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able Analysis AAhermite2 F. Lanzara et al.quasi-interpolant approximates smooth fun
tions withjMu(x)� u(x)j � " N�1Xj�j=0(hpD)j�jj��u(x)j+ 
(hpD)NkrNukL1 ; (2)as long as H is subje
t to the moment 
onditionZRn x�H(x) dx = Æj�j0 ; 0 � j�j < N : (3)In (2) the 
onstant 
 depends only on H and " 
an be made arbitrarily small ifthe parameter D is suÆ
iently large, so that one 
an �x D su
h that in numeri
al
omputations Mu approximates with the order O(hN). The 
onstru
tion of sim-ple generating fun
tions satisfying (3) for arbitrary N has been addressed in [9℄,whereas [3, 10℄ extend the results to the 
ase of nonuniform grids.In this paper we study more general quasi-interpolation formulas with values ofa fun
tion u and of some of its derivatives pres
ribed at the points of a uniformgrid. More pre
isely, we 
onsider approximants of the formMu(x) = D�n=2 Xj2ZnH�x� hjhpD �Q((�hpD)�)u(hj) ; (4)where Q(t); t 2 Rn, is a polynomial with degQ < N .We establish estimates of the type (2) if the generating fun
tion H and the
oeÆ
ients of Q are 
onne
ted by suitable 
onditions (see (14)). It is shown inparti
ular, that for an arbitrary polynomial Q there exists H su
h that the ap-proximate Hermite quasi-interpolant (4) satis�es the estimate (2). On the otherhand, the same is true if H is the Gaussian or a related fun
tion and Q is 
ho-sen suitably. As a byprodu
t we obtain very simple approximants whi
h providehigh order approximations to solutions of the Lapla
e equation or other ellipti
di�erential equations.Estimate (2) is proved in Se
tion 2 for (4) with H and Q 
onne
ted by 
ondi-tions (14). In Se
tion 3 we des
ribe a simple method for the 
onstru
tion of Hsatisfying the 
onditions (14) for a given polynomial Q. This result is applied inSe
tion 4 when we 
onsider some examples of Hermite quasi-interpolants. In theparti
ular 
ase H(x) = ��n=2(detB)�1=2e�<B�1x;x>, with B = fbijg symmetri
and positive de�nite real matrix, we obtain the following quasi-interpolant of orderO((hpD)2M)Mu(x) = (detB)�1=2(�D)n=2 Xm2ZnM�1Xs=0 (�h2D)ss!4s Bsu(hm) e�hB�1(x�hm); x�hmi=(h2D)where B is the se
ond order partial di�erential operator Bu = Pni;j=1 bij�i�ju. InSe
tion 5 we use Mu for the approximation of solutions of the equation Bu =0. If u satis�es the equation in Rn then Mu has the simple form of the quasi-interpolant of order O((hpD)2) but gives an approximation of exponential orderplus a small saturation error. The same approximation property holds for fun
tionswhi
h satisfy the equation Bu = 0 in a domain 
 � Rn. If the fun
tion u is extended
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able Analysis 3by zero outside 
 then Mu simpli�es toMu(x) = (detB)�1=2(�D)n=2 Xhm2
 u(hm) e�hB�1(x�hm); x�hmi=(h2D):We obtain that, for any " > 0, M u approximates pointwise u in a subdomain
0 ( 
 withjMu(x)� u(x)j � " 2M�1Xj�j=0 (hpD)j�jj��u(x)j+ CB(hpD)2M
u;if we 
hoose D and h appropriately; the 
onstant CB is independent of u; h;D;Mand 
u depends on u.In Se
tion 6 we show that the Hermite quasi-interpolant (4) gives the simulta-neous approximation of the derivatives of u. If ��H exists and is of rapid de
ay,for any fun
tion u 2 WL1(Rn) with L � N + j�j, the di�eren
e ��Mu(x)� ��u(x)
an be estimated byj��Mu(x)� ��u(x)j � " L�1Xj
j=0(hpD)j
j�j�jj�
u(x)j+ 
1 (hpD)NkrN+j�jukL1 ;with 
1 independent of u, h and D.2. Quasi-interpolants with derivativesIn this se
tion we study the approximation of a smooth fun
tion u(x), x 2 Rn, bythe Hermite quasi-interpolation operatorMu(x) = D�n=2 Xm2ZnH�x� hmhpD �Q��hpD ��u(hm) (5)where Q(t), t 2 Rn, is a polynomial of degree at most N � 1Q(t) = N�1Xj
j=0 a
t
 ; t 2 Rn; with a
 2 R and a0 = 1 ; (6)� = �1 : : : �n, and H is a suÆ
iently smooth, rapidly de
aying fun
tion. ThenMu(x) = D�n=2 Xm2Zn0�N�1Xj
j=0(�hpD)j
ja
�
u(hm)1AH�x� hmhpD � : (7)Our aim is to give 
onditions on the generating fun
tion H su
h that (7) isan approximation formula of order O((hpD)N) plus terms, whi
h 
an be madesuÆ
iently small.Suppose that u 2 CN(Rn) \ L1(Rn). Taking the Taylor expansion of �
u at
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h node hm leads to�
u(hm) =N�1�j
jXj�j=0 (hm� x)��! ��+
u(x)+ Xj�j=N�j
j (hm� x)��! U�+
(x; hm); 0 � j
j < N; (8)with U�(x; y) = N 1Z0 sN�1��u(sx+ (1� s)y) ds ; j�j = N: (9)We write Mu in the formMu(x) = N�1Xj�j=0(�hpD)j�j��u(x)X��� a����! ��(xh;D;H) +Rh;N(x)with the periodi
 fun
tions��(�;D;H) = D�n=2 Xm2Zn�� �mpD ��H�� �mpD � ; 0 � j�j < N ;and the remainder termRh;N(x) =(�hpD)ND�n=2 Xj�j=N X0<��� a����! Xm2ZnU�(x; hm)�x� hmhpD ��H�x� hmhpD � :Therefore by using the de�nition of ��,Mu(x)� u(x) = u(x)��0�xh;D;H�� 1�+ N�1Xj�j=1(�hpD)j�j��u(x)X��� a����! ���xh;D;H�+Rh;N(x): (10)Let us introdu
e the fun
tionsE�(�;D;H) = ��(�;D;H)� ZRn x�H(x) dx ; 0 � j�j � N � 1:Then we have �0(�;D;H)� 1 = E0(�;D;H) + � ZRn H(x)dx� 1� (11)
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able Analysis 5and for j�j = 1; : : : ; N � 1X��� a����! ��(�;D;H) = X��� a����! E�(�;D;H) +X��� a����! ZRn x�H(x)dx: (12)Theorem 2.1 : Suppose that H is di�erentiable up to the order of the smallestinteger n0 > n=2, satis�es the de
ay 
ondition: there exist K > N + n and C� > 0su
h that j��H(x)j � C� (1 + jxj)�K ; 0 � j�j � n0 (13)and the 
onditions8>>>><>>>>: ZRn H(x)dx = 1X��� a����! ZRn x�H(x)dx = 0 ; j�j = 1; : : : ; N � 1: (14)Then for any " > 0 there exists D > 0 su
h that, for all u 2 WN1(Rn) \ CN (Rn)the approximation error of the quasi-interpolant (7) 
an be pointwise estimated byjMu(x)� u(x)j � " N�1Xj�j=0(hpD)j�jj��u(x)j+ 
(hpD)NkrNukL1 (15)with the 
onstant 
 not depending on h, u and D.Proof : Under 
onditions (14) the relations (11) and (12) simplify to�0(�;D;H)� 1 = E0(�;D;H);X��� a����! ��(�;D;H) = X��� a����! E�(�;D;H):Moreover, the assumptions (13) on H ensure that (see [10℄)f��FH(pD�)g 2 l1(Zn); 0 � j�j < K � n;jE�(�;D;H)j = �����(�;D;H)� ZRn x�H(x) dx��� � (2�)�j�j X�2Znn0 ����FH(pD�)��;and X�2Znn0 j��FH(pD�)j �! 0 as D ! 1:Hen
e for any " > 0 there exists D su
h that the following estimates are validj�0(�;D;H)� 1j = jE0(�;D;H)j < "; (16)
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able Analysis AAhermite6 F. Lanzara et al.���X��� a����! ��(�;D;H)��� �X��� ja���j�! jE�(�;D;H)j < "; j�j = 1; : : : ; N � 1: (17)The next step is to estimate the remainder term Rh;N . Sin
ejU�(x; y)j = N ������ 1Z0 sN�1��u(sx+ (1� s)y)ds������ � jj��ujjL1we obtainjRh;N(x)j � (hpD)N Xj�j=N 

