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ON SOLVABILITY OF THE NEUMANN PROBLEM
IN ENERGY SPACE FOR A DOMAIN WITH PEAK

Abstract

We describe the dual space of the boundary trace space for functions with
finite Dirichlet integral for a domain with the vertex of an isolated cusp at the
boundary. This leads to conditions of solvability of the Neumann problem for
elliptic equations of second order. In particular, explicit necessary and sufficient
condition for ¢ such that the Neumann problem is solvable if boundary function
is in L, over boundary of a domain with outer peak is given.
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1. Introduction.

Let Q be a domain in R™ and let W3 (2) denote the space of functions on
with finite norm

ol = ([ (o@) +190(@))de)

By TW}(€2) we mean the space of boundary traces u|sq of the functions in
W5 () with norm

HU||TW21(Q) = inf{||uHW21(Q) TuE WJ(Q%UBQ = v}.

If Q belongs to the class C%! (i.e. £ has compact closure and its boundary
is locally a Lipschitz graph), then Gagliardo’s theorem [1] says that TW(Q)
coincides with the space I/V21 / 2(89) consisting of functions on S = 02 having
finite norm

[Vllyy1r25) = l0llLas) + [V]s
where
ds,d
4 \33 3

and ds,, ds¢ are the area elements on 5.



In case € C% and S C 99 we introduce the space WQ_I/Q(S) of linear
continuous functionals on W, ?(S) with norm

HfHW;U?(S) = sup{(f, U> : HUHWUZ( S) < 1}'
By Sobolev’s theorem the restriction operator
WHQ) 5 v vlon € Ly(09), ¢ =2(n—1)/(n—2),

is continuous for Q € C%!, hence Ly (99Q) C wy ?(8Q) with minimal possible
exponent ¢’ = 2(n — 1)/n.
Let © be a domain in R" of class C%!'. Consider the Neumann problem

ou
_Zwl@x ( )(9 ]>—|—a() =0, z€qQ, (1.2)
n au
3y () i cos(r )l = I (13)
We assume that a;;, i, = 1,2,...,n, and a are functions in L. (Q2), a;; = a;;,

a(x) > const > 0 a.e. in 2, and the following ellipticity condition holds
ijzl a;(2)6E; > cl€)? forall £€e R, x e,

where ¢ = const > 0. Furthermore v in (1.3) denotes the unit outward normal
to  at the point z € 9Q. A function u € W, (Q) is called the solution of the
problem (1.2), (1.3) if

[u,v] = /BQ f(z)v(z)ds,, (1.4)
for all v € W3 (), where ds, is the area element in 9 and

ou Ov

o] = [ (Z” L) g g a(x)uv) d.

In case f € Wy "/ ?(8Q) the functional on the right of (1.4) is continuous with
respect to v € W, () so that the above problem is uniquely solvable.

Suppose that €2 is a bounded domain whose boundary has a finite number
of non-Lipschitz points (for example, there is a vertex of an isolated peak at
the boundary). Then, generally TW3(Q) # W. W,/ (09) and hence the space
TWy(2)*, dual of TW3(£2), does not coincide w1th Wy "2(8Q). Nevertheless,
we can set problem (1.2), (1.3) for such  and observe that for f € TWy (Q2)* the
right part of (1.4) is again a continuous linear functional in W, (Q2). Therefore,
the above Neumann problem has a unique solution.

Below, in Sec. 3 we give a description of the space TW3 (2)* for a domain with
the vertex of an outer peak at 02 in terms of the spaces WQ_l/ ? for Lipschitz
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surfaces and in terms of some function spaces for interval (0, 1) of the real axis.
Theorem 1 in Sec. 3 is the principle result of the paper. Its proof is based on
explicit characterization of the space TW3(€2) for a domain with outer peak
(see [3], [4], [5, Chap. 7]). The description of the dual space of TW; (2) leads to
some explicit conditions on boundary data in (1.3) which provide the solvability
of the problem (1.2), (1.3). For example, necessary and sufficient conditions on
f € L,(09) are given for the Neumann problem to be uniquely solvable in a
domain with outer peak. The case of a domain with inner peak is considered
in Sec. 4. Sec. 2 contains some auxiliary assertions.

2. Notation and some lemmas.

We now give the definition of a domain with outer peak.

Let Q be a bounded domain in R™ (n > 2). Suppose that the point O belongs
to 02 and the surface 9Q \ {O} is locally a Lipschitz graph. We locate at O
the origin of the Cartesian coordinates z = (y,2), y € R"!, z € RL. Let ¢
be an increasing function in C%!([0, 1]) such that ¢(0) = 0, ¢'(t)—0 as t— +0,
and let w be a bounded simply connected domain in R"~! of class C%1.

