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1 Introduction

Starting with the classical Rellich and Sobolev-Kondrashov theorems (see [18],
[9]), it became general knowledge that embedding operators of Sobolev spaces
can be either compact or non-compact depending on the smoothness and inte-
grability parameters as well as on properties of the boundary of a domain. In
the early 1960s several necessary and sufficient conditions for the boundedness
and compactness of Sobolev type embeddings were obtained in [11]-[13], see
also [14]. In particular, properties of the embedding operator:

szq(Q) : L;(Q) - Lq(Q)

were characterized in terms of relative isoperimetric and isocapacitary inequal-
ities. Here and in what follows, LL(€) is the space of distributions in the
connected open set Q in R", n > 1, whose derivatives of the first order belong
to L,(2), 1 < p < oo.

In the present paper we study non-compact embeddings FE, 4, where p < ¢
(in the opposite case p > ¢, the boundedness of Ej, , implies compactness (see
[15, Section 8.6]), which makes this case of no interest for us). Various charac-
teristics of non-compact embeddings such as essential norms, limits of the ap-
proximation numbers, certain measures of non-compactness, and the constants
in the Poincaré type inequalities, were investigated by Amick [2], Edmunds and
Evans [4], Evans and Harris [7] (see [5] and [6] for a detailed account of this
development), and Yerzakova [19], [20]. Here we define new measures of non-
compactness of E,, and characterize their mutual relations as well as their
relations with “local” isoperimetric and isocapacitary constants. In order to de-
scribe our results we need to introduce some notation which will be frequently
used in the paper.

We supply L},(Q) with the norm:

ullr0) = IVullz, @) + llullz, @),

where V stands for the gradient and w is a non-empty open set with compact
closure w C Q. It is standard that a change of w leads to an equivalent norm
in Lzl)(Q) We often omit Q in notations of spaces and norms if it causes no
ambiguity.



Among other things, we study the essential norm of the embedding operator
Eyq: L), — Ly, i.e. the number
ess|| Ep ql| = inf [[Ep g — T|L1 -1,

where the infimum is taken over all compact operators T : Lll, — L.
Another characteristic of E, ; to be dealt with later in this paper is defined
by

C(E,,) = infC,

where C' is a positive constant such that there exist p > 0 and K > 0 subject
to the inequality

llullz, @) < C”U”Lé(g) + K||ullz,(q,) foralluce Lll, , (1.1)
with
Q, = {z € Q: dist(z,0Q) > p}.

Together with the norm || E, ;|| of the imbedding E, ,, its essential norm
ess||Ep 4|l and the number C(E, ), we shall make use of two numbers M, (E, 4)
and Ms(E, ). The first of them is defined by

[ullz,
[l

./\/ll(Epﬂ)—gii%sup{ ZuGL;,U—OOHQS}.

The definition of M, is as follows

u
My(E, ) = lim sup sup lulz, Tu € L; , supp u C B(z,p) ¢y,
00 2eH0 ||U||L,19

where B(z, g) is the open ball with radius ¢ centered at x.

These two characteristics of E,, differ in the ways of localization of the
functions involved and it seems appropriate to call My and My the localization
moduli of the embedding E,, ,.

In section 2 we show that

eSS”Ep,qH = C(Ep,q) = Ml(Ep,q) (1.2)

provided 1 < p < g < pn/(n—p)ifn >pand 1 < g < oo for p > n. We
also prove that the three quantities in (1.2) are equal to My(E, ,) under the
additional assumption p < ¢q. The last fact fails if p = ¢ as shown in an example
of a domain € for which Ms(E, 4) =0 and ||E, || = ess||Ep || = M1(Epp) =
C(E,p) = oo (see Sect. 3).

In section 4, we assume that € is a bounded C' domain and that q =
pn/(n —p), and n > p > 1. In this case we find an explicit value for C(E, ;) =
My (Epq) = Ma(Epq).

The results obtained in Sect. 2 are readily extended in Sect. 5 to the
embedding of L, () to the space Ly (S, 1), where p is a Radon measure.



Next, we turn to domains with a power cusp on the boundary and find ex-
plicit formulae for the measures of non-compactness under consideration and
apply these results to the Neumann problem for a particular Schrodinger oper-
ator (Sections 6 and 7).

In the final section we show relations between our measures of non-compactness
and local isocapacitary and isoperimetric constants. In particular, we obtain

ess||Enql| = C(E1,4) = Mi(E1,q) = Ma(E1q)
. (mesn(9)) /1

=lim sup —F7FF——,

SHOgCQ\(TS anl(Q N ag)

where 1 < ¢ < n/(n—1), g is a relatively closed subset of  such that Q2N dyg is
a smooth surface, and H,,—1 is the (n — 1)-dimensional area. This together with
results from Sect. 6 yields explicit values of the local isoperimetric constants
for power cusps.