��u

L1 X0<��� ja���j�! k��(�;D;H)kL1where ��(�;D;H) = D�n=2 Xm2Zn ����� �mpD ��H�� �mpD ����:In view of the de
ay 
ondition there exist 
onstants 
� su
h that, for D suÆ
ientlylarge ([10℄) k��(�;D;H)kL1 � 
�; 0 � j�j � N:Hen
e we obtain jRh;N(x)j � 
 (hpD)N Xj�j=N 

��u

L1 (18)with a 
onstant 
 not depending on h, D and u. By (10), this leads together with(16) and (17) to the estimate (15). �3. Constru
tion of generating fun
tions for arbitrary NHere we des
ribe a simple method for the 
onstru
tion of generating fun
tions Hsatisfying the 
onditions (14) for arbitrary given a
 with a0 = 1. Let us denote byA = fA��g the triangular matrix with the elementsA�� = (a��� � � �;0 otherwise j�j; j�j = 0; : : : ; N � 1:The dimension of A is (N + n� 1)!=((N � 1)!n!). Sin
e detA = 1 there exists theinverse matrix A�1 = fA(�1)�� g and (14) leads to the following 
onditionsZRn x�H(x) dx = �!A(�1)0� ; j�j = 0; : : : ; N � 1: (19)These 
onditions 
an be rewritten as��(FH)(0) = �!(�2�i)j�jA(�1)0� ; j�j = 0; : : : ; N � 1:
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able Analysis 7Let us assume (see [9℄) H(x) = PN� 12�i ��x� �(x);where PN(t) is a polynomial of degree less than or equal to N�1 and � is a smoothfun
tion rapidly de
aying as jxj ! 1 with F�(0) 6= 0. Conditions (19) give���PN(�)F�(�)�(0) = (�2�i)j�j�!A(�1)0� ; j�j = 0; : : : ; N � 1:We 
hoose PN as the Taylor polynomial of order (N � 1) of the fun
tionQ(�) = N�1Xj�j=0 A(�1)0� (�2�i�)�F�(�) ; � 2 Rn:Sin
e ��Q(0) = X���A(�1)0� (�2�i)j�j �!(� � �)!����(F�)�1(0);where we use the notation����(F�)�1(0) = ����� 1F�(�)�(0);we obtain PN(�) = N�1Xj�j=0 ���! X���A(�1)0� (�2�i)j�j �!(� � �)!����(F�)�1(0) :Therefore the equations���PN (�)F�(�)�(0) = ��(Q(�)F�(�))(0)= ��� N�1Xj
j=0A(�1)0
 (�2�i�)
�(0) = (�2�i)j�j�!A(�1)0�are valid for all � : 0 � j�j � N � 1. We have thus proved the followingTheorem 3.1 : Suppose that � 2 CN�1(Rn) satis�esj�(x)j � A (1 + jxj)�K; x 2 Rn; K > N + n;ZRn jxjN�1j���(x)jdx <1; 0 � j�j � N � 1;and F�(0) 6= 0. Then the fun
tionH(x) = N�1Xj�j=0X���A(�1)0� (�1)j�j ����(F�)�1(0)(� � �)!(2�i)j���j���(x)
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onditions (14).Suppose that �(x) is radial, that is �(x) =  (r); r = jxj. Then ��F�(0) = 0 forany � = (�1; : : : ; �n) 
ontaining at least one odd �i and we obtain the formulaH(x) = N�1Xj�j=0(��)��(x) X2
��A(�1)0;��2
 �2
(F�)�1(0)(2
)!(�4�2)j
j :Let us 
onsider the spe
ial 
ase �(x) = ��n=2e�jxj2 with F�(�) = e��2j�j2 . Denotingby H� the Hermite polynomial of n variables de�ned byH�(t) = ejtj2(��)�e�jtj2we derive �
(F�)�1(0) = (��i)j
jH
(0). Note that H
(0) = 0 if 
 has odd 
ompo-nents, otherwise H2
(0) = (�1)
(2
)!=
!. Hen
eH(x) = ��n=2 N�1Xj�j=0H�(x)e�jxj2 X2
�� (�1)j
j
!4j
j A(�1)0 ;��2
: (20)Assuming a
 = Æj
j0 and N = 2M we �nd outH(x) = ��n=2M�1Xj=0 (�1)j4j Xj�j=j H2�(x)�! e�jxj2= ��n=2M�1Xj=0 (�1)j4jj! �je�jxj2 = ��n=2L(n=2)M�1(jxj2)e�jxj2 ;where L(
)k are the generalized Laguerre polynomials, whi
h are de�ned byL(
)k (y) = e yy�
k! � ddy�k�e�yyk+
� ; 
 > �1 :In this 
ase we obtain the 
lassi
al generating fun
tion �(x) = L(n=2)M�1(jxj2)e�jxj2(see [9, 13℄).4. ExamplesExample 4.1 If N = 2, then formula (20) givesH(x) = ��n=2�1� 2 Xj�j=1a�x��e�jxj2 : (21)For the one-dimensional 
ase the 
orresponding quasi-interpolant isMau(x) = (�D)�1=2Xm2Z(u(hm)� hpD a u0(hm))(1� 2a x� hmhpD )e�(x�hm)2=(h2D) :
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-1 0 1

-5*10-3

-3*10-3

-1*10-3Figure 1. The graphs of (Ma� I) 
os x when a = 0 (solid line), a = 1=8 (dotted line) and a = 1=4 (dashedline).For u(x) = 
osx, x 2 R, the di�eren
e between u(x) and Mau(x) is plotted inFigure 1 by taking h = 0:1, D = 2 for di�erent values of a.Example 4.2 Now we are looking for quasi-interpolants of order O(h4). In theone-dimensional 
aseA(�1)01 = �a1; A(�1)02 = a21 � a2; A(�1)03 = �a31 + 2a1a2 � a3and formula (20) givesH(x) =��1=2e�x2 [(3=2�A(�1)02 ) + (5A�101 � 12A(�1)03 )x+ (4A(�1)02 � 1)x2 + (8A(�1)03 � 2A(�1)01 )x3℄:If a1 = a2 = a3 = 0, then we get the 
lassi
al generating fun
tion �(x) =��1=2e�x2(3=2� x2). Assuming a3 = a2 = 0; a1 = �1=2 we obtainH(x) = ��1=2(1� x)e�x2and the quasi-interpolant of order O(h4):M1u(x) = (�D)�1=2Xm2Z(u(hm)� hpD2 u0(hm))(1� x� hmhpD ) e�(x�hm)2=(h2D) :With the 
hoi
e a1 = a3 = 0; a2 = �1=4 we obtain H(x) = ��1=2e�x2 and thequasi-interpolant of order O(h4):M2u(x) = (�D)�1=2Xm2Z(u(hm)� h2D4 u00(hm)) e�(x�hm)2=(h2D) :In the Figures 2, 3, 4 we show the error graphs for the approximation of u =
os(x) with the quasi-interpolantsMu;M1u;M2u, respe
tively. We have taken D =2, h = 0:05, h = 0:1 and h = 0:2. The 
ase of smaller h gives di�erent pi
tures: itis 
learly visible that the error os
illates very fast with Mu and M1u.If n > 1, by taking a2� = a and a� = 0 otherwise, we obtain the radial generating
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-1 0 1

