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Abstract

We consider the Dirichlet problem for elliptic equations of arbitrary
order and prove an asymptotic formula for a singular solution near a
boundary point. The only a priori assumption on the coefficients of the
principal part of the equation is the smallness of the local oscillation near
the point.

1 Introduction

In this article, we are interested in the behavior of solutions to the Dirichlet
problem for arbitrary even order 2m strongly elliptic equations in divergence
form near a point O at the smooth boundary. We require only that the coeffi-
cients of the principal part of the operator have small oscillation near this point
and the coefficients in lower order terms are allowed to have singularities at the
boundary. In our recent paper [4], we derived an explicit asymptotic formula
near O for solutions with finite energy integral. Here, our objective is to obtain
an analogous asymptotic representation for solutions with infinite energy inte-
gral which have the least possible singularity. Since this representation is new
even in the case of the second order equations, we start with describing it for
this particular case.
Let us consider the uniformly elliptic equation

—div (A(z) grad u(x)) = f(z) in G (1)
complemented by the Dirichlet condition

u=0 ondG\ {O}, (2)
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where G is a domain in R™ with smooth boundary. We assume that the ele-
ments of the n X n-matrix A(z) are measurable and bounded complex-valued
functions. We deal with a solution u having a finite Dirichlet integral outside
any neighborhood of O and require, for simplicity, that f = 0 in a certain J-
neighborhood Gs = {z € G : |z| < §} of the origin. We suppose that there
exists a constant symmetric matrix A with positive definite real part such that
the function
(r) = sup||A(e) = 4]

is sufficiently small for » < §. We introduce the function

(A(z) — Av,v) —nly, (A(z) — A)A ey (v, z) (A~ Le, 2) L
[S™=1|(det A)Y/2(A~ 1z, z)n/2 ’

R(z) = < (3)

where (z,() = 2101 +. ..+ 2,(, and v is the interior unit normal at O. (For the
notation (det A)*/2? and (A='x, 2)™/? see [2], Sect.6.2.)
The following asymptotic formula is a corollary of our main Theorem 1

u(z) = exp (/Gs\cz R(y)dy + O(/:I %(p)Q%))

<(o( s + 0l /| o) ) +0 (il ))s @

x|

where C' = const and ¢ is a small positive number.

In Theorem 1 we obtain a general asymptotic formula similar to (4) for
solutions of the Dirichlet problem for the uniformly strongly elliptic equation
with complex-valued measurable coefficients

Y (70.)"(Lap(2)dulz)) = f(z) on B, (5)

0<|al,|Bl<m

where Bf = R? N Bs, R? = {z = (2/,2,) ER" : 2, > 0} and Bs = {x € R" :
|z] < 0}. Here and elsewhere by 9, we mean the vector of partial derivatives
(Opys--- 0y, ). The only a priori assumption on the coeflicients £, is smallness
of the function

Yo NLap(@) = Lagl+ D akm oL (),

loo|=[B]=m la+B]<2m

where x € By and L,g are constants.

The proof of Theorem 1 follows the same lines as that of the main result in [4].
In order to make our exposition self-contained, we give complete formulations
of intermediate results and their detailed proofs instead of referring repeatedly
to analogous statements in [4].



2 Function spaces

Let 1 < p < oo and let WoP(R% \ O) denote the space of functions u defined

on R} and such that nu € W™P(R") for all smooth 1 with compact support
in R\ O. Also let Wﬁp(R” \ O) be the subspace of W"P(R™ \ O), which
contains functions subject to

O u=0 ondRL\Ofork=0,...,m—1. (6)

We introduce a family of seminorms in Vi/l?c’p (R} \ O) by

1/p
M (u; Ko pr) = Z/ |V pu(z)|P|z|P*~ "dz) , >0, (7

ar br

where K, = {x € R} : p < |z| <r}, a and b are positive constants, a < b and
Vi is the vector {9 u}|q|=. One can easily see that (6) implies the equivalence
of M7 (u; Ko pr) and the seminorm

1/p
([ Wau@piapm-ra)
K

ar,br

With another choice of a and b we arrive at an equivalent family of seminorms.
Clearly,

b'r/a d
m m P
oy (u; Karrprr) < cr1(a,b,a’,b) // 7 m, (U5Kap,bp)?a (8)

where ¢; is a continuous function of its arguments.

We say that a function v belongs to the space ngﬁ?p R?\O),pg=p+gq,if
vE T/Vlglc’q(R” \ ©) and v has a compact support in R? \ O. By W, ™" (R} \ O)
we denote the dual of ngrgp(]R” \ O) with respect to the inner product in
L%(R7). We supply W,.™P(R’} \ O) with the seminorms

M (f; Koappr) = sup \ £z "de| 9)
R}

where the supremum is taken over all functions v € ngﬁ?p (R% \ O) supported

by ar < |z| < br and such that 97" (v; Kqrpr) < 1. By a standard argument it
follows from (8) that

b'r/a dp
m;m(fv Ka’r,b’r) S 02(a7 b7 alb/) / m;?m(f7 Kap,bp)? ) (10)

a’'r/b

where co depends continuously on its arguments.



3 Statement of the Dirichlet problem in R”
We consider the Dirichlet problem

o u

Tn

_ _ -1
=0 fork=0,1,....,m—1 onR" \ O (12)

Tn

for the differential operator

L(x,0z)u = Z (—8x)a(£ag(a:)85u) (13)

lacl,|B]<m

with measurable complex valued coefficients L,g in R} .
We also need a differential operator with constant coefficients

L@ = ()" Y Lagdit?, (14)

|| =[8]=m

where RL(£) > 0 for £ € R™\ O. It will be convenient to require that the
coefficient of L(d,) in 2™ is equal to (—1)".

We treat L(z,0,) as a perturbation of L(d,) and characterize this pertur-
bation by the function

Q)= s (Y |Las@) —Lagl+ Y @ lLas@)])
pERr/er Y al=|5l=m latp|<2m
(15)

which is assumed to be smaller than a certain positive constant depending on
n, m, p and the coefficients L,g. It is straightforward that

Qr) < /ma(t)ﬂ . (16)

r/e t
By the classical Hardy inequality
im;m((ﬁ —L)(u); Ky jep) < cQ(r)EDT;“(u; Krjer), (17)

where ¢ depends only on n, m and p. Therefore, the boundedness of {2(r) implies
that the operator £(z,d,) maps W".? (R \ O) into W,,"P(R7% \ O).

In what follows we always require that the right-hand side f in (11) belongs
to W,o"P(R™ \ O) and consider a solution u of (11) in the space WP (R?\0O).
This solution satisfies

/ S Las(@)0Pu(@)oct(@)de = [ fo@)de (18)
B2 Jal,81<m R

for all v € W/ma (R%\ 0), pg = p+ q. The integral on the right is understood

comp
in the distribution sense.



4 Formulation of the main result

In the next statement we make use of the notation introduced in Sect. 3. We
also need the Poisson kernel E of the equation

> Lapdt™E(x) =0 inRY, (19)

la|=[B]=m

which is positive homogeneous of degree m — n and subject to the Dirichlet
conditions on the hyperplane z,, = 0:

& E=0 for 0<j<m-—2, and 0)'E=4(2'), (20)

where ¢ is the Dirac function. In principle, the function E can be calculated
using the Fourier transform in 2’ (see [1], Ch.1, Sect.2).

In the case of the polyharmonic operator (—A)™ one verifies directly that
E(x) = const 2]?"|z|~™. The constant factor can be evaluated by the identity

(03 E)(a’,0) = mI(n/2)m~"/|a'|
which is found in Example 11.6.4[5]. Eventually,

n/2)  ap o)

PO = G =2 Jale

In what follows, by ¢ and C (sometimes enumerated) we denote different
positive constants which depend only on m, n, p and the coefficients L, g.

Theorem 1 Assume that Q(r) does not exceed a sufficiently small positive con-
stant depending on m, n, p and Log. There exist positive constants C and c
depending on the same parameters such that the following assertions are valid.

(i) There exists Z € WP (R \ O) subject to L(z,d,)Z = 0 on B} and
satisfying

1
d
(7“67,)’“2@) = exp (/ (’T(p) + T(p)) ?p) ((m — n)kE(aj) + Tm_nvk(x)),
(22)
where k = 0,1,... ,m, r = |z| < 1 and Y is a measurable function on (0,1)
satisfying
T (r)| (23)

<cam(rm [ UL pkr [ 12O E () )
0

T

and

T(p) = p" /s"*l > (Lorm5(6) = Liormy,s) BV (€)dbe
E T

" )
e /S, > Lo i s&) i B (€0

m —
|Bl+k<2m



with p = €], 0 = £/|¢|. The functions vy, belong to Lt ((0,00); Vo[/m’k’p(Si_l))
and satisfy

r dp\1/p
(0 sy 109500 s s) )

< c(vfl/ 6Cf59(s)%ﬂ(p)dp+?""/ LA ) g7 dp) , (24)
0 r
where k =0,... ,m—1, Si_l s the upper hemisphere and Wm_k’p(Si_l) 18

the completion of C§°(S™") in the norm of the Sobolev space W™P(ST~1). In
the case k = m estimate (24) holds without the second norm in the left-hand
side.
(ii) Let
e 1
ds\ o d
I; ;:/ P exp (c/ ()" )om; (f;Kp/e,,,)f <oco  (25)
0 P

S

and let u € Wﬁl’p(m \ O) be a solution of L(x,0,)u = f on B} subject to

(/.

as T — 0. Then for x € B

|u(m)|p|m|’"dx)1/p =o(rmtexp (- /T1 Q(p)d—pp)> (26)

r/e,r

u(z) = CZ(x) + w(x), (27)
where the constant C' satisfies
Cl < eIy + JullLr(k, .)) (28)

and the function w € me(M \ O) is subject to

loc

m m " —n _m+n " Q(s) 2 q—m dp
mp (w;Kr/e,r) <cr </O T op + ecfp Q(s) % Dﬁp (f;Kp/&p)?

