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ABSTRACT. We obtain conditions for the differentiability of weak solutions for a second-order
uniformly elliptic equation in divergence form with a homogeneous co-normal boundary con-
dition. The modulus of continuity for the coefficients is assumed to satisfy the square-Dini
condition and the boundary is assumed to be differentiable with derivatives also having this
modulus of continuity. Additional conditions for the solution to be Lipschitz continuous or
differentiable at a point on the boundary depend upon the stability of a dynamical system that
is derived from the coefficients of the elliptic equation.

Keywords. Differentiability, Lipschitz continuity, weak solution, elliptic equation, divergence
form, co-normal boundary condtition, modulus of continuity, square-Dini condition, dynamical
system, asymptotically constant, uniformly stable.

0. INTRODUCTION

For n > 2, let U be a Lipschitz domain in R™ with exterior unit normal v on 9U. Given a
point p € OU, let B be an open ball centered at p. We want to consider solutions of the uniformly
elliptic equation in divergence form in U N B with homogeneous co-normal boundary condition
on OU N B:

(1)

(Here and throughout this paper we use the summation convention on repeated indices.) Let
CL,. (UNB)={uecCHUnNB) :suppu is compact in U N B}. Recall that a weak solution of

comp

(1) is a function u € HY2(U N B), i.e. Vu is square-integrable on U N B, that satisfies

8i(aij Bju) =0 inUNB,
Vi Qg5 6ju =0 on oUNB.

comp

(2) / aij Ojudindr =0 forallneCl  (UNB).
U

However, for irregular coefficients a;;, a weak solution of (1) need not have a well-defined normal
derivative along OU, so the boundary condition in (1) is not meaningful, and we must only work
with the variational formulation (2). When the coefficients a;; are bounded and measurable, the
classical results of Stampacchia [16] show that a solution of (2) is Holder continuous on UNB. We
want to consider mild regularity conditions on a;; and the boundary OU under which a solution
of (2) must be Lipschitz continuous, or even differentiable, at a given point of U N B.

We shall assume that the modulus of continuity w for the coefficients satisfies the square-Dini
condition

(3) / P

Under this condition, the regularity of weak solutions at interior points of U N B was investigated
in [14], and found to also depend upon the stability of a first-order dynamical system derived
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from the coefficients. In this paper, we shall investigate the regularity of weak solutions at points
on OU N B and find somewhat analogous results. Without loss of generality, we may assume that
the boundary point is the origin z = 0, and by a change of independent variables we may arrange
a;;(0) = ;5. It turns out that the conditions for differentiability at a boundary point depend
upon both the coefficients a;; and the shape of the boundary OU in a rather complicated way, so
for the purposes of describing our results in this introduction, let us consider two special cases:
I. When the boundary is flat near 0. II. When the operator is just the Laplacian near 0.

I. Since our results are local in nature, we may assume the domain is the halfspace
R} = {(Z,zn) : 2 > 0} = {(z1,..., Zpn_1,2n) : T, > 0}.

We assume u € H, el(;i(M), i.e. first-order derivatives are integrable over compact subsets of @

For x € R}, let us write = r 0 where r = |z| and 6 € S7' = {z € R} : |z| = 1}. We shall find
that the relevant first-order dynamical system is

(4) Cfi—f—FR(e*t)(p:O for T' < t < o0,

where R(r) is the (n — 1) x (n — 1) matrix given by

(5) [R(7)] 4 ::f ape(rd) —n Zagj(w) 0,0 | dsg for (,k=1,...,n—1.
syt j=1

Here and throughout the paper, the slashed integral denotes mean value. Following [2], we say
that (4) is uniformly stable as t — oo if for every € > 0 there exists a § = §(¢) > 0 such that any
solution ¢ of (4) satisfying |¢(¢1)| < & for some t; > 0 satisfies |¢(¢)] < € for all ¢ > ¢;. (Since
(4) is linear, an equivalent condition for uniform stability may be formulated in terms of the
fundamental matrix; cf. Remark 2 in Appendix D.) Moreover, a solution of (4) is asymptotically
constant as t — oo if there is a constant vector ¢, such that ¢(t) — ¢ as t — oco. As
discussed in [14], if R(r)r~ € L'(0,¢), then (4) is both uniformly stable and all solutions are
asymptotically constant, but in general these conditions may be independent of each other. As
we shall see in Theorem 1 in Section 2: if (4), (5) is uniformly stable as t — oo, then every
solution u € Heléi(Ri) of (2) with U = R} is Lipschitz continuous at x = 0; if, in addition,
every solution of the dynamical system (4), (5) is asymptotically constant as t — oo, then u is
differentiable at x = 0. Examples show (cf. Section 4) that solutions of (2) need not be Lipschitz
continuous at x = 0 if the dynamical system (4), (5) is not uniformly stable as ¢ — oco.

II. We assume a;; = d;; and U is a Lipschitz domain whose curved boundary U contains x = 0,
and let B denote a ball centered at 0. By a rotation of the independent coordinates, we may
assume that QU is given near x = 0 as the graph of a Lipschitz function h, ie. x, = h(Z)
where h(0) = 0. Since Lipschitz functions are differentiable almost everywhere, its gradient VA
is well-defined. We need VI to satisfy the condition that
(6) sup |VA(Z)| < w(r) as r— 0,

|z|=r
where w(r) satisfies the square Dini condition (3). We again require stability properties of the
dynamical system (4), but now the (n — 1) x (n — 1) matrix R(r) is given by

(™) RO =nf 0,00 dso

As a special case of Theorem 2 in Section 3, we have: if (4), (7) is uniformly stable as t — oo,
then every solution w € HY2(U N B) of (2) is Lipschitz continuous at x = 0; if, in addition,
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every solution of the dynamical system (4), (7) is asymptotically constant as t — oo, then u is
differentiable at x = 0.

It is possible to obtain analytic conditions at p that imply the desired stability of (4); we can
even obtain conditions under which a solution of (2) must have a critical point, i.e. Vu(p) = 0. For
n = 2, of course, (4) is a scalar equation, so conditions for uniform stability and solutions being
asymptotically constant are easily obtained; this is done in Section 4. For n > 2, conditions may be
obtained in terms of the largest eigenvalue () of the symmetric matrix S(r) = —1(R(r)+R(r)),
where R' denotes the transpose of R. Let us mention two conditions on pu(r):

T2 d
(8) / ,u(p)?p<K forall0<r <ry<e
71
and
1>
d
9) / ,u(p)?p — —oo asr — 0.

As an application to I, if R is defined by (5), then we show in Section 2 that: (8) implies that every
solution u € Hel(f: (R}) of (2) with U =R is Lipschitz continuous at x = 0 and (9) implies that
u 1s differentiable at x = 0 with Oju(0) =0 for j =1,...,n. As an application to IL, if a;; = d;;
and R is defined by (7), then the results in Section 3 show that: (8) implies that every solution
u € Hel(ﬁ(U N B) of (2) is Lipschitz continuous at x = 0 and (9) implies that u is differentiable
at x = 0 with 0;u(0) =0 for j =1,...,n. Additional analytic conditions on the matrix R itself
that imply the desired stability of (4) may be found in [14], but we shall not discuss them further
since they apply in general to the dynamical system (4) and are not peculiar to the Neumann
problem that we consider here.

Now let us say something about the methods used to prove these results. First we note that
the modulus of continuity w(r) is a continuous, nondecreasing function of r near r = 0, and we
need to assume that w does not vanish as fast as » when r — 0, i.e. for some x > 0

(10) w(r)r~ ' is nonincreasing for r near 0.

Our analysis of regularity at 0 € R’} is analogous to the analysis in [14] for an interior point, and
we shall adopt similar notation to make the parallels clear. In particular, we use a decomposition

(11a) u(x) = ug(r) + o(r) - T + w(x),

where the scalar function ug and (n — 1)-vector function v = (vq,...,v,—1) are given by

(11b) uo(r) ::f u(r0) dsg, vg(r) == %// u(rf) Oy dsg fork=1,...,n—1.
syt syt

Note that the scalar function w has zero mean and first moments on the half sphere:
(11c) / w(rﬁ)ds(gzozf w(rf) O dsg fork=1,...,n—1.
syt syt

As we shall see, the assumption that the dynamical system (4), (5) is uniformly stable as t — oo
not only implies that ¥ and ¥ - v are bounded as r — 0, but that |ug(r) — uo(0)| and |w(z)| are
both bounded by r w(r) as r — 0. Thus we have

w(x) =u(0) +v(r) - T+ O(rw(r)) asr—0

with ¥(r) bounded, which shows that u is Lipschitz at = 0. If we also know that all solutions
of (4), (5) are asymptotically constant as t — oo, then we shall show v(r) = v(0) +o(1) as r — 0,
which proves that u is differentiable at x = 0.
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It could be of interest to compare our results on the differentiability of solutions to the Neumann
problem with asymptotic expansions that have been obtained for solutions of the Dirichlet problem
(cf. [10] and [11] which more generally consider elliptic operators of order 2m). It is important
to observe that the analysis at a boundary point for the Neumann problem is more complicated
than it is for the Dirichlet problem. The reason for this can be clearly seen in the case of R}
for n > 3: the dynamical system that controls the behavior of ¥ in the decomposition (11a) is
(n — 1)-dimensional, while the corresponding decomposition for the Dirichlet problem involves
only the coefficient of z,,, and so leads to a scalar ODE.

Let us mention that the square-Dini condition has been encountered in a variety of contexts:
the differentiability of functions [18], Littlewood-Paley estimates for parabolic equations [5], and
the absolute continuity of elliptic measure and L2-boundary conditions for the Dirichlet problem
[1], [4], [6], [9]- In addition, let us observe that the projection methods used here were not only
used in [14] but also in [12] and [13].

1. A MoDEL PROBLEM FOR THE LAPLACIAN IN A HALF-SPACE

In this section, we consider (2) when the operator is the Laplacian and U = R’. However,
in order for these results to be useful in our study of variable coefficients, we need to introduce
some inhomogenoue terms to our variational problem. We assume that f, fo € L}, (R") for some

p > n, ie. fis LP-integrable over any compact set K C @ For p' =p/(p—1) let

HLP R?):={ne HYW (R%) : n(x) = 0 for all sufficiently large |z|},

comp

and define

(12a) Flal= [ o= F-Vayda for e B (D).

