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1 Introduction

This paper is a developement of our article [MG]. Here we study boundary integral
equations corresponding to the system of linear isotropic elasticity

µ∆u+ (λ+ µ)∇div u = 0

in the case when the double layer potential is generated by the pseudo-stress operator.
The integral equations are considered on a closed bounded two-dimensional surface
which is smooth outside a finite number of conic vertices.

In Section 2 the so called quasilocal estimates for solutions of boundary integral
equations are obtained. Using these estimates and pointwise estimates for kernels
of inverse operators obtained in [MG], we prove theorems on invertibility for the
above mentioned integral equations in various function spaces and obtain pointwise
estimates for derivatives of kernels of corresponding inverse operators. Some of the
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results relating the harmonic, elastic, and hydrodynamic potentials were stated in
[M1] and [M2], Sect. 1.6. Solvability of boundary integral equations of elasticity
theory on Lipschitz surfaces in Lp, 1 < p ≤ ∞, was independently established in
[DKV] by a different method.

We describe main results of the article. Let Γ be the boundary of a closed simply
connected region G+ in R3 which coincides with an open cone K+ near the origin.
We assume Γ\0 to be a smooth (of the class C∞) surface. Let K− = R3\K+ and
Ω± = {x ∈ K± : |x| = 1}. The notations used in [MG] have the same meaning in the
present paper.

We consider the system of integral equations associated with the first boundary
value problem of linear isotropic elasticity in G+

(1 + T )ϕ = f, (1.1)

where 1 is the identity matrix and T = 2W0 with W0σ being the direct value of the
double layer potential on Γ generated by the pseudo-stress operator (see [KM]).

First we formulate our results on the solvability of system (1.1) in spaces V lp,β(Γ)

and N l,α
β (Γ), where 1 < p < ∞, α ∈ (0, 1), β ∈ R1, and l = 0, 1, . . .. The spaces are

defined as follows.

Given a function u supported by an arbitrary coordinate neighbourhood on Γ\0,
the norm of u in V lp,β(Γ) is defined by∑

0≤j≤l

‖rβ+j−l∇ju‖Lp(Γ),

where r(x) = |x| and ∇j is the vector of all derivatives of order j. Similarly, the norm

in N l,α
β (Γ) is introduced as

sup
x∈Γ\0

rβ−l−α(x) |u(x)|+ sup
x,y∈Γ\0

|rβ(x)∇lu(x)− rβ(y)∇lu(y)|
|x− y|α

.

The operator 1 + T in (1.1) is an isomorphism of the space V lp,l+t(Γ) onto itself
for all p, t, and l such that

1 < p <∞, 0 < t+ 2/p < 1 + κ, l = 0, 1, . . . (1.2)

Here κ is a real number depending on the shape of the cone K+. In the case of
harmonic potentials κ is positive, being equal to the minimum of δ+ and ν−, where
δ+ and ν− are positive numbers such that δ+(δ+ + 1) and ν−(ν− + 1) are the first
eigenvalues of the Dirichlet ptoblem in Ω+ and the Neumann problem in Ω− for the
Beltrami operator. It follows from [KM] that κ is positive for integral equations of
elasticity if the cone K+ can be explicitly described in a Cartesian coordinate system.

A similar assertion is valid for the space N l,α
δ+l(Γ) with (1.2) replaced by

0 ≤ δ − α < 1 + κ, α ∈ (0, 1), l = 0, 1, . . .

We show also that the operators 1 +T and (1 +T )−1 are continuous in the spaces
C(Γ), C0,α(Γ) with 0 < α < κ, L1,t(Γ) for 0 < t + 2 < 1 + κ and L∞,t(Γ) for
0 < t < 1 + κ.

Here C and C0,α are the spaces of continuous and Hölder continuous functions
and the norm in Lp,t(Γ) is introduced by

‖u‖Lp,t(Γ) = ‖rt u‖Lp(Γ).
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Along with (1.1) we consider the formally adjoint system

(1 + T ∗)ψ = g (1.3)

and show that the operator 1+T ∗ is an isomorphism of the space V lp,t+l(Γ) onto itself
if

1 < p <∞, 1− κ < t+ 2/p < 2, l = 0, 1, . . .

Similarly, the operator 1 + T ∗ is an isomorphism of the space N l,α
δ+l(Γ) onto itself if

α ∈ (0, 1), 1− κ < δ < 2, l = 0, 1, . . .

Moreover, the operators 1 + T ∗ and (1 + T ∗)−1 are continuos in the space L1,t(Γ)
for 1− κ < t+ 2/p < 2 and in L∞,t(Γ) for 1− κ < t < 2.

We shall prove that in the case of all above mentioned spaces, the inverse operators
of systems (1.1) and (1.3) can be written as

(1 + T )−1 = 1 + L, (1 + T ∗)−1 = 1 + L∗. (1.4)

Here L is an integral operator on Γ with the kernel L(x, y) satisfying the estimates

|L(x, y)| ≤


c |x|−|σ||y|−2−|τ |(|x|/|y|)κ−ε + c |y|κ−1−εδ0

|σ|, 2|x| < |y|,
c |y|−1|x− y|−1−|σ|−|τ |, |y| < 2|x| < 4|y|,
c |x|−1−|σ||y|−1−|τ |(|y|/|x|)κ−ε, |x| > 2|y|,

where δ and τ are multiindeces of orders |σ| and |τ |, δji is the Kronecker index, and
ε ia a sufficiently small positive number.

2 Quasilocal estimates for solutions of integral equa-
tions and theorems on isomorphisms

Let K+ be an open cone in R3 with vertex at the origin, bounded by the surface ∂K+.
We assume that K+ can be explicitly described in a Cartesian coordinate system. We
also suppose that the subset Ω+ = {x ∈ K+ : |x| = 1} of the unit sphere has smooth
boundary.

In what follows, by {Uj}1≤j≤N we denote a finite covering of ∂K+\0 by open sets
Uj ⊂ ∂K+\0 such that

1. for each Uj there exists a homeomorphism γj onto a plane angle Vj and

γj(tx) = t γj(x) for all x ∈ Uj , t ∈ R+,

2. if Ui ∩ Uj = ∅, then the mapping γj ◦ γ−1
i :

γi(Ui ∩ Uj)→ γj(Ui ∩ Uj) is infinitely differentiable.

Moreover, we assume that |x| = |γjx| for all x ∈ Uj , j = 1, . . . , N , where | · |
on the left-hand side means the norm in R3 and the same symbol on the right-
hand side means the norm in R2. Let {ξj}1≤j≤N be a partition of unity on ∂K+\0
subordinate to the covering {Uj}1≤j≤N . Suppose that the functions ξj are smooth
and positive homogeneous of order 0. We let V lp,β(∂K+\0), with 1 < p < ∞, β ∈ R,
and l = 0, 1, . . ., stand for the space of functions with the norm∑

1≤j≤N

( ∑
0≤|σ|≤l

∫
R2

|x|p(β−l+|σ|)|∂σxuj(x)|pdx
)1/p

,
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where
uj = ξju ◦ γ−1

j on Vj

and uj = 0 in the exterior of Vj . Using an equivalent atlas and another partition of
unity, we arrive at an equivalent norm.

Further, let N l,α
δ (∂K+), with α ∈ (0, 1), δ ∈ R, l = 0, 1, . . ., be the space of

functions with the finite norm∑
1≤j≤N

(
sup
x∈R2

|x|δ[uj ]l+αB(|x|/2,x) + sup
x∈R2

|x|σ−l−α|uj(x)|
)
,

where B(r, x) is an open ball of radius r centered at x,

[u]ρΩ = sup
x,y∈Ω

∑
|σ|=[ρ]

|x− y|[ρ]−ρ|∂σxu(x)− ∂σy u(y)|,

[ρ] is the integer part of ρ, σ = (σ1, σ2) is a multiindex of order |σ| = σ1 + σ2, and
∂σx = ∂|σ|/∂xσ1

1 ∂xσ2
2 .

Let Γ be a simply connected domain in R3 with compact closure. We assume that
0 ∈ Γ and that Γ\0 is a smooth surface. Moreover, let Γ coincide with ∂K+ in the
ball Bε of radius ε centered at 0.

