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A system of boundary singular integral equations of the linear isotropic elasticity is
studied in the case where the double layer potential is generated by the stress operator.
These equations are considered on a bounded two-dimensional surface without boundary
which is smooth outside a finite number of conical points. The solvability of the system is
proved in various weighted spaces of differentiable functions. We obtain a representation
of the inverse operator of the system in terms of the inverse operators of some boundary
value problems. We also obtain pointwise estimates for the kernel of this operator and
“quasilocal’ estimates for solutions of the integral equations in question. Bibliography:
12 tatles.

1 Introduction

The paper is closely connected with our previous works [1, 2]. It is devoted to the study of
boundary integral equations of the linear isotropic elasticity in the case where the double layer
potential is generated by the stress operator. The integral equations are considered on a closed
bounded two-dimensional surface which is smooth outside finitely many conical points. In this
paper, we apply the same scheme as in [1, 2], where the case of the double layer potential
generated by the pseudostress operator was studied. Therefore, we restrict ourselves to more
condensed exposition. A preliminary version of this paper appeared as Preprint LiTH-MAT-R-
91-06 in 1991.

We describe the main results of the paper. Let Gt be a simply connected region in R? with
compact closure. We put I' = G and assume that 0 € T'. Suppose that T'\{0} is a smooth
surface and, near the origin, G coincides with a cone KT excising the open set Q1 on the unit
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sphere S%2. We set G"R3\G+, K~ =R3\ K+, and Q~ = S?\Q+.

In what follows, we denote by s a real number depending on the shape of the cone and the
boundary conditions. This number can be expressed in terms of eigenvalues of some boundary
value problems with spectral parameter in domains Q" and Q~. From [3] it follows that s is
positive if the cone K+ can be explicitly prescribed in a Cartesian coordinate system.

We consider the system of integral equations associated with the first boundary value problem
of linear isotropic elasticity in G

1+T)p=f. (1.1)
Here, 1 is the identity matrix and T is the operator defined by the equation

To(x) =2(Wop)(x) for ae. xzeTl,

where Wy is the value of the double layer potential on I' generated by the stress operator
(cf. [4]). If o is Holder continuous on I', then T'¢ can be extended by continuity to I

Assuming that KT can be explicitly prescribed in a Cartesian coordinate system, we show
that the operator 1+ T isomorphically maps the space C**(T') of Hélder continuous functions
onto itself for all a € (0, 5).

Now, we formulate results on the solvability of the system (1.1) in the spaces VZ’ 5(I') and
Né’o‘(l“) (I<p<oo,a€(0,1), 3R, 1=0,1,...) which are defined as follows.

A norm in the space Vpl 5(F) for a function u with support in an arbitrary coordinate neigh-
borhood on I'\O (cf. Section 2) has the form

Z PPl 1 )

o<yl

where r(z) = |z| and V; is the vector of all derivatives of order j. Similarly, in the space Né’a(F),
it is possible to introduces the norm

B —_ B
sup 7 (2)[u(z)| + sup I (@)Viulz) Ta(y)vlu(y”.
zel’\0 z,yeT\0 ‘{IJ‘ - y‘

We obtain the following result.

The operator 1 + T is an isomorphism of the space V;’Z_H(F) onto itself for all p, t, | such
that
l<p<oo, 0<t+2/p<l+4s, [1=01,.... (1.2)

A similar assertion holds for the space Néfl(f‘) if the inequalities (1.2) are replaced by
0<d—a<l+sx «aec(0,1), [=0,1,...,.

Along with (1.1), we consider the formally adjoint system associated with the second boundary
value problem of linear isotropic elasticity in G~ :

(1+T =g (1.3)
and show that the operator 1 + T* is an isomorphism of the space V;Hl(f‘) onto itself if

l<p<oo, 1—sx<t+2/p<2, 1=01,....



Stmilarly, 1 +T%* is an isomorphism of Néfl(l“) onto itself if
€(0,1), 1l—x<d—a<2, 1=0,1,2,....