¢ m P O(s)ds —m dp TO(s)ds
+/ p eCfT Q(s) & mp (f;Kp/e,p)? + ecfr Q(s) % u||LP(K1,e)) (29)

forr < 1.

The proof of this theorem will be given in Sect. 5-18.

5 Reduction of problem (11), (12) to the Dirich-
let problem in a cylinder

We write problem (11), (12) in the variables

t=—log|z|] and 0 =x/|z| (30)



The mapping « — (t,6) transforms R’} onto the cylinder IT = Si_l x R.
We shall need the spaces W,"“P(IT) and W;_ ™" (II) which are the images of

loc loc
VVIZIC’)(M\ O) and W,;""P(R% \ O) under mapping (30). They can be defined
independently as follows.

The space lelc’p (IT) consists of functions whose derivatives up to order m
belong to LP(D) for every compact subset D of II and whose derivatives up to
order m — 1 vanish on 9II. The seminorm 97" (u; Ke-1-¢ ) in VQVIZLC’Z’(@\O)
is equivalent to the seminorm ||ul|ywmrr,) , t € R, where IT; = {(0,7) € IT :

T € (t,t 4+ 1)}. The space Wy,"P(II) consists of the distributions f on II such
that the seminorm

[——— /H f vdrdd) (31)

is finite for every ¢ € R. The supremum in (31) is taken over all v € WIZLC"J(H),
pq = p + g, supported by II; and subject to ||v||ym.aqr,) < 1. The seminorm
(31) is equivalent to D™ (f;; Ke-1—t ot ).

In the variables (¢, 6) the operator L takes the form
L(9,) = €™ A(0,99,—0,) , (32)

where A is an elliptic partial differential operator of order 2m on II with smooth
coefficients. We introduce the operator N by

L(0:) = L(x,05) = > N(6, ¢, 95, =0p). (33)
Now problem (11), (12) can be written as

A(97 697 —@)u = N(H, t7 89, _at)u =+ 672mtf on II
we WP (),

loc

(34)

where f € W_"P(II). We do not mark the dependence on the new variables ¢,

loc

0 in v and f. )
Let W~"?(S""") denote the dual of W™4(S% ') with respect to the inner
product in L2(S"™"). We introduce the operator pencil

AQ) s WmP(SEY) - WS (35)
by
ANU(0) = r M2 L0,)r U (8) = A(0,09, U (). (36)

The following properties of A and its adjoint are standard and their proofs
can be found, for example in [5], Sect. 10.3. The operator (35) is Fredholm
for all A € C and its spectrum consists of eigenvalues with finite geometric
multiplicities. These eigenvalues are

mm+1lm+2,... and m—n,m—-n—1m-n—2,..., (37)



and there are no generalized eigenvectors. The only eigenvector (up to a constant
factor) corresponding to the eigenvalue m — n is |z|"~™E(x) = E(0), where E
is the Poisson kernel defined in Sect. 4. )

We introduce the operator pencil A()\) defined on W™ P(S%~!) by the for-
mula AN)U() = r=2T2mL(9,)r*U(#). This pencil has the same eigenvalues
as the pencil A(\). The only eigenvector (up to a constant factor) of A corre-
sponding to the eigenvalue m is || =™z = 6.

Using the definitions of the above pencils and Green’s formula for L and L
one can show that (A(A))* = A(2m —n — )), where * denotes passage to the
adjoint operator in L2(S} ™).

6 Properties of the unperturbed Dirichlet prob-
lems in R’} and II

Let us consider the Dirichlet problem

LOyu=f in R%, (38)
u€ W' (RY\ O).
Proposition 1 (i) Let f € W,,."P(R% \ O) be subject to
1 e}
_ dp _ dp
/ pm+nmpm(f;Kp/e,p)_ +/ pmmpm(f : Kp/e,p>_ < 0. (39>
0 P 1 P
Then problem (38) has a solution u € VVIZLCP(M\ O) satisfying
My (u; Ky je,r) (40)

" m—n m—+n —m dp Rl m.m —m dp
SC</0 i p : 9ﬁp (f;Kp/e’p)?Jr/ rp mp (f?Kp/e,p)F).

Estimate (40) implies

gy { o) i 0
mp (U,Kr/eﬁ) - { O(Tm) if’l‘ — 00.

Solution u € Wm’p(M\ O) of problem (38) subject to (41) is unique.

loc

(i) Let f € W, "P(R% \ O) be subject to
1 0
m+n -m dp m4+nqgm—m dp
/0 P + +19ﬁp (f;Kp/e,p)? +ﬁ P + mp (f;Kp/e,p)? < 0. (42)

Then problem (38) has a solution u € W,™-P(R7 \ O) satisfying

mgl(ua Kr/e,r) (43)

T d 00 d
< C(/O rm_n_lpm+n+1m;m(f§Kp/e,p)f +/ Wn_npm-i_nm;m(ﬁKp/e,p)f).
T



Estimate (43) implies

o(rmm=1) ifr -0

o(r™") if r — 0. (44)

m;n(uv Kr/e,r) = {

Solution u € Wm’p(M\ O) of problem (38) subject to (44) is unique.

loc

Proof. (i) Let us assume that f is supported by {z € R} : 1/2 < |z| < 4}. We
set

u(z) = | Gz, y)f(y)dy, (45)
R%
where G is Green’s function of problem (38). Using standard estimates of G and
its derivatives, one arrives at

mgl(u; Kr/e,r) < c(rm + Tmin)m;m(]% K1/4,8) .

By (10) this inequality can be written in the form (40). We check by dilation
that the same holds for f supported by p/2 < |z| < 4p where p is an arbitrary
positive number.

Now, we remove the restriction on the support of f. By a partition of unity
we represent f as the series f = ) fi, where f € W™"P(R"}) is supported by
21 < |z| <282k =0,41,..., and

Z mgm(fk;Kp/e,p) < Cm;m(ﬁKp/e,p)' (46)

k=—o00

Denote by wuy, the solution of problem (38) given by (45) with f replaced by
fr- Tt follows from (46) that the series u = > uy, satisfies (40). Hence, u is a
required solution.

The uniqueness of u follows from Theorem 3.9.1 in [3], where k4 = m and
k- =m—n.

(ii) The proof of existence is the same as in (i) with the only difference that
representation (45) is replaced by

(@) = [ Gy f)dy + B2

n m!
R+

/Rn Yn' f(y)dy.

Uniqueness is a consequence of Theorem 3.9.1 in [3] where k1 = m — n and
k_ =m —n — 1. The proof is complete.

Let us turn to the Dirichlet problem

A(0,09,—0p)u=e2mf onll
ue WP (II).

loc

(47)

The next statement follows directly from Proposition 1 by the change of
variables (30).



Proposition 2 (i) Let f € W "™"P(II) be subject to

o 0
| el msadr + [ e fllwomoqdr < oo
0

— 00

Then problem (47) has a solution u € W,™-P(I1) satisfying the estimate

loc

||UHWmvP(Ht) < C(/ e(n_m)t_(m+n)T|‘f”me,p(HT)dT
t

t
b [N o).

Estimate (49) implies

| o(e=m™t) ift — too
lellwmraty = gemmty * it — —co.

The solution uw € W,™"F(I1) of problem (47) subject to (50) is unique.

loc

ii) Let f € W, "™P(II) be subject to
loc ]

o 0
/ e~ DTl [ o1, d +/ e~ il mopur,ydr < 00
0

Then problem (47) has a solution u € V(i/lznép(l_[) satisfying the estimate

||UHWWL,p(Ht) < c(/ e(n+1_m)t_(m+n+l)T|‘f”W*""’P(HT)dT
t

t
+ / e(nfm)t*(ern)-r”f‘|W_m1p(l_[7)d7_>‘

Estimate (52) implies
o _ [ o(et ) if = oo
Ulwmran) = petmmry i oo,

The solution uw € W,™"F(I1) of problem (47) subject to (53) is unique.

loc

(49)

(51)

The following assertion can be interpreted as a description of the asymptotic

behavior of solutions to problem (47) at £oo.

Proposition 3 Let f € W, " (II) be subject to

/ e_(m+n)7||f||me,p(nT)dT < 00,
R

(54)

Also let uy and ug be solutions from Proposition 2 (i) and (ii) respectively. Then

uy —up = Ce™EE(G)

where C is a constant.

