Sharp pointwise estimates for the gradients of solutions
to linear parabolic second order equation in the layer
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Abstract. We deal with solutions of the Cauchy problem to linear both homogeneous
and nonhomogeneous parabolic second order equations with real constant coefficients in the
layer R = R™ x (0,7), where n > 1 and T < oo. The homogeneous equation is con-
sidered with initial data in LP(R"), 1 < p < oo. For the nonhomogeneous equation we
suppose that initial function is equal to zero and the function in the right-hand side belongs
to f € LP(RFT) NC*(REM) , p>n+2and o € (0,1). Explicit formulas for the sharp co-
efficients in pointwise estimates for the length of the gradient to solutions to these problems
are obtained.
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1 Introduction

Linear parabolic equations of the second order find numerous applications. They model
convective heat and mass transfer processes (e.g. [10], Sect. 2.5.5), diffusion of gases (e.g.
[12], Ch. VI, Sect. 2) etc.

It is known that bounded solutions wu(z,t) of the linear parabolic equation of the second
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order with constant real coeflicients

ou -
5= 2.0 f’“ax]axk * Zbﬂa (1.1)

Jik=1

where ¢ < 0, (z,t) € RET =R" x (0,7), satisfy the weak maximum principle

sup [u| = s |u(y,0)] .

Rn+1
In the general case of any real ¢, the following pointwise estimate with the best possible
coefficient holds

u(@, )| < e sup |u(y,0)] (1.2)
yEeR™
where (x,t) is an arbitrary point of the layer R;H, T < oo. As for the sharp pointwise
estimate for |V, u(z,t)|, where | - | means the Euclidean length of a vector in R", it was
unknown even for the heat equation. Here and elsewhere we say that the estimate is sharp
if the coefficient in front of the norm in the majorant part of the inequality can not be
diminished.

In the present paper, we extend our study of sharp estimates for solutions to the Laplace,
Lamé, Stokes and heat equations (see [5]-[7] and references there) as well as for analytic
functions [4]. Here we obtain sharp pointwise estimates for |V, u(z,t)|, where u solves
the Cauchy problem for linear parabolic equations of the second order with constant real
coefficients in R where T' < 0o and n > 1.

Now, we describe our main results. Section 2 is devoted to explicit formulas for solu-
tions of the Cauchy problem in R:* for both homogeneous and nonhomogeneous parabolic
equations with constant real coefficients.

In Section 3, we consider a solution of the Cauchy problem

ou & o
n = Z Jk(? 8 Zbﬂa in RT+1,
jik=1 T G= (1.3)
u’t:() =¥
where A = ((a;i)) is a symmetric positive definite matrix of order n and ¢ € LP(R"),

p € [1,00]. The norm |||, in the space LP(R") is defined by

o ={ [ tepa)”

[@lloc = ess sup{|e(z)] : 2 € R"} .
The explicit formula for the sharp coefficient

/ 1/p
1
|A_1/2€| r (%) ect
{2nletp=1)/2 det A1/2} P | PO g )

for 1 < p < oo, and

’CM (t) =



in the inequality
du (2.1)
o’

< K)ol (1.5)

for solutions of the Cauchy problem (1.3) is obtained, where p~! +p/~! = 1, (x,t) is an arbi-
trary point in the layer R%" and ¢ stands for a unit n-dimensional vector. As a consequence
of (1.4), the sharp coefficient

Ky(t) = ax Kpe(t) (1.6)
in the inequality
[Vou(z, )] < Kp(@) [l (1.7)
is found. In particular,
A-1/2] et
Kty = 11 (18)

NN
where | B| = max— |B¢| is the spectral norm of the real-valued matrix B. It is known (e.g.
8], sect. 6.3) that |B| = ,\}9/2, where \p is the spectral radius of the matrix B’B. Here the
symbol ’ denotes passage to the transposed matrix.

As a special case of (1.8) one has

1 ect
Var t1/2

for A = al, where I is the unit matrix of order n.
In Section 4 we consider a solution of the Cauchy problem

ou u 9%u " du
. T h.—— ¢ : Rn-H
5 MZZI ajkal_jaxk + Z i Ba, +cu+ f(z,t)  inR}E,

Koo (t) =

Jj=1

(1.9)
ultzO =0,

where A = ((aj;)) is a symmetric positive definite matrix of order n and f € LP(R%) N
ce (R%ﬂ) with p > n+2 and a € (0,1). By C* (R%H) we denote the space of functions

f(z,t) which are continuous and bounded in R%" and locally Holder continuous with expo-
nent « in x € R, uniformly with respect to ¢ € [0,T]. The space L? (R?Fl) is endowed with

the norm
T 1/p
ufup,T:{ Iy ‘f(x,7)|pdxdr}
o Jre

| flloor = ess sup{|f(z,7)|: z € R", 7€ (0,T)}.