In the case of all above-mentioned spaces, we prove that the inverse operators of the systems
(1.1) and (1.3) can be written as

1 1
-1 _ 1 _
+7)" =1 1—5>’2T+1—s2

1 1
1+T) =1~ T 1_82(T*)2+L*.

T2+ L,

Here, s = u(\ +2u)~ !, A, and p are the Lamé constants and L is an integral operator on T’
with the kernel £(z,y) satisfying the estimates

clz|~loly| 7217, 2|z| < |y,
0707 L(z,y)| < 4 cly| |z -yl ly| < 2|z| < 4]yl
clz| "oy [yl /127, 2] > 20yl

where ¢ and 7 are multiindices of order |o| and |7— respectively.

2 Representations for Inverse Operators of the Boundary
Integral Equations and Pointwise Estimates for Its Kernels

2.1 Function spaces

We use the notation from Section 1. As in [1], we deal with the following function spaces.
Let I be an integer, I > 0, and let « € (0,1), 8 € R'. By N[g’a(G"’) we mean the space of

functions in G+\0 with the finite norm

lullye ey = sup lel ) o mnge + Sup [P~ u(@)), (2.1)
zeG

where B(r,x) is the open ball of radius r centered at =,

[ule, = sup Y |o =yl |07 u(x) — 07 u(y)l,

YL 151 [0)

[p] is the integer part of p, 0 = (01, 02,03) is a multiindex of order |o| = 01 + 09 + 03,

olol

o¢ =
r 0x1°10x2°20x3°3

For 0 < 8 <l 4 a we define the space C’é’a(G+) of functions v on GT with the finite norm

HUHCW G+) = SUP ‘$|B[ ] B(|z|/2,2)nG+ + sup Z |1:‘B_l_a+|g‘|a;u(x)’
z€ T€GT |- p<lo|<l
l
FUET Y sup (97u(e)] (2.2

+
0<|o|<i+a—pB *E€C



In the domain G, we define similar spaces Ng’a(G*) and CZQ(G*). Suppose that the ball

B(R,0) of radius R contains G+. Let x denote a function from the space C*°(R?), equal to

unity on B(R,0) and to zero on R*\ B(R + 1,0). The function v in G~ belongs to N/é’a(G_)

(respectively, CZQ(G*)) if and only if the norm (2.1) (respectively, (2.2)) for ux and the norm

sup [o[ VIt sup [oljo(a)
reG™ G~
for v = (1 — x)u are finite.

The spaces of traces on I' for functions from C’é’a(G“') and Né’a(G+) will be denoted by

l, 1,

C5(T') and Ng%(T).

Finally, let Né’o‘(G) and Cle’O‘(G) refer to the spaces of functions v in G = G U G~ whose
restrictions u* on GF belong to Néa(Gi) and Clﬁ’o‘(Gi) respectively and

_ + — +
IIuHNga@)—Zi:Hu Inte ey Hu\lcga(g)—%:!!u lote@s-

2.2 Boundary value problems

We consider the interior first boundary value problem for the three-dimensional Lamé equa-
tions of the linear isotropic elasticity theory

A*u =0 inGT, u=f onT. (2.3)

Here, u(z) = (u1(x),u2(z),us3(x))’ and f(x) = (fi(x), f2(z), f3(x))T are displacement vectors
in GT and on T, the symbol T is used for the transposition of a matrix,

A" = puA + (A + p)Vdiv,

and A, p are the Lamé constants, p > 0, A+ p > 0.

We introduce an auxiliary problem which is the exterior second boundary value problem for
the Lamé equations
A'v=0 inG, Juv=g onTI\0, (2.4)

where v and ¢ are vector-valued functions with three components, J = J (05, ny) is the matrix
differential operator with elements
0 0 0
Jij(Oz,ne) = M(Sija—nw + )\nz(x)a—wj + ,Lmj($)a—xi,
called the traction operator. Here, n, = (n1(x),n2(x),n3(z)) is the normal vector to the surface
I' directed outward with respect to G, d;; is the Kronecker symbol, and 9/dn, is the normal
derivative.

