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Abstract

The article is concerned with the Bourgain, Brezis and Mironescu theorem
on the asymptotic behaviour of the norm of the Sobolev type embedding
operator: WP — [P/ (n=sP) a5 511 and s T n /p. Their result is extended to
all values of s € (0,1) and is supplied with an elementary proof. The relation
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is proved.

1 Introduction

Let s € (0,1) and let p > 1. We introduce the space W;"(R™) as the completion of

C3°(R™) in the norm
|p 1/p
(/n/n |x—y|"+5p dxdy) .

We also need the space Wi*(Q) of functions defined on the cube Q = {x € R™ :
|z;] < 1/2,1 < i < n} which are orthogonal to 1 and have the finite norm

( /Q 0 %dz%) 1/p.

The main result of the recent paper by J.Bourgain, H.Brezis, and P.Mironescu
[BBM, | is the inequality

1—s5
[l 70 < C(H)WHUH%’?(Q)’ (1)

where u € WP(Q), 1/2 < s < 1, sp < n, ¢ = pn/(n — sp), and ¢(n) depends only
on n.



The present article is a direct outgrowth of this result. Figuring out a similar
estimate for functions in Wy?(R™), valid for the whole interval 0 < s < 1, one could
anticipate the appearance of the factor s(1 — s) in the right-hand side, since the
norm in Wy*(R") blows up both as s T 1 and s | 0. The following theorem shows
that this is really the case.

Theorem 1. Letn>1,p>1,0< s <1, and sp < n. Then, for an arbitrary
function uw € WyP(R™), there holds

s(1—s)

p _
HUHLQ(Rn) S C(n7p) (n _ 8p>p71

HUHI;VSW(RTL)’ (2)

where ¢ = pn/(n — sp) and c(n,p) is a function of n and p.

From Theorem 1, one can derive inequality (1) for all s € (0, 1) with a constant ¢
depending both on n and p (Corollary 2). In the case s > 1/2 considered in [BBM;],
one has 1 < p < 2n and therefore the dependence of the constant ¢ on p can be
eliminated. Thus, we arrive at the Bourgain-Brezis-Mironescu result and extend it
to the values s < 1/2.

The proof given in [BBM;] relies upon some advanced harmonic analysis and is
quite complicated. Our proof of (2) is straightforward and rather simple. It is based
upon an estimate of the best constant in a Hardy type inequality for the norm in
Wy P(R™), which is obtained in Theorem 2 and is of independent interest.

In Theorem 3 we derive a formula for lim,), s||u||];vs,p(Rn) which complements an
0

found in [BBM,].

analogous formula for limg (1 — s)HuH];Vg,p(Rn)

2 Hardy type inequalities

Theorem 2. Letn >1,p>1,0 < s < 1, and sp < n. Then, for an arbitrary
Junction u € Wy (R™), there holds

[ or s < )

n — sp)P

(A 3)

Proof. Let
W(h) = 15" n(n+ 1)(1 — |A])4

where h € R™ and plus stands for the nonnegative part of a real-valued function.
We introduce the standard extension of u onto R} = {(z,2) : € R", 2 > 0}

Uz, z) = - Y(h)u(z + zh)dh.

A routine majoration implies

VU (z, )| < ”<"j’;l(’ﬁ‘+ 2) /|h|<1 lu(z + 2h) — u(z)|dh.

Hence and by Holder’s inequality one has

/ / P17 (2, 2) [Pdwdz
0 n



n

< |S”—1|<n+1) (n+2)? / /h|<1/n u(x + zh) — u(z)[Pdedhdz.  (4)

Setting n = zh and changing the order of integration, one can rewrite (4) as

/ / P01 (2, 2)[Pdadz <
0 n

n(n+ 1)P(n+ 2)P / / y)P
————=" dxdy. 5
|S™=1(sp +n) w JRrn |x—y|"+sp vay (5)

