POLYHARMONIC CAPACITY AND WIENER TEST OF HIGHER ORDER

SVITLANA MAYBORODA AND VLADIMIR MAZ’YA

ABSTRACT. In the present paper we establish the Wiener test for boundary regularity of the solutions
to the polyharmonic operator. We introduce a new notion of polyharmonic capacity and demonstrate
necessary and sufficient conditions on the capacity of the domain responsible for the regularity of a
polyharmonic function near a boundary point.

In the case of the Laplacian the test for regularity of a boundary point is the celebrated Wiener cri-
terion of 1924. It was extended to the biharmonic case in dimension three by [Mayboroda, Maz’ya,
Invent. Math. 2009]. As a preliminary stage of this work, in [Mayboroda, Maz’ya, Invent. Math.
2013] we demonstrated boundedness of the appropriate derivatives of solutions to the polyharmonic
problem in arbitrary domains, accompanied by sharp estimates on the Green function. The present
work pioneers a new version of capacity and establishes the Wiener test in the full generality of the
polyharmonic equation of arbitrary order.
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The maximum principle for harmonic functions guarantees that a solution to the Laplace’s equa-
tion with bounded Dirichlet data is always bounded, and further regularity theory assures that it is
infinitely differentiable at any interior point. These results hold on arbitrary bounded open sets and
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require no additional geometrical restrictions. However, continuity of the solutions at the bound-
ary has proven to be a far more delicate problem. For instance, harmonic functions are always
continuous at a vertex of a cone (Poincaré [37], Zaremba [44]), while due to the Lebesgue’s coun-
terexample [17] in a complement of a sufficiently thin cusp this property may actually fail.

In 1924 Wiener introduced the harmonic (Wiener) capacity and established his famous criterion
for regularity of a boundary point [43]. Roughly speaking, it states that a point O € 9Q is regular
(i.e., every solution to the Dirichlet problem for the Laplacian, with continuous data, is continuous
at O) if and only if the complement of the domain near the point O, measured in terms of the
Wiener capacity, is sufficiently massive. More specifically, the harmonic capacity of a compactum
K c R”" can be defined as

(1.1) cap (K) := inf{lqulliz(Rn) : ue CY[R"), u=1inaneighborhood of K},

where n > 3, and the regularity of the point O is equivalent to the condition

(1.2) D27 cap (B \ Q) = +oo,
=0

where B,-; is the ball of radius 27/ centered at the origin. An appropriate version of this condition
is also available in dimension n = 2.

Wiener’s result became one of the pillars of elliptic theory. It gave the first necessary and suf-
ficient conditions characterizing the properties of the solutions in terms of the geometric features
of the boundary. The notion of capacity provided a non-linear analogue to the Lebesgue measure,
suitable for the context of Sobolev spaces, and offered an adequate language to address many im-
portant problems in probability, potential theory, function spaces. Over the years, Wiener’s test
found a large array of applications, and has been extended to a variety of second order differen-
tial equations, including, but not restricted to the general divergence form elliptic equations [18],
degenerate elliptic equations [14], parabolic operators [13], [12], Schrdinger operator [11], and
various quasilinear and nonlinear contexts [19], [42], [16], [3]. One can consult, e.g., [25], [2], for
an excellent survey of related results.

Despite all these successes, the higher order operators remained out of reach. Elliptic equa-
tions of order greater than two, particularly based on the powers of the Laplacian, are common
in physics and in engineering design, with applications ranging from standard models of elasticity
[30] to cutting-edge research of Bose-Einstein condensation in graphene and similar materials [38].
They naturally appear in many areas of mathematics too, including conformal geometry (Paneitz
operator, Q-curvature [7], [8]), free boundary problems [1], non-linear elasticity [41], [9], [6], and
have enjoyed increasing attention in the past several decades. Yet, none of the previously devised
methods could handle the Wiener criterion or Wiener capacity in the higher order context, and
moreover, even modest analogues of the maximum principle remained an open problem. Let us
discuss those in more details, for to address the Wiener criterion for continuity of the higher order
derivatives, one has to establish their boundedness first.

The study of the higher order PDEs on smooth domains went hand-in-hand with the second
order theory and, in particular, in 1960 the weak maximum principle has been established ([4], see
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also [31], [32]). Roughly speaking, it amounts to the estimate
(1.3) DIV <€ D IVR Ul o,

k<m-—1 k<m-—1
where u is a solution of an elliptic differential equation of order 2m with smooth coefficients such
that [V~ 14| is continuous up to the boundary, Viu = {0% U}|ei=k 15 a vector of all partial derivatives
of u of order k and we adopt the usual convention that the zeroth order derivative of u is u itself.
Here, Q was of class C".

More recently, with the breakthrough in understanding of boundary value problems on Lips-
chitz domains, (1.3) was proved for the m-Laplacian, (—A)", on three-dimensional domains with
Lipschitz boundary ([35], [36]; see also [10], [34], [39], [40] for related work), and, by different
methods, in three-dimensional domains diffeomorphic to a polyhedron ([15], [28]). It was also
established that in both cases V”"~'u is continuous whenever u is an m-harmonic function with nice
data. However, it turned out that for every elliptic operator of order greater than two the maximum
principle can be violated, in a four-dimensional cone ([29], see also [27], [34], [36]). In particular,
in dimensions n > 4 there are solutions to the polyharmonic equation with unbounded (m — 1)-st
derivatives (cf. (1.3)).

These results and counterexamples raise a number of fundamental questions: whether (1.3)
could be extended to arbitrary domains in dimension 3, on par with the maximum principle for the
Laplacian; whether in higher dimensions one can establish results of similar magnitude, possibly
for lower order derivatives; and finally, if any of these answers is positive, whether one could aspire
to get the capacitory conditions governing continuity of the appropriate derivatives.

The series of papers [20], [21], [22], culminating at the present manuscript, achieves a complete
description of the boundary regularity of polyharmonic functions in arbitrary domains, provides
sharp dimensional restrictions on boundedness of the derivatives of the solution, and establishes
geometric conditions on the domain necessary and sufficient for their continuity, an analogue of
the Wiener test. The methods rely on intricate weighted integral inequalities and a new notion of
higher-order capacities, see a more detailed discussion below teh statements of the main results.

In [22] we have established the exact order of smoothness for polyharmonic functions on do-
mains with no geometrical restrictions. The principal result reads as follows.

Theorem 1.4. Let Q be a bounded domain in R", 2 < n < 2m + 1, and

(1.5) ~AN"u=finQ, feCyQ), ueWm™(Q).

Then the solution to the boundary value problem (1.5) satisfies

(1.6) V22 e Q) whennis odd  and V" ?u € L¥(Q) when n is even.

In particular,

(1.7) V™" ly e LY(Q) whenn = 2,3.

Here the space VV’"’Z(Q), is, as usually, a completion of C((€2) in the norm given by ||“||v°vm’2(n) =

V" ull2(cy)- We note that V)V’"’Z(Q) embeds into CK(Q) only when k is strictly smaller than m — 7,
n < 2m. Thus, whether the dimension is even or odd, Theorem 1.4 gains one derivative over the
outcome of Sobolev embedding.
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The results of Theorem 1.4 are sharp, in the sense that the solutions do not exhibit higher smooth-
ness than warranted by (1.6)—(1.7) in general domains. To be more precise, when the dimension
n € [3,2m + 1] N N is odd, one can find a solution in a punctured ball for which the derivatives of

the order m — % + % fail to be bounded, and moreover, V"=5+3 4 is not continuous at the origin [22].
On the other hand, when 7 is even, the results in [15, Section 10.4] demonstrate that in an exterior
of a ray there is an m-harmonic function behaving as IxI’"‘%J“%. Thus, upon a suitable truncation,
one obtains a solution to (1.5)in By \ {x; =0, ..., x,_1 = 0,0 < x,, < 1}, whose derivatives of order
m — 5 + 1 are not bounded, confirming sharpness of (1.6) in even dimensions too, but for now at
the level of full (rather than fractional) derivatives. We shall return to this topic below.

At this point Theorem 1.4 finally sets the stage for a discussion of the Wiener test for continuity
of the corresponding derivatives of the solution, which brings us to the main results of the present

paper.
Assume that m € N and n € [2,2m + 1] N N. Let us denote by Z the following set of indices:

1.8) Z={0,1,...m—n/2+1/2}, ifnisodd,
1.9 Z={-n/2+2,-n/2+4,...,m—n/2-2,m—n/2} N (NU({0}), if nis even, m is even,
(1.10) Z={-n/2+1,-n/2+3,...,m—n/2-2,m—n/2} N (N U{0}), if n is even, m is odd.
Now let IT be the space of linear combinations of spherical harmonics
P
(1.11) P =" > byY[(x/lx), by €R, xeR"\(0},
pEZ I=—p

with the norm

Y
(1.12) 1Pl == [Z > bfﬂ} and T, :={PeTl: |Ply = 1}.

pEZ I=—p

Then, given P € I1;, an open set D in R” such that O € R" \ D, and a compactum K in D, we
define

(1.13)  Capp (K, D) := inf{f IV "u(x)>dx : u€ W™*(D), u = P in a neighborhood of K},
D

with
(1.14) Cap (K, D) := inf Capp (K, D).
Pelly
In the context of the Wiener test, we will be working extensively with the capacity of the comple-
ment of a domain Q C R" in the balls B,-j, j € N, and even more so, in dyadic annuli, Cy-j 5-j+2,

Jj €N, where Cy 4 :={x € R" : 5 <|x| <as}, s,a > 0. Following the custom, it will be convenient
to abbreviate dropping the reference to the “ambient” set

(1.15) CapP (Cz—j’Q‘—j+2 \ .Q) = CapP (Cz—j,z—j+2 \ Q, Cz—j—2’2—j+4), ] eN,
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and similarly for Cap. In fact, it will be proved below that there are several equivalent definitions
of capacity, in particular, for any n € [2,2m + 1] and for any s > 0, a > 0, K € C 4, we have

. S VEuolF & m2 mon _p: .
(1.16) inf E —————dx: ue W"*(R"\ {0}), u = P in a neighborhood of K
e R7 |x|2m—2k

~ CaPP(K, Cs/2,2as)-
In the case when the dimension is odd, also
CapP (Cs,as \ Q’ Cs/2,2as) =~ CapP (Cs,as \ Q’ Rn \ {0})

Thus, either of the above can be used in (1.15) conditions as convenient.
Let Q be a domain in R?, n > 2. The point Q € 9Q is k-regular with respect to the domain Q
and the operator (—A)", m € N, if the solution to the boundary problem

(1.17) -AN"u=finQ, feCy(Q), uec W’”’Z(Q),
satisfies the condition
(1.18) Vu(x) > 0asx > Q, x € Q,

that is, all partial derivatives of u of order k are continuous. Otherwise, we say that Q € 0Q is
k-irregular.
The main result of this paper is as follows.

Theorem 1.19. Let Q be an arbitrary open set in R*, m € N, 2 < n < 2m + 1. Let A be given by

m-—n/2+1/2 whennisodd,
(1.20) A=
m-—n/2 when n is even.
If
(1.21) ]Z_(; 2~i@m=n) Jnf Capp (Copra \ Q) = +oo,  when n s odd,
and
(1.22) jzz(; j2/@m=m gggl Capp (Cy-jp-i+2 \ Q) = +0o,  when n is even,

then the point O is A-regular with respect to the domain Q) and the operator (—A)™.
Conversely, if the point O € 0Q is A-regular with respect to the domain Q and the operator
(=A)" then

(1.23) jinf 27@m=m Cap, (Cy-jyo2 \ Q) = +00,  when n is odd,
elly £
J=0

and

(1.24) Piné E j27/Cm=m Cap, (Cr-jp-i2 \ Q) = +00, when n is even.
elly <
J=0
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Here, as before, Cy-j -2 is the annulus {x € R": 27 < |x| < 2‘j+2}, jeNU{0}.

Let us now discuss the results of Theorem 1.19 in more details. This is the first treatment of the
continuity of derivatives of an elliptic equation of order m > 2 at the boundary, and the first time the
capacity (1.13) appears in literature. When applied to the case m = 1, n = 3, it yields the classical
Wiener criterion for continuity of a harmonic function (cf. (1.1)-(1.2)). Furthermore, continuity
of the solution itself (rather than its derivatives) has been previously treated for the polyharmonic
equation, and for (—A)™ the resulting criterion also follows from Theorem 1.19, in particular, when
m = 2n, the new notion of capacity (1.8)—(1.12). coincides with the potential-theoretical Bessel
capacity used in [26]. In the case 4 = 0, covering both of the above, necessary and sufficient
condition in Theorem 1.19 are trivially the same, as P = 1 when n = 2m in even dimensions and
n = 2m + 1 in odd ones. For lower dimensions n the discrepancy is not artificial, for, e.g., (1.21)
may fail to be necessary as was shown in [20]. Finally, as we pointed out already, the bilaplacian
in dimension three was our first result pioneering this line of work, and was addressed in [20].

It is not difficult to verify that we also recover aforementioned bounds in Lipschitz and in smooth
domains, as the capacity of a cone and hence, capacity of an intersection with a complement of a
Lipschitz domains, assures divergence of the series in (1.21)—(1.22). On the other hand, given
Theorem 1.19 and following traditional in this context considerations (choosing sufficiently small
balls in the consecutive annuli to constitute a complement of the domain), we can build a set
with a convergent capacitory integral and, respectively, an irregular solution with discontinuous
derivatives of order A at the point O. Note that this yields further sharpness of the results of
Theorem 1.4. In particular, in even dimensions, it is a stronger counterexample than that of a
continuum discussed above (not only m—n/2+1 derivatives are not bounded, but m—n/2 derivatives
might be discontinuous).

Before the proof, let us say a few words about our methods and highlight new challenges, par-
ticularly in comparison with the biharmonic case. First of all, odd and even dimensions prove to
yield very different problems. Our approach is rooted in weighted integral inequalities whose na-
ture heavily depends on the parity of the dimension. In particular, when n is even, the situation is
significantly influenced by an additional logarithmic term. Moreover, the case of even dimensions
splits further depending on the parity of m — n/2 and the parity of m. The underlying effects can
already be glimpsed from the definition of II, the space of “boundary data” of the new capacity
(cf. (1.8)—(1.10)). The treatment of the biharmonic problem in [20] is restricted to dimension three
and somewhat resonates with the ideas used in odd dimensions here. However, even for n odd,
we need to use heavy machinery of [22] in order to assure positivity of various terms in result-
ing weighted inequalities and to develop tools to control the others: expressions which could be
explicitly computed for A? in dimension 3 now lead to severe technical obstructions.