In order to formulate solvability theorems, it is necessary to consider certain boundary value
problems in domains Qt and Q= = S?\Q+ on the unit sphere S? depending on the complex
parameter 7 (cf. [5, 6]). These problems can be obtained by substitution of the vector-valued
functions u(z) = |z|Yp(z/|z|) and v(x) = |z|Y¢(z/|x|) into Equations (2.3) and (2.4) with f =0
and g = 0. In what follows, these problems will be denoted by p(v) and ¢(7) respectively.



Theorem 2.1 (cf. [4]). Let 6% be the largest number such that the strip |Revy + 1/2| <
1/2 + 6% contains no eigenvalues of the problem p(v). If L > 1, | —a —1/2| <1/2+ ", then
there exists a unique solution u € Né’f_l(G*) of the problem (2.3) for all vector-valued functions

fe Né’il(F). This solution can be expressed in the form
u(w) = [P, F()dse. (2.5
r

The operator P : Né’il(f‘) >f—oue Nlé’il(GJ“) defined by (2.5) is bounded. The following

estimates hold for the derivatives of the kernel P (xz,€) :
cla|7" TIIelg 7RI Jaf < d],
07 08P (2,)] < | el — g7, dlé| < |z < d ¢,
e e e N 7 13

Here, d is a fized number in (0,1), 7 and o are multiindices, € is any sufficiently small positive
number, and |A| means maz |A;j|, where A;j are entries of the matriz A, 1 <1,j < 3.

Remark 2.1 (cf. [7]). Let w(w + 1) be the first eigenvalue of the Dirichlet problem for the
Beltrami operator on Q7, w > 0. The

3— 4w
o > min {1, 20 )
= min w46 —4v )’

where v is the Poisson coefficient, i.e., v = A\/2(\ + p).

Lemma 2.1 (cf. [1]). If0<a—-8<1,a—pB<d",1=1,2,..., then the function u defined
by (2.5) is a unique solution to the problem (2.3) from the space Clﬁ’il(GJr) forall f € CZB’iZ(GJF).
Moreover, the following estimate holds:

HuHngz(Gﬂ < CHfHC}iil(F).

The following assertion is essentially contained in [8].

Theorem 2.2. Let v~ be the largest number such that the strip |[Re v+ 1/2| < 1/2+ v~
contains no eigenvalues of the problem q(v) with exception of v =0 andy = —1. If|f—a—1/2| <
1/2 +min{0,v~}, | = 1,2,..., then there exists a unique solution v € N,é’il(G*) of the problem

(2.4) for all vector-valued functions g € Né;%’a(lﬁ). This solution can be represented in the form

M@Z/Q@%M@%@- (2.6)
T

The operator Q™ : N/é:_%’a(lﬂ) >5f—uc€ Né’il(G_) defined by (2.6) is bounded. The following

estimates for the kernel Q™ (z,¢) are valid:
elol el al /161 %, al < digl,
0707 Q" (2.6)] < 1Q7(2,)| < { cla— g1 €] < [o] < de],
cle| 1 WlIe|~FI(fel/ ]2, la] > d e

if the points x and £ lie in a neighborhood of the vertez 0 and v = min{0, v~ }.



We note that —1/2 < v~ < 1. (The left inequality follows from the solvability of the
problem (2.4) in the energy space, and the right inequality follows from the fact that the rigid
displacement vector satisfies the homogeneous problem (2.4).)

Lemma 2.2 (cf. [3]). Let T be defined near the vertex of a cone by the equation x3 =
h(zx1,z2), where h is a positive homogeneous function of order 1, smooth on R2\{0}. Then there
are only two eigenvalues o = 0 and y1 = —1 of the problem q(v) in the strip —1 < Re v < 0.
These eigenvalues have multiplicity 3 and the corresponding Jordan chains for q(y) consist only

of eigenfunctions. The vector-valued functions w = const form the eigenspace associated with
the eigenvalue 7.