The explicit formula for the sharp coefficient

’ l/p’
A7) P(E) o o d (1.10)
T .

for 1 < p < oo, and

C Et pr— : : /
D, ( ) {2n7-(-(n+p—1)/2 det Al/g}l/l? p/(n+p )/2 0 (' =1)+p')/2
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in the inequality

—<x,t>\ < C®)1F11e (1.11)

for solutions of the Cauchy problem (1.9) is found, where (x,t) € R As a consequence
of (1.10), we arrive at the formula for the sharp coefficient

(1) = max Gyt (1.12)
in the inequality
(Vau(z, 1) < Cp(t) || flpe - (1.13)

For instance,

~1/2 tper
Colt) = 'Aﬁ | /0 . (1.14)

In the particular case A = al, formula (1.14) takes the form

c (t) 1 /t ecT p
o(t) = — — dT .
var Jo T
It can be of interest that the sharp coefficients in (1.4) and (1.10) do not depend on the
coefficient vector b = (by,...,b,).

2 Explicit formulas for solutions

By (x,y) we mean the inner product of the vectors = and y in R™. The Schwartz class of
rapidly decreasing C'*°-functions on R" will be denoted by S(R™).

Since the matrices A and A~! are positive definite, there exist positive definite matrices
AY% and A=Y2 of order n such that (A1/2)2 = A and (A_1/2)2 = A" (e.g. [8], sect. 2.14).

We start with the Cauchy problem (1.3) for the homogeneous equation.

The assertion below can be proved analogously to the corresponding statement for the
heat equation (e.g.[3], Th. 5.4; [9], Sect. 4.8; [11], Sect. 7.4). In the proof of this assertion we
preserve only the formal arguments leading to the representation for a solution of problem

(1.3).

Lemma 1. Let ¢ € S(R™). A solution u of problem (1.3) is given by

Rn
where .
e’ _1|a-1/2 2
G(x,t) = - Pt e Gl 2.9
(:8) = ot det AV (22)



Proof. Applying the Fourier transform

u(é,t) = (2;)”/2 /n e @Oy (z, t)dx (2.3)
to the Cauchy problem (1.3), we obtain
du _ . . A
B (A6 + i) bk, aE0) = 4(E). 2.4)
The solution of problem (2.4) is

(&:1) = pel AR, (2:5)

By the inverse Fourier transform

we deduce from (2.5)

_ i(3.6) 5 £y |- (AL e
CORE /Rne Pe)e “

oi(2.) (AL (b} { / e—i(y’g’w(y)dy} dg

~
o)
3 3
— S—

et o B

= 20 { / elrmrthe “A“)df} P(y)dy. (2.6)
Let us denote y

Glot) = (Qeﬂ)n/R ¢~ (HAEO T+ e (2.7)

The known formula (e.g.[13], Ch. 2, Sect. 9.7)

n/2
/ 6_(M§’£)+i(<’£)df S / e—i(C,M*IC)’
n det M

where M is a symmetric positive definite matrix of order n, together with (2.7) leads to

ECt 1 -1
G(a,t ¢ (AT bl ath) 2.8
(z,1) = Vi A (2.8)
Since (A7'¢,¢) = (AY2ATV2¢ () = (A7V2¢, A7V2¢) = |A=Y/2¢]? for any ¢ € R and
det A = (det A1/2)2, we can write (2.8) as (2.2). It follows from (2.6) and (2.7) that the
solution of problem (1.3) can be represented as (2.1), where G(x,t) is given by (2.2). O




Remark 1. Changing the variable ¢ = A=Y/2(x 4 tb) in the integral

/ oA ) g,
we arrive at the equality

ect _1 |A_1/2(x+tb)|2 ot
1001 = [ Gt = s fr=ch B9

which generalizes the analogous fact for the heat equation. In particular, (1.2) follows from
(2.9).

The next assertion can be proved on the base of Lemma 1 similarly to the analogous
statement for the heat equation (e.g.[3], Th. 5.5; [11], Sect. 7.4).

Proposition 1. Suppose that 1 < p < oo and ¢ € LP(R"). Define u : R — R by (2.1),
where G is given by (2.2). Then u(x,t) is solution of the equation

ou "
I ]k(?:c axk +Z_:bja

7,k=1
in REFL If1 < p < oo, then u(-,t) — ¢ in LP ast — 0F.

Remark 2. It is known (e.g. [1], Ch.1, Sect. 6, 7 and 9) that (2.1), where G is given by
(2.2), represents a unique bounded solution of the Cauchy problem (1.3) and u(z,t) — ¢(z)
as t — 0% at any € R™ under assumption that ¢ belongs to C(R™) N L>°(R™). This fact
together with the Lusin’s theorem (see [14], Ch. VI, Sect. 6) implies that u(-,t) — ¢ almost
everywhere in R" as t — 07, where u is a solution of problem (1.3) with ¢ € L>®(R").

