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ABSTRACT. For the general second order linear differential operator

Lo = Z ajkajak—&—z bjaj +c
7, k=1 j=1
with complex-valued distributional coefficients a;x, b;, and c in an open
set Q@ C R™ (n > 1), we present conditions which ensure that —L is
accretive, i.e., Re (—Lo¢, ¢) > 0 for all ¢ € C5°(Q).
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1. INTRODUCTION
Let Ly be the general second order differential operator in an open set
Q C R,

n

(1.1) Lo= Y apdie+) bjdi+c
g k=1 j=1

where aji, bj, and c are complex-valued distributions in D’(2). In this
paper, we are concerned with the accretivity of —Lg defined in terms of the
real part of its quadratic form:

(1.2) Re (—Lou, uy >0,

for all complex-valued functions u € C§°(€2). In other words, we study the
dissipativity property associated with Ly.

If the principal part Au of the differential operator is given in the diver-
gence form,

(1.3) Au = div (AVu), u e C5o (),
then we consider the operator
(1.4) Lu = div (AVu) +b-Vu+cu,
with distributional coefficients A = (a;;), b = (b;), and c. The correspond-
ing sesquilinear form (Lu,v) is given by
(1.5) (Lu,v) = —(AVu, Vo) + (b - Vu,v) + (cu,v).

We observe that Lo = £ — Div A -V (see, for instance, [I5], [23]), where
Div: D'(Q)™*™ — D'(Q)" is the row divergence operator defined in Sec. [6]
Hence, we can always express (Lou,v) in the form (|1.5)), with b — Div A in

place of b, for distributional coefficients A and b.
If the differential operator is given in a more general divergence form,

(1.6) Liu = div (AVu) + by - Vu +div (b2 u) + 1 u,

then obviously it is reduced to (1.4) with b = by + by and ¢ = ¢; + div ba.
From now on, without loss of generality we will treat the accretivity prop-
erty

(1.7) Re(—Lwu, u) >0, forall ue C;°(Q),

associated with the divergence form operator (|1.4]).
Assuming that A = (a;), b = (b;) and c are locally integrable in 2, we
write the sesquilinear form of £ as

(1.8) (Lu,v) :/Q(—(AVU)-VU—Fb-Vu U+ cuv)dr,

where u, v € C§°(£2). Sometimes it will be convenient to write ([1.5)) in this
form even for distributional coefficients A, b, and c.



ACCRETIVITY OF THE SECOND ORDER DIFFERENTIAL OPERATOR 3

Our main results on the accretivity problem are stated in Sec. [2| below,
in particular, Proposition and Theorem in higher dimensions n > 2,
and Theorem 2.3 in the one-dimensional case.

This problem is of substantial interest in the real-variable case as well,
where the goal is to characterize operators —L with real-valued coeflicients
whose quadratic form is nonnegative definite,

(1.9) (=Lh,h) >0, for all real-valued h € C3°(Q2).

Such operators —L are called nonnegative definite.
In the special case of Schrédinger operators

(1.10) Hu = div (PVu) + o u,

with real-valued P € D'(Q2)™*™ and o € D'(f2), a characterization of this
property was obtained earlier in [I2, Proposition 5.1] under the assumption
that P is uniformly elliptic, i.e.,

(1.11) m||€|]? < P(z)¢-€ < M€, forall € € R, ae. x€Q,

with the ellipticity constants m > 0 and M < oo.

An analogous characterization of for more general operators which
include drift terms, £ = div(PV-) + b -V + ¢, with real-valued coefficients
and P satisfying , is given in Theorem below.

Returning to the accretivity problem for £ =div(AV:)+b-V +c¢
in the complex-valued case, define the symmetric component A® and its
skew-symmetric counterpart A€ respectively by

1 1
(1.12) AS=_(A+ A1), A°=(A-A4Y),
2 2

where A = (a;i) € D'(Q2)"*", and A+ = (ay;) is the transposed matrix.
As we will see below, in order that £ be accretive, the matrix A® must
have a nonnegative definite real part: P = Re A° should satisfy

(1.13) PE-£>0 forall ¢ € R, in D'(Q).
Moreover, the corresponding Schrédinger operator H defined by (1.10) with
1
P=ReA®, o=Rec— §div (Reb),
must be nonnegative definite:
(1.14) (W3, = (=Hh,h) = (PVh,Vh) — (ch,h) >0,

for all real-valued (or complex-valued) h € C§°(R"™).
The rest of the accretivity problem for £ (see Sec. boils down to the
commutator inequality involving these quadratic forms,

(1.15) (b, uVv — vVu)| < [u]y [v]x,
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for all real-valued u,v € C§°(R"), where the real-valued vector field b is
given by

b= % [Im b — Div(Im A°)].

Under some mild restrictions on H, the “norms” [uly and [v]y on the
right-hand side of ([1.15)) can be replaced, up to a constant multiple, with
the corresponding Dirichlet norms ||V -[|2(q). This leads to explicit criteria

of accretivity in terms of BMO™! estimates, as in Theorem [2.7] below.

Similar commutator inequalities related to compensated compactness the-
ory [4] were studied earlier [23] in the context of the form boundedness prob-
lem for L,

. U, V)| > u L2(Q) v L2(Q)s u, v 0 s
(1.16) [(Lu, v)] < ClIVullrzg) [IVoll € G5 ()

where the constant C' does not depend on u, v.

If (1.16) holds, then (Lwu, v) can be extended by continuity to u,v €
LY2(Q). Here L12(9) is the completion of (complex-valued) C§°(£2) func-
tions with respect to the norm ||ul|z1,2(q) = [[Vu|[12(q). Equivalently,

(1.17) L: LY2(Q) = L752(Q)

is a bounded operator, where L=52(Q) = L12(Q)* is a dual Sobolev space.
Analogous problems have been studied for the inhomogeneous Sobolev space
Wh2(Q) = LY2(Q) N L%(Q), fractional Sobolev spaces, infinitesimal form
boundedness, and other related questions ([22]-[25]).

The form boundedness problem for the general second order differ-
ential operator £ in the case 2 = R" was characterized completely by the
authors in [23] using harmonic analysis and potential theory methods. We
observe that no ellipticity assumptions were imposed in [23] on the principal
part A of L.

For the Schrodinger operator H = A + o with o € D/(Q), where either
Q= R" or Qis a bounded domain that supports Hardy’s inequality (see
[2]), a characterization of form boundedness was obtained earlier in [21]. A
different approach for H = div (PV-) + ¢ in general open sets 0 C R" based
on PDE and real analysis methods, under the uniform ellipticity assumptions
on P, was developed in [12]. A quasilinear version for operators of the p-
Laplace type can be found in [13].

Both the accretivity and form boundedness problems have numerous ap-
plications, including mathematical quantum mechanics ([29], [30]), elliptic
and parabolic PDE with singular coefficients ([5], [7], [14], [15], [20], [26], [9],
[27]), fluid mechanics and Navier-Stokes equations ([8], [16], [31], [33]), semi-
groups and Markov processes ([17]), homogenization theory ([34]), harmonic
analysis ([4], [6]), etc.