2 Localization moduli and their properties
Let us discuss relations between the moduli. First of all, obviously,
Ml(Ep,q) > MQ(EP,q)- (2-1)

Lemma 2.1 Let Q be a domain in R™ with mes, () < co. Suppose that 1 <
p< oo andl < q<oo. Then for any u € L;,(Q) the following estimate holds:

[ullz,@) < Mi(Epg) +e)llulliy@) + CENUl Ly @) (22)

where € is an arbitrary positive number, C(e) is a positive function of €, and w,
is an open set with smooth boundary and compact closure W, C 2.

Proof. Let 1 denote a smooth function on R™, such that 0 < n < 1 and
n(t) =0 for t € (0,1) and n(t) = 1 for t > 2. By d(x) we denote the distance
from z € Q to Q. Let us introduce the cut-off function Hg(x) = n(d(x)/s). We
write

lullz, < [[HsullL, + (1 = Hy)ullz,

and note that the second term does not exceed

v _
sup M 10 € Ly(Q), supp v C Q\ Qo ¢ [|(1 — Hy)ul| 11
HU”L%,(Q) P

Hence, for sufficiently small s = s(¢)

lullz, < (Mi(Epq)+e)(llulley + luVHs]|L,)
+||H5u||Lq

Since the supports of Hs and its derivatives are in {25 the result follows. m



Corollary 2.2 Let Q be a domain in R™ with mes,(2) < oco. Suppose that
1<p<ooandl <qg<oo. Then

if and only if
1Ep.q

|L11,(Q)—»LQ(Q) < 00.

Proof. By Lemma 2.1 M (E, 4(2)) < oo implies [|Ep 4| 21(0)—1,(0) < oo The
converse is obvious. m

Lemma 2.3 Let Q be a domain in R™ with mes, () < co.
(i) If1<g<ooandl<p< oo, then

Ml(Ep,q) < eSS”EpﬂH'

(i) Let 1<g<pn/(n—p)ifl1<p<nandl1 <g<ooifn<p<oo. Then

eSSHEp,qH < Ml(Ep,q)-

Proof. (i) By F' we denote an operator of finite rank acting from L} () into
L,(9) and given by

Fu= Z ci(w)e;,

1<j<N

where ¢; € Ly(€) and ¢; are continuous functionals on L}(€2). Let ¢ > 0. We
choose the operator F' to satisfy

e +ess||Ep gl > [|1Epq — FI|. (2.3)

Without loss of generality, we can assume that the functions ¢; have compact
supports in . Hence, there exists a positive s(¢) such that F'u =0 on Q\ Q)
for all u € L}(Q2). Let s € (0,5(¢)). By (2.3), for all u € L, () vanishing on €,

€+ ess|Epqll > HuHLq(Q\m) _ ||u||Lq(Q).
T el llullL1 (o)

The required lower estimate for ess|| Ej, 4 || follows from the definition of M1 (E,, 4).
(ii) Let € be an arbitrary positive number and let s > 0 be so small that

v
sup M ‘v € L;(Q)a v="00nQ, 0 < Mi(Epg) +e.
vl Ly (o)

We introduce a domain w with smooth boundary and compact closure W, w C
Q, such that mes,(Q \ w) = Jmes, (2 \ ;) with any § € (0,1). By x. we



denote the characteristic function of w. By the compactness of the embedding
L}(Q) — Ly(w) we have

U — YU u
ess||E, 4|l < sup Il = xerullz @) _ M (2.4)
werr  llullrie) werd lullzy)
It is obvious that for any positive T’
Juf < min{T [ul} + (Jul = T)+,
where f, means the nonnegative part of f. This implies
lullL,@\w) < [min{T, [ul}|,@\w) + [l = T)+ ]z, @\0)- (2.5)

We use the notation M; = {z : |u(z)| > ¢} and choose T as
T = inf{t > 0 : mes, M, < mes, (Q\ Qs)}.

Then for ¢ < oo

A

| min{T, [ul}|L, @\w) < Tmesn(Q\w)l/q
= (Omes, (2\ Q)T < Y ul|1, 0.
Hence,
| min{T, [ul}|r, @\

w€LL(Q) HUHL;(Q)

)
< 8V Epqll.

Combining this inequality with (2.4) and (2.5), we arrive at

(el = T) 4l oy e
ess|| Epqll < sup T ad T B

u€LL(Q) ||“||L;(Q)

Let o be an arbitrary positive number and let H, be the function introduced
in the proof of Lemma 2.1. Then

I(ul =T) 4 llz @ < I(ul = T)+ (1 = Ho)llL, @) + [ (lul = T) 1 Holl L, - (2.6)

In order to estimate the first term in the right-hand side, we take o so small
that

v
sup Iollzq 10 € LL(Q);v=0o0n Qe p < Mi(Epyq) +e.
[vllz1 (o)

We normalize u by ||ul| 1) = 1. Then
I(jul =T)+ (1 = Ho)lly) < (Mi(Epq) +)
X (14 (ul = T+ VH, |, @) (27)