One of the most difficult aspects of proof of Theorem 1.19 is finding a correct notion of polyhar-
monic capacity and understanding its key properties. A peculiar choice of linear combinations of
spherical harmonics (see (1.8)—(1.10) and (1.11)) is crucial at several stages of the argument, spe-
cific to the problem at hand, and no alterations would lead to reasonable necessary and sufficient
conditions. At the same time, the new capacity and the notion of higher-order regularity sometimes
exhibit surprising properties, such as for instance sensitivity to the affine changes of coordinates
[20], or the fact that in sharp contrast with the second order case [18], one does not expect same
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geometric conditions to be responsible for regularity of solutions to all higher order elliptic equa-
tions. For instance, the solution to the biharmonic equation (=A)%u = 0 is continuous at a vertex
of a cone in any dimension, while this property fails for [(=A?) + a(d/dx,)*1u = 0 in dimensions
n > 8 for all a > 5 + 2 V5 [25]. This underlines the delicacy of the analysis of new capacitory
conditions: recall that in the second order case the regularity of the solutions to all divergence form
elliptic equations is governed by the same capacity (1.1). Other features will be discussed in the
body of the paper.

2. REGULARITY OF SOLUTIONS TO THE POLYHARMONIC EQUATION

In the present section we set the notation and recall the main results of [22] which will be
extensively used in the present paper.

Let us start with a list of notation and conventions used throughout the paper.

For any domain Q c R" a function u € C’(€2) can be extended by zero to R" and we will write

u € Cy°(R") whenever convenient. Similarly, the functions in W’"’Z(Q), m € N, will be extended by
zero and treated as functions on R” or other open sets containing Q without further comments.

The symbols B,(Q) and S ,(Q) denote, respectively, the ball and the sphere with radius r centered
at Q and C,g(Q) = Br(Q) \ B,(Q). When the center is at the origin, we write B, in place of B,(0),
and similarly S, := §,(0) and C,. := C,.(O).

Let (r, w) be spherical coordinates in R", n > 2, i.e. r = |x| € (0,0) and w = x/|x| is a point
of the unit sphere S n=1 1n fact, it will be more convenient to use e/, t € R, in place of r, so that
t =logr~! =log|x|~!. Then by » we denote the mapping

2.1) R'>x - (Lw)eRXS™, n>2.

The symbols ¢ and V,, refer, respectively, to the Laplace-Beltrami operator and the gradient on
sl

Finally, by C, ¢, C; and ¢;, i € N, we generally denote some constants, possibly depending on
the order of operator m and the dimension » but not on any other variables and not on the domain,
unless explicitly stated otherwise. Their exact values are of no importance and can change from
line to line. Also, we write A ~ B, if C"' A < B < C A for some C > 0.

Theorem 2.2. Assume thatm € N and n € [3,2m + 1] "N is odd. Let Q be a bounded domain in
R", O eR"\Q ueCy(Q)andv = e(”’_%+%)’(u ox~1). Then

f (=A™ u(x) u(x)|x| " dx
Rﬂ

2.3) >szfsnl CAR)) dwdt+ij;nl ]—[ (=5 — p(p+n—2))vdwdt,

k>1,i20 _ n
=843
itk<m P=72

[SI[%]

where C > 0 is some constant depending on m and n only.
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Proof. The inequality
f (=A)"u(x) u(x)|x|~" dx
Rn

ny 1
m—2+2

= 2
Q4 =C) ff oy dwdt+Cff v [] o-p@p+n-2)vdwd,
k=1 VE 5"7'( t) RIS peaid
-2

2
is the statement of Theorem 2.1 in [22]. It only remains to show that a part of the sum corresponding
to i # 0 in (2.3) is controlled by the remaining terms.
To this end, let us recall the notation from the proof of Theorem 2.1 in [22]. In the system of
coordinates (¢, w) the polyharmonic operator can be written as

m—1
(2.5) (=" = (=1 | (=0, = 2))(=0, = 2j +n = 2) + ).
=0
Then
(2.6) (=A™ u(x) u(x)|x|" dx = f f L0, O)v(t, w) v(t, w) dwdt,
R” R Jsn-1
with
m n 1 n 3
Q7 L"0.6) = (1) g ((—a, tme s 2j)(<0; +m+ 575" 2j) + 5).
Denote by v, the coefficients of the expansion of v into spherical harmonics:
o p
2.8) W(t, w) = Z Z v (@),  1€R, weS",
p=0l=-p

Then we can write the expression on the right-hand side of (2.6) as

o p

2.9) Do [ £ 0= D0 v,
p=01=—p“E

We remark for future reference that, denoting by v the Fourier transform of v, i.e.

1 .
(2.10) Wy) = — f e v(t) dt, v eR.
V21 Jr
we have by the Plancherel’s identity that (2.9) is equal to

© p
S [ Lriv-p -2 of ay

p=01I=-p

o P
M, (- = 2
@.11) =3 f?’\eL My, —p(p+n =) o) dy.
p=0i=—p R
See [22] for details.
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Now, for 1 <k,0 <1i,i+ k < m, we have

o P .
(2.12) fR fs @Vt w)) dwdt = >3 (pp+n-2) f O vpu(0))? dt.

p=0Il=—p R

We break down the sum above into two parts, corresponding to the cases p < m — 5 + % and
pxzm—73+ 3 respectively. In the first case,

1 n 1
m=5+5

m-5+5 p . p
> pw+n-2) f @ Vo0 dt < Cn Y Y f @Fvpu(0))? dt
p=0 I=—p R p=0 I=—p“E
(2.13) < Cpun f (@v(t, w))? dwdt,
R Jgn-l1

which is bounded by the right-hand side of (2.4). As for p > m -5 + %, since i + k < m then by
Young’s inequality

(rp+n=2) [@vuoPdi= [ (po+n=2) 00 dy

< fR (r(p+n=-2)" +y*") TP dy

(2.14) <(p(p+n-2)" fR (D) dt + fR (@M (1)) dt.

However,
m-4+1

2.15) (p(p+n-2)) <C ]_[ (P(p+n-2)-s(s+n-2), foreverypzm-14+3,
s:—%+%

where C > 0 depends on m and n only. This follows from the fact that one can choose C such that

n

"omb s(s+n-2)
} = n\(“p(pm—z))’

1
2.16 —<|1-
(2.16) c s

[\S][98]

n
forevery p>m— 75 +
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Therefore, by (2.15)

a )4
Z Z (Pp+n-2) f(O"ksz(t))2 dt

n

< > Z ]_[ p(p+n—2)—s(s+n- 2))f(vp1(t))2dt
p= m——+g l==p s==5+5 R
2.17) + f @ pi(1))? dt,

p= m—%+% I=-p

which is also bounded by the right-hand side of (2.4), now invoking both the first and the second
term in (2.4). This finishes the proof of (4.24). O

Lemma 2.18. Assume that m € N and n € [3,2m + 1] NN is odd. Consider the equation
(2.19) LN=0;,0)h = 0,

where ¢ stands for the Dirac delta function. A unique solution to (2.19) which is bounded and
vanishes at +o has a form

Zr;l:l Vj e, t>0,
(220) h(t) - Zrlnzlluj eﬁf’, t<0.

Herea; >0, j=1,2,..,m, B;>0for j=2,..,mand 8, =0 are such that

1 m—1 n 1 m—1
m m .
(2.21) (e, | i, = { +———+2]} U{————+m—2]}j_
and with the notation

(222) 7: (_alaﬂﬂ_amaﬂl’---’ﬂm)’ I?: (Vla---avm’_#lw--a_#m)

the coefficients v, u; € R satisfy

(2.23) ki=CD"([ Joi-w)

J#i



POLYHARMONIC CAPACITY AND WIENER TEST 11

Theorem 2.24. Assume thatm € Nandn € [3,2m+ 11NN is odd. Let Q be a bounded domain in
R, OeR"\Q ueCP () andv = e(”"%+%)t(u o %~ V). Then for every ¢ € Q and T = log |¢]™!

(2.25) f V2 (1, w) dw
Sn—l

+Zf£nl ale dwdt+f£nl 1_[ (=6—-p(p+n-2))vdwdt

k>1,i>0 _n + 2
i+k<m 272

<C fR n(—A)mu(x) u(x)g(log |x|™", log €] dx,
with
(2.26) gt, 1) = e’ (Cih(t—1)+ Cy), t, T €R,

and h given by Lemma 2.18. Here C,Cy,Cy are some positive constants depending on m and n
only.

Proof. This is the result of Theorem 4.2 from [22], loc.cit. There, in the statement we only display
the first term on the left-hand side of (2.25), but it is clear that one can add the terms appearing in the
second line at the expense of possibly augmenting the constant C5 in (2.26), owing to Theorem 2.2.
o

Remark 2.277. We mention for the future record that the proof of Theorem 4.2 from [22], loc.cit.,
demonstrates an additional term in the lower estimate for the right-hand side of (2.25). Namely, in
addition to (2.25), we have

m—"+

(2.28) Z f V(8 (L™ (=0, =p(p + n = 2)) = L™"(=0;,0)) h(t = 7) dt

p=0 I=—p

<c f (—A)"u(x) u()g(log [~ log ™) d.
Rn

It is shown in Proposition 3.1 from [22], loc.cit., that the weight of the integral on the left-hand
side of (2.28) is positive, that is,
(2.29)

1

(L™ (=0, —p(p +n—2)) = L™ (=0;,0)) h(t) >0, forall t#0, 0<p<m-— g + 5

This fact allows to dispose of the corresponding terms and eventually arrive at (2.25), but we shall
need them explicitly in the proof of necessity of the capacitary condition in this paper.

Theorem 2.30. Assume that m € N and n € [2,2m] NN is even. Let Q be a bounded domain in
R, O €eR"\Q ueCyQandv = e(m_%)’(u o %~1). Furthermore, let R be a positive constant
such that the support of u is contained in Byg, Cg := log(4R), and let ¥ be a weight function such
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that either y(t) = Cgr + t for all t € R or y(t) = 1 for all t € R. Then whenever m is even,

m_m—k
—A)" log|x ™ dx > C ff (6FVLY) w() dwd
| ()" U uCx) y(log X dx kzz (V) v dad

2.31) +cff v [ [6-p@+n-2 vy dod,
RJs=t 0,

where the product is over p = —n/2 +2,-n/2 +4,....m—n/2 —2,m —n/2, thatis, p = —n/2 + 2j
with j=1,2,...,m/2. If m is odd,

m—k

> f f . AR

i=

—A)" 1 Ndx>C 3
fRn( Y'u(x) u(x) ylog x|y dx > Z;

(2.32) + Cf f v ]_[ (=6 = p(p+n—2)* (=6 + (n/2 = 1)) vy(1) duwt,
RJgmt T

where the product is over p = —n/2+3,—n/2+5,...m—n/2-2,m—n/2, thatis, p = —n/2+1+2j
with j=1,2,...,(m — 1)/2. In both cases C > 0 is some constant depending on m and n only.

For future reference and to set the notation, let us record a few related details. According to the
proof of Theorem 2.30 in [22] (with the same choice of ¢ as in the statement of the Theorem), we
can write

(=AN)"u(x) u(x) y(log |x|_1) dx = f L1, 5)V(t, W) V(t, w) Y(1) dwdt

- 2 Jgn
(2.33) = i f L7, —q(q + 1 = 2))vg(t) v (D) WD) dt,
where o

(2.34) LD, —q(q +n—2)) = nf_l (=07 + Bi(9)?).
with -

) 5 RV RV
(235) B(q)* = (/2= 12 + q(q +n—2)+m=2j-1) = (g+n/2+m-2j-2)", g€ NU{0}
satisfying the estimates
(2.36) Bj(q)2 > C max{l,q(qg +n—2)},when g e NU {0} is such that ¢ # 2j —m — n/2 + 2,

for some C > 0 depending on m and n only, and

(2.37) Bilqg)=0 if g=2j-m-n/2+2.
Whenever m is even,
(2.38) L"(0,-q(q+n-2)) = n (@lg+n-2)-p(p+n-2)*>, geNU{0},

p
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where the product above is over p = —n/2 +2,-n/2 +4,....m —n/2 —2,m —n/2, and if m is odd,

(239) L0, ~qlg+n-2) = [(alqg+n—2) = p(p+n-2)*(qlq+n—2)+ (/2 1)?),

for every g € N U {0}, with the product above over p = —n/2+3,-n/2+5,...m—-n/2-2,m—n/2.

Lemma 2.40. Assume thatm € N, n € [2,2m] NN is even and m — n/2 is even. Recall that in this

case

m—1 n )
(2.41) L300 = [ (-8 + (m =5 - 24))

=0
and consider the equation

m—1 n )
2 : —

(2.42) ]]:0[(—6,+(m—§—21))h_5,

where 6 stands for the Dirac delta function. A unique solution to (2.42) which vanishes at +co and
has at most linear growth or decay at — has a form

(2.43)
=122 D ity SOR22 D) ity G2 D /24200, 50,
h(t) = -
@ Sl (1> it 4 3D <2> et 4 y2-] ﬂ§3> o220 4By ) < 0,

Here vfl), 1(2),;11(1),/1(2), i=1,...,.(m—-n/2)/2, vl(3),,u(3) [ =1,....,n/2 -1, and u(4),u(5) are some
real numbers depending on m and n only.

Lemma 2.44. Assume thatm € N, n € [2,2m] NN is even and m — n/2 is odd. Recall that in this
case

(2.45) L3, 1 —n) = L8y, —1(1 +n—2)) = T—[ ( (m + 2_2j-1) )

j=0
and consider the equation
m—1 n 2
2 ; —
(2.46) lj:(!(—at+(m+§—2j—l))h—5,

where ¢ stands for the Dirac delta function. A unique solution to (2.46) which vanishes at +oco and
has at most linear growth or decay at —oo has a form

(2.47)
S22 D) ity 22,2 iy 52\ B) (o2 1200 £>0,

h(t) = S n-n/2-1)2 (1) it 4 22 0y iy g2 ) 22 g ) <),

Here vfl), 52),;151),;1(2), i=1,.,(m—-n/2-1)/2, VES)’#(?) = 1,...,n/2, and /1(4),/1(5) are some
real numbers depending on m and n only.
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Theorem 2.48. Assume thatm € N andn € [2,2m] NN is even. Let Q be a bounded domain in R",
OeR"\QueCy(Q)andv = e(’”_%)’(u ox~ 1. Let R be a positive constant such that the support
of u is contained in Byg. Then there exist positive constants C, C’, C”, depending on m and n only,
such that for every & € Bog and T = log ]! we have

(2.49) f Vi, w)dw < C f (=A™ u(x) u(x)g(log |x| ™', log |£] 1) dx
Snfl R7

where Cg = 10g(4R) and g is defined by

(2.50) gt,T) = h(t — 1) + fP(Cr + 1) + C' + C"(Cg + 1),

where h and u™® are given by (2.43) and (2.47), depending on the parity of m — 5.