-2*10-4

-1*10-4 (a)
-1 0 1

-5*10-6

-1*10-5 (b)
-1 0 1

-4*10-7

-8*10-7 (
)Figure 2. The graphs of (M � I) 
os(x) by assuming h = 0:2 (a), h = 0:1 (b) and h = 0:05 (
).
-1 0 1

-2*10-4

-1*10-4 (a)
-1 0 1

-5*10-6

-1*10-5 (b)
-1 0 1

-4*10-7

-8*10-7 (
)Figure 3. The graphs of (M1 � I) 
os(x) by assuming h = 0:2 (a), h = 0:1 (b) and h = 0:05 (
).fun
tion Ha(x) =(1� Xj�j=1(a2� + 1=4)(4x2� � 2))e�jxj2��n=2=(1 + n(2a+ 1=2)� (1 + 4a)jxj2)e�jxj2��n=2for the approximate approximation of order O(h4)Mau(x) = (�D)�n=2 Xm2Zn(u(hm) + h2D a�u(hm))Ha�x� hmhpD �:Example 4.3 Let n > 1 and set in (7) N = 2M and8>><>>: a
 = 0 ; if 
 has odd 
omponents,a2
 = (�1)j
j
!4j
j ; 0 � j
j �M � 1: (22)
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-1 0 1

-2*10-4

-1*10-4 (a)
-1 0 1

-5*10-6

-1*10-5 (b)
-1 0 1

-4*10-7

-8*10-7 (
)Figure 4. The graphs of (M2 � I) 
os(x) by assuming h = 0:2 (a), h = 0:1 (b) and h = 0:05 (
).Keeping in mind that Xj
j=s s!
! �2
u(x) = �su(x) (23)we obtainQ�(�hpD)��u = M�1Xj=0 (�1)j(hpD)2j4j Xj
j=j �2