Further, let us consider the Cauchy problem (1.9) for the nonhomogeneous equation.

The next statement can be proved analogously to the similar assertion for the heat
equation (e.g. [9], Sect. 4.8). In the proof of this assertion we preserve only the formal
arguments leading to the representation for a solution of problem (1.9).

Lemma 2. Let f(-,t) € S(R") for any t € [0,T] and let the quantities C,,, in the estimates
(14 [z™) 105 f (2, )] < Com

are independent of t for any integer m > 0 and multiindex «.
The solution of problem (1.9) is given by

u(z,t) = /o /n G(x —y,t —71)f(y, 7)dydr , (2.10)

where G is defined by (2.2).



Proof. Applying the Fourier transform to the Cauchy problem (1.9), we obtain
di
dt

The solution of problem (2.11) is

{— (A& +i(h, &) +c}i+ f(&t),  a(&,0)=0. (2.11)

¢
w(&,t) = e{_(Afvf))‘f'i(b,f)—i-c}t/ (€, 7)elAeO-ib—clr g,
0
¢
- / F(E, 7Yl S +ibO+eh =) g 2.12)
0

By the inverse Fourier transform in (2.12), we have

1 L, . .
— {_(Agvg))+z(b7§)+c}(t_7—) Z(Jf,f)
u(m, t) - (27T)n/2 /Rn {/0 f(ga 7')6 dT} e df

1 ! i(x,8) f - i cHit—7
- o /0 { / o0 fg ryel- (e o >d§} ir

t
= 1 / / oi(2:6) / e—i(y,ﬁ)f(y T)dy @{—(A€,£))+z‘(b,§)+c}(t_T)dS 0
2m)m J, . ) ’

t c(t—7) ' '
= / / { € _ / el(xy+zb(t‘r),£)e(A&ﬁ)(tT)dg} f<y7 T)dydT (2 13)
o Jre L (2m) n

By (2.7), expression inside of the braces in the right-hand side of (2.13) is equal to G(x —
y,t — 7). So, equality (2.13) can be written as (2.10), where G is given by (2.2). O

Remark 3. It is known (e.g. [1], Ch.1, Sect. 7 and 9) that formula (2.10), where G is
defined by (2.2), solves problem (1.9) with f € C*(R:™).

Let u(z,t) be a solution of problem (1.9) with f € C*(R}*") and (z,t) € R}*'. Then,
by (2.9) and (2.10), we arrive at the sharp pointwise estimates

et —1
¢

u(z, )] <

HfHoo,t 9
where ¢ # 0, and
|u(x,t)| S tHfHOO,t 9

where ¢ = 0.
The last estimate is well known for solutions of the Cauchy problem with zero initial data
for the nonhomogeneous heat equation (e.g. [13], Ch. III, Sect. 16).

3 Estimates for solutions of the homogeneous equation

In this section we consider the Cauchy problem (1.3). Here we suppose that ¢ € LP(R™),
where p € [1, 00].



Theorem 1. Let (x,t) be an arbitrary point in R and u be solution of problem (1.3). The
sharp coefficient I, ¢(t) in inequality (1.5) is given by (1.4).
As a consequence, the sharp coefficient K, (t) in inequality (1.7) is given by

/ 1/p'
IA—l/QI r (pT-i-l> g ot
Kp(t) = - _— . (3.1)
{Qnﬂ-(n—&—p—l)/Q det Al/Q}l/p P/ (ntp')/2 t(n+p)/(2p)
As a special case of (3.1) one has (1.8).
Proof. By (2.1), (2.2) and (2.8), we have
t d 3.2
g = | 5Gle—unetidy. 3.2
where
€Ct -1/2 eCt _ 1 (-1
G(z,t) = e L (m+tb)\ L (A=Y (@+tb),a+tb) (33
(1) (2v/7t)" det A1/2 (2y/t )" det A12° (3.3)
Differentiating in (3.3) with respect to z;, j =1,...,n, we obtain
iG(x —y,t)= - {A  (z—y+tb)} ot | A 2@y )| (3.4)
Oz " 2t(2y/wt) " det A2 i ’
which together with (3.2), leads to
Qu_ - / (A a—y+tb), 0) e HIAT @l o)ay - (35)
00~ " 2u(2v/ml)" det A2 ’ @

Applying the Holder inequality to the right-hand side of (3.5), we conclude that the sharp
coefficient in estimate (1.5) is given by

‘ =

ct P

e ’ ' —1/2 2
A (p— P | A2 (p—ytab) | } . .
Icpl(t) ( \/_) det A1/2 {/ ‘( (:C y+tb)7£)| e dy (3 6)

Further, we introduce the new variable
E=A12(z—y+1b).

