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Abstract. We derive an asymptotic formula of a new type for variational
solutions of the Dirichlet problem for elliptic equations of arbitrary order. The
only a priori assumption on the coefficients of the principal part of the equation
is the smallness of the local oscillation near the point.

1 Introduction

In the present paper, we consider solutions to the Dirichlet problem for arbitrary
even order 2m strongly elliptic equations in divergence form near a point O at
the smooth boundary. We require only that the coefficients of the principal part
of the operator have small oscillation near this point and the coefficients in lower
order terms are allowed to have singularities at the boundary. It is well known
that under such conditions, any variational solution belongs to the Sobolev space
WP with sufficiently large p (see [ADN] and [GT]). Our objective is to prove
an explicit asymptotic formula for such a solution near O. Formulae of this type
did not appear in the literature so far even for equations of second order. The
approach we use is new and may have various other applications.
To give an idea of our results we consider the uniformly elliptic equation

—div (A(z) grad u(z)) = f(x) in G (1)
complemented by the Dirichlet condition
u=0 on JdG, (2)

where G is a domain in R™ with smooth boundary. We assume that the elements
of the n X n-matrix A(x) are measurable and bounded complex-valued functions.
We deal with a solution u having a finite Dirichlet integral and assume, for
simplicity, that f = 0 in a certain §-neighborhood G5 = {x € G : |z| < 0} of
the origin. We suppose that there exists a constant symmetric matrix A with
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positive definite real part such that the function

»(r) = sup ||A(z) — A|]|
G

is sufficiently small for r < §. We also need the function

(A(x) — A)v,v) — (A=Y A(z) — A, 2) (v, 2) (A e, 2) L

Qx) = |S7=1|(det A)V/2(A=1x, 2)n/2 ’ (3)

where (z,() = z1(1+. ..+ 2,(, and v is the interior unit normal at O. (For the
notation (det 4)'/? and (A= x, z)"/? see [H], Sect.6.2.)

The following asymptotic formula is a very special corollary of our main
Theorem 1 which is formulated in Sect. 4

0
w(z) = exp ( - /GJ\Gx Qy)dy + O(/lzl %(P)z%ﬁ))

0

x(c(dist(z,ac)+o(|x|2*6/ %(p)p;l’_)e))+o(|x\2*€), (4)

||

where C' = const and ¢ is a small positive number.

It a simple matter to derive from (4) sharp two-sided estimate for the Holder
exponent of u at the origin. Another direct application of (4) is the following
criterion. Under the condition

s
d
|0 < (5)
0 P
all solutions w are Lipschitz at the origin if and only if
liminf/ RQOdx > —00. (6)
r——+0 Gs\Gr

Needless to say, this new one-sided restriction (6) is weaker that the classical
Dini condition at the origin. The complementary assumption (5) appeared pre-
viously in several papers dealing with other problems of the boundary behavior
of solutions to equation (1) (see [FJK], [Dahl], [Ken] et al ).

Let us turn now to another particular case of our main result which is of
independent interest and illustrates how lower order terms in the equation influ-
ence the boundary behavior of solutions. Consider a solution u of the magnetic
Schrodinger equation

(igrad + M (2))?u — P(z)u =0 on Bf |

where Bf = R"? N Bs, RT = {z = (2/,2,) ER" : 2, > 0} and Bs = {x € R" :
|x| < é}. Let w vanish on the hyperplane z,, = 0 and have a finite Dirichlet
integral. Further let us assume that

&
| s )] + 2P L < . @
0 |yl<p P



From Theorem 1, one readily deduces the asymptotic representation

u(z) =exp (— 2:1”//22 / (P(y)—|M(y)|2—n(M w).y) z) y’%dy) (Canto(|z]))

ly[? ly|™

lz|<|y|<s

which shows that the magnetic vector potential induces fast oscillations near
the origin while the electric potential influences only their amplitude. Under
condition (7), all solutions w are Lipschitz at the origin if and only if

2

A . — 2 yndy

g [ (00 W) B
r<|y|<é

In Theorem 1 we obtain a general asymptotic formula of the same nature for
a variational solution of the uniformly strongly elliptic equation with complex-
valued measurable coefficients

Y (70.)*(Lap(2)dulz)) = f(z) on Bf (8)

0<|al,|B]<m

complemented by zero Dirichlet data on the boundary x, = 0. Here and else-
where by J,, we mean the vector of partial derivatives (0y,,... ,0s,). The only
a priori assumption on the coeflicients L,z is a smallness of the function

> as@) = Lagl+ D @ Lap(a)],
o118 =m joct B<2m

where x € By and L,s are constants.

Actually all present paper deals with the proof of Theorem 1. We outline
the idea of our argument. Equation (8) is transformed to a first-order evolution
system with the matrix whose entries are partial differential operators on the
hemisphere with time dependent coefficients. Thus, the question of asymptotics
of solutions to the original Dirichlet problem is reduced to the study of the
long-time behavior of solutions of the evolution system just mentioned. The
structure of the operator matrix in the system is rather complicated, because
it has been obtained from a higher order partial differential equation in the
variational form. Moreover, the study of this system is aggravated by the scant-
iness of information about the behavior of the operator matrix at infinity. We
overcome these difficulties by a right choice of function spaces, characterizing
the solutions and the right-hand side of the evolution system by certain semi-
norms depending on time. To obtain an asymptotic formula for the solution
we apply a particular spectral splitting of the system into one-dimensional and
infinite-dimensional parts.

We only briefly discuss applications of Theorem 1 to keep the reasonable
length of the paper. One important area is the asymptotical analysis of solutions
near non-smooth boundaries (see [KM2] and [KM3]). We hope to treat this topic
in detail in a subsequent publication.



2 Function spaces

Let 1 < p < oo and let WoP(R% \ O) denote the space of functions u defined

on R} and such that nu € W™P(R") for all smooth 1 with compact support
in R\ O. Also let Wﬁp(R” \ O) be the subspace of W"P(R™ \ O), which
contains functions subject to

O u=0 ondRL\Ofork=0,...,m—1. (9)

We introduce a family of seminorms in Vi/l?c’p (R} \ O) by

1/p
M (u; Ky pr) = Z/ |V pu(z)|P|z|P*~ ”dm) , >0, (10)

k=0 a.'r br

where K,,, = {x € R} : p < |z| <r}, a and b are positive constants, a < b and
Vi is the vector {9 u}|q|=. One can easily see that (9) implies the equivalence
of M7 (u; Karpr) and the seminorm

1/p
([ Wau@piapmrao)
K

ar,br

With another choice of a and b we arrive at an equivalent family of seminorms.
Clearly,

b'r/a d
m m P
my (u; Karrprr) < cr1(a,b,a’,b) // 7 m, (U5Kap,bp)?a (11)

where ¢; is a continuous function of its arguments.

We say that a function v belongs to the space ngﬁ?p R?\O),pg=p+gq,if
vE T/Vlglc’q(R” \ ©) and v has a compact support in R? \ O. By W, ™" (R} \ O)
we denote the dual of ngrgp(]R” \ O) with respect to the inner product in
L%(R7). We supply W,.™P(R’} \ O) with the seminorms

m;m(f;KM,br):sup\ [ kel dal (12)
+

where the supremum is taken over all functions v € ngﬁ?p (R% \ O) supported

by ar < |z| < br and such that 97" (v; Kqrpr) < 1. By a standard argument it
follows from (11) that

b'r/a dp
m;m(fv Ka’r,b’r) S 02(a7 b7 alb/) / m;?m(f7 Kap,bp)? ) (13)

a’'r/b

where co depends continuously on its arguments.



3 Statement of the Dirichlet problem in R”
We consider the Dirichlet problem

o u

Tn

_ _ -1
=0 fork=0,1,....,m—1 onR" \ O (15)

Tn

for the differential operator

L(x,0z)u = Z (—8x)a(£ag(a:)85u) (16)

lacl,|B]<m

with measurable complex valued coefficients L,g in R} .
We also need a differential operator with constant coefficients

L@ = ()" Y Lagdit?, ()

|| =[8]=m

where RL(£) > 0 for £ € R™\ O. It will be convenient to require that the
coefficient of L(d,) in 2™ is equal to (—1)".

We treat L(z,0,) as a perturbation of L(d,) and characterize this pertur-
bation by the function

Q)= s (Y |Las@) —Lagl+ Y @ lLas@)])
pERr/er Y al=|5l=m latp|<2m
(18)

which is assumed to be smaller than a certain positive constant depending on
n, m, p and the coefficients L,g. It is straightforward that

Qr) < /ma(t)ﬂ . (19)

r/e t
By the classical Hardy inequality
im;m((ﬁ —L)(u); Ky jep) < cQ(r)EDT;“(u; Krjer), (20)

where ¢ depends only on n, m and p. Therefore, the boundedness of {2(r) implies
that the operator £(z,d,) maps W".? (R \ O) into W,,"P(R7% \ O).

In what follows we always require that the right-hand side f in (14) belongs
to W,o"P(R™ \ O) and consider a solution u of (14) in the space WP (R?\0O).
This solution satisfies

/ S Las(@)0Pu(@)oct(@)de = [ fo@)de (21)
B2 Jal,81<m R

for all v € W/ma (R%\ 0), pg = p+ q. The integral on the right is understood

comp
in the distribution sense.



4 Formulation of the main result

In the next statement we make use of the notation introduced in Sect. 3. We
also need the Poisson kernel E of the equation

> LapdiPE(x) =0 inRY, (22)

lo|=[B]=m

which is positive homogeneous of degree m — n and subject to the Dirichlet
conditions on the hyperplane x,, = 0:

& E=0 for 0<j<m-2, and 0] 'E=4(z'), (23)

where ¢ is the Dirac function.
In what follows, by ¢ and C (sometimes enumerated) we denote different
positive constants which depend only on m, n, p and the coefficients L, g.