Combining (2.6) and (2.7), we see that

[(w=T)tllL, < (Mi(Epg) +e) (2.8)
+C( Q) ([|ullL, Mmrne.) + UL, Mrne.))

with a constant C(€2) depending only on 2,0, p and ¢ but not on s. Using the
compactness of the restriction operator L}(€2) — L

max{p,q} ({o) and the equality

mes, M7 < mes, (Q \ Q), we conclude that the two norms on the right-hand
side of (2.8) tend to zero as s — 0. Therefore

lim sup [(Jul = T)ll, @) < Mi(Epq) +€
and hence
ess|| By qll < Mi(Ep ) +¢+ 61/q||Ep7q||-

The proof is completed by using the arbitrariness of ¢ and 6. =

Theorem 2.4 Let Q be a domain in R™ with mes,(2) < oco. Suppose that
1<p<g<pn/(n—p)ifl<p<nandl <g<ooifn<p<oo. Then

eSS”Ep,qH = C(Ep,q) = Ml(Ep,q)-

Proof. In the case ¢ < pn/(n —p), n > p and ¢ arbitrary when p > n the trace
map from L;(Q) into Lyax p,q} (ws) is compact. Then from [10, Theorem 16.4]
it follows that

[l Ly (w5) = Ellll L1 (0) + CENUllLy (w5)s

where € > 0 is an arbitrary small number. This together with (2.2) allows us to
obtain

C(Ep»q) S Ml(EP»q)'

Let € > 0 be an arbitrary positive number. Then

[ullz, @) < (C(Epq) +&)llully@) + c@)llullL, .

and hence
Mi(Epq) <C(Epy) +e.

|
We shall see that, in dealing with M3 (E, ;), we must distinguish between
the cases p < g and p =gq.

Theorem 2.5 Let Q be a domain in R™ with mes, () < oo and 1 <p < g <
00. Suppose that ¢ < pn/(n—p) forp<n and 1 < g < oo forp>n. Then

eSS”Epﬂ

| = C<Ep>q) = Ml(Ep,q) = M2(Ep,q)-



Proof. By (2.1) and Theorem 2.4 it is sufficient to assume that My (E, ;) < 0o
and to prove the inequality

M2(Ep,q) > C(Ep,q)-
Fix p > 0 and let {B;};>1 be an open covering of 2\ Q,/, by balls of radius p
centered at 0. Also let the multiplicity of the covering be finite and depend
only on n. Obviously the collection {B;};>1 supplemented by the set €,/ forms
an open covering of ) which has a finite multiplicity as well. We introduce a
family of non-negative functions {7;}i>0, such that ny € C§°(Q,/2) and n; €
C§°(B;) for i > 1, and

Zni(x)p =1on Q. (2.9)

i>0

The estimates to be obtained in what follows will be first proved for an arbitrary
function u € L}(€2) N Loo (). Since L (2) N Loo(2) is dense in LL() (see [14,
Theorem 1.1.5/1]) these estimates remain valid.

Clearly,
lll? oy = 1> Imullle, @ (2.10)
i>0
<D Mmulllz, @ =D Imullf, g
i>0 i>0

Given € > 0 and sufficiently small p, we have

v
sup sup M :UEL;(Q),UZOOHQ\Bi < My(Epq) +e.
i>1 [ollz1 (@)

Therefore, the right-hand side in (2.10) does not exceed

(Ma2(Epq) +€)” Z ||77iu||[£11)(9) + HUOUHZI(Q)'
i>1

Using the elementary inequality
(a+b)? < (1+¢e)aP + c(e)b? (2.11)

for positive ¢ and b, we see that

lal o) < (Ma(Bpg) +ey{(1+2) D IVl o)
i>1
+Ce Pl 0 | + ol o (2.12)

We note further that by (2.9) the sum over ¢ > 1 in (2.12) does not exceed
||Vu||1£p(ﬂ). Since g~ > p~! —n~! and the support of 7y is separated from 052,



then by the compactness of the trace mapping L, () into Ly(£2,/2) we have the
estimate

HUOUHL,,(Q) < 5||770u||L110(Q) + ¢(9, P)HUouHLl(Q), (2.13)

where § is an arbitrary small number.
Let 7 be a positive number independent of p. Since ¢ > p, we conclude that

— —1_ -1
lull e < (mesa @\ lull, gy + g,y (214)

and
lullz, . < ellully) + cle, 7)llullL, @) (2.15)

Choosing 7 and ¢ sufficiently small and using (2.12)—(2.15) we arrive at the
inequality

[ulln, @) < (Ma(Epq) + C€)||U||L,1)(Q) + c(e)llullz, 2,)

with a constant ¢ independent of € and u. This completes the proof. m

3 Counterexample for the case p = ¢
In the next example, we show that the condition p < g in Theorem 2.5 cannot be
removed. To be more precise, for any p € (1,00) we construct a planar domain

for which || E, p|| = ess|Ep pl| = M1(Ep ) = C(Ep ) = 00 and My (E, ) = 0.