Proposition 2.51. Let Q be a bounded domain in R", 2 <n <2m+1, Q €e R*"\ Q, and R > 0.
Suppose

(2.52) (~A"u=finQ, feCyQ\Bi(Q), ueWm" Q).
Then

1 C
(2.53) —f Iu(x)l2 doy < —f Iu(x)l2 dx forevery p <R,
p2/l+n—1 $,(0NQ X R2/1+n Crar(ONQ

where C is a constant depending on m and n only, and 1 = [m -5+ %] as in (1.20).
Moreover, for every x € Brj4(Q) N Q

_ 2A-2i
(2.54) Vil < C % f uPdy, 0<i<A.
R Cr/44r(Q)NQ

In particular, for every bounded domain Q C R" the solution to the boundary value problem
(2.52) satisfies
(2.55) V22 e L°(Q) whennis odd  and  [V"?u| € L¥(Q) when n is even.

We also address the behavior of solutions “at infinity”.

Proposition 2.56. Let Q be a bounded domain in R", 2 < n <2m+1, Q e R*"\ Q, r > 0 and
assume that

2.57) N"u=finQ, feCyB(Q)NQY), ue W2 (Q).

Then

(258) p2/1+n+1—4mf |M(X)|2 dO'x < Cr2/1+n—4mf |M(X)|2 dx,
Sp(@NQ Cr4.,(Q)NQ

for any p > r and A given by (1.20).
Furthermore, for any x € Q \ By4,(Q)

(2.59) IViu(x)* < C 21:'1;4"14 — f lu()|? dy, 0<i<A
|x = QPFA+2=3m+E e, anone
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This concludes the list of main Theorems from [22] that will be used in the present paper.
Finally, for future reference we record a well-known result following from the energy estimates
for solutions of elliptic equations.

Lemma 2.60. Let Q be an arbitrary domain in R", n > 2, Q € R* \ Q and R > 0. Suppose

(2.61) (-N)"u=finQ, feCyQ\Bi(Q), ueW"Q).
Then
I , C
(2.62) — \ViuP dx < — lul* dx
;‘ "2 B ona 2" Je, a0

for every p < 2R.

3. HIGHER ORDER REGULARITY OF A BOUNDARY POINT AS A LOCAL PROPERTY

Let us recall from the introduction, (1.17)—(1.18), the notion of k-regularity of a boundary point
for an arbitrary k € N. To start, we would like to show that k-regularity is a local property. In other
words, the k-regularity of a boundary point depends exclusively on the geometry of the domain
near this point, rather than the geometry of the entire domain.

Proposition 3.1. Let Q be a bounded domain inR", m € N, 2 < n < 2m+ 1, and the point Q € 0
be A-regular with respect to Q and the operator (—A)", with A € N given by (1.20). If Q' is another
domain (possibly unbounded) with the property that B,(Q) N Q = B,.(Q) N Q' for some r > 0 then
Q is A-regular with respect to Q' as well.

The proof of the proposition rests on the ideas from [26]. Let us start from the following corol-
laries of the results in Section 2.

Lemma 3.2. Let Q be a bounded domain in R", m e N,2 <n <2m+1, Q € R" \ﬁ. Then for
every u € W"2(Q), and every p > 0

1
(3.3) S f ()% dx
P Jenona

<C  sup fg (=A)"u(y) u(y)g(logly — Q' log £ = OI™") dy,

fecp/Z,p(Q)mQ

where C is a constant depending on m and n only, g is the function defined in (2.26) when n is odd
and by (2.50) when n is even, and A is given by (1.20).

Proof. The Lemma follows from Theorems 2.24, 2.48 and a limiting procedure. Indeed, if u €
Cg" (Q), the desired estimate is literally the result of the aforementioned lemmas. Furthermore,
when u € W2(Q) and, respectively, (—A)"u € W™2(Q), the same result can be obtained approx-
imating u € Wm'2(Q) by CS" () functions in VOV’”'Z(Q) norm and using the fact that for all £,y € Q
the function g(log|y — oI, log|¢ — o together with all its derivatives is bounded by a constant
depending on the distance from Q to Q, p, (and diam () in the case of even dimension) only.
Note that the constant C in the resulting inequality (3.3) does not depend on dist(Q, Q) (nor on
diam (Q)), the separation is only needed to justify the limiting procedure. O



16 SVITLANA MAYBORODA AND VLADIMIR MAZ’YA

Lemma 3.4. Let Q be a bounded domain in R”, 2 <n <2m+1, Q € R"\ Q. Suppose u € VOV’"’Z(Q)
is such that

(3.5 (-AN"u= Z 3y in Q, f, e H(Q)NC(Q), fy=0inaneighborhood of Q.

a: la|l<m

Then the estimate (3.3) is valid for every p > 0 with the constant C depending on m and n only,
g defined in (2.26) when n is odd and by (2.50) when n is even, and A is given by (1.20).

Proof. To fix the notation, let R > 0 be such that supp f, N B4g(Q) = 0, |@| < m. Furthermore, let
{Q,}” | be a sequence of domains approximating Q and staying away from 0, i.e., such that

(3.6) Q, =9, Q,cQ,;, and Q¢ Q_n for every n e N.

n=1

Moreover, , N (R" \ Byr(Q)) = QN (R" \ Byr(Q)) for all n. For instance, €, can be built from Q
by cutting off small balls around Q. Let us denote by u,, the solutions to the problem

(3.7) A"y = Y 3 fala, in Qu, uy € WAQ),
a:la|l<m

where f,l|q, s a restriction of f, to Q,. Hence, by Lemma 3.2 the estimate (3.3) holds for each u,,
and moreover, due to the restriction on the support of f, and the construction, we have

lun(x)I” dx
p2/l+n Coprp(QNQ

38  <C s f D fa0) (8% (wa)glogly - QI loglé = OI7)) .

£€Copp(ANQ JNBR(D) o |al<im

On such a domain, the function g together with all its derivatives of order less than or equal to m
is bounded by a constant depending p, R only (and diam (Q) in the case of even dimension), and
hence, we can pass to the limit on both sides of (3.8) and conclude the proof of the Lemma as soon
as we establish that {u,} converges to u in VOV’"’Z(Q). This is a consequence of the definition (3.7).
Indeed, first of all, for every ¢ € W2(Q) there is a sequence of C(£2) functions approximating
@ in VOV’”’Z(Q) norm, and hence, by (3.6), we can choose from it a subsequence ¢, € C(£),)

approximating ¢ in W2(Q) norm. For every such ¢,
69 A w0 )0y = [ 8700 - a0 ) dy =0

Indeed, ¢, € C’(€2,), and hence, the integration in (3.9) is over a domain strictly contained in €2,
while (—A)"u,, = (=A)™u on Q, by definition. On the other hand,

n—oo

(3.10) lim Q(—A)’"(un(y) = u(y)) (en(y) = ¢(y)) dy = 0.
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This follows from the fact that ¢, converges to ¢ in VOV’"’Z(Q) and u, —u € VV’”’Z(Q), with the
uniformly bounded norms:

Z 6afa|£2,,

a:|a|l<m

lltnllymaqy = letnllyymaq,y < €

wm?2 ()

= sup f v(y) Z 0 fala, () dy

vewm2(Q,): Mlm 2, =1 Q, a:lal<m

G.11) s s [ Y PR =y
veWm2(Q): [Mljym2 g, =1 V< a:lal<m
Combining (3.10) with (3.9), we deduce that
(3.12) nlim (=A)"(un(y) — u(y) ¢(y) dy = 0,
—o Jo

for every ¢ € W"2(Q). In particular, we have

[ 70,00 = 10 ) = o)
= [ 875 = o) 1)y = [ =870 3) = ) ) dy

(3.13) =0- fg(—A)m(un(y) —u(y)u(y)dy — 0, asn — oo,

and hence, by ellipticity, the limit in n of ||u, — ullwm,z(g) is equal to 0, as desired. O

Lemma 3.14. Let Q be a bounded domain inR", m € N, 2 < n < 2m+ 1, and the point Q € 0 be

A-regular with respect to Q and the operator (—A)™, with A € N given by (1.20). Then

(3.15) V/lu(x) —-0asx—> 0, xeQ,

for every u € W™2(Q) satisfying

(3.16) (-A)"u = Z 3y in Q, f, e LX(Q)NC®(Q), fy=0inaneighborhood of Q.
a:lal<m

Proof. Let us fix € > 0 and take some 1. € C°(Q) to be specified later. Let v, be the solution of
the Dirichlet problem
(3.17) (Ao = Y O"Mefo) in Qe € WAQ),

a:|al<sm

andw, ;= u—v, € VOV’”’Z(Q). Since the point Q is A-regular and the right-hand side of (3.17) belongs
to Cg" (€2), the function v, automatically satisfies (3.15) and in particular, there exists 6; = 61(g) > 0
such that

(3.18) IVAvg(x)I < g/2 whenever |x — Q| < §.
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Let us now consider w, € W’”’z(Q). It satisfies the equation

(3.19) (-A)"w, = Z 0"((1 = no)fy) in Q, with f, = 0in a neighborhood of Q.

a: |a|l<m

As before, let R > 0 be such that supp f;, N B4gr(Q) = 0, |a| < m. Then, by interior estimates for
solutions of elliptic PDE [5],

(3.20) [VAiw. (X)) <

w3 dy, ¥ x € Bria(Q),
d(x)r+24 fB([(X)/z(x) ¢ /

d(x) denoting the distance to 0€).
Now for every x € Br/4(Q) denote by xp a point on 0€Q such that d(x) = |x — x| and note that
supp fo N B3r(xg) = 0, |a| < m. Then, according to Lemma 3.4,

C C
Gany —< f o dy € — < f e )P dy
d(x)n+2/l Bi(x)/2(x) ¢ |X - )COVH—Z/l C\x—xo\ 3lx=xg (x0) °
2 T2

<C sup f (=A)"we(y) we()g(logly — xol ™', log |€ — x| ") dy

£€C [x—xy| 3pr-xol (x0) IR
7 71

sc s 3 [ a-nonso x

fec@ M (x0) ¢ ||<m

x (=0,)"(wegllogly = xol”' oglé = xol ) dy.

Since the supports of f, stay away from Bisg(xp), the function g together with its derivatives is
bounded by a constant depending on supp f, R only (and diam (€2) in the case of even dimension).
Moreover, the L? norms of (1 — 1) fo vanish as the euclidean size of support of 1 — 1. goes to 0,
and therefore, by (3.19), ||w5||ﬁ,m,2(9) vanish as well. Then, we can choose 7. so that the expression
in (3.21) and, hence, (3.20), does not exceed £/2. Combined with (3.18), this leads to (3.15), as
desired. O

Proof of Proposition 3.1. Consider a solution of the Dirichlet problem

(3.22) (-A)"u=finQ, feCYQ), ueWwm™(Q),
and take some cut-off function n € C°(B,(Q)) equal to 1 on B, />(Q). Then nu € W™2(Q) and
(3.23) (=A)"(qu) = nf + [(=A)", nu.

Since nf € Cy(€) and the commutator above is a differential operator of order 2m — 1 with
smooth coeflicients supported in C,2 -(Q), one can write

(3.24) (—A)"(u) = Z 8%f,, forsome f, € LX(Q)NCQ),
a: |la|l<m

with f;, = 0 in a neighborhood of Q given by the intersection of B,2(Q) and the complement to
supp f. Then, by Lemma 3.14, the A-th gradient of nu (and therefore, V*u) vanishes as x — Q. O
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4. THE NEW NOTION OF POLYHARMONIC CAPACITY

Throughout this Section n € [2,2m + 1]. Assume first thatm € N andn € [3,2m+ 1] NN is odd.
We start with the observation that according to the computations that we recalled in Section 2,

for any bounded domain Q inR", 0 € R"\ Q, u € C7(€2) and v = e(m‘%+%)t(u ox~!) the expression
.1 (=A)"u(x) u(x)|x ™" dx

Rn
can be written as

o p
Do [ £ O 1= D vy

p=0I=-p R

o p
=>> fR Re L™y, —p (p +n—2) [Trn[* dy

p=01l=—p
o P 5 © P

(42) =), f apy N dy =" " f @y 3 @Vpi(t) vpt) d,
p=0Il=-p R p=0I=-p R

where for m and n as above L™ are defined in (2.7), v, are the coeflicients of the decomposition
of v into spherical harmonics (2.8), and at the moment the reader can understand a,, vi3 (y) simply

as the notation for the coefficients of Re L™"(iy,—p (p + n — 2)) appearing on the second line of
(4.2). The notation a,(d;) used in the last line of (4.2) stands for the differential operator formed
by replacing iy by 0, in the representation of a,. The exact formulas for a, are computed in the
proof of Theorem 2.2 in [22] and we do not copy them here as they play no particular role in the
present argument. However, they enjoy a few crucial estimates which we will extensively use. All
ap, p € N U {0}, are the polynomials of ¥? of order m. Moreover, according to Step VIII in the
proof of Theorem 2.1, in [22], loc.cit., we have

n,1
m=5+3

(4.3) a0 1) 2 cY e [] (pp+n-2-sts+n-2),
k=1 g=—043
272

for some C > 0 and p € NU {0}. This is the translation of (2.4). Even more precisely, we can write

m

(4.4) dps 3N = Y ™, yER peNU(O)ay € R,
k=0

where ¢y, are such that, firstly, there exists a constant ¢y > 0 such that
4.5 Ckp 2 ¢o for k>1,p e NU {0},
and secondly,
m-4+%
(4.6) cop=C 1_[ (p(p+n-2)-s(s+n-2), peNU{0}

—_n,3
s==3+%3
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for some C > 0, so that

1 3
4.7) Cop=Oif0£pSm—g+§, c0p2c0ifp2m—g+§,
and moreover, by (2.15),
3
(4.8) cop 2 co(p(p+n—2)" ifpzm—g+§.

The fact that ¢, have the exact form (4.6) is not explicitly discussed in the proof of Theorem 2.1,
in [22], but it can be seen directly by writing

m=t4l

m—1 272
4.9) £"(0,8) = (-1 | ((m—g+%—2j)(m+g—%—2j)+6w) =[] bu-s+n-2).
j=0 ;

—_ny >
§S==3%3

We do not claim that the positive constant denoted by C in (4.3) and in (4.6) is the same, and it is
not important for the discussion.

All in all, for any bounded domain Q in R", O e R" \ Q, u € C7(€2) and v = e(’”‘%+%)t(u ox 1
we have

[o) P m
(4.10) )" () @ dx =" 3" " e fR (@ vpu(1))* dt,

p=0I=—p k=0
where the coefficients ¢, € R are as above, in particular, they satisfy (4.5)—(4.8).

Now let us assume that m € N and n € [2,2m] NN is even. As before, let Q be a bounded
domain in R", O € R" \ Q, u € C;°(Q2) and this time, v = e(’”‘%)t(u o %2~ 1). Retain the notation of
Theorem 2.30 and recall the comments right after its statement, (2.33)—(2.39). All this can also be
translated into the language of ¢y, i.e., the coeflicients near various terms of decomposition into
spherical harmonics on the Fourier transform side. We shall do that now and also combine this
with the computations for odd dimensions presented above.

Definition 4.11. Let Q be a bounded domain inR",2 <n <2m+1,0 € R"\ Q, u € C5 (L) and
v = eY(u o x71), with A given by (1.20). The coefficients ckp € R are uniquely determined by the
condition that for u and v as above

[o] P m
(4.12) (=A™ u(x) u(xX)| x> "2 dx = Ck f (v ,1(D))* dt.

