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Abstract

We present uniform asymptotic approximations of Green’s kernels
for boundary value problems of elasticity in singularly perturbed do-
mains containing a small hole. We consider the cases of two and three
dimensions, for an isotropic Lamé operator and the Dirichlet bound-
ary conditions. The main feature of the asymptotic approximations
mentioned is their uniformity with respect to the independent spatial
variables. The formal asymptotic formulae are supplied with rigorous
derivations and the remainder estimates.
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1 Introduction

Singularly perturbed problems of elasticity occur in models of defects in
solids, damage mechanics and models of fracture. The knowledge of Green’s
kernels enables one to solve boundary value problems and estimate toughness
parameters of solids with defects for a general choice of displacement and
force terms in the boundary conditions and governing equations.

The papers [6, 7] provide uniform asymptotic approximations for Green’s
kernels for Laplace’s operator in domains with small holes, domains with
perturbed external boundaries, and different types of boundary conditions.
The asymptotic analysis is based on the method of compound asymptotic
expansions developed in [8], and the results include uniform asymptotic ap-
proximations for Green’s kernels supplied with the rigorous estimates of the
remainder terms.

The paper [10] deals with applications of the asymptotic approximations
of Green’s functions in domains with holes in analysis of eigenvalues of the



corresponding spectral problems for the Laplacian. In particular, this is
linked to the study of the Lenz shift effect discussed in [3] and [11].

The main feature of the asymptotic approximations of [6, 7] is their uni-
formity with respect to the independent variables. We extend this theory to
the vector case of elasticity equations in two and three dimensions. Our aim
is to derive uniform asymptotic approximations for components of Green’s
tensor in a solid with a small hole, located at a finite distance from the ex-
terior boundary. The motivation for this article came from the asymptotic
formulae derived for the Laplacian, in [6].

The structure of the present article is as follows.

Section 2 gives an outline of governing equations and description of the
geometry of the singularly perturbed domain. Section 3 includes a result
concerning the estimates for the modulus of solutions to the Lamé equation
in a domain with a small hole. Section 4 presents one of the main results
related to the evaluation of Green’s tensor in three dimensions. This section
also introduces the notion of the elastic capacity matrix and furthermore
includes a detailed discussion of its properties. The case of a planar singu-
larly perturbed domain and construction of the corresponding Green’s tensor
for the operator of the Lamé system are considered in Section 5. We also
give corollaries, in Section 6, showing that under certain constraints on the
independent variables, the asymptotic formulae for Green’s matrices can be
simplified and represented via canonical model fields associated with either
unperturbed domain (without any holes) or an unbounded domain containing
a hole of finite size (boundary layer domain).

In what follows, €2, is a bounded domain with a small hole, G is the
Green’s tensor for the unperturbed domain, g is the Green’s tensor for the
scaled unbounded domain with the finite hole and I' is the fundamental
solution for the Lamé operator in three dimensions. The matrices H and
h are the regular parts of Green’s matrices G and g, which are given by
H=G-T, h=g—T. The matrix P is the capacitary potential for the hole
and matrix B represents the elastic capacity of the hole.

We prove the following asymptotic formula for the Green’s tensor:

Theorem 1 Green’s tensor G.(x,y) for the Lamé operator in Q. C R? ad-
mits the representation

Ge(x,y) = G(xy)+e'gle'x,e7y) = I(x,y) + P(e'x)H(O,y)
+H(x,0)PT(ey) — P(e'x)H(O,0)PT(c'y)
—eH(x,0)BH(0,y) 4+ O(¢*(min{|x|, [y|}) "), (1)

uniformly with respect to x, y € €)..



We also obtain and prove a similar result for the case of a planar domain
with a small hole, this formula is given in Section 5.

2 Governing equations and main notations

We now give several notations adopted in the following text. Let {2 be a
bounded domain in R™, n = 2, 3, with compact closure 2 and smooth bound-
ary 0€). By w we denote a domain in R™ with smooth boundary dw and
compact closure @; its complement being Cw = R™\w. We shall assume that
both €2 and w contain the origin O as an interior point. It is also assumed
that the minimum distance between O and the points of 0f2 is equal to 1.
In addition the maximum distance between O and the points of dC'w will be
taken as 1. We introduce the set w. = {x : e7'x € w}, where ¢ is a small
positive parameter, and the open set . = Q\w.. The notation B, stands
for the open ball centered at O with radius p.

The main object of our study, Green’s tensor for the Lamé operator in
Q. C R", n =23, will be denoted by G.. The tensor G, is a solution of

PALG (X, y)+ A+ p) Vi (V- Ge(x,y))+0(x—y) I, =01, , x,y €€, (2)

G.(x,y)=0I,, xe€0Q,y€ ., (3)

where I, is the n x n identity matrix. An important property of this tensor
is the following symmetry relation

G-(x,y) = GL(y,x) . (4)

In the sequel, along with x and y, we shall use scaled variables £ = e~ x

and n = e ly.
By const we always mean different positive constants depending only on n,
A and p. The notation f = O(g) is equivalent to the inequality |f| < const g.
Let o(u) = [04;(u)]3;_; represent the Cauchy stress tensor, which for an
isotropic solid with displacements u = {u;}3_, has entries of the form

oij(u) = Nijupp + p(uij +uji) (5)

here and elsewhere in the text, the repeated are regarded as the indices of
summation, and T, (u) = 0;;(u)n; are the tractions computed for displace-
ments u, where n; is the 4t component of the unit outward normal.
Also e(u) = [es;(u)]} -, denotes the strain tensor, whose entries are given
by
eij(u) = 27 (uig + uja) - (6)



3 Estimates for the maximum modulus of so-
lutions of elasticity problems in domains
with small inclusions

In order to obtain the estimates for the remainders in the representations for
G, in (1) for three dimensions, and that given in Section 5 for two dimensions,
we need an auxiliary result concerning an estimate for the maximum modulus
of solutions for Lamé system in domains with small holes. In what follows
we shall formulate and prove such a result.

Let u be the displacement vector which satisfies the Dirichlet boundary
value problem in the domain 2, C R",

L(0k)u(x) :=pAux)+ A+ p)V(V-ux) =0, xecQ., (7)

ux) = e 'x), x€ow., (8)

ux) = YPx), x€IN, 9)

where 0y = 0/0x, O is the zero vector, and we assume that ¢ and v are
continuous vector functions.
In this section, we prove the following.

Lemma 1 There exists a unique solution u € C(2.) of problem (7) — (9)
which satisfies the estimate

max |u(x)| < const max{|lellcw.) , [¥lcen} - (10)

5

We consider the cases when the dimension n is equal to 3 or 2.
The proof of the theorem involves auxiliary statements related to model
domains Q and Cw = R™"\w.

3.1 The maximum principle in (2
Let u solve the Dirichlet boundary value problem in €2

L(Ox)ulx) = O, xe€Q, (11)
ux) = YPx), x€dN, (12)

where ) is continuous on 0f).
The following assertion is essentially due to Fichera [2], who proved its

analogue for then 3-dimensional case. The same argument works for the case
of a planar domain and is even simpler.
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Lemma 2 (Fichera’s maximum principle, see [2]) There exists a unique so-

lution w € C(Q) of problem (11), (12). This solution satisfies the estimate

[ulle@) < Aall¥llcoo) ; (13)

where Aq is a constant coefficient.