Definition. The point O is the vertex of a peak directed into the exterior of
Q, if it has a neighborhood U such that

UNQ={x=(y,2):2€(0,1), y/p(z) € w}.

For the simplicity of presentation we will additionally assume that ¢'(z) < 1/2
for almost all z € (0,1). We also assume that @ C {y : |y| < 1} and that
UNoQ={0}UT where

P={r=1(y,2): 2€(0,1), y/p(2) € dw}. (2.1)
We now introduce some notation. Below we write for brevity 7'(€2) instead

of TW}(Q) and T(Q)* instead of TW}(Q)*. If f € T(Q)* and A is a Lipschitz

continuous function on 02, we define
(Af.v) =({f, ), veT(Q).

Let v be a function defined on I". Then the mean value of v on the section of
I' by the hyperplane z = const is

3(z) = hl‘ / o(p(2)y, 2)dr(y), 7 = Bw, (2.2)

where || is the area of .
If f € T(2)*" and the support of v € T(2) lies in I', we put

(f,v) = (f.9).
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In what follows some special partition of unity for 02 will be important for
us. To construct it, we define a sequence {z;} by

20€(0,1),  zpr1 +@(zks1) =2k, k=0,1,...
Clearly, {2} is decreasing and also
2, — 0, zgheae— 1 @(ze) telzr) — L

The number z; can be chosen so small that for z < 2 z

o(z —2¢(2)) > 3p(2)/4 and ¢(z) < z/4. (2.3)

Let {px }x>1 be a smooth partition of unity for (0, 1] subordinate to the covering
by intervals Ay = (zg41, 2k—1), i.e. the set of functions py € C§°(Ay) such that

0< M < 17 ZkZI ,u/k(z) = 17 S (0721]‘

This partition of unity can be constructed to satisfy
dist (supp g, R' \ Ag) > const - ¢(z1), |up| < const - p(z;,) ™ (2.4)

with constants depending only on ¢.
We introduce another set of functions {A; }i>1,

0< <1, A€ Cgo(Ak)a )‘k’suppuk =1

Then Agpr = py for all & > 1. Next we define pg(z) = 0 for z < 2, and
po(2) = 1 — pi(2) for z > 2. It is clear that then >7,5¢pur(z) = 1 for all
z € (0,1]. The partition of unity just constructed as well as the set {\;}
depend only on ¢. In what follows we suppose that they are fixed.

Let

FkI{(y,Z) EFIZGAk}, Ay, = (Zk+172k71); k:1,2

and
FOIaQ\{foizgzl}.

We note that the above partition of unity for (0, 1] induces a partition of unity
for 00 \ {O}, subordinate to the covering {I'y }x>0 if we put pg =1 on I'g \ I

Let f e T(Q)*. If (f,v) =0 for all v € T(Q) with v|r, = 0, we say that the
support of f lies in ['y and write supp f C I'.

Turning to the study of the space T'(2)*, we first mention some known results
concerning 7'(€2). If Q has an outer peak, T(€2) can be explicitly characterized
as follows (see [3], [4], [5, 7.2]): this space consists of the functions on 02 with
finite norm

1/2
(101, 2y + [ 0@ (s, + 0l2) (25)
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where I is given by (2.1),

lv|r = < // () —v(§)[? doadse )1/2, (2.6)

xr — n
{z,£eT:|¢—2z|<M(z,0)} | gl

= (v,2),§ = (1,(), M(z,¢) = max{p(z),¢(()}, and ds,,ds¢ are the area
elements in I'. Furthermore the norm in 7'(Q2) is equivalent to that in (2.5).

The equivalence remains valid if Iy in (2.5) is replaced by the surface 9Q\ {z €
T:2<6}, 6€(0,1), and the integral over I is omitted.

Positive quantities a, b are called equivalent or comparable (and denoted a ~
b) if ¢; < a/b < ¢y for some positive constants ¢y, ¢o, independent of a, b.

Lemma 1. The following relation holds for v € Ly ,.(0, 1)

ds dse
|z — ¢

[v(2) = v(O)*
fa€eric A< M(0))
M(z,¢)"

~ // o(z) = ol P

{2,¢e(0,1):[¢—2|<M(2,0)}

and the estimate

dzdC (2.7)

olr < c(Q)][vllr@ (2.8)
is true for v € T'(2).
Proof. The left part of (2.7) is comparable to

/dz/ [v(2) = v(O)*(s( A //|z C|"+!<p d;( ! P(Cnl™

0 2—p(2)

and furthermore we have for y,n € v

|2 = C" + |p(2)y — o(On]" ~ [z = " + (O)"ly —n|™

2 d(y)dvy(n) N
) 7{[ |2 = CI" + e (2)y = p(Onl"

_(p(2)p(0))"? dy(n)
B KLY Fesrers 29

where A = ¢(()|z — ¢|~!. After the change of variable n = y + A7t in the last
integral over «y for fixed y €  the expression on the right in (2.9) takes the form

Hence

pla) 15 (1)
S LW L T
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Here S) is the surface t : t/A +y € 7, and dS\(f) the element of the (n — 2)-
dimensional area. It remains to note that ¢(z) ~ ¢(¢) for |z — (| < M(z,().
Therefore, A > const > 0, and the last integral is bounded above and below
uniformly in .

