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1 Introduction

This article is closely related to our papers [GM1], [GM3], [GM4] in which integral
equations of the harmonic and elastic potential theory on surfaces with conic vertices
were considered. Here we investigate the integral equation generated by the Dirich-
let problem for the Laplace equation in a 3-dimensional polyhedron, which is not
necessarily a Lipschitz graph domain.

We use the method proposed by one of the authors [M1] -[M4] which reduces the
analysis of boundary integral equations to the study of some auxiliary boundary value
problems. Different applications of the method can be found in [MZ1], [MZ2], [Z1],
(Z2], [LM], [GM2], [GMT], [MS].

By estimates for the fundamental solutions of the Dirichlet and Neumann problems
[MP1], [GM5] (see [M5] for detailed exposition), we arrive at the estimates for the
kernel of the inverse operator of the integral equation in question. Such estimates
lead to theorems on the solvability of this equation in various function spaces and, in
particular, in the space C' of continuous functions.

The question of the validity of the last result was stated long ago. The solvability
of the boundary integral eqution in the space C' over surfaces of a fairly wide class



was established in the multi-dimensional case by Burago, Maz’ya [BM] and Kral [K]
under the requirement that the esssential norm |T| of the double layer potential T is
less than 1. This condition can be formulated in geometric terms. However, it does
not always hold even for sufficiently simple cones. Angell, Kleinman, Kral [AKK]
and Kral, Wendland [KW] succeded in compelling the inequality |T| < 1 for certain
3-dimensional polyhedra to hold by replacing the usual norm in C' with an equivalent
weighted norm. The polyhedral surfaces considered in [AKK] are constituted by a
finite number of rectangles parallel to the coordinate planes.

The soilvability in the space C' for the above mentioned integral equation on sur-
faces in R™ with a finite number of conical points was proved by Grachev and Maz’ya
[GM1], [GM3], [GM4] without any complementary geometric assumptions. Thus, it
was shown that the use of the esssential norm had been unnecessary and dictated
only by the method of proof. We, and independently Rathsfeld [R], extended this
result to arbitrary polyhedra. A direct approach based on the Mellin transform was
used in [R]. Some of the results of the present paper were announced in the lecture
[G1] and in the preliminary publication [GME6].

Now we briefly describe our results. We assume that I' is a polyhedron in the
three-dimensional Euclidean space. By G+ we denote the interior of this polyhedron
and consider the Dirichlet problem

Au=0on G*, u=f on I. (1.1)

Let Oq,...,O,, be the vertices of the polyhedron and let 91, ..., 9 be its edges.
We denote by w; the opening of the dihedral angle with the edge 91; from the side
of G and we put \; = 7/w;. We use the notation

rj(z) = dist(z, M;), pi(x) = dist(z, O;),

r@) = win (@), p(e) = min {pi(o)).

Let K;, k=1,2,...,m, be the cone with vertex O; which coincides with G* near
the point O;. The open set cut by the cone K; out of the unit sphere S? centered at
O; is denoted by QF and the set S\Q by Q; . Let §; and v; be positive numbers
such that 6;(d; + 1) and v;(v; + 1) are the first eigenvalues of the Dirichlet problem on
Q; and the Neumann problem on 2 for the Beltrami operator. Further, we denote
by s; the minimum of d;, v;, and 1.

Let W1 denote the classical double layer potential with the density :

(Ww)zir/r(f%(wiﬂ)w(g)ds& x € G,

We are looking for a solution of the equation (1.1) in the form of a double potential.
It is known that the density ¢ satisfies the integral equation

1+ =2Ff.
Here T is the operator on I' defined by the equation
(T)(z) = 2Worp(z) + (1 — d(x)) ¢ (),

where d(z) = 1 for z € Q\M;, d(z) = w;/7 for x € M;, d(x) = measQ; /27 for
x € O;, and Wy is the direct value on I' of the double layer potential.

The following two theorems are our main results.



Theorem 1 The operator
1+T:C(T) —C(D)

performs an isomorphism. The inverse operator admits the representation
A+T)'f=0+L+M)f,

where L and M are integral operators on I' with kernels L(x,y) and M (x,y) edmitting
the following estimates:
If M, is the edge nearest to the point y and O; is the vertex nearest to y, then

|M(z,y)| < Cp(y)%iu(:)EZ;)M_l_E~

If the points x and y lie in a neighbourhood of a vertex O;, i = 1,2,...,m, this
neighbourhood contains no vertices of the polyhedron O; and if M;, M, are the edges
nearest to the points y and x respectively, then

L) < epy) > (rw)/p(y)
—yN? & Ai—e L Aj—l—e
+c(r(y) + |z —yl) (r(m)+|w—y|) <7"(y)+|x—y|)
for p(z)/2 < p(y) < 2p(x) and
Lol <o) o)+ 0t0) (ST ) ()T

in the opposite case. Here € is an arbitrary positive number.

The next theorem concerns the operator defined by
Ty =2Wyp ae. on I’

as an operator in the weighted L,-space Lg 'y(F) endowed with the norm

HUHLZW(F) = ||PB 7 U||L,,(F)-

Theorem 2 Let
2 =min{s;}, X=min{\;}.

If
1<p<oo, 0<fB4+v+2/p<l+sx, 0<v+1/p<A

or
p=o00, 0<B+y<l+4szx 0<vy<

then the operator
14+7: L’éW(F) — LZN(F)

performs an isomorphism.