Lemma 2.2 enables one to give a more precise description of the behavior of Q7 (z,&).
Theorem 2.3. Let the surface I' satisfy the assumptions of Lemma 2.2. Then

Q (z,6) = Q7(0,§) + R™(x,8), o] <dl¢],

Q (2,6) = Q (,0) + (R™ (&), [a] > "¢l

Q (2,0) = (Q(0,2))" = |2| " (a/[2] )B~ +C ()

if the points x and y lie in a neighborhood of 0. Here, A~ (x/|x|) is the matriz whose columns
are eigenfunctions corresponding to the eigenvalue v = —1, B~ is a constant matriz, and the
matrices R™(z, &), C~Y(x) satisfy the inequalities

|07 0FR™ (2, €)| < el 77Tl /€))7
07C™ ()] < ez 1717,
Lemma 2.3. There exists a matriz AT (z/|z|) with smooth components in G such that
A* (2] A (@/l2]) =0 in G,
At (z/|z]) = A (z/]x|) on 00T,
This lemma follows from the fact that v = —1 is not an eigenvalue of the pencil p(~y) (cf. [6]).

Lemma 2.4 (cf. [1]). Let 0 < o — B <v™, and let | be a positive integer. If g € Né;ll’a(F),

then the function (2.6) is a unique solution of the problem (2.4) in the space Clﬁ’i‘l(G*). More-
over, the following estimate holds:

HUHCZB’L(G—) < HfHNéjr?a(F)

2.3 Representations of the inverse operators for the integral equations

Let W1 denote the double layer potential with density ¢ defined by
1
Wo)a) =~ 1= [(T@ene(e. )T v(@)dSe, €6,
r

and let Wy be the value of W1 on I.



Lemma 2.5. Let 0 < 8 — a < 2, and let | be a positive integer. If i € Né’j"rl(l“), then
W € Ni$,(G) and
(W)™ =Wy £0/2, (TWY)* = (TWy)~ (2.7)

on T\0, where the symbols + mean the traces on T\O of functions defined on G*.
Proof. We can directly show that

B—a
sup |z W) (x)| < cl|v|| vt -
2€B(L0) | | |( )( )| H H NG (T)

Taking into account that W1 is a solution of the problem
A*u=0in G, u"—u =1 on T,
(Ju)t — (Ju)” =0 on T'\0

and applying the local estimates (cf. the proof of Lemma 1.5 in [1]), we arrive at the inclusion
W e N/é’il(G). The relations (2.7) follow directly from similar relations in the case of smooth
surfaces (cf. [5, 9]). O

The proof of the following four assertions is the same as that in [1].

Lemma 2.6. Let 0 < 8 — «a < 1, and let | be a positive integer. If ¢ € Né;ll’a(F), then

Ve e Né’j‘_l(G) and (JV@)T = —Wip £ ¢/2, (Vp)t = (V)™ on T\O, where W is the
integral operator on T'\O, formally adjoint of Wy.

Lemma 2.7. Let0< B —a<1. Ifue Nﬁlfl(G) satisfies the system A*u =0 in G, then
u=V({(Ju)* = (T7)+ Wt —u).
Theorem 2.4. Let |/ —a —1/2] < 1/2 + min{0,v~}, and let | be a positive integer. If

fe Né’il(F), then the equation (14 T)p = f is uniquely solvable in the space Né’il(F) and

I+T)'f = 5= Q TP, 23

Here, PT and Q™ are the operators defined by (2.5) and (2.6).

Theorem 2.5. Let |/ —a —1/2| < 1/2+4 min{0,v~}, and let | be a positive integer. Then

the equation (1+T*)y = g is uniquely solvable in the space N/éjr%’a(F) forall g € Néjj’a(lj) and

(14T g = J(1- TP Q )y, (2.9)

Lemma 2.8. Let |5 —a —1/2| < 1/2 4+ min{0,v~}, and let | be a positive integer. Then
the operators (1 4+ T)~! and (1 + T*)™! are continuous in the spaces Né’il(F) and Né;}a(m
respectively.

The assertions of the lemma is a consequence of the representations (2.8), (2.9) and Theorems
2.1 and 2.2. The following lemma concerns the operator 1" defined by

(TY)(x) = 2(Wop) (z) + (1 — d(z)) (),
where d(z) is the identity matrix for z € I'\0 and d(0) = 2(Wy1)(0).