Of course, {cip}’s depend on m and n as well, but we omit additional indices not to make the
notation too cumbersome. Let furthermore Z denote the set

Z:={peNU{0}: co, =0}.

According to the computations above and (2.36)—(2.37), Z coincides exactly with the set defined
by (1.8)—(1.9). For p ¢ Z, we have (see (4.8) and (2.36))

(4.13) cop = comax{l,(p(p +n-2))"} if p ¢ Z,
and (see (4.5) and (2.34)—(2.36))
4.14) ckp 2 ¢o for k> 1,p e NU {0},
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for some constant ¢y > 0.

To be more specific, we record that
4.15) cop = L™"(0,=p(p +n—=2)), if nis odd, and c,, = Ly (0, —p(p + n - 2)), if n is even,
and the explicit expressions can be found in (4.6), (2.38), (2.39).

Definition 4.16. Given a bounded domain QinR",2 <n <2m+1,0 € R"\ Q, u € C;(L2) and
v = uox~! (note a different normalization!), we let

(o] P m
4.17) O Q=" > > e, fR (@ v,u(1)? dt.

p=0 I=—p k=0

In particular, again, due to the choice of the normalization,
(4.18) Olu; Q] = f (=" (Ix'u() [P u(x)dx  whenever u € Cy(Q),
R}'I

and Q is a bounded domain in R" not containing O. However, ®[u; Q1] is well-defined for a larger
class of functions u than the one in (4.17)—(4.18), and we will further use the notation (4.17) in a
more general setting. In this vein, for an annulus C, 5, 0 < a < b < co, we write

© p m log i
(4.19) O Capl = D° > > exp f @)’ dr,
log 3

p=0I=—p k=0

where ¢k, € R are the same coeflicients as above, v = u o x~! and u is any function for which the
expression in (4.19) is finite (with partial derivatives understood in the sense of distributions).

In the case of even dimensions, we shall also make use of the functional ® with an additional
logarithmic weight,

(] P m
(4.20) Ol Q] = Y Y > iy f @ vp(0(Cr + D) dt,  Cp :=log(4R),

=0 I=—p k=0 R
where R is taken so that the support of u is contained in Byg, O € R" \ Q. Note that the sub-
script R refers to the choice of weight Cr + ¢ and we loosely refer to the weight as “logarithmic”
subconsciously treating it back in Euclidean coordinates.

As per (2.33) and the discussion below it,
4.21)

Dplu; Q] = f (=)™ (1xt'u(x)) [x>"~" " log(4RIx| " Yu(x)dx  for u € CF(Q), suppu C Bag.
R)l

In particular, it is not difficult to see that the coeflicients {cy,) coming from the integration with

the power weight and with the power-logarithmic weight (cf. (4.18), (4.17) and (4.21), (4.20)) are

indeed the same. The reader can also consult the proof of Theorem 5.1 in [22] for details.
Similarly to (4.19), or an annulus C, 4, 0 < a < b < oo, we set

o p m logé
(4.22) Oplu; Capl = D7 D" > iy f @) (Cr+1)dt, Cr = log(4R),
log 3

p=0 I=—p k=0
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where ¢, € R are the same coeflicients as above, v = u o %~! and u is any function for which the
expression in (4.19) is finite (with partial derivatives understood in the sense of distributions). As
before, R is taken so that the support of u is contained in Byg.

For future reference we would like to single out the following estimates.

Lemma 4.23. Let 0O <a < b < oo. Then

log
D[u; Cp] f (O VLv(t, w))* dwdt
k>1 o Vlog g Jsr!
itk<m
log
(4.24) +C f L0, 6)v(t, w) v(t, w) dwdt,  for n odd,
logf Jsn!
and
log .
Ofu; Cpl 2 C Y f @V (1, w))? dwdt
o Ylog g JSm
i+k<m
log
(4.25) +Cf f L0, 6)v(t, w) v(t, w) dwdt,  for n even,
1 gn-1

ogh

where v = u o x~ " and u is any function for which both sides of (4.24), or, respectively, (4.25), are
finite. Moreover, with the same notation,

(4.26) S_"IIMIILZ(C o+ Ofu; Cagps]
log )
f Vit W) dwdi ~ Y P f IVEul? dx,
k>z i>0 1Ogb st 0<k<m Cas,bs
1+k<m

with the constants independent of s. If, in addition, u € C8° (Cas.ps), then also

logé )
(4.27)  OLu; Casps] = Z f OV v(t, w))* dwdt
1

1 n—1
k20,i>0 Y108 5 S

i+k<m

~ Z s2k_”f |Vku|2dxzszm_”f [V"ul? dx.
Cn.r,b.v Cas,bx

0<k<m

Proof. Let us start with (4.24), (4.25). The estimate

lo
(4.28) Ofu; Cab]>C f e f (0v(t, w))* dwdt,
Ogb gn-1
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follows directly from the definition and (4.14). The bound from below by

log
f L0, o)v(t, w) v(t, w) dwdt
1

ogi Jsnl
and

log

f L0, 6)v(t, w) v(t, w) dwdt,
log § Jsn!
in the case of odd and even dimension, respectively, is due to (4.15). Finally, the mixed derivatives,
corresponding to 1 < k, 0 < i, i + k < m, are bounded by the combination of the right-hand side
of (4.28) and the two integrals above, by the same argument as (2.12)—(2.17) employing the bound
(4.13). This finishes the proof of (4.24), (4.25).
In order to get > in the first inequality in (4.26), we now only need to bound

logé lo gf
Z fl 1 (Vi v(t, ))? dwdt = Z Z Z f (p(p +n = 2)) vpu(t) dt.

O<ism Y108 5 st 0<i<m p=0 I=—p

This follows essentially from a simpler version of the argument in (2.12)—(2.17), now with k = 0.
Indeed,

log é
S S (ppen-2) f 0P di % [0 [ otnon? dodr < Gl
PeZ I=—p logz  Jsn! “r
and by (4.13) we have

S S (ppan-2 f o2

p¢Z I=—p

(4.29) <> Z cop f (v,,l(r» dt < CO[u; Cayps).
p¢Z I=—p

as desired.

The < inequality in (4.26) is straightforward from definitions, and the second equivalence in
(4.26) is a change of variables.

The passage from (4.26) to (4.27) is due to Hardy inequality. Let us furnish some details. We
only have to show < direction in the last equivalence in (4.27) and > part in the first equivalence in
(4.27). First, for every u € ﬁ/’"*z(Cm »s) We have

o Z s2m=2k f IVuCF d < €™ nf V"™ u(x)|* dx,

as bs Cax.bs

using the Hardy inequality. This proves < direction in the last equivalence (4.27). On the other
hand, by one-dimensional Hardy inequality in ¢ € (log %, log %), we can bound

log é log é
(4.30) f (t, w))* dwdt < C f (0'(t, w))* dwdt,
1

og% Sn-l log% Ssn-1
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which in turn is bounded by C®[u; Cyy 5], as desired. O

Remark 4.31. Let s > 0,0 < a < b < co. Motivated by (4.26), we define the Sobolev-type space

2 2 2 - 2
4.32) v* (Casps) = {u € L (Cusps) : ”u“V’"’z(Cmm) = nHu”Lz(Cmm) + @fu; Cos,ps]
log % .
~ Z f (afViuv(t, w))? dwdt ~ Z szk_”f [VEu]? dx < 00},
I_cz%ézo log; Jsn-! 0<k<m Cas,bs
1+K<m

where the derivatives are, as usually, understood in the weak sense, and v = u o x L

Remark 4.33. We remark that the first equivalence in (4.27) does not require the full power of the

condition u € C;°(C,s.ps) but rather a weak vanishing on the boundary sufficient for application of
. 0 . -,

the Hardy inequality in (4.30).

Now let us recall from the introduction the space of linear combinations of spherical harmonics
from (1.11)—(1.12). Then, given P € II;, for any bounded open set Q such that O ¢ Q we define
®-capacity of a compactum K C Q as

(4.34) Cap} (K,Q) := inf {CD[M; Ql: ue W™ (Q), u =P in aneighborhood of K}.

In the introduction we utilized a somewhat different polyharmonic capacity, namely, (1.13)—(1.14).
We shall use Capg in place of Capp whenever convenient, and employ the following relation
between the two of them.

Lemma 4.35. Let Q be an open set in an annulus Cgg ps for some constants 0 < a < b < oo, Then
for every compactum K C Q and any P € I1;

(4.36) Capp (K, Q) = 52" Cap$ (K, Q),
with the implicit constants depending on n,m and a, b only.

Proof. The proof is a direct application of (4.27). For every & > 0 we can choose u € W2(Q) such
that # = P in a neighborhood of K and

(4.37) f IV"u(x)* dx < Capp (K, Q) + €.
Q

However, for every u € VV’"’z(CuS,bS) (in our case, extended by zero from VOV’”’Z(Q) to W’"*Z(Cas,bs)
we have

(4.38) O[u; Q) < Cs*" ™" f IV"u(x))? dx,

Cax,bs

by (4.27). This gives the “ > ” inequality in (4.36). The converse argument is exactly the same,

again using (4.27). O
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It follows directly from the definitions that all versions of the capacity defined above are mono-
tone in the sense that for every P € II;
(439) KICK,cQ = Capp(K;, Q)< Capp (K>, Q), Capc}; (K1,Q) < Capg (K3, Q),
(440) KcQ cQ, = Capp(K,Q) = Capp(K,Q), Cap?.? (K, Q) > Cap}? (K, ),

and analogous statements hold for Cap. In addition, we have the following relations.

Lemma 4.41. Let K be a compactum in Cggps for some s > 0, 0 < a < b < oo. Then for every
P ell;

(4.42) Capp(K, Cus/22p5) < Cs"2, Caph(K, Cusjaops) < C,
with the constants independent of s.

Proof. The estimates (4.42) come from the scaling considerations. Indeed, if w(x) = u(sx), x € R",
then first of all,

(4.43) U € W (Casaany) & we W™ (Cap),

and secondly,

(4.44) u = Pin a neighborhood of K <= w = P in a neighborhood of sTIK,

where s 'K := {x e R" : sx € K}. Also,

(4.45) f V" w(x)* dx = f IV [u(sx)]* dx = s*"" f IV u(y) dy,
Car2.20 Car2.2 Cas/2,265

so that

(4.40) 5" "Capp(K, Cas/2.205) = Capp(s~ K, Cap22p).

However, s 'K c C,; and therefore by (4.39)

(4.47) Capp(s™' K, Ca225) < Capp(Capr Caj220)s

uniformly in s. The right-hand side of (4.47) is a constant independent of s and therefore, (4.46)—
(4.47) along with (4.49) prove the first part of (4.42). The bound on Caqu) then follows from
Lemma 4.35. o

Lemma 4.48. Let K be a compactum in Cyps for some s > 0,0 <a <b < oo. Ifne[3,2m+1]is
odd, then for every P € I1,

(4.49) Capp(K,R" \ {0}) = Capp(K, Cys/2,205),

with the constants independent of s.
Furthermore, for any n € [2,2m + 1] we have

VEu(x)? .
(4.50) 1nf{z f || l;‘”(lxgl dx: ue W"2R"\ {0)), u:PinaneighborhoodofK}
Py Rr |X]

= Capp(K, Cus/2,2p5)-
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In fact, an analogue of (4.49) holds for Caqu) as well, in the sense that one can harmlessly enlarge
the set Cgg/2,205 N Capqp’(K, Cas220s) if K C Cgyps. However, one would not take R" \ {O}, since
for the elements of the space VOV’”’Z(R" \ {O}) the functional ® need not be finite.

Proof. The “ < ” inequality in (4.49) follows from the monotonicity property (4.40). Similar
monotonicity considerations treat the ““ < inequality in (4.50) once we observe that

C IVFu(o? m AR jm2

(451) Z mdx X |V M(X)I dx for ue W™ (CaS/Z,ZhS)
k=0 Caa/22hs |X| Cas/22bs

by Hardy inequality.

Let us turn to the opposite direction, starting with (4.49). To this end, fix some & > 0 and take
ueE VV’"’z(R" \ {O}) such that u = P in a neighborhood of K and

(4.52) f IV"u(x)|> dx < Capp(K,R" \ {O}) + &.

Rn
Next, take the cut-off function {' € C7(a/2,2b) such that { = 1 on the set [3a/4,3b/2] and let
(4.53) uz(x) = {(|xl/ s)u(x), xeR"
Then
(4.54) uy € W*(Cusa2ps) and u; = P in a neighborhood of K,
and therefore,
(4.55) Capp(K. Cuspan) [ IVt

Cas/2.2b5

However,

fc V() i = f V" ¢/ un[ dx
4s/2,2bs

Cas/2.2bs
m
1
.
s2m—2k
k=0

Cax/ 2.2bs

k 2
V¥ u()l? dx < C Z f Vul?

|x|2m 2k

(4.56) <C f IV u(x)|? dx,

using Hardy inequality in odd dimensions (see, e.g., [24], (1.3.3)) for the last estimate above.
Combining this with (4.52), we finish the proof of (4.49).

The same argument implies (4.50). We will only be missing the last step of (4.56) as the Hardy
inequality for even dimensions in our range does not generally apply on R"” \ {O}. This is the
reason why one has to modify the definition of capacity to include the full sum of L?> norms of k-th
gradients, k = 0, ..., m as in (4.50). |

Remark 4.57. The same argument demonstrates that in any dimension n € [2,2m + 1], if K is a
compactum with K € Cysps and K € Cpgpys forsome s > 0,0 <a <b < 00,0 <ad’ < b < oo,
then

(4.58) Capp(K, Cusp2,205) = Capp(K, Cyrsp220'5)s
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with the implicit constants depending on m, n,a, b,a’, b’ only.

5. SUFFICIENT CONDITION FOR A-REGULARITY

5.1. Poincaré-type inequalities. We shall now list some auxiliary lemmas that will ultimately
lead to the optimal choice of P minimizing the capacity Capp.

Lemma 5.1, Let s > 0,0 <a <b < oo. Then

(5.2) Olu — P; Cusps] = @lu; Cas sl
forevery Pell, u € Vm’z(Cas,bS).

