < o —~ < min{1, A"}, then for any g € Né’cfﬁ_l(lj)

there exists a unique solution v € Clﬂ’fHZ(G*) of the Neumann problem (2.4) and
oe) = [ @ (. €)gl€) dse. (2.6
T

Suppose that points x and & lie in a neighborhoods of the vertex O;, i = 1,2,...,m,. If either
2p(z) < p(§) or p(x) >2p(), then

Q (2,8 =Q7(0,8) + R (x,8) for 2p(x) < p(¢), (2.7)
Q (2,8) = Q (2,0) + R (&, x) for 2p(§) < p(x), (2.8)
where
Q(0,8) = Q7 (5,0) = a; /p(&) + b +d; () (2.9)
and a; =1/meas (2, ), b, = const For R (x,&) and d; (§) the following estimates hold:
o - v~ —|al-e T(é-) Aoe
07 d ()] < cople)” = (25)
TOTR™ v-—|o|—¢€ —1-v——|7|+e T'(:L’) Aoe 7“(5) Aoe
0707 R ()] < o pla)”7op(e) () (D)

In the intermediate zone p(x) < 2p(§) < 4p(x), the estimate takes the form

o AT - Cor r(z) Aoe r(€) Are
7% w0 < i G ema) Gerea)



In the case x € U;, § € Uy, where U; and U, are small neighborhoods of the vertices O; and Oy
with 1 # q,
r(z) r(£)

!35557@_(9575)\ < Copr p($)ygap(§)u;5 <m>/\55 (m)k;.

Here, we use the notation

A;a = min{()? AT — ‘0—’ - 6}7 A;a = min{()? AT — ‘T‘ - 5}7

Vo =min{0,v” — |o| —¢e}, v& =min{0,v” —|7| —€}.

In what follows, we need estimates for the fundamental solutions of the Dirichlet and Neu-
mann problems in a dihedral angle. Let DT be the interior of the angle with opening w, and
let D~ = R3\D*. We denote by F* and F~ the sides of D, by 9 the edge and by F the
boundary, i.e. F = FTUF~UM.

We introduce the space Nfly’a (D7) equipped with the norm

I+ =
HUHNQa(Dﬂ = ISGUDP+ r(z)” [u] Df{mB(T/QVI) + mselg)Jr ()" u(z)|.

and the space C’%’O‘(D*), I+ a—v >0, equipped with the norm

I+
HUHCg’a(Dﬂ = xselg)+ r(z)? [u] DfﬁB(r/ny) + HUHClﬂw'y(ﬁ)v

where C*(D7) is the Holder space of order s and r(x) = dist (z,90).

We denote by NY*(F%) the space of traces on F* of functions from N5*(DT) or from
Né;g(G*). We say that u belongs to NY*(F) if the restriction u* to F* belongs to NY*(F%)
and introduce the norm

HuHNf/O‘(F) = Z:t: ||u||ny’°‘(Fi)'

The space of traces on F' of functions from CE;Q(DJF) is denoted by C’é’a(F ). Similarly, one
defines spaces of functions on D~.

Consider two boundary value problems
Au=0 in DY, wu=f on F, (2.10)
Av=0 in D™, 9Jv/On=g on F\M. (2.11)
The following theorem was proved in [16].

Theorem 2.3. Let 0 < a —y < min{l,7/w}, and let | be a positive integer. Then for any

fe Cé’o;H(F) there exists a unique solution u € Clﬂ’oé_i_l(Dﬂ of the Dirichlet problem (2.10). It
admits the representation
u(w) = [ P*(.8) 1) dse (2.12)
F

where

0T _e1—2—|o|—|7| r(z) mfo-lol-e s p(g)  \me-l-lrl-e
0207 P* ()| < ol — €] ( ) G ) .

r(z) + e = ¢ + |z — ¢



Now, we formulate an analogous result for the Neumann problem obtained in [17].

Theorem 2.4. Let 0 < aa — v < A7, A7 = min{l,7/(27 —w)}. and let | be a positive

integer. Then for any g € 01570;+l(F) there exists a unique solution v € CEO;H(D_) of the
Dirichlet problem (2.11). It admits the representation
oo) = [ @ (.8 gl€) dse. (213)
F
where
AT —|o|—¢
07T (O (2.€) — afle — EN| < o |z — £l (@)
920 (Q™(@,€) — a/lv — €])| < cor 2 — €] Gorrn—e)
re) e
X )
<T(§)+|x—€\>

where a = 1/ meas (S?> N D~) and S? is the unit sphere with center at x € 9.