Since y = —AY2¢ + 2 + tb, we have dy = det AY/2d¢, which together with (3.6) leads to the
following representation

ect(d tA1/2 1/p - v
Knelt) = 2t(2i/e_ 0)" de)t AL/ { /R (A7 0 e df}

==




By the symmetricity of A~/2, we have
Kp(t) = - { (e a0 “dﬁ} . (3.7)
" 2t (2v/7t) " (det AV/2)/p | Jgo '

Passing to the spherical coordinates in (3.7), we obtain

ect 0o , , 1/p'
K, o(t) = el . ATV d } 3.8
pe(t) 2t(2\/7rt)n(det AY2)1/p {/0 P p/sn1 |(€ g )‘ o , (3.8)

where e, is the n-dimensional unit vector joining the origin to a point ¢ of the unit sphere
S»~!in R".
Let ¥ be the angle between e, and A~'/2¢. We have

’t}\‘ =

’ , [T/2 .
/ ‘ (60’ Ail/%) |p do = 2wy, 1 ‘Aﬁl/%‘p / cos? ¥ sin™ 2 ¥dv
Sn—1 0

, 2rn=2r (p_+1>
_ L1 (PEL N — 2
= wy1|ATV2L] B( SRR = |A~ T () (3.9)
2
Further, making the change of variable p = \/u in the integral
/ pern 1 _— 4t d,O
and using the formula (e.g. [2], 3.381, item 4)
/ e P dr = 7T (a) (3.10)
0

with positive a and (3, we obtain

p'4n
o /+n,1 ,M . 1/00 Pl"r"il ,IL’U o 1 <4t) 2 <n+p/>
e A dp = - u =2 e wdu=—-|(— r . 3.11

Combining (3.9) and (3.11) with (3.8), we arrive at (1.4).
Formula (3.1) follows from (1.4) and (1.6). As a particular case of (3.1) with p = oo, we
obtain (1.8). O

4 Estimates for solutions of the nonhomogeneous equation

In this section we consider the Cauchy problem (1.9). Here we suppose that f € LP(R%) N
C*(R3*"), where p>n+2and a € (0,1).



Theorem 2. Let (z,t) be an arbitrary point in R and let u solve problem (1.9). The
sharp coefficient Cp4(t) in inequality (1.11) is given by (1.10).
As a consequence of (1.10), the sharp coefficient C,(t) in inequality (1.13) is given by

1/p’

/_,’_1
PRy r (p—> b e
1477 ’ ‘ dry . (41)

{Qnﬂ(n-i—p—l)/?detAl/Z}l/p p/nte)/2 [ p(n(p'=1)+p)/2

Cp(t> =

As a special case of (4.1) one has (1.14).
Proof. By (3.4) and (2.10), we have

_ /O / (VaGla =yt = 7),0) f{y, T)dydr, (4.2)

where
ec(t—T)

! 1 |42 @y -mp) |
W(A (z—y+(t —7)b),0) e T 7] y I~

(VmG(x—y, t—1), E) = —c,

Here
1

2n+1gn/2 det AL/2
Applying the Holder inequality to the right-hand side of (4.2), we conclude that the sharp
coefficient C,(t) in the estimate (1.11) is given by

1
eb'c(t=7) o 7p/|A_1/2(zfy+(t7-r)b)|2 P’
Cp(t) =cn / / n+2 7 ‘ (Ail(x—y—i-(t —7)b), Z) e A=) dydry .

Changing the variable 7 =t — n, we rewrite the previous representation for C,,(t) as

1
ep cn v p’|A*1/2(w—y+nb)|2 v
Cpe(t)=cn / / Y /2| “Ha—y+nb),0)[ e n dydnp . (4.4)

Now, we introduce the new variable

E=A"2(z—y)+nb

(4.3)

Cp =

in the inner integral in the right-hand side of (4.4). By the symmetricity of A~!/2 and by
the relation dy = det AY2d¢, we arrive at

pn , p/ 2 i
Cpre(t) =cn (det AY?)"" { / / el (€ AT e dgdn} . (45)

Passing to the spherical coordinates in (4.5), we obtain

1

cp'n 00 , o2 B ’ p’
ety =ttt { ([t )]G a0l anf
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The last equality together with (3.9), (3.11) and (4.3) leads to

/ 1/p
c (t) ‘ 4—1/2“ T (p ;1) /t o' g (4 6)
N4 / ’_ / T ) .

b {Qnﬂ(n+p—1)/2 det A1/2}1/P p/nte)/2 [ (e’ =1)+p)/2

where the integral converges for p > n + 2. Thus, formula (1.10) is proved.
Equality (4.1) follows from (4.6) and (1.12). Putting p = oo in (4.1), we arrive at
(1.14). [
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