10

(55)



Proof. By Proposition 2 (i) and (ii)

lluz = w1 [lwmoq,) = o(e"™ ™Y as t — oo

and

MY as t — —oo.

||U2 — 'U,]_me,p(nt) = O(e_
By the local regularity result (see [1], Sect.15) the same relations remain valid
for [|ugz — u1|[wem.2(m,). Now (55) follows from Proposition 3.8.1 in [KM].

Returning to the variables x we derive from Proposition 3 the following
description of the asymptotic behavior of solutions to problem (38) both at
infinity and near the origin.

Proposition 4 Let f € W, ""P(R% \ O) be subject to

e _ d
/O pm—Hme m(f7 Kp/e,p)jp < 00. (56>

Also let uy and us be solutions from (i) and (ii) in Proposition 1 respectively.
Then

ug(7) —ui(z) = C E(x), (57)
where C' is a constant.
We show that the constant C' in (57) can be found explicitly.

Proposition 5 The constant C in (57) is given by

-1
C=— (x)zytde . (58)
m: Ri

Proof. Integrating by parts we check the identity

/ L(0,)(CE(2) 2 de = —m! | (59)
R%
where ( is a smooth function equal to 1 in a neighborhood of the origin and
zero for large |z|.

By (57)

/ L(¢(ug —uy))zitde = C L(CE(x))z, dx. (60)
R™ R

It follows from (59) that the right-hand side is equal to —C'm!. Using (44), we
see that

/ L(Cuy)z;'dx = 0.

+
Similarly, by (41)
/ L((¢ = Dug)xdx = 0,
RZ

which together with (60) lead to (58).

11



Proposition 6 The constant C in (55) is given by

C=— / e~ MEMtE(t ) o™ dtdd .
11

m!
Proof results from Proposition 5.
The following uniqueness result is a consequence of Proposition 3.

Corollary 1 Let u € Wﬂ;p(ﬂ) be a solution of (47) with f = 0. Suppose that
u 15 subject to

B 0(6("7m+1)t) z'ft—>+oo
HUHW""J’(Ht)_ O(e—mt) th—>—OO

Then u = const e ™t E(0).

(61)

Proof. Let ¢ = ((t) be a smooth function on R equal to 1 for ¢ > 1 and 0 for
t < 0. Then u = us — uy, where us = Cu and u; = (¢ — 1)u. The functions
uy and ug satisfy (47) with f = A(Cu) — (Au. Now the result follows from
Proposition 3.

7 Properties of the perturbed Dirichlet prob-
lems in II and R?

Now the turn to the Dirichlet problem (34). By (17), the perturbation N of the
operator A satisfies

||N||vfi/m,p(nt)aw—m,p(nt) < Cw(t) ) (62)

where we use the notation w(t) = Q(e™%). As before, we assume that Q does
not exceed a sufficiently small constant depending on n, m, p and L,g.
The next statement generalizes Proposition 2.

Proposition 7 There exist positive constants ¢ and C such that the following
two assertions hold:
(i) Let f € W, "P(I1) be subject to

o0
/O e_(m+n)T+C fo w(s)dstHW_m,p(HT)dT
0 0
+/ TS S| £y ydT < 00 (63)
Then problem (34) has a solution u € V%?gp(ﬂ) satisfying the estimate
o0
[[ullwmer,) < C(/ en=mt=(mAm)rHC JTw(ds|| £y ydT
t

t
+ / efm(t+T)+C f., W(S)ds‘|f||W*’”=P(HT)dT>' (64)

— 00

12



Estimate (64) implies

[[au]] _J o(etrmmit=Clow(9ds) gt — oo
wmp(Ily) = o(emt=C [} w(s)ds) if t — —oo.

Solution u € W/™P(I1) of problem (34) subject to (65) is unique.

loc

(ii) Let f € W /"P(II) be subject to

/ 67(m+n+1)r+cf07“’(s)ds\|f||W*m=P(HT)dT
0

0
_|_/ e—(m+n)T+C ffw(s)dSHfHW*m’P(HT)dT < 0o (66)
Then problem (34) has a solution u € V%?ép(ﬂ) satisfying the estimate

Hu”W’”wP(Ht) < ¢ (/ €(n+1fm)t7(m+n+1)'r+c I w(s)dSHfHW*m»P(HT)dT
t

t
b [ e Ly ydr). (6)

— 00

Estimate (67) implies

- O(e(nfm%»l)tfchfot w(s)ds) th — 400
||uHWm’p(Ht) - { O(e(nfm)thftOw(s)ds) if t — —o0. (68)
Solution w € W,""P(I1) of problem (34) subject to (68) is unique.
Proof. Let k. =m, k- = m—n in the case (i) and kx = m—n, k- =m—-n—1

in the case (ii). Repeating the proof of Theorem 5.3.2 in [3] with Proposition 2
playing the role of Theorem 3.5.5 in [KM1], we construct a solution u satisfying

[ — / Gt )|l —mon 11,07+
R

where g, is a certain positive Green’s function of the ordinary differential oper-
ator

—(8,; + k+)(at + k,) — CW(t) .
According to Proposition 6.3.1 in [3] this Green’s function satisfies

ki (T—t)£C f: w(s)ds

gw(t,7) <ce fort = 7,

which completes the proof of existence. )

We turn to the proof of uniqueness. Let u € W) w"(II) be a solution of
problem (34) with f = 0 subject either to estimate (65) or (68). Clearly, these
estimates are valid for p = 2. The result follows from Theorem 10.8.13 in [3],
where ¢ = 2m and ¢ = m.

By the change of variables (30) on can formulate Proposition 7 as follows

13



Proposition 8 There exists a positive constant C such that the following two
assertions hold: -
(i) Let f € W ."P(R™ \ O) be subject to

' T Q(s)de dp
/0 pm+neCfp Q(s) & mpm(f;Kp/e,p)?

> m P Q(s)2E qp—m dp
—|—/ p ele Q( )simp (f:Kp/e,p)? < 0o0. (69)
1

Then problem (11), (12) has a solution u € Wlﬁp(@ \ O) satisfying

m " m—n _m-n " S ds —m dp
mp (U;Kr/e,r) < C(/O r 14 + ecfp Q(s) % f)rﬁp (f;Kp/e,p)F

> m _m P )(s)ds — d[)
+/ ey e IE Q)% gmpm(f;[(p/e’p)j), (70)
Estimate (70) implies

0(7"’"’”6_”;1 Q(s)%) ifr—0

f'Inp (U;KT’/E’J‘) = { O(’l"me_c f1r Q(s)%) zf?" — OQ.

o JE—

Solution v € WiLoP (R \ O) of problem (11), (12) subject to (71) is unique.

loc

(i) Let f € W, "P(R%\ O) be subject to

1 L O(s)ds dp
[t g,

> m4n P Q(s) s —-m dp
Jr/1 prtnel Ji QUss:np (f;Kp/e,p)?<oo. (72)

Then problem (11), (12) has a solution u € W,-P(R™ \ O) satisfying

m " m—n— m-rn r S ds —m dp
M (w5 K jer) < c(/o r LpmintleCly O on (f;KP/E,p)?

> m—n _m+n P O(s)LE v —m dp
+/ = e o€ I 920) % g (f;Kp/e,p)?). (73)
Estimate (73) implies

o(rm*"’le_cfrl Q(“;)%) ifr—0

m—n,—C I Q(s)d—:) (74)

if r — oo.

ome ;KreT:
p (5 Krjer) {o(r

Solution u € Viﬁ?f(@\ O) of problem (11), (12) subject to (74) is unique.
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8 Reduction of problem (34) to a first order sys-
tem in ¢

Let

/ ef(ern)'rJrC\fOT W(S)dsle”W*m,P(HT)dT < 0. (75)
R

This condition implies both (66) and (63) hence there exist the solutions u; and
ug from Proposition 7 (i) and (ii) respectively. Clearly, the difference uy — ugy
satisfies the homogeneous problem (34) and the relation

0 e(n—m—l—l)t—CfOtw(s)ds) if t — 400

|lur — u2||WT”"p(Ht) - { o(e*mpCftO w(s)ds) (76)

if t - —o0.

Here and in sections 9-18 we show that there exists a solution Z of the homoge-
neous problem (34), unique up to a constant factor, such that uq —ug = CfZ,
where C is a constant depending on f. We also give an asymptotic represen-
tation of Z at infinity. We start with reducing problem (34) to a first order
system in ¢t. To this end we write (34) in a slightly different form. First we
obtain a representation of the right-hand side f by using the following standard
assertion

Lemma 1 One can represent f € W, ""P(II) as

f — eth Z(_at)m—jfj , (77)

Jj=0

where f; € LY

loc

(R; W—3P(ST71)). This representation can be chosen to satisfy

019)T;m(f; Ke—l—t7e—t) S €2mt Z ||fjHW*j,p(1‘[,,) S Cgm;m<f; Ke—2—t7el—t) y
7=0

where c¢1 and cy are constants depending only on n, m and p.