We remark that, for the form boundedness, the assumption that the co-
efficients are complex-valued is not essential. It is easily reduced to the
real-valued case.
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The situation is quite different for the accretivity problem, where the
presence of complex-valued coefficients leads to additional complications,
especially in higher dimensions (n > 2) when the matrix Im A is not sym-
metric, and/or the imaginary part of b is nontrivial. Then commutator
inequalities of the type (1.15) with sharp constants, BMO estimates, and
other tools of harmonic analysis come into play.

These phenomena, along with some examples demonstrating possible in-
teraction between the principal part, drift term and zero-order term of the
operator L, are discussed in the next section.

2. MAIN RESULTS

2.1. General accretivity criterion. Let Q@ C R™ (n > 1) be an open set,
and let £ be a divergence form second order linear differential operator with
complex-valued distributional coefficients defined by .

For A = (aj,) € D'(Q)™*", define its symmetric part A® and skew-
symmetric part A€ respectively by . The accretivity property for —L
can be characterized in terms of the following real-valued expressions:

-] 1
(2.1) P=ReA’, b= 5 [Imb — Div(Im A°)], o =Rec— §div (Reb),
where P = (pj1.) € D'(Q)"*", b = (b;) € D'()", and o € D'(Q). This is a
consequence of the relation (see Sec. [3))

(2.2) Re(—Lu,u) = Re(—Lou,u), u e C5(Q),
where
(2.3) Ly =div(PV-) +2ib-V +o0.

Moreover, in order that —L be accretive, the matrix P must be nonneg-
ative definite, i.e., P§-§ > 0in D'(Q) for all £ € R™. In particular, each p;;
(j =1,...,n) is a nonnegative Radon measure.

A comprehensive characterization of accretive operators —L is given in
the following proposition.

Proposition 2.1. Let £ = div(AV:) + b -V + ¢, where A € D'(Q)™*",
b € D'()" and ¢ € D'(Q) are complez-valued. Suppose that P, b, and o
are defined by .

The operator —L is accretive if and only if P is a nonnegative definite
matriz, and the following two conditions hold:

(2.4) [h)3, = (PVh,Vh) — (o h,h) >0,
for all real-valued h € C§°(Q2), and
(2.5) (b, uVv — vVu)| < [uly [v],

for all real-valued u,v € C§°().
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In equation , the expression [h]%{ = (—Hh, h) stands for the quadratic
form associated with the Schrédinger operator H = div (PVh)+o, discussed
in Sec. 2.3

In Theorem below, we show that it is possible to replace b in Propo-
sition by b — PV, with an appropriate change in ¢. In particular, the
commutator condition trivializes if b = PV . This reduction is used
in Sec. M in the one-dimensional case.

2.2. Real-valued coefficients. As a consequence of Proposition [2.1] we
see that, for operators with real-valued coefficients, the sole condition
characterizes nonnegative definite operators —L in an open set ) C R”
(n > 1). We next state a more explicit characterization of this property,
under the assumption that P = A° € L] ()™ " in the sufficiency part,
and that P is uniformly elliptic in the necessity part.

Theorem 2.2. Let £ = div(AV:) +b -V + ¢, where A € D'(Q)"*", b €
D'()" and c € D'(Q2) are real-valued. Suppose that P = A® € Ll _(Q)"*"
is a nonnegative definite matrizc a.e.

(i) If there exists a measurable vector field g in Q such that (Pg)-g €

LIIOC(Q), and
(2.6) o—c— %div (b) < div (Pg) — (Pg)-g in D'(Q),

then the operator —L is nonnegative definite.

(ii) Conversely, if —L is nonnegative definite, then there exists a vector
field g € L} ()" so that (Pg)-g € L (Q), and holds, provided P is
uniformly elliptic.

Conditions similar to are well known in ordinary differential equa-
tions, in relation to disconjugate Sturm-Liouville equations and Riccati
equations with continuous coefficients ([10, Sec. XI.7], Corollary 6.1, The-
orems 6.2 and 7.2). See also [9], [22], as well as the discussion in Sec.
and Sec. [ below in the one-dimensional case.

2.3. Schroédinger operators. As was mentioned above, in the special case
of Schrodinger operators H = div (PVh)+o, with real-valued o € D'(€) and
uniformly elliptic P, Theoremwas obtained originally in [I2), Proposition
5.1]. Under these assumptions, —# is nonnegative definite, i.e.,

[h]3, = (=Hh,h) >0, forall h € C3°(R),
if and only if there exists a vector field g € L2 ()" such that

loc
(2.7) o <div(Pg) — (Pg)-g in D'(Q).
A “linear” sufficient condition for —H to be nonnegative definite is given
by o < div (Pg), where g € L? (Q)" satisfies the inequality

loc

1
/Q(Pg gl dr < 7 /Q(PVh - PVh)dz, forall h € C5°(Q).
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Here Pg-g is an admissible measure (Sec. @ However, such conditions are
not necessary, with any constant in place of i, even when P = [; see [12].

We recall that in Proposition[2.I]above, the nonnegative definite quadratic
form [h]3, is associated with the Schrodinger operator H with real-valued
coefficients P = Re A°, o = Rec — 3div (Reb).

Hence, characterizes the first condition of Proposition given by
(2.4). The second one, the commutator condition , will be discussed
further in Sections [2.5] and see also an example in Sec.

Notice that, even for form bounded ¢ such that

(2.8) {0, h*)| < C| VA7), for all h € C5°(Q),

the fact that —H is nonnegative definite is not equivalent to the existence of
a positive solution u to the Schrodinger equation Hu = 0. In other words,
in our setup, the Allegretto-Piepenbrink theorem is generally not true. See
[12], [21], [22], and the literature cited there for further discussion.

2.4. The one-dimensional case. In the one-dimensional case, it is possi-
ble to avoid problems with commutator estimates using methods of ordinary
differential equations ([10], [I1]). In particular, the following theorem gives
a generalization of Theorem for complex-valued coefficients in the one-
dimensional case. In the statements below we will make use of the standard
convention 8 =0.

Theorem 2.3. Let I C R be an open interval (possibly unbounded). Let
a,b,c € D'(I), and Lu = (au') + bu’ + c. Suppose that p=Rea € L{ (I),
and Imb € Li (I).

loc
(i) The operator —L is accretive if and only if % € Ll (I), where
p >0 a.e., and the following quadratic form inequality holds:

1 Im b)?
(2.9) /p(h/)2dx ~ (Rec — ~(Reb)', h2) — / Imb)” 12 40 > 0,
I 2 1 4p
for all real-valued h € C§°(I).

ii) If there exists a function f € L1 (I) such that Perl (1 , and
loc P

loc
1 (Imb)2 o

2.1 - = < f—— D'(I

(2.10) Rec 2(Reb) P f ’ in D'(I),

then the operator —L is accretive.
Conversely, if —L is accretive, and m < p(x) < M a.e. for some con-

stants M,m > 0, then there exists a function f € L% _(I) such that (2.10
holds.

Remark 2.4. Clearly, the functions f in Theorem [2.3]and g in Theorem
are related through f =pg.