We note that the spaces V lp,β(Γ) and N l,α
δ (Γ), defined in Introduction, admit equiv-

alent with norms

‖u‖V lp,β(Γ) = ‖ηu‖V lp,β(∂K+) + ‖(1− η)u‖W l
p(Γ\Bε/2),

‖u‖N l,αδ (Γ) = ‖ηu‖N l,αδ (∂K+) + ‖(1− η)u‖Cl,α(Γ\Bε/2),

where η is a function in the class C∞(R3) such that η = 1 in Bε/2 and η = 0 outside
Bε.

2.1 Quasilocal estimates

Let 1
2T be the operator of the direct value of the elastic double layer potential on Γ

(see [KM]), defined for almost all x ∈ Γ by

(Tψ)(x) =

∫
Γ

T (x, ξ)ψ(ξ)dsξ.

Here ψ ∈ L1(Γ) and T (x, ξ) is the matrix with elements

(T (x, ξ))i,j =
−1

2π(λ+ 3µ)

(
2µδji + 3(λ+ µ)

∂|x− ξ|
∂ξi

∂|x− ξ|
∂ξj

) ∂

∂nξ

1

|x− ξ|
,

where λ and µ are the Lamé constants, ∂/∂nξ is the normal derivative with respect
to the outward normal to Γ\0 at ξ.

It is easily verified that for ψ ∈ C(Γ) the last integral is a continuous function on
Γ\0. Moreover, for ψ ∈ C(Γ) there exists the limit

lim
Γ\03x→0

∫
Γ

T (x, ξ)ψ(ξ)dsξ

=

∫
Γ

T (0, ξ) (ψ(ξ − ψ(0))dsξ + lim
Γ\03x→0

∫
Γ

T (x, ξ) dsξ ψ(0)

=
(

1−
∫

Γ

T (0, ξ) dsξ

)
ψ(0) +

∫
Γ

T (0, ξ)ψ(ξ)dsξ,

4



where 1 is the identity matrix.

So, in the case ψ ∈ C(Γ) we shall use the following definition of (Tψ)(x) for all
x ∈ Γ:

(Tψ)(x) =



∫
Γ

T (x, ξ)ψ(ξ)dsξ, x ∈ Γ\0,

(
1−

∫
Γ

T (0, ξ) dsξ

)
ψ(0) +

∫
Γ

T (0, ξ)ψ(ξ)dsξ, x = 0.

Defined in this way, the operator T maps the space C(Γ) continuously into itself.

Let ζ and χ stand for nonnegative functions in the class C∞(R3) which are equal
to 1 in the ring {x : ρ < 2|x| < 4ρ} for some ρ > 0 and vanishing outside the ring
{x : ρ < 4|x| < 16ρ}. Besides, we assume the following two properties to hold:

(i) |∂σx ζ(x)| ≤ Cσ ρ−|σ|, |∂σxχ(x)| ≤ Cσ ρ−|σ|

(ii) one of the inequalities |x| < d |ξ| or |ξ| < d |x| with some d ∈ (0, 1)

are valid on the support of the function

(x, ξ)→ ζ(x)
(
1− χ(ξ)

)
.

Lemma 1 Let 1 < p <∞. If u ∈ W l
p(Γ\0, loc) ∩ L1(Γ) is a solution of the equation

(1 + T )u = ϕ, then

‖ζ u‖V lp,l(Γ) ≤ c
(
‖χϕ‖V lp,l(Γ) +

(∫
Γ

(∫
Γ

|χ(x)||u(ξ)|
(|x|+ |ξ|)2

dsξ

)p
dsx

)1/p)
.

Proof. Let ρ be so small that Γ coincides with ∂K+ on the ring {x : ρ < 4|x| <
16ρ}. For any j = 0, 1, . . . , l, let ζρ,j stand for functions in the class C∞(R3) such
that for each pair ζρ,j , ζρ,j+1 the properties (i) and (ii) are valid. Multiplying the
equality (1 + T )u = ϕ by ζρ,0, we obtain

ζρ,0u+ ζρ,0Tζρ,1u = ϕρ, (2.1)

where
ϕρ = ζρ,0 ϕ− ζρ,0 T (1− ζρ,1)u.

Putting
x = ρX, v(X) = u(ρX), ψ(x) = ϕρ(ρX)

and using (2.1), we conclude that the vector-valued function h(X) = v(X) ζ1,0(X)
satisfies the equation

h+ T1h = ψ +
(
T1 ζ1,0 − ζ1,0 T1

)
ζ1,1v (2.2)

on Γ1. Here Γ1 is a smooth surface without boundary, coinciding with ∂K+ in the
spherical layer {x : 1 < 4|x| < 16}, and 1

2T1 is the operator of the direct value of the
double layer potential on Γ1.

From the explicit formula for the kernel T1(x, y) of T1 one obtains the estimate:

|∂σx′ ∂τy′T1(x, y)| ≤ c |x− y|−2−|σ|−|τ |. (2.3)

Hence
|∂σx′ ∂τy′K1(x, y)| ≤ c |x− y|−1−|σ|−|τ |,
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where K1(x, y) is the kernel of

[T1, ζ1,0] = T1 ζ1,0 − ζ1,0 T1.

Here and in what follows, the symbol ∂σx′ means the derivative of order |σ| in a local
coordinate system (x′ is the coordinate of the point x).

Using the Calderon-Zygmund theorem on the continuity of a singular operator in
the space Lp, we conclude that the mapping

W k
p (Γ1) 3 ϕ→ [T1, ζ1,0]ϕ ∈W k+1

p (Γ1) (2.4)

is continuous for all k = 0, 1, . . .. Here W k
p is the Sobolev space of functions whose

derivatives up to order k are in Lp.

This and the fact that (1 +T1)−1 continuously maps W k
p (Γ1) onto itself imply the

estimate

‖h‖W l
p(Γ1) ≤ C

(
‖ψ‖W l

p(Γ1) + ‖ζ1,1v‖W l−1
p (Γ1)

)
, l = 1, 2, . . .

for solutions of (2.2). Returning back to the variable x = ρX, we arrive at the
inequality

‖ζρ,0u‖V lp,l(Γ) ≤ C
(
‖ϕρ‖V lp,l(Γ) + ‖ζρ,1u‖V l−1

p,l−1(Γ)

)
.

If l ≥ 1, we subsequently multiply (1 + T )u = ϕ by the functions ζρ,j , j =
1, 2, . . . , l − 1, and use similar arguments. Then, after l − 1 steps, we obtain

‖ζρ,0u‖V lp,l(Γ)

(2.5)

≤ C
(
‖ζp,lϕ‖V lp,l(Γ) + ‖ζp,lu‖Lp(Γ) +

∑
0≤j≤l−1

‖ζρ,0 T (1− ζρ,j+1)u‖V l−jp,l−j(Γ)

)
If |x| < d |ξ|, d ∈ (0, 1), then |x− ξ| ≥ |ξ| − |x| > (1− d) |ξ|.

Thus, the estimate
|x− ξ| > (1− d)(|x|+ |ξ|)/2

holds on the set
{(x, ξ) : |x| < d |ξ|} ∪ {(x, ξ) : |ξ| < d |x|}.

Estimating the last sum on the right-hand side of (2.5) by (2.3), we complete the
proof of lemma.

Lemma 2 If u ∈ Cl,α(Γ\0, loc) is a solution of the equation (1 + T )u = ϕ, then

‖ζ u‖N l,αl+α(Γ) ≤ c
(
‖χϕ‖N l,αl+α(Γ) +

∫
Γ

(1 + ρ (|ξ|+ ρ)−3) |u(ξ)| dsξ
)
.

Proof. It is similar to that of Lemma 1. The only difference is that one should
use the continuity of the mappings

Ck,α(Γ1) 3 ϕ → [T1, ζ1,0]ϕ ∈ Ck+1,α(Γ1),

C(Γ1) 3 ϕ → [T1, ζ1,0]ϕ ∈ C0,α(Γ1)
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instead of (2.4). The inequality

‖ζρ,jT (1− ζρ,j+1)u‖Nk,αk+α(Γ) ≤ c
∫

Γ

(1 + ρ (|ξ|+ ρ)−3) |u(ξ)| dsξ

follows from (2.3) and the estimate

|T (x, ξ)| ≤ C
(
1 + |x| |ξ|−3

)
on {(x, ξ) ∈ Γ : 2|x| < |ξ|}. (2.6)

The last estimate results from

| cos(ny, x− y)| ≤ | sin(y, x− y)| = | sin(x, y)| |x| |x− y|−1 ≤ |x| |x− y|−1,

where x ∈ ∂K+, y ∈ ∂K+, and ny is the normal vector to ∂K+ at y. The lemma is
proved.