In Section 2 we collect some preliminary information on boundary value problems
and find a representation for the inverse operator of the integral equation in question
stated in terms of the inverse operators of boundary value problems. Estimates for
L(z,y) and M(z,y) in Theorem 1 are obtained in Section 3. Finally, in Section 4
we prove theorems on the unique solvability of the integral equation in spaces C' and
Lg »



2 Representation for the inverse operator of the
boundary integral equation

2.1 Preliminary information

We shall use the notation from Introduction. Besides, let G~ = R3\G+ and B(r,z) =
{yeR3: |z —y| <7}

We define some weighted Holder spaces. For simplicity we introduce the same
weight 77 for all edges and the same weight p? for all vertices. We denote by Né’f;(GJr)
the space of functions on G with the finite norm

lull g ey = sup p(@)r (@) WG pynge+ sup p(@)°r(@)y =1 = alu(@)]. (2.1)
v zeF+ zeGt

Here 3, v are real numbers, « € (0,1), [ is an integer, [ > 0, and

W)y, = sup Y |z —y[P|07u(z) — O u(y)|,
TYEE g1 )

where E is a subset of R?, p is a positive noninteger, [p] is the integer part of p.

We also introduce the space Cflg‘fy (GT) (0 <y <l+a,l+«a—risnot integer) of
functions u in G* with the finite norm

- B +a
lull gt re) = sup p(@)"r (@) [u] g p 2,0

. B +a— B+y—l—a
+$s€u§)+ p(z) [u] G+NB(p/2,2) Jra:SeuCRr p(z) u(@)]. (2.2)

For the domain G~ we define similar spaces N [lﬁ‘y(G_) and Cé’fy (G7). Suppose
that the ball B(R,0) contains G+. We denote by x a function from the space C>(R?)
equal to one on B(R,0) and to zero on R*\ B(R + 1,0). A function u in G~ belongs
to Né’fy(G_) and respectively to C[lf;(G_) if and only if the norm (2.1), respectively
(2.2), of ux and the norm

|l+a+1 [ ]H-a

e aw + sup ol [o()]

zeG—

sup |x
ze€G

of the function v = (1 — x)u are finite.

Let T'; denote a face of the polyhedron I'. We denote by Né?‘y(l"z) the space of
traces on I'; of functions from N, é‘;(G*) or from N, éo‘v(G’) We say that u belongs
to N é‘f{ (T") if and only if the restriction u; on each I'; is in N é‘f‘y (I';) and we introduce

the norm

~

HUHN[L” (ry = Z ||u||N[’;Y‘jy(F,-)'
?

The space of traces on I' of functions from Cé;’ofy(GJr) or from Cé’ffy(G_) will be
denoted by C}ﬁy(lﬂ)

Consider the interior Dirichlet problem and the exterior Neumann problem for the

Laplace equation
Au=0 on GT, u=f on T, (2.3)

Av=0 on G, Ov/On =g on T'\M. (2.4)



Here 0/0n stands for the derivative in the direction of the outer normal to

nm= | J .

1<i<k

Now we formulate estimates for the fundamental solutions of the problems (2.3)
and (2.4). Let K;, i = 1,2,...,m, be the cone with the vertex O; which coincides
with G near the point O;. The open set that the cone K; cuts from the unit sphere
S? centered at O; is denoted by QF and the set S?\QF is denoted by Q. Let §;
and v; be positive numbers such that 6;(d; + 1) and v;(v; + 1) are the first positive
eigenvalues of the Dirichlet problem in Q7 and the Neumann problem in Q~ for the
Laplace-Beltrami operator on S2. The result formulated here is contained in [MP1].

Theorem 3 Let
6T = min 6, AT = min 7/w;,
1<5< 1<i<k

and let | be a positive integer. If

St <B+y—a<1+6T, 0<a—v<min{l,\"},
then for any f € Cé’fHZ(I‘) there exists a unique solution u € Cllg’ﬁy_”(G*) of the
Dirichlet problem (2.8) and the solution admits the representation
u(w) = [ P .6 1(6) dse (25)

Suppose that the points x and £ lie in a neighbourhood of a vertexr O;, i =
1,2,...,m,. If either 2p(§) < p(x) or p(§) > 2 p(x), then

070F P (,€)] < o pla) 1N p(€) 717 (p(2) + p(€)) ™

st

min{p(x), p(E)}\0" = yr(z)\ ' —lol== (&) —ITI-1-
e ) Ga) o) -

In the zone p(§) < 2p(x) < 4p(§), the estimates have the form
0207 PH (2, 6)] < e — €211
r(z) AT —lo|—e (&) At —1—|7|—¢
Gaerma)  Gork-a) ~

In the case x € U;, £ € Uy, where U; and Uy are small neighbourhoods of the
vertices O; and Oq with i # q, the estimates take the form

op e lolee e (T(E) YN Il (€)M i1
- (5 1) |

Here o and 7 are arbitrary multi-indices, € is a sufficiently small positive number.
The next result is essentially proved in [GMS5].
Theorem 4 Let

vT = min v, A :1r§nj1;1k{7r/(27r—wj)}.



and let | be a positive integer. If
0<p+y—a<l, 0<a—v<min{l,A"}

then for any g € Néﬁ_kl(F) there exists a unique solution v € Cé’,O;H(G’) of the

Neumann problem (2.4) and
o) = [ Q (2.9 9€) dse. (26)
r

Suppose that the points x and & lie in a neighbourhood of the vertex O;, i =
1,2,...,m,. If either 2 p(z) < p(§) or p(x) > 2p(§), then

Q (2,8) =Q(0,§) + R (z,§) for 2p(z) < p(¢), (2.7)
Q™ (2,§) =Q (2,0) + R (§,z) for 2p(§) < p(z), (2.8)
where
Q(0,§) =Q (& 0) =a; /p(§) +b; +d; (&) (2.9)
and

a; =1/meas();), b; = const.

