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l ° °  I n t r o d u c t i o n .  A c c o r d i n g  to  t h e  c l a s s i c a l  r e s u l t  by Wiene r  

~i~, [~ the regularity of a boundary point 0 for the Laplace equa- 

tion in a domain ~cR n, n > 2 is equivalent to the divergence of the 

series 

k~--=l 2k(n-2)cap(C2_k\O) 

where Cf = {x~Rn: ~/2 ~ I xl f~} and cap is the harmonic capa- 

city. Wiener's theorem was extended (sometimes only with respect to 

sufficiency) to different classes of linear and quasilinear second 

order partial differential equations ([3] - [i~ and others). However, 

results of this type for higher order equations seem to be unknown. 

In the present paper we study the behaviour near a boundary point 

of solutions to the Dirichlet problem with zero boundary data for the 

equation /k2u = f, fE C~(~), ~ C Rno The proof covers only di- 

mensions n = 4,5,6,7 (the case n<4 is not interesting). We show 

in particular that the condition 

~=i 2k(n-4)caP2(C2 k\~) =~ , n = 5,6,7, 

where caP2 is the so called biharmonic capacity, guarantees the 

continuity of the solution at the point O. This result follows 

from an estimate of the modulus of continuity. Such estimates, for- 

mulated in terms of the rate of divergence of Wiener's series were 

known only for second order equations (El~, [~, [~, ~). 

In the last section we obtain some pointwise estimates for the 

Green function G(x,y) of the Dirichlet problem for /k2 valid 

without any restrictions on the boundary 9~. In particular it is 

proved that IG(x,y) j ~ clx-yJ 4-n where n = 5,6,7 and c is a 

positive constant depending only on no 

The author takes pleasure in thanking E.Mo Landis for stimulating 

discussions. 

2 ° . Preliminaries and definitions° Let lq denote an open subset 

of Euclidean space R n with a compact closure ~ and a boundary 

B~'/ • Let 0 be a point of ~ and B~ = { .x'Jxl < ~}, C~ = 

B~>B~ /2" We denote by c, ci,.o° positive constants dependlng 

only on n and write ~Z~= {~-Z/~x~l ... ~x~n}, ~71 = V. We 
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consider only real functions. 
02 

Let W2(~) be the closure of the space C~(i-~)~ in the norm 

I IV2u II L2(._O_. ) . 
We introduce the biharmonic capacity of a compact e with res- 

pect to an open domain G, GDe: 

caP2(e;G) = inf {flV2ul 2 dx: uCCg(G), 

G 

= I in a neighbourhood of e } u @ 

We write caP2(e) instead of caP2(e;Rn). 

Let C denote the fundamental solution for the biharmonic 

operator, i.e. 

(I) ~(x) = Ix)4-n if n >4, 
2 (n-4) (n-2) (~J n 

P(x) = (4~04)-ilog i~ if n = 4, 

where 60 n = meSn_iBB 1 and d is a constant. 

3 ° . "Weighted" positivit~ of A 2. 

Lemma i. Let uEW2(~)NC'~(~I) and 4 ~ n ~ 7. Then for every 

point PE ~q (and in the case n = 4 for any d satisfying d ~- 

-~ diam (supp u)) we have 

(2) uCp) 2 + cf[CV2uCx)) 2 + (~7uCx))2] [(x-p) dx -~ 
n I p -x l  2 

~- 2 J A u(x).Zi(u(x) ~(x-p)) dx. 

Proof° Let (r,a)) be the spherical coordinates with the center 

p and let G denote the image of i'/ under the mapping x--) (t,~)) 

where t = - log r. Since 

r2Au = r2-n(r B/S r) [rn-2(r~/~ r)u] + ~ u 

where ~ is the Beltrami operator on the unit sphere S n-I we 

get for the function v(t,OJ) = u(x) 

r2Z~u = vtt - (n-2)v t + ~ v = Lv. 

Consider first the case n ~4o By a simple computation 

(3) c(n)~A u(x).Zi(u(x) P ( x - p ) )  dx = f e(4-n)tLv.L(ve(n-4)t)dtd@0 = 
D. G 
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where 

= f (vtt-(n-2)vt+J ~ v)(vtt+(n-6)vt-2(n-4)v+~ v) dtd~ 
G 

c(n) = 2(n-2)(n-4)~n. We remark that 

(4) 2 f v t v  dt d~ = f v(@@,~)2 
G S n-1 

The following identities are also obvious: 

(5) J v t J~vdt d~=O, /vtvtt 
G G 

Thus the last integral in (3) becomes 

d~ = ~nU(P) 2. 