Lemma 2.9. Let the cone K+ be explicitly represented in a Cartesian coordinate system. If
0<a—pB<min{6T,v71}, then the operators (1+T)~! and (1 +T*)~! are continuous in the
spaces C’é’il(f‘) and Cé:_ll’a(f‘) respectively.

The assertion of the lemma is a consequence of (2.8), (2.9) and Lemmas 2.1 and 2.4.

2.4 Estimates for the kernels of the integral operators
(1+T7) "t and (1+T*)"!

Assume that the cone KT admits an explicit description in a Cartesian coordinate system.
Theorem 2.6. Suppose that 0 < B —a < 1, Kk = min{dT,v"}, s = p(\ +2u)~t, where A
and p are the Lamé constants. Let | be a positive integer. Then

1 1 2 l7a
——T+——T +L)f, f € N5,(I),

1+T)f = (1—

1 * 1 *\2 -1,
— T () —I—M)g, g€ N (D),

1+17%)"'g= (1
Here, L and M are integral operators on I'\O with kernels L(x,y) and M(x,y) which satisfy

cly| 2, 2] < |yl/2,
|L(z,y)| < < cly| e —y[ 7, lyl/2 < |z| < 2|yl

clal~Hyl = (yl/l=)*=s, =] > 2Jy],

cle[ "My~ (l2l/1yD®, Tzl < [yl/2,
Mz, y)| < 4 cla| "z =y, lyl/2 < =] < 2Jyl,
clz[72(|yl/|=[) =, |z > 2lyl,
where € is any sufficiently small positive number.

The proof of this theorem can be obtained from (2.8) and (2.9) by using the estimates for the
kernels Pt (z,£) and Q@ (z,€) in a similar manner as in [1, Subsection 2.2]. The only difference
is that we have to use the following lemma instead of Lemmas 3.7 and 4.6 in [1].

Let DT be a bounded open set in R? with smooth boundary I', which coincides with the
cone KT for 1/18 < |z < 18. We assume that 0 ¢ D™ and D" C G*. Let D} denote the set
{x €eR®: 2/p e D'}, p> 0, and let T, be the boundary of D/f. We introduce the operator
T, in the space C’O’O‘(Fp) of Holder continuous vector-valued functions defined by the equality
T, = 2Wo, where Wy is the value of the double layer potential with density ¢ on I',.

Lemma 2.10. Let o, € C%*(T,), s = u/(A+2u). Then

1 1
— T
1 — g2 p+1—s

1 * 1 *\ 2
— T + (T;)? + Hy ),

1—s2
where H, is an integral operator on I', with the kernel H,(x,y) satisfying

(1+T) =1 ST2+ Hy) o,

(2.10)

L+1) = (1-

1050 Ho(,y)| < ep™Ha —y| 7TV



Proof. Let p = 1. The result of this lemma is essentially proved in [10], where regularizers
of the singular equations (1 + 7},)¢ = f and (1 —T})i) = g were constructed. The relations
(2.10) for an arbitrary p > 0 follow immediately from the estimates for 0597 H1(z,y) and the

equality H,(z,y) = p~>Hi(z/p,y/p)- O

3 Invertibility of the Boundary Integral
Singular Operators of Elasticity

3.1 Function spaces

Let KT be an open cone in R? with vertex at the origin, bounded by the surface 0K ™.
Assume that the cone K+ can be explicitly described in a Cartesian coordinate system. Suppose
also that the subset Q7 = {z € K" : |z| = 1} of the unit sphere has a smooth boundary.

In what follows, we denote by {U;}1<j<n a finite covering of 9K *\0 by open sets U; C
OK™\0 such that

1) for each Uj there exists a homeomorphism 7; onto a plane angle V; and v;(tx) = tv;(x)
for all x € Uj, t € RT,

2) if U; NU; = @, then the mapping v; o v, *: (Ui N U;) — ~;(U; N U;) is infinitely
differentiable.