2.2 Representations for the inverse operators

We denote by Vi) and W1 the single and double layer potentials:
Vi) =4 [ ge©dse, v B
Tan ) Jp—g vy e TR
r

1 0 1 N
(Ww)—g/a—%(‘x_ﬂ)w(g)ds& x € G

r

In what follows, we denote by ()™ and (-)~ the interior and exterior limit values with respect
to GT. By Wy we mean the direct values of the double layer potential W) on I'. Let the
operator T' be defined by the equality (T¢)(x) = 2Wop(z) + (1 — d(x)) (), where d(z) =
él_igh(meas (GT N B(6,r))/ meas B(J,x).

Lemma 2.1. Suppose that 0 < f+v—a <2, 0<a—~v<1, andl is a positive integer. If

)€ C52 (), then Wop € C5% (1) and
(Wep)* = W + /2, (8(g:l¢)>+ = (8(27/;@)_ on T\M. (2.14)

Proof. Let 0 be so small that the ball B(24,0;) contains no vertices except O;. One verifies
directly the estimate

sup  p(a)? 7 [(We)(x)] < ¢ sup p(z)"H77 (). (2.15)
z€B(6,0;) zel’

We consider the transmission problem
Au=0 in GTUG", ut—u = on T,

(5"~ (32) =0 m v

(2.16)



which is satisfied by W € Cfog(@\fm) We introduce the sets U, = {£: 1/2 < 2F|¢] < 2}
and Vi = {&: 1/4 < 2F|¢| <4} for k=1,2,....

The well-known local Schauder estimate for solutions of (2.16) leads to the inequality

— — l —
o—k(l+8) sup T(m)w[u]g(i{/z NG +9 k(Hﬂ)[U]J%GL
UkﬁGi ’ k

< c(27FUHB) qup r(z) ) 4 2 kB [y ey
( VWPF (@) [¥] 52,000 [lv,or

+ 2 k(B+y—a) sup [¢(x)| + 9 k(B+y—0) sup |u(a:)|)

Vil zeVNI’
From this inequality and (2.15) we conclude that Wi € C’lBO; _H(Gi).

The relations (2.14) follow from similar relations for domains with smooth boundaries. [J

Lemma 2.2. Suppose that 0 < f+v—a<1,0<a—~v <1, andl is a positive integer. If

1— S, l,Oé
pE Nﬁ,v1+l (T"), then Vyp € Nﬁ,w+l(Fi) and
O(V)\* N _
(AN~ wgpsp, (vt = (v

on I\M. Here, W is the operator formally adjoint of Wy.

Proof. One verifies directly the estimates

wp  p(@) (V) (@) < e sup p(@)Pr() T fp(@), i=1,2,...,m,
z€B(6,0;) zel

where § is the same as in (2.15). To get the result, it suffices to apply the same argument as in
the proof of Lemma 2.1 to the transmission problem

Av=0 on GtUG™, vT—v =0 on T,
Ov\+ v\~
— ) - =) = mm.o
(Bn) (371) p on M
Lemma 2.3. Suppose that 0 < f+v—a <1, 0 < a—~v <1, andl is a positive integer.
Then the following representation holds:

v=v((5) - (5) )+t —o)

on Gt UG~ for allu e C’lﬁ’fy+l(G+ UG™) satisfying Au =0 on Gt UG™. Here, C'é’,ofy(G‘F UG™)

is the space of functions u in G+ U G~ whose restrictions to G* belong to Céf;(Gi).