We now turn to (2.8). Using Holder’s inequality, one obtains from (2.2) that

5) = 2P < e [ o(e(2)y. 2) = (e, O Pr(v).
The last estimate and (2.7) show that it will suffice to establish the inequality

L(v) < c|vllr@), (2.10)

P = fetar2ds [ 2 [ ey ) - v@Op OPdr ).

Let v = ulsq for some u € Wy (2). We first establish the estimate
L,(v) < c||Vul| Lm0 (2.11)

This estimate is known if w = {y : |y| < 1} (see Lemma 7.6/3 in [5] and
Lemma 2.4 in [4]). When w is starshaped with respect to a ball centered at the
origin, the proof of (2.11) almost verbatim repeats the argument for w = {y :
ly| < 1}. We omit it.

Let w C {y € R"! : |y| < 1} be starshaped with respect to a ball centered
at Yo € w, yo # 0. Then the change of variable

xr = (yaz) le = (y,>zl) =2y :y_SO(Z)yoj
transforms Q N U onto
O ={(y,7): £ €(0,1), y/p(z) € w—wo}

where w — 1 is a domain in R"~! starshaped with respect to a ball centered at
the origin. Let @ be defined on Q' by

A3 (Y, ) = aly, ) = uly + o)y, ).
Then @ € W(Q'). Furthermore we have |V 1| ~ |V,u| and da’ = dz. Hence
IVall Loy ~ [IVull Ly@nw)-

One can also observe that



According to what has been said above, we have
Ly(v) = 11—y (0) < c[|Vit]| Ly < || VullLy@nv)-

Finally, let w be the sum of a finite number of domains starshaped with respect
to a ball: w = UY w;. Here v = 0w C UY v, 75 = Ow; and therefore

N
L(w)* <3 1,(0)* < el Vull,onn).
i=1

It remains to note that any domain w € C%! can be represented as the sum of
a finite number of domains starshaped with respect to a ball [2]. So estimate
(2.11) follows. To obtain (2.10) for v € T'(f2), one should extend given v with
finite norm |[|v{|r(q) inside €2 in such a way that for extended function u we have

[ullwi) < cllvllr@)

(see [4], [5, 7.2]). Then (2.10) follows from (2.11) which concludes the proof of
the lemma.

2. Let v e T(Q), v(x) =0 for x € I';, z > zy. Then |v|r is equivalent to the
seminorm

dsydse >1/2

(e ewers

{z,eT:|¢—2|<2M (z,()}
with the same notation as in (2.6).
Proof. It suffices to establish the estimate

o dsgdse 9
é [ leta) = wl€)P 2 < elol (2.12)

where the integration on the left is over the set

S={(z,§) e I'xT': p(z) <z—-C(<2p(2)}.

Since v(z) = 0 for z > 2, it follows that the integrand in (2.12) is not zero
only if 2z —2p(z) < zp. A nondecreasing function z — z — 2 ¢(2) takes the value
not less than zy for z = 22y because of (2.3). Hence z — 2¢(z) < 2 only for
z < 2z5. We also observe that |z —¢| ~ ¢(z) for (z,£) € S. We establish (2.12)
by so called fictitious integration. Put

= () €T 2 €8i() = (2 — p(2), 2 — 3p(2)/4),

§'=0¢)el: ¢€daz) = (2—=3p(2)/2,2 = 5p(2)/4),
Then
0<z—2'<p(z)=M(z/]). (2.13)
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In view of (2.3) we have
0<z2 —¢" <3p(2)/4<p(z—3p(2)/2) < p(z') = M) (2.14)
and
¢ = ¢l < 3p(2) /4 < ¢(¢) < M(C, (). (2.15)
By integrating the inequality
clo(z) —v()]* < |v(z) —v(@)* +[v(a’) — () + o) — v(E)[*
with respect to 2/, ¢ and by using that any of the quantities

jz — 2|, |2" =&, 1§ ¢

does not exceed ¢ |x — €| (which is comparable to ¢(z)), we obtain

— v 1 dsy
Jo(a) v(fﬂ < / o) — () P2
|‘CIj - €| SO(Z) {z'el:2'€61(2)} |.Z’ _ .CU‘
1 dSIIng
NP olaf) — (€T
{z £'€T:2' €51 (2),('€52(2)}
1 ng/
+7/ v / —v 27.
o(2)" 1 Jigercres (=)} [v(&) (©)] & — &|n

In view of (2.13) — (2.15) integration of the last inequality over S combined
with Fubini’s theorem gives (2.12). The proof of the lemma is concluded.