Example: Let Q C R? be the union of rectangles

Ai = (O, 1/2] X (0,21'_2,&22‘), 1> 0,
By = [3/2,2) x (0,a1),

B, = [3/2,2) x (agi—1,a2i+1), >0,
Ci = [1/2,3/2] % (ai_1,a;), i>0,

where )
3

apg =0 and ai:Zn_pfori>0.

n=1
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Clearly, mess(Q2) < co. For each integer j > 0 we define the continuous function
fj(z) as a function which is zero on

(Unngn) U (UnSjBn) U (Un<2j0n)a

fi(z) =14 and f;(z) =i+ 1on Aj;,; and B, ; respectively, and linear on Cyj4;
with |V f;| =1 for i > 0.

The graph of each function f;(x) has the shape of a staircase with slope 1
on (44, and landings on A;4; and Bjy; for i > 0.

By a simple computation we obtain ||V f;]|1, < oo and || f;||z, = oo for each
j > 0 which implies M1 (E),) = oco. Furthermore, by Theorem 2.5 we have
C(Epp) = ess||Eppl| = .

It remains to show that Ms(E, ) = 0. Let z € 0Q and p < 1/4. By Q(z, p)
we denote the square (x — p,z + p)2. By the definition of Q one obtains that
QN Q(x,p) is a union of open disjoint sets {I;}, where I; is either a rectangle
or the union of three rectangles.

Take f € L;(Q) with suppf C QN Q(z, p). By the Friedrichs inequality we
obtain

/1 1S < (e / DO

Summing over {I;} we arrive at

</UL. If(x)”dx)l/p <cp (/UI |Vf(x)|de)1/p,

7

and then

[[ullL
b { o € L), suppu € Qa.p) p < e



for every x € 02. This implies My (E, ,) = 0.

4 The critical Sobolev exponent

Here we show that all our measures of non-compactness can be found explicitly
if 9Q has a continuous normal and ¢ is the critical Sobolev exponent.

Theorem 4.1 Letn > p > 1 and let Q be a bounded C' domain. Then

C(Ep,%) = Ml(Ep )= MQ(E;D, 2 )= 21/nc(p7 n),

_pn_ _pn_
’n—p P

where

e(p.n) = m V20 1p (1’—1) v <F( I(m)(1+n/2) ))”"

n—p n/p)L'(1+n—n/p

1s the best constant in the Sobolev inequality
lullz pn ®r) < CHVUHLP(RTL). (4.1)
nep

Proof. Let ¢ be a radial function in C§°(R"), € > 0 and (. (z) = ((z/¢). By
O we denote an arbitrary point at 9Q and we put (. o(x) := (.(z — O) into
the inequality (1.1). We use ¢* to denote pn/(n — p). Using the definition of
C(E, 4) we obtain

[¢e.0llL - ()
limsup ————*——— < C(Ep ¢+ ).
P VG ol P
We note the existence of the limit
¢e.oll, (o) ¢ E - mm) _ 21/n71/p||<||Lq*(R")

1m = .
=0 VG0l V¢, ®my) 2-1PIV¢ L, mm

In order to obtain the lower estimate for C(E, 4-) one needs only to recall that
the best constant in (4.1) is attained for a radial function when p > 1 and a
sequence of radial functions for p = 1.

Let us turn to the upper estimate for C(E, 4+). We construct a finite open
covering of Q by balls B; of radius p with a finite multiplicity depending only
on n. Let either B; C Q or the center of B; be placed on 9Q. We introduce a
family of non-negative functions {n;} such that n; € C§°(B;) and

Zm(w)p =1 on Q.
Obviously,
lull} .y = 1Y imullz,. @ (4.2)

1
< S Ml Ny i = - Ineall, -
i i

N

10



If B; C € then
[miullz,. ) < clp, W)V (miw)lz,@)-

Let € be an arbitrary positive number. Since p is sufficiently small and the
domain is in the class C! one can easily show that

[miullz,. o) < (24 c(p,n) + )|V ()l L, @)

for the ball B; centered at a point at 9. By using (2.11) we see that

S IVmIE, @ < D (InValy, @ + WV}, o)

< 4 Y ImVull g+ CE) Y [uTnlf - (43)

We note that the first sum in (4.3) is equal to ||Vu|\’£p(m. Now, it follows from
(4.2) that

Il oy < @V epm) + e ((+)IVul, g

+OE©) Y uVmlE, g )- (4.4)

Furthermore the second sum in the right-hand side of (4.4) can be majorized
by C(E,p)\|u||1£p(9), and then

lully oy < @V7ein) +)7 (1 +)Vallf, g
+C(E Pl g )-
Since the embedding E,, ,,(€2) is compact, it follows from [10, Theorem 16.4] that
[y oy < (@7elp,m) +)
x (1 + IVl o + (clull g + Cle 0Dl ) )-
Using (2.11) once more, we arrive at (1.1).