Proof. We use the following classical relations:
u(z) = (V(0u/on) ") (x) + Wut)(z), ze€GT,
0= (V(ou/on)")(z) + Wut)(z), z€G,
0=—(V(0u/on) )(z) — Wu )(z), xcGT,
u(z) = —(V(0u/on)")(z) — (Wu")(z), zeG,

for all functions u such that u € C®(G%), u = O(|z|™") as  — 00, Au = 0 on GT UG™.
Using Lemmas 2.1 and 2.2, one can show that these relations extend to all harmonic functions

ue e (GHUG™) on GTUG. O

(
)



Theorem 2.5. Suppose that 0 < o —y < min{A\", A"}, 0 < f+~v—a < min{é", v, 1},

and | is a positive integer. If f € C’lﬁ’?y{H(F), then there exists a unique solution ¢ € CZB’ZH(I‘)

of the integral equation (14 T)e = f and this solution can be represented in the form

1+T)'f = %(1 - Q‘%PJF)]“. (2.17)

Here, Pt and Q™ are the inverse operators of the boundary value problems (2.3) and (2.4) (cf.
Theorems 2.1 and 2.2).

Proof. By Theorems 2.1 and 2.2, the function

1

L

0
12 p)
( @ on /
belongs to the space C/g’fyy+l(F). We prove that ¢ is a solution of the equation (14 7)p = f. We

introduce the function u € C4® (GT UG™) which is a solution of the boundary value problem

B+l

Au=0 on GFTUG™, u"=f on T,
(%>+_ (g—z)_:o on I'\M.

0
It is clear that u= = Q‘0—P+f. Hence ¢ = (ut —w7)/2. By this and Lemmas 2.1, 2.3, we
n

arrive at the chain of equalities
(14 T)p)(z) = 2(We) " (2) = (W(u" —u")) (z) =u'(z) = f(z) (2.18)

for x € T'\M. Since (Wyl)(x) is the solid angle under which the surface I is seen from z, we
conclude that T € C(T") for ¢ € C(T") and the relations (2.18) hold for all x € T".

It remains to verify the uniqueness of the solution. Let ¢y € C’éf; () satisfy (1+T)¢po = 0.
Consider the function u = W¢g. By Lemma 2.1, u is a solution of (2.3) with f = 0. In view of
the uniqueness of the solution of (2.3), we conclude that Wy = 0 on G*. Since

() (Ady g o

and (2.4) is uniquely solvable, we conclude that Wy = 0 in G~. Thus,
o = (W)™ — (W)™ =0,

which completes the proof. O

3 Estimates for the Kernel of the Inverse Operator

In what follows, we use the notation s = min{é™, v, 1} and A = min{\", A\~ }. The goal of
this section is to prove the following assertion.
Theorem 3.1. Suppose that 0 < a—v < A, 0< S+v—a <1, andl is a positive integer.
Then
1+ 'f=Q+L+M)f feC,, (D), (3.1)



where L and M are integral operators on I'. The kernel M(x,y) of the operator M admits the
estimate

MGl < eolr = (50)

The kernel L(x,y) of L vanishes if dist (x,y) > d, where ¢ is a sufficiently small positive number.

If points x and y lie in a neighborhood of a vertex O;, i = 1,2,...,m, and this neighborhood
contains no vertices of the polyhedron other than O;, then the kernel L(x,y) satisfies

L y)l < Cf’(y)_Q(%)A_l_a +elro) +lo=ol) (75 ﬁi - y|>/\_€<r(y) ﬁ; - y|>H_€

provided that p(x)/2 < p(y) < 2p(x) and

min{p(x), p(y) }\*== (r(y) \}-1—¢
p(::;erf()y?; ) (_y)

_ -1
L, y)| < ep(y) ™ (ple) + p() ™ (
p(y)
in the opposite case. Here, € is an arbitrary positive number.

In what follows, by {xx}3_,, 7, and, 2 we mean functions in C*([0,00)) such that

(1) X1<res Xk =1, supp x1 C [0,5/8), supp x2 C (1/2,2), x3 C (8/5,00),

(2) m(t)=1fort <1/8 and n(t) =0 for t > 1/4,

(3) m2(t) =1 for t < 5/6 and na(t) =0 for t > 6/7.

We assume that the points x and y lie in a neighborhood U; of the vertex O;, i =1,2,...,m
and U; contains no other vertices than O;. Let the origin coincide with O;.

3.1 Estimates for the kernels L(z,y) and M(z,y) for |y| < 5|x|/8
Given z € I'\ON, consider the Dirichlet problem
AyRJr(y,x) = 07 Yy € G+7

+ _ (3.2)
R (y,x) = malyl/lz))R™ (y,z), yeT.