Remark 1. It follows from (2.5) that the linear map T'(Q2) 3 v — ¢v € T(Q)
is continuous if ¢ is Lipschitz continuous on 99 1.

In what follows we need a version of the “Poincaré inequality” for functions
defined on surfaces. Let o be a measurable subset of the boundary of a domain
of class C™! with positive area |o]|.

Lemma 3. Ifv € Ly(0), then

2

o)

lv =%, < (diamo)"|o|*[v]

lwe arrive at the same conclusion for an arbitrary domain if we use the following fact:

a function, which is Lipschitz continuous on 052, can be extended to a Lipschitz continuous
function on R™ with the same Lipschitz constant and the same maximum of the modulus
(see Stein [8], Chap. VI, § 2). Then

[Yollrwy @) = mf{lullwy ) : uloe = Yo} < inf{{|vullw; ) : ulon = v} <

< c() inf{l[ullwy (o) : uloo = v} = c()l[vllrwy )



where ¥ is the mean value of v on o:

b= |cr]_1/v(:1:)dsx

g

and [-], is the seminorm defined in (1.1).

This assertion easily follows by Hoélder’s inequality.

3. Space TW,}(Q)* for a domain with outer peak

The theorem stated below gives a description of the space T'(2)* dual of T'(2)
for a domain with outer peak. To state the theorem, we need a new space of

functions defined on the interval (0, 1) of real axis. Let W;/ 2 (0,1) be the space
of functions in Ly ,.(0, 1) having finite norm

1
ol = ([ u(ePe)r et

i /[ - u<<>|2f‘Wdzd<)l/2,

|2 = ¢I?
{2,C€(0,1):|¢—2|<M(2,0)}
where, as before, M(z, () = max{p(z), ¢({)}.

Theorem 1. Let 2 C R™ be a domain with outer peak and {j }r>0 a partition
of unity for 02\ {O} constructed above.
(i) If f € T(Q)* then f can be represented as the sum of three summands

f=nof + 0 —=po)f+ (1= po)(f = f) = f+ f& + f

in T(Q)* with the following properties. The support of f) lies in Iy and
fOe W{UQ(FO). The term f® is defined by

T(Q) 3 0= (%, 0) = (f. (1 = po)0),
has support in {x € I': z < 2} and belongs to W?Q(o, 1)* in the sense that

|<f(2),v)| < const - ||7] (3.1)

|W§/2(0,1)‘
The support of ) lies in {x € I' : z < 2}, the following decomposition holds
<f(3),U> :Zk21<uk<f_f)av>a UET(Q)a
and the estimate
- 1/2 _
(S 16 = DI ve)) - <l =po)f = Dllriar (32
is valid with constant depending only on ().
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(i) Let fr € W2_1/2(Fk) for k > 1. Suppose that supp fr C 'y, (fx,v) = 0 if
v E WQI/Q(F;C), v(y, z) depends only on z, and

Zk21 ||>\kfk”?/‘/2—1/2(rk) < o0. (33)

Define
T(Q) SV <f(3)72)> = Zk21<)\kfk,v>. (34)

Then f® belongs to T'()*, its support liesin {z € T : 2 < 2} and the estimate
holds

1/2
3
17Oz < e (X, ISl ) (35)

with constant depending only on €). Furthermore, let h € W_l/ (T'y) and
g e WI/Q(O, 1)*. Define f) = pgh,

(fP,0) = {9, (1 = po)v), v eT(Q) (3.6)

Then Y, f@ € T(Q)* and moreover f!) € WQ_I/Z(FO).
Proof. (i) Inclusion f) = g f € T(Q)* follows from Remark 1. Next, we have

(D 0] = [ Fs mov)] < e[l fllre)

because [|v||r@) ~ [jv

5/%(To)

HW1/2 for functions supported in T'y. Gagliardo’s theo-

rem and Remark 1 also 1mply that
b0l < €0l

Thus f@ e W, 2(T).
Consider the term f). Here

(P o) = [(f, (L= ko)D)l (3.7)

where © = ¥(z) is the mean value of v|r, defined in (1.2). By using the continuity
of f and the equivalence ||v||7q) ~ |v|r for v supported in {z € I' : 2 < 2y}, we
dominate quantity (3.7) by expression ¢(f)[(1 — po)v|r (recall that seminorm
|| is defined in (2.6)). An application of Lemma 1 gives the following majorant
for the square of quantity (3.7)

e []10 = me)o) = (1 = m(@DAORM (0 (38)

where S = {(z,{) € (0,1) x (0,1) : |z — (| < M(z,()}. We dominate expression
(3.8) by the sum

// [o(2) ’Z—CP M (2,¢)" 2dzd¢+
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te /S / |““('|2 = ’2’02(0’ 8(2)* M (=, )" 2dzdC.