One verifies directly that

o]
r‘o‘lag‘u = Z Quu(0, 89)(T8T)lu
1=0

and
laf

P2 e (pm2mtlely) = Z Poi(0,06)(r0,) u
=0
where Q41(0,9y) and P,;(6,0p) are differential operators of order |a| — 1 with
smooth coefficients. Furthermore, integrating by parts in

ag(r 2m |Ol‘u),r2m n’l)dx
RrR™
+

15



we obtain

||

||

1IN Qu(rd, +2m —n)t =Y Pr(—ro,). (78)
1=0 1=0
Now we write A in the form
0 893 Z 7JA )
7=0
where .
Aj(=0) =Y Aj(=0)™ "
k=0
with

Ajp=(-D)™ >

lae|=|Bl=m

Pa,mfj (97 a@)LaﬂQB,mfkr(97 89) .

It is clear that
A WhP(SEY) — WP (ST (79)

are differential operators of order < j + k£ on Si_l with smooth coefficients.
Since Qq o] = Pa,ja| = 0%, we have

Aoo = L(0). (80)
We also write
N(O,t,09, 0 )u =Y (=0:)™ 7 (N;(t,—d)u), (81)
§=0
where
Nt =00) = Nj(B)(=0)™ " (82)
k=0
with
Nijg= Y > V)P NapQp - (83)
m—j<|a|<m m—k<|B|<m
We use the notation Nag(e™'0) = Log — Lap(e ) if |a| = |3] = m and

Nog(e™18) = —elln+91-2m0 L, o

e t0) if |a + B] < 2m. By (83) the operators

Nji(t) = WhP(sE™h) — Wiv(syh)

16



are continuous. By (83) and (78), for almost all » > 0

/ > Njr(=0)"Fud ™ (P mi)do
sn1

Jk<m
:/n_l Z Z Z (—1)! NopQpm—r(—0)™ *u
S¥ Jk<m m—j<|a|<m m—k<|B|<m

X P 00 (i) dp

am—j-t
— / D (Lap — Lapl@)0fudivdd
S5 al|Bl<m
—pn / D Lap(@)0gudgmds, (84)
557 |atBl<2m

where u and v are in W,5"(R7).
Using the operators A;(—9;) and N, (t, —0;), and (77) we write problem (34)
in the form

m m

> (0™ A (=0ult) = Y (=00)™ I (NGt —0)u + f;(1)) onR, (85)

j=0 =0
where we consider v and f; as functions on R taking values in function spaces
on S77'. By (15) and (78)
NGOl i 51y sty < €(t) (36)

Clearly, Nj acts from W "*(II) to LY

loc loc

Let U = col(Uy, ... ,Uaspm), where

(R; W=I2(S771).
Uy = (=0)"u, k=1,... ,m, (87)

U1 = Ao(=0r)u — No(t, =9 )u — fo (88)
and
Ui = —0lmtj—1 + Aj—1(=0)u — Nj_1(t, =0 )u — fj—1 (89)
for j =2,... ,m. With this notation (85) takes the form
—O0lhom + A (—0¢)u — Ny (8, —0p)u — frn = 0. (90)
Using (87) we write (88) as
m—1

(Ago — Noo())(—=0¢) ™ u = Upp41 — Z (Ao m—t — Noym—i(t)) U1 + fo . (91)
k=0

17



Since the function
Noo(t) = > Nagle '0)o°+7
|a|=]8|=m

is bounded by cw(t), equation (91) is uniquely solvable with respect to (—9d;)™u
and

(—00)™u = SHU + (Ao — Noo(t)) " fo (92)
where
SWHU = (Ao — Noo(t) ™ (U - S (Ao~ Non-k(O)Us1).  (93)
k=0

From (87) it follows that
—0llyy =Up11 fork=1,... ,m—1. (94)
By (92) we have
— iUy, = S(U + (Ago — Noo(t)) ™" fo- (95)

Using (92), we write (89) as

m—1
—Olmtj = Unmtj41 — Z (Ajm—t = Njm—k () Us+1
k=0
—(Ajo = Nijo())(SHU + (Aoo — Noo(t) ™" fo) + f; (96)
for j=1,...,m —1 and (90) takes the form
m—1
_atu2m + Z (Am,mfk - Nm,mfk(t))uk+1
k=0

+(Amo = Nono () (S(OU + (Aoo — Noo (1) "' fo) = fmn = 0. (97)

The relations (94), (95)-(97) can be written as the first order evolution sys-
tem

(T8, — AU(t) — NOU(E) = F(£) on R, (98)
where
F(t) =col(0,...,0, Frn(t), Frng1(t), ... , Fam(t)) (99)
with
Fn(t) = (Aoo — Noo(t) ™" fo(t), (100)
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Fti @) = ;) — (Ajo — Njo()) (Ao — Noo(t) M fot), d=1,...,m.
(101)

The operator I is given by
N(EU = col(0, ... ,0, 9, (OU, N1 (U, ... , Moy (DU), (102)

where

My (U = (Aoo — Noo(8)) ™" mz_: Nom k() Ui + Noo()S(U) - (103)
k=0

and
m—1
Mo (DU =D Njm—k(OOUig1 + Njo(H)S (U
k=0
m—1
—Ajo(Aoo —Noo(t))’l( > Nom—k(E)Ur41 +Noo(t)S(t)L{> (104)
k=0
forj=1,... ,m.

In (98), by Z, we denote the identity operator. We also use the operator
matrix

A=J - £ (105)
with J = {(J)jx}7}— given by

(m+1)
I 0
I :

(m) | O Aggt 0

0 0 0 - O

0 0 0 0

and with £ = {Sjk}?f,’gzl equal to

0 0 0 0

0 cee 0 0 0

ASole,m ... AaolAO,l 0 --- 0

Apm — A1 oAgg Ao - Ain—A1oAygAor 0 - 0
Am,m - Am70A601A0,m o Am71 - Am70A601A0,1 0 o 0
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We put

D=WmP(ST1) x - x WHP(STY) x LP(ST7Y) x (W—mp(gn=1))m=t

and

R=WmtP(S171) s oo x WHP(STTY) x LP(ST7Y) x (WP (S )™

By (79) the operator 2 : D — R is continuous.

9 Linearization of the pencil A(\)

Here we find a correspondence between A(XA) and the linear pencil \Z — 2L.

Lemma 2 Let the row vector

e(A) = (e1(N), ... ,eam(N)
be given by

em()\) = Z)\mijAjo s

j=0

k. m

em—k(A) =D D AMFTIA L k=1, m—1.

5=0 j=0
Then for all A € C the equality

e(M)(A\Z —2) = (A(N),0,...,0)
1s valid.

Proof follows by direct substitution of (106)—(108) in (109).

We introduce the operator matrix £(X) = {£,(A)}27n_; as
(m)
61()\) €9 ()\) L em()\) s €am—1 (/\) 62m()\)
—I 0 0 0 0
0 -1 0 0 0
(m+1) 0 0 - —Awp - 0 0
0 0 0 —1I 0

20
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One can check directly that £71()) is given by

(m+1)
0 -I 0 0 0
0 0 0 0 0
(m)|0 0 —Agol 0 0
0 0 Ce 0 - 0 —7
I ex(A) -+ enm(AN) o eam_a(A) eam_1(N)
Lemma 3 For all A € C
EN)(NT —A)
= diag(AN),I,...,I) ( ;]B(E\/i) J(/\)OiM ) (111)

where the m x m matrices J(X), M and B()\) are defined by

I 0 ... 0 O 0 0 0 0
A I ... 0 0 Apdyy 0 0 0
JN=| | om=]| Awdeg 0 000
0 0 ... I 0 : : :
0 0 ... =X I Apm_1045 0 00
and
Aom Aom—1 .. Aoz Ao
Aim Al ... Aqo A
B(\) = . ) . .
Am—im Am—1m-1 - Am—12 Am-i11
0 0 0 “ Moo
Ao Agy) Aom ApAg) Ao .- A Agy Aos A Agy Aoy
Am—1,0A501A0,m Am—l,OAo_olAO,m—l e Am—1,0A501A02 Am—1,0A501A01

Proof. By Lemma 2 the left-hand side of (111) is a triangular matrix with the
diagonal A(X), ,... ,I. One can directly verify that it is equal to the right-hand
side in (111).
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Clearly, the matrix J(\) has the inverse

1 0 0 0 0
A 1 0 ceeD
JNT = a0 N I (112)
: : : ... I 0
Am—loym=2 Am=3 N T

In the next lemma we evaluate the inverse of the last matrix in (111). We show,
in particular, that this inverse is a polynomial operator matrix.

Lemma 4 The folowing formula is valid:

J(\) 0 AP ALTPY 0
(—B(A) J(A)—M> _( Q) JTTNUI + M) ) (113)

where the elements of the matriz Q(\) = {Q;x(N)} %=, are given by

Qir(\) = > ONFHEA g (114)
=k
Proof. Let us look for (J(A\) — M)~! in the form J~1(\) + S(\), where S())
has non-zero elements only in the first column and S11(A) = 0. We have
(JA) = MY(JT L)+ SN) =T+ J(N)SA) — MIT ().