Remark 2.5. In general, p = Rea > 0 is a Radon measure in . It is easy to
see that condition 1) with p in place of p, where p = % is the absolutely
continuous part of the measure p, is sufficient for —L to be accretive.
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On the other hand, —L is accretive if, for instance, a = 20,,, c = —2d,,
and b = id,,, where g € I. This example is immediate from Proposition
Operators with measure-valued A in the principal part A = div (AV")
are treated in [3] in the context of LP-dissipativity.

The characterization of accretivity obtained in Theorem in the one-
dimensional case does not involve Ima and Imec. However, Imb plays an
important role. In higher dimensions, the situation is more complicated.
The term Im b may contain both the irrotational and divergence-free compo-
nents, the latter in combination with Im A¢. (See Theorem[2.7, and Example
in Sec. below.)

There is an analogue of Theorem in higher dimensions for operators
with complex-valued coefficients, but only in the case where b has a specific
form, for instance, if b = PV for some A\ € D’'(€). More general vector
fields are treated in Theorem [5.1] below.

2.5. Upper and lower bounds of quadratic forms. Returning now to
general operators with complex-valued coefficients in the case n > 2, we re-
call that the first condition of Proposition [2.1|is necessary for the accretivity
of —L, namely,

(2.11) (o h, b < / (PVh - Vh) dz,
Q

for all real-valued h € C§°(Q), where o = Rec — #div(Reb) € D’(2), and
Re A* = P € D'(2)"*™ is a nonnegative definite matrix.
Suppose now that ¢ has a slightly smaller upper form bound, that is,

(2.12) (ch,h) < (1—¢€) /Q(PVh -Vh)dz, heC§(Q),

for some € € (0,1]. We also consider the corresponding lower bound,
(2.13) (oh,h) > —K/ (PVh-Vh)dz, heCy°(Q),
Q

for some constant K > 0.
Such restrictions on real-valued o € D'(Q) were invoked in [12], for uni-
formly elliptic P.

Remark 2.6. Notice that (2.12)) is obviously satisfied for any € € (0, 1), up
to an extra term C' Hh||i2(9), if o is infinitesimally form bounded ([29]), i.e.,

(0, h*)| < el|Vh|[720) + C() 12y, h € C5E(),

for any € € (0,1). This property was characterized in [25]. The second term
on the right is sometimes included in the definition of accretivity of the
operator —L. We can always incorporate it as a constant term in o — C(e).
The same is true with regards to the lower bound where we can use o +C/(e).
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If both bounds (2.12)) and (2.13)) hold for some € € (0,1] and K > 0, then
obviously

e/(PVh-Vh) dw < [h)% < (K + 1)%/(PVh-Vh) dx, heCEQ).
Q Q

Assuming that P satisfies the uniform ellipticity assumptions ((1.11f), we
see that in this case condition (2.5)) is equivalent, up to a constant multiple,
to

(2.14) \<B, uVo — vVu>’ < OVl 1Vl 20

where C' > 0 is a constant which does not depend on real-valued u,v €
C3e ().

This commutator inequality was characterized completely in the case () =
R™ in [23, Lemma 4.8] for complex-valued u,v. Clearly, that characterization
works also in the case of real-valued u,v as well (with a change of the
constant C' up to a factor of v/2).

2.6. Main theorem on the entire space. Combining the characteriza-
tion of the commutator inequality obtained in [23] with Proposition
we deduce our main theorem in the case = R™. We employ separately
the lower bound in the necessity part, and the upper bound in
the sufficiency part.

Theorem 2.7. Let L be a second order differential operator in divergence
form with complex-valued coefficients A € D'(R™)™*"™, b € D'(R™)"
and ¢ € D'(R") (n > 2). Let P, b and o be given by , where P is
uniformly elliptic.

(i) Suppose that —L is accretive, i.e., holds, and suppose that
holds for some K > 0.

(a) Ifn >3, then'b can be represented in the form
(2.15) b=Vf+DivG,
where f € D'(R™) is real-valued, and there exists a positive constant C so

that
(2.16) / \VfI?h%dz < C | |Vh|’dz, for all h € C°(R™),
R™ R™

and G € BMO(R™)"*™ is a real-valued skew-symmetric matriz field.
Moreover, f and G above can be defined explicitly as

(2.17) f=A"1(divb), G=A"(Curlb),

where the constant C in and the BMO-norm of G may depend on K.
(b) Ifn=2, then b = (—02g,019), where g € BMO(R?) is a real-valued

function so that div(b) = 0.

(ii) Conversely, suppose that (2.13) holds for some e € (0,1]. Then
—L s accretive if representation (2.15) holds when n > 3, or f = 0 and
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b = (=029, 819) when n =2, so that both the constant C' in and the
BMO-norm of G (or g when n = 2) are small enough, depending only on €.

Remark 2.8. Notice that the condition imposed on the divergence-free com-
ponent Div G in the Hodge decomposition is much weaker that the
condition on the irrotational component V f.

In particular, means that |V f|[2dz € MV2(R") is an admissible
measure. Several equivalent characterizations of the class MY2(R") are dis-
cussed in Sec. [B below.

Remark 2.9. Under the assumptions of Theorem b € BMO™L(R")" (see
Sec. @ A thorough discussion of the space BMO ™" (R") and its applications
is given in [16].

Remark 2.10. In (2.17)), the Newtonian potential A~! is understood in terms
of the weak-+ BMO convergence (see [23], [32]), and Div and Curl are the
usual matrix operators defined in Sec. [6]

In the case n = 3, we can use the usual vector-valued curl(g) € D’(R3)3
in place of Div G in decomposition , with g = A‘l(curlfo) in 1'

2.7. Example. We conclude Sec. with an example in two dimensions
that demonstrates possible interaction between the principal part and lower
order terms in the accretivity problem for operators with complex-valued
coefficients.

Consider the operator £ = div (AV:) +b -V + ¢ in R? with A = (ajz),
where a11 = ags = 1, a12 = —ag; = i\ log|z|, b = —z|z|? and ¢ = —2|z|?,
where x € R? and A € R.

If |\| < C, where C is an absolute constant, then by statement (ii) of
Theorem [2.7], the operator —L is accretive due to the interaction between the
principal part, the drift term, and the zero-order term (harmonic oscillator).

In this example P = I, 0 = 0, b = (=g, d1g), where g = %log lz| €
BMO (R?). The upper bound obviously holds for any € € (0, 1], but
the lower bound fails.

We note in passing that, by Proposition the optimal value of the
constant |A| in this example is found from the inequality

(2.18) < |IVull 2@y [|Vul| L2 (2,

/R? g(x) J[u,v] dz

for all real-valued u,v € C§°(R?), where J[u,v] = To D5 — s 5, 1S the
determinant of the Jacobian matrix D(u,v) (see [4], [23], and Sec. [f] below).