(6) 

dt d ~ = O. 

ff [v2t-(n-2)(n-6)v2-2(n-4)vttv+2vtt ~v+(~j v) 2- 
G 

- 2(n-4)vJv] dt d~ + C(-~2 u(p) 2. 

After integrating by parts we rewrite (6) as 

(7) f{vt~t÷( J~ V)2+2Vt(- J~ vt)+2(n-%)v(- ~aj v) + 
G 

+ (n  )2]vt dt + u(p)2 

Using the former variables (r,~) we obtain 

f 2 2 (Va~Ur)2+2 n-4 (V~u)2+ (7-n)(n-3) u;S dx 
[urr+ 7 r 4 r 2 ~ + ~ u(p)2" 

This completes the proof of (2) for n = 5,6. In the case n = 7 
one can use the inequality 

f2 dxz-j2 dE 
Urr rn-4 Ur rn-2 

which is a corollary of the one-dimensional inequality 

f w(r)2r dr ~-f w'(r)2r (3) dr. 
0 0 

Now let n = 4. We have 

J 4~ 4 Au(x) .A(u(x)  V(x-p)) dx = f Au(x) A(u(x)log d_.__~_.) dx = 
~q ~x-Pl 

=JLv.L((~+t)v) dt d~J 
G 
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where ~ = log d. The last integral is equal to 

f /(vt-v)Lv dt da). (8) (Z+t)(Lv) 2 dt d60 + 2 

G G 
Applying (4) and (5) we rewrite (8) in the form 

(9) f (Z+t)(Lv) 2 dt da) + 2 /[(V~v)2-Vt2]dt da) + 2c04U(p)2. 
G G 

For the first integral in (9) we have 

f f 2 2 v)2](~+t) dt daJ + (~+t)(Lv) 2 dt da~ = [vtt+4vt+(~j 
G G 

+ 2 f (vtt~v-2v ts~v-2vttvt)(z+t) dt da), 
G 

and integrating by parts, we get 

f(~+t)(Lv) 2 dt d~ = f[v2t+4vt2+(~v)2+2(V~)vt)2](~+t)dt d~)- 
G G 

G 
Therefore 

4c44f ZiUo/k(uP)dx =f [v2t+ev2+(Scov)2 + 
G 

+ 2(~7~vt )2] (~ +t) dt d~0 + 2a)4u(p)2o 

This identity together with the following easily checked one 

~S n (~mv) 2 doD -~ (n-l) fn (V~v) 2 dCO 
-I -i 

implies 

2 fAUoA(U[ ~) dx -~ c f[(V2v)2 + (VV) 2] (Z+t) dt d~ + 
G 

+ u(p) 2 -~ C ~ [(V2U)2 + (VU)-----~2] log ~ dx + u(p) 2. 
[x-p[ 2~ 

The proof is complete° 
Lemma i fails for n -~ 8. Indeed, let the function 

depend only on r = I x-pl . Then (see [7]) 
u~C~ (Qkp) 
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c(n)f~u(x,o~(U(X) P(x-p)) dx= a)n/V{t d r -  c yv{ d t  

where v(t) = u(e-t)o Therefore the estimate (2) is impossible. 

4o° Local estimates° In the next lemma and henceforth we use the 

notation: 

Mf (u) =~-n y u 2 dx, 

~nc2~ 
N ¢(u) = j~ [ (V2u)  2 + (Vu)  2 ] Pdx 

I x -p l  2 
f',- NB2~ 

where P = P(x-p) and we set d = 3~ for the case n = 4 in 

the definition of ~. 

Lemma 2. Let ~ E CO~(B2 ), ~ = 1 in a neighbourhood of the 
o2 £ 

ball B9 ;u~W2(~ )~Co~I)o Then for any point p~B~/2 

(lO) ~ a(~ 2u)a(~2uP) dx = ~Au.A(~4uP) dx+ 
n 

(u) 1/2 ~ + c M + c ~ ~( u) I/2 (u). 