3.2 The maximum principle in Cw

Let v(€) be a solution of the Dirichlet boundary value problem in the un-
bounded domain Cw:

L@gvie) = O, €cCo, (14)
vi§) = ), £€iw, (15)
lv| =0 as |& — o0, (16)

when n =3
For the two-dimensional case (n = 2), the formulation (14)-(16) has to
be supplied with the orthogonality conditions for the right-hand side ¢:

| e T09 @ ds =0, j=12. (17)
The vector functions () are solutions of the model problem
L(0)CV(€) = O, €eCw, (18)
(V) = O, geilo, (19)
(D) ~ —4(€,0) + (= as €] = o0, (20)

where 7) are the columns of the fundamental solution for the Lamé operator
in an infinite plane, ((>) is a constant vector and 7, denotes the matrix
differential operator of tractions

| Dyny + g1 (C0)
1,00 ¢ = ( Jheom o )

where n = (n1,n2) is the unit outward normal on dw. We shall also use the
notation 9 for the 2 x 2 matrix function:

N(E) = {T¢ M (E), TP (&)} . (21)

The following assertion results readily from Fichera’s maximum modulus
principle for a bounded domain [2], combined with the standard asymptotic
estimate for the solution at infinity.



Lemma 3 There ezists a unique solution in C(Cw) of the problem (14)—(16)
((14)—(17) for n = 2). This solution satisfies the estimate

sup {[€[[u(§)} < Acallellcow) -
£ecCo

3.3 The operator notations

We introduce the operators Py and Py in such a way that the solutions u,
v of problems (11), (12) and (14)—(16) are represented in the form

u=Pa(t). v="Fulp). (22)

In the case of n = 2, we will also use the approximation 7. of the capacitary
potential:

7. = D(loge)G(x,O)
+Pee. (1o — D(loge) Try,.G(x, O))
—PQ(TragPC@E (IQ - D(log E) Tl"awEG(X, O))) s

where D(loge) is the 2 x 2 matrix defined by

D— _L ( Kyloge — (55 + Hx(0,0) (s — Hi2(0,0) )
Ky Y — Hx(0,0) Kjyloge — (Y + H11(0,0) )’
(23)
with
K, = (Kiloge — (77 + H11(0,0)) (Kyloge — (55 + Ha2(0, 0))
—(H12(0,0) = (3)(H2(0,0) — &) , (24)
A+3
A (25)

27 dmp(A+2p)

and H = [Hij]§7j:1 is the regular part of Green’s tensor for the domain (2,

goo = [ icf]?,jzl = lim {’7(777 O) + g(ﬁa T’)} ’ (26)

€], In|l—o0

where g is Green’s tensor for the unbounded domain Cw.
By direct substitution, we can verify that

L(0x)m(x) = 0, x€Q., (27)
m.(x) = 0, x€00, (28)
w.(x) = L+0(), x€0w.. (29)



3.4 The proof of Lemma 1 for n =2

First, consider the case when the homogeneous boundary condition is set on

0, so that

L(ox)ulx) = O, xe€.,

ux) = @ 'x), x€ow.,
uix) = 0, xe€dN.
We are looking for the solution in the form

u = P (g— Ag) + weAg
—Po(TronPes. (8 — Ag))

where the constant vector Ag is determined by

Ag = ; N'(£)g(€) dSe ,

where the matrix 91 is the same as in (21). We note that

/ |9t dSx < C',
Owe

where C' is independent of € and ||| is the norm of the matrix M.

Evaluating the trace of (33) on dw. we obtain
p=g+58,
where the operator S; is defined by

Seg = Tr@ws (71‘5 - IQ)Ag
—Trou. Po(TonPos. (8 — Ag)) -

By (34), (35) and (29)

| Trow, (7o — I2) Agllc(aw.) < const €||g|lc(w.) -

Lemma 3 implies
x| [Pw. (g — Ag)(x)| < const &,

for all x € Q..
Combining (37) and (38) we conclude

||Se||C(awE)Hc(awE) < const €.
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It follows from (36) that g = (I + S.) !¢, and then we deduce

lgllcow.) < const ||@lc@w.) -

Owing to Lemmas 2 and 3 we obtain

max |u| < const [|gllc(ew.) < const [[@fcew) - (40)

5

Second, we consider the case of the inhomogeneous boundary condition on

o)

L(Oy)ulx) = O, xe€Q., (41)
ux) = YPx), xe€iN, (42)
uix) = O, x€0w.. (43)

The solution is sought in the form
u=FPoyp+v, (44)

where the second term v is defined as a solution of the problem, which is
similar to (30)—(32), with the boundary condition on dw. being replaced by

v(x) = —(Trop. Pop)(x) , X € Ow. .
According to the result of first part of the proof (40), we have

max [v| < const max |Trg, Potp|
Q 80-’5

lcoa) - (45)

N

const ||

It follows from Lemma 2 that
max | Pagp| < const [|9]lcon) - (46)

Combining (44), (45) and (46) we deduce

masx u] < const ||

€

This completes the proof for the case n = 2.



3.5 The proof of Lemma 1 for n =3

First, we address the formulation (30)—(32), where €. is a domain in R?, and
the inhomogeneous boundary condition is specified on Ow..
The solution is sought in the form

u= P8 — Po(TronPee.g) , (47)

with g being an unknown function. Evaluating the trace of (47) on dw. we
obtain

p=g+58,
where Ssg = —TrawEPQ(TraQPC@Eg).
Since || Troo Pes. 8|l coa) < Ce it follows from Lemma 2 that

||SE||C(8wE)—>C(8wE) < const €.

Hence
g=(+ SE)_190 )

and the following estimate holds

Igllow.) < const [l@llcow.) -
Applying Lemmas 2 and 3 we conclude

f%aX\U\ < const ||g[[c(ow.) < const [[@|lc@w.) -

5

The case when an inhomogeneous boundary condition is set on 0f2 is treated
similarly to the proof of subsection 3.4.
The proof of the theorem is complete. O

4 Green’s tensor for a 3-dimensional domain
with a small hole

This part of the paper presents a uniform asymptotic approximation of the
Green’s tensor G.(x,y) in a three-dimensional domain with a small hole,
as described in Section 2 (see (2) and (3)). Before formulating the asymp-
totic representation, we list model domains and associated model problems
required for the asymptotic algorithm.



4.1 Green’s matrices for model domains in three di-
mensions

Let G(x,y) = [GY(x,y),GA(x,y),GP(x,y)] and g(&n) = [¢"( ),
g (€&, m), ¢®(&,m)] denote Green’s tensors for the Lamé operator

L:=pA+A+p)V(V-), (48)

in the sets Q and Cw = R3\@, respectively. The tensor G solves the following
problem

/‘LAXG(X7 Y)+()‘+M)VX(VXG(X7 Y)>+5<X_Y)I3 = OI3 , X,y € Q ) (49>
Gx,y)=0I3, x€dyecQ, (50)
and the tensor g is solution of

1Aeg(€,m) +(A+1)Ve(Ve-g(€,m) +0(§—m)l3 =013, &§mneCw, (51)

9(&mn) =0, €£€dCu,neCw, (52)
9(§;m) — 03 as [§l— 0. (53)
We represent G(x,y) and g(&,n) as
Gx,y)=T(xy) - H(xy), (54)
and

where I'(x,y) = [I';;(x,¥)], ¢,j = 1,2,3, is the fundamental solution of the
Lamé operator whose entries are given by

Ly (x,y) = (8mu(A+2p) [x=y ) T (M) (=) (25 —y,) [x=y |+ (A+31)d5)
(56)
and H, h are the regular parts of GG, g respectively.