3. PrROOFS OF PROPOSITION 2.1] AND THEOREM [2.2]

Proof of Proposition[2.1. Clearly, the principal part of Re (Lu,u) depends
only on Re A® and Im A€, since for u = f+ig € D'(Q) (f, g are real-valued),
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we have
—Re (Au,u) = (ReA’Vf, Vf)+ (ReA’ Vg, Vg) — 2(ImA°V f, Vg)
= (ReA’ V[, Vf)+ (ReA’ Vg, Vg) + 2 (div (ImA° V), g)
= (RedA*V [, Vf) + (Red® Vg, Vg)
+ (div (ImA°Vf), g) — (div (ImA° Vyg), f).
Since A€ is skew-symmetric, it follows that
div (A°Vu) = —Div(A®) - Vu in D'(Q),
where the vector field Div(A°) is solenoidal (divergence free). In particular,
div (ImA°Vf) = —Div(Im A°)V f,

for real-valued f.

Letting by = b — Div(A€), we see that the skew symmetric-part A¢ can
always be included in the first-order term by - V, and hence does not affect
the principal part of £. Consequently, we have

(—Lu,u) = (PVf,Vf)+ (PVg,Vg) — (b1, fVf + gVg)
—i(b1, fVg— gV f) = (c, f* + g%,
and
Re (—Lu,u) = (PVf, V) + (PVg,Vg) — (Reby, fVf + gVg)
+ (Imby, fVg — gV f) = (Ree, f* + ¢°).

Integrating by parts, and using the fact that div (Reby) = div (Reb), we
deduce

1
(Reby, fVf +9Vg) = =5 (div(Reb), f* + g°).
It follows that
Re (=Lu,u) = (PVf,V[)+ (PVg,Vyg)
+ <Imb17fv.g - gvf> - <U7 f2 + g2>7
where 0 = Rec — 1div (Reb).
This proves that Re (Lu,u) = Re (Lou,u), where Lo is defined by ({2.3)).

Thus, (2.2) holds.

Interchanging the roles of f and g we deduce that Re (Lu,u) > 0 if and
only if
(PVf,Vf)+(PVg,Vg) — (0, f*+¢°) > [(Imby, fVg — gV [)|.

Using the quadratic form [f ]%{ defined by (22.4), we rearrange the preceding
inequality as follows,

(3.1) [(Imby, Vg — gV < [f13+ 9%

for all are real-valued f,g € C§°(Q2). Clearly, the right-hand side of this

inequality equals [f]3, + [g]3, = [u]3,, where [u]}, = (—Hu,u) > 0 for every

complex-valued u € C§°(€2). In particular, —H is nonnegative definite.
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Replacing f, g in 1) with af, ég respectively, and minimizing over all
real o # 0, we deduce that Re (Lu,u) > 0 if and only if

(3.2) [(Imby, fVg — gV )| < 2[flnlgln,

where f,g € C§°(Q) are real-valued, provided [u]g_[ > 0 for every complex-
valued (or equivalently real-valued) u € C§°(€2). Clearly, %Im by = b, where

b is defined by , so that coincides with .

It remains to show that if —L is an accretive operator, then P = Re A®
is a non-negative definite matrix. Let u = ¢?®%v, where v € C$°(Q) is
real-valued, t € R and £ € R™. Then clearly,

(—Lu,u) =t*((AE - €)v,v) + (AVv, Vo) + it ((A)v, Vv)
— it(AVv,v€) —it{(b - &)v,v) — (b - Vv,v) — (cv,v).
It follows,
Re (—Lu,u) =t*((P¢ - €) v,v) + (PVov, Vo) — t((Im A)év, Vo)
+ t((Im A)Vv,v€) + t((Imb - {)v,v) — (o v,v) > 0.
Dividing both sides by t? and letting t — oo, we immediately get that

((P€ - &) v,v) > 0 for every real-valued v € C§°(2). Then, for any h €
C5°(2), h > 0, denote by n € C5°(€2) a cut-off function such that nh = h.
Setting v = n(h—l—é)% € C§°(Q), for § > 0, we see that (P¢-&, h+dn?) > 0.
Letting 6 — 0 yields P¢ - ¢ > 0 in D'(Q2). This completes the proof of
Proposition 2.1} O

Proof of Theorem[2.4. We recall some estimates for non-negative definite,
symmetric matrices P = (pj), starting with the Schwarz inequality

1 1
(3.3) P < (Pe-€)"(Pn-n)®, forall&neR"
From (3.3) with n = P&, we deduce the estimate
|PE)? < ||P||(P§-€), for all & € R",

where || P|| is the operator norm of P. Since ||P|| < > %) _; [pjkl, using the
preceding inequality with £ = g, we deduce, for any h € C§°(Q),

[irelizar< ([ (re-e) h?dx); / él () 12 da

We now prove statement (i) of Theorem From the preceding estimate
it follows that P € Ll ()™ and (Pg)-g € L ()" yield Pg € L. .(Q)™.

loc loc

Applying (3.3) with £ = g(-) and n = VA(-), we obtain

/ (Pg) - Vh hdz| < / (Pg) g
Q Q

< </Q[(Pg)-g] h? dac>é </Q[(PVh)-Vh] dx)é.

SIS

[(PVh) - Vh]2 hda
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Using ([2.6]), along with the preceding inequality, and integrating by parts,
we estimate,

(0,12) < (div (Pg), h?) — / (Pg) - g] hda
Q

=2 [ [(Pe)- Vil o [ ((Pe) -] s

<2([1re)-g h%zac)é (e wn dx)é - [[(Pe)- g1
< /Q (PVh) - Vh) da.

In other words, holds. Since b = 0, and hence the commutator
condition (2.5)) is vacuous, —L is nonnegative definite by Proposition
This proves statement (i) of Theorem

Statement (ii) of Theorem [2.2)is immediate from Proposition [2.1] and the
corresponding result for the Schrédinger operator H in Sec. which yields
the existence of g € L2 () such that holds. The proof of Theorem

loc

2.3 is complete. O

4. PROOF OF THEOREM [2.3]

Let Lu = (au’) + bu’ 4+ ¢ be a second order linear differential operator
with complex-valued distributional coefficients a, b, ¢ on an open interval
I C R (possibly unbounded). As in (2.1]), we define the associated real-

valued distributions p, b, and o by
- 1 1
p = Rea, b:QImb, J:Rec—gReb’.

Proposition [2.1] gives a criterion of accretivity for —L£ in terms of the
quadratic form inequality for —H,

[h)3, = (ph', 1) — (o h,h) >0, for all h € C3°(I),

where Hh = (ph’)’ + o h is the Sturm-Liouville operator on I, together with
the commutator inequality

< [ul [

(b, uv’ — vu')

for all real-valued u,v € C§°([).

1
loc

inequality by including b in the stronger quadratic form inequality 1) ie.,
b2

(4.1) [h)3r = /p(h’)2dt — {0, h?) — /h2 dt >0,

I Ip
for all real-valued h € C§°(I). Here N'h = (ph')’ + q h, with

In the case where p, b € L (I), it is possible to avoid the commutator

1 b?
g=Rec— i(Reb)’ s
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This means that —L is accretive if and only if the Sturm-Liouville operator

—N is nonnegative definite. In this case, the condition % e L (I)is
necessary for accretivity. We recall that throughout the paper, we are using
the convention % = 0.