The last term does not exceed
1
¢ [ ol=Pez ez,
0

which is not greater than ¢ [ v(z)?p(2)ds,, and we arrive at (3.1) with constant
independent of v. It remains to observe that the right part of (3.1) does not
exceed c||v]|7q) in view of Lemma 1. Hence f® € T(Q)*.

We now consider f®. The inclusion f® € T(€Q)* is a consequence of inclu-

sions f, f® € T(Q)*. To check (3.2), we choose an element v, € Wy/*(T}),
k=1,2,..., such that Hkawl/z(Fk) <1 and
2

||M/€(f - f)||W;1/2(Fk) <2 <:uk(f - f)a Uk)'

Put oy = ||ux(f — f)||W_1/2(Fk) and fix any integer N > 1. Then
2

Yoap <2 ap(u(f — ) ) =

k=1 k=1

N
=2(f = [, > cwplvr — ), (3.9)
k=1
where v, is the mean value of v, on surface ['y. Clearly pp = (1 — po)ug for

k > 2. We also have pu; = (1 — po)pq on [z2,21] and py = 1 — pp on |21, 20).
Thus p; can be represented by the product (1 — p)ry where

B 1(2), 2 € [z, 2],
vi(z) = { l)fl(z), z € [21, 2]

We recall that A\, € C3°(Ay) is a set of functions for which Ay = g, k =
1,2,... Hence v, € C§°(29,29), 0 < vy < 1. Letting vy, = py for k =2,3,..., we
rewrite inequality (3.9) in the form

Zai < 2((1 = po)(f = £), 32 cuve(vp = i) (3.10)

Assuming that v(z)vg(x) = 0 outside I'y, define function v on I' by

v(x) = ;; apvk(2)wi(z),  wi(z) = v(x) — Ok
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We now bound ||v||p@). Since suppv C {z € I' : z < %}, it will suffice to
bound |v|r. Let z,£ € I'. Clearly

v(z) —v() = 1; o (Vi (2)wi () — vp(Qw(§))

and the last sum contains at most four nonzero summands. Therefore,

[o(z) v <43 af (n(2)wr(x) — r(Qui(€)),

k=1
hence

N
Wp <4 af lvwglf. (3.11)
k=1

Note that the function
['x T3 (z,§) = ve(z)wi(z) — ve(Q)wi(§)
is zero if x ¢ Ty and & ¢ I'y, so that

lrwelp < [viwilf, +

2 [ I(2)wle) Pds, / o — €[ "dse, (3.12)
Tk {€¢Tk:z—C|<M (2,0)}

where [-]r, is the seminorm defined in (1.1). Next, for z € supp vy, ¢ ¢ Ag (2.4)

implies that |z — (| > ¢ p(zk), hence we have |x —&| ~ ¢(z;) in the last integral.

Thus the second term on the right of (3.12) does not exceed

cop(zp) /Fk log () — Vx| ds, (3.13)

with constant independent of k and vy. Finally, by Lemma 3 expression (3.13)
is not greater than ¢ [vg]7. .
To bound [vwg]r,, we first use the inequality

Z)_V’“(OPdSE

- (3.14)

ey, < cluf?, +e [ Ioe(e) — s, [ 2
T Ty

According to (2.4), one has

vi(2) = vi(O)] < cp(z) "z =l

therefore the last integral over I'y is dominated by
co(a) [ o= g mdse < cipla)
k
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Then, by Lemma 3 the second term on the right of (3.14) is majorized by
c[vk]%k.
Thus we established that

|vwe|r < ¢lvkr,

with constant independent of & and vy,. Since [[vg|| ;172 oy <1t follows from
2
the last estimate and (3.11) that

N
olp <ed o, od
So the expression on the right of (3.10) does not exceed
- N\ Y2
el =) (f = Doy (S, 02)

Now (3.10) gives

_ 1/2
S a2 < el = mo)(f = Pl (ij:l a;) |

with constant independent of ay = ||ux(f — f)
obtain (3.2)
(ii) Let v € T(Q2). Then

S e ] € S 1S Xy il — )
< Zk21 Z\k—ﬂgl ”)‘kfk||w2—1/2(pk)||ui(v - ék)”W;/Q(pky (315)

where v, is the mean value of v on I'y. Clearly

_ and N. Hence we
HWz Y2 (ry)

IN

s (v = ) g2,y < 10 = Ol Largy + [pa(v = 0)]r-
We bound the first term on the right by Lemma 3:
lo = Bkl raray < cp(z) 2 [0]r,