4.2 The elastic capacitary potential matrix

By P(¢&) = [PY (&), P@(¢), PP (&)] we mean the elastic capacitary potential
matrix of the set w, whose columns satisfy

pAPI(E) + (A + )Ve(Ve - PY(E) =0 in Cw, (57)
PU(€) =eY  ondCw , (58)
PO =0 as [¢] = oo, (59)

for j = 1,2,3, where eV is a basis vector, whose j* entry is equal to 1, and
all other entries are zero.
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Lemma 4 The columns PY), j = 1,2,3, of the elastic capacitary potential
satisfy the inequality

sup {|€]|PY(€)[} < const . (60)
£eCow

Proof. The proof follows directly from the maximum principle for un-
bounded domains (cf. Lemma 3). O

In the sequel, we will need the following lemma, which is a reformulation
of that by Kondratiev and Oleinik, in [4] (p. 78).

Lemma 5 Suppose the columns u9) (&) of the matriz u(&) are solutions of
pAU () + A+ p)V(V-u(§) =0, inCo,

and that |u9(€)| < const (1 + |€])*, k>0, for j =1,2,3.
Then for |€| > 2

ud(€) = 27 (€) + T(£,0)C9 + O(|¢]?) (61)

where ﬁl(j)(f) = {@i(j’k) &)}, g@l-(j’k)(ﬁ) are polynomials of order not greater
than k, CY) = {CV3_ where CY) are constants.

)

4.2.1 Properties of the elastic capacity matrix

Let B = [Byj], i,j = 1,2, 3 be a constant matrix that we shall call the elastic
capacity matrix of the set w. In the present subsection, we will discuss some
properties of the elastic capacity matrix. The aim of this subsection is to
show that upper and lower elastic capacity (obtained from the maximum
and minimum eigenvalues of B, respectively) are equivalent to electrostatic
capacity.

Throughout we will need the following Lemma related to the asymptotic
behaviour of P.

Lemma 6 If |£| > 2, then for PY) the following estimate holds
|PY)(€) — BT (€,0)] < const [£] 72, (62)

for j = 1,2,3, where T'9 are columns of the fundamental solution for the
Lamé operator and B;; are entries of the elastic capacity matriz B of the set
w.

11



Proof. By Lemma 4, it is sufficient to take P(§) = O(1), then from
Lemma 5, for |£] > 2 the columns PY)(£) can be written in the following
way

PO(g) = KV +T(£,0)CY + O(1¢] ™) , (63)
where K is vector independent of &,

Condition (59), implies K = O and taking CY) = BU) we obtain (62).
U

We also use the electrostatic potential P for the unbounded set C'w with
electrostatic capacity cap w, as a solution of the problem

A¢P(§) = 0, €€9Q., (64)
PE =1, £€iw, (65)
PE — 0 as [€] — 0. (66)

The electrostatic energy for a scalar function v in a domain 7" C R" is
defined as

E(u,T) = /T IVl dx | (67)

It is well known that for the function P, we have for the energy functional £
in Cw
E(P,Cw) = / |VP|? dé = cap w . (68)
Co
In contrast, the elastic energy functional for a vector u in the domain 7'
is given by
éa(ll, T) = 2_1 / eij(u)aij(u) dx s (69)
T
also we define the elastic energy matrix E = [Ej;]} ;_3 for a matrix A in the
domain 7" with entries

Ey(A,T) =2 / e (AD)ry(AD) dx (70)

T

where A®_ i = 1,2, 3 are the columns of the matrix A. Clearly, the diagonal
entries Fi1, Fay and Es3 give the elastic energy for the vectors AW, i =1,2,3
respectively.

We shall show that the elastic energy matrix can be represented in terms
of the elastic capacity matrix B of the set w, by considering the entries of
elastic energy matrix for the matrix function P, defined as a solution of

(57)-(59).

12



Lemma 7 i) For the elastic capacitary potential P, we have
B(P(£),C2) = 27'B, (71)

where B is the elastic capacity matriz of the set w and i) this matric is
symmetric.

Proof. i) We take a ball Br = {& : |&| < R} with sufficiently large radius
R. We consider the component Fj;, of the elastic energy matrix in the domain
Br\w as follows

Pu(P@. 500 = 27 [ _ealPOE)ou P (&) dSe
=2t [ PO T (PP S, (7
9(Br\@)

where we have used Betti’s formula and the fact that the columns of P satisfy
the homogeneous Lamé equation. Noting the boundary condition (58), the
preceding equation may be written as

Eu(P(€). Ba\o) — 21{ [ o i) ase

Br

o) .7 (P _
+ [ et <s>>dsg} (73)

Applying Betti’s formula once more to the vectors e) and P*)(€), we have

Ep(P(€). BR\G) — 2-1{ [P i) ase

Br

[ e ~Tn<P<k><s>>dsg} | (74)

which holds for all R. Using the asymptotic representation for P given in
Lemma 6, we pass to the limit as R — oo yielding

Ej(P(€),Co) = —27! lim B,xojp(T(€,0))n, dSe

R—o00 OBg
= 27'Bj, (75)

where (75) has been obtained via Betti’s formula applied to the vectors e/
and T (&, 0) in Bg. Thus we have proved relation (71).
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i1) Now we prove the symmetry of the matrix B. Again using Lemma 6,
we take the limit in (73) as R — oo, then comparing to (75), we have

[ e T(PYE)) ase = By (76)
ow

Then, interchanging the indices k£ and j, and subtracting the result from
(76) gives

Bjy — By = [ {eV - T,(PM (&) — e - T,(PY (&)} dSe . (77)
Ow

Recalling that on dw we have PY)(€) = e\, for j = 1,2,3, we see that the
right-hand side is the result of application of the Betti formula to vectors
PW(¢) and P®(¢) in Cw. Namely in (77) we have

Bjy — By = Cf{P(j)(é) - L(PM(&)) = PM(g) - L(PY(€))} dSe . (78)

Since the columns of P are solutions to the homogeneous Lamé equation the
right-hand side in (78) is zero and

i.e. the capacity matrix B is symmetric.

Next we prove that the elastic capacity matrix B represents a tensor.
Lemma 8 The elastic capacity matrixz is a Cartesian tensor of rank 2.

Proof. Let | = [lmk]fmkzl be a arbitrary matrix of rotation and consider
the matrix P with columns B = [,,,P*, where P*) k = 1,2,3, are
columns of the elastic capacitary potential. By definition of the vectors P®*)
the vector functions ™ solve the problem

PAEB (&) + (A + 1) Ve(Ve- B (€) =0  inCo, (79)
B = (1M)™  on dCw , (80)
PE) -0 as ¢ —o0. (81)

In a similar way to the proof of Lemma 6, the asymptotic representation for
P is given as

PrI(€) =T(€,0)B"™ +0(¢]™?) (82)

14



where B m = 1,2, 3 are the columns of the elastic capacity matrix of the
set w in the rotated system, and for this we have

Emn(%(&)v O@) = 2_1%mn ) (83)

as in Lemma 7.
Also, by definition of ™, the following representation holds

B (&) = LuI'(€, 0)B® +0(1¢]7?) (84)

obtained by using Lemma 6 for the columns of P.