We now want to find a solution v € H 41 P (M) of the variational problem

oc

(12b) Vu-Vndz+ Fln]=0 forallne H. (R%).

comp
n
R%

We can obtain the solution using the Neumann function N(z,y), which is a fundamental solution
for A satisfying ON/0x,, = 0 for x € IR’} and y € R’}. Using the method of reflection, it can be
written as

(13) N(z,y) =T(z —y) +T(z —y"),

where I'(z) is the standard fundamental solution for the Laplacian A and y* = (g, —y,) is the
reflection in the boundary of y = (7,y,) € R’}. Using N(x,y), we obtain the solution of (12)
as follows. First, replace n(y) in (12b) by xr(y)N(x,y) (for fixed z), where xr(y) = x(ly|/R)
with a smooth cutoff function x(¢) satisfying x(¢t) = 1 for ¢ < 1 and x(¢) = 0 for ¢ > 2. This
can be done since VN(z,y) = O(|lz — y|'*™™) as |[r — y| — 0 implies (for fixed x) we have
xr(Y)N(z,y) € H2 (R?) for all ¢ < n/(n —1). Since p > n is equivalent to p’ < n/(n — 1),

comp

we have xp(y)N(z,y) € HL?, (RT) and, provided the functions f and fo decay sufficiently as

comp
|z| — oo, we can let R — oo to obtain the following solution formula for the problem (12):
(14) u(e) = [ (V@) foly) = VyN () ) dy.
RY

For example, (14) is the solution for (12) if fy, f have compact support in R'}.
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In fact, we shall require a further refinement of (12), but first we need to discuss projections.
For g € L . (R7\{0}) and r > 0, let Pg(r,0) denote the projection of g(rf) onto the functions
on Sf__l spanned by 1,601, ...,0,_1:

n—1
(15a) Py(r,0) ::f 1g(r¢) dsy +mn Z me ) Gm g(r0) dsg,
S—T—_ m=1 S-T—_
where we have used
1
(15b) f 02 dsg = — form=1,...,nt
gn—1 n

Note that P1=1and P0,, = 6,, form =1,...,n—1. For k > 1, if g € C*(R"\{0}) then we can
easily check that Pg € C*((0,00) x S7™'); moreover, we have d(Pg)/0x, = 0 on R"~1\{0} since
there is no #,,-term in the definition of Pg. Let us summarize this last remark in the following:

Lemma 1. For k> 1, ifu € CK(RT\{0}) then Pu € C*((0,00) x S?™") and OPu/dz, =0 on
R*~1\{0}.
If g € L}, (R%) and f is a bounded function with compact support in R”, then Pf also has

compact support and hence the product g Pf is integrable on R’f. In fact, it is easy to see by
Fubini’s theorem that

(16) / gPfdr= f Pgdx.

R R?
Of course, (16) also holds if g € L) (R7) and f € L’C’;mp(@). In particular, if g, g; € L} (R%)
satisfy [ fgjdz — [ fgdxz for every f € Lg’;mp(ﬁ), then [ fPg;dx — [ fPgdx for every

fe L{‘:’;mp(R’}r). In fact, we claim more:

Loc

fe L2, »(RY), then fRi f-VPg;dx — fRi f-VPgdz for every f € Ly, o (RY).

Lemma 2. If p > n and g,9; € Hl’p(@) satisfy fR” f Vg;dx — fR" f- Vgdzx for every
1 1

Proof. Since p > n we have H,” (R}) C C(R%), and by density we may assume fect R7).

foc comp

We can integrate by parts, and apply the above argument with f = div f in R} and f, in R 1

/ f VP(gj)dx:*/ dinP(gj)dw+/ (fu P(9j))|en—0 dZ
R;L. R:’_ Rn—1
:f/ P(divf) g; dx+/ (P(fn) 9j)|wn—0 dZ
R Rn-1

s [ PawPgdet [ (U)o di

RY

/.

:/ f-VPgda;. O
R

n
+

Rn—1

g verify (15b), note that 62 + --- 4+ 02 = 1 implies [on_1 02ds = |S?~1|/n for i = 1,...,n. In particular,
1 n S 7
Sgn—1 02ds = |S™1|/2n = |S’fi71\/n, and for: = 1,...,n — 1, \Sifl| =(n—1) fgn 62 ds + \Sﬁflvn, which
+ +

yields (15b).
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Note that (16) also enables us to define P on distributions; for example, for F as in (12a) we
have PF[n] = F[Pr) for any n € HL? (R™). Now, for a function or distribution g, let us define

(17) gt =(I-P)g.

In particular, for F as in (12a), we can define the functional F*:
(150) Pl i= [ (art = F- V0D de for ne HAZ,(RD).
¥

Now we can state the required refinement of (12): to find w € Hl’p(R”) satisfying Pw = 0 and

Loc

(18b) Vw-Vndz+ FLp] =0 forallne HLE (RT).
R%

We will need the projection P of N(z,y) with respect to y (i.e. for fixed ). To compute this,
we first expand N (z,y) in spherical harmonics {@y ,m :m =1,...,N(k) and k =0,...} on S"71,
where N (k) is the dimension of the space of spherical harmonics that are even in z,,. In fact, as
we show in Appendix A, assuming n > 3 this yields

n—1
ag apg(n — 2
Moy =) ol L
|l eyt e~
19
(19a) e k)
Z ‘y|n 2%k Z akm@km @km(g) for |$| < |y‘7
and
ag ao(n—2 ly]
|x|n 2 ‘x|n 1 Z
(19b)

ly[*

Z‘x,n 2+k2akmsam ) B (9) for ly] < al.

The coefficients ag, a,m can be computed but their values are not important to us now; and we
have here used the notation & = x/|z| and § = y/|y| (although elsewhere we have used 6 = x/|z|).
If we denote the projection P of N(z,y) with respect to y simply by PN (x,y), then we have

2 1 4
(20) PN(.’I,‘,y) _ ‘,Ll‘n 2 + ag(n 2) |ylf|—1 ZZL 1xmym fOI‘ |£L'| < |y|a
‘x‘n 7 + ag(n’ ) |r\|:7gL‘ T Zm 1£7nym for |y| < |$|

We can also define
NL(I7y) = N(I,’y) - PN(I7y)

N(k ~ A\~ N
(21) . Zk —9 |y|‘nz‘2+k m(zl) Ak.m Pk,m (-17) Pk,m (y) for ‘xl < \yl,

- k N(k ~ A\~ N
S e SO akm B () Grom (9) for Jy| < |-

Using the same argument as for (14), provided the functions fand fy decay sufficiently as |x] =0
and |z| — oo, we have the following solution formula for the problem (18):

(22) wio) = [ (N @holw) - VN @) ) dy

For example, (22) holds if fj, f have compact support in R'}.
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Let us now obtain estimates on the solution of (18) given by (22) when we make certain
assumptions about the decay of fy and f as || — 0 and |z| — co. We do so using the LP-mean
on annuli: for » > 0 define

1/p
(23a) My(w,r) = (f +\w(x)|p dm) where A} = {z € R} :r < |z < 2r}.

r

Using this, we can also define
(23b) M p(w,r) =rMy(Vw,r) + My(w,r).

Proposition 1. Suppose F is the distribution (12a) where fifoelLl (@\{O}) for p > n satisfy

Loc

/ (@)l + e o)) ol do + | (IF@) + lafo@)l) o™ do < oo.
{z€R} :|z|<1} {z€R} :|z|>1}

Then (22) defines a solution w € H}p(@\{O}) of (18) that satisfies Pw =0 and

oc

M p(wyr)<c (T‘ /O [M,,(f, p)p" +Mp(fo, p)ﬂ"“} dp + 7"2/

T

o0

[Mp(f, p)p‘2+Mp(fo,p)p‘l}dp) :

Proof. To obtain the desired estimates, let us assume n > 3, r < |z| < 2r, and introduce the
annulus A = {& € R : r/2 < |z| < 4r}. Then let us split the solution (22) into several parts:

wiw) = [ (N@holo) = VNG - F)) dy
-/ (PN @) 1oly) = Ty PNG9) - F0)) dy
r/2<|yl<|z|
[ (PNER) NG - i) dy
o (e - VN e i) by

+/ (NL(%y)fo(y) = VN (2,y) - q(y)) dy
ly|>4r
= w1 () + wa(z) + w3 (x) + wa(x) + ws(z).

(Here, and subsequently, by an integral such as f‘y we actually mean the integral over

|<r/2
{y € R} : ly| < r/2}.) We estimate each of these terms separately.

The first term, w1, can be estimated using classical results. For example, we can apply Theorem
B*in [17) with A=n—1,a=1, =0, and p = ¢ > n (which implies p’ < n) to obtain

—

| [N fay

< et 1l i
Lr(Af)

The same argument shows

iN(% y) foly) dy

r
Ar Ox;

< cr? ||f0||Lp(,1jr)-
Lr(Af)

We can also apply Theorem B* in [17] with A=n —2, a =2, =0, and p = ¢ > n to obtain

H [ st

< cr? ”fO”Lp(ﬁjry
Lr(A})
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Finally, we apply the LP-boundedness of singular integral operators to obtain

0 o
|/ 55 ¥t floyay
We conclude

A
(24) Myy(wr,r) < e (rA(fir) + 120, (fo,1))

< el fllpoan
Lr(AT)

where the tilde in Mp denotes that the spherical mean is taken over At instead of A
For the second term, we note r/2 < |y| < |z| < 2r implies |[PN(z,y)| < c|z|*™™ < cr™"|y|?
and |V, PN(z,y)| < clz|'™™ < er "|y|, so

/ PN(e.y)foly) dy| < er / 2 o)l dy < e / 21 o(y)] dy
r/2<|y|<|x| r/2<|y|<|z| ly|<2r

and

/ VPN (z,y) - fy)dy
r/2<]y|<lz|

corn [ il e [ wllfwldy
r/2<|y|<|z| ly|<2r

Similarly, we can estimate

7“/ iPN(rw)fo(y) dy

/2<yl<|z| OF;

<erm / 1o (9)] dy
ly|<2r
and

7‘/ iVyPN(% y) - fly)dy

J2<lyl<|z| OT;

From these estimates we easily obtain

(25) M, (we,r) < 67’7”/
lyl<2r

<er [ i)l
ly|<2r

(Iw1F )l + v fo(uD) dy.