Theorem 1 Assume that Q(r) does not exceed a sufficiently small positive con-
stant depending on m, n, p and Log. There exist positive constants C and c
depending on the same parameters such that the following assertions are valid.

(i) There exists Z € lelc’p(m \ O) subject to L(x,0,)Z = 0 on B and
satisfying

(ro.)k Z(z) = mF exp (/ (-6 + T(p))d—pp) (27 + r™og(z)), (24)

where k = 0,1,... ,m, r = || < 1 and Y is a measurable function on (0,1)
satisfying
T (r)| (25)

< CQ(r)(r_”/ ecjglﬂ(s)%Q(p)p"_ldp+r/lecfrpg(s)%ﬂ(p)p_2dp),
0

T

and

O) = " [ 3 Carm () = Lo ) EC (€1

|a]=m

m—k
b [ Y Lawn Ot B €

— k)
|a|+E<2m <m k)

with p = [€], 0 = £/|¢|. The functions vy, belong to Lt ((0,00); Vi/m’k’p(Sﬁ_l))
and satisfy

dp

" 1/p
p p
(/ sy 1005010 M5 2) )

r " S ¢ LS
SC(?‘_n/ eij Q(S)%Q(p)pn_ld/}-ﬁ-?‘/ ecffﬂ(s)%ﬂ(p)p_de),(26)
0

T



where k = 0,... ,m—1, Si_l is the upper hemisphere and Vi/mfk’p(Sf_‘_l) 18
the completion of C§°(S%™"') in the norm of the Sobolev space W™P (ST~ 1). In
the case k = m estimate (26) holds without the second norm in the left-hand
side.

(ii) Let
e 1 d d
Iy ::/ p" exp (C/ Q(S)_s)m;m(f;Kp/e,p)_p < 00 (27)
0 P S P

and let u € VVIZLP(H@r \ O) be a solution of L(x,0,)u = f on B} subject to

C

(/K/ )Pl )" = osm e (—c 1 apL)) )

as T — 0. Then for z € B

u(z) = CZ(z) + w(z), (29)
where the constant C' satisfies

Ol < eIy +lull o, o) (30)

and the function w € Wm’p(M \ O) is subject to

loc

m " m ,m T Q(s) L qp—m dp
mp (’U};Kr/e,r)gc(/o rop ecjp Q( )smp (f;KP/e,P)F
e _ s)4ds —m o
b [, (Fi Kpe) )
1 s
41 C ) Qs) % u||Lp(K1,e)> By

forr < 1.
This theorem will be proved in Sect. 5-18.

5 Reduction of problem (14), (15) to the Dirich-
let problem in a cylinder

We write problem (14), (15) in the variables
t=—log|z| and 0=z/|z| (32)

The mapping = — (¢, 6) transforms R onto the cylinder IT = S~ x R.
We shall need the spaces Wl?ép(n) and W, ™" (II) which are the images of

WP(RE\ ©) and W, ™P(R™ \ ©) under mapping (32). They can be defined

loc loc
independently as follows.



The space W,"5”(IT) consists of functions whose derivatives up to order m
belong to LP(D) for every compact subset D of I and whose derivatives up to
order m — 1 vanish on 9TI. The seminorm M (u; Ke-1-¢ o—¢) in WiT:P (R \ O)
is equivalent to the seminorm

llullwmom,), tER,

where

I, ={0,7) eIl : 7€ (t,t+1)}.

The space W, (II) consists of the distributions f on IT such that the seminorm
-y = sup]| [ e (33)
t

is finite for every t € R. The supremum in (33) is taken over all v € W,"2%(II),

loc

pq = p + q, supported by II; and subject to [[v]lwm.aqm,) < 1. The seminorm
(33) is equivalent to M (f;; Ke-1-1 ot ).
In the variables (t, 6) the operator L takes the form

L(0,) = €*™ A (6,09, —0;) , (34)

where A is an elliptic partial differential operator of order 2m on II with smooth
coefficients. We introduce the operator N by

L(9,) — L(2,0,) = 2™ N(B, 1,09, —0,). (35)

Now problem (14), (15) can be written as

{ A(0,09,—0p)u = N(0,t,09, —0)u+ e 2™ f on Il (36)

we WP,

loc

where f € W_"™P?(II). We do not mark the dependence on the new variables ¢,

loc

0 in w and f. )
Let W~"?(S"") denote the dual of W™4(S% ') with respect to the inner
product in L2(S"~"). We introduce the operator pencil

AN s WmP(STY) — wmep (S (37)
by
ANU(0) = r M L0,)r U (8) = A(0,09, U (). (38)

The following properties of A and its adjoint are standard and their proofs can
be found, for example in [KMR], Sect. 10.3. The operator (37) is Fredholm
for all A € C and its spectrum consists of eigenvalues with finite geometric
multiplicities. These eigenvalues are

mm+1lm+2,... and m—n,m—-n—1m-n—2,..., (39)



and there are no generalized eigenvectors. The only eigenvector (up to a constant
factor) corresponding to the eigenvalue m is |z| =™ 27" = 0,7,

We introduce the operator pencil A(\) defined on W™P(S"~!) by the for-
mula

ANUO) = 2T, U (8) .

This pencil has the same eigenvalues as the pencil A()). The only eigenvector
(up to a constant factor) corresponding to the eigenvalue m—n is |z|" "™ E(z) =

E(0), where E is the Poisson kernel defined in Sect. 4. B
Using the definitions of the above pencils and Green’s formula for L and L
one can show that

(AN = A@2m —n — ), (40)
where * denotes passage to the adjoint operator in L2 (Sﬁfl).

6 Properties of the unperturbed Dirichlet prob-
lems in II and R"}

Let us consider the Dirichlet problem

L(8)u = f in R”, )
u€ Wi (RN O).
Proposition 1 (i) Let f € W,,."P(R% \ O) be subject to
1 o'}
m —m dp — —m dp
/ P EInp /(f;Kp/e,p)_ +/ pm 1mp (f;Kp/e,p>_ <00 (42)
0 P 1 P
Then problem (41) has a solution u € Viflﬁj’p(M\ O) satisfying
M (u; Ko jer) (43)
< C(/ rp Dﬁp (f;Kp/e,p)i +/ r +1,0 lmp (f?Kp/e,p)i)'
0 p r P
Estimate (43) implies
mo | o(r™) ifr—0
mp (uaKr/e,r) - { O(,rerl) if’f‘ = 00, (44)
Solution u € V[/I?CP(M\ O) of problem (41) subject to (44) is unique.
(ii) Let f € W, "P(R}\ O) be subject to
1 0o
m—+n —m dp may—m dp
/O P + mp (f;Kp/e,p)F +/1 4 S)ﬁp (f : Kp/e,p)? < 00. (45)



Then problem (41) has a solution u € Vi/m’p(Rﬁ \ O) satisfying

loc
M (u; Ko je,r) (46)
= C</0 P, (S Kp/e,p)d—: + /Too "I, (f Kp/e,p)%p).
Estimate (46) implies

o(r™™™) ifr—0

mgb(UQKr/e,T) = { O(Tm) ZfTH 0. (47)

Solution u € WI?QP(M\ O) of problem (41) subject to (47) is unique.

Proof. We start with proving (ii). Let us assume that f is supported by
{z e R%} :1/2 < |z < 4}. We set

w(@) = [ G(z,y)f(y)dy, (48)
RY
where G is Green’s function of problem (41). Using standard estimates of G and
its derivatives, one arrives at

mgl(u? Kr/e,r) < c(rm + Tm_n)m;?m(ﬁ K1/4,8) .

By (13) this inequality can be written in the form (46). We check by dialation
that the same holds for f supported by p/2 < |z| < 4p where p is an arbitrary
positive number.
Now, we remove the restriction on the support of f. By a partition of unity
we represent f as the series
o0
f = Z fk )

k=—o0

where fr € W™™P(R") is supported by 2F~1 < |z| <22 and

Z m;m(fk;Kp/e,p) < Cm;m(ﬁKp/e,p)' (49)

k=—o0

Denote by uy the solution of problem (41) given by (48) with f replaced by fx.
It follows from (49) that the series

o0
u = E Uk
k=—o00

satisfies (46). Hence, u is a required solution.
The uniqueness of u follows from Theorem 3.9.1[KM1], where k4 = m and
k- =m—n.

10



The proof of existence in assertion (i) is the same as in (ii) with the only
difference that representation (48) is replaced by

n m! Jen
R R

Uniqueness is a consequence of Theorem 3.9.1[KM1] where ky = m + 1 and
k_ = m. The proof is complete.

Let us turn to the Dirichlet problem

_ — o—2mt
{A(@,@g, d)u=e f onll (50)

we WP™).

loc

The next statement follows directly from Proposition 1 by the change of variables
(32).

Proposition 2 (i) Let f € W "™P(II) be subject to
o0 0
/ 67m7||f||wfmm(m)d7+/ LT fllw—mop, ydT < 00 (51)
0 —o0

Then problem (50) has a solution u € Viflzzp(ﬂ) satisfying the estimate

l[ullwmem,) < c(/ e*m(t+r)Hf||W,m,p(HT)dT
t

t
- / e~ (mADt=(m-1)7)| f\|W_m,p(HT)dT). (52)
Estimate (52) implies
o(e™™t) if t — 400
lulbwnsany = { o by oy o0 (53)

The solution uw € W,™"F(I) of problem (50) subject to (53) is unique.

loc

ii) Let f € W, "™P(II) be subject to
loc

0o 0
L e ot [ lsngdr <0 (5
0

— 00

Then problem (50) has a solution u € Viflzlc’p(ﬂ) satisfying the estimate
||uHWmvP(Ht) < C(/ e(n_m)t_(m+n)7|‘f”W*m,p(HT)dT
t

t
O Bl (55)

— 00

11



Estimate (55) implies

o(e=mt) ift — 400
lulbwnrcny ={ ey G121 ()

The solution u € W™P(T1) of problem (50) subject to (56) is unique.