The reduction of the accretivity of —L to the property that the Schrédinger
operator —A/ is nonnegative definite is performed via an exponential substi-
tution u = ze~*, where A\ € D'(Q) is a real-valued vector field. It actually
works in the general case n > 1, provided b has a specific form, so that

b = PV, under certain restrictions on P and A (see Sec. || below). If
n = 1, we will show that this is always possible with X' = bin 7.

We first prove statement (i) of Theorem Our first step is to show
that, in the general case ) C R™, for n > 1, we can replace the operator £
in the corresponding quadratic form inequalities with the operators £, with
mollified coefficients A, b, and ¢, (¢ > 0).

More precisely, if u € C§°(£2), then we can pick a smooth real-valued
cut-off function n € C§°(Q2) so that nu = u. Then, applying the inequality
Re (—Lu,u) > 0 with nu = u, we can clearly replace A, b, and ¢ by n?4,
n?b, and n?c, respectively, so that we may assume that the coefficients of £
are compactly supported.

Notice that we can also replace u(z) with a shifted test function u,(x) =
u(x +y), where |y| < e, for a small enough € depending on the support of u
and 7. Let ¢c(y) = e "¢(L) be a mollifier, so that ¢ > 0, ¢ € C(B(0,1))
and fB(O,l) ¢(y)dy = 1. Then supp (¢e) C B(0,€). Integrating both sides of
the inequality Re (—Lu,,u,) > 0 against ¢.(t) dt, we obtain

Re (—Leu,u) >0,

where the coefficients A¢, b, and ¢, are the mollifications of the distributions
n?A, n°b, and n’c, respectively. Conversely, if this inequality holds for small
enough e > 0, then passing to the limit as ¢ — 0, we recover the inequality
Re (—Lu,u) > 0. In other words, we can assume without loss of generality
that the coefficients of £ in the inequality Re(—Lu,u) > 0 are C§°(Q)
functions.

Returning to the one-dimensional case, we fix u € C§°(I), and define p,,
56, o as the mollifications of p, 5, and o, respectively. Obviously, we can
always replace p in the inequality Re (—Lu,u) > 0 by p+ 6, for some § > 0,
and eventually set § | 0.

Let n € C§°(I) be a real-valued function such that nu = u. We set

(4.2) At) = n(t) /tt b I,

o De(T) +6’
where tg € I, and 6 > 0. Then clearly A € C3°([), and
be(t
V() =) A, e
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Notice that, on the support of u, we have

) ) T 2
be(t) =X (1) (pe(t) +3)(1) = 0, 2¢@%Wﬂ—@4”+®““m2:niylé

Using the exponential substitution u = ze~ discussed in Sec. I below,
we deduce from and (5.8) that Re (—Lcu,u) > 0 holds if and only if
. holds with p —|— 8, be and o, in place of p, b and o, for all small enough
e and ¢ > 0, that is

7 2
a3 [0+ orwra - o) - [ S a0,

where h € C§°(I) has the same support as u, since h is a linear combination
of f and g, the real and imaginary parts of u (see Sec. .

Clearly, p,, — p in L (I), and o, — o in D'(I) as ¢ — 0. Since
b e Ll (I) and p € L} (I), there exists a subsequence k — oo so that
be, — b, and p., — p a.e. Passing to the limit as £ — oo, and using Fatou’s
lemma, we deduce the inequality
(4.4) /(p(t) +8) B (t)2 dt — (o, h*) — / b(t)” h(t)?dt >0

I ’ rp(t)+4 -
Letting 0 | 0 and using the dominated convergence theorem and the

monotone convergence theorem, we see that b— € Lloc( ), and 1) holds,
provided —L is accretive. This proves the necessrcy of condition (4.1f) for
the accretivity of the operator —L.

To prove the sufficiency of condition , assuming p € LL (I), notice
that it obviously yields for every § > 0. Using the same mollification
process as above we deduce

(4.5) /I (pe(t) + 6) W ()2 dt — (o0, h2) — /I ( v’ ) () h(0)?dt >0

p—|—5 €

By Jensen’s inequality, we have
72

G < 0ul0) +8)(25) (0, tel

Consequently, yields . As was mentioned above, inequality ,
via the exponential substitution u = ze ™™ with \ defined by , is equiv-
alent to the inequality Re (—Lcu,u) > 0. Letting ¢ — 0, we conclude that
—L is accretive. This proves statement (i ) of Theorem

To prove statement (ii), suppose that ) holds for some f € L{ (1)
such that f € L (I). Letting g = f, we see that pg®> € Ll _(I), and
condition l' holds with ¢ in place of o. Hence, by Theorem the
operator —\ is nonnegative definite, i.e., (2.9) holds, which yields that —£
is accretive by statement (i) of Theorem

In the converse direction, if —L is accretive, then holds by statement
(i) of Theorem In other words, the operator —NA is nonnegative definite.
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Thus, by Theorem there exists a function g € L2 (I) such that (2.10)

loc

holds with f = pg. Here p is uniformly bounded above and below by
positive constants, so that f € L2 (I), and the right-hand side of (2.10) is
U

loc

well-defined. The proof of Theorem is complete.

5. DECOMPOSITION OF THE DRIFT TERM

In this section, we deduce a version of Proposition for vector fields
(5.1) b= PV +d,

where A and d are real-valued. In particular, it yields more explicit criteria
of accretivity in the special cases where d = 0, i.e., b= PV or P=1 and
divd = 0, so that is the Hodge decomposition.

This is a consequence of the following theorem, which in a sense represents

a higher dimensional analogue of Theorem in the case n = 1, with
N = mb
2p

Theorem 5.1. Let P, b, and o be defined by (m, where P € L ()™

loc

is a nonnegative definite matriz, andb € L2 (Q)™. Suppose VA € L2 (Q)",

loc loc
where A € D'(Q) is real-valued. Then —L is an accretive operator if and only

if the following two conditions hold:

]2 = / (PVh-Vh)dz — (o h, h)

(5.2) @

— / (2b — PV ) - VA |h|2dz > 0,
Q

for all h € C§°(2), and
(5.3) ]<B — PV, uVo — oVa)| < [ulw [vln,

for all real-valued u,v € C§°(L).

Remark 5.2. In the special case where P is invertible (for instance, uniformly
elliptic), and P~'b = V\ is a gradient field, the sole condition 1j namely,

(5.4) [n} = /Q(PVh-Vh) dz — (o h, h) —/Q(P_lf)-f))|h|2dx >0,

for all h € C§°(§2), characterizes accretive operators —L.
This is an analogue of condition (2.9) in the one-dimensional case.

Remark 5.3. If P = I, then in decomposition (5.1)) we can pick the irrota-
tional component of b as V. In this case, Theoremis clearly equivalent
to the inequality

65) W =kl — oot = [ (1B = 1d) [ndo > o
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for all h € C§°(€2), where d = b — V) is the divergence-free component of
b, combined with the commutator inequality
(5.6) [(d, uVv — oVu)| < [u|n [v]n,

for all real-valued u,v € C5°().
Notice that here the condition b € L2 () is necessary for —£ to be

loc
accretive, provided d € L% (), as in the one-dimensional case where we
can set d = 0.