For R™(z,§) and d; (§) one has the estimates

o J— vo —lal—e T‘(f) Aoe

047 ()] < o pla)” (25 ) T
TAT T — v —|o|—e —1—v™ —|7|4e T(f) Aoe 71(5) A
070FR™ (2, < o pli)” 1772 p(e) ™I (SR ) (D)

In the intermediate zone p(z) < 2 p(§) < 4p(x), the estimate takes the form

e Cor r(z) Age r(€) Are
9206Q7 (= Ol < e (r(m)+|x—£|) (r(§)+|x—§|) '

In the case x € U;, £ € Uy, where U; and Uy are small neighbourhoods of the
vertices O; and O4 with i # q, we have

0207 Q™ (,)] < Corr p()"7= p(€)" (7‘@))& (r(é))xa

Here we use the notation
Age =min{0, A7 — |o| —¢}, AL =min{0, A7 — |7| — €},

v, =min{0,v” —|o| —¢}, v =min{0,v™ — |7 —¢}.

In what follows we need some estimates for the fundamental solutions of the Dirich-
let and Neumann problems in a dihedral angle. Let D be the interior of the angle
with opening w and let D~ = R3\D*. We denote by F™ and F~ the sides of DT, by
9 the edge and by F the boundary, i.e. = FTUF~UM.

We introduce the space N,ly’o‘ (D) with the norm

e Y[, 1 . y=l—a
Hu”N,ly’a(D‘F) = ;eu[% r(x) [u] D+NB(r/2,2) + ;eugir r(x) u(z)].



and the space Ch*(D%), I +a — v > 0, with the norm

I+
||’LLHC4,Q(D+) = $selg)+ T(x)7 [u] D+NB(r/2,2) + ||U||Cz+a—w(ﬁ).

Here C*(D+) is the Holder space of order s and r(z) = dist(z, ).

We denote by Nf/a(Fi) the space of traces on F* of functions from Nf;a(D*) or
from N,é,’i:(G*). We say that u belongs to NL*(F) if and only if the restriction ut
to F'* is in Név‘x(Fi) and we introduce the norm

HUHN,ZY’“(F) = Z HuHNi’“(Fi)'
T

The space of traces on F' of functions from CL*(D%) is denoted by CL*(F).
Similarly, one defines spaces of functions on D~.

Consider two boundary value problems
Au=0 in Dt u=f on F, (2.10)
Av=01in D7, ov/On =g on F\M. (2.11)
The following theorem was proved in [MP1].

Theorem 5 Let 0 < o — v < min{l,7/w} and let I be a positive integer. Then for
any f € C};O;H(F) there exists a unique solution u € C};?{+Z(D+) of the Dirichlet
problem (2.10). It admits the representation

u(z) = /F P (2, €) £(€) dse, (2.12)
where

070 P¥(2,€)| < cor |z — 72711717

r(x) /w—lo|—e r(§) m/w—1—|T|—¢
x<r<x> e —€|> (r<s> + |:c—s|> '

Now we formulate an analogous result for the Neumann problem obtained in
[GM35].

Theorem 6 Let 0 < oo — v < A7, A\~ = min{l,7/(27 — w)} and let | be a positive

integer. Then for any g € Cé"i‘HZ(F) there exists a unique solution v € Cé;fy+l(D_)
of the Dirichlet problem (2.11). It admits the representation

ofz) = /F Q~ (2,€) g(€) dse, (2.13)
where

\85857(6,2*(35’5) —af|x — §|)| < cCorlr— €|—17\UHT|

r(zx) AT —lo|-e r(§) AT —|7|-¢
Core=a)  Gore—a)

Here a = 1/meas(S* N D™) and S? is the unit sphere with center at x € 9.



2.2 Representations for the inverse operators

We denote by Vi and W1 the single and double layer potentials:

1 1
(Vi) = o /1“ H@(f) dse, we€R.

1 0 1
wo)=— [ = )u(€) dse, e
o) =i [ (g v@dse, we
In what follows we denote by (-)™ and (-)~ the interior and exterior limit values with
respect to GT. By Wyt we mean the direct values of the double layer potential W1
on I'. Let the operator T be defined by the equality

(TY)(z) = 2Wob(z) + (1 — d(x)) ¥ (x),

where
d(z) = lim (meas(G* N B(J,z))/measB (6, z).
6—0t

Lemmal Let 0 < f+v—a <2, 0<a—v<1andletl be a positive integer. If

) € Cy2 (), then Wou € C5%_(T) and

(W) ) T (a(ww ) - (2.14)

W) =wow /2, (S5

holds on T\ M.