By Hardy’s inequality,
# p
| etwr
0

|| .
z7 %P
0

||
- / z_1+p(1_3)|90(z)]pdz
0

one has ol
u(z)[P /I (s 4 [u(@)]P
=p(l—s pip(=s) g L <
- P ) =
o] e |U(x,7)| p
_ —1-sp - ’ <
p(1 s)/o z dz(/ ( 57 (C(I,T)’-i— 2] >d7‘> <

p(1—s) /'“z Fep(ls <‘8U($ ) +M>”dz,

sP 0z ||

Now, the integration over R™ and Minkowski’s inequality imply

|u(z)[? p(l —s) / /OO C1p(1—s)|OU p 1/p P
< p(l=s)| 2=
/Rn B dr < - << . z P (:B,Z)‘ dzdx) +A> , (6)
where "
T 1
= (/ / z_1+p(1_8)|x|_p|U(:ﬂ,z)|pdzdx> "
nJo

Clearly,

AP < 2p/2/ dl’/ —1+p(1 s) |(j(x Z)| dz d$,
n (22 + 22)p/2

which does not exceed
2p/2/ (cos 9)_1+p(1_8)/ \U|P "' *Pdpdo, (7)
n 0

where p = (22 + 22)Y/2, cos = z/p, do is an element of the surface area on the unit

sphere S™, and ST is the upper half of S". Using Hardy’s inequality

e’} P 0 aU p
/ |U|Ppn—1—spdp < ( p > / _‘ ’071,71+P(178)d’07
0 n—sp/ Jo 10p

one arrives at the estimate

21/2
AP < / / WP\ (2, 2)[Pdadz.

B n—sp



Combining this with (6), one obtains

P 1 21/2
/‘W@ngp( @ / / 109G (2, 2) Pdadz
Re |T]*P s? n—sp "

which, along with (5), gives

[ WIES i

P ) 8
|zl T (n—sp)p |SnTYsp HUHV\’O”’(R”) (8)

In order to justify (3) we need to improve (8) for small values of s. Clearly,

’S'n—l‘ p
= 2 Y Ju(w)Pda,
Sp JRrn |93| 7 J|o—y|>2|z] |z — 9

Since |x — y| > 2|x| implies 2|y|/3 < |z —y| < 2]y|, we obtain

Sn—l 1/p p 1/p
<| | [u(z) / / Sr ) dxdy) +
2°Psp Jgen |95|5p n Jlz—y|>|e| |~T— y[ter

37— 1 P\1/p
28p8p Rn ‘y’sp
Hence,

S\ 1/p . w(x)P 1/p B
() a - ([ B0 <o spulpgoe,

25Psp no|x|oP

Let § be an arbitrary number in (0,1). If s < (4p) 1P, we conclude

Ju(a)]? 2rlsp
/R s < e el (9)

Setting § = 27! and comparing this inequality with (8), we arrive at (3) with
c(n,p) =[S~ (n + 2p)3Pprt22(n+D™+2) - The proof is complete.

From Theorem 2, we shall deduce an inequality, analogous to (3), for functions
defined on the cube Q. Unlike (3), this inequality contains no factor s in the right-
hand side, which is not surprising, because, for smooth u, the norm [Ju([yys» ) tends
to a finite limit as s | 0.

Corollary 1. Letn > 1, p > 1,0 < s < 1, and sp < n. Then any function
u e WP (Q) satisfies

dx 1—s
p p
[ P < e n) o (10)

Proof. Let us preserve the notation u for the mirror extension of u € W*(Q)
to the cube 3Q), where a() stands for the cube obtained from () by dilation with the
coefficient a. We choose a cut-off function 7, equal to 1 on () and vanishing outside
2Q, say, n(x) = [[;_; min{1,2(1 — z;)+}. By Theorem 2, it is enough to prove that

HWH%m(Rn) < 5710<nap>||u||§vjﬁp(@)- (11)



Clearly, the norm in the left-hand side is majorized by

u(z) —ww)l” pd In(z) = nw)l” , vay)”
(L, B i) ][ B g
dy 1/p
(2 / / ml(n@(ﬂpdﬁf) :
3Q JR™M\3Q |z — y|