Proof. It follows from , that, without loss of generality, we may
assume

Lu = div (PVu) + 2ib-V +o0,
where P, b, and ¢ are given by .

Let us assume for simplicity that P € L;< (2)"*", where P is a nonnega-
tive definite, symmetric, real-valued n x n matrix, and VA € LIQOC(Q), where
A € D'(Q) is real-valued.

We use the substitution u = z e, where u € C5°(92) is complex-valued,
to replace b with b — V.

Suppose first that A € C5°(Q). Since z = ue* € C°(Q2), we have

PVu = (PVz—izPV\e ™, Vi=(Vi+izV\)e
Hence,
PVu-Vi = PVz-Vz+ (PVA-VA) |z)> =i (PVA) - (2 VZ — 2V2).
We deduce

/(PVu~Va) dm:/(PVz-VZ) da:+/(PV)\~V)\) 2|2 dx
Q Q Q
+2/PV)\-Im(zVZ) dzx.
Q

Since b € Ll (), we have

Re (—Lu, u) = / (PVz-Vz)da — /

Q Q
— (0, |2|*) = 2(b — PV, Im(2 VZ)).
It follows that

[2(6 VA) — (PVA- VM| |22 da

Re (—Lu,u) > 0 <= Re (-Mz,z) >0,
where
Mz =div (PVz2) 4 2i (b — PV)) - Vz + (a +2(b-V\) — (PVA- w)).
Thus, Re (—Lu,u) > 0 if and only if
(A3, = / (PVh-Vh)dz — (o h,h)
Q

(5.7)
_/ [2(5-%) — (PVA-VA)} |h|* da > 0,
Q
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for all real-valued h € C§°(Q2), and
(5.8) (b — PV, uVv — vVu)| < [u]ag [v] a4,

for all real-valued u,v € C5°().

In the case VA € L (£2), we notice that, without loss of generality we
may assume that A is compactly supported in 2. Otherwise, we consider
An, where n € C5°(9) is a cut-off function such that nu = w, and apply the
subsequent estimates to An. We next replace A with its mollification A\, =
Ax ¢e, for € > 0, where as usual ¢(z) = e "¢(e 1), for some ¢ € C5(Q).

Using the same substitution as above, for z € C§°(Q2), we set
U =ze M € C(Q), Vue= (Vz—iVA)e .

Notice that, as above,

Re (Lue, ue) = / (PV=-V2) da — /

Q Q
—(0,]2]%) = 2(b — PV, Im(2 VZ)) > 0,

which yields the following two conditions:

[z]%wz/Q(Pv,z-Vz) d:v—/

Q
—{a,]2]%) >0, ]<B — PV, uVu — vVu‘ < [ mfo]m,

[2(6 VA — (PVA - V)\E)] 2|2 da

[2(6 V) — (PV - we)} 2|2 da

for all z € C§°(2) (real- or complex-valued) and real-valued u,v € C5°().
We have [[(VAe — VA)n[lr2() — 0 as € — 0. Consequently, it follows

|(b+ VA« —b - V)2 — 0 for b € L2 (Q). Since P € L2 (Q)"*", we

have [[(PVAc — PVA)|r2@q) — 0 as well. Passing to the limit as € — 0
completes the proof of Theorem O

6. BMO ESTIMATES, TRACE INEQUALITIES, AND ADMISSIBLE MEASURES

In this section, we discuss BMO estimates, trace inequalities and ad-
missible measures used in Theorem [2] which gives necessary and sufficient
conditions on A, b and c¢ for the accretivity of —£ on R", under some ad-
ditional assumptions on the upper and lower bounds of the quadratic forms
[]3 imposed in Sec.

By LY2(Q) we denote the energy space (homogeneous Sobolev space)
defined as the completion of the complex-valued C§°(€2) functions in the
Dirichlet norm ||V - |[12(q).

For f € Ll _(R™), we set mp(f) = ﬁ [ f(x) dx, where B is a ball in R",
and denote by BMO(R™) the class of functions f € L{ (R™) for which

loc
1
sup

Brlal f(2) = mp. o (F)| dz < 400,
soeRn, 50 |Bs(w0)] B,s($o)’ (@) = M5 (20) ()]

for any (or, equivalently, all) 1 < r < +oc.
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The corresponding vector- and matrix-valued function spaces are intro-
duced in a similar way. In particular, BMO(RR™)" stands for the class of vec-
tor fields £ = {f;}7_, : R" — C", such that f; € BMO(R"), j =1,2,...,n.
The matrix-valued analogue is denoted by BMO(R")™*" etc. The notion of
the weak-*+ BMO-convergence is discussed based on the H! — BMO duality
in [32, Ch. IV].

The matrix divergence operator Div : D'(Q)"*™ — D’(Q)™ is defined on
matrix fields F = (f;))7,_, € D'(Q)”" by DivF = (S0, 9 fij)l1 €
D'(Q)". If F is skew-symmetric, i.e., fij = —fj, then we obviously have
div (Div F) = 0.

The Jacobian, D : D'(Q)" — D'(Q2)™*", is the formal adjoint of —Div,

(DivF, v) = — (F, Dv), v e C5o ()",
Here the scalar product of matrix fields F' = (fi;)7;-; and G = (gi;)}';=; is
defined by (F, G) = >1",_(fij, 9i)- E F, G € L2(2)™" then

(F, G) = / trace (F" - G) du,
Q

where F! = (fji)zjzl is the transposed matrix, and G = (gij)gszl.

The matrix curl operator Curl : D/(Q)™ — D'(2)"*™ is defined on vector
fields £ = (fg)j_y by Curlf = (0; fi, — 9;fk)} y—1. Clearly, Curlf is always a
skew-symmetric matrix field.

Notice that in the case n = 3 we can use the usual vector-valued curl
operator which maps D'(Q)? — D'(Q)3. For instance, if a vector field is
represented as b = curl(g), then we can write commutator inequalities of
the type [(b,uVv —vVu)| < C||Vul[r2ms) |[[Vv||r2(rs), in the equivalent
form

(g, Vu x V)| < C|Vullp2@s) V0]l 2000,

where g € BMO(R3)3. This is an analogue of the Jacobian determinant
inequality in two dimensions. Such inequalities are studied in com-
pensated compactness theory [4].
Similarly, when n = 3, in Theorem we can use the Hodge decomposi-
tion in R3,
b= Vf + curl(g),

where g = A~!(curl b) € BMO(R?)3. Here the operator A~! is understood
in the sense of the weak-+ BMO-convergence, as explained in [23]. Notice
that this decomposition does not contain any harmonic vector fields h such
that both div (h) = 0 and curl(h) = 0. This is, of course, true in R” for
higher dimensions n > 4 as well.

The capacity of a compact set e C R" is defined by (]20], Sec. 2.2):

(6.1)  cap(e) = inf { ull21 2 u€ CE(R™), u(x) >1on e}.
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For a cube or ball @ in R™,
(6.2) cap (Q) ~ ]Q\lf% ifn>3; cap(Q)=0 ifn=2.