Hence

S(\) = J M.
Therefore we arrive at (113) with
Q) = (J7HN) + SN))B)TH().
One can check that the last equality gives (114).
Lemma 5 (i) The operator
M —-2A:D—-TR (115)

is Fredholm for all A € C.
(ii) The spectra of the operator A and the pencil A(X) coincide and consist
of eigenvalues of the same multiplicity.

Proof. Let

Bo= WP WIS ) WP (ST L (ST x (W (S )y
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The operator
EAN):R—B

is an isomorphism for all A € C. Analogously, one verifies that the operator

{ szs(’?i) J(A)Of/\/l } DD

is isomorphic for all A € C. Hence and by (111) the polynomial operator func-
tions
M-2A:D—->R

and
diag(A(N),I,...,I): D — B

are equivalent and therefore these functions have the same spectrum, and the
geometric, partial and algebraic multiplicities of their eigenvalues coincide (see,
for example, [KM], Appendix).

10 Spectral properties of 2

We put
6(0) = B(0) and (0) = —(m!) =107,

By (59) and (36)
[ ACa @ o0)) e ) dsdn =1 (116)
II

where 7 is a smooth function equal to 1 for large positive ¢ and 0 for large
negative t. The equality (116) can be written as

A'(m —n)d(0) v(8)do = —1 . (117)

n—1
S+

We introduce the vector

® = col(®,)i™, = ( Jézélm_in?) T (m — (T)L)(I + M) ) col(¢,0,...,0).
(118)
Owing to (111) and (113) we obtain
(m=n)IT —2W)P=0. (119)
Using (112) and the definitions of the matrices M and B we get
Pp=(m—-n)llo, k=1,...,m, (120)
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k—1 m

ok =D Y App1m—g(m —n)P¢ (121)

p=0¢=0

fork=1,...,m.
We introduce the vector ¥ = col(¥y,)2™,, by

U = E&*(m —n)col(y,0,...,0) (122)

where £*()) is the adjoint of £(\). Since 1 is the eigenfunction of the pencil
(A(N)* corresponding to the eigenvalue A = m, it follows from (111) that

((m —n)T — AT = 0. (123)
By (110)
m—k m
U, = Z ZAZp(m — n)2m_k_q_pw
p=0 ¢=0

fork=1,...,m—1,
m
U, = Z AZO(m - n)quw
q=0
and U, 1, = (m —n)"Fyp for k=1,... ,m.
Clearly, ® € D, ¥ e R*, where
R* = Wma(ST71) x o x WH(STTY) x LIS x (W a(S7 )™
Proposition 9 The biorthogonality condition
(2, ‘I’)L2(si—1) =-1 (124)
1s valid.
Proof. By (111) and (113)
(()\I —A)Dy, ‘I’A) = (-’4(/\)(1577/’)@2(31*1)) ) (125)
where

_ (I 0
"= ( QM) JYNUI + M) >C01(¢,0,... ,0)

and ¥y = E*(A)col(¢,0,...,0). Taking the first derivative of (125) with re-
spect to A, setting A = m —n and using (119) and (123) together with (117) we
arrive at (124).

We introduce the spectral projector P corresponding to the eigenvalue A\ =
m—n:

PF = —(F, W) a1y - (126)

This operator maps R into D.
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11 Equivalence of equation (85) and system (98)

We introduce some vector function spaces to be used in the subsequent study
of system (98).

Let S(a,b) be the space of vector functions U on the interval (a,b) with
values in D such that

b » » 1/p
Wl = ([ (U@ + U R)dr) " <.

More explicitly:

p m+1

2m
s =( [ (_2; Gy irssny + 2o GO gns
J:

a j=m-+2

m om 1/p
. p ‘ »
+j§ﬂj|\aTuJ(r)||w,,ﬁj.p(s¢fl)+ DI /0GR ) R

j=m+1

By Sioc(R) we denote the space of functions defined on R with finite seminorms
[|U]]s(t,e41), t € R. Let P be the projector given by (126). Clearly,

PUl|s(ap) < cllU]ls(ap) - (127)

By LP(a,b; B) and L} (R;B) we denote the L” and Lf . spaces of vector

functions on (a,b) and R which take values in a Banach space B.

Let WP ((a,b) x S~") be the subspace of the Sobolev space W™ ((a, b) x
Si_l) containing functions vanishing on (a,b) X 85?_—1 together with their
derivatives up to order m — 1. The space of vector functions

Ut) = col(u(t), ..., 0 u(t), tmyt, .., tuzm(t)) (128)
with u € WP ((a,b) x ST71),
Umt1 € LP(a,b; LP(STY)),  Optimy1 € LP(a,b; W™ P(ST71))

and
Um+j, Otime; € LP(a,b; W_m’p(Si_l)), ji=2,...,m,

will be denoted by S(a,b). The norm in S(a,b) is defined by
[Us(a,p) = ||“meyp((a7b)xsi*1) + ||um+1||Lp(a7b;Lp(Si*1))

m m
+ Dt o o —mngszy) + 2 W0tmill o o -mon s )-
j=2 j=1

The space S(a, b) is embedded into S(a,b) and for U € S

ci|lUlsap) < Ulls@ap) < c2llU|ls(ap)-
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The space Sjoc(R) is defined as the set of vector functions U such that their
restrictions to every finite interval (a,b) belong to S(a,b). The seminorms in
this space are |[U||g(,41), t € R.

By X(a,b) we denote the space

X(a,b) ={V : V=(Z-P)U, UecS(a,b)} (129)
endowed with the norm
IVx(apy = inf [[U]|s(a,p) »

where the infinum is taken over all ¢/ in (129).

We use the space Xjoc(R) = {V : V= (Z—-PU, U € Sic(R))} and
finally, we introduce the space Yio.(R) which consists of the vector functions
F =col(0,...,0,Fpm, Fmst,---  Fom) with finite seminorms

m t+1 v 1/p
F v = (32 O/t Fmss (O gnadr) s tER.
=

We return to system (98). By (86) the operator (t) : Sie(R) — Yioc(R)
is continuous and

[0 |5t t41)—v(tt41) < cw(t) - (130)
Furthermore,
m
allFllyeasny < Y fillw-seay) < call Fllveeir) » (131)
§=0

where ¢y and ¢y are positive constant.
We prove that equation (85) and system (98) is equivalent in a certain sense.

Lemma 6 Let the functions f; € ngcj’p(H) and the vector function F € Yioc(R)
be connected by (99)—(101).

(1) If u € WwP(I1) is a solution of (85) then the vector function U € Sioe(R)
given by (87)—(89) solves (98).

(i) If U € Sic(R) is a solution of (98) then U € Sioc(R) and the function
u = U, solves (85).

Proof. (i) This assertion follows directly from the above reduction of (85) to
the first order system (98).

(i) By (94) and (95) we obtain U, = (—0;)* U, for k = 1,... ,m and
StU = (—0;)™U;. Now (96) takes the form

Ol = Umtjr1 — A (=0)Us + N (t, —0:)Uh + F;
and (97) can be written as
—Olom + Ap (=0 Uy — N (t, =0 Uy — Fy = 0.

The last two equations imply (85) for u = U;.
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12 Spectral splitting of the first order system
(98)

Let P be the spectral projector (126). Applying P and Z — P to system (98)
we arrive at

(I8, + Ayu + PR()(u+v) = —PF onR (132)
and
(T8, + AV + (T — P)YN(E)v = (P — I)(F + N(t)u) on R, (133)
where
u(t) = PUE), v(t) = (T — PUL). (134)

Clearly, u can be represented as u(t) = k(t)®, where ® is given by (118).
Furthermore, u € Sjoc(R) if and only if x € W,.P(R). Thus we have split
system (98) into the scalar equation (132) and the infinite-dimensional system
(133). Equation (132) can be written as

dj
dt
where V is defined in Sect. 10.

In the next lemma we establish the equivalence of equation (85) and the split
system (132), (133).

Lemma 7 (i) Let f; € L} (RyWP(ST7Y), j = 0,...,m, and let u €

th’f(ﬂ) be a solution of (85). Then the vector function U given by (87)-(89)
belongs to Sioc(R) and the vector functions (134) satisfy (132) and (133) with
F given by (99)—(101).

(i) Let F € Yioc(R). Assume that

u(t) = (ur(t),... ,uam(t)) = ()P,

k€ WE2(R), and v = (vi,... . Vam) € Sie(R), such that Pv(t) = 0 for all

loc

t € R, satisfy (132) and (133). Then u+ v € Sipc(R) and

(#) + (m —n)s(t) — (N()(u +v)(1), ¥) = (F(), V)

u=w + vy € WP (1)
solves (85) with fo = (Ago — Noo)Fm and
fi = Fmyj + (Ajo = Njo)Fmy, j=1,...,m.
Moreover, (=0 u = w41 +vji1 forj=1,...,m—1.

Proof. (i) It suffices to use Lemma 6(i) and to apply the projectors P and
Z — P to system (98).