The first term does not exceed 6™ Plluflyys»(q); the second term is not greater than

dy 1 P\ U
277,1/2 </ / u(y pdy> < n32+n/p<7> ull oo
30 J30 |x _ y|n—p(1—s) ‘ ( )| p(]. _ S) || HL Q)

and the third one is dominated by

dy 1/p 2n+1+p 1/p
(2/ / [P r— n+sp\u(x)!pdx> S( ) [l e (@)-
20 Jjs—y>1/2 [T — Y| Sp

Summing up these estimates, one obtains

[nullwgr ey < 6" ullyerq) +n3*Pp~ V(s TP 4 (1= 8) 7P |ull o) (12)

We preserve the notation u for the mirror extention of u onto R"™. Recalling that
ull on @, we have

/Q ju(@)Pdz < /Q /Q ju(r) — u(y)Pdrdy < /2th /Q ju(e +h) — u(@) Pz (13)

Let U be the extension of u to R%™. For any z > 0 and h € 2Q

+ H/Z 0_U( T
LP(Q) 0 OT

-+ ) = w0l < | | Z Z—fc ) .

-
Lr(Q)

oU
||U(-—I—h, z)—U(-,z)HLp(Q) <2 ( 7’) LP(BQ)dT—i—||U(-—i—h,z)—U(-,z)||Lp(Q)
Hence
p P = s) VPR Ju( + h) = u()||eg) =
|| 1/p
([ b1 = a2 70 002) " < a5, (14)
where "
oU P
o = (2|h p/ T dr) 27V P5dz
Ay [ (560 )
and

P __ " . —1+p1 s)
3 —/ UG+ h2) — UG, d-.
0

Using Hardy’s inequality already referred to at the beginning of the proof of Theorem

2, we arrive at
o < (2!h!> /""H

2P gy,

L?(3Q)



The trivial inequality

/ Ula + h,2) — Ule, 2)Pde < [B? / VU (x, 2)Pda
Q 3nQ
implies

Al
B < |h|p/ IVUC, 2) b angy 2 7z
0
We put the estimates for o and [ just obtained into (14) and deduce
2 p ps i p —1+p(1—s)
o+ ) = gy <21 =) (5 + 1) W [ IV0C ) oy 2.
Noting that |h| < y/n for h € 2Q, we find
27 [lu(- + ) = u() 7o)
2 po[Vn —1+p(1-5)
<p(1-9)(2+1) / / VU (z, 2)Pde =~ +70-9) . (15)
S 0 3nQ
Now, let U be the same extension of u onto RT“I as in the beginning of the proof
of Theorem 2. Repeating with obvious changes the standard argument in the proof

of Theorem 2, which leads to (5), we conclude that the integral over (0,/n) x 3n@
in the right-hand side of (15) is majorized by

/ / / u(z + 2x) — u(@)|Pdrdyz"""Pdz <
Ix|<1 v 3nQ

ol [ Jute +n) = u(o)rdad,
el L

(n+ 1)P(n + 2)P.

where
n
7 I
Therefore,

1— — p
P+ ) 0 < o220 gy,
QJQ

o=yl

Let s > 1/2. It follows from (13) that
_ p
/ lu(x)[Pdx < n(n+p8)/2/ dedy.
Q QJQ

o — g
This inequality together with (16) shows that for all s € (0,1)
lull o) < (4n)*" (1 = 5)7|ullwyr(g)-
Combining this inequality with (12), we arrive at (11) and hence complete the proof.
Corollary 2. Let 0 < s <1 and p > 1. Then there holds
sup [1| 7 [[u(- + h) = u( o) < cln,p)(1 = ) Pllullwsrig)-

Proof. The result follows from the well-known imbedding B,(Q) C B, (Q) if
s < 1/2 and from (16) if s > 1/2.