Proof° Since 

A (,~ 2u) A ( ,  ~ 2 u p)  - Z I u .  A (4L4u  P) = 

= [ A , 4 Z 2 ] u . A ( q  2u F') - AUo[A,T~ 2 ]~2u  P = 
= [A,~2]u.[A,~ 2 P]- Au. [[A,~ 2]o 2 P]u 

(the square brackets denote the commutator of operators), we must 

estimate the difference of the integrals 

i I dx, i 2 

We begin with the estimate of i2o Clearly 

[[A,~2],~2P]u = 2uV~2V(~ 2p) = 4u%2(2 P(v~ )2+~ ?~?p). 
Hence 

i 2 = luZi(~2~2u) dx, 

2 = 4(2 [~(~)2 +~ ~.~ p). In general, we denote 

Yi the functions from C0~'(B2~B ~ ) satisfying 

(ii) 

where 

further by 
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l~7k~il -~ cf i-n-k k = 0,i, o o o  

The inequality 
- (u)i/2 /2+ (u) 

l i21  ~" c ~ f N f (~Z2u~ cMf 
i s  a s t r a i g h t f o r w a r d  c o n s e q u e n c e  o f  411) .  Now we p a s s  to  t h e  e s t i m a t e  

of i I. Since 

[~,~2]u [~,~2qu = 

= (4~V~oVU + uA,~2)(2~uoV(~ 2p) + uZi(~ 2 U)), 

we have 

( ~ )  i~=~/4vu .wz  )~ (v4~ ~ e).vu) ~x÷ f roU~ d~, 
m. rZ 

where ~0 =An~ 2"A("Z 2p) _ div(A ~2oV(221n)) _ 

- 2div(/k( ~ 2 p).~ ~7 ~ ). The first term on the right hand side of 

(12) can be written in the form 

i I = 8] (VuoVq)(2~V~ +~7 ~).V(q 2u) dx + 

+~Ju~ div {4wz.vc~ ~p~)wz } dx= 
n 

= fu div4r2v(v =u)) dx + f U=go ax. 
n 

Hence 

(U) I/2 N~ (9 2u)i/2 + c M f (U), I iil -~ c M 
f 

which completes the proof. 
Using Lemmas 1 and 2 we get 

o2 
Corollary i. Let 4 -~ n ~- 7~ u~W2(~), A2u = 0 in ~NB2~ o 

Then for all points p6B~/2 

413) u(p)2+ f ((V2u)2+Ix-pl-2(~u) 2) P(x-p) dx -~ c M~ (u). 

D-nBf 
~44~ Corollary 2. Let 4 g n -~ 7 and let the function uE ) 

satisfy the equation Zi2u = 0 in ~\B~ . Then for all points 

P~-QNB2 ~ , 

(14) l u4p)l ~- c ( - ~ -  )n-4  M (u) 1 /2  
wpl f ° 

P r o o f .  Le t  G be t h e  image o f  ~L unde r  t h e  i n v e r s i o n  

p --) plp1-2. We make use of the Kelvin transform U(q)=lql4-nu(qlq1-2) 
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which maps u into a biharmonic function in GOB ~_i o 

easily see that the Kelvin transform preserves the class 

the inequality (13) for all points q~ GOB 
(2~)-i 

U(q) 2 -~ c~ n / U(y) 2 dy 

or which is the same, 

One can 

lql2(4-n)u(qlql-2) 2 -< c~ n f [y~2(4-n)u(ylyr2) 2 dyo 

B2f-l\Bt-1 
Setting here p = qlqr2~ x = yly1-2 we obtain the estimate 414). 

5 ° Local estimates in terms of capacity. 

Lemma 3. Let 4~-n~7 and let the function u~W 2 satisfy the 

equation A2u = 0 in ~l OB2~ o Then for all points p E B~/ 2 

(15) u(P) 2 + f ((V2u) 2 + I x-pl-2(Vu) 2) ~(x-p) dx -~ 

il OB 

< ______qc ~] ((V2u) 2 + I x-pl-2(Vu) 2) ~(x-p) dx 

r 4 f  , ) ~nc2~ ' 

where ~(~ ) = @ 4-ncap~(C~ \~) for n>4 and ~(~ ) = 

= cap~(C~ ~ll;B~ ) for n'= 4; in the case n = 4 we set d = 3~ L L~ Le 
in the ~efinition'of the fundamental solution. 

Proof. The results of [14], [15] imply 

f u dx-  f 44v u) .   4vu) ) dx. 
..Q OC2~ ' 4 " ' [ "  _0.,"]C2~ 

Noting that ~ -~ clx-pl, P(x-p) ~- c~ 4-n for x~C2~ , p~B~/2 

and using Corollary 1 we complete the proof. 