Considering the entry FE,,, of the elastic energy matrix in the domain
Bpr\w and using the representation (84) and the same procedure as used in
the proof of (71), we obtain that

Epn(B(£),C0) = 27 gl By - (85)
Comparing (83), (85) we deduce that the elastic capacity matrix is a Carte-
sian tensor of rank 2. i

4.2.2 Upper and lower elastic capacity versus electrostatic capac-
ity

Let S denote set of vector functions u, such that

pAeu(€) + (A + )Ve(Ve-u(€) = O in C, (36)
ul)=c ondCw, (87)
ug) -0 as [§—o0, (88)

and for |£| > 2 has the asymptotic representation
u(§) =I(§,0)Bc+0(|¢7?) (89)

where ¢ = {¢;}J_, is a constant vector with |c| = 1.
We define the lower elastic capacity, of the set Cw, to be

@elastw - lllrelg (ga(u’ C(D) ! (90)

c,lc|=1
and upper elastic capacity as

Cap,asw = sup inf &(u, Cw) . (91)

o fe|=1WES

The following Lemma shows that upper and lower elastic capacity are
equivalent to electrostatic capacity.
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Lemma 9 For the upper and lower capacities the following inequalities hold

@elastw < kj? cap W, (92>
<

kicap w cap (93)

—elastw ’

where k1 = min{p, A+ 2u} and ko = p+ [N+ p|. (From which it follows

CaPjqst < ks cap (94>

—elastw ’

where ks = ky/ky.)

In order that we prove the preceding Lemma, we shall need the following
auxiliary inequality

Lemma 10 For any vector function v in Chw, constant on Ow, the elastic
enerqy functional & satisfies the inequality

b [ IVvIPde < (v.Co) <y [ VvPde. (95)
Cw Cw
where the constants k1, ko are the best possible.

Proof. We take an arbitrary vector function v|, = b, where b is a
constant vector, and consider the elastic energy for this in the domain C'w

éa(V, C(Z)) = 271 / el-j(v)aij(v) df . (96)
Ca
We may rewrite this in the following way
s(v.Co) =y [ OvIPdg+ () [ (Vovrde. (on
Cw Cw

Extending v by b over the domain w, we have using Parseval’s identity and
the Schwarz inequality,

| wevrde= [ 1F@Pw s [ pEEoPa = [ vV,
Cao R3 R3 Cao
(98)
where F is the Fourier transform and v = (v1, 15, v3) is the Fourier transform
variable.
Thus using (98) in (97) we deduce that

Ev,02) < (ot h ) | 7V de (99)
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We now consider two cases. When A 4 p > 0, then it is clear from (97)
that

E(v,Co) > “/o Vv de (100)
Hence from (99) and (100) we have ’
n [ IOV dE < 6(v,C6) < (e A [ I9vIPdE. (a0
When A + p < 0, we obtain from (98)
Ot [ (Fovrdez e [ IviPae, o
and so from (97) we obtain
(A +2u) /O |Vv|?d¢ < &(v,Co) . (103)

Therefore, from (99) and (103) we have

(2 [ OVIPdE < E(v.Co) < (o A il) [ [[OvIdE. (00
Cw Cw
Combining (101) and (104) to cover both cases we obtain (95). O

Now we are in a position to prove Lemma 9.

Proof of Lemma 9. We first take u € S, and consider the elastic energy
for this vector function in the domain Br\@w. Repeating the same procedure
as in the proof (71) we obtain for the vector u, that

&(u,Cw) =2"*(c, Be) . (105)

Let o be an eigenvalue of the matrix B and c the corresponding eigenvector,
le.

Bc=ac, where|c|]=1. (106)
From (106), we obtain that a = (c, Bc), this means that for (105), we have

&, Cw) =2"1a. (107)

Moreover, by the definition of upper and lower elastic capacity (90) we have
that upper and lower elastic capacity are the maximum, minimum eigenval-
ues, respectively, of the elastic capacity matrix B.
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We shall obtain the inequality (92) first. Let the vector u) be sought
in the form u® = P(&)c where P is the electrostatic potential. Considering
the Dirichlet integral for u™ in C@, we obtain

3
/c |VuD||?dg = Z/C GIVPPd€ = cap w (108)

since the function P minimises the electrostatic energy functional and |c| = 1.
Applying now the upper inequality of (95) of Lemma 10 to the vector function
u® we have

inf &(u, Cw) < &Y, Co) < kycap w . (109)

Then taking the supremum on the left hand side with respect to ¢, with
|c| = 1 to arrive at
CaPejqstW < k2 cap w, (110)

which is (92) proved.

Next, we take a vector function u® € S, with boundary condition u® =
c® on Cw that minimises the elastic energy in u and c. Applying the lower
inequality of (95) to u®, we have

(2

k1 / |Vu@]2dg < cap W . (111)
Cw

However the vector u? is not a minimizer of the Dirichlet integral (we have
seen that u? is such a vector). Thus

kicap w = k; / |Vull||?d¢ < ky / |Vu@|?dg < cap, w, (112
Cw Cw

completing the proof of (93).
Combining inequalities (92) and (93), we arrive at the proof of (94). O

Hence from Lemma 9 we have the elastic capacity and the electrostatic
capacity are equivalent.

4.3 Asymptotic estimates for the regular part h of
Green’s tensor in an unbounded domain

We now give an auxiliary result concerning an asymptotic estimate for the
tensor h, which we shall make use of in the algorithm.
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Lemma 11 For allp € Cw and & with |€| > 2 the estimate holds
[ (€,m) — (€, 0)P"V(n)] < const €] 2|n| ", (113)
where 7 =1,2,3.

Proof. From the definition of A(&, n) in (55), the columns of h(&, ) satisfy

pAhY (€, m) + (A + 1) Ve(Ve-h (€ m) =0 &neCo,  (114)
W€ m) =TV(€n), €€0CoandneCo, (115)
A (¢ n) — O asl|é| — ocandne Cw, (116)

for j =1,2,3.

From Lemma 5, we see that ¢ (&,n), i = 1,2,3 for sufficiently large |£]
can be approximated by a linear combination of columns of the fundamental
solution as follows

€197 (&,m) — Cii(m)TY)(£,0))

We now apply Betti’s formula to tensors ¢g*)(&,m) and e® — PW(¢g),
k,l =1,2,3, in the domain Br\w where Br = {£ : |€| < R} is a ball with
sufficiently large radius R. Recalling PY)(€) = eU) and ¢g®) (¢, 1) = O when
& € 0Cw, we have

|€|—o0

0. (117)

/ cald € m)e (PO (©)) de

— Pa(n) — 6 — / (64 — Pa(€))s; (9% (€. 1))n; dSe | (118)

0BRr

and

/B , eii (9" (& m)o(PU(€) de = | gu(&.m)ay; (P (€))n; dSe ,

0Bp
(119)
for k,l =1,2,3.
Then from (118), (119) we have
o — Pu(n) = — - {(@z - Rl(ﬁ))aij(g(k)(ﬁa”?»”j
+g (&, Moy (PV(€))n; } dSe . (120)
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Using the asymptotic representation for g given in (117) and that for P given
in Lemma 6, we take the limit in (120) as R — oo and obtain

(5,@1 — Pkl(’l’]) = — lim C’Tk(n)alj(F(T)(E, O))?’LJ dSE . (121)

R—o00 OBp

Computing the above integral, by applying integration by parts to e) and
'™ (¢ 0) in Bpg, yields

Ot — Pra(n) = Ci(n) (122)
or equivalently in the form of matrices
I — P"(n) =C(n) . (123)
Let [€] > 2. Then for n € 0Cw
[RO(&,m) = (&, O)P"V ()| = AV (€,m) ~ T (¢, 0)]

=|IV(€,m) — TV (€,0)| < const |n][€|* < const [¢]*, (124)

here we have used that for n € 9Cw, |n| < 1. By Lemma 1 for functions
satisfying the Lamé equation in 1, we have from (124) that

|h9)(&,m) —T(€,0)P"9)(n)| < const |&]2[n| ™", (125)

for n € Cw and |€| > 2. O

4.4 A uniform asymptotic formula for Green’s function
(G in three dimensions

Now we present the main result concerning the uniform approximation of
Green’s tensor G, in the case of 3-dimensions.