Lemma 3.1. Suppose that 0 < —a— vy < A\, = < f+~v—a <14, andl is a positive
integer. Then there erists a unique solution RT(-,x) € C’g‘i/+l(G+) of the problem (3.2) for all
x € U;N(INO;) and

T R+ < =1y,,1—|7] M xe T(y) Are
R o)l < erlel () () (3.3)
where Are = min{0,\ — |7| —¢} and y € U; N G™T.

Proof. We set x = [z|X and y = |z]Y. Let G|, and Ty be the images of the sets G* and
I’ under the mapping y — Y. The problem (3.2) can be written in the form

AyRM(Y,X) =0, Ye G\$|’

(3.4)
where R, (Y, X) = |z|RT (|z]Y,|z|X), | X| = 1, and, in view of the inequalities for OFOf R (,€)

from Theorem 2.2, ||Hy | 1. <e.
B

+
(G

10



Applying Theorem 2.1 to the solution of the problem (3.4), we get

1B (- X))l o

<ec
B,l+’y( =

Glap)
Setting y=a—A+ecand f = —»— v+ a+¢, we find

Y)\ Are

T Y, X)| <e, y|-Itl—e L) )
05 Ry (¥, X)| < ex [Y P (5
Returning back to the function R*(y,z), we arrive at (3.3). O

Lemma 3.2. Suppose that 0 < a —v < X\, 0 < f+v—a <1, andl is a positive integer.
l,«
For any ¢ € C’B’le,y(F)

/Q‘(w,é)a%g/lﬁ(ﬁ,y)m(%)«p(y)d&yd% = /L(fv,y)m(%)w(y)d% (3.5)
I I I

for x € I'NU;, where

Ll < elel i ()7 (T (3.

Proof. Setting

v(€) = /P+(§, y)xi (%)s@(y)dSy
T

and using (2.8), we write the left-hand side of (3.5) in the form

Jom(5)@ 00 g+ [ B €ngiv@se+ [0-m( )o@ ogvs,
r r r

where R is the solution of (3.2)
Applying the Green formula to the first and second integrals, we obtain (3.5) with

L(z,y) = Y Li(x,y), (3.7)

1<k<3

where

0
Ll({E, y) = _RJr(y’ .I),

ony
L) = - [ (aen( )@ 0.0) P € s
G+
Lyf.y) = - F/ (1-m(5))@ 5P (€ 1)dsc.

We estimate each term in (3.7). The inequality (3.6) for L£;(x,y) follows directly from
(3.3). Let us estimate Lo(z,y). It is clear that 6| > 5|x| on the support of the function
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& — Aena(J€]/]x]). From this and the inequality 8|y| < 5|z| we conclude that 3|¢| > 4|y|. By
Theorems 2.1 and 2.2,

epl<e [ e (1) ()T e

€] Yl
£eGT:6|¢|>5|x|

1y - (e )\
<z 1|y\ 1(@) (m) .

Finally, to obtain the required estimate for L3(x,y), we write it as the sum of two integrals
over the sets I't ={{ € T': || < 2|z|} and 'y = { € " : |¢{| > 2|z|}. By Theorems 2.1 and 2.2,

Ls(a,y)] < c / & — €[V 2K (y, €)dse + / (€72 + p(&)™ 1) K (3, €)dise

£er:6|¢|>5]z| cel: €| >2|x
|z—&| <3| 12l

M>5+—s (r(y)))\—l—s.

<clal ™yl =
al

|yl
Here, we used the notation

G = e () () .

3.2 Estimates for the kernels L(z,y) and M(x,y) for 5|y| > 8|z|

Let x € I'NU;. Consider the boundary value problems

AR (y,2) =0, y€GT, R*(y2)= 172(%)1%_ (y.2), yer, (3.8)
Ad*(y) =0, yeG*, d"(y)=d (y), yel. (3.9)

Lemma 3.3. Suppose that 0 < a—vy < A, —x < f+v—a < 1+, andl is a positive integer.
Then the problems (3.8) and (3.9) have unique solutions RY(-,z) € C’é’cfy_H(G"r), respectively,

dt e CZ%_Z(G*) for all x € U; N (T\O;) and
s—e€ Are
TR (y,z)| < er —1=1] m @ , € Gt NO;, 3.10
R @)l < eyl ()T ()T (3.10)
Are
ordt (y)| < ey ply)*ITl—2 r(y) . yeGtno;. 3.11
O W < erpl) M (CE5) (3.11)