In what follows, ∗ denotes the passage to the formally adjoint operator.

Lemma 3 Let 1 < p <∞. If u ∈W l
p(Γ\0, loc) is a solution of the equation

(1 + T ∗)v = ψ,

then

‖ζ v‖V lp,l(Γ) ≤ C
(
‖χψ‖V lp,l(Γ) +

(∫
Γ

(∫
Γ

|χ(x)|(|x|+ |ξ|)−2|v(ξ| dsξ
)p
dsx

)1/p)
.

This assertion can be proved similarly to the proof of Lemma 1 with T replaced
by T ∗.

Lemma 4 If u ∈ Cl,α(Γ\0, loc) is a solution of the equation (1 + T ∗)v = ψ, then

‖ζ v‖N l,αl+α(Γ) ≤ C
(
‖χψ‖N l,αl+α(Γ) +

∫
Γ

(|ξ|+ ρ)−2|v(ξ)| dsξ
)
.

The proof of this lemma is similar to that of Lemma 3.

2.2 Invertibility theorems for 1 + T and 1 + T ∗

Let Lp,t(Γ) be the space defined in Introduction.

Lemma 5 The operators T and T ∗ are continuous in the space Lp,t(Γ) for all p and
t such that

1 < p ≤ ∞, 0 < t+ 2/p < 2.

Moreover, the operator T is continuous in L∞(Γ).

Proof. We write the operator T defined by

(Tϕ)(x) =

∫
Γ

T (x, ξ)ϕ(ξ) dsξ, (2.7)

as the sum of three integrals Tk, k = 1, 2, 3, over the sets Γk:

Γ1 = {ξ ∈ Γ : 2 |ξ| < |x|}, Γ2 = {ξ ∈ Γ : |x| < 2 |ξ| < 4|x|}, Γ3 = {ξ ∈ Γ : |ξ| > 2 |x|}.
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By the definition of T (x, ξ) we have

|T (x, ξ)| ≤


c |ξ|−2, 2 |x| < |ξ|,
c |x|−1|x− ξ|−1, |ξ| < 2 |x| < 4 |ξ|,
c |x|−2, |x| > 2 |ξ|,

(2.8)

We prove the continuity of each Tk. Clearly, it suffices to show that

‖Tkϕ‖Lp,t(Γ0) ≤ C ‖ϕ‖Lp,t(Γ0), k = 1, 2, 3, (2.9)

for ϕ supported by Γ0 = Γ ∩ ∂K+.

Let

F (r) =

∫ r

0

f(t) dt for α < −1/p,

and

F (r) =

∫ ∞
r

f(t) dt for α > −1/p.

Then Hardy’s inequality

‖F‖Lp,α(R1
+) ≤ C ‖f‖Lp,α+1(R1

+) (2.10)

is valid. Let γ = ∂K+ ∩ S2, where S2 is the unit sphere in R3 centered at the origin.
We introduce the function ϕ on R1

+ by

ϕ =

∫
γ

ϕ(ry) dly.

Setting

F (r) =

∫ r

0

τ |ϕ(τ)| dτ,

by (2.8) we have
‖T1ϕ‖Lp,t(Γ0) ≤ C ‖F‖Lp,t−2+1/p(R1

+).

Together with (2.10) this implies (2.9) for k = 1, t < 2− 2/p.

In a similar way, setting

F (r) =

∫ ∞
r

τ−1|ϕ(τ)| dτ

and using (2.8) and (2.10), we arrive at (2.9) for k = 3, t > −2/p.

Since |x| < 2 |ξ| < 4 |x| on Γ2, the operator with the kernel |x|−tT2(x, ξ) |ξ|t is
continuous in Lp(Γ) for all t, where T2(x, ξ) is the kernel of T2. Hence the operator
T is continuous in Lp,t(Γ) for 1 < p ≤ ∞, 0 < t+ 2/p < 2.

Replacing T by T ∗ in the above argument and using (2.8) for the kernel T ∗(x, ξ),
we conclude that T ∗ is continuous in Lp,t(Γ) for 0 < t+ 2/p < 2.

We showed that for p =∞, t = 0 the estimate (2.9) holds for k = 1 and k = 2. By
(2.6) this estimate is valid for k = 3. Thus, the operator T is continuous in L∞(Γ).
The proof is complete.

Now we present estimates for the kernels of (1 + T )−1 and (1 + T ∗)−1 obtained in
[MG] to be used henceforth.
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Theorem 1 (see [MG]) Let 0 < β < 1 and let l be a positive integer. It f ∈ N l,α
β+l(Γ)

and g ∈ N l−1,α
β+l (Γ), then

(1 + T )−1f = (1 + L)f, (1 + T ∗)−1g = (1 +M)g. (2.11)

Here L and M are integral operators on Γ\0 with the kernels L(x, y) and M(x, y)
obeying the estimates

|L(x, y)| ≤


c |y|−2(|x|/|y|)κ−ε + c |y|κ−1−ε, 2|x| < |y|
c |y|−1|x− y|−1, |y| < 2|x| < 4|y|,
c |x|−1|y|−1(|y|/|x|)κ−ε, |x| > 2|y|,

(2.12)

and

|M(x, y)| ≤


c |y|−2(|x|/|y|)κ−ε, 2|x| < |y|
c |y|−1|x− y|−1, |y| < 2|x| < 4|y|,
c |x|−1|y|−1(|y|/|x|)κ−ε + c |y|κ−1−ε, |x| > 2|y|,

(2.13)

where κ is a number in (0, 1] depending on the shape of the cone K+ and ε is a
sufficiently small positive number.

Theorem 2 Let 1 < p ≤ ∞, 0 < t + 2/p < 1 + κ, 1 − κ < β + 2/p < 2. Then the
operators (1 + T )−1 and (1 + T ∗)−1 are continuous in the spaces Lp,t(Γ) and Lp,β(Γ)
respectively. The representations (2.11) can be extended to all functions f ∈ Lp,t(Γ)
and g ∈ Lp,β(Ω). Moreover, the operator (1+T )−1 is continuous in L∞(Γ) and C(Γ).

Proof. By (2.12), the arguments used in the proof of Lemma 5 show that the
operator L in (2.11) is continuous in L∞(Γ) and Lp,t(Γ) for 0 < t+ 2/p < 1 + κ.

Since the space C∞0 (Γ\0) is dense in Lp,t(Γ) for p < ∞, the first representation
in (2.11) extends to all f ∈ Lp,t(Γ) for 0 < t + 2/p < 1 + κ. For f ∈ L∞,t(Γ) with
0 < t < 1 + κ the same representation is valid by the embedding

L∞,t(Γ) ⊂ L2,t−1+ε(Γ), ε = (1 + κ − t)/2.

Thus, (1 + T )−1 is continuous in Lp,t(Γ) and L∞(Γ).

Let f be the restriction of an arbitrary function from C∞(R3) to Γ and let ϕ =
(1 + T )−1f . Using the identity T (f(0)) = f(0), we obtain

ϕ = (1 + T )−1(f − f(0)) +
1

2
f(0).

By (2.11),

ϕ = f + L(f − f(0))− 1

2
f(0)

which along with (2.12) and f(y) − f(0) = O(|y|) shows that ϕ is continuous at the
point 0. Since (1 + T )−1 is a bounded operator in L∞(Γ) and since it maps a dense
subset of C(Γ) into C(Γ), it follows that (1 + T )−1 is a bounded operator in C(Γ).

By Theorem 1 we see that the second formula in (2.11) extends to g ∈ Lp,β(Γ)
and the operator (1 + T ∗)−1 is continuous in Lp,β(Γ). The proof is complete.

Lemma 6 The operators T and T ∗ are continuous in the space V lp,β+l(Γ) for 1 <

p < ∞, 0 < β + 2/p < 2, l = 1, 2, . . . and in the space N l,α
δ+l+α(Γ) for 0 ≤ δ < 2,

α ∈ (0, 1), l = 1, 2, . . . .
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Proof. Let {ζj}−∞<j<∞ be a partition of unity on R3\0 subbordinate to the
covering Uj , where Uj = {x : 2j−1 < |x| < 2j+1}, and let χj be a function supported
by {x : 2j−2 < |x| < 2j+2} such that ζj χj = ζj . Suppose that

|∂σζj |+ |∂σχj | ≤ Cσ 2−j|σ|

for all multiindices σ. Moreover, we assume that one of two inequalities |x| < d |ξ| or
|ξ| < d |x|, where d is a number in the interval (0, 1), is valid on the support of the
function

(x, ξ) → ζj(x)(1− χj(ξ)).