For the third term we note r < |z| < |y| < 4r implies |[PN(z,y)| < cly|>*~"™ < er?|y|™ and
[VyPN(z,y)l < cly|' =" < er?ly|™" ", so

/ PN(z,y)fo(y) dy
|| <|y|<dr

<ert [ o o)l dy < v [l ool dy
lel<lyl<4r r<lyl

and

/ V,PN(z,y) - Fy)dy
|z|<|y|<4r

<et [ iy < [ )l
|z <ly|<4r r<ly|

Similarly, we can estimate

o 0 pN(ay)foly) dy

zl<ly|<ar OT;

< or? / =1 fo(y)] dy
r<|y|

and

—

o 0 G, PN(ay)- fly) dy

z|<|y|<4r 831]‘

< [ )l
r<ly|
From these we easily obtain

(26) M p(ws,r) < cr2/

ly|>r

(191~ =11 + [y 1 fo(w)1) dy.
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For the fourth term, we use |y| < r/2 < |z|/2 < |z| to conclude |N*(z,9)| < cl|y|?/|z|* <
cr~"|y|? and |V, N1t (z,y)| < cly|/|z|* < cr~"]y|. Consequently,

‘/ N*(z,y) fo(y)dy| < cr‘”/ ly?[ foly)| dy < cr‘”/ 2 fo(y)| dy
ly|<r/2 yl<r/2 lyl<r

|/ VyN-(z,y) - fly)dy| < cr‘”/ lyll f(y)| dy < cr‘”/ || F(y)| dy.
lyl<r/2 lyl<r/2 lyl<r

Similarly, we can estimate

0
r Nt (z,y) fo(y)dy
/IW SN fo(w)

<crn / W21 fo(y)| dy
lyl<r

and

—

0
r VyN*(z,y) - fy)dy
/|y|<r/2 dx; "’

<ern / Wl Fw)] dy.
ly|<r

From these we easily obtain

(27) Mipwir) <er ™ [ (WPF0)+ blla)) do

lyl<r

For the fifth term, we use |z| < 2r < 4r < |y| to conclude |[N*(z,y)| < c|z*/ly|™ < cr?|y|™™
and |V, Nt (z,y)| < cl|z|?/|ly/"* <cr?ly|~" L. Hence

N (2,9)foly) dy| < er? / ™" fol)| dy < er? / =" fo(y)] dy
ly|>4r

ly|>r

ly|>4r

‘/ VN ) Fody <ot [ W fwldy < et [ g fw)ld
ly|>4r ly|>4r ly|>r

Similarly, we estimate the first-order derivatives, so we eventually obtain

9) M) <er? [ (1F)+ o)) s~

ly|>r

Putting these all together, we have

Ml,p<w7r>Sc<rz\7p<ﬁ )+ 12 My (fo, ) /| (7wl + 1yl o) ol dy
Yy T

/W (1)1 + 11l fo(w)) |y|_"_1dy> |

But

(17wl + 9l fow)) Iy~ dy,

L () sl = ? [

r<ly|<2r
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So we can write this as

Mip(w,7) < c (rfvimr) + 1My (fo,7) + 77" /| (LF 1+ ol fo(w)l) o] dy

(29) |<r

+7° /y>7" (If(y)l + Iyllfo(y)l) y| 7 dy) :

Finally, the integrals in (29) can be estimated in terms of M, and combined with the Mp term.

For example, we can replace |y|? by cf||yy||/2 pdp, let p = |z|, and then interchange the order of

integration to obtain

/ 2l fol)ldy = ¢ / / |22 fol)|dedy < / o2 / l9(9)|dyd-.
ly|<r lyl<r Jlyl/2<]z|<]y] |z|<r |z]<|y|<2|z]|
But, by the Holder inequality,

1/p 1/p’
dy < Pd d
/|z|<|y<2|z|f0(y)| = </z<|y|<2z| Sow)l y) </z|<|y|<2|z| y)

1/p
=C</ Ig(y)lpdy> |27 = ¢ My (fo, |2]) |2]™
|z1<|yl<2|2|

Thus .
/| Py < / M de = / M, (fo, p) dp.
y|<r z|<r

Similarly, we can show
/ | ™" fo(y)ldy < c / p~ My (fo, p) dp.
y|>r T

If we similarly estimate the analogous integrals involving f, we will obtain the estimate in the
proposition. [

2. VARIABLE COEFFICIENTS IN THE HALF-SPACE PROBLEM

In this section we consider (2) when U = R, i.e. we assume that u € Hzloi (R7) satisfies

(30) /]R" a;; O;udindr =0 forallne C'Clomp(@).
+

We want to consider the regularity of v at a point on R*~! = OR" which, for convenience, we

take to be the origin. As shown in Appendix C, the continuity of the a;; enables us to conclude

that u € Hl’p(@) for all p > 2. Let us fix p € (n,0). By a change of independent variables we

Loc
may arrange a;;(0) = d;;, so we assume that the coefficients satisfy

(31) sup |a;j(x) — 0i;| Sw(r) asr—0,
|z|=r
where w is a continuous, nondecreasing function satisfying (3) and (10). We shall also assume
that we have scaled the independent variables so that for § very small we have
w?(r)

(32) /Oldr<6andw(1):(5

r

For convenience, we extend w to satisfy w(r) = § for r > 1.
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Now let us introduce a smooth cut-off function x(r) satisfying x(r) = 1 for r < 1/4 and
x(r) =0 for » > 3/4. Then x(|z|)u(z) is a compactly supported function that agrees with u(x)
near x = 0. What equation does xu satisfy? If we replace n in (2) by xn and rearrange, we obtain

/]R" (aij aj (XU) 8177 - fiain + f077) dr =0 for all ne C&omp(@)a

ia
where f; 1= a;;u0;x and fo := a;;0;u 0;x are known to be in ngomp(@). Since we are interested
in the behavior of u near x+ = 0 where u and yu agree, after relabeling we can assume that

u € H?(R") has support in |z| < 1 and satisfies
(33) [ (s 0500~ 0+ fon) de =0 for all n € CLyy, (BT,
RY
where f;, fo € LP have support in |z| < 1 with f;(r) = 0 for r < 1/4. Since u vanishes outside
|z| < 1, there is no harm in assuming that a,; satisfies
(34) aij(x) = 51']' for |1‘| > 1.
Let us recall the decomposition u(z) = ug(r) + v(r) - Z + w(x) as defined in (11). Since we

assumed that u is supported in || < 1, we have that ug, v, and w are all supported in |z| < 1.
Moreover, as shown in Appendix B,

(35)  Vue L*(By(1)) = /01 [(u6)? + [0]* + r?[0"[?] "' dr < 0o and Vw € L?*(B4(1)).

To formulate the connection between the decomposition and the dynamical system, let r = e~*
and introduce
(36a) e(t) :==w(e™) for —oo <t < c0.

Notice that

(36b) / h e2(t)dt = / L) dr.
0 0 r

To control the behavior of v(r) and rv’(r) as r — 0, we need to control the behavior of ¥(t) and
U:(t) as t — co. In Appendix D of this paper, we show that new dependent variables (¢, ) can
be introduced that satisfy a 2(n — 1)-dimensional dynamical system

(37a) % (i) 4 (8 Y 1) (1‘2) +R(Y) (i) — g(t, V) + h(t) for T < t < oo,

where the matrix R depends upon the coeflicients a;; and can be decomposed into blocks

(37b) R(t) = @igg gjgg) with | B (1)] < <(t).
The block R; satisfies
(37¢) |R1(t) — R(t)| < ce?(t) as t — oo,

where the (n — 1) x (n — 1) matrix R(t) is given by (5). The term g(t, Vw) in (37a) denotes a
vector function of ¢ that depends on Vw (the gradient in the z-variables) in such a way that

(37d) l9(t, V)| < ce(t) f Vw|ds fort >0,
Snfl

+

and the term h in (37a) is a vector function in L'(0,00) with L!-norm satisfying

(37) 19l < e (17l + 11 folly)
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Moreover, the difference between the new dependent variables (¢, 1) and (v, v;) is estimated by

(371 (3) - (") < ceto (letn + 1wio + fi5olas).

We will use this and the stability of (¢,%) as t — oo to control the behavior of v as r — 0.
With these preliminaries, we are able to prove the following.

Theorem 1. Suppose the a;; satisfy (31) where w satisfies (3) and (10), and the dynamical
system (4) with matriz R given by (5) is uniformly stable as t — oo. Then every weak solution
u € Helc’j(Rﬁ) of (30) is Lipschitz continuous at x = 0. If, in addition, every solution of the
dynamical system (4) is asymptotically constant as t — oo, then u is differentiable at x =0, and

0;u(0) = lim o u(rf)0;ds forj=1,...,n—1, Onpu(0) = 0.

r—07r g1
+

Proof. As indicated above, we may assume for some p € (n,c0) that u € H?(R") is supported
in |z] < 1 and satisfies (33). The strategy of the proof is to construct a solution «* of (33) in the
form (11). This is done by finding w as a fixed point for a certain map S on the Banach space
Y, which is defined to be w € H,>(R7\{0}) with finite norm

M M
(38) lolly = sup Mol | gop Mip(wir)
o<r<1 w(r)r 1 T

Since p > 2 we see that w € Y implies My(Vw,r) < Cw(r) for 0 < r < 1. As we shall see, finding
w also yields v and v, from the solution of the dynamical system (37a). Moreover, uj can be
found in terms of v, rv,., and w, and we find that the stability properties of the dynamical system
(37a) control the asymptotic behavior of v and rv, as r — 0, and hence also of ug. Under the
assumed stability of (37a), the constructed u* has the required regularity, and it only remains to
show that u* = u; this is done using the uniqueness of solutions of (33) discussed in Appendix E.
Let us now discuss the details of this argument.

For a given w € Y, we want to solve (37a) with initial conditions ¢(0) = 0 = ¢(0) to find
(¢,9) and hence v, rv,. To control the dependence of ¥ on w, let us write v = % + 2° where 7%
corresponds to solving (37a) with h = 0 and ° corresponds to solving it with g(¢, Vw) = 0. In
order to estimate v on (0, 00), we will use Proposition 2 in Appendix E. Consequently, we need
g = (g1, 92) to satisfy: i) g; € L*(0,00) and ii) go satisfies (96e). First, we use (37d) to conclude

00 0o 1/2 0o 1/2
/ lg1(t, Vw)| dt < ¢ (/ e2(t) dt) (/ / Vdesdt>
0 0 o Jsp7t
L 1/2
<eVo / f |Vw|2ds@ .
oJ syt P

We will conclude the finiteness of this bound below. Second, we use (37d) to conclude

(39a)

e [Clapr Vol mdr <es(o) [T e @) Vulds < o)
t t Si—l

o ([ froetacy)

where
1/2

(39b) Co =
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Now let us perform a calculation for 1 < p < oo: for j =0,1,..., let r; =277 so

27,
(39¢) / /S" ) |Vw|pds Z/ / \Vw\Pds < CZ ME(Vw,r;).