The following assertion can be interpreted as a description of the asymptotic
behavior of solutions to problem (50) at +oo.

Proposition 3 Let f € W, (I) be subject to

/ eimTHf”W—m,p(H’r)dT < 0. (57)
R

Also let uy and ug be solutions from Proposition 2 (i) and (ii) respectively. Then
Uy —uyp = Ce™ ™M | (58)
where C' is a constant.
Proof. By Proposition 2 (i) and (ii)
l|ug — w1 |lwm.e(m,) = o(e™™™H) as t — +oo

and

[luz = willwmo,) = o(e” V) as t — —oo.

By the local regularity result (see [ADN], Sect.15) the same relations remain
valid for [|uz — u||y2m.2(m1,). Now (58) follows from Proposition 3.8.1 in [KM].

Returning to the variables  we derive from Proposition 3 the following
description of the asymptotic behavior of solutions to problem (41) both at
infinity and near the origin.

Proposition 4 Let f € W,,"P(R% \ O) be subject to

> m —m d
/ pMm, (f;Kp/e)p)7p<oo.
0

Also let uy and us be solutions from (i) and (ii) in Proposition 1 respectively.
Then

uz(z) —ui(z) = Cay’ (59)
where C is a constant.

We show that the constant C' in (59) can be found explicitly.

12



Proposition 5 The constant C in (59) is given by

1
C= —|/ f(z)E(x)dx . (60)
m: Jrn
+
Proof. Integrating by parts we check the identity
/ L(@T)(Coszﬁ”)E(z)daz =m!, (61)
R%

where (¢ is a smooth function equal to 1 in a neighborhood of the origin and
zero for large |z|.
By (59)

A‘qu—m»mm:c L(¢a™)Eda. (62)

n n
+ R%

It follows from (61) that the right-hand side is equal to C'm!. Using (44), we
see that

/ L(Cuy)Edz = 0.
Similarly, by (47)
/ L((C — Vuz)Edz = 0,
R%

which together with (62) leads to (60).

Proposition 6 The constant C in (58) is given by
1

m!

C— Ae%f@mE@ﬁw.

Proof results from Proposition 5.

The following uniqueness result is a consequence of Proposition 3.

Corollary 1 Let u € W5P(IT) be a solution of (50) with f = 0. Suppose that
u s subject to

o(e=(m=mt) ift — +oo

lulbwmsany = { 0 ) e o0 (63)

Then u = const e~ 0™

Proof. Let ¢ = ((t) be a smooth function on R equal to 1 for ¢ > 1 and 0 for
t < 0. Then u = uy — uy, where us = (u and u; = (¢ — 1)u. The functions
uy and ug satisfy (50) with f = A(Cu) — (Au. Now the result follows from
Proposition 3.

13



7 Properties of the perturbed Dirichlet prob-
lems in II and R"}

Now the turn to the Dirichlet problem (36). By (20), the perturbation N of the
operator A satisfies

||N||Wnl,p(nt)ﬁw—nL,p(nt) < cw(t), (64)
where we use the notation
w(t) =Qe™).
As before, we assume that 2 does not exceed a sufficiently small constant de-

pending on n, m, p and Lyg.
The next statement generalizes Proposition 2.

Proposition 7 There exist positive constants ¢ and C such that the following
two assertions hold:
(i) Let f € W ,/"P(II) be subject to

ocC

/ e—mT+C I w(s)d3||f| ‘me,p(nf)dT
0

0
+/ e(1—m)T+C I2 w(s)dSHme/—mm(HT)dT < 0o, (65)
Then problem (36) has a solution u € W,™P(I1) satisfying the estimate

loc

lullwnsny < e [ AT SO flyy i
t

A

¢
b [ e I gy, (60)
Estimate (66) implies

O(e—mt—Cfgw(s)ds) ift—>+OO

||UHWM"’(Ht) - { 0(6_(m+1)t—CftOw(s)dS) ift — —oo. (67)

Solution w € WP (1) of problem (36) subject to (67) is unique.

loc

(ii) Let f € W, /"P(II) be subject to
/ e~ (mtn)T+C [7 w(s)ds‘|f| |W*m$P(H7)dT
0
0 .
b [ eI oy < o0 (68)
Then problem (36) has a solution u € V(i/lzlc’p(ﬂ) satisfying the estimate

00
||u||Wm,p(Ht) < C(/ e(”—m)t—(m-ﬁ-n)T-i-Cf,, W(S)ds”f”W*m’P(H,.)dT
t

t
+ / efm(t+T)+Cf., W(S)ds‘|f||W*’”=P(HT)dT>' (69)

— 00

14



Estimate (69) implies

- O(e(nfm)tfc.fotw(s)ds) th—>—|—OO
||UHW’"’P(H1) - { o(e—mt—Cft0 w(s)ds) ift — —oo. (70)

Solution w € WP (1) of problem (36) subject to (70) is unique.

loc

Proof. Let k. = m+ 1, k- = m in the case (i) and k. =m, k- =m —n in
the case (ii). Repeating the proof ot Theorem 5.3.2 in [KM1] with Proposition
2 playing the role of Theorem 3.5.5 [KM1], we construct a solution u satisfying

ullmr ) < / 9ot I a1y

where g, is a certain positive Green’s function of the ordinary differential oper-
ator
—(Or + k1) (0 + k) —cw(t).

According to Proposition 6.3.1[KM1] this Green’s function satisfies

Golt, 7) < cePx(T—DEC [ w(s)ds

fort =2 T,
which completes the proof of existence. )

We turn to the proof of uniqueness. Let u € W) *(II) be a solution of
problem (36) with f = 0 subject either to estimate (70) or (67). Clearly, these
estimates are valid for p = 2. The result follows from Theorem 10.8.13[KM1],

where ¢ = 2m and ¢ = m.

By the change of variables (32) on can formulate Proposition 7 as follows

Proposition 8 There exists a positive constant C such that the following two

assertions hold: o
(i) Let f e W PR\ O) be subject to

' 1 O(5) 4 g1 dp
/Opmecfpﬂ()sf)ﬁp (f;Kp/e,p)?

> m—1_C [£Qs) L qn—m dp
+ . p et i =M, (f;Kp/eyp)7<oo. (71)

Then problem (14), (15) has a solution u € W,'"P(R7 \ O) satisfying

loc

e " m . T Q(s) 4 — dp
WP (Kyper) € o [ omonE O (i )

- . d
-|—/ Pt pm=1eC [0 Q(S)%m;m(ﬁKp/eyp)jp)(m)
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Estimate (72) implies

o(rme_c I} Q(s)%) ifr—0
ds

O(Terle—C I Q(s)4 ) if r — oo. (73)

m;n(u; Kr/e,r) = {

Solution u € Wm’p(M\ O) of problem (14), (15) subject to (73) is unique.

loc

(ii) Let f € W, "P(R%\ O) be subject to

1 1 ds d
/0 P €Ly A% mt;m(f;Kp/em);p

e s d
+/ pmecflpﬂ(s)d?i)ﬁ;m(f:Kp/em)?p <00, (74)
1

Then problem (14), (15) has a solution u € W,-P(R™ \ O) satisfying

loc

m " m—n m-+n r S ds —m dp
mp (UQKT/e,r) < C(/O r P * ec'fp R mp (f;Kﬂ/em)?

> "p S d
+/ Tmpmec I Q(S)d?m;m(f; Kp/e)p)?p>. (75)
Estimate (75) implies

o(rm—me=CJ; Q(3)%) ifr—0

M (u; K, = - .
p (5 Krjer) { o(rme=CJi Q(s)%) if r — 00.

Solution u € VV{;LC”(M\ O) of problem (14), (15) subject to (76) is unique.

8 Reduction of problem (36) to a first order sys-
tem in ¢

Let

/ e—mTHC| [] WO £y —mop () dT < 00. (77)
R

This condition implies both (65) and (68) hence there exist the solutions u; and
ug from Proposition 7 (i) and (ii) respectively. Clearly, the difference u; — us
satisfies the homogeneous problem (36) and the relation

O(G(n—m)t—c fg w(s)ds) if t — 400

Hul - u2||Wm"’(Ht) - { 0(6_(m+1)t—6f,,0 w(s)ds) if t - —o0. (78)

Here and in sections 9-18 we show that there exists a solution Z of the homoge-
neous problem (36), unique up to a constant factor, such that uy —us = CyZ,
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where C is a constant depending on f. We also give an asymptotic represen-
tation of Z at infinity. We start with reducing problem (36) to a first order
system in ¢t. To this end we write (36) in a slightly different form. First we
obtain a representation of the right-hand side f by using the following standard
assertion

Lemma 1 One can represent f € W ""P(II) as
f=emN " (=o)" T f; (79)
=0

where f; € LY

loc

(R; W=3P(S%1)). This representation can be chosen to satisfy

Clm;m(fv Ke_l_t,e_t) < e*mt Z ||fjHW_J>P(Ht) < CQm;m(f, Ke_2_‘7el_‘) )
j=0

where ¢1 and co are constants depending only on n, m and p.