Theorem 1 Green’s tensor G.(x,y) for the Lamé operator in Q. C R? ad-
mits the representation

Ge(x,y) = Gxy)+e'gle'x,e7y) = I(x,y) + P(e'x)H(O,y)
+H(x,0)PT(ey) — P(e'x)H(O,0)PT(c'y)
—eH(x,0)BH(0,y) 4+ O(¢*(min{|x|, [y|}) "), (126)

uniformly with respect to x, y € €)..
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As in [6], we present a formal argument concerning the structure of G.(x,y).
Let GG, be represented in the form

Ge(x,y) =L(x,y) — Ho(x,y) = he(x,y) | (127)
where the columns of H.(x,y) = [Hg(j)(X, y)|, he(x,y) = [hgj)(x, y), i =
1,2, 3, satisfy the Dirichlet problems

PAHY (x,5) + (A + n)Ve(Vx - H (x,y)) =0, xy € Q.
HY(x,y) =TY(x,y), x€dye,
H9(x,y)=0, x€dCw.y€.,

and
pAI (x,y) + A+ p)Vx(Vx - (x,y) =0, xy € Q.
W (x,y) =TV (x,y), x€dChey € Q. (128)
M) (x,y) =0, x€dye..

From (127), it is enough to approximate the columns of H. and h., to
obtain the asymptotic formula for G..

Approzimation of H.(x,y). Consider H.(x,y) — H(x,y), which satisfies
the homogeneous Lamé equation and has zero boundary value when x €
00,y € Q.. When x € 0Cw,, the leading part of H.(x,y) — H(x,y) is given
by —H(O,y). We extend —H(O,y) onto Cw, to a tensor that satisfies the
homogeneous Lamé equation in variable x, in the form —P(e~'x)H(O,y),
whose leading order part is —eI'(x, O)BH (O, y) for x € 0Q,y € Q.. Thus

H.(x,y) - H(x,y) = —P(e"'x)H(0O,y)+eH(x,0)BH(O,y)
+9:(x,y), x,y€Q., (129)

where 9.(x,y) is the remainder term produced by this approximation.

Approzimation of h.(x,y). Using the definition of h and (128) of h., we
have
ho(x,y) —e 'h(ie 'x,e7ly) =0  for x € 9Cw. . (130)

Then from Lemma 11, we have
he(x,y) — e h(e7'x,e7ly) = =T(x, 0) P (n) + O(*(Ix*ly) ™) ,

for x € 99,y € €).. The tensor that satisfies the homogeneous Lamé equation
in x and has boundary data I'(x, O)PT(n) when x € 99 is

H(x,0)P"(n) .
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Thus, we have
he(x,y)—e 'h(e'x,e7ly) = —H(x, O)PT(n)+x.(x,y) for x € 00,y € Q. ,

where y.(x,y) is the remainder. For x € 0Cw., x.(x,y) = H(x,0)P(n).
Since the components of H(x,O) are smooth for x, y € 2, we may approx-
imate the latter by H(O, O)PT(n). However this tensor is not necessarily
small. Making an extension of H(O, Q)P (n) to a tensor which satisfies the
homogeneous Lamé equation for x € Cw., and is small for x € 9,y € ).,
we have

Ye(x,y) = P(e"'x)H(O,0)PT (s 'y) + b.(x,y) ,

where h.(x,y) is the new remainder. Hence we may now assume the asymp-
totic representation

he(x,y) —e'h(e'x,e7y) = —H(x,0)P"(c""y)
+P(e'x)H(0,0)P (e ty)
+he(x,y) (131)
for x,y € (..
Combined formula. Combining (131) and (129) in (127), yields
Ge(x,y) = I'(xy)—H(xy)+P(e'x)H(0,y)
—eH(x,0)BH(0,y) — e 'h(e'x,e7y)
+H(x,0)PT(e'y) — P(e'x)H (O, 0)PT (7 'y)

where R.(x,y) is the sum of the remainders $.(x,y) and h.(x,y), which we
shall estimate. Recalling the definition of G and g from (54) and (55), the
preceding expression is equivalent to

G-(x,y) = Gxy)+elgle 'x,ey) —T(x,y)
+P(e'x)H(0,y) + H(x,0)P (s 'y)
—P(e"'x)H(0,0)P (s 'y) — eH(x,0)BH(O,y)
+R.(x,Y) - (133)

Next we give a rigorous proof of (126).

4.4.1 Proof of Theorem 1

The columns of R.(x,y) solve the problem
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PAKRY (%, 5) + A+ ) Vx(Vi - RV (x,¥)) =0 x,y €Q.,  (134)

RO (x,y) = ¢ 'n9(e'x,e7y) — H(x,0)P"V (e y)
—P(e'x)HY(0,y) + P(c 'x)H(O,0)PTW (s 1y)
+eH(x,0)BHY(0,y), xe€dQye., (135)

RY(x,y) = HY(x,y)~HY(0,y) - H(x,0)P"V(cy)
+H(0,0)P"V)(s7y) + eH(x,0)BHY(0,y) ,
X € Ow.,y € Q.. (136)
Both HY(x,0) and HY(0,y) are columns of H (see (54)), and HY)(x, O)
is bounded on 0f2. They are also bounded for x € dw,, y € .. The term
eH(x,0)BHY)(0,y) is bounded by const ¢ in (135) and (136). Since the

components of H(x,y) are smooth for x,y € 2 and by Lemma 4 the entries
of the tensor P(&) are bounded, from (136) we have

[HY (x,y) = HY(0,y) — (H(x,0) — H(0,0))P"¥(n)| < const £, (137)
for x € Jw,,y € .. Thus when x € Jw, and y € (),
|RY(x,y)| < const ¢,

for j =1,2,3. ‘
Next we estimate |R§])(X, y)| when x € 9Q,y € Q.. By Lemma 4, the
columns of capacitary potential satisfy the following inequality

|PY(e7'x)| < const e|x|!, j=1,2,3, forxeQ,. (138)
Now, (62) of Lemma 6 and the definition of H(x,y) imply

[eH(x, 0)BHY(0,y) — P(e"'x)H7(0,y)|
= |(D(e7'x,0)B — P(¢s 'x))HY(0,y)| < const €2, (139)
for x € 092, y € Q.. We also have, using Lemma 11 and (138), the following
estimate
1O (=1, e y) — H(x,0)PTU) (= ly)|
= W9 x,e7ly) —T(€,0)PTV (e y))|
< const 2|x|?y| ! < const 2y t, x€0Qye€Q., (140)
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where we have used the estimate (113) and for x € 092, |x| > 1. Combining
(138), (139) and (140) in (135) we obtain

|R£:j)<xa y)’ < const 52‘y|71 for x € any € QE ) (141>

for j =1,2,3.
Therefore, by Lemma 1, we have

|RY)(x,y)| < const max {»32|X|_1 752|Y|_1} ) (142)
for j =1,2,3, and x,y € €).. Thus,
IR9)(x,)| < const & (min{x], ly[})™ (143)

The proof is complete. 0

5 Green’s tensor for a planar domain with a
small hole

Now we present the uniform approximation of the tensor G.(x,y) for the
case of a planar domain with a small hole, formulated in Section 2. We once
again introduce model domains and governing equations needed for the study
related to this case.