As observed above, My(Vw,r) < Cw(r) as r — 0, so we may apply the above estimate with
p = 2 and the following calculation

1
(39d) Zw ;) —QZw rj L Stk <2/ w (p)a;)p<26
i 0

to conclude the finiteness of ¢, and the bound (39a). Thus we have confirmed i) and ii).

Next, let us describe the variational PDE that w satisfies. Asin [14] we introduce €;; = a;;—0;4,
which satisfies [€2;;(z)| < w(r) for 0 < r = |z] < 1 and Q;;(x) = 0 for |x| > 1. Now the variational
problem (33) can be written as

/, (Vu - V4 Qi0;udin — fidm + fon)dz =0 for all n € C,,, (RT).

Since this holds for all i, it holds for n*:
/ (Vu - V() + Qu0udi(n™) — £i0:(n") + fon™) dz = 0.

Now we claim that

(40) V(Pu)-V(nt)de =0= Vw-V(Pn)dx forall n € C.,,, (RY).

n n comp
R% R%

To prove this, let us first assume u € C? ]Rj‘_) Then, by Lemma 1, we have Pu € C2 (R ’}r),

(

comp comp
Pne Cl,(RT), and dPu/dz, = 0= 8Pn/dx, on R"~'. Applying the divergence theorem, we
conclude

V(Pu) V(nt)de = — [ A(Pu)ntdz = —/ (A(Pu)L 1 da.

R? R? n

However, for fixed r, Pu(r,-) € V = span(1,6;,...,60,-1) on S”_l, and A preserves V', so
(A(Pu))* = 0; this proves the first equality in (40) when u € C% (R™). In general, for

comp

ue HYb (RT), we extend u by zero to R”, and mollify by u. = ¢ xu, where ¢ (x) = e~ "¢(|z|/e)

with ¢ € C*°(R") satisfying supp(¢)C B1(0) and [ ¢(x)dx = 1. Then u. is smooth (on all of
R™), and we can apply the above argument to conclude

/ V(Pu.)-V(nt)dz=0.

Since we have assumed u € H'?(R"), we can show in the standard way that u. — u in H?(R%)
as € — 0. Then we can use Lemma 2 to conclude (even without the L on ) that

V(Pu:)-Vndx — V(Pu)-Vndz ase—0 foralneCl (RT\{0}).

R™ R™ comp
+ +

This establishes the first equality in (40). The second equality in (40) follows a similar argument.
But (40) means that

(41) Vu-V(nt)de = Vw-Vndr foralneCl,, (RY).

n " comp
R? R}
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Using this and the fact that uf, can be expressed in terms of v* and w (see (86a) in Appendix
D), we see that the variational problem that w satisfies can be written as

(42) Vw - Vndz + Fiyn] + Fioln) + Fg-[n] =0 for all n € CL,,(RY),
Ry
where
43)  FlW= | [U-Vohde, Fbl= [ f°-Vohde, Fl= [ fortde,
R™ R% R™

with the vector functions JF ¥ and f 0 defined by

(44) = <8jw B (@) + Z. 0" + p[Vw] 6 + @-(Eﬁ?’”))
(45) fP = <19(T) s (JO)/ - T)Ogj + 8]-(~-§0)> - fi-

Here, as in Appendix D, the functions «, 3, 7, p[Vw], and ¥ of r satisfy
la(r) = 1], [B(r)], F(r)| < w(r) for 0 <7 <1,

[Vl ()] < w(r)f Vw(ro)|ds for 0<r<1,

n—1
S+

[9(r)] S/SWI(\J?(TG)\ + | fo(r®)])ds for0<r <1,

+

(46)

and a(r) =1 and B(r) = 3(r) = p[Vw](r) = 9(r) = 0 for r > 1.
For w € Y, define z = S(w) to be the solution of
(47) Vz - Vndz + Fioynl + Fionl + Fg-[n) =0 for all n € CL,,,,(R%)
R

that is provided by Proposition 1, i.e.

(48) Aﬂw)=z@o=14 (N (@, 9)folw) = VuN* (,9) - ) = VN (2,9) - [ (0) ) dy.

+

If we can show that S : Y — Y has a fixed point w, then this is the solution of (42) that we seek.
To show S has a fixed point, we write Sw = & — T'w where

(49) o) = [ (N @h) - VN @) ) dy
and
(50) Tw() = [ VN (w0) - Pl do

If we can show that £ € Y and T : Y — Y with small norm, then we can solve w + Tw = £ to
find our fixed point w = Sw. To estimate M; ,(Tw,r) we will apply Proposition 1:

(51) Ml,p(Tw7T)§C<Tn/(; Mp(f”,p)p"dpﬂ’z/ Mp(fw,p)p2d9>-

So we only need to estimate Mp(fw, r) and integrate.
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Now let us assume ||w|y <1 and show that ||Tw||y is small. We split Tw into three terms:

Tyw(x) = VyNJ‘(x,y) -QVuw(y) dy
Ry

Tow(z) = /n VyN*(z,y) - QV(§ - 9) dy
Tyu(r) = / ey (B @) 475 ) + V) TN ) - 2000y

Here r, := |y| and we have written the vector ;;0;w simply as QVw; similarly for QV(j - o)
and Q0. Let us first consider Thw. Recall that [Q2(r)] < w(r) for 0 < r < 1 and Q(r) = 0 for
r>1,so

T_"/ M, (QVw, p)p™dp + 7“2/ M, (QVw, p)p~2dp
0

< r o w »(Vw, p)p"dp + 7"2f VM, (Vw, p)p~2dp for0<r<1
| fo »(Vw, p)p™dp for r > 1.

For 0 < r < 1 we have assumed ||w|]y < 1 and we have M ,(w,r) < w(r)r, so M,(Vw,r) < w(r)
and we can estimate

r 1
w7 [ (T dp 12 [ )0, (Vo)™ dp

r 1
< 1"7”/ W (p)p™ dp + 7’25/ w(p)p~?dp < ¢ (W (r)r + dw(r)r(r® — 1)) < cdw(r)r.
0 r
Consequently, for 0 < r < 1 we have from (51) that
My, (Thw,r) < cdw(r)r.

Meanwhile, for r > 1, (51) implies
1
My (T, <77 [ wlp) My (V)" dp
0

1
< rfn/ WA(p)pdp < ¢S
0

Thus || Tyw|ly < ¢ and, if we take § sufficiently small, we can arrange that 7} : Y — Y has norm
less than 1/3.
Next consider Thw. Again we use |Q(r)] < w(r) for 0 < r < 1 and Q(r) =0 for r > 1 to obtain

7"*”/ Mp(QV(?J-@“’),p)p"dp+T2/ My(QV (5 -0*), p)p~* dp
0

B Ea % V(G- 5v), p)p"dp + %[ w(p)Mp(V (i - 5%), p)p~2dp for 0<r <1
|l fo V(g -0v),p)p™dp for r > 1.

To estimate V(g-0") we need to estimate % and r(0")’. But, using (37f), these can be expressed
in terms of the solution (¢, 1) of the dynamical system (37a). Thus we find

sup [V(7-0")| < esup(r|(8)'] + [0]) < esup(|(t)] + [¢(t)]) < clca + [lg1ll1),
lyl<1 r<1 t>0
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where we have used Proposition 2 in Appendix E for the last estimate. Now we can estimate c,
and |g1][1 as in (39) to find ¢, < ¢V/6 and ||g1]]1 < ¢d. So we conclude that for 0 < p < 1

M,(V(j-5"),p) < ¢ sup |V(j - 7”)] < e V.

lyl<1
We can use this in (51) to estimate M ,(Tow,r):

¢ (r*” forw(p)\/gpn dp + 12 frl w(p)Vop? dﬂ) <cVow(r)r for0<r<1

M, ,(Tow,r) < 1 /o
cr™ [y w(p)Vopmdp < 632 p7m for r > 1.

Thus, | Towl|ly < ¢(vV8+6%/2) and, if we take ¢ sufficiently small, we can arrange that Th : Y — Y
has norm less than 1/3.

Finally we consider Tsw. We first need to estimate Mp(oz_l(rg~ @) +7 - 0" + p[Vw])Q6,r)
for 0 < r < 1. But, recalling the properties (46) and some of the estimates used for T5, we have

My (B - (B2 +7 -5 + p[Vu])0, ) < cw(r) [My(r(F), ) + My(5°,7) + M(Vo, )]
< eVowi(r).

Applying Proposition 1, we obtain for 0 < r < 1
M, (Tsw,r) <c (r_" /7” VEw?(p)p” dp + 12 /1 VEw?(p)p2 dp) <83 20(r)r.
0 r
Meanwhile, for » > 1 we simply have
M ,(Tsw,r) <cr ™™ /01 Vow(p)p™dp < ed32r .

Thus | T3w|y < ¢6%/2, and if we take § sufficiently small, we can arrange T3 : Y — Y to have
norm less than 1/3. Consequently, T'=T; +T» — T3 : Y — Y has norm less than 1.

To show that £ defined in (49) is in Y, let us split it up into several terms: £ = & — &+ &3+ &y,
where

Ga@) = [ N*(@y) foly) dy,

@ = | ViN(@y)- fy)dy,

(@) = | VyN=(z,y) QV(E-0")dy,
R}

&) = / : a(l) (90m) = 7y B+ ) (ry) =7 - 5°(ry) ) VN (,) - 00 dy.

Since fp € LP and is supported in |z| < 1, we can apply Proposition 1:

r 1
M p(&1,7) < c(r”/o My( fo, p)p" dp+7"2/ My (fo, p) dp>

er?|foll, for0<r<1
cr~ ™| follp for r> 1.

<
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Since r < w(r) for 0 < r < 1, we see that & € Y. To estimate & recall that fis supported in

— —

1/4 < |z| < 1, s0 |f(x)] < cw(|z]) |f(z)], and we obtain from Proposition 1 the estimate

r . 1 .
M (Ear) < ( | w0 Epetao+r? [ () 30,7 0) dp)

< CW(T)THJFH;J forO<r<1
B Cdr—””fup for r > 1.

We see that &, € Y. The proofs that &3 and &4 are in Y are quite similar to estimating 75 and
T3 above, so we will not give the details. But we can conclude not only that £ € Y, but

(52) 1€l < e (1l + 1foll»).