One verifies directly that

|l

rlel90u =" Qui(0, 9) (rd,) u

=0

and
la

T2m8;¢(r72m+|a\u) _ Zpalw’ae)(rar)lu

=0

where Qq1(0,9p) and P,;(0,0p) are differential operators of order |a| — 1 with
smooth coefficients. Furthermore, integrating by parts in

ay (7‘_2"“"0“ u)r*™ " dr
R}
we obtain

|| ||

(D)D" Qui(roy +2m —n)t =Y Pu(—rd,). (80)
=0

=0

Now we write A in the form

m

A(0.00,~0) = Y (=)™ I A;(~1)

j=0
where

Aj(=0r) = Z Aj (=)™ k

k=0

17



with
Aje=(=1)" > Pam—j(0,00)LapQs.m—1(0,0).
la|=]B|=m

It is clear that
A WhP(SEY) — WP (S77) (81)

are differential operators of order < j + k on Sifl with smooth coefficients.
Since Qq o] = Pa,ja| = 0%, we have

Ago = L(6). (82)
We also write
N(0,t, 99, — Z (=00)™ (N (L, =0 )u) (83)
7=0
where
N, =0r) = Njw(t)(=0,) ™" (84)
k=0
with
Jijk: - Z Z (_1)|a|Pa,m—jNaﬁQﬁ7m—k: . (85)

m—j<|a|<m m—k<|B|<m

We use the notation Nag(e™'0) = Log — Lap(e ) if |a| = |3] = m and
Nog(e7t0) = —ellatBl=2mit L o(e=t0) if | + 8] < 2m. By (85) the operators

Niw(t) : WhP(SETh) — WP (517

are continuous. By (85) and (80), for almost all » > 0

/ ZJ\/'J/C 6tmka7nj( (2m—n)t )de
Sn 1

7,k<m
/n DD Y. (DINapQpm—r (=00 u
S Jk<m m—j<|a|<m m—k<|B|<m

« P* 8m ](e(2m n)t— )d9

a,m—j
/ Log — Lap(2))0PudTdo
T al, |B|<m
/ Y Lap@)dfudsds, (86)
S5 Jatpl<zm

where u and v are in W;™? R%).
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Using the operators A;(—9;) and N, (t, —0;), and (79) we write problem (36)
in the form

m m

D (0™ A(=0)ult) =Y (=0)™ I (NG(t, =) u+ f;(t)) on R, (87)

j=0 =0
where we consider v and f; as functions on R taking values in function spaces

on S7~'. By (18) and (80)
NGOl s 51y sy < €(t) (88)

Clearly, Nj acts from W"*(II) to LY

loc loc

Let U = col(Uy, ... ,Uapm ), where

(R; W=Iw(S17H).
Uy = (=0 Tu, k=1,...,m, (89)

U1 = Ao(=0r)u — No(t, =9)u — fo (90)
and
Uptj = —0lhmsj—1 + Aj_1(=0)u — Nj_1(t, =) u — fj—1 (91)
for j = 2,...,m. With this notation (87) takes the form
— Ol + A (—0p)u — Ny (t, —0)u — fo, = 0. (92)
Using (89) we write (90) as

m—1

(Ago — Noo () (—=0¢) ™ u = Uny41 — Z (Aom—r — Nom—1()) U1+ fo . (93)
k=0

Since the function
Noo®) = Y Nagle '0)0
la|=]8]=m

is bounded by cw(t), equation (93) is uniquely solvable with respect to (—d;)™u
and

(=) ™u = StU + (Ago — Noo(t) ™" fo (94)
where
m—1
StU = (Agy — Noo(t))™* (Um+1 - Z (Ao,m—k _NO,mfk(t))uk+1)- (95)
k=0

From (89) it follows that

—atuk = Z/{qul for k = ]., cee M — 1. (96)
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By (94) we have

=0, = S(IU + (Ao — Noo(t)) ™" fo. (97)
Using (94), we write (91) as
m—1
— Ot = Ut jr1 — Z (Ajm— = Njm—1 () Up41
k=0
—(Ajo — Njo(E)(SHU + (Ao — Noo(t)) " fo) + f; (98)
for j=1,...,m —1 and (92) takes the form
m—1
_8tu2m + Z (Am,m—k - Nm,m—k(t))uk-‘rl
k=0

(Ao = Nomo (1)) (SOU + (Ago — Noo(t)) ™" fo) = fm = 0. (99)

The relations (96), (97)-(99) can be written as the first order evolution sys-
tem

(=70, — WU(E) — REU(E) = F(t) on R, (100)
where
F(#) = col(0, .. ,0, Fon(t), Fonsa (s~  Fomn(t) (101)
with
Fin(t) = (Ao — Noo(t) ™" fo(2), (102)

Fonri () = £(8) — (Ajo — Njo () (Aoo — Noo (1) ' fo(t), j=1,....,m.
(103)

The operator 1 is given by
NEU = col(0, ... ,0, M (U, Np1 (DU, . .., Nom ()U), (104)

where

- - N ,m— +1
Mo (DU = (Ao0 = Noo(®) ™ (32 Noam—s(O)lhs1 + Noo(S(HU)  (105)
k=0

and
Ry (U = S N (D1 + Nio (DS (OU
k=0
—Ajo(Ago — Noo(t))_1< z_: Nom—k () Uk 11 + Noo(t)S(t)U> (106)
k=0
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forj=1,... ,m.
In (100), by Z, we denote the identity operator. We also use the operator
matrix

A=7J-£ (107)
with 7 = {(J);}2_, given by
(m+1)
0 I : 0
(m) | 0 Aoy 0
0 0 0 I
0 0 0 0

and with £ = {£;}3%7_, equal to

0 0 0 0

A0_01A07m e Ao_olAO,l 0 0

Ay — AL oAy Aom - Arn— AioAyAor O 0
Am,m - Am,OAaolAO,m e Am,l - Am,OAaolAO,l 0 0

We put
D=WmP(ST) x - x WHP(STTH) x LP(STH) x (WS t))m =t
and
R=WmIP(S1) s oo x WHP(STTY) x LP(ST7Y) x (WP (S )™

By (81) the operator 2 : D — R is continuous.

9 Linearization of the pencil A(\)
Here we find a correspondence between A(A) and the linear pencil AZ — .

Lemma 2 Let the row vector



be given by

€2m—j()\):AJ7 J1=Y, am_la
em(/\) = Z)\mijAjo 3
=0

k m
em—k(\) =D D ANFTTA L k=1, ,m—1.

5=0 j=0
Then for all A € C the equality

e(M)(A\Z —2) = (A(N),0,...,0)
1s valid.

Proof follows by direct substitution of (108)—(110) in (111).

We introduce the operator matrix E(A) = {£pq(N)}277_; as

(m)
€1 ()\) €2 ()\) cee Bm(>\) s €2m—1 (/\) €am ()\)
—I 0 0 0 0
0 -7 ... 0 . 0 0
m+1) | 0 0 - —Ag - 0 0
0 0 . 0 e _J 0
One can check directly that £71()) is given by
(m+1)
0o -7 ... 0 e 0 0
0 0 e 0 . 0 0
(m) |0 0 e —Ay - 0 0
0 0 e 0 . 0 _J
I ei(A) - em(N) -+ eam—2(N) eam-1(A)
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Lemma 3 Forall A € C

EN(NT —2)
L J(A) 0
= diag(A\N), I,...,I) ( “B(Y) T — M > (113)
where the m x m matrices J(A), M and B(X\) are defined by
I 0 ... 0 0 0 0 0 0
A I ... 0 0 ApAyy O 0 0
J\) = Do o M= AxAyy O 0 0
0 0 I 0 : : :
0 0 - I Ap_10450 0 00
and
Aom Apm—1 ... Ap2 Ao
Al,nz Al,nz—l s A12 All
B(\) = ) . .
Am—l,m Am—l,m—l s Am—1,2 Am—l,l
0 0 0 “ Moo
Ao Agy) Aom ApAgy Ao .- Ay Agy Aos A Agy Aoy
Am—l,OAaolAO,m Am—l,OAo_olAO,m—l e Am—1,0A501A02 Am—1,0A501A01

Proof. By Lemma 2 the left-hand side of (113) is a triangular matrix with the
diagonal A(X), I,... ,I. One can directly verify that it is equal to the right-hand
side in (113).

Clearly, the matrix J(\) has the inverse

I 0 0 0 0
A 1 0 el T
JNT = a0 N (114)
: : : ... 1T 0
Am—loym=2 ym=3 X T

In the next lemma we evaluate the inverse of the last matrix in (113). We show,
in particular, that this inverse is a polynomial operator matrix.

Lemma 4 The folowing formula is valid:

J(\) 0 AP ALTPY 0
<—B(A) J(A)—M) ‘( QN JTTNUI + M) ) (115)
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where the elements of the matriz Q(A) = {Qx(N)}]}—; are given by

j—1

QN =D > AFHEA (116)
—k—

=0 gq 1

Proof. Let us look for (J(\) — M)~! in the form J~1(\) + S(\), where S())
has non-zero elements only in the first column and S11(A) = 0. We have

(JA) = MYTEA) + SN) =T+ J(N)S(A) — MTE(N).

Hence

S(\) =J AWM.
Therefore we arrive at (115) with
Q) = (J7H (V) + S(N))BA)JTH(N).
One can check that the last equality gives (116).
Lemma 5 (i) The operator
M-2A:D—->TR (117)

s Fredholm for all A € C.
(ii) The spectra of the operator A and the pencil A(\) coincide and consist
of eigenvalues of the same multiplicity.