Moreover, we assume that |z| = |y;z| for allz € U;, j =1,..., N, where |- | on the left-hand
side means the norm in R? and the same symbol on the right-hand side means the norm in
R?. Let {¢;}1<j<n be a partition of unity on K \0 subordinate to the covering {U;}1<j<n-
Suppose that the functions {; are smooth and positive-homogeneous of order 0. We denote by
Vpl”B(@KJ“), l<p<oo, €R,1=0,1,..., the space of functions with the norm

1/p
> ( > /’$|p(ﬁ_l+|"')|3§w(9ﬁ)Ipdx> ,

1SN \ o<lol<t e

where u; = u o fyj_l on V; and u; = 0 outside V;. Using an equivalent atlas and another
partition of unity, we obtain an equivalent norm.

Furthermore, let Né’o‘((‘?K*), a€ (0,1),6 € R, 1 =0,1,..., be the space of functions with
the finite norm

0 l 6—1—
D (sup [l [wgl g0y o + sup 2"~ uy(2)]),
1<jeN  TER? el

where

[ug, = supQ E |z — y[lP 7P| Tu(x) — 2 Ju(y)l,
T,y<
lo|=p

[p] is the integer part of p, 0 = (01, 02) is a multiindex of order |o| = 01+09,0 7 = 8'”'/890‘{@%.

Let I be the boundary of a simply connected domain in R? with compact closure. We assume
that 0 € T and T'\0 is a smooth surface. Moreover, let T' coincide with 9K ™ in the ball B, of
radius € centered at 0.



We introduce the spaces Vli 5(I') and Né’a (T") with the norms

||U”vplﬁ(r) = HUUHVPZ’B(aKJr) +[1(1 - n)uHWIA(F\BE/Q),

el ooy = Il gt gy + 101 = Mullctaryz, -
where 7 is a function of class C°°(R3) such that n = 1 in B, 2 and 1 = 0 outside B..

3.2 Quasilocal estimates

We set
(TY)(z) = 2(Wo)(x /T z,E)Y(€)dse, e Ly(S), p>1

and denote by ¢ and y nonnegative functions of class C*°(R?) which are equal to 1 in the annulus
{z : p < 2|z| < 4p} for some p > 0 and vanish outside the annulus {z : p < 4|z| < 16p}.
Moreover, we can assume that the following two properties hold:

(1) 10 2¢(x)] < Copl=h and |0 ¢ x()| < Cop™V,
(ii) one of the inequalities |z| < d|£| or |¢] < d|z| with some d € (0, 1) holds on the support
of the function (z,§) — ((x)(1 — x(£)).

The argument used in the proof of Lemmas 2.1-2.4 in [2] leads to the following two assertions.

Lemma 3.1. Let 1 < p < oo. Ifu € Wll)(F\O) N Ly(I") is a solution of the equation
14+T)u=¢ (or 1 +T*)u=p), then

P 1/p
ICully oy < ellxellve o + ( / ( / rx<m>|<|a:|+rs|>—2|u<s>|d85> dsx> .
r T

Here, the symbol * denotes the passage to the formally adjoint operator.
Lemma 3.2. Ifu € Cf(;i‘(F\O) NLyT), p> 1, is a solution of the equation (1 +T)u = ¢
(or (1 +T*)u =), then

”CU”Nllfa(r) < c( ”XSOHNzlfa(F) + /( €] + p)iQIU(f)‘ d.5‘5>.

T

3.3 Invertibility theorems for the operators 1 +7 and 1+ T*

Let L, 3(I') be the function space equipped with the norm
HuHLp,t(F) = HTﬂUHLp(F)

Lemma 3.3. The operators T and T™ are continuous in the space V;,BH(F) for1 <p < oo,

0<B8+2/p<2 and in the space N5’+l+a for0<d6 <2, ac(0,1).

10



Proof. We show that the operator T is continuous in the space L;B(F) for 0 < f+2/p < 2.
Represent the operator T, defined by the equality

(Te)(x) = / T, €©)pl€) dse,
T

as the sum of three integrals T}, over the sets I'x, where
I ={¢el: 2¢ <|af},
Py ={¢el: |z <2[¢| < 42|},
Iy ={¢el: [¢]> 2]}

From the definition of T (z, ) it follows that

cl¢] 2, 2Jx| <[],
T (2, ) < {clw — €172, [€] < 2]z| < 4[], (3.1)
cla|?, || > 2¢].