Now we let w € Y be the fixed point of S, so w satisfies (42). We use w to find v and then
(86a) to find u(. Integrating (86a) to find ug (up to a constant) and letting v = ¥, we have
(53) u*(x) == uo(r) +z - v(r) + w(z)

is a solution of (33). Now we want to show that u* has the desired regularity properties. Since
w= (I+T)"* €Y, we know that M,(Vw,r) < cw(r) as r — 0. Moreover, Pw = 0 implies
that [ _ wdz =0 for every r > 0. Using this and p > n, Morrey’s inequality (cf. [8]) implies

|z|<r
1/p
sup |w<a:>|3cnr/ VulPdy)|
|z|<r ly|<r

(Recall that |z| < r still refers to points € R’}.) But for fixed r € (0,1) we can introduce
r; = 277+ and compute

oo

f |[Vw|P dy = % Z [Vw|Pdy < ¢ sup MJ(Vw,p).
ly|<r rn|S+ | =0 ri1<l|y|<r; 0<p<r
We conclude that
(54) sup |w(z)| <crw(r) asr—0,
|z|<r
which implies that w is differentiable at + = 0 with d;w(0) = 0 for j = 1,...,n. Moreover, our

assumption that (4) is uniformly stable as ¢ — oo implies by Proposition 2 in Appendix E that
(¢,1) remains bounded as t — oo, and in fact |(¢)| < ce(t) as t — oco. We now want to use
(37f) to show that v is bounded as t — co. From the second component in (37f) we have

5:(t)] < c1e(t) + e f|vu)|ds.

Let us integrate this from T to T + In 2:

T+In2 T+In2
/ |5t(t)|dt§c15(T)+cQ/ / V| ds dt.
T T syt

But letting R = e~ 772 we find
T+In2 2R dr ¢
/ / |Vw|dsdt:/ / [Vw|ds — < —/ |[Vw|dz < ¢ M,(Vw, R).
T vt r Jsp r T R Jag
Since we have assumed that M,(Vw,r) is bounded by w(r) as r — 0, we have shown

T+In2
(55a) / [0(t)|dt < ce(T) as T — occ.
T
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Using this in the first component in (37f), we have

T+1In2
(55b) / [0(t)|dt <C asT — oo.
T

But now we may use the elementary inequality
b
(56) sup [v(t)] < 0/ (lo(@)] + |ve()]) dt
a<t<b a

to conclude that [0(T')| is bounded as T — oo. Of course, () is actually v(e™*) = v(r), so we
see that |v(r)| is bounded as r — 0, and hence Z - ¥ is Lipschitz. Finally, using (86a), we can
estimate

o)~ w0 = [ uitoldp < [ (10060 + ()0l o) + (T + wio)f 1Tl ds ) dp

From (86b) we have 9(r) = f(r)+r'=" [ fo(p)p" ' dp where f1, fo are given in (85). Since f; €
LP(R™) and vanishes for 7 > 1, we can estimate [ | fo(7)|7" ' d7 = Cpr |fo(z)|dz < cp™]| follLe-
Hence

T P r
/p/ |fo<v>|7”*1deCHfo||Lp/ pdp=cr? | follzr.
0 0 0

Since f, vanishes for r > 1 and also for 0 < r < 1/4, we can even more easily verify that
for |f1(p)ldp < cr? | fllLe. Since ¥(r) is bounded r — 0, we see that forw(p)|ﬂ(p)| dp < cerw(r).
To estimate the last term, we can proceed similarly to (39¢c) (but letting 7; = 277 r) to conclude

/0 w(p)fsn_l|Vw| dsdp < Zw(rj) ri Mp(Vw, ;)

¥ 3=0
<c sz(rj)rj <c / wi(p)dp =o(r) asr—0,
7=0 0

since fOT p~tw?(p)dp — 0 as r — 0. We have one more term to estimate (using r; =277 r):

r e} T e} tj+ln2
/ w(p)pl7 (0)] dp = Z/ w(p) p¥'(p) dp < Zw(rj)/ et dt
0 =07 Tit1 =0 tj

<) rjwi(r)) Sc/ wi(p)dp =o(r) asr—0,
=0 0
where we have used (55a)). We conclude that
(57) () — u6(0)] = ofr) as 7 -0,

which shows that wg is differentiable at » = 0 with u{(0) = 0. Since uy and w in (53) are
differentiable and 7 - v is Lipschitz at x = 0, we conclude that u* is Lipschitz at = = 0.

Next we need to confirm that © = u* in order to conclude that u is Lipschitz at x = 0. But u
and u* both satisfy (33) and the estimate M7 ,(u,r) < cr~™ as r — oco. Then, by Corollary 6 in
Appendix F, we see indeed that u = u*.

Finally, let us also assume that all solutions of (4) are asymptotically constant. Then, by
Proposition 2 in Appendix E, we know that ¢(t) = ¢ as t — oco. Using (37f), we can apply the
above arguments to U — n¢., to conclude

sup [0(p) = ngoo| < cw(r).
0<p<r



DIFFERENTIABILITY FOR THE NEUMANN PROBLEM 19

This shows that T - ¥(r) is differentiable at = 0. Putting this together with the differentiabilty
of ug and w at x = 0, we have completed the proof of Theorem 1. O

We can use the results of [14] on the largest eigenvalue p(r) of the of the symmetric matrix
S(r) = —%(R(r)+ R'(r)) to obtain the following corollaries of Theorem 1; in both we assume the
a;; satisfy (31), where w satisfies (3) and (10). To begin with, in [14] it is shown that (8) implies
that (4) is uniformly stable; hence we obtain the following:

Corollary 1. Suppose that u(r) satisfies (8). Then every solution u € Helc’i(Ri) of (30) is
Lipschitz continuous at x = 0.

Moreover, in [14] it is shown that (9) implies that the null solution of (4) is asymptotically stable,
which in turn shows that ¥ in (11) tends to zero as r — 0. Consequently, we obtain the following;:

Corollary 2. Suppose that pu(r) satisfies (9). Then every solution u € H1’2(R1) of (30) is

Loc
differentiable at x = 0 and all derivatives are zero: O;u(0) =0 for j=1,...,n.

3. CURVED BOUNDARIES

In this section we consider the regularity of a weak solution of (1) near a point on 9U. Since we
are interested in the local behavior of solutions, we may assume U is bounded, the point on U
is the origin in R, and the boundary AU is given near the origin by ,, = h(F) where h(0) = 0.
Recall our assumption (6), which implies that % is differentiable at Z = 0 and VA (0) = 0.

Let us introduce new independent variables

yy=ajforj=1,...,n—1 and vy, =2x,—h(z1,...,2Zn-1).

Notice that 0y;/0x) = d;i, for j # n and 0y, /Ox), = —Oh/Ox, for k =1,...,n—1and dy,, / 0z, =
1. Consequently, the Jacobian determinant for this change of variables is 1 and by the chain rule

ou ou ou Oh ou ou
= — — —  fork=1.... -1 d —=—.
dxy  Oye  Oyn Oz el N bz, ~ oy

We want to express (2) in terms of the y-coordinates. Let ¢’ and j be indices that range from 1
ton — 1. Then

Ou 9In . <6u ou 6h>(377 on 8h>
o = G4y

i 871‘] al‘l le B aiyn@xjr 8yi/ B 87yn al‘i/
Can (Y (e ey,
"oy, \ Oy Oy Oz "\ Oyj Oyn O0zj ) Oyn " Oyn Oyy
ou 0Jn Oh \ Ou On Oh \ Ou Ony
(o 2 2y DO 00
nm T Oy I Ox v Oxj Oz ) Oy Oyn

Now, if we let Uy = U N B:(0) for € > 0 sufficiently small, then x € Uy satisfies =, >
h(zxy,...,x,_1), so if we let V{ denote the corresponding domain in the y-variables, then Vo C R’}

and
/ a,,@ﬁdm_/ 5 Ouon .
Uo N O axj Vo N ayl 3yj .
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where
Qi iflgi,jgn—l,
_ ain_aij’% iflgign—l,j:n,
A5 = . . .
il P S f1sy<n-ti=n,

_8h _ 8k L Oh Ok ip i i
Ann = Qi'nge 7 — Anj’ gz 5 +aij oz, Oxy if i =j=n.

This enables us to consider the original problem as one for the coefficients a;; in the half-space
{(y1,---,yn) : yn > 0}. In order to apply our results from the previous section, we need a;; to be
square-Dini continuous and satisfy (31); but these conditions follows from our assumption (6).

Now we can write down the 1st-order dynamical system (37) associated with the @;; in Rﬁ_l
whose stability properties determine the differentiability of a weak solution. In particular, the
formula (5) for the (n — 1) x (n — 1) matrix R yields

n n—1
oh
(58) [R(T)]ék :f Qe — N Z ag;0;0; +n Z agjajﬁnﬂk dsg.
syt j=1 i=1 J

In (58) we need to emphasize that the integrand is considered as a function of y € R, even
though the coefficients a;; and h were originally defined in the = variables. Also, note that if
h =0, then we are in the half-space case, and the formula for R(r) in (58) agrees with (5).

Theorem 2. Suppose that U is a bounded domain with Lipschitz boundary OU containing the
point 0, near which the boundary can be represented as x, = h(x1,...,2zn_1). Suppose the a;;
satisfy (31) and h satisfies (6), where w satisfies (3) and (10). If the dynamical system (4) with
matriz R given by (58) is uniformly stable as t — oo, then every solution u € HV2(U N B) of
(2) is Lipschitz continuous at x = 0. If, in addition, every solution of the dynamical system (4),
(58) is asymptotically constant as t — oo, then w is differentiable at x = 0.

As in Section 2, the conditions (8) and (9) can be used to obtain corollaries of this theorem,
but now 4 is the largest eigenvalue of the matrix S(r) = —%(R(r) + R'(r)), where R is given by
(58). In the following results we assume the conditions on a;j, h, and w stated in the theorem; in
the second one we note that du(0)/dx; = du(0)/dy; since Vh(0) = 0.

Corollary 3. Suppose that u(r) satisfies (8). Then every solution u € Hél(;i(U N B) of (2) is
Lipschitz continuous at x = 0.

Corollary 4. Suppose that u(r) satisfies (9). Then every solution u € H,’>(U N B) of (2) is

Loc
differentiable at x = 0 and all derivatives are zero: Oju(0) =0 for j=1,...,n.