Proof. Let
B = WP )XW (SET ) s x WP (ST X LP (ST s (W (ST
The operator
EAN):R—DB
is an isomorphism for all A € C. Analogously, one verifies that the operator

{ —ng?;) J(A)O—M } P=D

is isomorphic for all A € C. Hence and by (113) the polynomial operator func-
tions
M -A:D—->R

and
diag(AN),I,...,I): D — B

are equivalent and therefore these functions have the same spectrum, and the
geometric, partial and algebraic multiplicities of their eigenvalues coincide (see,
for example, [KM], Appendix).
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10 Spectral properties of 2

We put -
#(0) =07 and $(0) = (m!)"'E(9).
By (61) and (38

)
/H A(=0,)(n(t)e™™ $(8)) ™ (0)dbdt = 1 (118)

where 7 is a smooth function equal to 1 for large positive ¢ and 0 for large
negative t. The equality (118) can be written as

A (m)o(0) ¥ (0)do = —1 . (119)

n—1
s¥

We introduce the vector

_ 2m Jﬁl(m) 0
O = col(Py)i = < Qm) - (m)(I + M) )col((b,O,... ,0).  (120)

Owing to (113) and (115) we obtain
(mZ —A)d =0. (121)

Using (114) and the definitions of the matrices M and B we get

O =mF1y, k=1,...,m, (122)
k—1 m

(I)m+k - Z Z ‘Akfpfl,nﬁbfq?np-"_q(;5 (123)
p=0 q=0

fork=1,... ,m.
We introduce the vector ¥ = col(¥)2™,, by

U = £*(m)col(,0, ... ,0) (124)

where £*(\) is the adjoint of £(X). Since 1) is the eigenfunction of the pencil
(A(X)* corresponding to the eigenvalue A = m, it follows from (113) that

(mZ — A*)W = 0. (125)

By (112)

m—k m

Up = Apm*mhary

p=0 ¢=0

fork=1,...,m—1,

U =D Agom™ ™1
q=0
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and U, p =m™ Fypfork=1,... ,m
Clearly, ® € D, ¥ e R*, where

R* = Wlfm’q(Si_l) X e X Wﬁl’q(Sﬁ_l) X Lq(Sﬁ_l) X (Vi/m’q(Si_l))m
Proposition 9 The biorthogonality condition
(P, \]:I)Lg(si—l) =-1 (126)
is valid.
Proof. By (113) and (115)
(AZ =20, Wx) = (ANS, ) (12571 (127)

where

_ (I 0
"= ( QM) JYNUI 4+ M) >C01(<Z5,0,... ,0)

and Uy = £*(N\)col(¢,0,...,0). Taking the first derivative of (127) with re-
spect to A, setting A = m and using (121) and (125) together with (119) we
arrive at (126).

We introduce the spectral projector P corresponding to the eigenvalue \ =
m:

PF = ~(F,¥) a0 . (128)

This operator maps R into D.

11 Equivalence of equation (87) and system (100)
We introduce some vector function spaces to be used in the subsequent study
of system (100).

Let S(a,b) be the space of vector functions U on the interval (a,b) with
values in D such that

’ p p p
sy = ([ QB+ o2 )" < .

More explicitly:

b m+1
e =( [ ( 3 I i S i, st

j=m-42

/
+ZH8M Wm 3P(STT ) + Z Hau ||p m’p(Siil))dT)lp.

j=m+1
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By Sioc(R) we denote the space of functions defined on R with finite seminorms
[{U|]s(t,t+1), t € R. Let P be the projector given by (128). Clearly,

[[PU|s(a,p) < ellU]]s(ap) - (129)

By LP(a,b; B) and LY (R;B) we denote the LP and Lf = spaces of vector

functions on (a,b) and R which take values in a Banach space B.

Let WP ((a,b) x S7') be the subspace of the Sobolev space W™ ((a, b) x
Si_l) containing functions vanishing on (a,b) X 851_1 together with their
derivatives up to order m — 1. The space of vector functions

Ut) = col(u(t), ..., 0 u(t), tmyt, .- tom(t)) (130)
with u € WP ((a,b) x ST71),
Umt1 € LP(a, b Lp(Sﬁ_l)), Opttme1 € LP(a, by me’p(Si_l))

and
Um+j, 3tum+j S Lp(a, b7 W_m’p(sjlil)), j = 27 cee M,
will be denoted by S(a,b). The norm in S(a,b) is defined by

4|5 a0y = ||u\|wm,p((a,b)xsf1) + ||um+1||Lp(a,b;Lp(sf1))

m

m
+ Z |‘um+j||Lp(a,b;w—m,p(51*1)) + Z ‘|atum+j||Lp(a,b;w—m,p(51*1))-
Jj=2 j=1

The space S(a,b) is embedded into S(a,b) and for U € S
cullU|lsia,py < Ullsap) < c2llt|ls(a,p)-

The space Sjoc(R) is defined as the set of vector functions U such that their
restrictions to every finite interval (a,b) belong to S(a,b). The seminorms in
this space are [|U||s(t,t41), t € R.

By X(a,b) we denote the space

X(a,b) =4{V : V=(Z—-P)U, U € S(a,b)} (131)
endowed with the norm
IWllx(a,p) = inf [[U]]s(a,p) »
where the infinum is taken over all ¢ in (131).
We use the space Xjooc(R) ={V : V= (Z -P)U, U € Sic(R))} and

finally, we introduce the space Yio.(R) which consists of the vector functions
F =col(0,...,0,Fnm, Frnti,--. , Fom) with finite seminorms

mo ot ) 1/p
|f|w,t+1>:(2)/t Fms D)y o) s tER.
=
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We return to system (100). By (88) the operator D(t) : Sioc(R) — Yioc(R)
is continuous and

M Is(t,e41)—v(t,41) < cw(t) - (132)
Furthermore,
al|Flly ey < Z [fillw=irq,) < c2llFllvt,et1) (133)
=0

where ¢y and ¢y are positive constant.
We prove that equation (87) and system (100) is equivalent in a certain
sense.

Lemma 6 Let the functions f; € WP (IT) and the vector function F € Yioe(R)
be connected by (101)—(103).

(1) If u € WwP(I1) is a solution of (87) then the vector function U € Sioe(R)
given by (89)—(91) solves (100).

(i) If U € Sioc(R) is a solution of (100) then U € Sioc(R) and the function
u = U, solves (87).

Proof. (i) This assertion follows directly from the above reduction of (87) to
the first order system (100).

(ii) By (96) and (97) we obtain Uy, = (—0;)*~'U for k = 1,... ,m and
S(t)U = (—8,)"U;. Now (98) takes the form

—Oltj = Uy jr1 — Aj(=0)UL + Nji(t, —0)Us + F;
and (99) can be written as
—Olhom + Am (=0 Uy — Ny (t, —00) Uy — Fp, = 0.

The last two equations imply (87) for u = U .

12 Spectral splitting of the first order system
(100)

Let P be the spectral projector (128). Applying P and Z — P to system (100)
we arrive at

(Z0; + Wu +PN(t)(u+v) = —-PF onR (134)
and
(Z0; + A)v + (T — PYR(t)v = (P — I)(F +N(t)u) on R, (135)
where
u(t) = PU(t), v(t)=(T—PU{). (136)
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Clearly, u can be represented as u(t) = k(t)®, where ® is given by (120).
Furthermore, u € Sjc(R) if and only if k € Wlf)’Cp(R). Thus we have split
system (100) into the scalar equation (134) and the infinite-dimensional system
(135). Equation (134) can be written as

d_/ﬁ',
dt
where ¥ is defined in Sect. 10.

In the next lemma we establish the equivalence of equation (87) and the split
system (134), (135).

(t) +ma(t) — (N(E) (u+v)(1), ¥) = (F(1), V)

Lemma 7 (i) Let f; € LI (R; Wﬁj’p(Si_l)), j =0,...,m, and let u €

loc

W™P(TI) be a solution of (87). Then the vector function U given by (89)-(91)

loc

belongs to Sioe(R) and the vector functions (136) satisfy (134) and (135) with
F given by (101)—(103).
(i) Let F € Yioc(R). Assume that

u(t) = (ur(t),... ,uam(t)) = k)P,

k€ Wl(R), and v = (vi,...,Vam) € Sie(R), such that Pv(t) = 0 for all

loc

t € R, satisfy (134) and (135). Then u+ v € Sjoc(R) and
u=nu, +v; € W)
solves (87) with fo = (Agg — Noo)Fm and
fi = Fmtj + (Ajo = Njo)Fm, j=1,...,m.
Moreover, (=0 u = w41 +vji1 forj=1,...,m—1.
Proof. (i) It suffices to use Lemma 6(i) and to apply the projectors P and
T — P to system (100).

(ii) We put U = u + v. Clearly, U € Sj,.(R) and equalities (100) and (136)
hold. Now the result follows from Lemma 6(ii).

13 Solvability of the unperturbed infinite-dimensional
part of the split system

We consider the case 9t = 0. In other words, we deal with the system
(=Z0y —A)v=(Z—-P)F onR. (137)

Lemma 8 (i) (Existence) Let F € Yioc(R). Suppose that

0o 0
/ 6(m_n)TH-7:HY(T,T+1)dT +/ 6(7”+1)TH.7:||Y(T,T+1)CZT < o00. (138)

0 —o00
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Then equation (137) has a solution v € Xjoc(R) satisfying
IVl < C(/ elnmmt=r) [y (rrt1ydT
¢

t
+/ e_(nH_l)(t_T)||.7:||Y(7',T+1)d7-)7 (139)

— 0o
where ¢ is a constant independent of F.
(ii) (Uniqueness) Let v € Xjoc(R) satisfy (137) with F = 0. Also let

(n—m)t ft — +
o(e Z o0
Vvlse,e+1) = { oEe*(mH))t) if t — —o0. (140)

be valid. Then v = 0.
Proof. (i) Let fo = AgoFm and
f]:]:m+j+Aj0]:ma ]:177m

Clearly, f; € LP (R; W—P(S771)) and

loc
Z ||fJHL10C(t t+1;W*j~P(Si*1)) < CH]:HLP(t,t-&-l;Y) .

Let ¢ be a smooth function on R, equal to 1 for ¢ > 1 and 0 for ¢ < 0. For a
fixed a € R we represent f; as f](a_) + f;:), where

L@ =ct—a)fit), £ =0t —a)fyt).

Then the functions

m

FEW) = e Y (=o)L @)

=0

satisfy (51) and (54) respectively because of (138). By Proposition 2 there exist
solutions UE; e WIP(R) subject to (52) and (55) with f replaced by féi). We

put u, = ug ) + uf{” Then u, satisfies (36) and

[wallwmp(a,atr)y < c( / e =M@ Flly(r a1y dT

+/ 67("’“)(“4)HfHY(T,TH)dT), (141)
We inroduce the vector function U, = col(Uy, ... ,Usmy) by (89)—(91), where
N =0 and u is replaced by u,, and put v, = (Z — P)U,. Clearly, v, belongs
to Xjoc(R) and satisfies (140). Let us show that v, does not depend on a. In
fact, let @ and b be different real numbers. Then the function u, — u; satisfies
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the homogeneous problem (36) and relations (63). Hence and by Corollary 1
we have u, — up = Ce™™0™. The last equality implies v, = v}, because of the
definition of . Thus, we can use the notation v for the vector function v,.
Since [|vl|s(a,at1) < c||tallwm.p(a,at1), estimate (139) follows from (141).