! u = M�1Xj=0 (�1)j(h2D)jj!4j �ju:The fun
tion H(x) = ��n=2e�jxj2 satis�es 
onditions (14). In fa
t1�n=2 ZRn x�e�jxj2dx = (��i)�(2�)� H�(0) = 8><>: 0; if � has odd 
omponents,(2
)!
!22j
j ; if � = 2
 :Then the equations (14) are valid for all � : 0 � j�j �M � 1 be
ause ofX��� a2(���)�!22j�j = X��� (�1)j���j(� � �)!4j���j 1�!4j�j = Æj�j0; j�j = 0; : : : ;M � 1:Therefore, a general approximation of order N = 2M is given byM (N)u(x) = (�D)�n=2 Xm2ZnM�1Xs=0 (hpD)2s (�1)ss!4s �su(hm) e�jx�hmj2=(h2D) : (24)If M = 2 then we �nd the \fourth order formula"M (4)u(x) = (�D)�n=2 Xm2Zn �u(hm)� h2D4 �u(hm)�e�jx�hmj2=(h2D) :
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able Analysis AAhermite12 F. Lanzara et al.For M = 3 we obtain the \sixth order formula"M (6)u(x) = (�D)�n=2Xm2Zn�u(hm)� h2D4 �u(hm)+ h4D232 �2u(hm)�e�jx�hmj2=(h2D):Note the additive stru
ture of the formula (24)M (N+2)u(x) =M (N)u(x) + (hpD)N (�1)M(�D)n=2M !4MXm2Zn�Mu(hm) e�jx�hmj2=(h2D):Example 4.4 We 
onsider the se
ond order partial di�erential operatorBu = nXi;k=1 bik�i�ku ;where the matrix B = fbikg 2 Rn�n is symmetri
 and positive de�nite. De�ne thequasi-interpolantMu(x) = (detB)�1=2(�D)n=2 Xm2ZnM�1Xs=0 (�h2D)ss!4s Bsu(hm) e�hB�1(x�hm);x�hmi=(h2D):(25)Assume C su
h that B�1 = CTC. If we 
onsider the linear transformation � = C xand introdu
e U(�) = u(x), in the new 
oordinates we have ([12, p.42℄)Bu(x) = �U(�):Then (25) will take the formMu(x) =MU(�) = detC(�D)n=2 Xm2ZnM�1Xs=0 (�h2D)ss!4s �sU(hCm) e�j��hCmj2=(h2D):Keeping in mind (23) and (8) we rewriteMU(�) = 2M�1Xj�j=0 (�hpD)j�j��U(�) E�� �h;D�+ Rh(�)where E�(�;D) = X2
�� (�1)j
j
!(� � 2
)!4j
j���2
(�;D)with ��(�;D) = detC(�D)n=2 Xm2Zn�� � CmpD ��e�j ��C mpD j2 ;
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able Analysis 13andRh(�) = (hpD)2M detC(�D)n=2� Xj�j=2M X2
�� (�1)j
j4j
j
!(� � 2
)! Xm2ZnU�(�; hCm)�� � hCmhpD ���2
 e�j ��hCmhpD j2 :Now we use Poisson's summation formula on aÆne grids (see [11, p.23℄)detCDn=2 Xm2Zn�� � CmpD �Æ��� � CmpD � =� i2��jÆj X�2Zn �ÆF�(pDC�T �)e2�ih�;C�T �i; (26)where we denote by C�T = (CT )�1. In our 
ase �(x) = ��n=2e�jxj2 and F�(�) =e��2 j�j2. Sin
e �ÆF�(�) = (��)ÆHÆ(� �)e��2 j�j2 we obtain�ÆF�(0) = 8>><>>:0 ; if Æ has odd 
omponents,�2
 (�1)j
j(2
)!
! ; if Æ = 2
 :Formula (26) applied to �� gives��(�;D) = 8>>><>>>:� i2��j�jX� 6=0 ��F�(pDC�T �)e2�ih�;C�T �i; � has odd 
omponents,�!2j�j
! + � i2��j�jX� 6=0 ��F�(pDC�T �)e2�ih�;C�T �i; � = 2
:We dedu
e thatE�(�;D) = Æj�j0+ X2
�� (�1)j
j
!(�� 2
)! 4j
j� i2��j��2
jX� 6=0 ���2
F�(pDC�T�)e2�ih�;C�T �iand jE�(�;D)� Æj�j0j � X2
�� �j2
��j
!(�� 2
)! 2j�jX� 6=0 �����2
F�(pDC�T �)��:By repeating the same arguments used in the proof of Theorem 2.1 we derivethat jE�(�;D)� Æj�j0j < "1 for pres
ribed "1 > 0 and suÆ
iently large D, and theremainder is bounded byjRh(�)j � 
B(hpD)2M Xj�j=2M k��UkL1
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onstant 
B independent of U; h;D. Hen
ejMu(x)� u(x)j = jMU(�)� U(�)j� "1 2M�1Xj�j=0 (hpD)j�jj��U(�)j+ 
B(hpD)2M Xj�j=2M jj��U jjL1� " 2M�1Xj�j=0 (hpD)j�jj��u(x)j+ CB(hpD)2M Xj�j=2M jj��ujjL1 ;where CB depends only on the matrix B. Therefore the quasi-interpolant (25)approximates u with the order O((hpD)2M) up to the saturation error.5. An appli
ation of formula (24)Here we 
onsider the approximation of harmoni
 fun
tions. Suppose that �u = 0in some domain 
 � Rn. Then for any N = 2M and x 2 