Proof. This is a direct consequence of the definitions. Indeed, if

p
(5.3) P() = " byl (x/lx),  xeR"\ {0},

pEZ I=—p
then

(54) Olu-P; Cas,bs]

p m logé ! 5 p o m logé « 2
=3 > > e f @ vp = b)Y di+ Y N e f @ vp(n) di
peZ I=—p k=0 log 5 peZ I=—p k=0 log 5
P m log i p.m log i
k 2 k 2
Y Y e [ C@vawrae Y3 N e, [ @2
peZ I=—p k=0 log 5 peZ I=—p k=0 log 5;

= O[u; Cas,bs] s

where in the second inequality we used the fact that co, = 0 for every p € Z, and if k > 1 then (9?
annihilates the constants b,;. O

Lemma 5.5. Let s > 0, 0 < a < b < oo. Then for every u € V’"’z(CaS,bs) there exists P =
P(u, s, a,b) € I1 with the property

(5.6) = Plsc, ) < C5"®lut; Cagpsl-
Proof. Recall the definition of ® in (4.19). Given u € LZ(Cas,bs) andv=uox!, we decompose v

as in (2.8). Using Poincaré’s inequality, we choose for every p € Z, —p < [ < p, the constants bg[
(depending on u, s, a, b) such that

log i log i
(5.7) f ) = B2 [Fdt < C f 10,V pu(t)? dt,
log b%, P log bis
and set
)4
(5.8) Py = Y Y WY/, xeR"\{O).

pEZ I=—p
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Then
p lo, g— lo gf
=P,y = 20 [ -t are Y, D [ e
pez i=—p V108 5; vz i=—pVog 3
1o gf
< Cs" ) Z f |8tvp1(t)| dit+Cs" ) Z f vp(0) dt
PEZ I=—p log hs P&z I=—p lOg bs
5.9) < Can)[u;cas,bs]e

where the last inequality follows from (4.14) and (4.13). More precisely, we use the fact that
c1p > O for p € Z and ¢, > O for p ¢ Z. This finishes the proof of the Lemma. O

Lemma 5.10. Let s > 0, 0 < a < b < oo. There exists an extension operator
(5.11) Ex : V™ (Cagps) = V"™ (Casj2,265)-

with the operator norm independent of s and satisfying the properties

(1) Exu(x) = u(x) for all x € Cgs ps,
(i) Ex P = P for any P € 1],
(iii) if dist (supp u, K) > 0 for some compactum K C Csps then dist (supp Ex u, K) > 0.

Remark. The condition (iii) above can be reformulated as follows. If # = 0 in a neighborhood of a
compactum K C Cg,ps then Ex u vanishes in some neighborhood of K contained in Cyg/2255-

Proof. Using the spherical harmonics decomposition, the matters can be reduced to the construction
of a suitable one-dimensional reflection-type operator. Following the “reflection of the finite order”
procedure (see, e.g., [23], §1.1.16, p.31), for every m € N, one can define an operator

(5.12) Exg : C®([a, b]) — C™([a/2,2b]),
which extends to a bounded operator on Sobolev spaces, so that, in particular,
(513) ”a]; EX() u”Lz((a/Z,Zb)) < Cllﬁlfulle((a’b)), for k= 0, 1,..,m,

with the properties

(1) Exou(r) = u(r) for all r € (a, b),
(i) Exg ¢ = ¢ for any constant ¢, and moreover, if for some € € (0, g - 1)

(5.14) u()=c for refaa(l+e)] then Exou(r)=c for re[a(l_ - )a}
2(b —a)

and symmetrically, if for some € € (O, g - 1)

(5.15) u(r)=c for rel[b(l-¢g),b] then Exou(r)=c for re [b b( (bs_aa))]
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One can now make a change of coordinates t = log Alr to obtain the operator Ex; extending

the functions from [log %, log i] to [log ﬁ, log %] and satisfying an analogue of the set of the
properties above. Note that, in particular,

(5.16) IOFEX V112 (1og L tog 1)) < CIOIVIl 2 ((log o tog 2))s  fOr k=0, 1,.om,
with the norm independent of s.
Finally, let
© P
(5.17) Exov(t, ) = > > Bxivpu() Y (@),  1€R, weS™,

p=01Il=—p
and Ex u := Ex,v for v = u o x~!. Now one can directly check that (5.17), (5.16) imply (5.11), and
(1)—(i) for the operator Exg ultimately give the properties (i)—(iii) for the operator Ex.

The only non-trivial conclusion is the property (iii). To see that it holds, take any small £ > 0 and
denote by U(K) the set {x € R" : dist(x, K) < &}. Suppose u = 0in UE(K)HTM for some € > 0.
We claim that Exu = 0 in Ug4(K). Indeed, Exu(x) = 0 for x € Ug/4(K) N Cysps by definition
and property (i). If, on the other hand, x € U./4(K) does not belong to Cyg s, then we consider
a segment on a ray x/|x| = const with one end x; = x and the other x, € %, of the length
|x; — x2| = £/2. The entire segment is at the distance less than € from K. Therefore, u(z) = 0 for
all z lying on the intersection of the segment [x1, x,] with C,,,. Hence, by the properties (5.14)—
(5.15) we have u(z) = 0 for z on the entire segment [x;, x»], in particular, u(x) = 0, as desired. This
finishes the proof of the Lemma. ]

Lemma 5.18. Let s > 0, 0 < a < b < o0 and { € Cy(a/2,2b) be such that { = 1 on the set
[3a/4,3b/2]). Then

(5.19) O[L(| - I/9)u; Caspr,205] < Cllullymac,, >

foreveryu e V’"’Z(Cas/g,gbs).

Proof. Note that Z(| - |/s)u € W™2(Cas/225). Hence, by (4.27),

OLL( - I/9)u; Casppops] < C Z Lfnl (ai‘Vi, (g“(e"/s)v(t, a))))2 dwdt

k,i=0
i+k<m

log %

(5.20) <c)y f f (491,91, ) devd,
1 sn—1

kiso V108 755
i+k<m

where v = u o x~!. The latter expression is, in turn, bounded by the right-hand side of (5.19), by
(4.26), as desired. O

Proposition 5.21. Suppose s > 0, 0 < a < b < oo, and K is a compact subset of Cgsps such
that Cap (K, Cus/2,205) > 0. Then for every u € V’"’Z(Cas,bs) with dist (supp u, K) > 0 the following
estimate holds

1 C
(5.22) ~nom f juol dx <
s Jo Cap (K, Cyus/2.2bs)

D[u; Cas,bs]y
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with the constant independent of s.

Proof. Within this particular argument it is convenient to take a different norm in the space I,
namely, ||Pllr := [IPll;2c,,) and I} = {P € IT : [|P|ln = 1} with such a norm. This is an equivalent
norm in IT and hence, the capacities defined by (4.34), (1.13)—(1.14) with the new normalization
for P are equivalent to the original ones. Therefore, it is enough to prove (5.22) assuming the P’s
implicitly present in Cap are such that ||Pll;2c, ) = 1.

Let us now turn to (5.22). Without loss of generality we may assume that [lull;2(, /2,
Then (5.22) reduces to

(523) s2m—ncap(K’ Cas/2,2bs) < C(D[u; Cus,bs]’
for u and (implicit) P normalized as above.

Recall the result of Lemma 5.5. Let us denote by £ = P(u, s,a) the function in II satisfying
(5.6), and by Cy the constant C in (5.6). We would like to split the discussion according to whether
Dlu; Cysps] = 1/(4C) or Olu; Cusps] < 1/(4Cp). In the first case, one employs Lemma 4.41,
(4.42), and immediately gets the desired estimate (5.23).

As for the other situation, the first step is to show that for every P € II with ||P|| [2(Cap) = 1 and
every u € V’”’Z(Cas,bs)

(5.24) Capp (K. Casp2.255) < CIIP = ll}zc, .

To this end, take the function ¢ € C’(a/2,2b) such that { = 1 on the set [3a/4,3b/2] and let
w(x) := {(|x]/s)(P(x)—Ex u(x)), x € Cus/2,205, Where Ex is the extension operator from Lemma 5.10.
Then first of all, w € VOV’"’Z(CM /2.2p5) and secondly, by our assumptions and property (iii) of Ex the
function Ex u vanishes in some neighborhood of K, so that w = P in some neighborhood of K.
Hence,

(5.25) Capp (K, Cas/2.25) < @i Casj2265] < CIP = Ex ullymac
by Lemma 5.18. Furthermore, by Lemma 5.10

aA',bx) =S

as/2,2bs)?

(5.26) 1P = Exullynac,, ) = IEX (P = llyma(c,y,) < CIP = ullymac,,,»

which yields (5.24).
Next, using Lemma 4.35 one can see that the inequality (5.23) (which we aim to prove) is
equivalent to

(5.27) inf Capp(K. Cas2.205) < COLu; Cas ps].
1
Hence, by (5.24) it is enough to show
(528)  inf IP=ulus,,, = inf (0P = ully, ,, + OIP = 1 Cunil) < COL )

However, O[P — u; Cysp5] = @lu; Cusps] by Lemma 5.1. Hence, the estimate above is, in fact, just

a bound on infpepy, s7"|P — ulli2 Coun)’ More precisely, we are left to prove that

(5.29) Jnf 1P = ullc, ) < 5" Cassl,

for every u such that ||ull;2c, ) = s"2,



POLYHARMONIC CAPACITY AND WIENER TEST 31

Lemma 5.5 and the normalization assumptions on & imply that

1 1
(5.30) 20lu = Pllrc,. 0 < 2(Cos"Ous Cagpsl)? < 2(Cos™/(4Co))? = §"% = ||ull L2(Caspe)-

Therefore,

531 Pl < M= Pllic,yy + lli2c,,, < Millzic,,0/2 + iz, = 35"2/2,
and conversely,
(532) ”P“Lz(cas,bx) 2 ||u||L2(Ca_Lbs) - ”u - P”Lz(cas,bs) 2 ”u”Lz(Cas,hx) - ||u||L2(Cm‘,bJ)/2 = sn/z/z'
Now we renormalize P to get an element of I1;. To do this, take
P P
(5.33) P=—" =5 __-
1Pll2(c.n) 1P L2(Cocp)

Clearly, P € I1; by definition. Furthermore,

sn/2 sn/2
l1P = Pllr2c,,,, =H—P—SD =’——1‘ 1Pl 22,
Cod P2, 0 2Copy NPINE2Co) (Cono)

(534) = |s”/2 - ”P||L2(C¢w,bs)| = |||u||L2(Cas,bs) - ||P||L2(Cas,bs) S ||u - PHLZ(Cus,bs)'
This implies that
(535) ”u - P”Lz(cas.bs) S ||u - P“Lz(cas,bx) + ||P - P”LZ(Cas,bs) S 2||u - P||Lz(cas,bs)'
Finally, in concert with the first inequality in (5.30) the estimate (5.35) yields
(5.36) = Plisic, , ) < 4l =Pl ) < 4C08"Olu; Casps)-
The latter estimate, indeed, confirms (5.29) and finishes the argument. O

5.2. Odd dimensions.

Proposition 5.37. Let Q be a bounded domain in R", 3 <n<2m+1,nodd, O € R"\Q, R>0
and

(5.38) (~AN)"u=finQ, feCy(Q\Bw), uecW"(Q).
Fix some b > 4. Then for every x € Bg s N Q

/1 .
IViu(x)|? C f 2
- < lu()|” dy
P |x|2/1—21 Rn+2/l CrarnQ

]
(5.39) X exp [—c Z(Rb—21)<2m—">Cap (Crp-2 gp-20-0 \ Q, Crp-2i /220 p-26-1) |5
j=2

where 1 > 2, 1 € N, is such that |x| < b=>'R and A is defined by (1.20).
In particular, when O is a boundary point of Q C R”"

(5.40) if Z a /@M Cap (Coig-i-v \ Q Cprijpng-G-n) = +oo then O is A-regular.
=1
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Here a is any real number greater than 1.
Proof of Proposition 5.37. To begin, we approximate Q) by a sequence of domains with smooth

boundaries {Q,}° | satisfying

(5.41) U 0,=Q and Q,cQ, forevery neN.

n=1

Choose ng € N such that supp f C Q, for every n > np and denote by u,, a unique solution of the
Dirichlet problem

(5.42) (-A)"u, = f in Q,, u, € W(Q,), n> ny.
The sequence {u,},~, converges to u in VV’”’2(§2) (see, e.g., [33], §6.6).

n=ng
Furthermore, for every s < R we introduce a cut-off n; € C°(Bay) such that

(5.43) 0<ny<1in By, ny,=1inB,, and |Vinp,|<Cs™*, k<2m.
One can use the property that u, is polyharmonic in £, N Bsg D Q,, N B4, and (4.18) to deduce that

B . C 2
o ,sz] <o fc NZERE

Indeed, since u,, € VOV’”’Z(Qn), ), is bounded and dist (O, ;) > 0, we have according to (4.18)

(5.44) P

(5.45) @ [7;73";9] = fR (A" Grst) (g, v

Since u,, is polyharmonic in €, N Bag and 7, is supported in Bog, one can see that 7, (—A)"u,, = 0,
and hence, the expression above is equal to

(5.46) [ (1) oo b ax,
where the brackets denote the commutator, i.e.,

[(=A)", ns]un(x) = (=A)" (75()un(x)) = 75(X)(=A)" 4 (),

the integral in (5.46) is understood in the sense of pairing between W2(Q,,) and its dual. Evidently,
the support of the integrand is a subset of supp Vip C C; 2, and therefore, the expression in (5.46)
is bounded by

m
1 : c
(5.47) C) =i f Vi () dx < —— f lun () dx,
P Csas 5 Cods

using Lemma 2.60. Hence, we arrive at (5.44).
Furthermore, it follows directly from definitions that

(5.48) CI)[ n Bs] < cb['“””-g},

|xt” Jxft”

where © [I% Bs] is understood in the sense of (4.19) with b = s and a smaller than dist (O, Q,,) > 0.
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Next, denote

1 i 2
V n n
(5.49) o(s) = sup| ST | gl gl o
Ix<s\ 720 |x|2/1_21 |x|/1
Then
C 2
(5.50) #0 < oo | P dy, s<R/4
5,165

using (5.44), (5.48) and Proposition 2.51.
Now fix b > 4. If Cap (C; ;2 \ ©,R" \ {O}) > 0 then according to Proposition 5.21 and (5.50)

n—2m 2 n—2m
o) < C-m f '””(ﬁl dy<C—n— @[”—’;;cx,bzs]
ge=em Cs,b;r |y| Cap (Cs’bzs \ Q, CS/Z,ZIJZS) |X|
n-2m
(5.51) < C > (¢@?s) —¢(s)), forany s<R/4.

Cap (Cs,bzs \ Q, Cs/2,2b2s)

Note that the condition Q, c Q guarantees that the distance from supp (u,/|x|") to Cops \ Qs
strictly greater than zero and justifies the use of Proposition 5.21. One can see that there exists
¢ > 0 such that

1

o 1+ C-! s2mnCap (Cy oy \ Q, Cypap25) o)
(5.52) < exp(—cs?""Cap (Cy o, \ Q. Cypoapey)) @(b25),
since
(5.53) s?"7"Cap (Cypoy \ Q, Cy o) < C,

by (4.49), (4.42). Now we iterate the process taking s = Rb~2U*D j € N. Then
(5.54)
® (R b_2(1+1)) < exp (—CRzm_nb_Z(ﬁUQm_n)Cap (Crp2+0 gp2i \ €, Crp2+1 /228 b—Zj)) ©® (R b_zj) ,

and hence,

(5.55)

1
¢ (Rb™) < exp|—cR*™™" Z b2 Cap (Cryar 200 \ . Cri2ipors-2-n) | @ (RD2),
=2

forall for/ = 2,3, ....
Pick [ = 2,3, ... so that

(5.56) b 22R < |x| < b7?R.
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Then (5.55) and (5.50) imply that for x as in (5.56) (or, in fact, any x such that |x| < b~2R), we
have

(5.57)

o Vi () ey —

W < exp —cR¥" " Z b‘2/(2’"‘")Cap (Crp2igp20-0 \ Q, Crp2i /22 p20-0) | ¢ (Rb_z) .

i=0 =2
Moreover, we note that
(5.58) (b72R) < — ) dy < —— )P d

) L4 = Rnt24 U Y)I-dy = Rn+24 U)1AY

Co-2r 166728 Crar

by Proposition 2.51. The combination of (5.57) with (5.58) then yields (5.39) with u,, in place of
u, and the limiting procedure finishes the argument for (5.39).