Hence
C(Ep,q*) < 21/nc(p7 n)a

which in combination with the lower estimate for C(E,, 4+ ), shows that
C(Epq-) = 21/nc(p7 n). (4.5)

Putting an arbitrary u € L} (£2) vanishing outside Q\ €2 into (1.1) and taking
the limit as s — 0, we conclude that

C(Ep.q) = Mi(Epg-)- (4.6)

11



Now, let u € L,(€2), u = 0 outside the ball B(xo, p) with 2o € I and
sufficiently small p. One can easily construct an extension @ of u onto the whole
ball B(xg, p) so that

Hu”Lq*(Q) H17||Lq*(3(z,p))

> 2/ (1 —g)—— .
S

HUHL;(Q)

Choosing u in a such way that its extension u is an almost minimizing function
from the Sobolev inequality (4.1) we arrive at

ul|r, .
M > 21/nc(p, n)(1 — 2e)
||“HL}J(Q)

and the definition of My yields
My (Epg+) > 21/nc(p’ n). (4.7)

Combining (4.5)—(4.7) and the inequality Mo < M, we complete the proof. m

5 Generalization

The previous results hold in a more general situation when there is a compact
subset of 02 which is responsible for the loss of compactness of E, , and the
norm in the target space involves a measure.

Let K be a compact subset of 9 and let 92 \ K be locally Lipschitz (i.e.
each point of 90 \ K has a neighborhood &4 C R"™ such that there exists a
quasi-isometric transformation which maps U N onto a cube).

Define

OF = {2 € Q: dist(z, K) > s}.

It is obvious that for each s > 0,

L;(Qf) —  Ly(QF) is compact

S

if and only if L;(Qs) — Lgy(Q,) is compact. (5.1)
Let u be a measure on 2. We define the embedding operator

EP,Q(/J‘) : L;(Q) - Lq(QalJ')a

1/q
Ly, ) = {u ey, = [ i) < oo}.

We say that the measure p is admissible with respect to K if for every s > 0
the embedding L} (QF) — Le(QF, 1) is compact.

Let us note that for 1 < p < ¢ < 0o and p < n the admissibility of u is
equivalent to

where

lim sup p?®~™/Pu(B(z,p)) =0
pﬁozeﬂf

12



(see [1]), in the case 1 < p=n < ¢ < oo it is equivalent to

lim sup |log p|q(p_1)/pM(B($>P)) =0.
=0 peqK

We introduce the modified versions of the localization moduli

lellzg, .

: Ll
Tuley S

p

Ml(EIJﬂ(“)rK):hr%SLlp{ (Q)a UZOODQ\Qf}a

and

Ma(E, (1), K) = lim sup sup lulz,, tu € L(Q),supp u C B(x,0) ¢ -
0=0 ek [[ullzy

In the proofs of Theorem 2.4 and Theorem 2.5, we replace Q,, L,(£),
My(Eyq) and Ms(Epq) by O, L(Q. ), My(Ep g, K1) and Ma(Ep.g, K, ),
respectively. Then we use (5.1) and the definition of the admissible measure p
to obtain the following theorem.

Theorem 5.1 Let K be a compact subset of O such that 90\ K is locally
Lipschitz, and let p be an admissible measure with respect to K.

(i) Let1<p<g<pn/(n—p) forn>pandlet1 < q<oo forp>n. Then
ess||Ep g ()| = C(Epq(p)) = Mi(Epq(p), K).
(i) Let 1 <p<gqg<pn/(n—p) forn>pandlet1 < q<oo forp>n. Then
ess|| Ep,q ()| = C(Ep.q(1)) = Mi(Epq(p), K) = Ma(Ep o(11), K).

6 The cusp-shaped domains

In this section we find the explicit values of the measures of non-compactness
of the embedding E, , for cusp-shaped domains.
Let w be a bounded Lipschitz domain in R*~!. Consider the 3-cusp

Q={r=(2",2,) ER": 2’ € 2Pw,z, € (0,1)},

where 3 > 1.

13



Theorem 6.1 Let Q be the B-cusp with 3 > 1. Let p € [1,00) and v € R. We
introduce the measure dp = x,,"dx and set

_Bn-1)+1-9)p
- Br-1)+1-p ° (6.1)
(i) Let
_p—(ﬁ—l)(n—1)<7<p for 1 <p<mn,
n—p
or
y<p<PBn-1)4+1 for n<p.
Then

ess|| Ep o ()]l = C(Ep q(1) = Mi(Ep (1) = Ma(Ep (1))

- <ﬂ(n 141 p> »a

(i) Let 1<p<14+p8(n—1) and v =p. Then

ess||Epp(w)|| = C(Epp(n) = Ma(Epp(p))
= My(Epp(p) =p(Bn—1)+1-p)~"

(iii) Letp=1and 1 — 3 <~y < 1. Then

ess|| B q ()| = C(Enq(pn)) = Mi(Erq(1))
= Ma(By (1) = (mes, 1)) 7 (B(n—1) +1-7)7"/1,
where q is given by (6.1) with p = 1.