4. EXAMPLES: n =2

Let us first consider variable coefficients a;; in Ri. For n = 2 we have ; = cos ¢ and 05 = sin ¢
for 0 < ¢ < 7, so (5) yields a scalar function
1 s
(59a) R(r)=— / (all(re) — 2a11(76) cos? ¢ — 2a15(r0) cos psin ¢) de.
0

7r
In this case, the dynamical system (4) is just a single equation, and we easily find the general
solution: ¢(t) = C exp[— f; R(e~7)dr]. Consequently (cf. Remark 2 in Appendix D), we know

that (4) is uniformly stable if and only if fst R(e~7)dr is uniformly bounded below for T' < s <
t < oo. Expressing this in terms of r rather than ¢, we see that uniform stability

T2 R
(59b) / ,(op)dp>_K forall0 <r; <rp <e
T1
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implies that every weak solution of (30) is Lipschitz at the origin. Similarly, solutions of (4) are
asymptotically constant when f;o R(e™7) dr either converges to a finite number or diverges to
oo. In terms of R(r), we find that (59b) together with

R(p)

€
(59¢) / ——= dp converges to an extended real number > —oco
o P

imply that every weak solution of (30) is differentiable at the origin.
To make all this more precise, let us turn to a class of operators considered in [7] and [14]:

(60a) ;5 = 51’]’ + g(r)&zﬂj ,
where |g(r)| < cw(r). In this case we can calculate R(r) = —1 g(r) so that uniform stability
T2
(60b) / Mdp<KforallO<r1<r2<E
nop

implies that every weak solution of (30) is Lipschitz continuous at the origin; and if in addition
€
(60c) / M dp converges to an extended real number < oo,
o P

then every weak solution of (30) is differentiable at the origin.
For (60a) we can construct explicit solutions of (30) by solving an ODE. For example, if we let

(61) u(r, ¢) = U(r) cos ¢,
then this is a solution provided U satisfies

1
=1

(62) 10+ gl U TiQU:o.

Moreover, we can determine the behavior of U(r) as r — 0 from that of g(r). To do this, it is
simpler to again use the variable t = —logr. Letting g(t) = g(e™*), we want U to satisfy

d - dau

(63) dt{(l—&-g(t))dt}—Uzo as t — oo.

We can apply standard results in the asymptotic theory of ODEs. For example, if §(t) is C! and
satisfies

di
(64) a(t), d% —o(1) ast— oo,
then we can apply Theorem 2.2.1 in [3] to conclude that a solution U(t) of (63) exists for which
both U(t) and (1 + g(¢))dU/dt are asymptotic to

(65) (14 §(t))"Y*exp < /j <1 +1§(8) n 162f§1§;)2>1/2 ds> ~ e texp (; [g(s) ds) .

This solution satisfies the finite-energy condition [~ (U? + (Uy)?)e ™" dt < oo, so u is an H'-
solution of (30). However, if g(r) does not satisfy the Dini condition at » = 0 then flt g(s)ds — o0
as t — oo and w is not Lipschitz continuous at the origin. An example of such a function g(r) is

(66) g(r) =llogr|™* where 1/2 < a < 1;

note that g(¢t) = ¢t~ satisfies (64) but (60b) is not satisfied. In particular, this example shows
that a weak solution of (30) when the coefficients a;; are square-Dini continuous need not be
Lipschitz continuous if the associated dynamical system (4) is not uniformly stable.

Next let us suppose that the origin lies on the boundary AU, which locally has the form
x2 = h(z1), where h(0) = 0 and |h/(r)| < cw(r) as r — 0. Then we introduce new independent
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variables y1 = z1 and yp = x2 — h(z1) and consider a;; as functions of (y1,y2) € Ri. We can
calculate the scalar function R(r) in (58):

(67) % /07r (a11(r0) — 2 (a1 (r0) cos? ¢ + a1 (rh) cos Psin @) + 2a11(r0)h/ (r6,) cos ¢ sin ¢) de.

Again, we find that (59b) implies that every weak solution u € H*2(U) of (1) is Lipschitz at the
origin, and if (59c¢) also holds then u is differentiable there.

Now let us consider the special case of (67) when the operator is the Laplacian, so that a;; = J;;.
In this case, we have simply

(68) R(r) = 2 /Tr ' (r cos @) cos ¢ sin ¢ de.
0

™

One way to make sure that (59b) and (59c¢) hold is to have R(r) > 0 for 0 < r < e. This will be
the case, for example, if

(69) h(z) <0 for—e<z<0 and h(x)>0 for0<uz<e.

Consequently, if the boundary function h satisfies (69), we can conclude that every weak solution
u € HY2(U) of (1) is differentiable at the origin.

We should compare our results for the Laplacian with those of [19] concerning conformal maps.
In [19], the hypotheses on the boundary are weaker than ours, and asymptotics are obtained, not
just conclusions about differentiability. However, under the hypotheses on the boundary that
we consider, Theorem XI(A) in [19] shows that the behavior of a conformal map as z — 0 is
dominated by

(70) exp lﬂ' /j %(r) dr] .

Here ©(r) measures the angle between the two arcs I'_ and I'y corresponding to xo = h(xy) for
x < 0 and for x > 0 respectively. Consequently, |O(r) — 7| < w(r) as r — 0, and we can write

- (-2 - - ) o]

Thus, as |z| — 0, (70) is asymptotic to

(71) 12| exp [1 / G(T)Trdr] .

T Jz

This means, for example, that the convergence (or divergence to —oo) of the intergal in (71)
determines whether the conformal map is Lipschitz continuous at z = 0; this is the analogue to
our condition (59b) for a harmonic function to be Lipschitz continuous at the origin.

APPENDIX A. ASYMPTOTIC EXPANSION OF THE NEUMANN FUNCTION

In this appendix we derive the asymptotic expansion of the Neumann function N(z,y). We
need to use an expansion of the fundamental solution I" in spherical harmonics. Let H(k) denote
the spherical harmonics of degree k and let N(k) = dim (k). For each k, choose a basis
{pr,m :m=1,...,N(k)} for H(k) that is orthonormal with respect to the spherical mean inner

product:
f ds — 1 4=k
Sniltpk,e Pk,m aS = 0 (+£m .



DIFFERENTIABILITY FOR THE NEUMANN PROBLEM 23
For notational convenience, let & = z/|z| and § = y/|y|. We also assume n > 3, the case n = 2
being analogous. For |z| < |y| we can write I'(Jz — y|) as a convergent series

X

(723) |$_y| Z |y‘n 1o ln—2+Fk Z akmﬁpkm ) Pk,m (g)a

where ay ,,, are certain coefficients.? With x = 0 we know that I'(|y|) = ao |y|>™ with ag =
(2—n)"tw, ! where w, = [S""!|. We can also use a Taylor series for f,(z) = |z —y[*7", i.e.

n
e =y =1y (= 2)lyl Yy +

to compute the other coefficients. For example, we can write

1 T n o
(720) P<|x—y|>:ao<W+<n—2>y'|n'_lmeym+...).
m=1

But to compute our Neumann function N(z,y), we want the basis {¢k.m, } for k > 1 to also possess
certain symmetries with respect to the half-space.

Recall that the spherical harmonics of degree k are generated by the restriction to the unit
sphere of the harmonic polynomials of degree k:

(73) h(z) = Z cex® s harmonic,
|| =k
where o = (o, ..., ap) and 2% = 7" - - - 2%, For our half-space geometry, we want to distinguish

those harmonic functions for which «,, is even or odd. Let H.(k) be the spherical harmonics
corresponding to even «,, and let N, (k) denote its dimension; choose an orthonormal basis {cpzﬂn :
m=1,...,N.(k)} for H.(k). Similarly, let H,(k) be the spherical harmonics corresponding to
odd «, and choose an orthonormal basis {¢7 ,, : m = 1,..., No(k)} for H,(k). Then {¢j ,, :
m=1,...,Ne(k)} U{pg ,, :m=1,...,No(k)} is an orthonormal basis for H(k) which we may
use to rewrite (72a) as

Ne(k)
|z |* X
(74) ‘.13 - y‘ Z |y|n T n—2+k Z ak,m wi,m @k m Z bk m @k m ) @z,m (y) )
m=1
But
v =0 —un) = femT) = im(@) and @p(07) = —¢Fm(9)
SO

‘ |]€ Ne (k) N, (k)
|.Z‘—y| Z|y|n 27k Zakm(pkm (pkm@ Zbkm@km )‘Pz,m(@)

When we add I'(|z — y|) and I'(|z — y*|) the terms involving ¢}, ,, cancel, so we obtain

Ne(k)
il R
N(.y) 22 T 2 o P (8) S () for 2] <yl
m=1

2The expansion (72a) was used in [14], but the coefficients were unfortunately left out of the formula there.
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Restricting the ¢y ,, to Si_l yields spherical harmonics with zero normal derivative along the
boundary 65?__1, but we also want them to be orthonormal with respect to the spherical mean
inner product on Sifl. We easily calculate

1 L k=K andm=m'
¢ e/ /dS = — e e/ /dS = 2 ’
/31_190k,m§0k ,m 2/371’7180]“77”50]“ ,m {O k#k orm#m.

Consequently, we will have an orthonormal basis {@g m :m =1,... , N(k)} of spherical harmonics
with zero normal derivative along the boundary 85171 if we define:
(75) Pran = V20§ lgn—1 and  N(k) = Ne(k).
For k = 1, we want @y ,, = €60, for some constant ¢ and all m = 1,...,n — 1. Using (15b) and
the fact that the ¢ ,, are orthonormal, we see that

1
(76) P1m=—=0p, form=1,...,n—1

VCen
We therefore obtain (19a). By interchanging the roles of z and y we get the expansions of I'(|x—y|)
and I'(Jx — y*|) for |z| > |y|, and add them together to obtain (19b).

APPENDIX B. ORTHOGONALITY PROPERTIES

In this appendix we discuss orthogonality properties necessary to show (35). In fact, we first
prove the following:

Lemma 3. If f € H,,X(R"\{0}) and r > 0, then fori=1,...,n we have

(77) / Fro)ds =0 = f 0:0: f (r0)ds —
syt syt
and for j=1,...,n— 1 we have
(78) f 0,f(r0)ds =0 = f 0, £ (r)ds = 0 f 0,0,0,1(r0)ds
Snfl S'nfl Si—l

Proof. To prove (77) we consider ¢ € C22,.. (0,00) and write

comp

<f98fds gzb> / fs" 19 0; f(rf)ds ¢(r) e 1|/ x;0; f(x)p(|z|)| x|~ da.

Taking the divergence of z; f(x)¢(|z|)|z|~™, we obtain
Oi(wif (@)e(|a)lx|™) = 0:0;f (@)p(|x))|2| 7" + f(2)¢' (Ja]) ]|~

By the divergence theorem,
Oi(wi f (x)p(|a|)|x|™")dw = —/ (@nf(2)¢(|2])|2["")|2, =0 dT = 0,
R? Rn—1
S0

0 " = — - (rf)d
/195 F@ollDlel e = = [ e el //S (10)ds () dr

Using the hypothesis in (77), this last integral vanishes, which confirms the conclusion in (77).