We write the function ζjTϕ as

ζjTϕ = ζj Tχj ϕ+ ζjT (1− χj)ϕ.

Since the operator of the direct value of the double layer potential on smooth surface
is continuous in Sobolev spaces, we have

‖ζjTϕ‖pV lp,l(Γ)

(2.14)

≤ C
(
‖χj ϕ‖pV lp,l(Γ)

+

∫
Γ

(∫
Γ

|χj(x)|(|x|+ |ξ|)−2|u(ξ)| dsξ
)p
dsx

)
.

Let N be so large that the ball of radius 2N centered at 0 contains Γ. Multiplying
inequalities (2.14) by 2jpβ and adding them for all j = −∞, . . . , N , we obtain

‖u‖p
V lp,β+l(Γ)

(2.15)

≤ C
(
‖ϕ‖p

V lp,β+l(Γ)
+

∫
Γ

(
|x|pβ

∫
Γ

(|x|+ |ξ|)−2|ϕ(ξ)| dsξ
)p
dsx

)
.

To obtain the continuity of T in V lp,β+l(Γ) with 0 < β + 2/p < 2, it remains to show

that the right-hand side of (2.15) is estimated by C ‖rβϕ‖pLl(Γ).

Clearly, it suffices to prove that∫
Γ0

(
|x|pβ

∫
Γ0

(|x|+ |ξ|)−2|ϕ(ξ)| dsξ
)p
dsx ≤ C ‖ϕ‖Lp,β(Γ) (2.16)

holds for functions supported by Γ0 = Γ ∩ ∂K+. Let

ϕ(r) =

∫
γ

ϕ(ry) dγy,

where γ = ∂K+ ∩ S2. The left-hand side of (2.16) is majorized by

C

∫ ∞
0

rpβ+1
(∫ ∞

0

τ(r2 + τ2)−1|ϕ(τ)|dτ
)p
dr

≤ C
∫ ∞

0

rp(β−2)+1
(∫ r

0

τ |ϕ(τ)|dτ
)p
dr + C

∫ ∞
0

rpβ+1
(∫ ∞

r

τ−1|ϕ(τ)|dτ
)p
dr.

Using Hardy’s inequality (2.10), we arrive at (2.16).
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In the case of Hölder spaces, inequality (2.14) takes the form

‖ζjTϕ‖N l,αl+α(Γ)

(2.17)

≤ C
(
‖χj ϕ‖N l,αl+α(Γ) +

∫
Γ

(
1 + 2j(|ξ|+ 2j)−3

)
|ϕ(ξ)| dsξ

)
.

Multiplying both sides by 2jδ and estimating the last integral in (2.17), we arrive at

‖ζjTϕ‖N l,αl+α+δ(Γ) ≤ C
(
‖χj ϕ‖N l,αl+α+δ(Γ) + ‖ϕ‖L∞,δ(Γ)

)
for 0 ≤ δ < 2. Combining this with Lemma 5, we conclude that T is continuous in
the spaces N l,α

l+α+δ(Γ) for 0 ≤ δ < 2.

The continuity of T ∗ is proved in a similar way.

Theorem 3 Let 1 < p ≤ ∞. Then the operators (1 + T )−1 and (1 + T ∗)−1 are
continuous in the space V lp,β+l(Γ) with 0 < β+ 2/p < 1 +κ and 1−κ < β+ 2/p < 2,

respectively, as well as in N l,α
l+α+δ(Γ) with 0 < δ < 2 and 1− κ < δ < 2, respectively.

Proof. The arguments used in the proof of Lemma 6 show that the assertions of
the theorem follow from quasilocal estimates (see Lemmas 1 -4) and the continuity of
(1 + T )−1 and (1 + T ∗)−1 in the space Lp,t(Γ) (see Theorem 2).

2.3 Invertibility theorem for the operator 1 + T in weighted
Hölder spaces with nonhomogeneous norms

Let G+ be a domain with compact closure G+ bounded by Γ. We denote by Cl,αβ (G+),
0 < l + α− β < 1, l = 1, 2, . . ., the space of functions with continuous derivatives up
to order l in G+\0 endowed with the norm

‖u‖Cl,αβ (G+) = sup
x∈G+

|x|β [u]l+αB(|x|/2,x)∩G+

(2.18)

+ sup
x∈G+

|x|β−l−α+1
∑
|σ|=1

|∂σxu(x)|+ ‖u‖
Cl+α−β(G+)

.

Here B(r, x) is the open ball in R3 of radius r centered at x,

[u]ρΩ = sup
x,y∈Ω

∑
|σ|=[ρ]

|x− y|[ρ]−ρ|∂σxu(x)− ∂σy u(y)|,

[ρ] is the integer part of ρ, σ = (σ1, σ2, σ3) is a multiindex of order |σ| = σ1 +σ2 +σ3,
and ∂σx = ∂|σ|/∂xσ1

1 ∂xσ2
2 ∂xσ3

3 .

Similarly, for G− = R3\G+ we introduce the space Cl,αβ (G−). We say that a
function supported near 0 belongs to this space if the norm obtained from (2.18) after
replacement of G+0 by G− is finite. If dist(suppu, 0) ≥ 1, the function u belongs to

Cl,αβ (G−) if and only if the norm

sup
x∈G−

|x|l+1+α[u]l+αB(|x|/2,x) + sup
x∈G−

|x| |u(x)|
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is finite. For an arbitrary function. the norm is obtained with the help of a partition
of unity.

The space of traces on Γ\0 for functions in Cl,αβ (G±) is denoted by Cl,αβ (Γ).

Further, let Cl,αβ (G) be the space of functions in G = G+ ∩G− whose restrictions

u± to G± belong to Cl,αβ (G±) and

‖u‖Cl,αβ (G) =
∑
±
‖u±‖Cl,αβ (G±).

Consider the transmission problem

∆∗u = 0 in G,

(2.19)

u+ − u− = ϕ on Γ, (Nu)+ − (Nu)− = ψ on Γ\0.

Here
∆∗ = µ∆ + (λ+ µ)∇div,

N = N (∂x, nx) is the pseudostress operator, u± is the limit value of u on Γ as the
point x ∈ G± approaches x0 ∈ Γ.

Lemma 7 Let 0 < α − β < 1 and let l be a positive integer. If ϕ ∈ Cl,αβ+l(Γ) and

ψ ∈ N l−1,α
β+l (Γ), then there exists only one solution u ∈ Cl,αβ+l(G) of (2.19) and

‖u‖Cl,αβ+l(G) ≤ C
(
‖ϕ‖Cl,αβ+l(Γ) + ‖ψ‖N l−1,α

β+l (Γ)

)
.

Proof. The homogeneous problem (2.19) (i.e. ϕ = 0, ψ = 0) is equivalent to the
equation

∆∗u = 0 in R3\0. (2.20)

Consider the operator pencil on the unit sphere S2 defined by

(sγv)(θ) = r−γ+2∆∗rγ v(θ),

where v is a vector-valued function on S2. It is known that eigenvalues of sγ are
integer. Moreover, the multiplicity of the eigenvalue γ = 0 is equal to 3 and the
Jordan chains corresponding to γ = 0 consist of the only eigenfunction v = const.
Using the fact that problem (2.19) is solvable in weighted spaces with homogeneous
norms together with the asymptotic representation of the solution of (2.19) near the
conic point (see [MP]), we complete the proof of the lemma.

Theorem 4 Let α ∈ (0, 1) and let l be a positive integer. The operators T and

(1+T )−1 are continuous in the space Cl,αβ+l(Γ) with 0 < α−β < 1 and 0 < α−β < κ,
respectively.

Proof. Let u ∈ Cl,αβ+l(G) be a solution of (2.19) foe ψ = 0 and ϕ ∈ Cl,αβ+l(Γ). By
Lemma 7,

‖u‖Cl,αβ+l(G) ≤ C ‖ϕ‖Cl,αβ+l(Γ). (2.21)

By Lemma 7 from [MG] we can represent u in the form

u = W (u+ − u−) = W ϕ,
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where W ϕ is the double layer potential. Using this together with (2.21) and the
relation Tϕ = 2(Wϕ)+−ϕ (see Lemma 5 of [MG]), we conclude that the operator T

is continuous in Cl,αβ+l(Γ) for 0 < α− β < 1.