 the Hermite quasi-interpolant (24) has the simple formM (N)u(x) =Mu(x) = (�D)�n=2 Xhm2
 u(hm) e�jx�hmj2=(h2D) ; (27)i.e., it 
oin
ides with the well known quasi-interpolation formula of se
ond order.However, Theorem 2.1 indi
ates higher approximation rates. This will be studiedhere in more detail.First we 
onsider the 
ase 
 = Rn. Thenu(�) = 1Xj�j=0 ��u(x)�! (� � x)�; � 2 Rnand the series 
onverges absolutely in Rn. Moreover, u has the analyti
 extension~u(�) = 1Xj�j=0 ��u(x)�! (� � x)�; � 2 Cn ; (28)
f. e.g. [1, 14℄. Using formula (10) for the quasi-interpolant with the generatingfun
tion (24) we obtainMu(x)� u(x) = Eh;2M(x) +Rh;2M(x) ; (29)whereEh;2M (x) = u(x)�(�D)�n=2 Xm2Zn e�jx�hmj2=(h2D) � 1�+ (�D)�n=2 2M�1Xj�j=1 (�hpD)j�j��u(x) Xm2Zn e�jx�hmj2=(h2D)X��� a����! �x� hmhpD ��
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onstitutes the saturation error and the remainder term has the formRh;2M(x) = (�hpD)N(�D)�n=2� Xj�j=2M Xm2ZnU�(x; hm)e�jx�hmj2=(h2D) X0<��� a����! �x � hmhpD �� : (30)From (22) we see thatX��� a����! x� = X2
�� a2
(� � 2
)! x��2
 = X2
�� (�1)j
j
! (�� 2
)! 22j
j x��2
 ;whi
h by using the representation of Hermite polynomialsHk(�) = X0�2j�k (�1)jk!j! (k� 2j)! (2�)k�2j ;shows that X��� a����! x� = 1�! 2j�jH�(x) :Hen
e we obtain Eh;2M(x) = 2M�1Xj�j=0 �� hpD2 �j�j��u(x)�! ���xh;D�with the fun
tions�0(x;D) = (�D)�n=2 Xm2Zn e�jx�mj2=D � 1 ;��(x;D) = (�D)�n=2 Xm2ZnH��x�mpD � e�jx�mj2=D ; j�j = 1; : : : ; 2M � 1 : (31)It follows from the de�nition of H� and from Poisson's summation formula that��(x;D) = (�1)j�jDj�j=2���0(x;D) = (�2�i)j�jDj�j=2 Xm2Znnf0gm�e��2Djmj2e 2�ihm;xi:Thus the saturation error 
an be expressed asEh;2M(x) = 2M�1Xj�j=0 ��u(x)�! �hD2 �� �� �0�xh;D�= Xm2Znnf0g ~u2M(x+ i�hDm)e��2Djmj2e 2�ihm;xi=h ; (32)
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able Analysis AAhermite16 F. Lanzara et al.where ~uN (�) = N�1Xj�j=0 ��u(x)�! (� � x)�is the Taylor polynomial of the analyti
 extension ~u. Note that (32) is valid for anyM .Theorem 5.1 : Suppose that the harmoni
 in Rn fun
tion u is su
h that theseries 1Xj�j=0 ��u(x)p�! y� (33)
onverges absolutely for any y 2 Rn. If pDh < 1, then the quasi-interpolant (27)approximates u withMu(x)� u(x) = limM!1 Eh;2M(x) = Xm2Znnf0g ~u(x+ �ihDm)e��2Djmj2e 2�ihm;xi=h;where ~u is the analyti
 extension of u onto Cn.Proof : We have to show that jRh;2M(x)j ! 0 as M ! 1. To estimate (30) werewrite X0�2j<k (�1)jj! (k� 2j)! 22j �k�2j = 12k k!�Hk(�)�Hk(0)�= 12k�1 (k � 1)! �Z0 Hk�1(t) dt ;whi
h implies for j�j = 2MX0<��� a����! � xpD�� = 122M Y�j>0 1�j !�H�j� xjpD��H�j (0)�= 122M Y�j>0 2(�j � 1)! xj=pDZ0 H�j�1(t) dt :Consequently, the remainder Rh;2M takes the form�hpD2 �N(�D)�n=2 Xj�j=2M Xm2RnU�(x; hm)�e�jx�hmj2=(h2D) Y�j>0 2(�j � 1)! zjZ0 H�j�1(t) dt ;where we use the notation zj = (xj � hmj)=(hpD). Then Cramer's inequality for
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able Analysis 17Hermite polynomials jHk(x)j � 2k=2pk! e x2=2 (34)(see [2, 15℄), leads to the estimatejRh;2M(x)j � �hpD2 �N (�D)�n=2� Xj�j=2M Xm2Rn jU�(x; hm)j e�jx�hmj2=(h2D) Y�j>0 2(�j+1)=2p(�j � 1)! jzj jZ0 e t2=2 dt� �hpD2 �N (�D)�n=2 Xj�j=2M C� Xm2Rn jU�(x; hm)jS�(x� hm) : (35)For the last inequality we use the notationsS�(x� hm) = Y�j=0 e�(xj�hmj)2=(Dh2) Y�j>0 jxj � hmj jhp2D e�(xj�hmj)2=(2h2D) ;C� = Y�j>0 2�j+1=2p(�j � 1)! = 22M Y�j>0s 2(�j � 1)!and the estimate e�z2j jzj jZ0 e t2=2 dt � jzj je�z2j =2 :By (9) we obtain for harmoni