To prove (78), we again consider ¢ € Cg;,, (0,00) and write

(forsao)= [, orseorasorin= o [ ops@lat ot as
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But we can integrate by parts in this last integral to obtain
@I o)) e do = / / f(r0)6; ds [r' " p(r))r" dr.
R? o Jsy!
This gives the first conclusion in (78). To obtain the second conclusion, we write
1 —n—
<f9j9i8ifds, ¢> _ ?/ 25 2:0:f (2)d(a) || " do.
|S+ | R7%

Take the divergence (for fixed j):

Oi(w; wi f(@)(|al)]| 7" = 2 f () (|27 + na; f@)(|a]) 7"

22,0, f (@) (|| 7 + @ f () (G(r)r ) 6.
So applying the divergence theorem yields

/ x;j 2;0if (2)(|a])|| ™" do = —/ (zj2nf ()o(|l2)|2[ ") [a, =0 dT
R7 1

/
The boundary integral clearly vanishes and the domain integral simplifies considerably to yield

/ O = - I [ 00

(0 s F@)oDla] ™" + 2y f () ()1 0:) dv

n
+

Using the hypothesis in (78), this last integral vanishes, which confirms the second conclusion in
(78). O
Now we are able to address (35).

Corollary 5. If u € H*?(B, (1)) and we introduce the spectral decomposition (11), then there
is a constant ¢ > 0 such that

1
/ Vul* de > C/ [(ug)? + [0 + 2[5 ] "t dr +/ Vw|? dz.
By (1) 0 BL(D)

Proof. We compute

Vou(z) = 4 00 +T(1) T O+ vi(r) + Viw, 1<i<n—1

i u6(7‘)9n+5/(r) - T 0, + Vyw, i=n,
and
[Vul* =(ug)? + 206(5" - F) + 2 (0 - D) + 2 (0 - Vw) + (&' - 8)* + 2" - F)(0- D)
+2@"-%)(0 - Vw) + [0]* + 20 - Vw + |Vuw|?.
2 ] _= L . Iy ~
) - geeesyUn—

(In the formula for |Vu|*, note that 8 = (6, 0,—1) and dot products involving 6 or v are

summed only over 1,...,n — 1.) The integral over Si_l of some of these terms vanish due to
fsnfl 0;ds=0fori=1,...,n—1:
v

A ug(a’-z)ds:ozf (7 7) ds.

n—1 n—1
+ s¥

Other terms vanish utilizing (77) and (78):

/s ug(G-Vw)dszOz/

5-des:/ (@' -2)(0- Vw)ds.
P sy sy
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Still other terms simplify using (15b):

) 2”—1 2|Sn 1|
v - x)ds=r / 0;0;ds =
[raraomr S [ 0

1,j=1

/ @ )91}5—1“21)1)]/ 0;0; ds =
syt

i,5=1

r|5’" 1|

Z“

So
2 1 ! 2 r? 2 2ry 2 1 2
/ |Vul?de = |S1~ \/ <(u'0) + —[0')P+ =0 v+ 7] >r"_ dr+/ [Vw|* dx.
By (1) 0 n n B4 (1)

Using
S _7,2"17/|2 |5|2

V0 = —7—=0-0 >
n n2/3p1/3 ni/3 n2/3

we find

T 1 1\ - 1Y <o)
/Iz<1|Vu2dz2|S 1|/O <(u6)2+7’2<nn4/3) |v/|2+(12/3> |v|2)r Lar

+/ |Vw|? dz.
|z|<1

Since n*/3 > n and n?/3 > 1, this completes the proof. O

APPENDIX C. SOBOLEV REGULARITY OF WEAK SOLUTIONS

In this appendix we show that, if u € H} P (R”) satisfies (30) where the a;; are continuous
functions then u € H > p(R") for any p > 2. Let us introduce the operator £, which is defined on

Loc

ve H zléz (R%) for any ¢ > 1, and assigns a functional on H(}O‘IIHP(RZ’F) defined by
(79) (Lv,m) = — / a;;0jv0imdx  for all n € Hclo’fnp(R’j_).
+

In this context, we have assumed that v € H zloi (R%) is a solution of Lu = 0, and we want to
conclude that u € H,»(RT) for any p > 2.

Loc
The assertion v € H, Zlc’f; (R”) is proved by localizing near a point in R’}. Since the issue is on
the boundary, we assume the point is 0, so it suffices to show that ¢ou € HYP(B,) for some
$o € C§°(B) with ¢g = 1 near 0; here B = {x € R" : |2| < 1} and B} = {z € R} : |z]| < 1}.
By continuity, for any € > 0 we can find a § > 0 so that sup, < a;;(z) — d;;| < e. However, for
notational convenience we simply assume a small oscillation condition in By :

(80) sup |aij(z) = dij| <e,

Let us denote by Ly the operator (79) with a;; = 6;;. Let N(x,y) be the Neumann function
for the Laplacian on R?, and denote the associated integral operator by N. Note that for
u e C

tomp(R™) we have by Green’s identities
NLou(z) = — e VyN(z,y)- Vu(y)dy = e AyN(z,y)u(y) dy = u(x).
Since any u € H.», (R™) can be approxmiated by u; € C},, (RT), we conclude that V'L is

comp

the identity on H:E (R7).

comp
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For ¢ € Cg5,,,(B) satisfying ¢g ¢1 = ¢o on B, let us write
Lo(pou) + (£ — Lo)(pou) = ¢poLu + [L, do](dp1u) = [L, o (d1u),
where we have used (30) to conclude ¢gLu = 0. Now we apply A to conclude
(81) pou + N (L — Lo)(pou) = NL, gol(¢1u).
Taking e = ¢(p) sufficiently small in (80), we can arrange that both
(82)  N(L—Ly)¢py: HYP(By) - H"?(B,) and N(L— Lo)ér : HY*(By) — HY?(B,)

have operator norms less than 1/2. If we can show the right hand side of (81) is in H?(B,),
then we can use a Neumann series to conclude ¢ou € HP(B,). So we only need show

(83) £, do](¢1u) € HP(By).
For v € H'*' (B4), let us compute
([£, pol(Pru), v) :/B aij () (9;(¢11)0i(dov) — 9 (dou)dyv) da.
+
Using ¢o 0ju 0;v = ¢1¢o 05u O;v, we find

(2 nléru) )| <€ [ (ul 9]+ |Vl o) da.
By
Let us first assume n > 2. Then, by the Hélder and Sobolev inequalities,
/ Jul [Vl dz < [lull o) [0l g 5,y < Cllullar 2o lvll g s,

By

provided p < 2n/(n — 2). Similarly, we can use the Holder and Sobolev inequalities to estimate
/B (Vul vl dz < [Jullmr2y)llvllzzsy) < Cllullmemollvlgy s,
+

provided 2 < np’/(n — p’). But we can easily see that p < 2n/(n — 2) is equivalent to 2 <
np’/(n—7p'), so we have shown (83) for p = 2(1+ «) where o = 2/(n—2). This is an improvement
over p = 2, and we can iterate it a finite number of times to conclude (83) for any p > 2. If n = 2,
then the above argument works for any 2 < p < co.

APPENDIX D. DERIVATION OF THE DYNAMICAL SYSTEM

In this appendix we provide the details behind the derivation of the dynamical system (37) for
a given solution u of the variational problem (33). Starting from (11), we calculate

dju=ugy(r)l; + @'(r)-2)0; +0;(r)+ djw forj=1,...,n—1
and
Opu = uy(r) 0, + (@' (r) - 2) 60, + Opw.

Now let us consider n = n(r) in (33). Then 9;n = n'(r)60; for i = 1,...,n, and plugging this and
(11) into (33), we find

(84) / [(OZ% +7B +7 0+ p[Vuw —71) ' +%n} r*~ldr =0,
0
where
a(r) :f Z a;;(r0)0;0; ds, Br(r) :f Z a;;(r0)0:0;0,ds (k=1,...,n—1),
Syt ii=1 sEThii=
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f Zaw (r6)6;ds (j=1,...,n—1), fsnlz:a” (r6) 0;w(r0) 6, ds,

n—1
S =1 1,0=1

(85) T =f S h0ds, and %m:f  folrt)ds
Y =1

n—1
Sy

Note that a, p[Vw], f,, and fy are scalar-valued while 3 and 5 are (n — 1)-vector-valued. For
0 <7 < 1/4 we have f,(r) = 0, while using (31) and properties discussed in [14], we see that the
others satisfy

la(r) = 1], 1B, F(r)| < w(r) for0<r <1,
Ip[Vw](r)] < w(r)f 71|Vw(7'9)| ds for0<r<1.
gn

+
Using (34) and u = 0 for |z| > 1, we see that a(r) = 1 and B(r) = F(r) = p[Vuw)(r) = F,(r) =
fo(r) =0 for r > 1. Now if we integrate by parts in (84) we obtain

/ [ Hawlhy + 1B -V +F T+ p[Vw] — F1))'n + 1" fondr =0,
0

which means _ B o
—[r" oy +rB -V +7 T+ p[Vw] — f1)] +r" " fo = 0.
But we can integrate this to find

(86a) auh + 13T +7 - U+ p[Vw] = 9(r)
where
(86b) O(r) = Fa(r) + 07" [ Folp)p™ " dp.
0
Since a(r) > e > 0, (86a) can be solved for u( in terms of ¢ and w.
Similarly, we can let n = n(r)z, in (33) for £ = 1,...,n — 1; this will give us a system of

equations for the vector function v. To begin with, we have 9; 7 = rn’(r)0;0, +n(r)d;e. If we plug
this and (11) into (33), we find

/ (w68 + AT + BT+ E[Vw] = [ #)ruf + (g + rBE' + C + {[Vu] + )| 7~ 1dr =0,
0
where A, B, and C are (n — 1) x (n — 1) matrix-valued functions defined by

Ak (7 f a” 7"9 99 :0,0,.ds (f,kz 1,...,77,—1),
gn-t

(87) By (r ag] (r0) 0;0;ds k=1,...,n—1),

1

s3”

Cgk(r):f () ds (Gk=1,....n—1),
sfl

and £[Vw], ([Vw], f#, and f* are (n — 1)-vector-valued functions defined by

f f Zawﬁ 00 05w dsg, QVw f Zagjé‘wds
Sn 1 S'n. 1

1]1

(88) fé#(r) :fsnil Zfi(rﬂ)ﬁiﬁg ds and f}?(r) :f fo(r0)0, ds.
=1

n—1
Sk
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Using (31) and properties discussed in [14], we see that these functions satisfy

|[A—n"'L, 1|, |B-n"'I, 1], |C—I_1|<w(r) for0<r<1

(89) E[Vw](r)], [([Vw](r)] < W(T)fsn_1|Vw| ds for0<r<1.