Proof. The inequality (3.11) is a direct consequence of Theorem 2.1, and the inequality
(3.11) is proved in a similar manner as Lemma 3.1. O

Lemma 3.4. Suppose that 0 < a—v < X\, 0< B+v—a <1, andl is a positive integer.
l,a
For any ¢ € Cgy (1)
/ QO (@.6) - / P& (1) ply)ds, ) dse
Ong ] Y
r r

= [ + L) L) ewds, @ eTiom (3.12)

]
T

12



where y € I'NO; and

n—1—¢ T(y) A-l—e

M)l < el () (3.13)
—2 n—e T(y) A-l=e

LGy < el 22l (37) (3.14)

Proof. Setting v(&) = P1(&,y)xs(|yl/|z|)¢(y)dsy and using (2.7), (2.9), we write the left-
hand side of (3.12) in the form

[ malien (s + o7 +d+(§))(%£v(§)ds§
r

+/R+(§,x)a ds§+/ 1—7]2 Q(x,ﬁ)aingv(ﬁ)ds&,
T

r

where RT(&,2) and d;f (€) are solutions of the problems (3.8) and (3.9). Applying the Green
formula, we arrive at (3.12), where

|z]

L(m,y)JrM(x,y):%RJr(y,x)Jr%( <m>(ﬁ+b +dt()))

G[A (m (@) (g +17 +a7©)) P dse+ [ (1=m((g) )@ (5P 0) e

r

To obtain the estimates (3.13) and (3.14), it suffices to use Theorems 2.1, 2.2 and Lemma 3.3
(cf. the proof of Lemma 3.2). O

3.3 Estimates for the kernel L(z,y) for |y|/2 < |z| < 2|y|

The goal of this subsection is to prove the following assertion.

Lemma 3.5. Suppose that 0 < a—v < X\, 0< B8+v—a <1, andl is a positive integer.

For any ¢ € C’ﬁ‘?_w( )

F/ @ (2.6 / P aa((2)) plods, dse = - / cloa (2 )elnds,, (319

where |L(z,y)| < c(r(y) 2 if |z —y| < r(z)/2, and
| L(z,y)| < |$_cy|2( r(z) )A*E< r(y) >A*1*€+ %<@>A15

|z — 1y |z — ] y|?

otherwise.

First we formulate an auxiliary assertion. Suppose that a point x € I'\O; lies in a neighbor-
hood of the edge 9, together with the ball B(é|z|,x) of radius 6|z|, where § is a sufficiently
small positive number. We denote by D+ and Dy the interior and exterior of the dihedral angle
which coincides with G near the edge 93? In what follows, we omit the subscript j in DjE and
use the notation for the diherdral angle DjE introduced in Subsection 1.2.
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Lemma 3.6. The following estimates hold on the set {y € I : |z|/2 < |y| < 2|x|} :
10705 (P* (2, y) = P¥(2,y)| < corlz| 271717100,

1070, (Q (z,y) — Q@ (z,y)| < Caq-|l‘\_1_|7‘_|‘7| (%)Ao—s (%))\ﬁ,

where Pt (z,y), Q (z,y) are the kernels of the operators (2.12), (2.13), and . = min{0, A\~ —
‘0—‘ - 6}; )‘;a = min{0>)‘7 - |7_‘ - 6}'

The proof is similar to that of Lemma 2.6 in [2]. The only difference is that one has to use
theorems on the solvability of the Dirichlet and Neumann problems in domains with edges (cf.
[16]) instead of similar assertions for smooth boundaries.

Let x € I'\O;. Consider the problem

ARY(z,y) =0, yeGT,

21N - _
R (z,y) = Xz(m) (Q (z,y) —Q (z,y)), yel.

It follows essentially from Theorem 2.1 that

r 1| (TW)\ e
R (o) < e lol (1) (3.16)

for all y with |z]/2 < |y| < 2|x|, where A7 = min{0, A — |7| — ¢}.