Next, we have
[ui(v = B)]E, < elvlf, +

—|—c/]v( —uf2ds /"“” m@QF o (3.16)
/ — ¢

Since |k —i| < 1, it follows that |u;(2) — i (C)] < cp(z1) 72z —(|, and the second
term on the right part of (3.16) is dominated by the first term in the same way
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as the second term on the right in (3.14) has been majorized by the first one.
Thus we have shown that

”/‘Z(v - @k)HW;/Z(Fk) <c [U]Fk‘
Now (3.15) implies the estimate
Zk21 [(Akfr, )] < CZkZI H)\kkaW;lm(Fk)[U]Fk <

1/2 1/2
<c (ZkZI H)\kka‘Q/Vz—lm(Fk)) (Zk>1[ ]Fk) . (317)
We observe that |z — (| < 2M(z,() for z,£ € T'y, whence

Sl s [ @ -veP

{x,§EF|C—z|<2M(z,()}

dsydse
v — €™

In view of Lemma 2 the right part of the last inequality does not exceed
c|(1— po)vlp + ¢ HﬂovHivgm(po)’

which is not greater than c||v]|7q) by Remark 1. Now (3.17) implies that
definition (3.4) is correct, that £ is continuous and (3.5) holds.

Inclusion f() € Wz_l/ 2(F0) follows from Gagliardo’s theorem and Remark 1.
Since T(Q) C Wy/?(Ty), we also have f1) € T(Q)*.

The proof of continuity in 7°() of functional f®), given by (3.6) for ¢ €
Wl/Q(O, 1)* is carried out in the same way as in assertion (i). The proof of the
theorem is concluded.

We now state some consequences of the theorem.

Corollary 1. Let €2 be a domain with outer peak. If f is a linear functional
defined on T(2) and f can be represented as the sum of three terms f(1), f(2)
f® with properties described in assertion (ii) of the theorem, then the Neumann
problem (1.2), (1.3) has a unique solution.

Corollary 2. Let € be a domain with outer peak and let f be a linear functional
defined on T'(2). For v € T(Q), suppv C I, define

(f,v) = (f,).
Then the functional (1 — uo)(f — f) is continuous on T(Q) if and only if

Furthermore, the following relation holds

1/2 B
(S Il = Pl aey) = 10— o) = Dl
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with constants depending only on ).

Proof. The lower bound for |[(1 — 10)(f — f)|l7(@)+ was obtained in assertion
(i) of the theorem. To establish the upper bound, consider functionals f =

we(f — f) satisfying (3.18) for k = 1,2,... It is clear that supp fr C I'; and
that (fx,v) = 0if v € WQI/z(Fk), v(z) depends only on z. We have A\ fy, =
we(f — f) = fx, for each k > 1, and assertion (ii) of the theorem gives

1/2

thus concluding the proof.

The preceding assertion enables us to prove the continuity of the linear map
T(Q)s>v—v—1ve L)

with maximal Sobolev exponent ¢ and to establish the inclusion f — f € T(Q)*
for f € L, (092) with minimal possible exponent ¢’ = ¢/(¢ — 1).

Corollary 3. Let Q2 be a domain with outer peak, let ¢ =2(n—1)/(n—2) and
¢ =q/(qg—1). If f € Ly(0R), then the functional

T(Q) 3 v (1= po)(f = f),v) = /Ff(l“)(v(ﬂ?) — 0(2))(1 = po(2))ds,
is in T'(2)* and the estimate
11 = 1) (f = Dz < cllf = fll, @ (3.19)
is valid with constant independent of f. Furthermore for all v € T(Q2) we have
lv=2llz,m = cllvllre (3.20)

with constant independent of v.

Proof. According to Corollary 2 we should bound the sum on the left of (3.18).
Let v € W21 / 2(Fk). An application of Holder’s inequality gives

(s = Pl =| [ uls = o = in)dss] <

<N = Flleywollie@ = ol zywy (3.21)
where, as above, v, denotes the mean value of v on I'. Since
Q2 ={(y,2) : 2 € (211, 20-1), Y/ p(2) € W}

is a domain of class C%!, Sobolev’s theorem applies. Hence for any u €
W,/ ?(8,) the following estimate holds

n—1_n-—1

ullz, 000 < colzr) @ 7 |lullpyo0)+

15



n-1_mn
+ep(z)' T T [ulon, =

= co(z) 2|l 1000 + ¢ [ulan,.-

Here []aq, is the seminorm defined in (1.1). By inserting v = ug(v — vg) into
the last inequality (we assume that u = 0 on 0§ \ I'y) and by using Lemma 3
to bound the first term on the right, we obtain

1k (v = Vg || Ly < c[vlry, + ¢ (v — Uifagq,, - (3.22)

The last term will be estimated in the following way. First note that
[ (v — Dkl3q, = [pw(v — Op, +