The continuity of the operator (1 + T )−1 is an immediate corollary of the repre-
sentation of (1 + T )−1 in terms of inverse operators of boundary value problems (see
Theorem 4 in [MG]) and the continuity of these operators (see Lemmas 1 and 4 in
[MG]).

3 Pointwise estimates for derivatives of the kernels
of the operators (1+T )−1 and (1+T ∗)−1. Continuity
of (1 + T )−1 in the Hölder space C0,α(Γ)

3.1 Pointwise estimates for derivatives of the kernels L(x, y)
and M(x, y) of operators L and M in (2.11)

Lemma 8 If x 6= y, then
L(x, y) =

(
M(y, x)

)?
, (3.1)

where M? is the ajoint matrix of M.

Proof. Let
ϕ ∈ L2,t(Γ), ψ ∈ L2,−t(Γ), −1 < t < κ.

We substitute the functions

u = (1 + L)ϕ, v = (1 +M)ψ

into the equality (
(1 + T )u, v

)
Γ

=
(
u, (1 + T ∗)v

)
Γ
,

where (·, ·)Γ is the scalar product in L2(Γ).

Combining this with the identities

(1 + T )(1 + L)ϕ = ϕ, (1 + T ∗)(1 +M)ψ = ψ,

which follow from Theorem 2, we arrive at

(ϕ,Mψ)Γ = (Lϕ,ψ)Γ.

By Fubini’s theorem, one can write the last equality as

(ϕ,Kψ)Γ = 0, ϕ ∈ L2,t(Γ), ψ ∈ L2,−t(Γ), (3.2)

where K is the integral operator with the kernel

K(x, y) =M(x, y)− L?(y, x).

By Theorem 2, the kernel |x|−tK(x, y)|y|t generates a linear functional on L2(Γ) ×
L2(Γ). Therefore, it follows from (3.2) that K(x, y) = 0 almost everywhere on Γ× Γ.

The representations for the kernels L(x, y) and M(x, y) obtained in [MG] show
that the functions (x, y)→ L(x, y) and (x, y)→M(x, y) are continuous on the set

{(x, y) ∈ (Γ\0) × (Γ\0) : x 6= y}.

Thus, K(x, y) = 0 for x 6= y. The lemma is proved.
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Corollary 1 Let y be a fixed point in Γ\0. Then the functions x → L(x, y) and
x→M(x, y) are solutions of the equations

(1 + T )L(·, y) = −T (·, y), (3.3)

(1 + T ∗)M(·, y) = −T ∗(·, y), (3.4)

which are equivalent to the relations∫
Γ

L?(x, y)((1 + T ∗)ψ)(x) dsx = −
∫

Γ

T ?(x, y)ψ(x) dsx,∫
Γ

M?(x, y)((1 + T )ϕ)(x) dsx = −
∫

Γ

T (x, y)ϕ(x) dsx,

for ϕ ∈ L2,t(Γ), ψ ∈ L2,−t(Γ), −1 < t < κ.

Proof. By Theorem 2 we have the equality

(1 +M)(1 + T ∗)ψ = ψ

which can be written as∫
Γ

M(y, x)((1 + T ∗)ψ)(x) dsx = −
∫

Γ

T ∗(y, x)ψ dsx.

Using (3.1) and the identity T ∗(y, x) = T (x, y), we arrive at (3.3).

Analogously, (3.4) is a corollary of the identity

(1 + L)(1 + T )ϕ = ϕ.

Theorem 5 Let x and y lie in the same coordinate neighbouthood. Then

|∂σx′∂τy′L(x, y)| ≤


c |x|−|σ|+κ−ε|y|−2−|τ |−κ−ε + δ0

|σ| |y|
κ−1−|τ |−ε, 2|x| < |y|,

c |x|−1|x− y|−1−|σ|−|τ |, |y| < 2|x| < 4|y|,
c |x|−1−|σ|−κ+ε|y|−1−|τ |+κ+ε, |x| > 2|y|,

(3.5)
where ε is an arbitrary small positive number, x′ and y′ are local coordinates of x and
y.

First we prove an auxiliary assertion, where the prime denotes the passage to local
coordinates.

Lemma 9 Let Γ1 be a smooth surface and let 1
2T1 be the operator of the direct value of

the double layer potential on Γ1. If x and y lie in the same coordinate neighbouthood,
then

|∂σx′∂τy′H1(x, y)| ≤ C |x− y|−1−|σ|−|τ |, (3.6)

where H1(x, y) is the kernel of the operator H1 in the representation

(1 + T1)−1 = 1 +H1.

Proof. We estimate
∂τy′H1(x, y), |τ | = l.

Let B(ρ, y) be the open ball in R3 with radius ρ and center at y. Further, let Uy,ρ
and Vy,ρ stand for the sets

Γ1 ∩B(ρ/2, y) and Γ1 ∩B(ρ, y),
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where ρ = |x− y|/2.

We introduce the functions η
(j)
y,ρ, j = 0, 1, . . . , l + 1 of the class C∞(R3) which

satisfy

(a) η(j)
y,ρ = 1 on B(ρ/2, y), η(j)

y,ρ = 0 outside B(ρ, y),

(b) |∂σz η(j)
y,ρ(z)| ≤ Cσ ρ−|σ|,

(c) the inequality |z| < d |ξ|, d ∈ (0, 1), is valid on the support of the function

(z, ξ) → η(j)
y,ρ(z) (1− η(j+1)

y,ρ (ξ)).

The same argument as in the proof of inequality (2.5) leads to the estimate

ρl+α[v]l+αUy,ρ
+
∑
|σ≤l

ρ[σ| sup
z∈Uy,ρ

|∂σx′v(z)| (3.7)

≤ C
(
ρl+α[ψ]l+αVy,ρ

+ sup
z∈Vy,ρ

|ψ(z)|+
∑
j=0

l
(
ρl+α−j [ψ(j)]l+α−jVy,ρ

+ sup
z∈Vy,ρ

|ψ(j)(z)|
))

for solutions of the equation (1 + T ∗1 )v = ψ, where

ψ(j) = η(j)
y,ρT1 (1− η(j+1)

y,ρ ) v.

By Lemma 7 in [MG], the kernel H1(x, y) obeys the estimate

|H1(x, y)| ≤ C |x− y|−1.

Unifying this with (3.7) and the fact that the function

z → H∗1(z, x) =
(
H1(x, z)

)?
is a solution of the problem

(1 + T ∗1 )H∗1(·, x) = −T ∗1 (·, x),

we conclude that
|∂τy′H1(x, y)| ≤ C |x− y|−1−|τ |. (3.8)

Now we estimate
∂σx′∂

τ
y′H1(x, y), |σ| = k, |τ | = l.

Let ρ = |x − y|/4. Consider the equation (1 + T1)u = ϕ instead of (1 + T ∗1 ) v = ψ.
From (3.7) we obtain

ρl+α[u]k+α
Uy,ρ

+
∑
|σ|≤k

ρ[σ| sup
ξ∈Ux,ρ

|∂σξ u(ξ)|

≤ C
(

sup
ξ∈Vx,ρ

|ϕ(ξ)|+ ρk+α[ϕ]k+α
Vx,ρ

(3.9)

+

k∑
j=0

(
ρk+α−j [ϕ(j)]k+α−j

Vx,ρ
+ sup
ξ∈Vx,ρ

|ϕ(j)(ξ)|
))
.

Here
ϕ(j) = η(j)

x,ρT1 (1− η(j+1)
x,ρ )u.
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Let ∆l
y′ be the finite difference operator of order l. It is clear that the vecto-valued

function
ξ → ∆l

y′H1(ξ, y)

satisfies the equation

(1 + T1) ∆l
y′H1(·, y) = −∆l

y′T1(·, y).

If the shift in the finite difference ∆l
y′H1(z, y) is sufficiently small, then inequalities

(3.8) and (3.9) lead to (3.6). The proof is complete.

Proof of Theorem 5. We put x = |y|X, y = |y|Y and denote by Γ|y| the image
of Γ under the mapping x→ X. By (3.3), the function

X → L|y|(X,Y ) = |y|2L(|y|X, |y|Y )

satisfies the equation (
1 + T|y|

)
∆l
Y ′L|y|(·, Y ) = −∆l

Y ′T|y|(·, Y ) (3.10)

on Γ|y| for all y ∈ Γ\0. Here 1
2T|y| is the operator of the direct value of the double

layer potential on Γ|y|,
1
2T|y|(X,Y ) is its kernel and ∆l

y′ is the finite difference of order
l = |τ |.