Proof. Let the number § be so small that the ball B(24,O;) contains no vertices
except O;. One verifies directly the estimate

sup  p(z) 7T (W) ()] < e sup p(a) 77 [ (). (2.15)
z€B(8,0;) zel

We consider the following transmission problem

Au=01in GTUG™, u"—u =1 on T,
Ou\+ ou\~
(%) - (%) =0 on T\ (2.16)
which is satisfied by W1 € CL%(GF\9M). We introduce the sets

loc
Uw={¢: 1/2<2"[¢[ <2}, Vi={¢: 1/4<2"[¢[ <4}
fork=1,2,....
Well-known local Schauder estimate for solutions of (2.16) leads to the inequality

2~ kI+8) qup T(x)v[u]lBJr(c;/M)mGi+2—k(z+6)[u]l(jr%;1
UkﬂGi ’ k

< C(Tk(lJr,B) 5uﬁ%r(m)w[¢]gi/27m)m + 9 k(+8) Ml‘;ﬁgv
k

+27HEH) sup |y(a)| +27HOO sup u(x))).
Vil z€VENT

From this inequality and from (2.15) we conclude that Wi € C’lﬁ’iH(Gi).

The relations (2.14) follow from similar relations for domains with smooth bound-
aries.



Lemma 2 Let 0 < f+v—a<1,0<a—~v<1andletl be a positive integer. If

-1, l,«
NS N,B,ﬁl_H (T), then Vi € NB,WH(Fi) and

(%)i =-Wse£e/2, Vo)t =)~

hold on T\M. Here W{§ is the operator formally adjoint of Wy.
Proof. One verifies directly the estimates

sup (@) T (V) ()] < e sup ple) ()~ (o), i = 1,2,...,m,
z€B(6,0;) zel

where § is the same as in (2.15). To get the result, it is sufficient to apply the same
argument as in the proof of Lemma 1 to the transmission problem

Av=0on GtUG™, vt —v =0 on T,

(5) - (5) —ponrime

Lemma 3 Let0 < f+v—a<1,0<a—v <1 andletl be a positive integer. Then

the representation
() (5 ) W -

holds on G+ U G~ for all functions u € C’;’g’f;H(G+ U G7) satisfying the equation
Au =0 on GFTUG~. Here Cé"f‘y(G*‘ U G™) is the space of functions u in GT UG~
whose restrictions to G belong to Cé’O;(Gi).

Proof. We use the following classic relations

u(z) = (V(9u/0n)")(z) + (Wu')(2), xe G,
0 = (V(9u/on)*)(z) + (Wu")(z), reG,
0 = —(V(9u/on)")(x) — (Wu~)(x), zeGT,
u(x) =—(V(0u/on)")(z) — (Wu")(x), re G,

hold for all functions u such that
u€ C™®(GE), u=0(z|™') asz =00 and Au=0 on GTUG™.

One shows, using Lemmas 1, 2, that these relations extend to all u € C’é? L(GTUGT),
harmonic on Gt UG~.

Theorem 7 Let 0 < a — v < min{A\", A7}, 0 < B+ — a < min{d*,v™,1}, and
let I be a positive integer. If f € Cé’nyrl(I’), then there exists a unique solution ¢ €
Cig’o;+l(1“) of the integral equation (14 T)p = f and this solution can be represented

in the form 5
_ 1 _
A+T)'f = 5(1 —Q %PJf)f. (2.17)

Here Pt and Q™ are the inverse operators of the boundary value problems (2.3) and
(2.4) (see Theorems 3 and 4).



Proof. By Theorems 3 and 4, the function

1 0
—s(1-@ 5-P")
v 2( @ on /
is in the space C’lﬁa7 (). We shall prove that ¢ is the solution of the equation

(1+T)e = f. We introduce the function u € Cgfy+l(G+ UG™) which is a solution of
the boundary value problem

Au=0on GTUG™, u"=fonT,
()" (&) <o i

It is clear that u~ = Q=2 P* f. Hence ¢ = (u™ — u~)/2. By this and Lemmas 1, 3
we arrive at the chain of equalities

(I+D)p)(z) =2(We)"(2) = (W(u" —u"))"(2) =u’(z) = f(z) (2.18)

for x € T\9M. Since (Wyl)(x) is the solid angle under which the surface I is seen
from z, we conclude that T € C(T') for ¢ € C(I') and that the relations (2.18) hold
for all x € T

It remains to verify the uniqueness of the solution. Let ¢y € CZ;O,‘y () satisfy
(1+ T)pg = 0. Consider the function u = Wey. By Lemma 1, u is a solution of
(2.3) with f = 0. In view of the uniqueness of the solution of (2.3) we conclude that
Wwo =0 on GT. Since

(%)7 _ (%Y =0 on I\

and since (2.4) is uniquely solvable, we conclude that Wy =0 in G~. Thus,
wo = (W)™ — (Wpo)~ =0,

which completes the proof.

3 Estimates for the kernel of the inverse operator

In what follows we use the notations
s =min{6",v",1}, A =min{ AT, \"}.
The aim of this section is to prove the following assertion

Theorem 8 Let 0 < a—v <\, 0< B8+7—a <1, and let | be a positive integer.
Then

A+D)'f=Q+L+M)f, feCy, (D). (3.1)

where L and M are integral operators on T'. The kernel M (x,y) of the operator M
admits the estimate

[M(z,y)| < cﬂ(y)”—l—s(;g;)kla.

The kernel L(x,y) of L equals zero if dist(xz,y) > &, where ¢ is a sufficiently small
positive number.

10



If the points x and y lie in a neighbourhood of a vertex O;, i = 1,2,...,m, and this
neighbourhood contains no vertices of the polyhedron other than O;, then the kernel
L(z,y) satisfies

Liw,y)| < cp(y)ﬂ(;gbxls
+c (r(y) + |x—y)—2(W)A—E(T@)T“)A_1_s

provided p(z)/2 < p(y) < 2p(x) and

Lol < epl) ™ ota) + plo)) (P BRI (T

in the opposite case. Here € is an arbitrary positive number.