Now let us turn to (5.40). The estimate (5.39) directly leads to the following conclusion. When
O is a boundary point of Q c R”

(5.59) if Z(a—fR)<2m—">Cap (Coriga-u-0& \ Q, Comigjaaa-t-vg) = +00 then O is A-regular,
j=1

where a = b> > 16. Next, the condition @ = b> > 16 can be substituted by any a > 1 using
monotonicity of capacity to shrink Cgp2jgp20-v \ Q as necessary (starting with some b > 4
such that b*/a € N), and then Remark 4.57 to adjust the ambient annulus. The exact constant in
intervening inequalities would depend on the ratio of »*> > 16 and a > 1, but that does not affect
the final result (5.59). Finally, there exists N € Z such that R ~ a~", so that the series in (5.59) can
be rewritten as the series in (5.40), with the summation over j = N + 1, N + 2, ..., but that again
does not affect the question of convergence. Hence, we arrive at (5.40). O

The results of Proposition 5.37 can be turned into the estimates on polyharmonic functions at
infinity, respectively, still being restricted to the case of the odd dimension.

Proposition 5.60. Let Q be a bounded domain inR", 3 <n <2m+1,nodd, O e R*"\ Q, r >0
and assume that

(5.61) AN"u=finQ, feCyBnQ), uc Wm2(Q).
Fix some b > 4. Then for any x € Q\ B,

A
Z |Viu(x)|2|x|2/l+2n—4m+2i < C rn+2/1—4m f |un(y)|2 dy
i=0 Cor
[
(5.62) X exp [—c Z(rsz )@= Cap (C 0,52 \ s Crp2ti-1 2. 27523) | 5
j=2

where | > 2, 1 € N, is such that |x| > b*r and A given by (1.20).

Proof. Retain the approximation of Q with the sequence of smooth domains €, satisfying (5.41)
and define u, according to (5.42). We denote by [ the inversion x — y = x/ |x|* and by U, the
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Kelvin transform of u,,,

(5.63) Un(y) := P " un /D),y € T(Q).
Then

(5.64) (A" Un() = 28" un) 0/ P,
and therefore, U, is polyharmonic in 7(€2,) N By,,. Moreover,

(5.65) U, e W(I(Q,) < u,cW"Q,).

Observe also that Q, is a bounded domain with O ¢ Q,, hence, so is I (Q,) and O ¢ 1(Q2,).
For any x € Q\ By,

(5.66) Viua (0 < € ) P (VU ) (1),
k=0
since u,(x) = [x]*"™ U,(x/|x*). Hence,
A A
(5.67) DIV 2 < 0 I (VU G/ ),
i=0 i=0

where U, comes from the Kelvin transform of u,, and falls under the scope of Proposition 5.37 with
R = 1/r and 7(€,) in place of Q. It follows that for any b > 4, any [/ > 2, [ € N, and any x such
that |x| > b*'r we have

1 i 2y\2
(5.68) Z (M) < Cpt f U, (y)* dy
C

S\ (/I

Sl
Sl

!
X exp [—C Z(b_Zj /)" Cap (Cpairp25-0r \ L), Chiyary ap-26-171) | -
=)

Next, we would like to express the capacity of the set C g \ 7(€,,) in terms of the capacity of the
b’ s

set Cy 2 \ Qy, with teh goal of using this for s = /672U~ as above.
Fix any £ > 0 and choose u € W’"’Z(CL 2) withu = P € [l in a neighborhood of C 1 1 \ 7(€2,)

22578 b2s’S
so that

(5.69) f |V’”u(x)|2 dx < Cap (C% 1 \I(Q,,),C% )+ e
Ci1 2 'S

b%s” S 2b25° S

2025° 8
Then the function given by U(y) := u(y/|y]?), y € R" \ {0}, belongs to Wm’Z(C%,szs), and U(y) =
P(y/ |y|2) = P(y) for all y in a neighborhood of C; ;2 \ €,,. Moreover,

(5.70) f
C

2h25°

VP UCOP dx ~ 5 f VUG dy,
C

“lt

52025
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analogously to (5.66). Therefore,
(5.71) s Cap (Copay \ @ Cyapeg) < CCap (C 1\ T( Q). C o).
One can see that the opposite inequality also holds, by reduction to the previous case with
1/(b%s) in place of s and 7(€,) in place of Q,,. Therefore,
(5.72) s Cap (Copas \ Qs Coppapes) ¥ Cap (€1 i\ (@), C ),

22578

with the implicit constant independent of s.
Finally, the combination of (5.67) with (5.72) gives for any [ > 2, [ € N, and any x such that
x| > b7

)
Z |Viun(x)|2|x|2/l+2n—4m+2i S Crn+2/lf |Un(y)|2 dy
i=0 Cia
l . D —————————
Xexp|—c Z(b_zj/l’)(zm_”)cap (Cp2irp26-0 1 \ L(Qn)s Cp2)y2r) 26261 /)
j=2
<cr [ uora
‘14
l . —
Xexp|—c (rbzf)(z’”_”)Cap (Crp26-0 1525 \ Qny Crp2ii-1 2 2127)
j=2
< Cpretin f 1 ()P dly
Cr,
l . —
(5.73) x exp| —¢ > (6™ @ Cap (Cryair 21 \ Qus Crptr-n 2, 200)
j=2
since ©, € Q. Now the argument can be finished using the limiting procedure. O

5.3. Even dimensions. The results for even dimensions, while yielding sufficiency of the capaci-
tory condition in our Wiener test, do not quite take the form of (5.39) or (5.62). This is unfortunate
but it is in line with the existing literature on the subject pertaining to the Wiener-type conditions
for continuity of solutions (see, e.g., [26]).

Proposition 5.74. Let Q be a bounded domain in R", 2 < n <2m, neven, O € R"\ Q, R > 0 and

(5.75) (~N"u=finQ, [feCPQ\Bg), uecW"(Q).
If
(5.76) Z Ja M Cap (Cyigt-n \ Q, Cyrip2g--n) = +00,

J=1
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for some a > 1, then

& ViuP

(577) lim sup W =0,

s—0 x|<s =

where A is defined by (1.20). Hence, the condition (1.22) implies that O is A-regular.

Proof. We start off the same way as in the proof of Proposition 5.37 with @ in place of @, s < R,
(recall the definition in (4.20)—(4.22)), and follow (5.41)—(5.47), in particular, establishing

Up Nstn C 2
(5.78) (OR [W,BS} < CDS[ [ ,Q] < o fcm |t (X)|” dx.

Indeed, as before, the definition of, e.g., O, [I%’ Bs] is well-justified for B; in place of an annulus
since the support of u, is away from the origin, we use (4.21) in place of (4.18) to obtain analogue of
(5.45) with a logarithmic weight, and the remaining argument is the same upon observing that due
to the fact that 77,(—A)"u,, = 0 the integration is restricted to the annulus Cj oy, that is, In(2s)~!' <
t <Ins~!and hence, In2 < In4s + ¢ < In4. Then for any b > 4

1 u - u
R2A+n LMR lun ()] dx > Og [ﬁ, BR} = Z(; Qg [ﬁ’ Cb-./-ZR,b-./R] Z JCD[ Ik s Cp-im2R - /R}
o .,:

- 1
JCap (Chi2g p-ig \ @ Coi2pp20-iR) =—3em f Jun (O dx
Z(; (b jR) " Ch-./-ZR,b-./'R
00 A i 2
Viu(x
Z 1 Cap (Ch-i2g pig \ Q. Cpri2gppop-ix)  SUP %
=0 w<b-i2R g Xl

where we used Proposition 5.21 in the third inequality and Proposition 2.51 for the fourth one.
Hence, if the limit in (5.77) is strictly positive, the series

Z JCap (Cp-i2g p-ir \ . Cpi2g20p-ir) <
=0

which yields the statement of Proposition 5.74 with a slightly modified version of (5.76). And,
similarly to the end of the proof of Proposition 5.37 we can adjust the annuli as convenient to
obtain the desired result with any a > 1. O

6. NECESSARY CONDITION FOR A-REGULARITY

This section will be entirely devoted to the proof of the second part of Theorem 1.19, i.e. the
necessary condition for 1-regularity.
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6.1. Fine estimates on the quadratic forms, general discussion. To start, let us set the notation
and discuss some fine estimates on the involved quadratic forms.

Assume first that n € [3,2m + 1] is odd.

Let us recall the result of Theorem 2.24 and the functions g and % from (2.26). We denote by
Q, +(v) the quadratic form associated to the right-hand side of (2.25), that is,

cN\2
6.1) Q= > f Au(@)e™'g(t. 1) (9 VL,y) dwdt
iso0 VRIS
0<i+k<m

= ¢ f T w)do+ ) f Ar@)le™ gt DNe, ) (94VL,v) dwdr,
sn-1 R Jsn-1

i>0, k=0
0<i+k<m

where A;(d;) are appropriate operators given by polynomials of d; and ¢y > 0. The form is
uniquely defined by the requirement that when u and v are as in the statement of Theorem 2.24, we
have

(6.2) Rn(—A)mu(x) u(x)g(log |xI"" log |¢1™) dx = Qg (v),

but clearly one can in principle consider @, -(v) for more general functions v. An interested reader
can look at (4.28) in [22], loc.cit., substituting h(t — 7) by €’g(z, T), to read off the exact representa-
tions of A;(d;). Also, according to Theorem 2.24 (or rather its proof) we have

(6.3) Qg:(») 2 f V(1 ) dw

Snfl
) m—%+%
+ Z ff ((9fouv) dwdt+ff y l_[ (=6 —p(p+n-2))vdwdt,
o120 R Sn—l R Sn—l a3
i+k<m pP=m3%3

and the inequality holds for any v such that @, -(v) is finite. We remark that the second equality in
(6.1), i.e., the fact that the only term with v in the quadratic form reduces to ¢ fsn-' V2(t, ) dw for
some cg > 0, can also be extracted from the proof of Theorem 2.24 — this consideration basically
dictated the choice of & and, respectively, of g.

Analogously, we shall denote by Q. -(v) the corresponding quadratic form with the function
Cie'h(t — 1) in place of g(z, ) (cf. (2.26)). When u and v are as in the statement of Theorem 2.24,

(6.4) C f (=A)"u(x) u(x)|x " h(log |x17", Tog [¢]71) dx = Qe (v),
]RVL

for some C > 0.
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We do not know if the resulting quadratic form Q. -(v) is positive, however, once again, exam-
ination of the proof of Theorem 2.24 reveals that one can write

6.5) Qui:N= ) fR - A (D)h(t - 1) (aﬁ‘vg,v)2 dwdt

20, k>0
0<i+k<m

= cp f VZ(T, w)dw + Z f A (0p)h(t — 1) (ﬁfVLv)z dwdt.
Sn—l R Sn—l

>0, k>0
0<i+k<m

and, even more precisely, that

6.6Qez,=f2,d f
(6.6) n(V) = co S’Hv(rw) w+z

20 k1 YR VIS
i+k<m

A@)h(c ~ ) (5V,v) deds
1

+ ¢ f f L0, )v(t, w) v(t, wh(t — T) dwdt
R Jgn-1

0 )4
+ co Z Z fR V20 (L™ (=0;, —p(p + n = 2)) = L™"(=0;,0)) h(t - 7) dt,

p=01=-p

(see (4.28) in [22], loc.cit.). Here,

6.7) (L™ (=8p, —p(p +1n—2)) = L™(=0,,0))h(t) =0, forall t#0, 0<p<m—

NS
| —

(see (4.26) in [22], loc.cit.), and for the remaining part

(6.8) f f L0, 5)v(t, w) v(t, w)|h(t — T)| dwdt
R Js§nr-1

+ i Zp: va?)l(t) ‘(Lm’"(—az, —p(p +n-2)) - L™ (-6, 0))}1(; —7)

p=m—%+% I=—p

dt

< f L0, o)v(t, w) v(t, w) dwdt,
R JS§n-1

(see (4.30) and (4.33), (4.41)—(4.42) in [22], loc.cit.). In fact, these bounds together with Theo-
rem 2.2 dictate the choice of g and give (6.3) and Theorem 2.24 (see [22]). In particular, we also
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have, by construction,

(6.9) Qq:(v) 2 f vz(‘r,w)dw+ f f (GARY ? dwdt
Sn—l Snl

k>1,i>0

i+k<m
+ -0 — -2))vdwd
fRfsnlv ]_[ (=6 — p(p +n—2)vdwdr
p==3%3
+ Z > fR V2,0 (L (=0 =p(p + 11— 2)) = L™ (=0, 0)) t = 7).
p=0 [=—

This will be useful later on.

Suppose now that n € [2,2m] is even.
We take ¢ = gg as defined in (2.50) and let @, -(v) be the quadratic form associated to the
right-hand side of (2.49), that is,

(6.10) Qg,f(v)zaf;,(v): f f A (D)gr(t, T) (afv;v)z dwdt
0’<>l(3i—ll<<><0m

= ¢o f Arwdo+ Y f AG(0)gr(t, T)(1,T) (a’;v;v)z dwdt,
gn-1 R JS§nr-1

i0, k=0
0<i+k<m

where A, (9;) are appropriate operators given by polynomials of d; and cp > 0. Just as in the case
of odd dimensions, the form is uniquely defined by (6.2) (but note that v = e (u o %), with 2
different in the even and odd case according to (1.20), & € Bag, T = log|é|™!, and, of course, g
is different). The parameter R is only relevant for even dimensions and will be underlined when
important in the proof.