Proof. (i) By definition of Ms, we have
Mo (Epq(p)) = (Hlesn(w))pii2 Whi% Ky q(p: B,7),

where .
(fol’ |v(t)|qtﬂ(nfl)wdt) /4
(fop |U/(t)|ptﬁ(n—1)dt)1/l7 ’

the supremum being taken over Lipschitz functions on [0, p] vanishing at p.

Kpq(p, 3,7) :=sup

14



Making the substitution ¢ = 7/, with A > 0, we derive

1/
AP () |4rB(n=D=rqr !
0

)

1/
(Jo o (prse=var)

where the supremum is taken over all Lipschitz functions on [0, Ap] vanishing at
Ap. This implies that K, ,(p, 3,7) is constant in p and then

(ol e D —ar)
(f2 o' () [pestn=1)e) /7

where the supremum is extended over all Lipschitz functions, with compact
support on [0, 00). By substitution t = 7¢, where ¢ = (1—p)(8(n—1)+1—p)~1,
we obtain

Kp,q(ﬂ: B,7y) = sup

1
q

5(n—1)+1—p> %ﬂsu (fooo ‘”(7)|q7(6(n71)77+11)071d7)
Pt e o' (r)pdr)

where the supremum is taken over all Lipschitz functions with compact support
on [0,00). Since

Kp,q(/’»ﬁ»’?):<

(B -1 =7+ De-1=-1- L=,

it follows by Bliss’ inequality [3], that

Kp.q(p: 5, V)Z(W) qpqp_1<q(pp 1))

r(E) \T
5) ()

which gives the required lower estimate for the essential norm of E, ,(1).
We now derive an upper bound for the essential norm of E, ,(u). Let us
introduce the mean value of u over the cross section {(2/,,) : 2’ € zSw} by

u(xy) = _ /Rnil Xo(2)u(zP 2, x,)dz. (6.2)

mes,,_1w

I

Let u € L) (Q). By the triangle inequality

lullz, .0 < Tz, @ + llu =", - (6.3)

We estimate the first term in the right-hand side:

1 1/q
(/0 /ﬁ |u(a:n)|qda:’x;'ydxn> (6.4)

1 1/q
(mes,_1w)'/? </ |u(xn)qx2("_1)_”’dxn>
0

2l 2,

IN

1 1/p
Ko o1, B,7) (mes, 1)/ ( / <u>’<xn>f’x§(n—”dazn) .
0
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@) = g (s [ et ez

= ;/ Xw(2) (&Lu + ﬂxﬁfl(z, Vm/)u) (zmg,xn)dz
Rn—l

mes,,_ 1w
it follows that
(@) ()] < |(Onu)(2n)| + (diam w)Bay (Vo) (2,)].

Using the last inequality we obtain

: </0" |(8W)(x)%ﬁ(n_1)dx)1/p

p 1/p
+(diam w)3p° ! (/ |(Vw/u)(a:)|pxﬁ(”1)dx> .
0

Since

P 1/p P 1/p
< / u(xn)mg(”l)dxn) < (mes,_jw) /P ( / / ) |U|de'dxn> ., (6.6)
0 0 Thw

we have for sufficiently small p

P 1/p
([ 1 @petoas, ) < (es,0) 2Vl (6)
0

where Qg ={z € Q: 1z, < p}. Then for every € > 0 there exists a sufficiently
small p > 0 such that

1l 24020, < (Kpq(1, 5, ~)(mes,,_w) 7@ + e)[IVullz,@9)- (6.8)

Let us estimate the second term in the right-hand side of (6.3). Consider a
sequence {zj }r>0 given by

20 <1, 241+ Zlf-&-l =z, k>0.

One can easily verify that z; \, 0, zkﬂzk_l — 1. Moreover z,fﬂzk_g — 1.
Choosing zg to be sufficiently small, we obtain zx41/2 < 2z < 2241,k > 1.
Set
Cr={z=(2,2,) €ER" : 2, € (241, 2k), &’ €aPw}, k>1.

It follows from the construction of C}, that

lu =@ 1y < 2792w — Tl - (6.9)

16



We obtain by Sobolev’s theorem

_ Bn(t-1) _ _
Ju =l 00 S ezt (e =Tl + 2 IV@=B)l,e) . (610

where ¢ depends on w, n,p, ¢ and is independent of k.
And by the Poincaré inequality we have

/5 lu(z, z,) — a2, x,)|[Pde’ < cxPP /ﬁ IVou(z!, o) |[Pdz
TpW

n Tnw

for almost all x,, € (0,1).
Hence it follows from (6.10) and the previous inequality that

_ B1-2+2) _
lu=allz, ) < ez, (IVullz,co + IVl ) - (6.11)