In what follows by {xx}3_,, mand, 2 we mean functions in C*°([0, o)) such that

(1) > xk=1, suppxi C[0,5/8), suppxa C (1/2,2), x3C (8/5,00);
1<k<3

(2) m()=1 for t<1/8 and m(t)=0 for t>1/4;

(3) n(t)=1 for t <5/6 and 72(t) =0 for t>6/7.

We assume that the points z and y lie in a neighbourhood U; of the vertex O;,
i =1,2,...,m and that U; contains no other vertices than O;. Let the origin coincide

3.1 Estimates for the kernels L(x,y) and M(z,y) for |y| < 5|z|/8
Given z € T\, consider the Dirichlet problem
AyRY(y,x) =0, yeG*

(3.2)
R*(y,x)

na(lyl/le) R (y, x), yeT.

Lemma 4 Let 0 < —a— 7 < A, —x < f4+v—a < 1+ 3 and let | be a positive
integer. Then there exists a unique solution RY(-,x) € C’lﬁ’zﬂ(Gﬂ of the problem
(3.2) for all x € U; N (I'\O;) and

R ()] < er ol o (1) () (3.3

where A\re = min{0,\ — |7| — e} and y € U; N GT.

Proof. We set z = [7|X, y = [2]Y and let G|, and I'|;| be the images of the sets
G and T under the mapping y — Y. The problem (3.2) can be written in the form

AyRm(Y,X) =0 Ye G|w|
(3.4)

11



where

R (Y, X) = [z|RT (jY, |2]X), |X]=1
and in view of the inequalities for 97 0f R~ (z, ) from Theorem 4

[ Hzllcto

5. +Z(G+\) -

Applying Theorem 3 to the solution of the problem (3.4), we get
' @ < .
1Riai Xt () < ¢

Settingy=a—A+¢, §=—x—7+a+e¢, we find

07 Rjay (Y, X)| < e V17172 ( |(;’|))Afe.

Returning back to the function R (y,x), we arrive at (3.3). The lemma is proved.

Lemma 5 Let0<a—v< A, 0<8+v—a<1andletl be a positive integer. For
l,a .
any ¢ € Cg49,. (I') the representation

_ 9 ||
@ @ag [ P () ewisds

(3.5)
_ Iyl ,
= /FL(x,y)xl ( |x|)s0(y)d8y, zel'NU;
is valid, where
_ B y\*e/r(y A—1—e
L)l < cle = ()7 ()T (36

Proof. Setting

&= [P () e,

and using (2.8), we rewrite the left-hand side of (3.5) in the form

Jon(E)@ 0.0 gv@dse+ [ R gverase

+/F(1 — m(é%)@(%&)iﬁv(f)dsg’

where RT is the solution of (3.2)

Applying Green’s formula to the first and second integrals, we arrive at the rep-
resentation (3.5) with

Z Li(z,y), (3.7)

1<k<3

where

0 R*(y, ),

ony
Do) = = [ (aem(i£)@ 0.2)) P € e
L) == [ (1=m({))@ @0 7Pt € nise

Li(z,y) =

12



We estimate each term in (3.7). Inequality (3.6) for £;(x,y) follows directly from
(3.3). Let us estimate Lo(z,y). It is clear that 6|¢| > 5|z| on the support of the
function & — Agna(|€]/|2z|). From this and from the inequality 8|y| < 5|x| we conclude
that 3|¢| > 4|y|. Hence, by Theorems 3 and 4 we have

€=l ()" ()T e

Lyl <c [ )

EEGT:6|E|>5|x|

M)(S*—a(r(y))/vr—l—a'

< clal Myl ( ==
|z |yl

Finally, to obtain the required estimate for L3(z,y), we write it as the sum of two
integrals over the sets

I={¢el: g <2z|} and To={&eT: [ >2]x[}.

By Theorems 3 and 4,

|Ls(,y)| < c / & — €)M 2K (y, €)dse

§ET:6[E[>5]x|
|z—€|<3|z]|

te / (6173 + p(€) %) K (y, £)dse
geT: €] >2|x]

< cla[ gt <M)6+—5(@))\—1—50

|z| lyl

Here we used the notation

K(y.) = |y|1<|y|/|g>f6<7“.§5’R)”‘1’5(;E§§>”‘1-é

The lemma, is proved.

3.2 Estimates for the kernels L(z,y) and M(x,y) for 5|y| > 8|z|

Let z € I' " U;. Consider the following boundary value problems

x
AR () =0, y€G' R =m(D )R o). yel, (33

Adf(y) =0, yeG" d(y)=d (y), yeT. (3.9)
Lemma 6 Let 0 < a— 7 < A\, —x < B+7v—a < 1+ and let | be a positive
integer. Then problems (3.8) and (3.9) have unique solutions RT(-,x) € Cé’fyﬂ(G*‘),
respectively, d+ € CIB’ZH(G*) for all x € U; N (T\O;) and
»x—e Are
ot <e (BT () yeerno, @)
vl [yl

T o+ w—|T|—¢ ’f'(y) Are + .

10, d™ (y)| < cr p(y) W) , yeGETNO,. (3.11)

Proof. Inequality (3.11) is a direct corollary of Theorem 3 and inequality (3.11)
is proved in a similar manner as Lemma 4.