(ii) We put u = vy. Since (Z9; + 2A)v = 0 it follows by (96) and (97) with
N =0 that v = (=0;)F lufor k=1,... ,m and

m—1

(—(’)t)mu = Ao_ol (Vm+1 — Z A07m_;€(—8t)ku) .
k=0

Hence Vi1 = Ao(—0;)u. (Note that u € W)"P(II) because v € Sioc(R)) Now
relation (98) with N' = 0 takes the form

=0Vt = Vimij+1 — Aj(=0)u (142)
where j =1,... ,m — 1, and (99) becomes
—6tV2m + .Am(—@t)u =0. (143)

Using (142) and (143) we obtain A(—0;)u = 0. Furthermore, by (140) the
function u satisfies (63). By Corollary 1 we arrive at u(t) = Ce™ ™6™ and
using the definition (128) of P we get v = 0. The proof is complete.

14 Solvability of the infinite-dimensional part of
the perturbed split system
Here we study the system
(ZO; + A)v + (T — P)N(t)v = (T — P)F onR. (144)

We introduce the operator £ which assigns the solution v € Sj,.(R) subject
to (140) to the right-hand side in (137) satisfying the conditions of Lemma 8.
Estimate (139) can be written as

182 - P)Fllxern e [ gt = Fligarndr, (149
where
—(m—+1)t fort >0
e or t >
9(t) = { e~ (m=n)t for t < 0. (146)
Lemma 9 Letc, ¢ >0, and
0 :=supw(r) (147)

TER

31



satisfy the inequality (14 ¢)6 < (n+ 1)/8. Then the series

aultr) =gt =)+ ¢ [ glt = mu(mlg(n - ru(n)
k=1 /R*

coow(T)g(Te — T)dT T2 TR (148)
s convergent and admits the estimate

cre—(mD)(t=m)+e Jiw(s)ds fort>rT

gw(th) < { cle(n—m)(t—7)+c1 [T w(s)ds fort <, (149)

where c; = 2(1 + ¢).

Proof. We denote the right-hand side in (149) by g.(¢,7) and justify the in-
equality

(07) = 0 =)+ ¢ [ glt = s)u(s)g.(s.)ds. (150)

Consider the case t > 7. We have

t
/ g(t — s)w(s)g.(s,7)ds = e~ (mFIE=T) (ecl J7wls)ds _ 1).

Furthemore,

0o 5 .
/t g(t — s)w(s)g«(s, 7)ds < H%_Clée_(mﬂ)(t_ﬂ“l J7 w(s)ds

and

T 5
/_OO g(t — s)w(s)g«(s,7)ds < ﬁe—(mﬂ)(t—r) )

From the last three relations we derive (150), taking into account that

c1¢0
0 < 1 d >1 2——— 151
c1 n -+ and ¢ >1+c+ P p—— (151)
by the assumptions of Lemma. The case 7 > t is considered analogouosly.
Now, iterating (150) we arrive at (149).

The following assertion which concerns the variable coeflicient case is similar
to Lemma 8.

Lemma 10 There exist positive constants 6y and co depending only on n, m, p

and L such that for all § < ¢, where § is given by (147), the following assertions
hold:
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(i) Let F belong to Yioc(R) and be subject to

/ elmmTren Jg (s [ F |y (rrs1)dT
0

b [ py <o (52)
Then system (144) has a solution v € Xjoc(R) satisfying
IWlleary < ¢ [ emmmeDse O Py e
/t e~ (m+1)(t=7)+co f:w(S)d8||F||Y(T,T+1)dT . (153)
—o0

(ii) The solution v € Xjoc(R) to (144) subject to

0 e(nfm)tfco jot w(T)dT as t — 400
v _ 154
Mt = § st o) gty O
is unique. (We note that (152) together with (153) imply (154).)
Proof. Let ¢ be the constant in (145). Then one can take
n+1
0o = ———— d =4(1 .
"= 5070 and ¢ =4(14+¢)
(i) Formally, the solution U of (144) can be written as the series
D (ST -P)M*L(T - P)F, (155)

k=0

where £ is the operator defined at the end of Sect.13. We introduce the sequence
F® —ng(Z-PML) T -P)F, k=0,1,... (156)

Clearly, F(® = col(0,...,0, % ... F¥) and by (145) and (132) F® ¢
Yioc(R). Now, (155) can be written as

LI -P)F+£L(Z-7P) i F®), (157)
k=0

We show that the series

> F® (158)
k=0
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converges in Yio.(R). We have F(©) =0 ¢ (Z —P)F and
FO =gz -P)F*EY k=1,...

By (145) and (132)

[ F®) Iy, er1)< cw(t) /Rg(t -7) | Fe=D ”Y(‘r,‘r-l—l) dr.
Therefore,
| P ly(e,e41)
<) [ glt - re(n)g(n - r)e(r) . w(m)g(n — 7
R
X H F ||Y(.,.77.+1) dTl...didT, k:(),l,... (159)
This implies
SNy e < cwlt) / ot | F vy dr, (160)
k=0

where g,, is given by (148). Hence, series (158) converges in Yioc(R) to a function
F.,.. Since

gu(t,7) =gt —7) + C/Rg(t — 8)w(8)gu(s,7)ds , (161)

it follows from (160), (149) and (152) that

/R (=) || Fu llrrs1) dr < oo.

Therefore, (Z — P)F, belongs to the domain of £. Thus, series (157) is well
defined, and we denote it by v. Estimates (145), (160) together with (161)
imply

|| v HX(t,t+1)§ c /ng(taT) || F HY(T,T+1) dr .

Owing to (149) we arrive at (153). Clearly, v is a solution of (144).
(ii) Let v € Xjoc(R) solve the equation

(Zo+2A)yv=(P-I)M({t)v onR. (162)

Using (154) one checks directly that the right-hand side in (162) satisfies the
conditions of Lemma 8(i). Therefore, by the same lemma and by (132) we arrive
at

Vllseesy < / ot = T)o(7)||¥]lsrr 1y (163)
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where g is given by (146).
By (154) there exists the least constants Ay and A_ in

A+e(n7m)tfcg fotw('r)d'r ast >0

[vllsct,e41) < { A e—(mtDi—co [Swmdr  aqt < 0 (164)

Without loss of generality we assume that A, < A_. Suppose that A, > 0 and
let t > 0. Using (164) we estimate the right-hand side in (163) by

00 . 0 .
CA+ (e(n—m)t/ w(T)e_CO Is w(s)dsdT + e—(m+1)t/ w(T)e_CO j_ﬁ) w(s)dsdT
t

— 0o

t
+€—(m+1)t/ w(T)e(n+1)7—_cofﬂ‘rw(s)dsd,r)
0

S CAJre(n—m)t—co fot w(s)ds (l + ie—(n—i-l)t-‘rco fof w(s)ds + d )
co Co n—+1—cyd

provided cpd < n + 1. By the above assumptions
c(2/co+d/(n+1—cpd)) < 1.

Therefore the constant Ay in (164) can be diminished. Thus, Ay = 0 and
therefore, v = 0.

15 Scalar integro—differential equation

Lemma 10 enables one to introduce the operator 9t whose domain consists of
the vector functions (Z — P)F with F € Yjoc(R) subject to (152). The vector
function M(Z — P)F is equal to the solution v from the same lemma. Using
this operator one can write (134) as

(Z0y + A)u + PN(t)u + PRN(t)MN(t)u
= —P(F +Nt)M(P —I)(F) onR. (165)

Representing u as

u(t) =exp (—mt+ /0 A(7)dr) h(t)® ,

where
Alt) = (N(t)2, V),

we derive from (165) the following integro-differential equation for h:
h(t) = K(R)(t) = (1) , (166)

where
K(h)(t) = (MM, (e D=2 AR (1) (1) D) (1), )
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and

(£) = et~ 1o NI (F (1) 4 NHIM(P — T)F (1), T). (167)
Using (153) together with (132) we obtain the estimates
(R lwre t,41) < CW(f)/Rﬂ(t’T)W(T)th\Loo(T,TJrl)dT (168)
and
IHlze ey < € (1F lve,e1) +w(t)/RU(t,T)W(T)HfHY(T,TH)dT) ;o (169)

where

(170)

(t,7)= e—(t=m)+ea [Lw()ds  for ¢ > 1
T enlt=r)+ea [T w(s)ds gor ¢ < 7

Here c5 is a positive constant, which depends on n, m, p and the coefficients of
the operator L.

Lemma 11 The function A(t) = (N(t)P, V) admits the representation

=33 N gimi(O)m* 6, mie) + O(w(1)?), (171)

§=0 k=0
where ¢ and P are the same functions as in Sect. 10.

Proof. By (95) and and by (122), (123)
S = (Ao — Noo(t) ™ (Aoom™e + mi No,m_k(t)m%)
= m™¢+ (Aoo — Noo(t) ZNM 1 (
Now, using (104)-(106) we obtain

ZNomk ymbé + O(w?(1))
and

N5 (D = Z/vj,m_kmm%

— Ajodg ZNOmk tym* ¢ + O(w(1)) -

k=0
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Therefore,

m

(1)@ Z Ajo Nom—k(t)m k¢7A;omm_j¢)

§=0 k=0

Z 7,m— k ]OA()O NO m— k) ¢7 mmijw) + O(wQ (t))

NE

+

<.
Il
[y
=
Il
o

| (Njm—r(O)mF o, m™T4) + O(w?(t)) .