Proof of Lemma 3.5. We write the left-hand side of (3.16) as

[re(Ehe oz @ der [RH oz ue s
I r

+ [u=re(g)e oz e (317)
I

where

v(€) = /P+(£,y)><2(@> P(y) dsy.

Replacing P (z,£) by P (z,€) in the first term and applying the Green formula to the second
term, we write (3.17) as

J ooz [Prenn(Bet)ew i [Feno(l) s, @1
r r

]
r
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K(ea) = 3Rt o) = [ @ @05 ) (n(G) =) (B et s

+ [ro(g) @ @ogpen(-m(Y) )
r
+ / Q;(x,£>a%P+<§,y>(1 () ) (M) s

/Q (.85 (P (€)= PH ) (Bt (Wl

<[ —xQ(“g’))@—@ 5)8%P+<5,y> dse.

r

Here,
|z|

Q" = Q5.6 = e[ ) @ (@8,

Estimating each term with the help of Theorems 2.1, 2.2 and Lemma 3.6, we find

el < elel ()

We set o’ = z/|z|, & = ¢/|z|, ¥ = y/|z|. Since the functions @~ (z,y) and PT(x,y) are
homogeneous, the first term in (3 18) takes the form

/Q( /7’+§ Y) ‘ - |)s@(y)d8y/d85"
I

To complete the proof, it suffices to refer the following assertion. O

Lemma 3.7. Let F' be the boundary of the dihedral angle with opening w, and let A =
m/(r+|r—w|). Ifp € Cij‘_l( ), 0 < a—v <A, supp ¢ C B(1,0), then

[ @ @8 P (et ds, dse = - / Leew)ds, — (319)
r e

for x € F\M. Moreover, |L(z,y)| < c(r(y))~2 for |z —y| < r(x)/2 and

[L(z,y)| < cle -yl 2(‘;(_061/0/\6(’;(_3/)“)/\15

otherwise.

Now, we formulate an auxiliary assertion. Consider the problem
AR (x,y) =0, ye€ DT,
_ a ly — |
R+($7y):(g (x,y)*7><1*771< ))7 yeFv
|z -y r(z)

where a, @, and r are the same as in Theorem 2.4.

(3.20)
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Lemma 3.8. Suppose that 0 < o — vy < A, A = 7n/(7m + |7 —w|), z € B(1,0). Then there
exists a unique solution of the problem (3.20) and

gR* ) < el =y (FEL )T (T ooy rt0)

Proof. Since R (z,y) is homogeneous, we can assume that |x — y| = 1. We introduce the
function v(y) = r(x) "AeRT(x,y). It is clear that v solves the problem

Av=0 on DT, w=4 on F,

where |97 9| < cr(y)~1e1=¢. The required estimate follows from Theorem 2.3. O

Proof of Lemma 3.7. For the sake of definiteness, we will assume that x lies on the face
F* of the polyhedron. We represent the left-hand side of (3.19) as the sum of two terms
obtained from the initial expression by replacing ¢ by (1 and by @2, where o1 = ¢ — o and
v2(z,y) = e(x,y)nm(lx — y|/r(x)d)). Here, ¢ is so small that F~ N B(ér(x),x) = 2.

We write the first term in the form

Z () @ g v(ise+ Z (1= ()@ e grieis

where

o= [Pren(i-m(5))etis,
F

Applying the Green formula to the second integral and using the solution of (3.20), we find that

it is equal to

where
0 a 4|z — &\ ~_ 0
Ly = 8—%<R+(x,y)+ \m—y\) _/m< or(x) >Q (%f)a—nser(f’y)dsé
F
a 4|z —¢|
+ [a(mrw o+ ) (- m ()P re e
D+
Since )
r(z
‘&@m—yﬂ —yp el

the estimate

L] < el -y 2 (L) (L)

|z —y |z — ]

follows from Theorems 2.3, 2.4 and Lemma 3.8.
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Next, we need to show that
— 0 + lz —yl
o @ og [P emm (5 ets, e
F F

= —p(z) + /Ea(ar,y)m(‘grzgl)<ﬁ(y)dsy7 z € I\, (3.21)
F

where
Loz, y)] < e (r(y) % (3.22)

We write the left-hand side of (3.21) as the sum of two terms by setting Q~ (z,&) = Q1(z,&) +

Q2(x, &) and Q1 (z,€) = QO (x,&) m(|x—&|/(40r(x)). It is clear that the inequality |y—&| > sr(y)
holds for |z —&| > dr(x)/2, |x —y| < dr(x)/4, where s is a certain positive number. Hence, by
Theorems 2.3 and 2.4, the second term is the integral operator with a kernel satisfying (3.22).