13



Lemma 7 Let0 < a—v < X\, 0< B+~v—a <1, and let | be a positive integer. For
Lo
any ¢ € Cgyy ()

J@wege [P ()i

(3.12)
= /(M(%y) + L(a?»y))m('y:)w(y)dsy’ z €T\,
r x
where y € ' N O; and
M) < el (FH) T (313)
Lol < el 2l (F2) (314)

Proof. Setting
v(§) = P& y)xs(lyl/lz)e(y)ds,
and using (2.7), (2.9), we write the left-hand side of (3.12) in the form

0
/ <nz<\sc|/|£|>(E 7+ (6) vl
— i “(x —a v S
+ [ R eng©isc+ [0-m(E)e @ oz e

Here RT(£,x) and d+( &) are solutions of (3.8) and (3.9). Applying Green’s formula,
we arrive at (3.12), where

Lle)+ Ma) = 3R ) + 5 () (T 400 + 7))

7/G+A ( (||§|) (EM +d+(§)))P+(§,y)d55

+[(1-n(i8)@ o Pt s

To obtain estimates (3.13), (3.14), it is sufficient to use Theorems 3, 4, and Lemma
6 (see the proof of Lemma 5).

3.3 Estimates for the kernel L(z,y) for |y|/2 < |z| < 2|y
The purpose of this subsection is to prove the following assertion.

Lemma 8 Let0<a—7v7< A\, 0< B+v—a <1, and let | be a positive integer. For
1,
any ¢ € C57, ()

(3.15)
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where
[L(z,y)| <e(r(y) ™ if |z —y| <r(2)/2,

and

e ( r(z) ))\—e< r(y) )/\—1—5_"_ c <7~(y)))\—1—a

|L(z,y)| < ——— — (==
’ |z —yl> \ |z -yl |z — yl lyl> \ y|

otherwise.

First we formulate an auxiliary assertion. Suppose that the point z € T\O; lies
in a neighbourhood of the edge 9M; together with the ball B(d|z|,x) of radius d|x|,
where ¢ is a sufficiently small positive number. We denote by D;-“ and D" the interior
and the exterior of the dihedral angle which coincides with G near the edge 9;. In
what follows we omit the index j in Dji and use the notations for the diherdral angle
D? introduced in Subsection 1.2.

Lemma 9 The following estimates hold on the set {y € T : |z]/2 < |y| < 2|z|}:
|8§3;(P+(m,y) - P+($,y)| S CUT|x|727|T‘7‘U‘7
Aoe (r(y)\Are
ks — _ O— < Cor —1—|7|—|o] T(l‘) "y
0505(Q (2,9) = Q (2,)| < corlo] (ar) T (0)
where Pt (x,y), Q™ (z,y) are the kernels of the operators (2.12), (2.13), and

Aoe =min{0, A7 —|o| —e}, A =min{0,\" — || — €}

The proof is similar to that of Lemma 2.6 in [GM3]. The only difference is that
one has to use theorems on the solvability of the Dirichlet and Neumann problems in
domains with edges (see [MP1], [?]) instead of similar assertions for smooth bound-
aries.

Let z € T'\O;. Consider the following problem
ART(z,y) =0, yedG¥,

R* (o) = xa(() (@ (e:9) = @ (), weT.

It follows essentially from Theorem 3 that the estimate
Are
7R (o) < e ol () (3.16)
holds for all y with |z|/2 < |y| < 2|z|, where A;c = min{0, A — |7| — €}.
Proof of Lemma 8. We write the left-hand side of (3.16) as

Jre(i e wogvods+ [ R oz o) ds

(3.17)
|z

+ [0 ()o@ oz e dse

where

o) = [ PHenna() ot ds,

15



Replacing P+ (x,£) by P (z,£) in the first term and applying Green’s formula to the
second term, we write (3.17) in the form

[ @z [Prenm(Gar)ew ds i

+ [ Lene() e ds, (318)

||

where

0
L/(J"ay) = T%R+(x7y)

- [ @zt (n(B) - ) (Bt) et s

+ [re(g) @ @ogerren(i-m(Yor) )

# [ e (1 m (U)o () ase

# [ @@ (e =P € (Bt (i
2| B

+ / (1 _xZ(E))mx,s)a—%P*(s,y) dse.

Here Q= = Q  (z,§) = XQ(%) Q (z,£). Estimating each term with the help of

Theorems 3, 4 and Lemma 9, we arrive at the inequality

L)l < elel 2 ()

We set o' = z/|z|, & = &/|z|, ¥ = y/|z|. Since the functions Q~ (z,y) and
Pt (z,y) are homogeneous, the first term in (3.18) takes the form

— 0 +ret ‘y/ _ xll
Q (@) 5 | PHE ) m (5 )ey) dsy dse.
r ne¢ Jr
To complete the proof, it is sufficient to refer the following assertion.
Lemma 10 Let F' be the boundary of the dihedral angle with opening w and let A =

7/(r+|m—w|). If p € C'f/’il(F), 0 < a—7v < A, suppp C B(1,0), then the
representation

/F Q-<x,s)£f7>+<£,y)w(y)dsydsg=—so<x>+ /F L y)p)ds,  (3.19)

holds for x € F\9M. Moreover,
L(z,y) <c(rly)™  for |o—yl <r(z)/2

and

£)| < el — g2 (LY (LY

|z —y lz -yl

otherwise.
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Now we formulate an auxiliary assertion. Consider the problem
AR (z,y) =0, ye DT,

R (w) = (@ ) - ) (1= m (M) wer G0

where a, @, and r are the same as in Theorem 6.