Once again, according to (the proof of) Theorem 2.48 we have

m m—k

2 kvl
(Tw)dw+Z]lfonl (0 (C+CR+t)dwdt

+ Cff v L0,y (C + Cg + 1) dwdt,
R Jsn-1

6.11) Qu(v) 2 f

n-1

that is, whenever m is even,

;‘7.

m—

(6.12) Qu-(v) 2 f VAT, w)dw + ) f f akvi,v)2 (C + Cg + 1) dwdt
Snfl =1 =0 R JSn— 1

+cff v [ [6-p+n-2v(C+Cr+1)dwd,
R Sn—l P
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where the productis over p = —n/2 +2,-n/2+4,...,m—n/2 -2, m—n/2, thatis, p = —-n/2 +2j
with j =1,2,...,m/2. If mis odd,

m m—k

(6.13) Qu-(v) 2 f V(1 w) dw + Z Z f f (9’<Vi,v)2 (C + Cg + 1) dwdt
n— Sn— 1

=1 i=0
+Cff vn(—é—p(p+n—2))2(—6w+(n/2—1)2)V(C+CR+t)dwdt,
RJsmt

where the product is over p = —n/2+3,-n/2+5,....,m—-n/2-2,m—n/2,thatis, p = —n/2+1+2j
with j = 1,2,...,(m — 1)/2. In both cases, C > 0 is a positive constant depending on m and n
only, Cg = log(4R) depends on the support of u# and will be chosen appropriately below, & € Byg,
7 = log|¢|™!, and the inequality holds for any v such that Qg +(v) is finite.

Similarly to (6.4)—(6.9), some finer lower estimates are available for @, -(v) if we carefully
examine the proof of Theorem 2.48 in [22]. Specifically, with & as in Lemmas 2.40 and 2.44, we
have

(6.14) LH(=0,—p(p+n—-2)h() >0, t+0,
forall 0 < p < m—n/2 even when m — n/2 is even,

and for all 0 < p < m —n/2 odd when m — n/2 is odd.

This corresponds to (6.28) and (6.38) in [22], loc.cit. As discussed right after (6.28) and (6.38) in
[22], loc.cit. , the same is true for the function g in place of £,

(6.15) 1) =h(t-1)+uP(Cr+1). tTeER

since for the relevant values of indices £,""(—d,, —p(p + n — 2)), viewed as a polynomial in d,, has
a double root at zero for all 0 < p < m—n/2 even and hence, the result of its action (as an operator)
on g is the same as the result of its action on 4. We record for the future reference:

6.16)  LJ"(=0;,-p(p+n-2))g(t,7) 20, t#7,
forall 0 < p <m—n/2 even when m — n/2 is even,

and for all 0 < p < m —n/2 odd when m — n/2 is odd.

The refined version of the lower estimates on Qg -(v) can respectively be written as

m m—k
(6.17) Qur(v) 2 fs v 2(1, w)dw + Z Z fR fs N (okv, v)z (C + Cg + 1) dwdt

k=1 i=0

+ Cff L(0,6)v(C + Cg + 1) dwdt
R Jsn-1

+ZZ f V2 (0) Lo (=0, —p(p + n = 2))g(t, T) dt,

p I=—p
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where the last sum in p runs over all 0 < p < m — n/2 even when m — n/2 is even, and all
0 < p <m-—n/2odd when m — n/2 is odd.

6.2. The scheme of the proof. With these preliminaries at hand, we now start the core of the
argument for the necessity of the capacitory condition, the estimates on the polyharmonic potential.
Assume first that the dimension is odd. Suppose that for some P € II; the series in (1.23) is
convergent. Then for every & > 0 there exists N € N such that

(6.18) Z 279@m= Capp (Cyjp2 \ Q,Cajapjos) < &
Jj=N-2

By the same token, whenever the dimension is even, we fix P € II; such that the series in (1.24)
is convergent and conclude that for every £ > 0 there exists N € N such that

(6.19) D 27 jCap, (Coy g \ Q, Cyragores) < &
j=N-2

Now let K := B,-v \ Qand D := Bjo \ K. We shall prove that the point O is not A-regular with
respect to D, and therefore with respect to €2, since D coincides with € in a fixed neighborhood of
O (see Proposition 3.1).

Roughly speaking, the counterexample will be furnished by the function V defined as follows.
Let us fix P € I from (6.18) or (6.19) in the case of the odd and even dimension, respectively, and
let P(x) := |x[*P(x), x € R". Take some cut-off 7 € Cy (B2) equal to 1 on B3/, and denote

(6.20) f==[=A)",nlP.
Let V be a solution of the boundary value problem
(6.21) (-AY"V = fin D, Ve W™(D).

We shall prove the necessity part of Theorem 1.19 by showing that |[VAV| does not vanish as x — O,
x€D.

The function V is basically built from a suitable potential, that is, V = U — nP, where U is a
solution to

(6.22) (-AY"U =01in D, U e W™ Byy), U=PonKk.

Roughly speaking, we prove that the capacitory conditions imply that U together with its deriva-
tives is small in a suitable sense near O, and hence, V'V is large.

At this moment, (6.20)—(6.22) is only a sketch of the idea. Detailed justifications of all the steps
will be provided in the course of the proof below. Quite unexpectedly, the exact structure of P,
peculiar to the parity of dimension and of m, m — n/2, becomes vital for the argument. Let us turn
to the details.
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6.3. Main estimates. Bounds for auxiliary functions 7 and W related to polyharmonic po-
tentials on the annuli. The actual argument will not directly address U and V but rather their
approximations. To this end, consider the covering of K = B, -~ \ Q by the sets K N Co-jp-i+2,
Jj = N, and observe that

(623) Kn Cz—j’z—jﬂ = Cz—j’z—j+2 \ Q, ] >N+ 2,

(6.24) KNCyipm CCrirm\Q, j=NN+1.

Let {n/ };’.‘; v_p be the corresponding partition of unity such that
(625) 1/ €CY(Cyinin), IVR<C2M, k=0,1,2, and Z n’ =1 on Bynai.

By U’ we denote the capacitary potential of K N Cy-j»-i+2 with the boundary data P, i.e. the
minimizer for the optimization problem

inf{ f (V" u(x))*dx . u€ W™ (Cyjay i),
C

2-i-2 -4
(6.26) u = P in a neighborhood of K N Cy-j - ,~+z}.

Such U/ always exists and belongs to Wm’z(Cz__/_z,z_M) since P is an infinitely differentiable func-
tion in a neighborhood of K N C,-j 5-j+2. The infimum above is equal to

(6.27) Capp{K N Cy-jp-j+2, Co-jra p-jra}.

Let us now define the function

(6.28) T(x) := Z It /(U (x), xeR",
j=N-2

and let 9 := e(T o »~!). We claim that
(6.29) Qe (1) < Ce.
To be more precise, the following statement holds.

Lemma 6.30. Given P € I1; and P(x) := |x|*P(x), x € R", assume that the corresponding capacity
satisfies (6.18), (6.19), in the case of the odd and the even dimension, respectively, and retain the
definition of T, © as above. Fix some point & € Bo-v and 7 := log |&|™!. Then

6.31) Qq-(9) < Cs,

is valid with a constant C depending on m and n only. In the case when the dimension is even, we
assume that the parameter R = 10 in the definition of Qg - (see (6.10)).
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Proof. To start, let us record the estimates on the weight functions (they can be read off the defini-
tions or see [22], (7.11)—(7.13), loc. cit., for a more detailed discussion). We have
We observe that when 7 is odd, the formula (2.26) yields

(6.32) VX g(log x| logp™")| < CIX ™!, 0<k<2m, xeR"\{0}, pe(0,00),
while for n even

(6.33) lgogx", logp™)| < C1 + Co(Cr +log ™), 0 <Ixl,p < 2R,

and

(6.34) |V g(loglxl™" logp™ )| < Cld™*, 1<k<2m, 0<|xl.p<2R.

Here, as usually, we assume |x| # p when k = 2m, and lower derivatives of g as well as g itself are
defined at x such that |x| = p by continuity. Hence, in particular, when n is odd, N > 1,

6.35)  |[VE[Ixlgoglx ™ logp™ D s Ix* >~ 2%, 0<k<2m, x€Cyjrsps, p<R,
X 2

and when n is even,

(6.36) _
V% g(loglxl™ logp™")| < (Cg +loglx I ™ ~ j2*, 0<k<2m, xe€Cyjapp, p<R,

since for x € Cy-j-2 5-j++ We have

40
Cr + log|x|™' = log(4R) + log |x|' = log o ~ Cj.
X

Let us now concentrate on the case of the odd dimensions. Recall that Q, (1) splits as in (6.1).
Due to (6.35) the second term gives

(6.37) Z fR - ﬂ,-k(a,)[e-fg(z,r)](t,r)(afvi,ﬁ)z dwdt

i20, k=0
O<i+k<m

(o)

VKU (x))1? e imen) .
S Z Z f a2k dx s ';22 sam . [V"U/(x)|” dx,
J=N—

Jj=N-20<k<m Cz*j,zfj+2 -2 5-jta
using the Hardy’s inequality for U/ € Wm’Z(CZ—j—Z,Z—th). The last expression above is, in turn,
bounded by

(6.38) C Z 2~ /@m=n) Capp{K N Cy-jp-js2, Cy-jra p-jsa}
j=N=2

< Z = Jj@m=n) Capp{Cy-jp-in2 \ Q, Cy-j2p-jra} < Ce,
J=N=2
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by (6.27), (6.23)—(6.24), the monotonicity property (4.39), and (6.18). As for the second term in
Qq (1), we have

(6.39) f (1, w)dw = € JE T*(¢)dog < C Z (U’())* doe
sn-t Sig

21
€1 jiisigsa-iv VS

sc Y 2 [ Ui Ul glogl ™ logle™) dx
Jr2-i<|gl<2-i+2 R
< 2—j(2m—n)f IVmUj(x)|2 dx,
2 C

Jj=N- 2=Jj-2 p—j+4

using Theorem 2.24 for the function U/ € Wm’z(Cz__;_z,z_M). Finally, the right-hand side of (6.39)
is bounded by Ce following (6.37)—(6.38).

This finishes the proof of (6.31) when the underlying dimension is odd.

In the case of the even dimension, we can follow the same argument with the only difference that
the use of (6.36) in place of (6.35) introduces an extra logarithmic factor in the second expression
in (6.37) and, respectively, an extra factor j in the series on the right-hand side of (6.37), in (6.38),
and on the right hand side of (6.39). For the latter, we are using Theorem 2.48, and throughout
R = 10. We remark that the conclusion is still the same, that is, (6.31) holds, since for the even
dimensions we are using (6.19) which takes care of an extra factor j in the series. O

Next, we build and estimate yet another auxiliary function.

Lemma 6.40. Given P € T1; and P(x) := |x|*P(x), x € R", assume that the corresponding capacity
satisfies (6.18), (6.19), in the case of the odd and the even dimension, respectively, and retain the
definition of T, § as above. Furthermore, let Wy be the solution of the problem

(6.41) (~A)"Wy = (=A"T in Dy;, Wy € W"2(Dyy), Dy =D\ Byn,
with M > N. Finally, let wy; := e"(Wy o %), Fix some point € € By-v and T := log |¢]™". Then
(6.42) Qe +(wy) < Ce,

is valid with a constant C independent of M. In the case when the dimension is even, we assume
that the parameter R = 10 in the definition of Qg+ (see (6.10)).

We remark that T belongs to VV’"’Z(Blo). This can be seen following the same argument as in
the Lemma above, since the W”-2(Byo) norm of 7T is strictly smaller than the series appearing in
the second expression in (6.37) and than its analogue in the case of even dimensions. (One gains
an extra power of |x| for odd dimensions and a logarithmic factor in even dimensions compared
to the situation in (6.37)). Thus, (-AY"T € W™2(D), the dual to W’"’Z(D), and its resteriction to
Dy belongs to W2(Dy,). Hence, the boundary value problem (6.41) has a unique solution in
W2(Dyy).

Proof of Lemma 6.40. Throughout the proof of the Lemma we denote Wy, by W and wy, by w,
respectively.
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Since (-A)Y"W = —(-A)"T in D, by (6.2) we have the formula

AW W) glog ™ log 1) dx

- fR (=AY"T(x) W) g(log IxI™!, log |é1™") dx.

Qe (W)

(6.43)

In what follows we will show that

(6.44) — | (=A)"T(x) W(x) g(log |x|™", log |¢]™") dx < Ce'/2(Qq - (w))'/2.
R}‘l

Case I: odd dimension.
Once again, we start with the case when the dimension is odd. Let us pass to spherical coordi-
nates and write

(6.45) - Rn(—A)’"T(x) W(x) g(log x| ™!, log €™ dx

= - f f L8, )t w) w(t, w)[e'g(t, 7)] dwdt.
R Sn—l

There are many ways to write the result as a bilinear form of ¢ and w. Here, we will follow step-
by-step the procedure in the proof of Theorem 2.24 in [22], although considering bilinear rather
than quadratic form leads to new technical difficulties, and the goal is different. The key point is
that the terms where at least one derivative in ¢ lands on w are harmless, as they conveniently fall
under the scope of the second sum on the right-hand side of (6.9), for w in place of v, and can be
fairly directly estimated by @, -(w) (we will provide the details below). The terms which do not
possess any ¢ - derivatives of w are considerably more delicate and have to be split in parts and
treated carefully.
Let us concentrate on the integral with i(7 — 7) in place of [e~"g(t, 7)] first:

f f L0y, )9t w) w(t, w)h(t — 7) dwdt
R J§n-!
= f L0, 6)9(t, w) w(t, w)h(t — 7) dwdt
R J§r-1

(6.46) + f f (L™, 6) — L™(0,6)) (1, w) w(t, w)h(t — 7)dwdt =: J| + J>.
R Jsn-1

The term J; is left alone for the moment. All terms of the operator (L™"(9;, 6) — £L™"(0, §)) contain
Bf for some k > 1, and therefore, we can write

(6.47) L™, 60) — L™0,06) = Z dik(—é)i('?f, for some dj € R.

kx1,i20
2i+k<2m
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Hence,
(6.48) J = Z dix f f V91, w) Vi w(t, w)h(t — 7) dwdt.
k=1,i>0 R Jgnt
2i+k<2m
We claim that
(6.49) f OF9whdt = f dw (=0, hdt + Z b f o9 owolhdt, b €R,
R R i20, 20,11 R
i+l+j<k

for any k > 1. This will be proved by induction. For k = 1 we have

fﬁ,ﬁwhdt=—fﬂ@,whdt—fﬁw&,hdt,
R R R

which is the desired form. Let us now assume that (6.49) holds for k = 1,2, ...,r — 1, and prove it
for k = r. Indeed, using (6.49) for r — 1,

(6.50) fa,’ﬂwhdt:—f@{‘lﬂatwhdt—f@,"lﬂwa,hdt
R R R

=—f(')t’_lﬁé),whdt—fﬂw(—a,)’_lathdt+ Z b;j—,lfa;'ﬂaﬁwa{“hdz,
R R R

i>0, j20,1>1

i+j+I<r-1

which can be written in the form (6.49) for k = r. This finishes the proof of (6.49).
Then, using (6.49) for v and V! v, (6.48) leads to the representation

Jp = Z diy Vi 9(t, w)V: w(t, w) (=0, h(t - 7) dwdt
R Js1 @ ¢

k>1,i>0
2i+k<2m
(6.51) D D Y fR " 9V 90V wd h(t — 1) dwdr =: T + T

k>1,i20  i’>0, j’>0,I'>1
2i+k<2m i+ +I' <k

Due to the condition /" > 1, the term J//, after possibly some more integration by parts taking
the derivatives off ¢, is bounded as