We denote by P[T (x,y) and Qg (x,y) the kernels of the inverse operators of the corresponding
boundary value problems in the half-space, that is the problems obtained from (2.10) and (2.11)
by replacing D* and F by R} and R?, where R? is the plane containing F'T, R‘}r is the half-space
with boundary R? containing points of the polyhedron near the origin and R? = R3\(R3 UR?).
The following estimates are well known:

|8g ;—(PJr(g’y) — P(T(gjy))’ < Cm—?“(x)727|7'|*|0\’
0205(Q7(&,y) — Qg (&, 1))| < corr(a) 17171

for ¢,y € D* N B(6r(x), ). Therefore, to obtain the representation (3.21), it suffices to show
that the expression

/771(%)@0(%6)%/PJnl(Erzx%')@(y)dsdes
Ft

F+

admits a similar representation. The last assertion follows directly from the relation
_ 0 n
Qo (a:,é)a—nS By (& 9)e(y)dsy dse = —p(x). O
R2 R2

Proof of Theorem 3.1. If the point z is placed near y, then the estimates for the kernels
M(z,y), L(z,y) follow from Lemmas 3.2, 3.4, 3.5. In the opposite case, such estimates can be
obtained similarly and even simpler. O

Remar 3.1. Using known results on the asymptotic behavior of solutions to the Dirichlet
and Neumann problems near boundary singularities, one can improve estimates of the kernels
M(z,y) and L(x,y). For example, if the points z, y lie in the neighborhood of a vertex O; which
does not contain other vertices and for a certain edge 91; we have the estimates

dist (x, M) < cdist (z, M), dist (y,M;) < cdist (y, M)

for all s such that 1 < s < k, s # j, then the numbers s and A may be replaced by min{d;, v;}
and 7/(m + |T — wj|), where w; is the opening of the dihedral angle with the edge 9t;.
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Remar 3.2. The following representation holds for the inverse operator of the integral
equation associated with the exterior Neumann problem:

(1+T%) g = (1+ L+ M")g, g€ Ny (),

where the kernels of the operators L* and M* obey the estimates which can be obtained from
the estimates for the kernels L and M in (3.1) by replacing x by y and vice versa.

4 Solvability of the Integral Equation

In this section, we use the above notation. We also denote by L’é v(F) the space of functions
u equipped with the norm

— || ,8
HUHL‘;’W(F) = [lp T’YUHLP(F)-
Lemma 4.1. The operators L and M satisfying the estimates in Theorem 3.1 are continuous

inL‘g()forl p<00,0<B4+v+2/p <14, 0<~v+1/p<Aandp=o00,0< S+ < 1+,
0<y <A

Proof. Let ¢ € L’/;w(lj). It suffices to show that Ly € Lgﬁ(l“ NU), respectively, My €
Lgﬁ(F NU), where U is a neighborhood of a vertex O;. For the sake of convenience, we assume
that the point O; coincides with the origin. We denote by x a function from C§°(R?) that is
equal to 1 on U. We also assume that supp x contains no other vertices of the polyhedron except
O,. We verify the following inequality for the function ¢ = px:

14Ny ooy < ell$lley m)- (4.1)

The same estimate for the operator M is obvious for 1 < 0 < o0, 8+7+2/p>0,v+1/p >0
and p=oo, 8+~v2>=0,v=>=0.
We set

= > Lib= ) /L(a:,y)w(y)dsy,

1<i<3 1<i<3p,
where I'y = { € I': 2[¢] < |z|}, Do ={¢ € I': |2]/2 < [¢] < 2|z]}, T3 ={{ € I': [¢] > 2|x[}, and
prove (4.1) for each integral L;i). We use the Hardy inequality

1" Fll, @) < cllp®* £l @ (4.2)

)

where

P
:/f(t)dt, a<—1/p, and F(p /f t, a>-—1/p.
0
Let ¢ be the function on ]R}r defined by