Lemma 11 Let 0 <a—v <A, A=n/(r+ |r —wl|), x € B(1,0). Then there exists
a unique solution of (3.20) and the estimate

0TRT (2,y)| < |z —y|7~ |o(|x(9€))A€< r(y) )Af|g\,€

vl |z -yl

holds for |x —y| > r(x).

Proof. Since R™(x,y) is homogeneous, we can assume that |z — y| = 1. We
introduce the function

o(y) = r(z) MR (2,y).

Clearly, v solves the problem
Av=0 on DT, w=1 on F,

where
07| < er(y)llme

The required estimate follows from Theorem 5.

Proof of Lemma 10. In what follows, for definiteness, we assume that = lies on
the face F't of the polyhedron. We represent the left-hand side of (3.19) as the sum
of two terms obtained from the initial expression by replacing ¢ by ¢1 and by s,
where

pr =0 =2, @2z,y) = (@ y)m(z —yl/r(x)s)).
Here § is so small that F~ N B(or(z),z) = 0.

We write the first term in the form

[n(5at)e @ogv@ds+ [ (1-n(G))e o gueds.

where
/P+ (&) (1—711(‘6 ( ?;|))s0(y)d8y«

Applying Green’s formula to the second integral and using the solution of (3.20), we
find that it is equal to

/Fcf(a:,y)(l —m |§J£|))<ﬂ(y)dsy,

where

Lf(z,y) =

0 (R+(=’E7 y) +

4\x - g\ )
o - [ m( )2 (€15 P (6 )i

Ix—yI

+/D+A (R+(az £) + §|)(1 ( ‘)P (€, y) de.
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Since
r(z)

o 1
.
ony |z —yll1~ |z —yl

for |z —y| > r(z),

the estimate

L] < el -y 2 ()T ()T

|z -yl |z —yl
follows from Theorems 5, 6 and from Lemma 11.

Next we need to show that

[o wog [ Prenm (52 et ae

=—p(z)+ /F Lo(x,y)m ( E;;; )w(y)dsy, x e T\, (3.21)
where
|La(x,y)| < e(r(y)2 (3.22)

We write the left-hand side of (3.21) as the sum of two terms by setting
Q_(xaé-) = Ql(xvg) + Q2($7€>7

Q1(z,§) = Q" (z,§) m(|x — &]/(4dr(x)).
It is clear that the inequality |y — &| > sr(y) holds for

lv =&l >0r(x)/2, |z -yl <dr(x)/4,

where s is a certain positive number. Hence, by Theorems 5, 6, the second term is
the integral operator with a kernel satisfying (3.22).

We denote by Py (z,y) and Q (x,y) the kernels of the inverse operators of the
corresponding boundary value problems in the half-space, that is the problems ob-
tained from (2.10) and (2.11) by replacing D* and F by R} and R2, where R? is
the plane containing F'*, R3 is the half-space with boundary R? containing points of
the polyhedron near the origin and R? = R3\(R3 UR?). It is well known that the
estimates

1020, (P (&,y) — Py (&,9))| < Corr(z) 21Tl
10207(Q (€,9) — Qy (6,9))| < copr(ar) L1711,
hold for &,y € D N B(6r(x), x).

Therefore, to obtain the representation (3.21), it is sufficient to show that the
expression

[z — &1\ - 9 / o (e =€
— — P, dsy d
/F+ 771(4(57”(13))@0 (,8) one Jpy ° 771( or(x) )cp(y) Sy 05
admits a similar representation. The last follows directly from the relation
_ 0
| @05 [ B €newis,ds = -olo).
R2 ¢ JR?

The lemma is proved.

Proof of Theorem 8. If the point = is placed near y, then the estimates for
the kernels M (xz,y), L(z,y) follow from Lemmas 5, 7, 8. In the opposite case such
estimates can be obtained similarly and even simpler.
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Remark 1 Using known results on the asymptotic behaviour of solutions to the Dirich-
let and Neumann problems near boundary singularities, one can improve estimates of
the kernels M(x,y), L(x,y). For example, if the points x, y lie in the neighbourhood
of a vertex O; which does not contain other vertices and if for a certain edge IM; the
estimates

dist(z, ;) < cdist(z, M,), dist(y, M;) < cdist(y, M,)

hold for all s : 1 < s < k, s # j, then the numbers » and A\ may be replaced by
min{d;,v;} and w/(m + |7 — wj|), where w; is the opening of the dihedral angle with
the edge 9.

Remark 2 The following representation holds for the inverse operator of the integral
equation associated with the exterior Neumann problem:

*\ — * * -1,
1+T)'g=(1+L"+M")g, ge Nz 5T,

where the kernels of the operators L* and M obey the estimates which can be obtained
from the estimates for the kernels L and M in (3.1) by replacing x by y and vice versa.