1/2 1/2
652 3ls ), ( fR fs - |6’§Vfuz9|2dwdt) D ( fR fs - |a’;vg,w|2dwdz)

20, k>0 20, k=1
i+k<m i+k<m

< 81/2 Qg,T(W)l/za

similarly to (6.37)—(6.38).
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Turning to J7,

P
K= Y diy fR P(p +n = 20 (Owp (1) (=0, h(t — 7) dt

ek PO
s p . .
=20 [ o) 3 't n=2)-a0tha - s
p=01=—p R k=1,i20

2i+k<2m

© P
653 =) > fR Dpi(Owpi(1) (L™ (=0, =p(p + 1 = 2)) = L0, =p(p + n = 2)) ht — 7) dt,

p=01l=—p
where we employed (6.47).
Now,
o p
- Z Z f O (W) L0, —p(p + n — 2)h(t — 7) dt
p=0i=—p R
(6.54) = - f f L™, 6)I(t, w)w(t, w)h(t — T) dwdt = —J,
R J§n-1

hence, this term will be cancelled. Also, by (2.19), we see that

© P
(6.55) Z Z fR I, w)w(t, w) L™ (=0;, 0)h(t — ) dwdt = Ln_l N, w)W(T, w) dw.

p=0l=-p
Hence,

© p

2D f D (OW (1) (L™ (=01, =p(p + 1 = 2)) = L™ (=0, 0)) h(t = T) dt
p=0i=—p R
-Ji+ f I, w)w(T, w) dw
Sn—l
=J, -1+ f Hr, w)W(T, w) dw.
’ gn—1
Directly from (6.3),
(6.56) f T, WIW(T, 0) dw $ Qg (' Qg (w)!/2,
Sn—l

and we are left with Jé 1
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Recall (6.7). It follows that for 0 < p <m — 5 + 5 the integrals in J’, have positive weights and
hence,

!
m—5+5

(6.57) Z Z f Dpi(Wpi(1) (L™ (=01, =p(p + 1 = 2)) = L™"(=0;, 0)) h(t = 7) dt
p=0 I=-p
,,_ﬂ 1 1/2
S f 9t (L™ (=01, =p(p +n = 2)) = L™(=8,,0)) ht — 7) dt
p= 0 I=—
m_ﬂ+l 1/2
X f WD) (L™ (=0, =p(p +n = 2)) = L™"(=8,,0)) h(t - 7) dt
p= 0 I=—

S Qu (' Qp ()2,
by (6.9). On the other hand,

©58) > Z f Fpt(OWpi(6) (L™ (=01, =p(p + 1 = 2)) = L™"(=0,, 0)) bt = 7) dt

43 I=—
p=m=3+5

< i Zf & pi(t)*

p=m-4+3 [==p

0 p
x| > > f WD)

p:m—%+% l==p

1/2

(L™(=0y, —p(p +n —2)) = L™(=0,,0)) h(t — 7)| dt

1/2

(L™ (=0, —p(p +n—2)) = L™ (=0, 0)) h(t = T)|dt |,

while

oo p
(6.59) f 92,(0) [(L7 (=00, —p(p + n = 2)) = L™ (~8,,0)) h(t —7)| dt

p= m—7+2 l——P

Z Z Zp(p+n 2) fﬂfﬂ(z)d:

f f ( —5—p(p+n-2)9dwdt < Qu(9),
gn-1

+3

+3

(see (6.8)), and an analogous estimate holds for w. Hence,

(6.60) Ty 1 S Qe Qe e(w)' V2,
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All in all, (6.46)—(6.60) gives
(6.61) f L0, 0)O(t, w) w(t, w)h(t — T) dwdt
R Sn—l

S Qe QurW)'? + &2 Qg e ()2,

A considerably simpler argument handles the case of a positive constant in place of 4 in (6.46)—
(6.60): after writing an analogue of (6.46) for a constant weight, we see that an analogue of J; is
bounded by the term in the last line of (6.59) to the power 1/2 times the same term for w (by (6.8)),
and hence, satisfies the bound by Qg,r(ﬂ)l/ 2 Qg,f(w)l/ 2, while the analogue of J, (which again has
9%, k > 1) lets us pass the -derivative directly to w and satisfies the same bound as (6.52).

Collecting all these estimates, we arrive at

(6.62) - f L8y, 0Nt w) wit, w)[e " g(t, T)] dwdt
R Jsn-1

S Qo' Qge (W) + 62 Qpr(W)'?,
and therefore, due to (6.43), (6.29),
(6.63) Q. (W)'? < Qur(H'? + €17 < €112,

This yields, again by combination with (6.31), the validity of (6.42), and finishes the proof of
Lemma 6.40 in the case when the dimension is odd.

Case II: even dimension. We start again by writing

664 = [ (AT W) gloglof ™ loglel ™) dx

=- f L0y, 6)I(t, w) w(t, w)g(t, T) dwdt,
R J§n-1

and, recalling the definition of the function g from (6.15),

f f L37"(0, 6)9(t, w) w(t, w)g(t, 7) dwdt
R Jgn-1

= f f L57(0,6)0(t, w) w(t, w)g(t, 7) dwdt
R Jsn-1

(6.65) + f f (Lg””(at,a) - L™, 5)) 9(t, w) w(t, w)g(t, 7) dwdt =: Ji + J».
R Jgn-1

It is important to observe that

(6.66) 8, DI < Colm, ) + | (Cr +0), 1,7 2 1og2R) ™",

and

(6.67) 0,31, D < Ci(m,n), 1,7 >1log2R)™, 1<1<2m,
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for some constants Cy(m, n), C1(m,n) > 0 depending on m, n only. We note that éﬁ'g“can be defined
at t = 7 for all / < 2m by continuity, and for [ = 2m one assumes ¢ # 7 in (??).
Analogously to (6.47)—(6.52) and using (??)—(??), the term J; splits into J = J} + J/, where

(6.68)
' 1/2 ' 1/2
WARS Z ( f f 105V 912(C, +C2(CR+t))dwdt) Z ( f f 105V WA (Cy + Co(Cg + 1))dwdt
120620 \WR JS5 is0ke1 WRJS

i+k<m i+k<m
1/2 1/2
<&l Qe (W) /2,

Here we used analogue of (6.37)—(6.38) for even dimensions (which, in particular, accommodates
the logarithmic weight) to handle the term with 6 and (6.11) to handle the term with w above.
As for J), we have, similarly to the case when the dimension is odd (cf. (6.53)),

o p
6.69) J5=> > fR Dpi(OWpi(0) (Ly" (=0, =p(p + 1= 2)) = L0, =p(p +n —2))) (¢, 7) dt

p=01=-p

o p
=2, 2. fngﬁpl(t)wpl(f)ﬁﬁ”"(—é’n —p(p +n—2))gt, 7 dt - Ji,

p=01==p

and J; cancels out (see (6.46)). Turning to the remaining portion of J), we split

o P
©70) > > fR Do) L " (=01, —p(p +n = Vg1, 7) di

p=01Il=—p

= 220 [ w0 (£ 0=+ 1 = 20) = L3701 =polpo + 1 = 20) it 7y

p=01l=-p
© p
+ D] f Fpi(OWpi(D) Ly (=01, =po(po + n = g, 7 d,
p=01=—p 'R
where
0, when m — n/2 is even,
6.71
©.71) Po 1, when m — n/2 is odd.
Since

(6.72)  L5"(=01,—po(po +n —2))g(t,7) = L5"(=01, —po(po + n = 2))h(t — 7) = 6(1 — 7).

(see, (6.25) in [22], loc.cit., for details), the second term on the right-hand side of (6.70) reduces
to the left-hand side of (6.56) and enjoys the same estimates, using an analogue of (6.39) for even
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dimensions and (6.11). We are left with

© p
©73) > > fR Fpu(Owpi(8) (LG (=01, =p(p + 1 = 2)) = Lo (=1, —po(po + n = 2))) &t, 7) dt

p=0l=-p

m-n/2 p

=> > fR Ipi(OWpi(0) (LG (=01, =p(p + 1= 2)) = L™ (=01, —po(po + n = 2))) 71, 7) dt
p=0 I==p

(o)

P
DYDY fR o Owpi(t) (L (=01, =p(p + n = 2)) = L™ (=0, —po(po + n - 2))) 3(t. 7) dt.

p=m—n/2+1[=—p
Much as in the case of odd dimensions,
(6.74) L0, -p(p+n-2)=Cp"(p+n-2)", forp>m-n/2,
(cf. (6.42) in [22], loc.cit.) and hence,

(6.75)
0 P

> fR Fpi(OWpi(0) (L (=01, =p(p + 1= 2)) = L (=3, =po(po +n = 2))) (¢, ) it

p=m-n/2+1I=—p

o » 1/2
S| Y 2 [ oo n -2k oGy
p=m—-n/2+11=—p R
- » 12
2. m m
X > f Wwp (D2 P"(p +n = 2)"(Cy + Ca(Cr + 1)) d
p=m-n/2+11=—p R

S P 1/2
< [ > f L3O, =p(p + 1 = D)8 p(t) pu(D)(Cy + Ca(Cr + D) dt
p=m-n/2+1I=—p R
- » 1/2
x [ D D, fR L5710, =p(p + 1 = Dwpi(®) wp(D(C1 + Co(Cr + D) dt
p=m-n/2+1I=—p

< 31/2 Qg,r(w)l/z,

using by now habitual considerations for the term with 6 and (6.11) for the term with w. This takes
care of the large p’s in (6.73).

Turning to 0 < p < m — n/2, we split the discussion according to the case when m — n/2 is even
and the case when m — n/2 is odd.

Form —n/2 evenand 0 < p < m —n/2 even we use (6.16) and proceed as in (6.57) using (6.17)
at the last step. The same considerations apply to the case when m—n/2isoddand 0 < p < m—n/2
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is odd. In the complementary scenario, we recall that
(6.76) L"(0,-p(p+n-2))>C, whenm—n/2isevenand 0 < p <m —n/2is odd,
or when m —n/2 isodd and 0 < p < m — n/2 is even,

(see (6.35) and (6.38) in [22], loc.cit.) and hence, for all such p

(6.77) ‘(1321’"(—5:, —p(p +n—2)) - L3"(-0;, 0)) 81,1 < Cr+ Ca(Cr +1)

< L0, —p(p+n—2))(C3 + C4(Cr+ 1)),  t,7>1log2R).

Now the argument is finished as in (6.75).

Finally, we observe that one can treat C’ + C”’(Cg + ¢) in place of g via the same argument. In
fact, the situation is even simpler, as some tricky terms requiring positivity get annihilated. All in
all, we arrive again at (6.63), as desired. O

Corollary 6.78. Given P € II; and P(x) := [x|'P(x), x € R", assume that the corresponding
capacity satisfies (6.18), (6.19), in the case of the odd and the even dimension, respectively, and
retain the definition of T, { as above. Furthermore, let W be the solution of the problem

(6.79) (=A)"W = (=A)"T in D, W € W™*(D).
Fix some point & € By-y+1 and 7 := log|é|™!. Then

(6.80) ﬂ: ( '?;(lf)' ) < Cs,

Cigl219

is valid with a constant C depending on m and n only.

Proof. First of all, according to Lemma 6.40, we have

(e <c
[x[4

Clel2gl

with a constant C independent of M.
On the other hand, the same argument as in (3.9)—(3.13) shows that W), converges to W as
M — oo in W™2(D) norm. Since Wy, and W are both in W"2(D), we have

(6.82) J[f (lWM(xl)xM W(X)|) dx ~ If% ff [Wa(x) = W) dx

Clel.2e Clel.2
< Cen IWa = Wlliymz ),

by Poincaré inequality (see, e.g., [24], (5.4.1)). Due to the aforementioned convergence, there
exists M, depending on £ and &, such that the right-hand side of (6.82) is smaller than €. Since the
constant in (6.81) is independent of M and &, this yields (6.80), as desired. O
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6.4. Conclusion of the proof. At this stage we are ready to construct function V and to finish the
proof of the Theorem. Recall the definition of the cut-off 7 from (6.20). We claim that

(6.83) Vi=T—-W-yP

is exactly the solution to (6.21) on D. Let us be somewhat more precise. The function V is defined
by (6.83) on all of Bjo and is equal to zero in the complement of D in the W2 sense. First of all,
let us show that V € VV’"’Z(D). To this end, observe that W € VV’”’Z(D) by definition and hence, we
can concentrate on 7' — njP.

The fact that the Wm’2(D) norm of V is finite follows directly from the fact that the norm es-
timates are valid for 7" and pP individually. For 7 we have discussed this fact before the proof
of Lemma 6.40. To analyze P = |x|1 P, for some P € II;, we separate the case of odd and even
dimensions. When the dimension is odd, one simply observes that |VKP(x)| is bounded by x|k,
hence, it has a finite W”> norm in any bounded set (possibly containing O). When the dimension
is even, it is important to recall that spherical harmonics Y lp are restrictions to the unit sphere of
homogeneous polynomials of degree p, that is, |x|” Yf is a homogeneous polynomial of degree p.
Since the set I1; is made of linear combinations of spherical harmonics of degrees m —n/2 —2j, for
all j =0,1,... such that m — n/2 — 2j > 0, the function |x|" /2 P(x) is still a polynomial of degree
m —n/2. Thus, |[V¥KP(x)|, for all k = 0, ..., m — n/2 are again polynomials (and higher derivatives are
zero). Thus, once again, P has a finite W2 norm in any bounded set (possibly containing O).

Furthermore, the boundary of D consists of two parts,

0D = 0B1p N O(K N By-n).

The latter portion has a part of K N B,-~ and a part of K N d(B,-~), but as we shall see soon,
this separation is irrelevant: what is important is that it is a portion of compactum K lying in By-n.
Indeed, due to the support properties of 7/ and the fact that they form a partition of unity we have

(o)

n’ =1.
(57l
On the other hand, by definition,

|l =P

]|K0C2__,"2_j+2
and supp(17/) C Cy-j»-i+2. Hence,

U j| = b
and

’ImBT,N -

All these equalities are taken in the W2 sense. Hence, since 7P = P on K N B,-v,wehave V =0
on K N B,-~ in the W2 sense, as desired. Since suppn C B, and 7 is supported in B as well, we
have V € VV’”’Z(D) as desired.

The fact that (-A)"V = f in D, with f given by (6.20), is now a consequence of definitions and
polyharmonicity of P in R" \ {O}.
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According to Lemma 6.30 and Corollary 6.78, we have, for every & € By-v-1,

FF () s (1 s

Ce2e Ce2e
with the constant C depending on m and n only (and independent of M, Q, and &). Since

JCJC (%)2 dx = J[JC IP(x)]* dx > C,

Ciel2i Ciel.2i
where C is a positive constant independent of &, it follows that

1 ('T)ffj)')z dx>C,

Clel.2e

where C is a positive constant independent of &. This implies that VAV does not vanish at O, as
desired, and finishes the proof of the Theorem. O
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