The continuity of 77 and 73 in Lé 5(F) can be obtained as in the proof of Lemma 2.5 in
[1]. The continuity of T5 in L; 5(F) is an immediate consequence of the continuity of singular
operators in L, p > 1.

Using the so-called quasilocal estimates (cf. the proof of Lemma 2.6 in [2]), we conclude that
T is continuous in VZ,BH(F) for 0 < B +2/p<2.

NeY

"1+o(I) can be obtained by using quasilocal

Similarly, the continuity of 7" in the space Né
estimates from the inequality

é
sup |z|°|T| < ||| yo.a -
e | ‘ | | X H ||N5+Q(F)

The last estimate follows from the continuity of singular operators in the space C%* of Holder
continuous functions and the estimates (3.1).

Similar arguments lead to the continuity of T*. O

Lemma 3.4. Let L(x,y) and M(z,y) be the kernels of the operators L and M in Theorem
2.6. Ifx #y, then L(x,y) = (M(z,y))T, where MY is the adjoint matriz of M.

Proof. Using the estimates for the kernels £(z,y) and M(z,y) (cf. Theorem 2.6), we con-
clude that the operators (1 +7)~! and (1 + 7*)~! are continuous in Lg(T') and Ly _4(T') for
—1 <t < 0 (cf. the proof of Lemma 1.5 in [2]). Hence the required assertion can be obtained
by the argument used int he proof of Lemma 3.1 in [2]. O

From Lemma 3.4 and Theorem 2.6 we obtain the following assertion.
Corollary 3.1. The following estimates hold:
clo[~Ha Tt (lal/ly)eme, 20a] <yl
M(z,y) <  ela| Mz -y, lyl/2 < |=] < 2Jyl,

clz|72, |z > 2[y.
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These estimates, together with Theorem 2.6 and Lemmas 3.1, 3.2, enable one to establish
the continuity of (1 +7)~! and (1 + T*)~! in the spaces sz,ﬁ(r) and Né’o‘(I‘) (cf. the proof of
Theorem 2.3 in [2]).

Theorem 3.1. Let 1 < p < co. Then the following assertions hold.

(i) The operator (1 + T)~" is continuous in V;,,BH(F) forO< pB+2/p<l+r(l-k<
B+2/p<2) as well as in Néfl+a+1(r) for0<d < 2.

(ii) The operator (1+T*)~1 is continuous in VplﬁH(F) forl—rk < B+2/p <2 aswell as in
N§f1+a+1(l“) forl—r<éd<2.

3.4 The invertibility theorem for the operator 1+ T
in weighted Holder spaces with nonhomogeneous norms

Let Gt be a domain with compact closure G bounded by T', and let G~ = R3\G*. We use
the notation from Section 2. Consider the transmission problem

A*u=0 in G,

(3.2)
T—u =¢p on S, (Ju)™—(Ju)” =¢ on I'\0.

u

Lemma 3.5. Let 0 < a— 8 < 1, and let | be a positive integer. If ¢ € Clﬁ’_of_l(I’) and

P € N Lo , then there exists one and only one solution u € che (G of the problem (3.2
B+l B+l
and the following estimate holds:

”uHC}i’il(G) Sc¢ ( ”SDHC;;L(F) + HQOHN};:_%’Q(F))

Proof. The problem (3.2) with ¢ = 0 and ¥ = 0 is equivalent tot he equation A*u = 0 in
R3\0. Consider the operator pencil 5, on the unit sphere S? defined by

(syv)(0) = 7"_7+2A*7”U(9),

where v is a vector-valued function on S2. It is known that the eigenvalues of s, are integers.
Moreover, the multiplicity of the eigenvalue v = 0 is equal to 3 and the Jordan chains corre-
sponding to v = 0 consist only of the eigenfunctions v = const. Taking into account the fact that
the problem (3.2) is solvable in weighted Holder spaces with homogeneous norms and making
use of the asymptotic representation of solution of the problem (3.2) near the conic vertex 0
(cf. [5, 8]), we arrive at the assertion of the lemma. O

Theorem 3.2. Let a € (0,1), and let [ be a positive integer. The operators T and (14T)~!
are continuous in the space CllfB(F) for0<a—p<1and 0 < a—f < kK respectively.