5.1 Green’s kernels for model domains in two dimen-
sions

Let G(x,y) = [GV(x,y), G (x,y)] and g(&,n) = [9"V(&,n), g? (&, n)] de-
note Green’s tensor for the Lamé operator in the bounded domain 2 and
Cw = R?\w respectively. The tensor G is a solution the following problem

PALG (X, y)+ A+ 1) V(Vx-G(X,y))+0(x—y) o =0y, x,y €Q, (144)
Gx,y) =0, x€dyecQ, (145)

and the tensor g solves
pAeg(§,m+A+1)Ve(Ve-g(€m)+0(§—m)l2 = 0L, &neCu, (146)

g(&,n) =0L,, £€dCo,neCo, (147)
|g(j)(€,77)| is bounded as [{| — oo ,n € Cw for j =1,2. (148)
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We represent G(x,y) as
G(Xv y) - 7(X7 Y) - H(X7 y) ’ (149)

and g(§,m) as
g(&m) =~(&mn) —h(&n), (150)

where H and h are the regular parts of G and g respectively, and v(x,y) =
[7i(%,¥)]7 1, is the fundamental solution of the Lamé operator in two di-
mensions with components
%% y) = (A4 3p)(dmp(A +20)) ' (— log [x — y|dy;
FO 1)+ 30) 7 s — i) (g — ) x— y] %), (151)

for i, 5 = 1,2. We introduce the tensor ( as

() = lim g(&m), (152)
and the constant matrix
¢ = Jim {¢(n) +v(n,0)}, (153)

where it will be shown that (*° is a symmetric matrix.

5.2 Auxiliary properties of the regular part /h of Green’s
tensor for an unbounded planar domain and the
tensor (

In the present subsection, we shall formulate and prove an asymptotic rep-

resentation for the regular part h of Green’s tensor g, in the unbounded

domain. For this we shall need the following Lemma which is the two dimen-
sional analog of Lemma 5.

Lemma 12 Suppose the columns u') (&) of the matriz u(€) are solutions of
pAU () + A+ p)V(V-u(§) =0, inCo,

and that |uY)(€)| < const (1 + [€])F, k>0, for j =1,2.
Then for |€| > 2

u (&) = 27 (&) +4(€,0)09 + O(lg| ™Y, (154)

]

where f@,gj)(ﬁ) ={
= {C}"}2_,, where C’Z-(j) are constants.

,@i(j’k) (&)}, 90”{)(5) are polynomials of order not greater
than k, CU) N2
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We now formulate a result related to the approximation of the regular
part of Green’s tensor g needed for our algorithm.

Lemma 13 Let |£| > 2, n € Cw. Then the columns of the regular part
RU)(&,m) of Green’s tensor in Cw admil the asymptotic representation

h9(€,m) =~9(£,0) —¢V(n) +O(€[ ) . (155)

Proof. By definition of g (cf. (146)-(148)), the columns hU) of its regular
part satisfies

pAeh (€, m) + A+ 1) Ve(Ve-hD(€,m) =0, &nelCw,  (156)

(g, =~ (&), €€dCw,neCw, (157)
and by (152)

hD (€ m) ~v9(&0)— (Y (n), as|él—oo,meCr, (158)

for j =1, 2.
Setting UW) (&, m) = RV (&, m) — v (€, O), we have that UY) solves

PAUD (& m) + A+ p)Ve(Ve - UD€ m) =0, &nelCo, (159)

UY (&) =~19(&m) —1Y(£,0), ¢€dCu,neCau, (160)
and by (152)

U9 m) ~—C9(n), as|fl—oo,neCu. (161)

Consulting Lemma 12, we see that for |£| > 2 the following representation
for UY) holds

U9 (& m) =K +~(£0)CY +0(l¢ ) . (162)

where KU) and CU) are vector functions of 1 only.

Then in order that condition (161) be satisfied we must take K =
—(YW(n) and CY) = O. Thus, recalling the definition of U, we obtain
(155). O

We also have the following asymptotic representation of the tensor (.
Lemma 14 For |§| > 2, the following representation for (), j = 1,2, holds
(V€)= (& 0)+ (> +0(l¢[) . (163)
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Proof. The columns () (¢) are solutions of

pAC(E) + A+ p)V(V- (D) =0, ¢elCw, (164)
(Ve =0, €£€iCa, (165)
(V&) ~ —yD(€,0) + () as €] - o0, (166)

for j = 1,2, where ((>) are the columns of (* and the preceding boundary
value problem is consistent with (152), (153).

Setting UW) = ¢ (&) 44U (&, 0), and in the same way as in the proof
of the previous lemma, we deduce (163). O

We also have the following property of the matrix function (.
Lemma 15 The tensor ((n) is symmetric.

Proof. We begin by applying the Betti formula to the vectors —(*) (&)
and g (€,m) (noting that ¢¥)(§) is a solution of the homogeneous Lamé
equation), in the domain Bg(O)\@ for sufficiently large R, so that we obtain

- / CW(E) - Lo (& m) dE = / (—CW (&) - Tu(g® (&, m))
Br\@w O(Br\®)

+gV(&m) - Tu(¢(€))} dSe . (167)

Now using the definition of g and the fact that () (¢) = O and (¢, ) = O
on JCw, we have from the preceding equation

Gr(n) = - {—¢M(E) - Tu(g" (& m) + 9V (& m) - Tu(¢M(€)} dSe . (168)

which holds for all R. Using the asymptotic representation for ¢¢) and that
for hU) given in Lemmas 13 and 14 respectively, j = 1,2, we take the limit
in (168) as R tends to infinity and obtain

Gr(m) = — lim [ ¢O(n) T,(y"(£0))dS . (169)
—° JoBpg

Computing the above integral, by applying Betti’s formula to the vectors
¢W(n) and v")(£,0) in B, gives

Gr(n) = Cu(n) - (170)

Hence from (170) we have the tensor {(n) is symmetric.

0

It also follows from this Lemma and the definition of the constant matrix
¢, (cf. (153)), that this matrix is also symmetric.
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5.3 A uniform asymptotic approximation of an elastic
capacitary potential matrix

Let P.(x) = [Pe(l)(x), r¥ (x)] denote the elastic capacitary potential of the
set w., whose columns are a solution of the following problem

PAPY (x) + A+ p)V(V- PY(x) =0, x €., (171)
PY(x) =0, xcon, (172)
PY(x)=eY | xecdCa,, (173)
for j =1, 2.

Lemma 16 The asymptotic approximation of P.(x) is given by the formula

Pe(x) = (G(x,0) = ¢(§) =7(£§,0) + () D +p(x) , (174)

where D is the matriz given by (23) — (25) and p(x) = [pM(x),p? (x)] is
such that '
IpY (x)| < conste(loge)™, j=1,2, (175)

uniformly with respect to x € €)..

Proof. Let ¢ — 0, then Q. — Q\{O}. In this limit domain, it is suitable

to approximate the columns pY )(X) of the elastic capacitary potential, by
V) (x), which solves the boundary value problem

pAVI (x) + A+ p)V(V - VO(x) +d(x)e?) =0, xec Q\{0}, (176)
Vi(x)=0, xe€dn, (177)

for j = 1,2. Let VU)(x) be sought in the form
VU (x) = D;;GW(x,0) 4+ Dy, GP(x,0) ,j =1,2. (178)

The representation of V1) (x) by (178) does not satisfy the boundary condi-
tions on OCw,. Therefore, we construct a boundary layer MY)(€), which is
a solution of

pAMY (&) + A+ p)V(V-MY(£) =0, ¢eCuw, (179)
MY(€) = e — D;;GV(x,0) — Dy;GP(x,0), €€ dw, (180)
MD(€) — O as €] — oo, (181)

for j =1, 2.
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Since w; is a small void, we may rewrite the boundary condition (180) for
MY (&) by considering GU)(x,0), j = 1,2 as follows. Using

G9(x,0) =y (x,0) - H)(x,0), j=1,2, (182)

where V) is the j* column of {v;;}2_, and the fact the components of
HU)(x,0) are smooth functions for x, y € ©, on 9C@. we may expand
these about O, to give

GY(x,0) = —K,logee? 44U (¢ 0) - HY(O,0)
+0(e), j=12. (183)

Then using (183) we have from (180)

MU(E) = e+ Dy (Kylogee® —4W(¢,0) + HV(0,0))
+Dy; (Kylogee® — 4 (¢,0) + H?(0,0))

for £ € Ow, where K> is the constant given in (25).
The tensors (V) (€) satisfy (164)—(166). Setting

(&) = V(&) +7Y(¢,0) — ¢ j=1,2, (185)

we have that (0 (£) satisfies

PACD () + A+ p)V(V-CD(€) =0, ¢ela, (186)
(O(E) =7)(¢,0) — (=) | ¢ecaCw, (187)
(OE) >0 as ¢ — o0, (188)
for j =1, 2.