It suffices to consider the case when the point y ∈ Γ lies in a neighbourhood of the
vertex of the cone. First we obtain estimates for

∂σx′∂
τ
y′L(x, y) for |y| < 2|x| ≤ 4|y|.

Let ζi, i = 0, 1, . . . , k + 1, k = |σ|+ 2 be functions in C∞ such that

(a) ζi = 1 in 1 < 2|ξ| < 4, ζi = 0 outside of the set 1 < 4|ξ| < 16,

(b) one of the two inequalities |z| < d |ξ| and [ξ| < d |z|, d ∈ (0, 1), is valid on the

support of the function (z, ξ) → ζi(z) (1− ζj+1(ξ)).

Multiplying (3.10) by ζ0, we write it as

ζ0 ∆l
Y ′L|y| + ζ0 T|y| ζ1 ∆l

Y ′L|y| = −ζ0 T|y|(1− ζ1) ∆l
Y ′L|y|. (3.11)

Let Γ1 be a closed surface coinciding with ∂K+ on the set 1 < 4 |ξ| < 16 (see
Section 2 in [MG] and let 1

2T1 be the operator of the direct value of the double layer
potential on Γ1. It is clear that a representation similar to (3.11) holds for the kernel
H1(X,Y ) of the operator (1 + T1)−1 − 1:

ζ0 ∆l
Y ′H1 + ζ0 T1 ζ1 ∆l

Y ′H1 = −ζ0 ∆l
Y ′T1 − ζ0T1(1− ζ1) ∆l

Y ′H1. (3.12)

We set
∆l
Y ′L|y| + ζ0 ∆l

Y ′H1 + ∆l
Y ′L′|y|.

From (3.11) and (3.12) we obtain that the vector-valued fuction

X → v(X) = ζ0 ∆l
Y ′L′|y|(X,Y )

solves the equation

v + T1 v = ψ1 + (T1 ζ0 − ζ0 T1) ζ1 ∆l
Y ′L′|y| (3.13)

on Γ1. Here
ψ1 = ζ0 T1(1− ζ1) ∆l

Y ′H1 − ζ0 T|y|(1− ζ1)∆l
Y ′L′|y|.
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The representations obtained in Section 2 of [MG] and Lemma 9 lead to the estimates

|∂τY ′L(x, y)| ≤


c |y|−2−|τ |(|x|/|y|)κ−ε + c |y|κ−1−|τ |−ε, 2|x| < |y|,
c |y|−1|x− y|−1−|τ |, |y| < 2|x| < 4|y|,
c |x|−1|y|−1−|τ |(|y|/|x|)κ−ε, |x| > 2|y|,

(3.14)

and

|∂τY ′(L|y|(X,Y )−H1(X,Y ))| ≤ C, 1 < 2 |Y | < 4, 1 < 4 |X| < 16. (3.15)

By continuity of the operators

(1 + T1)−1 : W k
2 (Γ1) → W k

2 (Γ1),

[T1, ζ0] : W k
2 (Γ1) → W k+1

2 (Γ1)

equation (3.13) implies

‖v‖Wk
2 (Γ1) ≤ C

(
‖ψ1‖Wk

2 (Γ1) + ‖ζ0 ∆l
Y ′ L′|y|‖Wk−1

2 (Γ1)

)
.

It is clear that (3.11) - (3.13) are valid if ζi is replaced by ζi+1. Thus,

‖v‖Wk
2 (Γ1) ≤ C

( k∑
i=1

‖ψi‖Wk
2 (Γ1) + ‖ζk ∆l

Y ′ L′|y|‖L2(Γ1)

)
.

where
ψi = ζi T1(1− ζi+1) ∆l

Y ′H1 − ζi T|y|(1− ζi+1)∆l
Y ′L′|y|.

Combining this with (3.14) , (3.15), we conclude that

‖v‖Wk
2 (Γ1) ≤ C.

Hence, by Sobolev’s embedding theorem and Lemma 9, we arrive at the inequality

|∂σX′∂τY ′L|y|(X,Y )| ≤ C
(

1 + |X − Y |−1−|σ|−|τ |
)

for |τ | = l, |σ| < κ − 3/2, 1 < 2 |X| < 4, |Y | = 1. Returning back to variables x and
y, we write the last estimate as

|∂σx′∂τy′L(x, y)| ≤ C |x|−1|x− y|−1−|σ|−|τ |

for |y| < 2 |x| < 4 |y|.
Now we turn to the estimate of ∂σx′∂

τ
y′L(x, y) on the set 2 |x| < |y|. We multiply

(3.10) by a function η ∈ C∞(R3) which is equal to 1 in the ball B1/2 = B(1/2, 0) and
vanishing in R3\B2/3.

The function
X → v(X) = η(X) ∆l

Y ′L|y|(X,Y )

solves the equation (1 + T|y|)v = ψ, where

ψ = −η∆l
Y ′T|y| + (T|y|η − η T|y|) ∆l

Y ′L|y|.

By Theorem 4,
‖v‖Ck,αk+α(Γ|y|) ≤ C ‖ψ‖Ck,αk+α(Γ|y|)

(3.16)
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with 0 < α − δ < κ, k = 1, 2, . . . . We show that the right-hand side on (3.16) is
bounded by a constant independent of y.

Let θ0 be a function of the class C∞(R3) such that θ0 = 1 for 1 < 4 |X| < 3 and
θ = 0 outside of {X : 1 < 5 |X| < 4}. We write the vector-valued function ψ as

ψ =
∑

1≤k≤4

ψk, (3.17)

with

ψ1 = −η∆l
Y ′T|y|, ψ2 = −(1− θ0)(ηT|y| − T|y|η) ∆l

Y ′L|y|,

ψ3 = −θ0(ηT|y| − T|y|η)(1− θ0)∆l
Y ′L|y|,

ψ4 = −θ0(ηT|y| − T|y|η)θ0 ∆l
Y ′L|y|.

It is clear that
‖ψ1‖Ck,αk+δ(Γ|y|) ≤ C.

To obtain the same estimate for ψ2, it suffices to show that

sup
X∈Γ|y|

(
|ψ2(X)|+

∑
|σ|=1

|Dσ
X′ψ2(X)|+

l+1∑
|σ|=1

|X|δ+|σ|−α|Dσ
X′ψ2(X)|

)
≤ C. (3.18)

We can write ψ2 in the form

ψ2(X) = (θ0(X)− 1)

∫
Γ|y|

T|y|(X,Z)(η(X)− η(Z))|y|2 ∆l
Y ′L(|y|Z, |y|Y )dsZ . (3.19)

First consider the case |X| < 1/4. It is clear that the integrand does not vanish for
|Z| > 2 |X|. Hence

|∂σXT|y|(X,Z)| ≤ Cσ|Z|−2−|σ|.

We write ψ2 as the sum of two functions ψ
(1)
2 and ψ

(2)
2 with integration taken over

Γ
(1)
|y| = {z ∈ Γ|y| : 1 < 2 |z| < 4}

and
Γ

(2)
|y| = {z ∈ Γ|y| : |z| > 2}

instead of Γ|y| in(3.19). Since |Y | = 1, estimates (3.14) lead to the inequality

|∂σX′ψ
(2)
2 (X)| ≤ C

∫
Γ
(2)

|y|

|Z|−3−|σ|−κ+εdsZ ≤ C

for sufficiently small increment of the argument in ∆l
Y ′L|y|.

The boundedness of |∂σψ(1)
2 | follows from the inequality

|∆l
Y ′

∫
Γ
(1)

|y|

|y|2L∗(|y|Y, |y|Z)ϕ(Z) dsZ | ≤ C,
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which is valid for smooth functions on Γ|y|. The last assertion results from (3.15) and
the continuity of the operator

(1 + T ∗1 )−1 : W k
2 (Γ1) → W k

2 (Γ1).

Now let 4 |X| > 3. Then the integrand does not vanish for 3 |Z| < 2. Hence

|∂σX′T|y|(X,Z)| ≤ Cσ|X|−2−|σ|.

Since 5 |X| < 4 on the support of the function X → ∇(1− θ2(X)), by (3.14) we have

|∂σXψ2(X)| ≤ C
∫
Z∈Γ|y|:3|Z|<2

|X|−2−|σ|dsZ ≤ C |X|−2−|σ|

for |X| > 1. Therefore, (3.18) is valid for |X| > 1. It is clear that the same estimate
holds for 3 < 4 |X| < 4.