(ii) We put & = u+ v. Clearly, U € Sioc(R) and equalities (98) and (134)
hold. Now the result follows from Lemma 6(ii).
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13 Solvability of the unperturbed infinite-dimensional
part of the split system

We consider the case 91 = 0. In other words, we deal with the system
(=20, —A)v=(Z —P)F onR. (135)
Lemma 8 (i) (Existence) Let F € Yioc(R). Suppose that
oo 0
/0 [ Nl <co. (130)

Then equation (135) has a solution v € Xjoc(R) satisfying
||V||X(t,t+1) < ¢ (/ e(n*mﬂ)(t”)||7:||Y(T,T+1)d7'
t

t
+ / e_m(t_7)||f||y(777+1)d7'), (137)

— 00

where ¢ is a constant independent of F.
(ii) (Uniqueness) Let v € Xjoc(R) satisfy (135) with F = 0. Also let

o(e(=mAD)ft — 400
[Vllsce.e41) = o(e=™t) if t — —o0.

(138)
be valid. Then v = 0.
Proof. (i) Let fo = AgoFm and

szfm+j+Aj0fm, j:l,...,m.

Clearly, f; € L},

loc

(R; W=3»(S771)) and

loc

m
Z HfjHLP (tt+1;W—=3p(ST1)) < CH]:HLP(t,t+1;Y) .
j=0

Let ¢ be a smooth function on R, equal to 1 for ¢ > 1 and 0 for ¢t < 0. For a
fixed a € R we represent f; as fj(;) + f;:), where

B0 =ct—a)fit), £70)=0-ct—a)fi).

Then the functions

m

FE) =S (=a)™ T F2 )

J=0
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satisfy (51) and (48) respectively because of (136). By Proposition 2 there exist

solutions ™ € WIP(R) subject to (52) and (49) with f replaced by £ We
(=)

put u, = us )+ ul". Then u, satisfies (34) and

allwres@aryy < / e D@D | F [y dr

+ / e*m<a*7>||f||Y(T7T+1)dT), (139)
We introduce the vector function U, = col(U, ... ,Uam) by (87)-(89), where
N =0 and wu is replaced by u,, and put v, = (Z — P)U,. Clearly, v, belongs
to Xjoe(R) and satisfies (138). Let us show that v, does not depend on a. In
fact, let a and b be different real numbers. Then the function u, — u; satisfies
the homogeneous problem (34) and relations (61). Hence and by Corollary 1 we
have ug — up = Ce(" "™ E(+theta). The last equality implies v, = v}, because
of the definition of P. Thus, we can use the notation v for the vector function
Va. Since ||V||s(a,a+1) < ¢/|tallwm.p(a,at1), estimate (137) follows from (139).

(ii) We put u = vy. Since (Z9; + 2)v = 0 it follows by (94) and (95) with
N =0that vi = (=0;)*tufor k=1,... ,m and

(=0)™u = Ag) (Vims1 — ZAOM —0)*u) .

Hence vy 41 = Ag(—0;)u. (Note that u € W, P(II) because v € Sjoc(R)) Now
relation (96) with A" = 0 takes the form

=01Vt = Vimj+1 — Aj(=0)u (140)
where j =1,... ,m — 1, and (97) becomes

Using (140) and (141) we obtain A(—0;)u = 0. Furthermore, by (138) the
function u satisfies (61). By Corollary 1 we arrive at u(t) = Ce( )™ E(#) and
using the definition (126) of P we get v = 0. The proof is complete.

14 Solvability of the infinite-dimensional part of
the perturbed split system

Here we study the system
Zo+A)v+(Z-P)N{t)v=(Z—-P)F onR. (142)

We introduce the operator £ which assigns the solution v € Sjoc(R) subject
o (138) to the right-hand side in (135) satisfying the conditions of Lemma 8.
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Estimate (137) can be written as

18 = P Fllxoarn < [ gt = DFlerindr, (143
where
e~ mt fort >0
TORS R (144
Lemma 9 Letc, ¢ >0, and
d :=supw(T) (145)
TER
satisfy the inequality (14 ¢)6 < (n+ 1)/8. Then the series
oo
aultr) =gt =)+ 3¢ [ glt = mw(mlg(n - rae(r)
k=1 7R
coow(mk)g(Te — T)dT T TR (146)
18 convergent and admits the estimate
—m(t—7)+c1 [P w(s)ds
cie . fort>rT
gw(th) < { Cle(n—m+1)(t—7)+01 [T w(s)ds fort <, (147)

where ¢; = 2(1 + ¢).
Proof. We denote the right-hand side in (147) by g¢.(¢,7) and justify the in-
equality

g(t,7) > gt —7)+ C/Rg(t — $)w(s)g«(s,T)ds . (148)

Consider the case ¢ > 7. We have

t
/ g(t — s)w(s)gu(s,7)ds = e~ ™(77) (ecl J7wls)ds _ 1).

Furthermore,
oo 5 .
/t g(t — s)w(s)gs(s,T)ds < #_qéefm(tfr)ﬂl JLw(s)ds

and

/_OO g(t — s)w(s)g«(s,7)ds < Hi;iqae—m(t—r) )

From the last three relations we derive (148), taking into account that

c1¢0
o< 1 d >1 22— 149
c1 n -+ and ¢ >1+c+ . p— (149)
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by the assumptions of Lemma. The case 7 > ¢ is considered analogously.
Now, iterating (148) we arrive at (147).

The following assertion which concerns the variable coefficient case is similar
to Lemma 8.

Lemma 10 There exist positive constants 6y and cq depending only on n, m, p
and L such that for all § < &g, where § is given by (145), the following assertions
hold:

(i) Let F belong to Yioc(R) and be subject to

/ em=n=brteo J§ wds|| ||y 1y dr
0

0 .
+/ emTreo J7 W | F||y (T < oo (150)

Then system (142) has a solution v € Xjoc(R) satisfying

IVlls@avn) < C/ T [ | e
t

t
/ eim(tiT)Jrco th w(s)dSHFHY(T,T-‘rl)dT : (151)

(i1) The solution v € Xjoc(R) to (142) subject to

0 e(nferl)th()fOtw(T)dT) as t — oo

_ 152
llsc.n e—mt—co [ “(T)dT> ast — —oo (152)
is unique. (We note that (150) together with (151) imply (152).)
Proof. Let ¢ be the constant in (143). Then one can take
n+1
6o = d =4(1 .
0= §arg W w=4l+o)
(i) Formally, the solution U of (142) can be written as the series
> (&(Z - P)N*L(Z - P)F, (153)
k=0

where £ is the operator defined at the end of Sect.13. We introduce the sequence
F® —ne(Z-PML) T -P)F, k=0,1,... (154)

Clearly, F(® = col(0,...,0,F% ... F")) and by (143) and (130) F® ¢
Yioc(R). Now, (153) can be written as

LZ-P)F+L(IZ-P) iF”“). (155)
k=0
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We show that the series
o0
> P (156)
k=0

converges in Y,.(R). We have F(©) =0 ¢ (Z —P)F and
F® =gz -P)F*Y, k=1,...

By (143) and (130)

I F® ||Y(t,t+1)§ cw(t) /Rg(t —7) |l F=D ||Y(T,T+1) dr.
Therefore,
I F® Ny, ey
< () /]RWr1 g(t — m)w(m)g(m — 72)w(m2) ... w(Tk)g(TK — T)
X || F |ly(r,r41) d71 .. .dTdT, k=0,1,... (157)
This implies
Z IE® |yt e41) < cw(?) /ng(taT) I F lly(rre1) d7 s (158)
k=0

where g,, is given by (146). Hence, series (156) converges in Yio.(R) to a function
F,. Since

gu(t,7) =gt —7)+ C/Rg(t — 5)w(8)gu(s,7)ds , (159)

it follows from (158), (147) and (150) that

/ (=) || Fu sy dr < oc.
R

Therefore, (Z — P)F. belongs to the domain of £. Thus, series (155) is well
defined, and we denote it by v. Estimates (143), (158) together with (159)
imply

| v x4 < ¢ /ng(tﬁ) | F' ly(rr41) dT .

Owing to (147) we arrive at (151). Clearly, v is a solution of (142).
(ii) Let v € Xjoc(R) solve the equation

(Zor+A)v = (P —-T)7(t)v onR. (160)
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Using (152) one checks directly that the right-hand side in (160) satisfies the
conditions of Lemma 8(i). Therefore, by the same lemma and by (130) we arrive
at

Vllsgesy < e / gt = T)o(7)|[¥]lsrr i1y - (161)

where g is given by (144).
By (152) there exists the least constants Ay and A_ in

(162)

A+e("*m+1)t*60 Jowmdr g ¢ >0
|\V||S(t,t+1) < A_e—mt—co [l w(r)dr ast <0

Without loss of generality we assume that A, < A_. Suppose that A; > 0 and
let t > 0. Using (162) we estimate the right-hand side in (161) by

e} 0
e (et [T uryenea i ey ot [ ryen eliegr
t

—0Q0

t
+e—mt/ w(T)e(n-l-l)T—cofUTw(s)dsdT)
0

< CA+€(n7m+1)t760 I w(s)ds(l + lef(nJrl)t«kco Jd w(s)ds + 4] )

co ¢ n+1—cyd
provided ¢pé < n 4+ 1. By the above assumptions
c(2/co+0/(n+1—cpd)) <1.