The capacity Cap (-) associated with the inhomogeneous Sobolev space
Wh2(R") defined by

(6.3) Cap(e) =inf { HuH%,Vl,Q(Rn) o uweCP(RY), wu(x)>1on e} ,

for compact sets e C R™. Note that Cap (e) ~ cap (e) if diam (e) < 1, and
n > 3. For a cube or ball @) in R",

(6.4) Cap(Q) ~ ]Q|1_% if n>3; Cap(Q)~ <log ﬁ) if n=2,

provided |Q| < 1. For these and other properties of capacities, as well as
related notions of potential theory we refer to [1], [20].

By M () we denote the calls of all nonnegative Radon measures (locally
finite) in an open set 2 C R™. We discuss in this section several equivalent
characterizations of the class of admissible measures p € 93&2(9) which
obey the so-called trace inequality (see [1], [20], and the extensive
literature cited there).

We start with the case Q = R™. A measure p € M+ (R") is said to be

admissible, i.e., u € Dﬁiz(R”), if it obeys the trace inequality:

1
2
65 ([ WPa) <ClvulpEn. v cE@)

where C' is a positive constant which does not depend on wu.
For pn € M (R"), we denote by I = (—A)féu the Riesz potential of
order 1,
-1 du(y) n
h(o) = (<8)Ha) =) [ B e
Here ¢(n) is a normalization constant which depends only on n.
We have the following equivalent characterizations of admissible measures
in R™ (see [20, Ch. 11]).
Theorem 6.1. Let p € MT(R"). Then pu € SJ?}F’Q(R") if and only if any
one of the following statements holds.
(i) The Riesz potential [y € L2 (R™), and (I1j1)? € W};Q(R”), i.e.,

loc

1
2
60 ([ WP @rar) <alVulpe. we GEE.

where ¢1 > 0 does not depend on wu.
(ii) For every compact set e C R",

(6.7) (e) < eacap (),

where ¢y does not depend on e.
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(iii) For every ball B in R",

(6.8) /B (TLisp)? de < 3 u(B),

where dup = xp du, and cs does not depend on B.
(iv) The pointwise inequality

(6.9) L[(Tp)? (@) < ea () < o0

holds a.e., where c4 does not depend on x € R™.
(v) For every dyadic cube P in R",

1(Q)?

2
o

(6.10)

S Cs H(P)a
ocr 1@

where the sum is taken over all dyadic cubes ) contained in P, and c5 does
not depend on P.
Moreover, the least constants ¢;, i = 1,...,5, are equivalent to the least

constant ¢ in ((6.5)).

Remark 6.2. Tt follows from Poincaré’s inequality and the formula for the
capacity of a ball, cap (B(z,r)) = ¢, r" 2, for n > 3, that if du = |Vv|?dz €
fmi’Q(Rn), where v € L2(R™), then v € BMO(R™).

loc

Remark 6.3. An analogous characterization holds for admissible measures
on the Sobolev space W1 2(R") in place of L»2(R"). One only needs to

replace Riesz potentials Iy = (—A)fé,u in statements (i), (iii), and (iv) by
Bessel potentials Jip = (1 — A)féu, the capacity cap (-) in (ii) by Cap (-),
and restrict oneself to cubes P such that |P| < 1 in (v).

Originally, the trace inequality in the Sobolev space Lé’Q(Q), for an arbi-
trary open set 2 C R", was characterized by the first author in [I8], [19] in
capacity terms as follows. A measure p € M™(Q) is said to be admissible
if the inequality

1
2
(6.11) ([P a)” <clvul

holds for all u € C§°(Q2), where C is a positive constant which does not
depend on u. The class of admissible measures for (6.11)) is denoted by
mb2(Q).

The capacity cap (e, §2) of a compact subset e C € is defined by (see [20],
Sec. 2.2):

(6.12) cap(e,f2) = inf { |]Vu||%2(ﬂ) o uwe (), wu(z)>1on e}.
Then p € MH2(Q) if and only if ([18], [19]; see also [20, Sec. 2.3])
(6.13) pu(e) < ccap (e, Q),

where the constant ¢ does not depend on e.
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Moreover, condition l’ with ¢ = % is sufficient for 1) to hold with

C = 1. Conversely, (6.13) with ¢ = 1 is necessary in order that hold
with C' = 1. Both constants ¢ = i and ¢ = 1 and in these statements are
sharp (see [20], Sec. 2.5.2]).

There is a dual characterization of the trace inequality which does not
use capacities. Let us assume that G is a nontrivial nonnegative Green’s
function associated with the Dirichlet Laplacian in . Then p € 9%2(Q) if
and only if the inequality

(6.14) | Gl duta) duty) < eute)

holds for all measurable sets e C €.
Moreover, inequality (6.14]) is equivalent to the weighted norm inequality

IG(fdu)l| 2 < ClIfll2 @, for all f e L¥(Q, ).
It is also equivalent to the weak-type (1,1) inequality

1G(Fdp)llproe o < Cllfllziap, forall f € LHQ, p).

Here G(fdu)(z) = [, G(x,y) f(y) du(y) is Green’s potential of f dp.
In [28, Theorem 6.5], similar results are proved for nonnegative kernels G
satisfying a weak form of the mazimum principle:

sup{Gr(z): z € Q} < b sup{Gr(z): = € suppv},

where b > 1 is a constant which does not depend on v € M*(Q).

In particular, if G is a quasi-metric kernel, i.e., d(x,y) = m is symmet-

ric and satisfies a quasi-triangle inequality, then it suffices to verify
on quasi-metric balls B(z,r) = {y € @ : d(z,y) < r} in place of arbitrary
sets e (see [0], [28]).

Analogous results hold ([6]) for a more general class of quasi-metrically
modifiable kernels GG. This is important since the Green kernel G is known to
be quasi-metrically modifiable if 2 satisfies the boundary Harnack principle,
for instance, if 2 is a bounded NTA domain ([I4]).

REFERENCES

[1] D. R. Apams AND L. I. HEDBERG, Function Spaces and Potential Theory,
Grundlehren der Math. Wissenschaften 314, Springer-Verlag, Berlin—-Heibelberg—
New York, 1996.

[2] A. ANCONA, On strong barriers and an inequality of Hardy for domains in R"™, J.
London Math. Soc. 34 (1986) 274-290.

[3] A. CIALDEA AND V. G. MAZ’YA, Criterion for the LP-dissipativity of second order
differential operators with complex coefficients, J. Math. Pures Appl. 84 (2005)
1067-1100.

[4] R. CoiFMAN, P. L. L1OoNs, Y. MEYER, AND S. SEMMES, Compensated compactness
and Hardy spaces, J. Math. Pures Appl. 72 (1993) 247-286.

[5] D. E. EDMUNDS AND W. D. EVANS, Spectral Theory and Differential Operators,
Clarendon Press, Oxford, 1987.

[6] M. FrRAZIER, F. NAZAROV, AND I. VERBITSKY, Global estimates for kernels of
Neumann series and Green’s functions, J. London Math. Soc. 90 (2014) 903-918.