We deduce from (6.7)
IVallL, ) = 1008l L, ) < VUl - (6.12)
Combining (6.9), (6.11) and (6.12) implies

—3+B0-

. FHO0-3 D)
[ =l < ez IVullz,c)- (6.13)

Using (6.13) and the inequality

1/q 1/p
(Zaz> s(zaz) w0y
k

k

we conclude

) 1/q o
_ [~ 2480 2+2)p
<§ :||u—u|qu(CW)> <c (sz |VU||I£p(Ck)>
k=l k=l

Since —1 +3(1— 2 + %) > 0, it follows that for every e > 0 there exists p >0

such that

1/p

v =l 0. < ellVullL,@o)- (6.14)

Combining (6.3), (6.8) and (6.14) gives the upper estimate for the essential
norm of Ej, ,(1).
(ii) Let us recall the Hardy inequality (see [8, Theorem 330])

/OOO(/:O £() dt)pxm"*l)ﬂ’dx

< (gamery) ) reee e 6)

where [p/(8(n—1)+1—p)]? is the best constant. Then replacing Bliss’ inequality
in (i) by Hardy’s inequality (6.15) with appropriate changes in the proof of (i),
we obtain (ii).

17



(iii) As in (ii) we replace Bliss’ inequality by Hardy’s inequality

o0 0 q 1/q o
(/ (/ f(t)dt) xﬁ(n—l)—"/dt) < c/ f(x)mﬂ(n—l)dx

with the best constant
c=(Bln—1)+1-9)"Vs

and repeat the proof of (i). =

7 Finiteness of the negative spectrum of a Schrodinger
operator on (J-cusp domains

Let © C R™ be the 8-cusp domain with 5 > 1/(n —1). In this section we study
the Neumann problem for the Schrédinger operator

« .

—Anu — Eu = f, inQ (7.1)
Ou
% = O7 on 00 \ {0},

where a« = const > 0 and v is a normal. The corresponding quadratic form is
given by

2
Aa(u,u):/ \Vu|2dxfa/ %dm. (7.2)
Q Q T

As in section 6 we denote du = z,,2dxz. Since the space L3(£2) is continuously
embedded into Lo(2, ) when 8 > 1/(n — 1) (see [14, Section 5.1.2]), the form
A, is well defined on L3().

We start by showing the semi-boundedness of A, which guarantees the ex-
istence of the Friedrichs extension of (7.1).

Theorem 7.1 A, is semi-bounded if and only if a < [(B(n — 1) —1)/2]2.

Proof. Let @ be the mean value of u over the cross section (see (6.2)), then by
the triangle inequality

[l Ly < Nl Ly, + 1 =2l Ly, (7.3)

Combining (6.4), (6.5) and (6.6) (with p = ¢ = 2 and v = —2) we obtain

[l a0 < essl|Eaa(w)| (100wl £, 00) (7.4)
+(diam, —1w) Bp" | Varul Ly 09))

where Q) = {z = (+/,z,) € R" : x € Q and z,, < p}.

18



Let us estimate the second term in the right-hand side of (7.3):

,dx
R A e L Al

n

Using the Poincaré inequality on the cross line we see that

o=l < (e @) [ [ Vol ) P i,
zhw
23— 2(

IN

$% =2 mes, 1 ()2 V.ol -
Therefore by (7.3) and (7.4) we obtain
ll o) < €512 IVl ey

for sufficiently small p > 0.

Then
||UH%2(Q,H) < ||U||2L2(Qg,u) + ||U||%2(Q\Qg,u) (7.5)
< (ess|| B () ])?IVullL 00y + clo)lelZ,@\q0)
< (2/(Bn=1) = )P IVull,qn) + clo)lullZ, @)

which gives the semi-boundedness for o < [(B(n — 1) — 1)/2].
Let a > [(B(n—1) —1)/2]>. Weset d = a — [(B(n —1) —1)/2]*> > 0. Tt
follows from Theorem 6.1 that

S de
lim sup

S W tu € LL(Q),supp u C Q9 b =[2/(B(n — 1) — 1)].

Then there exists a sequence of functions {u;}$2; such that supp(u;) C Q9 /i

and p )
(a—)/ |u;‘ dx>/ |V, |*d.
2) Ja xy Q

12
/|Vui|2dx - « ] dx
o

Hence,

o T3
d [ |ul

< —5 12 d.’l?
2d

< —Z—/|ui|2dx.
2 Ja

Therefore A, is not semi-bounded when o > [(B(n — 1) —1)/2]?. =
The next theorem gives a condition for finiteness of the negative spectrum
of A,.
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Theorem 7.2 If a < [(B(n — 1) — 1)/2]?, then the negative spectrum of A, is
finite.