Therefore the constant Ay in (162) can be diminished. Thus, Ay = 0 and
therefore, v = 0.

15 Scalar integro—differential equation

Lemma 10 enables one to introduce the operator 99 whose domain consists of
the vector functions (Z — P)F with F € Yioc(R) subject to (150). The vector
function MM(Z — P)F is equal to the solution v from the same lemma. Using
this operator one can write (132) as

(Z0; + Wyu + PN(t)u + PN()MN(t)u
=-—P(F+NOMP —I)(F) onR. (163)

Representing u as

u(t) =exp ((n —m)t + /0 NT)dT) h(t)® |

where



we derive from (163) the following integro-differential equation for h:
h(t) = K(R)(t) = (1) , (164)
where
K(h)(t) = ()M, (==X () (7) D) (8), ©)
and

() = et o NOT(F (1) 4 MHM(P — T)F (L), T). (165)
Using (151) together with (130) we obtain the estimates

() lw et e41) < Cw(t)/R0<t’T)w(7)||h”L°°('r;r+1)dT (166)
and
ety < € (IF vt +W(t)/RU(t»T)W(T)HFHY(T,TH)dT) ,  (167)

where

—n(t—7)+ca f: w(s)ds >
cr(t,T){e fort>r1

et—7+02 f[ w(s)ds fort < 7 (168)

Here ¢, is a positive constant, which depends on n, m, p and the coefficients of
the operator L.
Lemma 11 The function A\(t) = (D(t)®, ¥) admits the representation
M) =D Winmjum—r(t)(m = n)* ¢, (m = n)9) + Ow(t)*), (169
§=0 k=0
where ¢ and v are the same functions as in Sect. 10.

Proof. By (93) and by (120), (121)

m—1
S = (Ao~ Noo(t) ™ (Aao(m = n)" 6+ 3 Non-r(t)m —n)*o)
k=0

(m —=n)™¢ + (Ao — Noo(t)) ™" > Nom—r(t)(m —n)¥e .
k=0
Now, using (102)-(104) we obtain

N ()P = Agg Y Nom—k(t)(m — n)*¢ + O(w?(t))

k=0
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and

Niss (P = D Njm—i(t)(m —n)*o
o

Aj0Ase Y Nom-r(t)(m —n)*¢+ O(W* (1)) .

k=0

Therefore,

=323 (AadNom-+(1)m = "6, Ajom = )" )

§=0 k=0

((NGm—r(t) = Ajo Ay Nom—r)(m — n)F e, (m — n)™94) + O(w?(t))

+
i1
\ERINGE

(NGm—r(t)(m = n)* 6, (m —n)™y) + Ow(1)) .

M=

k

BN
I

<
I

=

Clearly, the right-hand sides in the last equality and (169) coincide.

16 Homogeneous equation (164)
We start with a uniqueness result for the equation
2(t)+ (K2)(t) =0 teR. (170)

Lemma 12 There exist positive constants dg and c3 depending only on n, m,
p and L such that: if § < 0y and z € VVéf(R) is a solution of (170) subject to

of et—c3 f&w(s)ds) as t — 400
z(t) = . 171
( ) ofe—nt—cs jto w(s)ds) as t — —oo ( )

and z(to) = 0 for some to then z(t) =0 for allt € R.

Proof. Without loss of generality we set to = 0. Integrating (170) and using
(166) we obtain

v(t) <c

t
/ w(T)/U(T,S)w(S)V(s)deT , (172)
0 R

where v(t) = ||| g (t,t41). We set

A =sup e—ttes I w(s)dsy(t) + sup enttes I ""(S)dslj(t) )
>0 t<0

Let ¢o be the same constant as in (168). We may suppose that cs > ca.
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For ¢ > 0 we estimate the right-hand side of (172) by

t o
CA/ w(T){ / W(S>6T+C2 JZ w(z)de—cs [ w(ac)dacds
0 T

+/T w(s)ensm ) tster [Jw@)di—cs [§ w(@)dz g
0

0
+/ w(s)efmdrcz [T w(@)dz—cs [ w(m)dxds}dT

—0o0

Direct calculations give that the right hand-side is majorized by

t
CA/ w(r){ ! e Jg w(z)dz
0

C3 — C2
1 - é
+ e~ nTtez Jo w(z)dz +
cs + ¢ n+1—(co+c3)d

eT ¢ Iy w(r)dr}dT ]

Supposing that (co + ¢3)d < n+ 1 we conclude that the right-hand side is less
than

1 1 ) ¢ r
CA{ + + }/ (,,_)(7-)67—7‘33 I W(I)dIdT
cs—cy catcg n+l—(ca+e3)d) )
< CA{ 1 + 1 + J } g et—cs J§ w(z)dx )
- cs—ca cates n+l—(co+ce3)d)n—c3o

Therefore, assuming that § is sufficiently small, one can choose co > 4(1 + ¢)
and cg satisfying the above restrictions and such that

{ 1 n 1 n 0 } ) <1
oL =c )
+ cg—ca cat+c3 n+l—(ca+e3)d)n—c3d

This implies

supe ftes Jo wEds (1) <o A .
>0

Analogously, one verifies that

sup et tes I L"(S)dsu(t) <o_A
<0

with some o_ < 1. Therefore, A = 0.

Lemma 13 Equation (170) has a solution z € Wlicoo (R) given by

z(t) = exp (/t A(T)dT) , (173)

to

where A is a locally summable function satisfying

IA@)] < ex(t), (174)
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t [e%s}
x(7) = w(t)(/ en(TmOFC [ w(s)ds (1) qr +/t et=mHels “(S)dsw(T)dT).

Proof. Let € be a sufficiently small number depending on n, m and L and let
B: ={A € L*[R) : |A(t)] < ew(t)}. Inserting (173) into (170) we arrive at the
equation for A:

A)+GA)(t) =0, teR, (175)
where

G(A)(t) = /cHt(exp ( /t ’ A(s)ds)) .

Using (166) with p = 2 and assuming that ¢ is sufficiently small we obtain for
A€ B.:

IG(A)(t)] < cw(t) /R o(t, T)w(r)e T @l gr < e 5w(t), (176)

where ¢; is a constant depending only on n, m and L. We suppose that ¢10 < e.
This guarantees, in particular, that G maps B, into itself.
Now let A; and Ay be functions from B.. By (166) we have

|G(A2)(t) — G(A1)(1)]
T)w(T) sup ‘exp (/t Ag(s)ds) — exp (/t Al(S)dS)’dT.

(
<cw(t) | oft,

R TE(t,t+1)
Since
‘eXp (/ Ao (s)ds) — exp (/ Al(s)ds)‘
t t
< 665|t77'| / w(s)ds sup |A2(8) _A1(5)| ,
t seR W(S)
we obtain

G(A2)(t) = G(A(B)] < exdw(t) sup w

with some constant ¢y depending on n, m and L. Assuming that cod < 1 we
get the existence of A € B, satisfying (175) by the Banach fixed point theorem.
Estimate (174) results from (176) and (175).

The next statement directly follows from Lemma 13.

Corollary 2 Suppose that

‘/RX(T)dT‘ < 0.
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Then the solution z from Lemma 13 admits the asymptotic representation
o0
z(t) = 1+O</ X(T)dT) ast — +o0 .
t

We denote by z(t,7) the solution of (170) subject to (171) and such that
z(1,7) = 1. By Lemma 12 this solution is unique and by Lemma 13 such a
solution exists and satisfies

emel o x()dsl < |42, )| < eel J7 x(s)ds] (177)

with ¢ depending only on n, m and L.

17 Representation of solutions of the homoge-
neous problem (34)

Lemma 14 There exists a nontrivial solution 3 € WIZZP(H) to the homogeneous
problem (34) subject to

O(e(nferl)thfOtw(s)ds) th—>+OO

HBHW’”*’(HU = { O(efmthftO w(s)ds) (178)

ift = —o0.

This solution is unique up to a constant factor and

t

(fat)k3(t, 0)=C(m — n)k exp ((n —m)t + / A(T)dT)Z(t)(d)(G) + vk (t,0)),

0
(179)
where C = const, k = 0,... ,m, and z is the function from Lemma 13. For
k < m the remainder vy satisfies
vk |lwm—kw 1,y + [[Or0k|wm—r-10 (11, (180)

t 00
< C(/ en(7—t+Cf:w(s)dsw<T)dT+/ €t_T+Cff«Tw(s)dsu)(T)dT).

t

If Kk = m, then the second term on the right in the last inequality should be
omitted.

Proof. We introduce the vector function U = (U, ... ,Usy) with Uy given
by (87)-(89) where fo = fi = ... = f;m—1 = 0. By Lemma 6 the function
u € T/i/lz”c’p (IT) solves the homogeneous equation (85) (or equivalently (34)) if
and only if U € Sjoc(R) is a solution of (98) with F = 0.