T
(Here I,,_1 denotes the (n — 1) x (n — 1) identity matrix.) For » > 1 we use (34) and v = 0 to
conclude A(r) = n='I = B(r), C(r) = I, and £[Vw](r) = 0 = ([Vw](r) = f#(r) = f°(r). Now,
using integration by parts, we obtain the 2nd-order system of ODEs

(90) — [r”(ugEJr rAv’ + Bo + £[Vuw] — f#)}/ + " (up + rBU + CO + ([Vw] + f°) =0.

At this point we can use (86a) to eliminate u from (90), and then use the change of variables
r = e~'. After the change of variables we have

e (<t B w7~ L 5w 7ol 03]
t

" (—B5t+CE+E[Vw]+fb— L (BT 4754 p[V —ﬂw) 0,

a
which after some rearrangement can be written

BT =70 plVul +05

(B —nays+ 25 )
t

+(C —nB)v — %ﬁ(?—nﬁ) =n [§[Vu] - p[vw]_ﬁ/ﬂ +

—AT; + By + £[Vw] — f* +

«

PV =0 Figu) - .

To avoid differentiating the coefficient matrices, let us convert this to a first-order system for the
2(n — 1)-vector function V' = (V4, V) where V4, =7 and

Bt -7 plVul+9~

Vo = — AT, + Bo+ £[Vw] — f# + 3.

(67

Notice that the matrix A is invertible near x = 0 and for |z| > 1, so we may assume that the
variables were rescaled to make A invertible for all . Thus we may solve for the t-derivatives of
V1 and V, (which we now denote by the dot notation) to find:

Vi — A"LBV; + A1 — WA*BE A7 [E[Vw] - f*- Wﬁ
O V44 (C = BAT'B)Vy + (BA™ = n)Vy + & 'avl F—(n+AH)
5. _ - 9~ 9 ~ _
+ T B (475 -5) = Gvu) - U205 4 U0 G - 7

Now (91) is still pretty complicated, but notice that the terms involving Vi and V; in (91) are

of the form (I 4+ D(t))V where I is the 2(n — 1) x 2(n — 1)-identity matrix and the matrix D(t)
has matrix norm satisfying |D(t)| < ce?(t). Consequently, we can multiply (91) by (I 4+ D(t))~?
and, after some calculations, see that V satisfies a 1st-order system in the form

av

(92a) -+ MOV = F(t,Vw) + Fy(t),
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where M (t) is a 2(n — 1) x 2(n — 1) matrix of the form
M(t) = My + S1(t) + Sa(t), where

-1 nl
(92b) Moo = (";11 (1-n) 1) and
I-A'B Al
Silt) = (C ~BAT'Bt 2] BAT - 1) :

The S; satisfy
|Sl(t)| < e(t) and |Sg | < ce*(t) as t — oo,

(92¢) Si(t) = 0= S()fort<0

while the vector F(t, Vw) satisfies

(92d) |F(t, Vw)| < CE(t)f |Vw|ds as t — oo and F(t,Vw) =0 for ¢t < 0,
Sn—l

+

and the vector Fy(t) has support in ¢ > 0 with L'-norm satisfying

(92e) 1Follr ey < e (LF Nl + Nl follp)-

Note that M (t) and Fy(t) depend on a;;, f, and fy, but not on w.
We can further simplify our dynamical systems by another change of dependent variables. We

can calculate the eigenvalues of My, to be A =0 and A = —n (each occurring n — 1 times). The
matrix
nl nl
/= (I (1- n)I)
diagonalizes M, i.e. J 1My J = diag(0,...,0,—n,...,n), so let us introduce new dependent

variables V' — (¢, 1) by

(93) V=J (Z) .

We find that the dynamical system (92a) now takes the form (37a), where the conditions (37c)

and (37d) follow from (92d) and (92e) respectively, and R is of the form (37b) with
-1 -1
(94) R, = "n At

AT'B+C—-BAT'B+ %BA*1 -
To simplify this expression for Ry, let us write
A=n"'(1+4), B=n"'(1+B), and C=n"'(1+C),
where |A|, |B|, |C] < ce(t) as t — co. Then A~! ~ n(I — A), and a calculation shows
leé—ézC—nB ast — oo,

which gives the formula (37¢). Finally, if we follow our changes of dependent variables from (v, v,)
to (@, 1), we easily see that (37f) holds.
Now our original assumption that u € Héloi(R”) has implications for V(t) as ¢ — co. In

fact, using orthogonality properties in the decomposition (11), we find that Vu € LQ(Bi), where
B? = By(0) N R, implies

1
/0 ((ug)®> + 10> +r20?)r"'dr <oco and Vw € L*(B}).
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In particular, using V; = ¥ and the second equation in (91) for Vs, this implies
(95) [ (VP17 +9a) e e <,

0
where

Yw zf Vwds.
syt

Thus V(¢) and its first-order derivative cannot grow too rapidly as t — co.

APPENDIX E. STABILITY PROPERTIES OF DYNAMICAL SYSTEMS

Here we recall a result on stability properties of dynamical systems that was obtained in [14].
Let €(t) be a positive, nonincreasing continuous function satisfying

/ e2(1)dr < .
0

Consider a 2k x 2k-dimensional dynamical system in the form

(96a) % (i) + (8 Y 1> (;i) +R(1) (i) — g(t) fort>0,

where n > 0 and R can be written as a matrix of k x k-blocks

(96b) R(t) = (28 gzgg) with | R; ()| < () on 0 < ¢ < oo,

with the block R; satisfying
(96¢) IRy (t) — R(t)| < ce?(t) as t — oo,

for a certain k x k matrix R(t). We also assume that the vector function g(t) = (g1(t), 92(t))
satisfies the following conditions:

(96d) g1 € L'(0,00)

and there exists § > 0 such that for any choice of @ € [n — d,n) there is a constant ¢, so that

(96e) et /00 lg2(s)| €™ ds < cqe(t) for 0 <t < co.
t

We want to relate the stability for (96) to that for

(97a) Cfi—f—l—Rap:O for t > 0,

and the “finite-energy” condition on ¥

(97b) /OOO ([1* + [w]?) e ™ dt < o0.

Proposition 2. Suppose that R and g = (g1, 92) satisfy (96d) and (96e). Assume also that (97a)
is uniformly stable. Then all solutions (¢,1) of (96a) that satisfy (97b) will remain bounded as
t — oo, and Y(t) — 0. In fact, for « = n —§ with § > 0 sufficiently small, we will have the
estimates

(98a) JSu lp(®)] < c(ca + le0)] + llgl1),
(98b) [h(t)] < ce(t)(ca + sup |o(1)]).

t<T<o0
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In addition, if all solutions of (97a) are asymptotically constant as t — oo, then the solution
(p, ) of (96) also has a limit:

(99) (p(t), ¥(t)) = (po0,0) ast — oc.

Remark 1. In [14], Proposition 2 was stated and proved for the special case k = n. However,
the proof in [14] does not use k =n, so so it proves the above Proposition. This is important for
the application in this paper since we need to take k =n — 1.

Remark 2. Since our dynamical system (97a) is linear, the condition that it be uniformly stable
is equivalent to the condition |®(t)®~1(s)| < K fort > s > 0, where ® denotes the fundamental
matriz for (97a). (Cf. [2].)

APPENDIX F. UNIQUENESS OF SOLUTIONS

In this appendix we discuss uniqueness for solutions of our variational equation. Suppose
u € HyP(RT) for p > 2 satisfies

toc
(100) /]R” a;;0judinde =0 forne Cgomp(ﬂ),
and ’
(101) Mip(u,r) < Cr=® forr> 1

The following proposition describes that values of a > 0 for which we can conclude that u = 0.

Proposition 3. Suppose u € HZISICJ(RQL_) for p > 2 satisfies (100) and (101) where « satisfies
n(p —2)
102 _—
(102) o> R
Then u = 0.

As a special case we obtain the uniqueness result that is useful in our proof of Theorem 1.
Corollary 6. If u € Heléi(Ri) forp > 2 is a solution of (33) that satisfies

My p(u,r) <Cr™™ forr>1,
then u is unique.
Proof of Proposition 3. The strategy is to show that (100) holds with n = w, i.e.
(103) / a;;0;ud;udzr = 0.

R%

The ellipticity of a;; then implies Vu = 0, i.e. that u is constant. Finally, o > 0 in (101) implies
that u = 0.

First let us determine the values of o > 0 that imply that Vu € LQ(Ri). Since p > 2, we know
that Vu € L? (@), so the question is whether

Loc

(104) / |Vul? dz < co.
z€RY, |z|>1

But

/ |Vu|? de = / / |Vu(rg)|? r" =t ds dr
T€RT, |z|>1 1 Jspt

2J+1

:Z/ / |Vu?r"~t ds dr,
j=0’2 s
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and by Holder’s inequality
2J+1

/ |Vu|> "~ ds dr :/ |Vu|? dz
27 syt 20 <|x|<29+1

2/p
/ |VulP dx / dx
27 <|x|<29+1 27 <|x|<29+1

857 My (1, 29)2 2920 < iS22,

Thus, we see that (102) implies (104).
Now let us verify that (104) is sufficient to enable us to take u = 7 in (100), i.e. that (103) holds.
It suffices to show that there exist u,, € Cg,,,,(RT) with Vu,, — Vu in L*(R}) as m — oco.

But, using mollifiers, it suffices to show that this can be achieved with u,, € HY2, (RT). So let
X(t) be a smooth function for ¢t > 0 with |x/(¢)| < 2 and

X(t){o ift>2

(p=2)/p

IN

IN

1 ifo<t< 1
Then, for m = 1,2,..., define u,, € H;2, (R7) by

um (%) = u(z) - xm(|2])  where xom(t) = x(t/m).

For: =1,...,n we compute
X
Viu(x) = Vium (@) = (1 = xm(|2]) Viulz) + u(@) - X (|2]) - ol
We want to show both terms on the right tend to zero in L*(R’}) as m — oo. If we assume (102),
then we know Vu € L*(R"}), and hence

J

To estimate the second term we use

(1—Xm)2|vu|2d9€§/ |Vul?dz — 0 as m — oo.

n R? |z|>m

4
/ (o2l d < — / () 2 da
R7? m= Jm<|z|<2m

i
2/p
c _
<[ ras) e
m m<|z|<2m

2n

< Cm" % My (u,m)?,
which tends to zero as m — oo provided n — 2 — (2n/p) — 2a < 0, i.e.

-2
o> 771(17 ) — 1.
2p
But this condition on « is certainly implied by (102), so we are done. [J
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