4 Solvability of the integral equation

In this section we use our previous notatio. Besides, we denote by L’B’ W(F) the space
of functions uw with the norm

||U||Lgﬁ(r) = ||Pﬂr7u||Lp(r)-

Lemma 12 The operators L and M satisfying the estimates given in Theorem 8 are
continuous in Li; (T') for

1<p<oo, 0<fB4+v+2/p<l+sx, 0<~v+1/p<A

and for
p=oo, 0<B+y<l4+x 0<y<A

Proof. Let ¢ € L} _(T'). It is sufficient to show that Ly € L} (I'NU), respec-
tively, M € L’ﬁ” 7(FﬁU ), where U is a neighbourhood of a vertex O;. For convenience
we assume that the point O; coincides with the origin. We denote by x a function
from C§°(R3) which equals one on U. We also assume that supp x contains no other
vertices of the polyhedron except O;.

We shall verify the following inequality for the function ¥ = ¢y
||L¢||L;;ﬁ(mU) < C”'@[JHL‘[;W(F)' (4.1)

The same estimate for the operator M is obvious for 1 <0 < oo, S+~ +2/p > 0,
v+ 1/p>0,and p=o0, B+~ >0,7>0.

We set
=3 L=y |

Lz, y) ¢(y) dsy,
1<i<3 1<i<3 /T

where Iy ={€eT: 2| < |z|}, Ta={6 €T |z|/2< |§| <2]z|}, Ts5={£€T:|{ >
2|z}, and prove (4.1) for each integral L;i). We shall use the Hardy inequality

||PaF||L,,(R3r) <c ||Pa+lf|\Lp(R3r)a (4.2)
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where
P oo
:/ f)ydt, o< —-1/p, and F(p) :/ fydt, a>-1/p.
0 P
Let 7 be the function on Ri_ defined by

Do) = / FO) 1 (08)| L.

Y4

where ¢ = OK; N 52, S? is the unit sphere with center at O;, 0K is the boundary of
the cone K; which coincides with GT near trhe point O; and a positive € is so small
that A\ —e >~ +1/p.

We set ,
F(p) = *TeY(r)d
() / () dr

and in vew of estimates for L(z,y) in Theorem 8 we get

10”7 Lav|| 1, ey < € ||PB+7717”+6+1/’7F||LP(R;)-

Using (4.2) and taking into account thet A —e > v + 1/p, we arrive at the desired
estimate for L1y for 8 +~v+2/p <1+ 3 —e.

The estimate (4.1) for L3t is proved similarly. It is sufficient to consider the
function

)= [ ar

and to apply the inequality (4.2).
In order to obtain (4.1) for Lat, we use the following assertion.

Lemma 13 Let F be the boundary of the dihedral angle with edge 9 and let L be
the integral operator on F with the kernel L(x,y) satisfying the estimate in Lemma
10. Then the operator L is continuous in Ly, ((F) for 1 <p <oo, —A<t+1/p <A,
where Ly, ((F) is the function space with the norm

lullz,, .y = Ir'ullz,(F)-

Proof. Let 1 < p < co. We denote by L;, i = 1,2, the operator with the kernel
(LE)(x,y), where

oo = (1=n (). atn - (55

For the operator £; we have

)\ 1—¢ P
||£150||IL7,),t(F)§ / p(t+,\ €) / |a:— ‘1-&-2/\ 25< (g;,y)@(y)dsy) ds,. (4.3)

By Hoélder’s inequality, the interior integral is majorized by

p()\ 1—e—9) %
/|x— |2+aq<1 /x— y[2HpA—T—2e— oy Clel? dsy) ’

where ¢ = p/(p — 1), p # 1. Setting § > —1/¢, a — d > 0, we conclude that the first
factor in the last expression is estimated by r(x)%~.
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Hence

plt+A—e+d—a)
1ol iy < [ty ([ s, ) s,
Suppose that e, « —d, § +1 — 1/p are so small that
A+t+1l/p—e+d—a>0, A—1l—-e—6—-t>0.
The the last inequality leads to the estimate

I1L10llz,. .7 <clelle,. F)- (4.4)

In order to establish (4.4) for p = 1, it is sufficient to change the order of integration
in the right-hand side of (4.3). In the case p = oo, the estimate (4.4) follows directly
from the estimates for the kernel of thew operator L.

Using the inequalities
ar(y) < r(z) < cor(y), c1,¢9 > 9,
for x,y € supp (2, we arrive at (4.4) for the operator L,.

Lemma 14 The operator T is continuous in spaces C(T') and Ly _(T) for all 1 <
p<oo, 0<fB4+7+2/p<2,0<y+1/p<1, and forp=o00,0<F+vy <2
0<~y<1.

Proof. Let the points x, y be placed in a neighbourhood of a vertex O;. One
verifies directly that the kernel T'(x,y) of the operator T' admits the estimates
r(x) 1

(@ y)l<ec (r(z)+ |z —yl)3 e p(x)?

if p(x)/2 < p(y) < 2p(z), and
T(z,y)| <c

otherwise.

It is known that Ty € C(T') for ¢ € C(T) (see [BM], [K]). Hence, by the above
estimates for T'(z,y) all assertions of this lemma follow from Lemma 12.

Using Theorems 7 and Lemmas 12, 14, we arriuve at the following assertion.
Theorem 9 Let 1 <p <00, 0< f+v+2/p<1l43x 0<~v+1/p <A, and for
p=00, 0 < B+v <143 0<~v <A\ Then the inverse operator of the integral
equation associated with the Dirichlet problem is continuous in the spaces C(T) and
LZN(F).

This result along with Lemma 14 shows in particular that the mappings

1+7T: LP(F> — Lp(F), 14+7*: Lp/(pfl)(l—‘) — Lp/(p,l)(l“)7

where p > 2/(1 + 5) and p > 1/A, are isomorphic.
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