Lemma 4. Under the conditions of Lemma 3 for 

416) f [(V2u)2+ixl-24Vu)2] ax ~ cMf 
Q.~B r I xl n-4 

2r < ~ it holds 

(u)exp(-c ]r(~ )~). 
r 

Proof° By (15), for sufficiently small ~ > 0 and 

f ((V2u) 2 + I x-pl-2(Vu) 2) P(x-p) dx -~ 

(9 O(Br\B E ) 

r- 
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/ ÷i dx. 
~NC2r 

Taking limits with p --~ O and then with E -~ + O we get 

I ((V2u) 2 +Ixl-2(Vu)2)Ixl 4-n dx 
NB r 

~ / ((Vu) 2 +Ixl-2(Vu)2)IxI 4-n dx. 

QNC2r 

We denote the left hand side of this inequality by 

r = 2 "k. Then 

(17) 
Since 

So for 

(18) 

(r) and set 

(l+c2£(2-k))F(2 -k) ~ y(21-k). 

is a bounded function, the estimate (17) is equivalent to 

~(2  -k) ~ exp[-c3~(2-k)] T(21-k), 
m ~  

L-1 
y (2-m) <= exp[-c 3 E r ( 2 - J ) ]  ~ ( 2-z ), 

j--m~ 
Let numbers m and ~ satisfy the inequalities 2 -m-I -~ r -~ 2 -m 

and 2 -Z -~ ~ -~ 21-~ . Then (18) and (13) yield 
f-i 

(r) ~- c e~ [-°3 j~_~ ~(2-J~l~ (u). 

Using simple properties of the biharmonic capacity (see for example 

[15] ) we obtain (16) from the last estimate. 

6o° Re~ularit~ of a boundar~ point. We say that a point Og~ 
o2 

is regular for the biharmonic operator if the solution ugW2(~ ) 

of the equation A2u = f with an arbitrary right hand side from 

C~(~) is continuous at O. 

Theorem 1. Let 4 ~- n~- 7 and 

fr (19) ( '~)  T = 
0 

where ~ is the function introduced in Lemma 3. Then the point 0 
o2 

is regular for A2. Moreover if u~W2(~) and A2u = 0 in 

O •B 2 for some ~ > 0 then there exists a constant c such 

that 
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(20) rlim--~ 0 exp(c /7(~)~ )ipl ~rsuplu(p)l =0. 

r 

Proof. According to (15) we have for all PCBr/2 with 

(21) u(p) 2 ~- ~ f ((V2u) 2 +1 xl-R(Vu)2)Ixl 4-n dx. 

~NC2r 

Let S(r) = sup{u(P) 2:_ PCBr/2}._ - From (21) it follows that 
r/2 r 
f s(~)r(r~ ) -~-d~ ~_ c f d~, f ((V2u)2+lxl-2(Vu)2)lxl4-ndx = 
0 0 ~NC2~ 

r/2 2~ 

=c o / ~ ~ f R3 dR sn/._l ((V2u)2+R-2(Vu)2) d~ 

which by the change of integration order becomes 
r/2 

d'6 f S ( ' g ' ) g ( T  ) - ~ -  - c f ( ( V 2 u ) 2 + l x l - 2 ( V u ) 2 ) i x I  4-n  dx.  

0 ~NB r 

Using this estimate and Lemma 4 we obtain 

(22) 
r/2 
f s(~)~-(-~) .~---~o ,~ (u)exp(-c/ F(~).~-). 
0 r 

r - ~  

Let 

(~) = T (t) . 

The inequality (22) assumes the form 

f/ :o {( 2) 

Since the function t --~S(~ (I)) decreases and ~ (r) >- f (r/2) - 
- c, c>O we conclude 

2~;r) 
f(r/2)S(~-l(2j~(r/2))) -~ S(T(~ ))0~ -~ c M~ (u)exp(-cf(r/2)), 

t (r/2) 

where ~ -1 is the inverse function to I('C )o We set R = 
= ~ -i(2 ~(r/2)). Then 

(R)exp(~(R))S(R) -~ 2c M~(u) 
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for all R ~ ~-i(2 f (~ /4)). Therefore 

lim exp(~(R))S(R) = O. 
R-90 

The result follows° 

An immediate consequence of Theorem 1 is 

Corollary 3. If 4 ~ n ~ 7 and 

lim ~ 
r--)O r 

@2 then the solution u~ W2(~ ) of the equation Zi2u = f with 

f~Co@°(~) satisfies the inequality l u(x) I -~ clxl @~ , ~ >0 in 

a neighbourhood of O. 