(@) be a solution of the problem (3.2) for ¢ = 0 and ¢ € CL*

l,«
Proof. Let ue C 51

B+ (F) By
Lemma 3.5,

s @ < et oy (3.3)

From Lemma 2.7 it follows that u can be represented in the form v = W(ut —u™) = W,
where W is the double layer potential. From this and (3.3), together with the relation Ty =

12



2(W90)+ﬂ— ¢ (cf. Lemma 2.5) we conclude that the operator T is continuous in C’é’il(F) for
O<a-F< 1

The continuity of (1+7)~! is an immediate consequence of the representation for (1+17)1
in terms of inverse operators of boundary value problems (Theorem 2.4) and the continuity of
these operators (Lemmas 2.1 and 2.4). O

3.5 Pointwise estimates for the derivatives of the kernels
L(z,y) and M(z,y) of the operators L and M

Theorems 3.1, 3.2 and Corollary 3.1 lead to the following theorem (cf. the proof of Theorem
3.1 in [2]).
Theorem 3.3. Let points © and y lie in the same coordinate neighborhood. Then

¢ |z|~loly =21, 2/z| < |yl
0207, L(z,y)| < { c|z| "z —y| LIl ly| < 2|x| < 4y, (3.4)

clz|TiTlolmrbe |y mLolrlbnme ) > 2)y),

where € is any small positive number, ' and y' are the local coordinates of x and y.

3.6 Continuity of (1+7)"! in C%

Theorem 3.4. The operators T and (14 T)~' are continuous in C%*(I') for 0 < a < 1
and for 0 < a < k respectively.

Proof. Let ¢ € C%*(T'). The argument used in the proof of Lemma 3.3 shows that

sup [(T( = 0(0)(@)] < cllgllcon ).

We used the relation ¢(y) — ¢(0) = O(|y|*) and the fact that the singular operator is bounded
in the space of Holder continuous functions.

According to the identity T'(¢(0)) = ¢(0), we have
sup | (T'o)(x)| < cllllcoar).
zel
It remains to establish the inequality
[Tl < clelr- (3.5)

Let z,z € I', and let p = 2|z — z|. Taking into account the equality
L/i71$,f)d85221
r

on I', where 1 is the identity 3 x 3 matrix, we write

(Te)(@) = (Te)(z) = Y I,

1<k<4

13



where

I'nB(r,x)
L= / T (2, €)(0(€) — 0(2)) dse,
'nB(r,x)
I = / T (5 )(0(E) — (=) dse,
I'nB(r,x)
L= / (T(@,€) — T(2,€)(p(€) — o)) dse
\B(r,z)

Since the integral
T(2,€) de
'NB(r,x)

is bounded, the estimate (3.5) follows from the inequalities

L) + |I2] < e ol / & — €72 dse < er®[g]g,
I'nB(r,x)

L] < erfelp [ — [ dse < er®lglf.

\B(r,z)

The continuity of the operator (1 4+ 7)~! can be obtained in a similar way by using (3.4)
(cf. the proof of Theorem 3.2 in [2]). O

Remark 3.1. If the cone KT cannot be prescribed in a Cartesian coordinate system, then
the estimates for the kernel £(x,y) in Theorem 3.3 hold if & is replaced by £’ = min{0, x}. The
term (|z|/|y|)" —¢ should be added to the right-hand side of (3.4) for 2|z| < |y|. Theorem 3.1
takes the following form.

Theorem 3.5. 1. Suppose that 1 < p < oo, —k' < B+ 2/p < 1+ k. Then the operators
(1+T)71 and (1 +T*)~! are continuous in the spaces Ly, g(T') and Ly, g41(T) respectively.
2. Suppose that 1 < p < oo, —k' < B+2/p <14k, a € (0,1), -k <5 <1+kK,1=0,1,....

Then the operators (1+T)™1 and (1+T*)~! are continuous in the spaces VplﬁH(F), NéfHa(F)

l, .
and ‘/111,6+l+1(r)7 Nytiias1 (D) respectively.
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