Proof. Let a < [(B(n — 1) —1)/2]?> and M be a linear infinite-dimensional
manifold in L3(Q). Take

1—a2/(B(n—1) = D
< (24 2a) ’

(7.6)

Tt follows from (7.5) that
ull, @, < (2/(B(n—1) — 1))2||V“||2L2(Qg) + C(P)HUH%Z(Q\Qg)a

for sufficiently small p > 0, where QO ={z=(2',2,) € R" : 2z € Qand z,, < p}.
Since the restriction Ll(Q) — LQ(Q \ 9) is compact, there exists a finite
rank operator F': Ly(Q) — La(€2\ Q9), for Wthh

1/2
19
- Fuloay < (o5 ) Tullzyor
Note that

lullf,@u < @/(B(n—1) = 1))?[Vulll, 0

s\ /2 2
+ (o) (((p)) lull s + ||Fu||L2m\Qg)>

Let M+ C M be define by
ti:={u:Fu=0anduc M}

Then M+~ is a linear infinite-dimensional manifold in L(Q) and for every u €
M+ we have

llfyom < (2/(Bn—1) = 1) Vull?, qo) +ellullFyq) (7.7)
< [@2/(B(n = 1) = 1))* + 2] | VullZ,(q) + 2¢lulL, o).

Combining (7.2), (7.6) and (7.7) we obtain for each u € M+ c M

2
Aog(u,u) = /\Vu|2d:v /ud:c

((2/(Bn — 1) = 1)) + 2] ! /Q L
— 2¢[(2/(B(n —1) —1))% 4 2¢] 1 /Q lu?dz > 0.

v

Therefore, there does not exist a linear manifold of infinite dimension on which
Aq(u,u) < 0. This together with [14, Lemma 2.5.4/2] completes the proof. m

20



8 Relations of measures of non-compactness with
local isocapacitary and isoperimetric constants

Let E and F denote arbitrary relatively closed disjoint subsets of 2. We intro-
duce the p-capacitance of the conductor Q \ (E U F') as

cap, o(E, F') = inf{HVuHip ru>1on Fandu=0onF,

u is locally Lipsichitz in Q},

and we define the local isocapacitary constants

(w(E)Vs
(cap, o (E, 05) /7

—0

S(p,q,u,9)=limsup{ :EcQ\QS},

and

S , (u(E))
S(p,q, i1, 2) = lim sup su
(# 0,12, 1) = Jim sup, p{<capp,g<E,n\B<x,p>»1/ﬁ

:ECQQB(m,p)}.

Theorem 8.1 Let 1 <p<g<pn/(n—p)ifn>pandl <g< oo ifp>n.
Then

S, q, 1, ) <ess|[Epqg(p)ll < K(p,q)S(p, g, 1, ). (8.1)
When additionally p < q then

S(pa q, /’('a Q) S eSS”EP;CI(/’(’)H S K(p7 q)S(p7 q, /’La Q)7 (82>

where

(2L ) (¢—p)/Pq
a—-p 1 .
(r<q4,,>r<pg;,>>  whenl<p<g

K(p,q) =
(,q) (p—1)1-p)/e, when 1 < p=g;

1, when 1 =p <q.

Proof. The left-hand side inequality in (8.1) follows immediately from the
definition of Mj.

The right-hand side inequality in (8.1) is a consequence of the capacitary
inequality

</000 (eappale s ()] 2 )" d(tq)>l/q < K(p,q) (/Q |VUI”d$c)l/p,

where u = 0 on F which is a relatively compact subset of 2 (see [17, Proposition
1/5]). The inequality (8.2) follows by the same arguments when M; is replaced
by Ms. =
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In the case p = 1 the p-capacity can be replaced by the (n — 1)-dimensional
area Hy,—1. By g we denote relatively closed subsets of € such that Q2 N dg are
smooth surfaces. We introduce the local isoperimetric constants

(u(g))t/

T(q, 1, Q) = 1i ELAL PP
(4 1, 2) = lim sup { o (21 09)

:gCQ\Qs},

and

~ 1/q
T (g, 1, ) = lim sup sup {7%

:gCQﬁB(x,p)}.
504260

Theorem 8.2 If1 < g <n/(n—1) then

T(Qaua Q) = T(Q?M’ Q) = eSS”ELQ(M)H’

and if g =1 then
T(Q7 s Q) = eSS”ELQ(ru’)”'

Proof. It follows from [16, Theorem 3.5] that M, (E1 ) = T(g,?) which to-
gether with Theorem 2.4 completes the proof. m

In view of Theorem 2.4 and Theorem 2.5 the role of the essential norm
of E, ,(p) can be played by M;(E, (1)) and C(E, 4(n)) and additionally by
Mo (Ep (1)) when p < q.

The following corollary, which is an immediate consequence of Theorem 6.1
(iii) and the previous theorem, gives the explicit values of the local isoperimetric
constants for power cusps.

Corollary 8.3 Let 2 C R™ be the B-cusp domain with 8 > 1 andy € (1-0,1).
We introduce the measure dy = x,Ydx and set

Bn—1)+1—x
Bn—1)

q:

Then -
T(q, 1, Q) = (mes, 1 () 7 (Bln—1)+1—7)""/2.
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