[
NE
NE

k

<.
Il
<
Il
=

Clearly, the right-hand sides in the last equality and (171) coincide.

16 Homogeneous equation (166)
We start with a uniqueness result for the equation
2+ (K2)(t)=0 teR. (172)

Lemma 12 There exist positive constants dg and c3 depending only on n, m,
p and L such that: if § < 0y and z € VVéf(R) is a solution of (172) subject to

oent—cslo ‘”(S)ds) ast — +oo

A(t) = (173)

ofe—t—cs ) “(S)ds) ast — —oo

and z(tg) = 0 for some ty then z(t) =0 for all t € R.

Proof. Without loss of generality we set tg = 0. Integrating (172) and using
(168) we obtain

v (t) Sc’/o w(T)/RJ(T,s)w(s)V(s)dsdT , (174)
where v(t) = ||2|| £ (t,t41). We set

A = sup e~ nttes I w(s)dsV(t) 1 sup pttes Ik “’(S)dsl/(t) )
>0 t<0

Let ¢y be the same constant as in (170). We may suppose that cz > ca.
For t > 0 we estimate the right-hand side of (174) by

t
CA/ w(T){ /Oow(s)enﬂ-cz [Z w(z)dz—cs f;w(x)dxds
0 T
+/ w(8)68_7—+"s+c2 JJ w(@)dz—cs f(fw(ac)dmds
0

0
+/ w(s) ‘r+02] w(z)dz— C';j wz)dzds}dT

— 00
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Direct culculations give that the right hand-side is majorized by

t
]_ T
cA / o) e I§ et
0 C3 — C2
R Y T 0 e I @Y g
c3 + ¢y n+1—(co+c3)d

Supposing that (ce + ¢3)d < n+ 1 we conclude that the right-hand side is less
than

1 1 § ¢ r
A{ }/ nt—cs [ w(m)dmd
¢ 03—62+02+03+n+1—(62+03)5 Ow(T)e ’ g
< CA{ : + ! + 0 } ’ ent—es Jg w(z)de
- cg—cy cate3 n+l—(co+e3)d)n—c3d

Therefore, assuming that ¢ is sufficiently small, one can choose co > 4(1 + ¢)
and cg satisfying the above restrictions and such that

1 1 0 )
= <].'
T+ 6{63—02+82+C3+n+1—(CQ+C3)5}n—C35

This imlies
sup e—nt-i-cs fot""(s)dsy(t) < J+A .
t>0 a

Analogously, one verifies that

sup ettes I w(s)dsl/(t) <o A
t<0

with some o_ < 1. Therefore, A = 0.

Lemma 13 Equation (172) has a solution z € Wlifo(R) given by
t
z(t) = exp (/ A(T)dT) , (175)
to

where A is a locally summable function satisfying

|A()] < ex(t), (176)

t [e'e]
x(7) = w(t) (/ eTtC[Y ‘”(S)dsw(T)dT + / en(t=m)+C [ “(S)dsw(T)dT).

—00 t

Proof. Let € be a sufficiently small number depending on n, m and L and let
Be ={A € L*[R):|A(t)] < ew(t)}. Inserting (175) into (172) we arrive at the
equation for A:

At +GA) ) =0, teR, (177)
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where
G(A) (1) :lCT_,t<exp< /t A(s)ds)) .

Using (168) with p = 2 and assuming that ¢ is sufficiently small we obtain for
A€ B.:

G (B)] < cw(®) /R ot PP OB g < s, (178)

where c; is a constant depending only on n, m and L. We suppose that ¢16 < ¢.
This guarantees, in particular, that G maps B, into itself.
Now let Ay and Ay be functions from B.. By (168) we have

|G(A2) () — G(A1)(#)]
< cw(t)/Ra(t,T)w(T) sup ’exp(/ Ay (s)ds) —exp(/t A1(S)d8)’d7’.

TE(t,t+1) t
Since
‘exp (/ Ao (s)ds) — exp (/ Al(s)ds)‘
t t
< e56|157‘r| / w(s)ds sup |A2(S) — A1(5)| ,
t seR w(S)
we obtain

(G(A2)(0) = G < eadio(t) sup lA(i}(——)AHI

with some constant ¢ depending on n, m and L. Assuming that cod < 1 we
get the existence of A € B, satisfying (177) by the Banach fixed point theorem.
Estimate (176) results from (178) and (177).

The next statement directly follows from Lemma 13.

‘/RX(T)dT‘ < 0.

Then the solution z from Lemma 13 admits the asymptotic representation

Corollary 2 Suppose that

z(t)1+0</toox(7)d7) ast — +o0.

We denote by z(t,7) the solution of (172) subject to (173) and such that
z(r,7) = 1. By Lemma 12 this solution is unique and by Lemma 13 such a
solution exists and satisfies

el o x()dsl < |42, )| < eel J7 x(s)ds] (179)

with ¢ depending only on n, m and L.
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17 Representation of solutions of the homoge-
neous problem (36)

Lemma 14 There exists a nontrivial solution 3 € VVIZLC’)(H) to the homogeneous
problem (36) subject to

O(e(nfm)tfc.fotw(s)ds) th — 400

3l ey = { o(e=(mHDI=C [Pw(sdsy iy, oo, (180)

This solution is unique up to a constant factor and

(=00)"3(t,0) = Cm* exp (= mt + / ()T ) =(0)(6(0) + vi(,0),  (181)
0

where C = const, k = 0,... ,m, and z is the function from Lemma 13. For
k < m the remainder vy, satisfies

HUk”Wm*k#’(Ht) + ||5tvk||Wmfk71=p(Ht) (182)

t o)
< C(/ e-rftJrC f: w(s)dsw(T)dT + / en(t—q—)Jrc N “”(S)dsw(T)dT).
o t

If kK = m, then the second term on the right in the last inequality should be
omitted.

Proof. We introduce the vector function U = (Ui,... ,Usm) with Uy given

by (89)-(91) where fo = fi = ... = fin-1 = 0. By Lemma 6 the function
u € WoP(I) solves the homogeneous equation (87) (or equivalently (36)) if

and only if U € Sjoc(R) is a solution of (100) with F = 0.
(i) Ezistence. Let

u(t) =exp (—mt+ /0 AM7)dT)z(t)®, (183)

where z(t) is the solution of (172) from Lemma 13. We are looking for a solution
U of the homogeneous system (100) in the form U(t) = u(t) + v(¢), where
Pv(t) = 0. Then v satisfies (135) with F = 0. By (132) and Lemma 13 the
Y(t,t + 1)-seminorm of Nu is majorized by

cw(t) exp (— mt + 8?/ A7)dT + C/O x(7)dr) .

By Lemma 10 system (135) has a solution v satisfying

[V]]set 1) < ce~ MR [ A(n)dT

t
(/ er—t-‘,—C f: w(s)dSW(T)dT n /OO en(t—q—)+c I w(s)dsw(T)dT).
—00

t
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Hence, 3 = U; is the required solution of equation (36) The solution of the
homogeneous system (100) constructed above will be denoted by U, = u, + v,
where Pv, = 0.

(ii) Uniqueness. Suppose that the WP (II;)-seminorm of a solution u = 3 of
the homogeneous equation (36) is subject to (180). Consider the vector function
U — Uy, where c is a arbitrary constant. We represent u in the form (183) with
a certain z. Similarly, let u, be given by (183) with z, instead of z. Clearly,
z — ¢z, satisfies (172) and (173). Choosing ¢ to satisfy z(0) — cz.(0) = 0 and
using Lemma 12 one obtains z(t) — cz.(t) = 0 for all ¢. Now, applying Lemma
10(ii) to the vector function v — cv,, which solves the homogeneous system
(144), we conclude that v — cv, = 0. The proof is complete.

Corollary 3 Let f € W, ""(IT) be subject to
Jp = / emmTHelJg W Odsl|| £1[ 1 ydT < 00, (184)
R
Also let uy and ug be solutions of problem (36) from Proposition 7 (i) and (ii)
respectively. Then
U2 — U = CZ(t), (185)
where C is a constant satisfying
IC] <cJy. (186)

Proof. It follows from Proposition 7 that us —uy is the solution of the homoge-
neous equation (36) satisfying (180). Now, (185) holds by Lemma 14. In order
to prove (186) we write

IC I3l e (1) < w2l Lr oy + 1w llze () -

Using estimates (66) and (69) we see that the right-hand side is majorazed by
¢Jy. By (181) and (179)

13l ze(10) = €ll2llLr(0,1) = 1.
The proof is complete.

Lemma 15 There exists a nontrivial solution Z € Wm’p(M\(’)) to the homo-
geneous problem (14), (15) subject to

o(rm*”te_c-’}1 Q(p)d;:) ifr—0

o(rm“efcflr Q(p)%p) if 1 — oo. (187)

m;n(Z;Kr/e,r) = {
This solution is unique up to a constant factor and admits the representation
(r0,)*Z(x) (188)
1
d
— O exp (/ (= 80)+ Y1) L) &1 + " vn(z)

with the same notation as in the statement of Theorem 1 and with vy subject to
(26).
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Proof. By (171)
=33 Wik (=0)™ F) (e ™), 07 (™) + O(w(t)?),  (189)
§=0 k=0

where ¢ and v are the same functions as in Sect. 10. Setting u = e™™!¢ and
v = e"~™ty in (86) we arrive at

A= logr) = +fracr™m! / S (Las — Las(2))00 2702 B(x)d6

\a| |B]1<m

/Sn 1 Z Lag(x )35 mOSE(x )d9+O(Q(r)2)_

la+B|<2m

This can be written as A(—logr) = O(r) + O(Q(r)?). The result follows from
Lemma 14 by the change of variables (¢,0) — .