Substituting the boundary condition (187), for é(j)(.f) on 0Cw, into (184)
we have

MO(€) = e+ Dy (Kylogee® — (CV(g) + (V) + HY(0,0))

+Dy; (Kalogze® — ((D(€) + (™) + HP(0,0))
+0(e) , (189)

for £ € 0C@w. The boundary layer M) (§) is sought in the form

MO (&) = =Dy ¢V (&) — DyyCP (&) + WI(E), j=1,2, (190)

29



where W) (€) is a solution of

PAW Y (E) + (A + w)V(V-WD(€)) =0, €€Co, (191)
WO(E) = e + Dy (Kylogee® — ¢V 1 HO(0,0))
+D2j (K2 lOgE e(2) - C(OO72) + H(Q)(Oy O)) ) (192>
for £ € 0Cw, and '
WOE -0 as |€]— 0. (193)

In order that we satisfy the condition (193) we must choose D;;, i,j = 1,2
as follows,
D=[DW D®)=_-A"", (194)

where A = [A;;], whose entries are given by
Aij = K2 lOg{f(SZ‘j - ZC;O + Hij(O, O) s Z,] = ]_,2 . (195)

Choosing D as in (194) we have from (191)-(193), W0)(§) = O, j = 1,2,
and the form of the constant matrix D (given by (23)—(25)) has been proved.
Combining (178) and (190) in

PO(x) = VU (x) + MO(€) +p(x) .
where pU)(x) is the remainder term, we have (174).

5.3.1 Estimating the remainder term

The remainder p(x) = [pM(x), p® (x)] satisfies

pAp(x) + (A + ) V(V - p(x)) =0, x€Q, (196)
p(x) = (C(§) +7(£,0) = ¢*)D, x€0Q, (197)
p(x) =1y — (—Kylogel, + (* — H(x,0))D, x¢€dCw,. (198)

For the boundary condition on dCw,, using (194) and (195)
p(x) = (H(x,0) — H(0,0))D, xe€dCuw.. (199)
Since the components of H(x, Q) are smooth for x, y € €2
H(x,0) — H(0,0)=0(¢), asx € 0Cw, .

Next we consider the matrix D. Comparing to (24) we have K;' = (det A)~%,
is of O(log™? ¢), from which we see D = O((loge)~"). Thus we have the right-
hand side of (198) is O(e(loge)™1).
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Using Lemma 14, we have
((§) +7(§,0)=¢*=0(e), forxed, (200)

and therefore again we have the right-hand side of (197) is O(e(loge) ™).
Thus by the Lemma 1 we have

p(x) = O(e(loge)™) for x€Q..

5.4 A uniform asymptotic formula for Green’s function
(. in two dimensions

We are now in a position to formulate and prove our result concerning the
uniform approximation of the tensor G. for the case of two dimensions.

Theorem 2 Green’s tensor G. for the Lamé operator in Q. C R? admits the
representation

G.(x,y) = G(x,y)+g(&n) —~(&mn)
+P.(x)AP (y) — ¢(n) — ¢(€) +¢* 4+ O(e) ,  (201)

which is uniform with respect to (x,y) € Q¢ x ).
Proof. Let G, be given by
Ge(xv y) = 7(X7 Y) - He(xv y) - ha(X, y) ) (202)

where the columns of H.(x,y) and h.(x,y) are solutions of the boundary
value problems

PAHD (x,y) + (A + 1)V (Vi - H (x,y)) =0, x,y€Q., (203)

HO(x,y) =1(x.y), x€dyeQ.. (204)
Héj)(xa y) = O ) X € awé"y € QE ) (205>

and
pARI (x,7) + (A + ) Va(Vx - B (x,y)) =0, x,y €Q.,  (206)

h(x,y) =0, x€dyeQ., (207)
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A (x,y) =79 (x,y), X € dw.,y € N, (208)
for j =1, 2.
The approzimation of H.(x,y). Let He(j)(x, y) be represented in the form

HO(x,y) = Si(y,loge)GY(x,0) + Sy(y,loge) G (x, )
+H (x,y) + RY (x,y, loge) (209)

where S;;(y,loge), 4,7 = 1,2 are to be determined. In (209), the term
< )(X, y,loge) satisfies the boundary value problem

pALRY) (x,y, log e)+ (A1) Vi (Vi RV (x,y,1loge)) = O ,x,y € Q. , (210)

RY(x,y,loge) =0, x€dye., (211)
RY(x,y,loge) = —5,;GV(x,0) - 5,;,G?(x,0) - HY(x,y)
x € 0C@.,y € Q. , (212)

and is approximated by RY)(¢,y,loge), which is a solution of
pAeRV (€. y,loge) + (A + 1) Ve(Ve - RV(€,y,loge)) = O € € Co, (213)
R(j)(ﬁ,y,logg) = 5y (K2 loge e — 7(1)(5, O)+ H(l)(O, O))

+Sy; (Ko logee® — 4@ (¢,0) + H?(0,0))
_H(J)(07Y) ’ 6 € 0Cw ) (214)

RY(&,y,logz) — O as [¢] — oo, (215)
where y € Q.. We represent the solution of (213), (214) and (215) as

RV (& y,loge) = Sy (Kzlogeel) —4M(g,0)+ HD(0,0) - (M(¢))
+5; (Kzlogeel® —112(¢,0) + H(0,0) - (*(¢))
—HY(0,y) . (216)

Now, using the boundary condition (166) of ((£), in (216), we deduce that
in order that (215) be satisfied we must choose the columns of S as follows

S(y,loge) =[SV (y,loge), SP(y,loge)] = —DH(O,y) , (217)

where the entries of D are given by (23)—(25).
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Combining (217), (214) and (209), we have
He(j)(xy y) = SuG D(x,0) + SZJG @ (X O)
+51; (Ko logee —~4W(g,0) + HY(0,0) — ¢V (¢))
+S5; (K> logeel® — 4 (¢,0) + H®(0,0) - (P(¢))
~HY(O, y) +HO(x,y) + 959 (x,y)
= —P(x)HY(0,y) + HV(x,y) + 9V (x,y) . (218)
Here 5gj)(x, y) satisfies
pAOY (%, y) + A+ )V (Vi - 9P (x,y) =0, xyeQ, (219)
9 (x,y)=HY(0,y) - HV(x,y), x€dCa.,y €., (220)
ﬁgj)(X, }’) =0, x€d,ye, (221>

where the right-hand side of the boundary condition (220) is O(¢), uniformly
with respect to x € 0Cw. and y € Q..
Using Lemma 1 we obtain 9.(x,y)= O(e) for x,y € Q..