3 Sobolev embeddings

Proof of Theorem 1. It is well known that the fractional Sobolev norm of order

€ (0,1) is nonincreasing with respect to symmetric rearrangement of functions
decaying to zero at infinity (see [W], [AL], Theorem 9.2, and [Ci]). Let v(|x|) denote
the rearrangement of |u(z)|. Then

Sn—l [e'e) 1/q
fullscey = (5 [T otryraem) a7)

where |S™7!| is the area of the unit sphere S"~!. Recalling that an arbitrary non-
negative nonincreasing function f on the semi-axis (0, 00) satisfies

/fAth<)\/ /f dr“ t)dt = /fdt,/\21

(see [HLP]), one finds that the right-hand side in (17) does not exceed

SN g\ ) p da \ 1
< n ) </0 o(r)rd(r )> _nl/q|S”1\5/”</nU(|x|) ]x|5p> '

We now see that (2) results from inequality (3).

Corollary 3. Letn > 1, p> 1,0 < s <1, and sp < n. Then any function
u € WPP(Q) satisfies

1—s
ey < e 2) s

p
—pyr 1 iy

Proof. Let n be the same cut-off function as in Corollary 1. The result follows
by combining inequality (11) with Theorem 1 where u is replaced by nu.

4 Asymptotics of the norm in W;”(R") as s |

Theorem 3. For any function u € Uycsci Wy (R™), there exists the limit

. P _ —1 n—1 p
lslg]l SHuHWS‘p(R") - 2p ‘S | ||UHLP(R”)'

Proof. Since ¢ can be chosen arbitrarily small, inequality (9) implies

lim inf sf|ulf, > 2p7 | S" 7 Hlull gy (18)

Wor (R =

Let us majorize the upper limit. By (18), it suffices to assume that u € LP(R™).

Clearly,
dy 1/p
Sl <2{(s [ [ )
Wi (R e R

dxdy 1/pyp
s u(y p/ — +
( /n| ()l ly|>2|x| |$—y|n+8p) }



_ p
25/ / Zisﬂ dxdy.
n J|z|<|y|<2lz| |9U — y|mrep

The first term in braces does not exceed

Yp _|SmtMe lu(z)[P , \1/p
p —_—
/"/|y|>x| |z — \”“p‘ u(w)fdz ) pi/P </n |z |*P dx)

hence its lim sup,, is dominated by |S™~!['/?p=1/?||u||1omn). The second term in
braces is not greater than

gl/p (ontsp |u(y)‘pd dx) 1/p pe <§’Sn71‘> 1/p< |u(y)‘Pd )1/p
’ |n+SP Yy - | ‘sp Yy ,
Ro 1Y | <y|/2 p re |y

so it tends to zero as s | 0.
We claim that

lim sups/ / — Zﬁs)’pd dy = 0. (19)
510 " J |zl <|y|<2|z]| ‘I - ‘ s

By assumption of the Theorem, u € Wj*(R") for a certain 7 € (0,1). Let N be an
arbitrary number greater than 1 and let s < 7. We have

_ p
23/ / :SSN drdy <
" J |zl <|y|<2|z]| |I‘ - | P

)|P — P
25 NPT / / uy)l dxdy—i—Qs/ / uy)] ———————dzdy.
n Sl <ty <2 |=7U - ?J|”+Tp R J 1] <lvl<ale |:v — y|ntep

The first term in the right-hand side tends to zero as s l 0 and the second one does
not exceed

d
2p+ls/ / 7yn+s|u(x)|pdx < c(n,p)/ |u(z)Pdz,
2|>N/3 Jjo—y|>N [T — Y[ jz|>N/3
which is arbitrarily small if N is sufficiently large. The proof is complete.

Remark. Since the proof of Theorem 3 holds for vector-valued functions, one
can write

p
lims/ / Vulz) = Vuly)l dxdy = 2p~1S" | |Vu(z)Pdx
n n |ZL’ - |n+5p R”

sl0

for any function u such that Vu € Upcs<1W3"(R™). This formula complements the
following relation which was established in [BBM,):

lim(1 / / Ol ——————dxdy / |cos@|pdo/ |Vu(z)Pde,
STI n n |CE - |’n+8p Sn—1 Rn

where 6 is the angle deviation from the vertical.
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