 ujU�(x; hm)j = ��� 1Z0 sN�1��u(x+ (1� s)(x� hm)) ds���� 1Xj�j=0 ����+�u(x)���! ��(x� hm)���N 1Z0 sN�1(1� s)j�jds ;whi
h shows thatXm2Rn jU�(x; hm)jS�(x� hm) �1Xj�j=0 j�j!N !(N + j�j)! ����+�u(x)���! Xm2Rn S�(x� hm)��(x� hm)���:
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able Analysis AAhermite18 F. Lanzara et al.To get an upper bound of the last sum we writeXm2Rn S�(x�m)��(x�m)���= Y�j=0 Xmj2R jxj �mj j�je�(xj�mj)2=D Y�j>0 Xmj2R jxj �mj j�j+1p2D e�(xj�mj)2=(2D) ;and note that for D > D0Xmj2R jxj �mj j�je�(xj�mj)2=D� 
D(�j+1)=2 1Z0 y�je�y2dy = 
D(�j+1)=22 ���j + 12 �;Xmj2R jxj �mj j�j+1p2D e�(xj�mj)2=(2D) � 
 (2D)(�j+1)=22 ���j + 22 �:Hen
e we obtain the estimateXm2Rn S�(x�m)��(x�m)��� � 
D(j�j+n)=22n Y�j=0���j + 12 � Y�j>0 2(�j+1)=2 ���j + 22 �with a 
onstant 
 independent of �, �, and D. Now we use that for �j � 2���j + 12 � � 4p�2�j=2p�j ! ;whi
h leads toXm2Rn S�(x�m)��(x�m)��� � 
1D(j�j+n)=2 Y�j=0p�j !2�j=2 Y�j>0q(�j + 1)!with another 
onstant 
1. Thus we derive from (35)jRh;2M(x)j� C(hpD)N Xj�j=2M 1Xj�j=0 j�j! j�j!D(j�j+n)=2j� + �j! ����+�u(x)���! Y�j=0p�j !2�j=2 Y�j>0p2(�j + 1)!p(�j � 1)!= C(hpD)N Xj�j=2M 1Xj�j=0 j�j! j�j!D(j�j+n)=2j� + �j! ����+�u(x)��p�! �! Y�j=0 2��j=2 Y�j>0q2(�j + 1)�jwith a 
onstant C not depending on M , D, h, and u. Sin
ej�j! j�j!j� + �j!s (�+ �)!�! �! � j�j! j�j!j� + �j! (�+ �)!�! �! � 1 ;
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0.04Figure 5. The graphs of Mu� u with u(x1; x2) = ex1 
osx2, D = 2, h = 2�3 (on the left) and h = 2�7(on the right).the remainder 
an be estimated byjRh;2M(x)j � C(hpD)N Xj�j=2M 1Xj�j=0 ����+�u(x)��p(�+ �)!D(j�j+n)=2 Y�j>0q2(�j + 1)�j :Thus, jRh;2M(x)j ! 0 for any �xed D if (33) holds. �Remark 1 : The assertion of Theorem 5.1 is a 
on
rete realization of a generalapproximation result for analyti
 fun
tions. Let u be an entire fun
tion in Cn oforder less than 2. Theorem 7.1 in [7℄ states that the semi-dis
rete 
onvolutionuh(x) = Xm2Zn um e�jx�hmj2=(h2D)with 
oeÆ
ients um := ZRn e��2Djyj2 u(hm+ i�Dhy) dy (36)di�ers from u byuh(x)� u(x) = Xm2Znnf0g ~u(x+ i�hDm)e��2Djmj2e 2�ihm;xi=h ;(
f. also [8, Lemma 2.1℄). It 
an be easily seen from (28) and (36) that the 
oeÆ-
ients um = (�D)�n=2u(hm) if the restri
tion of u to Rn is harmoni
.We have applied the simple quasi-interpolant (27) to the harmoni
 fun
tionu(x1; x2) = ex1 
os x2 in R2 by assuming D = 2 (see Figure 5), D = 3 (Fig-ure 6), D = 4 (Figure 7), h = 2�3 and 2�7. The experiments 
on�rm that thequasi-interpolation error Mu� u has rea
hed its saturation bound also for large hbe
ause it does not de
rease if h be
omes smaller.Let now u be harmoni
 in some 
onvex domain 
 � Rn and we 
onsider theapproximant Mu(x) = (�D)�n=2 Xhm2
 u(hm) e�jx�hmj2=(h2D) : (37)Theorem 5.2 : Suppose that the fun
tion u is harmoni
 in a 
onvex domain
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 � Rn and satis�es for a given N = 2M
u = Xj�j=2M k��ukL1(
) Y�j>0s 2(�j � 1)! <1 :Then for any " > 0 and subdomain 
0 ( 
 there exists D > 0 and h > 0 su
h thatthe quasi-interpolant (37) provides for all x 2 
0 the estimateju(x)�Mu(x)j � C(hpD)N 
u + " N�1Xj�j=0(hpD)j�jj��u(x)j ; (38)where the 
onstant C depends only on the spa
e dimension.Proof : Analogously to the 
ase 
 = Rn we obtainju(x)�Mu(x)j � jRh;2M(x)j+ jEh;2M(x)jwith jEh;2M(x)j � ju(x)j���(�D)�n=2 Xhm2