The approximation of h.(x,y). Now we shall proceed to approximate h..
The columns of h.(x,y) satisfy the homogeneous Dirichlet condition on OS2
and for x € 0Cw, we rewrite the boundary condition (208) as

héj)(x, y) = —Ksloge el V(g m), xedCa.,y €. .
Let héj)(x, y) be sought in the form
W (x,y) = —Kzloge e + h (€, m) + X (x,y) , (222)

where the vector field y¥ )(X, y) satisfies

pAXD (x,y)+ A+ p)V(V- P (xy) =0, xyeQ.,  (223)
W(xy)=0, x€dCa.,yeN., (224)
Y9 (x,y) = Kylogee® —hi(g,m), xe€aQ,y Q.. (225)

Using Lemma 13, we rewrite (225) as
Wxy)=-"x0)+¢P(m)+0(), xedye.. (226)

From the definition of H(x,y) and the elastic capacitary potential we write

X (x,y) as

X (x,y) = —HY(x,0)+ (I, = P.(x))¢V () +hY (x,y) ,x,y € Q. , (227)
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where bgj )(x, y) satisfies the homogeneous Lamé equation; by Lemma 13 is

O(e) for x € 092, y € Q. and
h(x,y) = HY(x,0) = HP(0,0) + O(e) , (228)

for x € 0Cw., y € €).. Therefore, using the elastic capacitary potential,
P.(x), we write

b (x,y) = P.(x)H"(0,0) + O(e) , (229)

which is uniform with respect to x,y € )., by Lemma 1.
Collecting now (227), (229) in (222) we have

héj)(x, y) = h(J)(g, n) — K, log e e
—HY(x,0) + (I, — P.(x))¢P(n)
+P.(x)HY(0,0) + O(e) . (230)

Combined formula. Substituting (218), (230) in (202) we have the columns
of Green’s tensor for the domain €2,

GV(xy) = 7 (xy)— HV(x,y) - h9 (& n)
+Kyloge e + HO(x, ) ¢V (n)
—P.(x)(HY(0,0) = ¢Y(n ) HY(0,y))+ O(e)
= Y(x,y) - H' ')(X y) — h9(&,n) + Ky loge eV
+(I, — P-(x))(HY(0,0) — ¢V (n) — HY)(0O,y))
+HY(x,0) + HD(0,y) — HY(0,0) +O(e) . (231)
Using the relation
H(0,0) —((n) — H(O,y) = A(l, - PX(y)), (232)
obtained from the leading part of P., we have
GV(xy) = 7W(xy)—HV(x,y) —h9 (& n)
+K;logeeV) + (I, — P5<x>>A<e<” - P!V(y))
+HY(x,0) + HY(0,y) — HY(0,0) 4+ O(e)
= Wi(xy) - HY(x,y) - ”(E n)
+P(x)API 9 (y) = ¢V (n) = (V(€)
+¢D + 0(e) (233)

which is (201). The proof is complete.
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6 Simplified asymptotic formulae subject to

constraints on independent variables
It is now of interest to see how the asymptotic formulae obtained in The-
orems 1 and 2, simplify under constraints on the points x, y € ()., where
Q. C R", n=2,3. We consider two situations, the first is when these points
are outside a small neighborhood of the hole, the second is when the points

are in the vicinity of the hole.
We now consider the case of three dimensions.

Corollary 1 a) Let x and y be points of 2. C R?, such that
min{|x|, |y|} > 2¢. (234)
Then G.(x,y) admits the representation

Ge(x,y) = G(x,y) — eG(x,0)BG(0,y) + O(e*(|x||y| min{|x], !y\})(12)3-5>
b) If max{|x|, |y|} < 1/2, then
Ge(x,y) = e 'gle7'x,e7y) = (I3 — P(e7'x))H(0,0)(; - P'(c'y))
+O(max{[x], y[}) . (236)

Both (235) and (236) are uniform with respect to x,y € €.

Proof. a) We may rewrite (126) as follows
Ge(x.y) = Glxy)—e'h(e'x,e7ly)
+P(e7'x)H(O,y) + H(x,0)P"(c"'y)
—P(s'x)H(0,0)P* (¢ 'y) — eH(x,0)BH(O,y)
+O ((min{ x| [y[}) ™) - (27)
From Lemma 4, we have for [x| > 2¢
P(e'x) =el'(x,0)B+ O (£*[x]7?) . (238)
Also, by Lemma 11 we have

e ' h(eTx,e7y) “'T(e'x, 0)P (7 ly) + O (*(IxPly]) ™)
“T(e7'x,0)BT (¢ 'y, O)

+0 (*(|x|[y[ min{]x], [y[})") (239)

€
€
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By substitution of (238) and (239) into (237) we have

G.(x,y) = G(x,y)—¢ 'T(e'x,0)BI'(¢ 'y, 0O)
+el'(x,0)BH(0O,y) + e¢H(x,0)BI'(y, O)
—eH(x,0)BH(O,y)
+O(e*(|x|[y[ min{|x], [y[}) ™) . (240)

which is equivalent to

G.(x,y) = G(x,y)—-T(e'x,0)BG(0,y)
+eH(x,0)BG(O, y)
+0 (*(|x|[y| min{|x|, [y|})7") , (241)

which is equivalent to (235).
b) Since the components of H(x,y) are smooth for x, y € €, in the
vicinity of (O, O) in Q. x €. we may rewrite (126) as

G.(x,y) = ¢ 'g(e"'x,¢7y) — H(O,0)
+(H(0,0) + O(|x]))PT(s"'y) + P(e'x)(H(0, 0) + O(|y|))
—P(e7'x)H(0,0)P"(c"y) + O(max{[x|, [y|}) , (242)

from which (236) follows.
0J

Next we shall simplify the asymptotic formula given in (201) for the case
of two dimensions under the same conditions on the points x and y.

Corollary 2 a) Let x,y € Q. C R? such that
min{|x|, |y|} > 2¢ . (243)
Then
G.(x,y) = G(x,y) — G(x,0)DG(O,y) + O(c(min{|x|, [y|[})™") . (244)
b) If max{lx, ly|} < 1/2, then

G.(x,y) = g9(&m) — ¢(&§)D{(n) + O(max{|x], [y[}) - (245)

Both (244) and (245) are uniform with respect to € and (x,y) € Q. x Q..
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Proof. a) By Lemma 13,
h(€,m) =7(€,0) —¢(n) +O(¢[) . (246)
Also from (166),
(&) = —1(£.0) + ¢+ O(€]™) as [¢] — o0 (247)
Substituting (247) into (174) we obtain
P.(x) = (G(x,0) + O (ex|"")) D . (248)
Combining (246), (247) and (248) in (201), we have

Ge(x,y) = G(x,y) = (G(x,0) + O(c"'[x])) D(G(O,y) + O("'|y])) + O(e) ,

(249)
from which we obtain (244).
b) Rewriting formula (232) in the form
PE(X) = ]2 - (H(O7 O) - C(&) - H(Xa O))A_l ) (25())

and substituting this into (201) for G., we have

Ga(xv y) = 9(577’) - H(X7 Y)
—(H(0,0) = ¢(§) — H(x,0))D(H(0,0) = ¢(n) — H(O,y))
+H(x,0) + H(O,y) — H(0,0) + O(c) . (251)

Using the fact that the components of H(x,y) are smooth for x, y € Q,
in the vicinity of the origin we have from (251)

Gxy) = g9(&mn) = (O(x]) = C(€)D(O(ly]) = ¢(n) + O(max{[x], [y[}) .

(252)

Since from (247), ¢(€) = O (log(¢7'|x|)) we have
G(x,y) = g(&§m) — C(€)DC(n) + O(max{[x], |[y]}) . (253)
U
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