7 ° . Examples of regular points for /k2o The proof of the fol- 

lowing assertions can be performed in the same way as the proofs of 

analogous facts for (p,1)-capacity in E93, Po 53-55. 

If n = 4 and the point 0 belongs to a continuum which is a 

part of Rn\i~ then ~(~) -> const>O and consequently the condi- 

tion of Corollary 3 holds. 

Let the exterior of ~ in a neighbourhood of the point 0 
{ ]2 2 f(Xn)2 contain the domain x: O<Xn< l, x + ... + Xn_l< }, where 

f(t) is an increasing positive continuous function on (O,1) such 

that f(O) = f'(O) = O. Then ~(~ ) ~ cilog f(~)l -1 for n = 5 

and ~(%") -~ c[~-lf(~ )]n-5 for n> 5° 

Hence the point 0 is regular for Zi 2, if 

j flog f(~ )l-l~-I d~f = @@ for n = 5, 

0 

J [~6-1f(~)]n-5~-i (]"6' = @@ for n = 6,7. 

0 

8 ° . Estimates for the Green function° Let G(x,y) be the Green 

function of the Dirichlet problem for the biharmonic operator° 

Theorem 2o Let 5 ~- n -~ 7 and dy = dist(y, B i~ )° Then 

_ 4-n if i x-yl ~- dy, (23) I a(x,y) -P(x-y)t ~ c dy 

IG(x,y)l <- clx-yl 4-n if I x-y I m dy, 

and consequently ~G(x,y) l <- clx-yl 4-n for all x~Q, y~l. 

Proof. Let B(y) = {x: I x-yl<dy} and aB(y) = {x:Ix-y'<ady~. 
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We denote by ~ a function from C0~=[0,1) equal to unity on the 
segment [0,1/2) and set 

H(x,y) = G(x,y) -~ ( ~ )~(x-y). 
Y 

Obviously the function x --gH(x,y) belongs to the class 

W~(~)Ae~(/q), the support of the function x --9 /k~H(x,y)~ lies 

in B(y)\ ½B(Y) and lA~H(x,y)l ~ d; n. Applying Lemma 1 to the 
function x --) H(x,y) we get 

H(p,y) 2 ! 2 f /k~HCx,y).H(x,y) P(x-p)  dx. 
B(y)q~ 

Therefore 

(24) sup H(p,y)2 z 
p & 2B (y)niq 

sup IH<x,y)l sup / IAx2H(x,y)l POx-p) dx, 
xEB(y)Nf[ pm2B(y)Nn B(y)~O 

and hence 

(25) sup I H(p,y)l <-cd; n sup / P(x-p) dx c 4-n 
p~2B(y)NQ p~2B(y)O~ B(y)N~ -~ dy . 

/k2H(p,y) = 0 for p~B(y) we obtain from (25) and Corollary Since 

2 (in which 0 must be substituted by p) for p~ 2B(y) 

d 
IH(p,y)l -~ c ( "7 )n-4 sup IH(x,y)l ~- clp-y{ 4-n. 

i p-yi x e 2B(y)q~l 

The result follows. 

Theorem 3. Let n = 4, dy = dist(y,gi-l), let i~ be a domain 
with a diameter ~ and 

P(x-y) (4c04)-ll°g Ix-yi " 

Then 

IGCx,y) - P(x-y) l -~ CllOg~+ c2 i f  Ix-yl-<dy, 

IG(x,y) l -~ c31og ~--y + c 4 if I x-yl ~ dy. 

Proof. Proceeding in the same way as in the proof of Theorem 2 
we come to (24). Hence 
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sup IH(p,y)l ~ cd;4p~ sup / 
p E 2B(y)~ 2B(y)N~ B(y)N~ 

- CllOg ~-~y + c 2 

which together with Corollary 2 gives for p~2B(y) 

IH(p,y)l ~ c sup IH(p,y)l ~ C(CllOg ~ + c2). 
x ~ 2B(y)NQ ~y 

Since G(p,y) : H(p,y) for p~ 2B(y) the result follows. 

P(x-p) dx 
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