42 /Fk i (2) (v(x) — By)[2ds, /ag \

k

|z — & dse. (3.23)
I

If v = (y,2) € T'y, 2 € supp ug, and & ¢ ', then |z — &| > cp(zx) in view of
(2.4). Therefore, the last term in (3.23) does not exceed

cp(a) ™ [ o) = infds,,
k

which is not greater than c[v]f, by Lemma 3. Then we dominate the quantity

[k (v—10x]f, by the right part of inequality (3.14) where v;(z) should be replaced
by v(x) and v, should be replaced by ug. The same argument as in Theorem 1
gives

[ (v = Vi), < efvlr,-
Inequalities (3.22), (3.23) combined with last estimates show that

lpx(v = Vx|l L, ry) < ¢Vl

Hence and from (3.21) we obtain
H:uk(f - f)“WQ_l/Q(Fk) <c ”f - JFHLq/(Fk)'

Thus

1/2 1/2
(Z||Mk(f—f)||a,21/2(rk)) Sc(an—fnzq,(Fk)) RN

k>1 k>1

By applying an algebraic inequality

(Zk21 ai)m < (Zkzl azl)l/ql , a, >0, 0<q <2,

we majorize the left part of (3.24) by expression ¢ || f — fHLq,(F). Now (3.19)
follows from Corollary 2.

16



Turning to (3.20), we note that

<f7 (1 - MO)(U - 1_)>> = <<1 - MO)(f - f),U>
and that Hf_HLq,([‘) <cl[fllz @) So (3.19) implies

[{f; (1= po)(v = 0))| < el fllL,mllvllre (3.25)
forall f € Ly(I') and v € T(€2). Let V' denote the unit ball in 7'(€2). For every
veVand f e Ly(T) define

E(f) = (f, (1= po)(v = 0)) = /Ff(x)(l — #o(2))(v(x) — 0(2))ds..

In view of (3.25) functionals L, (I') 3 v +— F,(f) are continuous and pointwise
bounded for v € V. Hence their norms are uniformly bounded which means
that ||(1 — o) (v — )|z, < const for v € V. Thus

11 = p0) (v = )| y(r) < comst - [[v]lz(q)

for all v € T(2). To conclude the proof of (3.20), we show that

[10(v = )|,y < const - [[v]|z).
By definition (2.2) and Hélder’s inequality we obtain
@I < [ e, )l ().
yEp(2)y

Integration over z € (2, 1) gives

||H077||qu(Fmro) <c ||NOU||(]I;q(mF0)'

It remains to observe that by Sobolev’s theorem the last norm does not exceed
c ||,u0v||W1/2(FO) which is not greater than ||v||r) according to Remark 1. The
2

result follows.

A combination of Theorem 1 with Corollary 3 enables us to state the following
proposition.

Proposition. Let €2 be a domain with outer peak and 1 < g < 2(n—1)/(n—2),
q '+ ¢! = 1. The following assertions are equivalent.

(A) The Neumann problem (1.2), (1.3) is uniquely solvable for all f € L, (05).
(B) For all f € L, (092) the functional

T(Q) 30— /89 fuds,

Is continuous.
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(C) The space T'(€2) is continuously imbedded in L,(0€).
(D) The map T(Q2) 3 v+ v € Ly(I') is continuous.

(E) W;/ 2(O, 1) is continuously imbedded in weighted L, with norm

u </01 |u(z)|qg0(z)"_2dz> 1/q'

Proof. (A) — (B). Let £ : T(2) — W3(Q) be a linear continuous extension
operator. For any given f € Ly (0f2) let u denote the solution of the problem
(1.2), (1.3). Because (1.4) holds, we have

fuds, = [u, Ev] for all ve T(Q),
20

so that

[ fodse] < cllullugll Eolwen < Tl lollro,
and the result follows.

(B) — (C). Using the well known fact that bounded functions are dense in
W} (Q), one can easily obtain that bounded functions are also dense in T'(2).
Let

V = {0 € () N Lo (09) : ol < 1.

For every v € V' consider a functional
Ly(09) 3 f — Fy(f) = /m Fuds,.

Clearly F, is continuous on Ly (0€2) and by assumption |F,(f)| < c(f)||v|lr@)-
Thus, {F,},ev are pointwise bounded. Hence || F,|| = [|v]|,00) < const for all
v € V. This means that

|v]|z,00) < const - ||v]|rq)

for all v € T'(Q2) N Lo (0€2). Thus T'(Q2) is continuously imbedded in L,(0%2).
(C) — (A). Let f € Ly(09Q) and v € W5 (). Then by Holder’s inequality

‘/ fuds,
0

By assumption the last norm does not exceed c ||v||7(q) which is not greater than
cllvllwy () So the functional on the right in (1.4) is continuous with respect to
v € W3 (). Hence the Neumann problem is solvable.