The estimate (3.18) for ψ3 is obtained in a similar manner.

Using a property of the commutator [η, T|y|], we obtain

‖ψ4‖Ck,αδ+k(Γ|y|)
≤ C ‖θ0∆l

Y ′L|y|‖Ck−1,α(Γ|y|∩ supp θ0).

Consider a sequence of functions θj(x), j = 1, 2, . . . , k such that

supp θj ⊂ (0, 1), θj θi+1 = θj , j = 1, 2, . . . , k.

Multiplying (3.10) by θj and using the same arguments as in the proof of Lemma 2,
we obtain after l steps that

‖ψ4‖Ck,αδ+k(Γ|y|)
≤ C.

Thus,
‖η∆l

Y ′L|y|‖Ck,αδ+k(Γ|y|)
≤ C.

Setting δ = α− κ + ε, k = |σ|, l = |τ |, we arrive at

|∂σX∂τY L|y|(X,Y )| ≤ C |X|κ−|σ|−ε, 2 |X| < 1, |σ| > 0.

The last estimate is equivalent to

|∂σx∂τyL(x, y)| ≤ C |x|−|σ| |y|−2−|τ |(|x|/|y|)κ−ε, 2 |x| < |y|.

It remains to consider the case |x| > 2 |y|. Introducing new cut-off functions η′

and θ′k, obtained from η and θk by replacing X by X/|X|2 and using the inequality

‖v‖Nk,αδ+k(Γ|y|)
≤ C ‖ψ‖Nk,αδ+k(Γ|y|)

, 0 ≤ δ − α < 1 + κ,

instead of (3.16), we get

‖∆l
Y ′L|y|‖Nk,αδ+k(Γ|y|\B(2,0)) ≤ C.

Setting δ = α + 1 + κ − ε, k = |σ|, l = |τ |, we arrive at (3.5) for |x| > 2 |y|. The
theorem is proved.
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3.2 Continuity of (1 + T )−1 in C0,α(Γ)

Lemma 10 The operator T is continuous in C0,α for all α ∈ (0, 1).

Proof. Let u = T ϕ. By Lemma 5,

sup
x∈Γ
|u(x)| ≤ sup

x∈Γ
|ϕ(x)|.

Next we prove the inequality
[u]αΓ ≤ C [ϕ]αΓ. (3.20)

Let x, z ∈ Γ and let r = 2 |x− z|. We use the equality∫
Γ

T (x, ξ) dsξ = 1

valid on Γ, where 1 is the 3× 3 identity matrix, to write

u(x)− u(z) =
∑

1≤k≤4

Ik,

with

I1 =

∫
Γ∩B(r,x)

T (x, ξ) (ϕ(ξ)− ϕ(x)) dsξ,

I2 = −
∫

Γ∩B(r,x)

T (x, ξ) (ϕ(ξ)− ϕ(z)) dsξ,

I3 =

∫
Γ∩B(r,x)

T (z, ξ) dsξ (ϕ(x)− ϕ(z)),

I4 =

∫
Γ∩B(r,x)

(
T (x, ξ)− T (z, ξ)

)
(ϕ(ξ)− ϕ(x)) dsξ,

Since the integral ∫
Γ∩B(r,x)

T (z, ξ) dsξ

is bounded, (3.20) follows from the inequalities:

|I1|+ |I2| ≤ C [ϕ]αΓ

∫
Γ∩B(r,x)

|x− ξ|−2+αdsξ ≤ C rα[ϕ]αΓ

and

|I4| ≤ C [ϕ]αΓ

∫
Γ∩B(r,x)

|x− ξ|−3+αdsξ ≤ C rα[ϕ]αΓ,

The lemma is proved.

Theorem 6 The operator (1 + T )−1 is continuous in C0,α for all α ∈ (0,κ).

First we prove the following auxiliary assertion.

Lemma 11 The inequalities hold:∫
Γ\B(r,x)

dsξ
|x− ξ|s|ξ|t

≤ C r2−s−t, 0 ≤ t < 2, s+ t > 2, (3.21)

and ∫
Γ∩B(r,x)

dsξ
|x− ξ|s|ξ|t

≤ C r2−s−t, 0 ≤ t < 2, s+ t < 2, (3.22)
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Proof. Let
Ex = {ξ ∈ Γ : 2 |x− ξ| < |ξ|}.

We write the left-hand side of (3.21) as the sum of two integrals J1 and J2 over the
sets

Γ1 = (Γ ∩ Ex)\B(r, x), Γ2 = Γ\(Ex ∪B(r, x)).

Estimate (3.21) for J1 is obvious. Since 3 |x − ξ| > r + |ξ| on Γ2, it follows, after
passing to the variable ρ = |ξ|/r, that

|J2| ≤ C
∫

Γ

(r + |ξ|)−s|ξ|−tdsξ

≤ C
∫ ∞

0

|ξ|1−t(r + |ξ|)−sdsξ = C r2−t−s
∫ ∞

0

ρ1−t(1 + ρ)−sdρ.

Estimate (3.22) is proved in a similar manner.

Proof of Theorem 6. Representation (2.11) shows that it suffices to prove the
continuity of L in (2.11) in the space C0,α(Γ). Let v = Lψ. By Theorem 2,

sup
x∈Γ
|v(x)| ≤ sup

x∈Γ
|ψ(x)|.

It remains to show that
[v]αΓ ≤ C [ψ]αΓ. (3.23)

Equality 1
2 (1 + T )1 = 1, where 1 is the 3 × 3 identity matrix, and relation (2.11)

imply

−2

∫
Γ

L(x, ξ) dsξ = 1 on Γ.

Let x, z ∈ Γ and let r = 4 |x− z|. We write

v(x)− v(z) =
∑

1≤k≤4

Ik,

with

I1 =

∫
Γ∩B(r,x)

L(x, ξ) (ψ(ξ)− ψ(x)) dsξ,

I2 = −
∫

Γ∩B(r,x)

L(z, ξ) (ψ(ξ)− ψ(z)) dsξ,

I3 =

∫
Γ∩B(r,x)

L(z, ξ) dsξ (ψ(x)− ψ(z)),

I4 =

∫
Γ∩B(r,x)

(
L(x, ξ)− L(z, ξ)

)
(ψ(ξ)− ψ(z)) dsξ.

Making estimates (2.12) rougher, we obtain

|L(x, y)| ≤

{
c |x− ξ|−2, |x| < 2 |ξ|,
c |ξ|−1|x− ξ|−1, |x| > 2 |ξ|.

Combining this with (3.22), we conclude that

|I1| ≤ C [ψ]αΓ

∫
Γ∩B(r,x)

(
|x− ξ|−2+α + |ξ|−1|x− ξ|−1+α

)
dsξ ≤ C rα[ψ]αΓ. (3.24)
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Estimate (3.24) for I2 follows in a similar manner. The corresponding inequality for
I3 is a corollary of the boundedness of the integral∫

Γ∩B(r,x)

L(x, ξ) dsξ.

It remains to prove the inequality∫
Γ∩B(r,x)

|L(x, ξ)− L(z, ξ)| |x− ξ|α dsξ ≤ C rα. (3.25)

The case of points x and z lying near the vertex of the cone is the most significant.
Without loss of generality we can assume that x and z lie in the same coordinate
neighbourhood U . We denote by γ the coordinate diffeomorphism which naps U
onto a bounded subset of the plane angle in R2. Let ξ ∈ U and let (ρ, θ) be polar
coordinates of the point γ ξ. Suppose that ρ = |ξ| for all ξ ∈ U . It is clear that the
proof of (3.25) is reduced to the proof of this estimate for two special cases:

(a) θ1 = θ2, (b) ρ1 = ρ2,

where (ρ1, θ1) and (ρ2, θ2) are polar coordinates of the points γ x and γ z.

Let θ1 = θ2, ρ1 < ρ2. We write the left-hand side of (3.25) as the sum of three
integrals uk over Γk, where

Γ1 = {ξ ∈ Γ : 2 |ξ| < |x|}, Γ2 = {ξ ∈ Γ : |x| < 2 |ξ| < 4 |x|}, Γ3 = {ξ ∈ Γ : |ξ| > 2 |x|}.