(i) Existence. Let

u(t) =exp ((n —m)t + /0 NT)dT)2(t)® (181)
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where z(t) is the solution of (170) from Lemma 13. We are looking for a solution
U of the homogeneous system (98) in the form U(t) = u(t)+v(t), where Pv(t) =
0. Then v satisfies (133) with F = 0. By (130) and Lemma 13 the Y(¢,¢ + 1)-
seminorm of N'u is majorized by

cw(t)exp ((n —m)t + §R/ A(T)dT + C/o x(T)dr) .

By Lemma 10 system (133) has a solution v satisfying

[Vlls(t,t+1) < ce(n—m)t+R [§ A(T)dr o

t . s .
(/ en('rft)%»CjT w(s)dsw(T)dT—F/ etf'r+Cjt w(s)dSUJ(T)dT).

t

Hence, 3 = U, is the required solution of equation (34) The solution of the
homogeneous system (98) constructed above will be denoted by U, = u. + v,
where Pv, = 0.

(ii) Uniqueness. Suppose that the W™ P (I1;)-seminorm of a solution u = 3 of
the homogeneous equation (34) is subject to (178). Consider the vector function
U — cldy, where ¢ is a arbitrary constant. We represent u in the form (181) with
a certain z. Similarly, let u, be given by (181) with z, instead of z. Clearly,
z — cz, satisfies (170) and (171). Choosing ¢ to satisfy z(0) — cz.(0) = 0 and
using Lemma 12 one obtains z(t) — cz.(t) = 0 for all t. Now, applying Lemma
10(ii) to the vector function v — cv,, which solves the homogeneous system
(142), we conclude that v — cv, = 0. The proof is complete.

Corollary 3 Let f € W, /"""(IT) be subject to
Jp = / e (ntm)el [g (sl £)[y o, ydT < 00, (182)
R
Also let uy and ug be solutions of problem (34) from Proposition 7 (i) and (ii)
respectively. Then
U2 — U :CZ(t), (183)
where C' is a constant satisfying
|IC| < cJy . (184)

Proof. It follows from Proposition 7 that us —u; is the solution of the homoge-
neous equation (34) satisfying (178). Now, (183) holds by Lemma 14. In order
to prove (184) we write

ICI I3l zramo) < luallLe ey + HuillLe ) -

Using estimates (67) and (64) we see that the right-hand side is majorized by
c¢Jy. By (179) and (177)

1311 e (10) = €ll2]|Lr(0,1) > c1-

The proof is complete.
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Lemma 15 There exists a nontrivial solution Z € Wm’p(M\ O) to the homo-
geneous problem (11), (12) subject to

o(rm—n-1e=C I Q(p)%) if r — 0

- 185
o(rme ¢ /i Q(p)%) if 1 — o0. (185)

m?(Z;Kr/e,r) = {

This solution is unique up to a constant factor and admits the representation
(ro,)F Z(x) (186)

1
=C exp (/T (T(p) +Y(p) d—pp) ((m —n)*E(2) + r'm — n)v(2))

with the same notation as in the statement of Theorem 1 and with vy subject to

(24).
Proof. By (169)
= Z Z 6t m— k)(e("_m)t(b), 6tm_j(e(m_n)tw)) + O(w(t)Q),

=0 k=0
(187)

where ¢ and 1) are the same functions as in Sect. 10. Setting u = e(®~™*¢ and
v=e ") in (84) we arrive at

N-togr) = T [ S (Lap = Laal@) 2B (@057 d0
¥ Jallgl<m
/ Z Lop ()82 E(x)02zd0 + O(Q(r)?).
SE Jat8l<2m

This can be written as A(—logr) = T (r) + O(Q(r)?). The result follows from
Lemma 14 by the change of variables (¢,0) — .

Corollary 4 Let f € W,"P(R \ O) be subject to
I ::/ prtne=Cll, 9<8>%'m;m(f;1(p/e,p)% <oo. (188)
0

Also let uy and us be solutions of problem (11), (12) from (i) and (ii) in Propo-
sition 8 respectively. Then

uz(x) —ui(z) = CZ(x) , (189)
where Z is defined in Lemma 15 and C' is a constant subject to
‘C‘ S CIf .

Proof follows directly from Corollary 3.
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18 End of proof of Theorem 1

Assertion (i) follows from Lemma 15. In order to obtain (ii) we introduce the
cut-off function n € C§°(Bs), n(x) =1 for |z| < 3/2. The function nu satisfies
the zero Dirichlet conditions on R?~!\ O and the equation £(x,9,)(nu) = f1
on R with fi =n f + [£,n]u. Clearly,

mt;m(fﬂK'r'/e,r) = m;m(f;Kr/e,T) (190)

if r < 3/2 and r > 2e. By the standard local estimate for solutions of the
Dirichlet problem

M (u; Kz p2,20) < € (P2 ™ (f5 Krer) + 1720l | Lok, ) (191)
we have
M, " (L, mlu; Ksjz0) < ¢ (M,™(f; Kie) + |[ullpr(k, )
Hence, for r € (3/2,2e)
M, (f13 Ky jer) < (O, (f5 Kiyoge) + ullLe(x, L))- (192)

Therefore,
Ty, < eIy + [ullpr(k,..))-
By (10) and finiteness of Iy,

2
—m T apem dp
E):np (f;Kp/e2,6p) <c mp (fa Kp/&p)?

/e?
1
d
= o(r*m*" exp ( = C/ Q(p)—p>> as r — 0.
T p
This along with (191) and (26) implies (71) with u replaced by nu. Therefore
nu is the solution of problem (11), (12) (with f; instead of f) from Proposition
8(ii). The result follows from Corollary 4.
19 Corollaries of the main result

Clearly, Theorem 1 remains valid if €2 is replaced by its nondecreasing majorant

@@ =swp (3 |Las@) ~Lagl+ Y 22T Lep()])

T€BE Y jaf=|5]=m ja+8]<2m
(193)
Corollary 5 Let Z be the same solution as in Theorem 1. Then
1 dp
0:2) = en( [ T+ v w)
. P
x  (00B(x) + ™oy, (7)), (194)
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where |z| < 1 and the function U° satisfies
€
d
v <c [ o2
p
s

and . .
10,9 (r)| SCQO(T)/ eC.ffW(s)%QO(p)p_g

For |a] <m —1 the function v, belongs to Wﬁ)’p(@ \ O) and satisfies

C
dp
,0275

(r‘” /K (r|Vva(z)| + \va(m)|)pd:p)l/p <ecr'Te /re Q°(p) (195)

r/e,r

forr < 1. If |a| = m, the term r|Vu,(x)| should be removed. By e, we denote
a sufficiently small number depending on n, m, p and Lyg.

Proof is the same as that of Corollary 5 in [4].

Corollary 6 If Q(r) — 0 as r — 0 then the right-hand side in (24) tends to 0
asr — 0 and ) .,
m;n(w; Kr/e,r) = O(Tm_ne_c I Q(S)T) .

In the case p > n the solution u in Theorem 1 (ii) satisfies

ou(@) = exp /| 1<T<p>+r(p>>dpp)

x|

X

(ca:E(x) + o(|x|m—”-la\)) as |z| — 0 (196)

uniformly with respect to x/|x|. Here « is an arbitrary multi-index of order
< m — 1. The function ¥°(r) is the same as in Corollary 5. Moreover, (196)
remains valid also for || = m but then ® = o(1) should be understood as

r’"/p||<I>||Lp(K y— 0 asr—0.

r/e,r

Proof is the same as that of Corollary 7 in [4].

Corollary 7 Let p > n and

1
/ Q(p)Q@ < 00. (197)
0 P
Then the solution u from Theorem 1 (ii) satisfies
95 u(z)
1
d —n—|a

= exp ( | j(p);”) (cozE@) + ol 121)) (198)

for |a| < m — 1 uniformly with respect to x/|z|. The same is true for |a] = m
if the symbol o(1) is understood as in Theorem 1 (ii).

Proof is the same as that of Corollary 8 in [4].
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20 Second order elliptic equations

Example 1. Consider the equation with complex-valued measurable coeffi-
cients

_ Z Oz, (aij(%)0y,u) =0 in By
i,j=1
complemented by the boundary condition
u(z’,0) =0 for |2'| < 3. (199)

We assume that there exists a constant symmetric matrix {a;;}}';_; with posi-
tive definite real part such that the function

Q°(r) = sup Z |laij(z) — aij]
B

" oi,j=1

is sufficiently small in By . In view of Theorem 1(ii) and Corollary 5
u(z) = exp { / Z(am(y) — an;)0y, E(y)dy + O(/ Qo(p)z_)}
r<lyl<1 3=y |z p

X (C(E(as) +O(|zf2 e /3 QO(p)pE*Z‘dp)) + 0(|x|1*€)) : (200)

||

where € is a small positive number depending on n and the coefficients a;;. Here
E(z) stands for the Poisson kernel of the equation

> 302,000 =0 inRY,
ij=1
ie. N
E(z) = (det{a;}) /21" T e (Y buwrw)
k=1
where {b;;} is the inverse of {a;;} (see [2], Sect.6.2). Setting this expression of
E(x) into (200), we arrive at (4) where § = 1, G = R’} and Q is given by (3).

The case of a domain with smooth boundary mentioned in the introduction can
be easily reduced to the present one by changing variables.
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