 e�jx�hmj2=(h2D) � 1���+(�D)�n=2 2M�1Xj�j=1 �hpD2 �j�j j��u(x)j�! ��� Xhm2
H��x� hmhpD � e�jx�hmj2=(h2D)���:
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able Analysis 21and jRh;2M(x)j � �hpD2 �N (�D)�n=2 Xj�j=2M C� Xhm2
 jU�(x; hm)jS�(x� hm) ;see (35). Sin
ejU�(x; hm)j � k��ukL1(
) and Xhm2
S�(x� hm) � 
Dn=2with a 
onstant 
 depending only on n, we get the inequalityjRh;2M(x)j � C (hpD)N 
u :To estimate jEh;2M(x)j we use the fun
tions �� given by (31) and write(�D)�n=2 Xhm2
 e�jx�hmj2=(h2D) � 1 = �0�xh;D�� (�D)�n=2 Xhm=2
 e�jx�hmj2=(h2D) ;(�D)�n=2 Xhm2
H��x � hmhpD � e�jx�hmj2=(h2D)= ���xh ;D�� (�D)�n=2 Xhm=2
H��x � hmhpD � e�jx�hmj2=(h2D) :Furthermore, for x 2 
 we derive����(�D)�n=2 Xhm=2
H��x � hmhpD � e�jx�hmj2=(h2D)���� � Æ�(h�1 dist(x; �
);D) ;where Æ�(r;D) , r � 0, denotes the rapidly de
aying fun
tionÆ�(r;D) = supx2Rn (�D)�n=2 Xm2Znjx�mj>r ���H��x�mpD ���� e�jx�mj2=D :Thus, for any domain 
, �xed parameter h and multiindex � we 
an �nd a subdo-main 
0�;h ( 
 su
h thatsupx2
0�;h Æ�(h�1 dist(x; �
);D)� k��(�;D)kL1 ; (39)whi
h givesjEh;2M(x)j � 2 2M�1Xj�j=0 �hpD2 �j�j j��u(x)j�! k��(�;D)kL1 for all x 2 2M�1\j�j=0 
0�;h :Now we have to 
hoose h su
h that 
0 � T
0�;h, whi
h is possible sin
e 
0�;h ! 
as h! 0. �
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able Analysis AAhermite22 F. Lanzara et al.Remark 2 : Obviously the assertion of Theorems 5.1 and 5.2 
an be extended tothe 
ase that a solution u of the se
ond order equationnXi;k=1 bik�i�ku = 0in 
 is approximated by the quasi-interpolantMu(x) = (detB)�1=2(�D)n=2 Xhm2
 u(hm) e�hB�1(x�hm);x�hmi=(h2D)with the matrix B = fbikg.6. Approximation of derivativesHere we study the approximation of derivatives using Hermite quasi-interpolationoperator (5). We introdu
e the 
ontinuous 
onvolution (see [11℄)CÆv(x) = Æ�n ZRn H�x� yÆ �Q(�Æ �)v(y)dy (40)where Q(t) is the polynomial in (6).Theorem 6.1 : Suppose that H satis�es the de
ay 
ondition (13) with K > L+n,L 2 N, L � N . For any " > 0 there exists D > 0 su
h that for any fun
tionu 2 WL1(Rn)jMu(x)�ChpD u(x)j � " L�1Xj
j=0(hpD)j
jj�
u(x)j+
1 (hpD)L Xj
j=L jj�
ujjL1 ; (41)where the 
onstant 
1 does not depend on u, h and pD.Proof : Suppose that the fun
tion u 2 WL1(Rn). The Taylor expansion (8) withN repla
ed by L gives the following form of the quasi-interpolant Mu in (7)Mu(x) = N�1Xj
j=0 a
 L�1�j
jXj�j=0 (�hpD)j�+
j�! ��+
u(x)��(xh;D;H)+ (�hpD)L N�1Xj
j=0a
 Xj�j=L�j
j D�n=2�! Xm2Zn U�+
(x; hm)�x� hmhpD ��H�x� hmhpD � :Similarly the Taylor expansion of u around y leads toCÆu(x) = N�1Xj
j=0a
 L�1�j
jXj�j=0 (�Æ)j�+
j��+
u(x) 1�! ZRn ��H(�)d�+ (�Æ)L N�1Xj
j=0a
 Xj�j=L�j
j 1�! ZRn ��H(�)U�+
(x; x� �Æ)d�: (42)
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able Analysis 23Setting Æ = hpD, we obtainMu(x)� ChpDu(x) = N�1Xj
j=0a
 L�1�j
jXj�j=0 (�hpD)j�+
j�! ��+
u(x)E�(xh;D;H)+ (�hpD)L N�1Xj
j=0a
 Xj�j=L�j
j 1�! [D�n=2Xm2Zn U�+
(x; hm)�x� hmhpD ��H�x� hmhpD �� ZRn ��H(�)U�+
(x; x� �Æ)d� ℄:ThenjMu(x) � ChpDu(x)j � N�1Xj
j=0 ja
 j L�1�j
jXj�j=0 (hpD)j�+
j�! j��+
u(x)j jE�(xh;D;H)j+ (hpD)L N�1Xj
j=0 ja
 j Xj�j=L�j
j jj��+
ujjL1�! �jj��(�;D;H)jjL1 + ZRn j��H(�)jd�� :Pro
eeding as in the proof of Theorem 2.1 we dedu
e (41). �Theorem 6.2 : If H satis�es the 
onditions (13) with K > N+n and (14), thenfor any v 2 WN1(Rn) jCÆv(x)� v(x)j � 
2ÆN Xj�j=N k��vkL1 : (43)Proof : The representation (42) with L = N givesCÆv(x) = N�1Xj�j=0(�Æ)j�j��v(x)X
�� a��

! ZRn �
H(�)d� +RÆ;H(x) (44)where the remainder RÆ;H satis�esjRÆ;H(x)j � ÆN Xj�j=N k��vkL1X
�� ja��
 j
! ZRn j�
H(�)jd� � 
2ÆN Xj�j=N k��vkL1 :(45)If 
ondition (14) holds, in view of (44), we obtain (43). �Theorem 6.2 leads immediately to the next 
orollary.Corollary 6.3: Suppose that H satis�es 
onditions (13) with K > N + n and(14). Then for u su
h that ��u 2 WN1(Rn),jCÆ��u(x)� ��u(x)j � 
2ÆN Xj�j=N k��+�ukL1 : (46)If the derivative ��H exists and satis�es the de
ay 
ondition (13) then the 
on-
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able Analysis AAhermite24 REFERENCESvolution satis�es��CÆ u(x) = (hpD)�j�jCÆ;��H u(x) = CÆ��u(x) (47)where CÆ;��Hu(x) = Æ�n ZRn ��H�x� yÆ �Q(�Æ �)u(y)dyand the quasi-interpolant Mu in (7) satis�es the equation��Mu = (hpD)�j�jM��Hu (48)with M��Hu = D�n=2 Xm2Zn ��H�x� hmhpD �Q��hpD ��u(hm):Hen
e keeping in mind (47) and (48) we write the di�eren
e(hpD)j�j[��Mu(x)� ��u(x)℄= (hpD)j�j[��Mu(x)� ��CÆu(x)℄ + (hpD)j�j[��CÆu(x)� ��u(x)℄= [M��Hu(x)� CÆ;��Hu(x)℄ + (hpD)j�j[CÆ��u(x)� ��u(x)℄:From (46) and (41) we obtain the following result.Theorem 6.4 : Suppose that H satis�es the 
onditions (13) with K > N +n and(14). Moreover suppose that the derivative ��H exists and satis�es the 
onditions(13) with K > L + n. The for any " > 0 there exits D > 0 su
h that, for anyu 2 WL1(Rn) with L � N + j�j,j��Mu(x)� ��u(x)j � " L�1Xj
j=0(hpD)j
j�j�jj�
u(x)j+
1 (hpD)L�j�j Xj
j=L jj�
ujjL1 + 
2(hpD)N Xj�j=N k��+�ukL1 :We dedu
e that formula (5) gives the simultaneous approximation of the deriva-tives ��u with the saturation term "h�j�j.Referen
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