Consider u1. Let y′ = (ρ, θ), ρ1 < ρ < ρ2, and y = γ−1y′. Since |x| = ρ1 ≤ |y|, the
inequality

2 |y − ξ| < 3 |y| (3.26)

holds for all ξ ∈ Γ1. It is easily seen that

3 |x− ξ| < 4 |y − ξ| < 5 |x− ξ| (3.27)

for ξ ∈ Γ\B(r, x). In fact, (3.27) obviously follows from the inequalities

4 |y − ξ| ≤ 4 |x− ξ|+ 4 |y − x| ≤ 4 |x− ξ|+ 4 |z − x| < 5 |x− ξ|,

and

4 |y − ξ| ≥ 4 |x− ξ| − 4 |y − x| ≥ 4 |x− ξ| − 4 |z − x| > 3 |x− ξ|.

Using the estimates for the kernel L(y, ξ) obtained in Theorem 5, then estimating
|y| by (3.26), (3.27), and applying Lemma 11, we obtain

|u1| ≤
∫

Γ∩B(r,x)

∫ ρ2

ρ1

∣∣∣ ∂
∂ρ
L(y, ξ)

∣∣∣ dρ |x− ξ|αdsξ
≤ C

∫
Γ∩B(r,x)

∫ ρ2

ρ1

|y|−2−κ+ε|ξ|κ−1−εdρ |x− ξ|αdsξ

≤ C(ρ2 − ρ1)

∫
Γ∩B(r,x)

|x− ξ|−2−κ+ε+α|ξ|κ−1−ε dsξ ≤ C rα.

Here we used the existence of positive constants c1 and c2 such that

c1 |ξ − η| < |γξ − γη| < c2 |ξ − η| (3.28)
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for all ξ, η ∈ U , where |ξ − η| stands for the distance between ξ and η in R3 and
|γξ − γη| stands for the distance between γξ and γη in R2.

We turn to the estimate of u2. Let ξ ∈ Γ\B(r, x). Then |ξ| < 2 |x| < 2 |z| and

4 |z| < 4 |z − x|+ 4 |x| < |x− ξ|+ 4 |x| < 5 |x|+ |ξ| < 11 |ξ|.

Thus, 2 |ξ| < 4 |y| < 11 |ξ| for ξ ∈ Γ\B(r, x) and y = γ−1y′, y′ = (ρ, θ), ρ1 < ρ < ρ2.
Hence, using the estimates obtained in Theorem 5 and (3.27), (3.28), we arrive at

|u2| ≤
∫

Γ∩B(r,x)

∫ ρ2

ρ1

|x− ξ|−3+αdρ dsξ ≤ C rα.

Finally, consider u3. If ξ ∈ Γ\B(r, x), we have

8 |z| < 8 |x|+ 8 |x− z| < 4 |ξ|+ 2 |x− ξ| ≤ 6 |ξ|+ 2 |x| ≤ 7 |ξ|.

Hence 7 |ξ| > 8 |y| for all ξ ∈ Γ\B(r, x), y = γ−1y′, y′ = (ρ, θ), ρ1 < ρ < ρ2.

Putting ε = (κ − α)/2, applying the estimates in Theorem 5 and then estimating
|ξ| using 2 |x− ξ| < 3 |ξ|, we get

|u3| ≤ C
∫

Γ∩B(r,x)

∫ ρ2

ρ1

ρκ−1−ε dρ |ξ|−2−κ+ε |x− ξ|αdsξ

≤ C(ρκ−ε2 − ρκ−ε1 )

∫
Γ∩B(r,x)

|x− ξ|−2−κ+ε+α dsξ ≤ C rα.

Here we also used the elementary estimate

ρs2 − ρs1 ≤ (ρ2 − ρ1)s, s ∈ (0, 1).

It remains to consider the case ρ1 = ρ2 = ρ, θ2 > θ1. As before, we write the
left-hand side of (3.25) as the sum of three integrals uk. Let y = γ−1y′, y′ = (ρ, θ),
θ1 < θ < θ2. Using the identity

L(z, ξ)− L(x, ξ) =

∫ θ2

θ1

∂

∂θ
L(y, ξ) dθ

and estimating the derivatives of the kernel L(y, ξ) by Theorem 5, we obtain

|u1| ≤ C ρ (θ2 − θ1)

∫
Γ∩B(r,x)

|x− ξ|−2−κ+ε+α|ξ|κ−1−ε dsξ ≤ C rα,

|u2| ≤ C ρ (θ2 − θ1)

∫
Γ∩B(r,x)

|x− ξ|−3+αdsξ ≤ C rα,

|u3| ≤ C ρκ−ε (θ2 − θ1)

∫
Γ∩B(r,x)

|x− ξ|−2−κ+ε+αdsξ ≤ C rα.

The theorem is proved.

Remark If the cone K+ cannot be prescribed in a Cartesian coordinate sys-
tem, the estimates of the kernel L(x, y) in Theorem 6 hold if κ is replaced by
κ′ = min{0,κ}. Theorems 2 ans 3 take the following form.
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Theorem 7 (i) Let

1 < p ≤ ∞, −κ′ < β + 2/p < 1 + κ′.

Then the operators (1 + T )−1 and (1 + T ∗)−1 are continuous in the spaces Lp,β(Γ)
and Lp,β+1(Γ), respectively.

(ii) Let
1 < p ≤ ∞, −κ′ < β + 2/p < 1 + κ′, α ∈ (0, 1),

−κ′ < δ < 1 + κ′, l = 1, 2, . . . .

Then the operators (1 + T )−1 and (1 + T ∗)−1 are continuous in the spaces V lp,β+l(Γ),

N l,α
l+α+δ(Γ), and V lp,β+l+1(Γ), N l,α

l+α+δ+1(Γ), respectively.

3.3 Integral equations of harmonic potential theory

Since the operators ∆∗ and N (∂x, nx) coincide with operators 1 ∆ and 1 ∂
∂n for

µ = 1, λ+ µ = 0,

where ∆ is the Laplace operator and 1 is the 3 × 3 identity matrix, it follows that
we can carry over all the results obtained here to boundary integral equations for the
Laplace operator. Note that Lemma 2 from [MG] is valid without any assumption on
the shape of the cone.

Here is a summary of results.

Theorem 8 Let δ+ and ν− be positive numbers such that δ+(δ+ +1) and ν−(ν−+1)
are the first eigenvalues of the Dirichlet problem in Ω+ = K+ ∩S2 and the Neumann
problem in Ω− = S2\Ω+ for the Beltrami operator.

Further, let κ = min{δ+, ν−, 1}. If ϕ,ψ ∈ L2(Γ), then the inverse operators
(1 + T )−1 and (1 + T ∗)−1 of the boundary integral equations associated with the inte-
rior Dirichlet and the exterior Neumann problem for the Laplace operator admit the
representation

(1 + T )−1ϕ = (1 + L)ϕ, (1 + T ∗)−1ψ = (1 + L∗)ψ.

Here L is the integral operator on Γ with the kernel L(x, y) obeying the estimates

|L(x, y)| ≤


c |x|−|σ||y|−2−|τ |(|x|/|y|)κ−ε + c |y|κ−1−εδ0

|σ|, 2|x| < |y|,
c |y|−1|x− y|−1−|σ|−|τ |, |y| < 2|x| < 4|y|,
c |x|−1−|σ||y|−1−|τ |(|y|/|x|)κ−ε, |x| > 2|y|,

where ε is a sufficiently small positive number.
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Theorem 9 (i) The operator (1 + T )−1 is continuous in the spaces

V lp,β+l+1(Γ) for 1 < p <∞, 0 < β + 2/p < 1 + κ, l = 0, 1, . . . ,

L1,β(Γ) for 0 < β + 2 < 1 + κ

L∞,β(Γ) for 0 < β < 1 + κ

C(Γ) and C0,α(Γ) for 0 < α < κ,

Cl,αl+α+δ(Γ) for − κ < δ < 0, l = 1, 2, . . .

N l,α
l+α+δ(Γ) for 0 < δ < 1 + κ, l = 1, 2, . . .

(ii) The operator (1 + T ∗)−1 is continuous in the spaces

Lp,β(Γ) for 1 < p ≤ ∞, 1− κ < β + 2/p < 2

V lp,β+l+1(Γ) for 1 < p <∞, 1− κ < β + 2/p < 2, l = 1, . . . ,

N l,α
l+α+δ(Γ) for 1− κ < δ < 2, l = 0, 1, 2, . . .
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