(10]
(11]
(12]
(13]

(14]

(15]
(16]

(17]

18]
(19]

20]
(21]

(22]

23]
(24]

(25]

[26]

27]

(28]

ACCRETIVITY OF THE SECOND ORDER DIFFERENTIAL OPERATOR 23

F. GIANNETTI, L. GRECO, AND G. MOSCARIELLO, Linear elliptic equations with
lower order terms, Diff. Int. Egs. 26 (2013) 623-638.

C. GUEVARA AND NGUYEN CONG PHUC, Leray’s self-similar solutions to the
Navier-Stokes equations with profiles in Marcinkiewicz and Morrey spaces, STAM
J. Math. Analysis 50 (2018) 541-556.

T. HARA, A refined subsolution estimate of weak subsolutions to second-order lin-
ear elliptic equations with a singular vector field, Tokyo J. Math. 38 (2015) 75-98.
P. HARTMAN, Ordinary Differential Equations, Second Ed., Classics in Appl.
Math. 38, STAM, Philadelphia, PA, 2002.

E. HILLE, Non-oscillation theorems, Trans. Amer. Math. Soc. 64 (1948) 234-252.
B. J. JAYE, V. G. MAz’yA AND 1. E. VERBITSKY, Ezistence and regularity of
positive solutions of elliptic equations of Schrédinger type, J. d’Analyse Math. 118
(2012) 577-621. 263-302.

B. J. JAYE, V. G. MAz’YA AND I. E. VERBITSKY, Quasilinear elliptic equations
and weighted Sobolev-Poincaré inequalities with distributional weights, Adv. Math.
232 (2013) 513-542. 263-302.

C. E. KENIG, Harmonic Analysis Techniques for second order Elliptic Boundary
Value Problems, CBMS Regional Conference Ser. Math. 83, Amer. Math. Soc.,
Providence, RI, 1994.

C. E. KENIG AND J. PIPHER, The Dirichlet problem for elliptic equations with
drift terms, Publ. Math. 45 (2001) 199-217.

H. Kocu AND D. TATARU, Well-posedness for the Navier-Stokes equations, Adv.
Math. 157 (2001) 22-35.

V. A. LiskevicH, M. A. PERELMUTER, AND YU. A. SEMENOV, Form-bounded
perturbations of generators of sub-Markovian semigroups, Acta Appl. Math. 44
(1996) 353-377.

V. G. Maz’vA, The negative spectrum of the higher-dimensional Schrodinger op-
erator, Sov. Math. Dokl. 3 (1962) 808-810.

V. G. MAZ’YA, On the theory of the higher-dimensional Schrodinger operator
(Russian), Izv. Akad. Nauk SSSR Ser. Mat. 28 (1964) 1145-1172.

V. MAZ’YA, Sobolev Spaces, with Applications to Elliptic Partial Differential Equa-
tions, 2nd augmented ed., Grundlehren der math. Wissenschaften 342, Berlin—-New
York, Springer, 2011.

V. G. MAz’yA AND I. E. VERBITSKY, The Schrodinger operator on the energy
space: boundedness and compactness criteria, Acta Math. 188 (2002) 263-302.
V. G. MaAz’yA AND 1. E. VERBITSKY, Boundedness and compactness criteria
for the one-dimensional Schrodinger operator, In: Function Spaces, Interpolation
Theory and Related Topics, Proc. Jaak Peetre Conf., Lund, Sweden, August 17—
22, 2000. Eds. M. Cwikel, A. Kufner, G. Sparr, De Gruyter, Berlin, 2002, 369-382.
V. G. MAz’yA AND I. E. VERBITSKY, Form boundedness of the general second
order differential operator, Commun. Pure Appl. Math. 59 (2006) 1286-1329.

V. G. MAz’yA AND 1. E. VERBITSKY, The form boundedness criterion for the
relativistic Schrédinger operator, Ann. Inst. Fourier 54 (2004) 317-339.

V. G. Maz’yA AND I. E. VERBITSKY, Infinitesimal form boundedness and
Trudinger’s subordination for the Schrédinger operator, Invent. Math. 162 (2005)
81-136.

A. 1. NaAzArROV AND N. N. URAL'TSEVA, The Harnack inequality and related prop-
erties of solutions of elliptic and parabolic equations with divergence-free lower-
order coefficientts, St. Petersburg Math. J. 23 (2012) 93-115.

Tuoc PHAN, Regularity gradient estimates for weak solutions of singular quasi-
linear parabolic equations., J. Diff. Eq. 263 (2017) 8329-8361.

S. QUINN AND I. E. VERBITSKY, A sublinear version of Schur’s lemma and elliptic
PDE, Analysis & PDE 11 (2018) 439-466.



24

29]

30]

31]

32]

33]

(34]

V. G. MAZ’YA AND I. E. VERBITSKY

M. REED AND B. SIMON, Methods of Modern Mathematical Physics II: Fourier
Analysis, Self-Adjointness, Academic Press, New York—London, 1975.

G. V. RoZENBLUM, M. A. SHUBIN, AND M. Z. SOLOMYAK, Spectral Theory of Dif-
ferential Operators, Encyclopaedia of Math. Sci. 64, Partial Differential Equations
VII, Ed. M.A. Shubin, Springer-Verlag, Berlin—Heidelberg, 1994.

G. SEREGIN, L. SILVESTRE, V. SVERAK, AND A. ZLATOS, On divergence-free
drifts, J. Diff. Eq. 252 (2011) 505-540.

E. M. STEIN, Harmonic Analysis: Real-Variable Methods, Orthogonality, and Os-
cillatory Integrals. Princeton Math. Ser. 43, Monographs in Harmonic Analysis,
Princeton University Press, Princeton, NJ, 1993.

R. TEMAM, Navier-Stokes Equations, Theory and Numerical Analysis, 3rd ed.,
Studies in Math. Appl. 2, North-Holland, Amsterdam, 1984.

V.V. ZHIKOV AND S.E. PASTUKHOVA, On operator estimates in homogenization
theory, Russian Math. Surveys 71 (2016) 417-511.

DEPARTMENT OF MATHEMATICAL SCIENCES, UNIVERSITY OF LIVERPOOL, LIVERPOOL,
L69 3BX, UK, AND DEPARTMENT OF MATHEMATICS, LINKOPING UNIVERSITY, SE-581
83, LINKOPING, SWEDEN

E-mail address: vlmaz@mai.liu.se

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF MISSOURI, COLUMBIA, MISSOURI
65211, USA
E-mail address: verbitskyi@missouri.edu



	1. Introduction
	2. Main results
	2.1. General accretivity criterion
	2.2. Real-valued coefficients
	2.3. Schrödinger operators
	2.4. The one-dimensional case
	2.5. Upper and lower bounds of quadratic forms
	2.6. Main theorem on the entire space
	2.7. Example

	3. Proofs of Proposition 2.1 and Theorem 2.2
	4. Proof of Theorem 2.3
	5. Decomposition of the drift term
	6. BMO estimates, trace inequalities, and admissible measures
	References