The equivalence of (C) and (D) follows from Corollary 3.

< A llz, oo llvllz, o0)-
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(D) — (E). Let u € W;/Q(O, 1). Suppose that A € C*(0,1) and
0< A<, )\‘(0,22) =1, )"(2171) =0.

We define v € T'(2) by v(z) = A(2)u(z) for x € ', and v = 0 on 92 \ I'. Then,
because v|p, = 0, and in view of Lemma 1, inequality |[7|.,m) < cljv|lr@)

transforms to
1 9 1/q
q n—
([ Mo 2d:) < clpulgys,,.

The same reasoning as in the proof of inequality (3.1) in Theorem 1 shows that
the right part of the last inequality does not exceed ¢(\) ||u|| 0)" Thus we
have

IAullzyry < ellullgreg (3.26)

(0,1)°
On the other hand

1 1/q
(= Nulleyry < e ([ luz)az)

Since Wz/ (22, 1) is continuously imbedded in L,(z2,1), it follows that

1/q
(/ (L= Al 2dz) < el < ¢ lullgyag

The last and (3.26) give the desired result.

(E) = (D). Let v € T(€2). Lemma 1 says that ||v||f1/2 < c¢||v||r). Hence

(0,1)

q
(/ 15(2)]96( nzdz) < ¢||v]|lr

which means the continuity of the map T(Q2) 3 v — v € L,(I"). The proof of
the proposition is concluded.

The results of paper [6] enable us to complete the above proposition by one
more assertion. Any of statements (A) — (E) above is equivalent to the following
one

(F) If 1 < g <2, then

[rora[im) | e

and if ¢ > 2, then

r g /1 1/2
sup (/ gp(z)"%lz) (/ gp(z)l”dz> < 00.
re(0,1) 4
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4. A domain with inner peak.

In this section we describe the space dual of TW, for a domain with the vertex
of an inner peak at the boundary. Let €2 C R" be a domain with outer peak as
above. Here we introduce a domain with inner peak as R" \ 2. For brevity we

write below T'(R™\ ) instead of TW3 (R™\ Q). According to Theorems 7.3 and
7.4.2 in [5] (see also [3], [4]) the norm in T'(R™ \ §2) is equivalent to the norm

1/2
(101220 + [ 0@ i(2) s+ o1}

for n > 3 and to the norm

ds,
{10k D [ o ) ds

z)log(z/¢(2)

M (2, Q)7 x(1/2,2)(2/C)ds,dse }1/2
|z — | (log(1 + [z — &[/M(2,()))

for n = 3. Here we have used the same notation as in (2.6), and in case n = 3
an additional assumption is required that ¢'(z) = O(p(z)/z2)) for z — 0.

+ [ k@ -wer

The norms just indicated induce the following norms in W;/ 2 (0,1), which are
the restriction of norms in T(R™\ §2) to the subspace of functions with support
in I', depending only on z. Thus for n > 3 we can take the norm

M(z,¢)

2= P dzd¢

[ ueretr=a+ [ e - uwoP

{Z,CE(O,I)Z'C—Z|<M(Z,C)}

and for n = 3 the norm in W;M(O, 1) can be written in the form

2)%dz u(2) = u(QF (12 =]
/log (2/¢(2) // 2 — (| Q<M(zyg)>d2d< )

{ Ce(0,1),2=1¢e(1/2,2)}

N|=

where
t=1 € (0,1),
Q) = { (log(et)) , t> 1.

The following theorem gives a description of the space (TW,)* for a domain
with inner peak.

Theorem 2. Let Q be a domain with outer peak and let {yy}x>0 be the
partition of unity from Theorem 1.
(i) Any functional f in T(R"™\ £)* can be represented as the sum

f=nof+ @ —=po)f + (1 —pm)f—f),

20



where each term belongs to the same space. Furthermore the first term is in
W{l/Q(FO) and has support in I'y. The second term is supported in {x € T":

z < 2y} and belongs to the space W;/Z(O, 1)* in the sense that estimate (3.1)
holds in the right part of which € should be replaced by R"™ \ Q. For the third
term we have

A=) =) = Yl = )
and (3.2) is valid if Q is replaced by R™ \ Q on the rignt.
(ii) Suppose that f;, € W{l/Q(Fk) satisfy condition (ii) of Theorem 1, k =

1,2,... Suppose also that g and h belong to W;Q(O, 1)* and WQ_l/Q(FO), respec-
tively. Then each functional f) = poh,

TR\ Q) 3 v (2),0) = (g, (1 — o)),
TR\ D) 50 (fO0) = 3, ()

is continuous in T(R™ \ Q). Moreover V) € Wz_l/z(Fo), and the norm of f©)
is dominated by the right part of (3.5).

The proof of Theorem 2 is similar to that of Theorem 1.
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