Corollary 4 Let f € W;;"P(R\ O) be subject to

[ele} B ds d
I ::/ pme Gl o) 'sm;m(f;Kp/e,p)jp < 00. (190)
0

Also let uy and ug be solutions of problem (14), (15) from (i) and (ii) in Propo-
sition 8 respectively. Then

uz(x) —ui(z) = CZ(x) , (191)
where Z is defined in Lemma 15 and C is a constant subject to
‘C‘ < CIf .

Proof follows directly from Corollary 3.

18 End of proof of Theorem 1

Assertion (i) follows from Lemma 15. In order to obtain (ii) we introduce the
cut-off function n € C§°(Bs), n(x) =1 for |z| < 3/2. The function nu satisfies
the zero Dirichlet conditions on R"~1\ O and the equation L(x,d,)(nu) = f1
on R with fi =0 f + [£,n]u. Clearly,

mpm(fl;Kr/e,T) = m;m(faK7/e,T) (192)

if r < 3/2 and r > 2e. By the standard local estimate for solutions of the
Dirichlet problem

m;n('u; KBr/2,2r> <c (TQmm;m(ﬁ Kner) + r_n/p| ‘UHLP(K?«,(W)) (193)
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we have
M, " (£, n]u; Kzpa,2) < ¢ (M, (f; Kie) + [ull e i, o))-
Hence, for r € (3/2,2¢)
M, (f13 Ky jer) < (O, (f5 Kiyoe) + ullLe(x, L))- (194)

Therefore,
Ty, <c(ly +[ullee(x, )

By (13) and finiteness of Iy,

e?r
_ _ dp
f'):)’tpm(f;I(p/ez,ep) <c i Zmpm(f;Kp/e,p)F

Je
= o(rmexp(—C/r1 Q(p)%)) asr — 0.

This along with (193) and (28) implies (76) with u replaced by nu. Therefore
nu is the solution of problem (14), (15) (with f; instead of f) from Proposition
8(ii). The result follows from Corollary 4.

19 Corollaries of the main result

Clearly, Theorem 1 remains valid if §2 is replaced by its nondecreasing majorant

@)= s (3 |Las@) = Lagl+ Y 22T Lep()])

€B " al=|Bl=m ja-+6]<2m
(195)
Corollary 5 Let Z be the same solution as in Theorem 1. Then
1 dp
0:2a) = exp(- [ o)L +v°(r))
0 m! m—|al| m—|«al
x (6o ey +r va (7)), (196)
where |z| < 1, a = (¢, o) and V° satisfies
¢ d
v <c [ wEr?
. P
and
€ o(g)ds d
16, 9°(r)] gcm(r)/ €l <S>%Q<>(p)p—§. (197)
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For |a] <m —1 the function v, belongs to VVI1 P(R™ \ O) and satisfies

([ Vel + llras) < et [aop 2

r/e,r

(198)

forr < 1. If || = m, the term r|Vvo(z)| should be removed. By e, we denote
a sufficiently small number depending on n, m, p and Lyg.

Proof. First, we note that the smallness of €2 implies
Clr % < (3)5, (199)
T

Where 0 < 7 < t and ¢ is a sufficiently small number depending on n, m, p and
L,g. Hence

1 t e
/ T(p SC/ %t)(t‘”*‘f/ Q(p)p”‘l‘adpﬁl‘g/ Q(p)p‘wdp)dt
T 0 t

Using the monotonicity of 2° and changing the order of integration in the last

integral we arrive at
1 e
dp dp
/ |T(P)|? <C / QO(P)2? . (200)

In order to obtain (197) it suffices to note that by (25)

€ o(g)ds d
T(r) < cm(r)/ CI7 00w % Qo) B
r p
Furthermore, one can easily check that
lexl

1082 =" Qa1 (0,09)(r0,)* Z
k=0

where Qo[- is a differential operator on the unit sphere of order |a| — k. Hence
and by (24) formula (196) holds with

||

= Z ka|a\7k:(07 ) () .

k=0
Now, (26) implies the estimate

(rr /K (Vv )| + v )P e (201)

r/e,r

< C(Tfn/ ecf,TW(S)%QQ(p)P””derT/ 7 QO(S)%QQ(p)p*Zd@
0

r

If || = m, the term 7|Vv, (x)| should be removed. Estimate (198) follows from
(199), (201) and the monotonicity of Q°.
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Corollary 6 Let u be a solution from Theorem 1(ii). If f =0 on BF, then for
all z € B the estimate holds:

1 1
_k d d
(Viu(@)] < ellull s o lol™F exp ((— H%@(p);’)w Hmm?f) (202)

where Vi, is the collection of all derivatives of order k, 0 < k <m — 1.

Proof. Let us fix a certain p subject to p > n in Theorem 1. By Sobolev’s
imbedding theorem the integral estimate (31) for w implies pointwise estimates
for the derivatives of w of order less than m. Similarly, (198) implies the point-
wise estimate for v, for |a| < m. By Theorem 1(ii) and by Corollary 5

1 1
_ d d
Veu(@)] < lellg, olal™ *exp (= [ ROWT+c [ 070
for k=1,...,m — 1. Here, the L?(K; .)-norm can be replaced by Hu||L2(B;r)
owing to the well-known local estimate (see [ADN], Sect.15).

Corollary 7 If Q(r) — 0 as r — 0 then the right-hand side in (26) tends to 0
asr — 0 and 1 )
m;n(w;Kr/e,r) = O(Tmeic I Q(S)T) .

In the case p > n the solution u in Theorem 1 (ii) satisfies

o) = e [ (00 + 1) %)

m!

(m — ap)!

x (cag, :cg—\al+o(|x|m—la\)) as [z — 0 (203)

uniformly with respect to x/|x|. Here a = (&, av,) is an arbitrary multi-index
of order < m —1 and 6°, is Kronecker’s index. The function ¥°(r) is the same
as in Corollary 5. Moreover, (203) remains valid also for |a| = m but then
® = o(1) should be understood as

r="P®|| Lo (k). ) — O as T — 0.

Proof. It suffices to note that the right-hand side in (26) tends to 0 as r — 0
and the right-hand side in (31) is o(r™exp ( — Cf: Q(s)9)). The result for
p > n follows by Sobolev’s imbedding theorem applied to the left-hand sides of
(26) and (31).

Corollary 8 Letp > n and

/0 Q(p)*—= < <. (204)
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Then the solution u from Theorem 1 (ii) satisfies

oSu(x)
= exp ( - @(p)@) (053,%;3"’—@' + o(|x|m-la\)) (205)

Ed p - O(n)' "

for |a] < m — 1 uniformly with respect to x/|z|. The same is true for |a| = m
if the symbol o(1) is understood as in Theorem 1 (ii).

Proof. Since Q(r) — 0 as » — 0 by (19) and (204) the result follows from (25)
combined with the inequality

' dp ¢ 2dp
/Onr(pn;sc/() 2(p)*
)

and from Theorem 1 (ii).

20 Second order elliptic equations

Example 1. Consider the equation with complex-valued measurable coeffi-
cients

- Z Oz, (a;j(2)0y,u) =0 in Bf
Q=1
complemented by the boundary condition
u(z’,0) =0 for |2'| < 3. (206)

We assume that there exists a constant symmetric matrix {a;;}}';_; with posi-
tive definite real part such that the function

Q°(r) = sup Y _ |ai;(z) — ay

Bl =1

is sufficiently small in By . In view of Theorem 1(ii) and Corollary 5

u() = exp { _/T

x (O + 0 (|2~ / O ()" %dp + |22 ) (207)

||

n

Z(am(y) — ain)0y, E(y)dy + O(/l Qo(p)Q@)}

<|yl<1;5 x| P

where € is a small positive number depending on n and the coefficients a;;. Here
E(z) stands for the Poisson kernel of the equation

Z ;j0z,0z,v =0 in R},

i,7=1
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i.e.

E(x) = (det{ay }) 215" (D bruwpr) "
k=1

where {b;;} is the inverse of {a;;} (see [H], Sect.6.2). Setting this expression of
E(x) into (207), we arrive at (4) where § = 1, G = R"! and Q is given by (3).
The case of a domain with smooth boundary mentioned in the introduction can
be easily reduced to the present one by changing variables.

Sufficiency of (6) for the inequality |u(x)| < c|x| follows directly from (4).
The necessity of (6) follows from the existence of the solution Z with the asymp-
totics (4) (see Theorem 1(i)). This proves the assertion stated in Introduction.

Example 2. Here, we include the lower order terms but restrict ourselves
to small perturbations of the Laplacian to make the asymptotical formula more
explicit. Consider the strongly elliptic equation with complex-valued measurable
coefficients

n

- Z Oz, (a’lj(x)aaiju> + Z (aOl($>azLu — O, (aio(x)U» + aoo(a:)u =0 in B;

i,j=1 i=1

complemented by the boundary condition (206). The function Q° in this case
is given by

_Sup( Z |ai;(x —5J\+Z\mnam |+Z|$na10 )| + |22 ago(x )I)
B i,7=1

and we assume that this function does not exceed a certain constant depending
only on n. Let u be a solution which has a finite Dirichlet integral outside any
neighborhood of the origin and subject to

(/K |u(x)|2\x|_”dac) i = o(rl_” exp ( — C/T1 Q(p)%)) (208)

as 7 — 0. Then by Theorem 1(ii) and Corollary 5 the solution u admits the
representation:

wry=ew QR [ (o) - 30026 (i)

i=1

Jr(ao”JranoJrZa,gm) e[ + ooé%n)dﬁwLO(/l QO(p)zd_pP>}

||

r/e,r

X (C:z:n ++O0(|z*¢ Qo(p)pE_de\xF_E)) , (209)

||
where |z| < 1 and ¢ is a small positive number depending on n.

The example of the Schrodinger equation with magnetic field given in Intro-
duction is a particular case of the present example. Proof of the necessary and
sufficient condition for the estimate |u(x)| < ¢|z| is the same as in Example 1.
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