Bo) = / F(0) 14 (08) | dls,

4

where ¢ = 0K; N 52, S? is the unit sphere with center at O;, 9K; is the boundary of the cone
K; which coincides with G near the point O; and a positive ¢ is so small that A —e > v+ 1/p.
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We set
p
F(p) = /T”EE(T) dr.
0
By the estimates for L(z,y) in Theorem 3.1,
1P Lyt 1, (reery < CHpﬁﬂ*l*”ﬁH/pFHLP(RH
Using (4.2) and taking into account that A — e >« + 1/p, we arrive at the desired estimate for

Liypfor B+~v+2/p<1l+x—e.
The estimate (4.1) for Lzt is proved in a similar way. It suffices to consider the function

00
/7_ 1— %+€w
p

To obtain (4.1) for Lot), we use the following assertion. O

and to apply the inequality (4.2).

Lemma 4.2. Let F be the boundary of the dihedral angle with edge M, and let L be the
integral operator on F with the kernel L(x,y) satisfying the estimate in Lemma 3.7. Then the
operator L is continuous in L, (F) for 1 < p < oo, —A < t+1/p < X, where Ly (F) is the
function space equipped with the norm ||ul|r, () = ||rtu\|Lp(F)

Proof. Let 1 < p < co. We denote by L;, i = 1,2, the operator with the kernel (L{)(x,y),

where
e = (1-m() e =5

For the operator £ we have
L p p(t-i-/\ e) )‘ 1-e d pd 43
| 190” ;) S€ \;c y,1+2x e G Y)e(y)dsy | dsy. (4.3)

By the Holder inequality, the interior integral is majorized by

p(A—1—e—9) 1
P P
/ B |2+aq / o~ \2+p Gl )

where ¢ = p/(p — 1), p # 1. Setting 6 > —1/q, a — § > 0, we conclude that the first factor in
the last expression is estimated by r(z)°~®. Hence

p(t+A—e+5—a)

||£1('0”Lpt(F gc/ ( ) >\ 1me 5 |(p|p /|fL‘ |2+2()\ 1—2e— OL Cl(m y)d5x> dSy
F

Suppose that €, a—3, 6+1—1/p are so small that A\+t+1/p—e+d—a >0, A—1—c—0—t > 0.
Then the last inequality leads to the estimate

1L1¢llL,.r) < cllellr,. ) (4.4)
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In order to establish (4.4) for p = 1, it suffices to change the order of integration in the right-
hand side of (4.3). In the case p = oo, the estimate (4.4) follows directly from the estimates for
the kernel of the operator L.

Using the inequalities ¢17(y) < r(x) < cor(y) and ¢1,c2 > 9, for z,y € supp (2, we arrive at
the estimate (4.4) for the operator Ls. O

Lemma 4.3. The operator T is continuous in the spaces C(I") and LIZM(P) foralll < p < oo,
0<pB+7v+2/p<2,0<y+1/p<landp=00,0<[f+7v<2,0<y<1.

Proof. Let points x, y be placed in a neighborhood of a vertex O;. One can verify directly
that the kernel T'(z,y) of the operator 7" admits the estimates

r(z) 1
T(x,y)|<c +c
IS G ol " ol
if p(x)/2 < p(y) < 2p(x), and
plz)
T(x,y)| <c +c
R R RN
otherwise.
It is known that T'p € C(T') for ¢ € C(I') (cf. [19, 20]). Hence, by the above estimates for
T(xz,y) all assertions of this lemma follow from Lemma 4.1. O

Using Theorems 2.5 and Lemmas 4.1, 4.3, we arrive at the following assertion.

Theorem 4.1. Suppose that 1 <p <00, 0 < B+7+2/p<1+3, 0<~v+1/p<A, p=o0,
0<B+v <143 0< v <A Then the inverse operator of the integral equation associated
with the Dirichlet problem is continuous in the spaces C'(T') and Lg L (I).

This result along with Lemma 4.3 shows, in particular, that the mappings 1+ 7 : L,(I") —
Ly(T) and 1+T* : Ly /p—1)(T') = Ly/p—1) ('), where p > 2/(1+ ) and p > 1/, are isomorphic.
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