On Solvability of Boundary Integral
Equations of Potential Theory for a
Multi-Dimensional Cusp Domain

V. G. Maz'’ya, S. V. Poborchi

Abstract The Dirichet and the Neumann problems for Laplace’s equation on
a multi-dimensional cusp domain are considered. The unique solvability of the
boundary integral equation for the internal Dirichlet problem for harmonic
double layer potential is established. We also prove the unique solvabilty
of the boundary integral equation for the external Neumann problem for
harmonic single layer potential.

1 Introduction

Boundary integral equations generated by elliptic boundary value problems
have been intensively studied during more than a hundred years (for the
history, see [1], [5]). By now, a comprehensive classical layer potential the-
ory for domains with Lipschitz and piecewise smooth boundaries has been
developed.

Let I" be the common boundary of internal (£27) and external (£27) do-
mains in R™. If I' is sufficiently smooth, then the Fredholm theory applies.
When I' has singularities, this theory does not generally work, nevertheless,
it was shown for I" € C%! [2] — [6], that solutions to the Neumann and the
Dirichlet problems can be written as harmonic single layer or double layer
potentials with densities depending on boundary data.

University of Liverpool
Liverpool L69 7ZL, UK
Link6ping University
S58183 Linkoping, Sweden
e-mail: vlmaz@mai.liu.se

St. Petersburg State University,
Mathematical Department,
e-mail: poborchi@mail.ru



2 V. G. Maz’ya, S. V. Poborchi

Solvability of integral equations of potential theory for a planar cusp do-
main was studied by Maz’ya and Soloviev [7] — [9].

In the authors work [11] a multi-dimensional cusp domain was considered
whose boundary I' contains the vertex of the cusp O. It was shown under
the assumption '\ {O} € C**, X € (0,1], that the operator V ~!, inverse to
the single layer potential, is an isometric isomorphism of the space Tr(I") of
the traces to I' of the functions having the finite Dirichlet integral over R"
to the dual space (T'r(I"))*. One of the consequences of this result is that the
solution to a two-sided Dirichlet problem

Au=0 in R*"\I, ulp=7f

can be written as the single layer potential u = Vo with density o € Tr(I")*.

Results of [11] were used in [12] where the solvability of boundary integral
equations for the Neumann problem was considered. For example, it turned
out [12] that for domains with inward cusps the solution to the Neumann
problem can be represented by the single layer potential with density in
(T'r(I"))*. But this is generally not true for domains with outward cusps.

In the present paper we consider a bounded multi-dimensional domain with
outward cusp and study the solvability of boundary integral equations for the
Laplace operator. We show that these equations for the double layer potential
(in case of the internal Dirichlet problem with boundary data in T'r(I")) and
for the single layer potential (in case of the external Neumann problem with
boundary data in (Tr(I"))*) are uniquely solvable. Incidentally we obtain
that the solution to the Dirichlet problem is represented by the double layer
potential and the solution to the Neumann problem is represented by the
single layer potential. The last fact concerning the Neumann problem was
established earlier in [12] by an alternative proof.

2 Domains and Function Spaces

We now describe a surface with cusp which we deal with in what follows. Let
2 C R™ n > 2, be a bounded simply connected domain whose boundary
contains the origin and some neighborhood U of the origin intersects {2 by
the set

UnR={z= (2" 2,) eR": z, € (0,1),2" /() € w}, (1)

where ¢ € C[0,1] is an increasing function, ¢(0) = 0, and w is a bounded do-
main in R"~!. Without trying to attain a full generality, we will assume that
Ow € C?, p € C?(0,1]NCH0,1] 002\ {0} € C? and ¢'(0) = 0. Furthermore,
we say that O is the vertex of an outward cusp on the boundary of 2.

Let I' = 942. For all z € I'\ {O} there exists a normal to I" at . In what
follows v(x) designates a unit outward normal at = € I' \ {O}. We also put
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27 = 2,2~ =R"\2. The symbol B, (z) denotes an open ball in R" of radius
r centered at z, B, = B,(0). Let G be a domain in R”. By C§°(G) we mean
the set of smooth functions having compact support in G. In what follows
Li(G) is the space of functions in L jo.(G) whose gradient is in La(G). The
space L1(R™) is the closure of C5°(R™) with respect to the norm || Vul| La(R™)
where Vu is the gradient of w. The space L%(Q‘) is defined as the closure
in the norm ||V (:)||1,(n-) of the set of functions in C*°(27) N L3(27) with
bounded supports in £27. The space Li(£27) is equipped with norm

1/2
[ull Ly vy = (||U||2L2(F\U) + ||VU||%2(Q+)) .

where U is the same as in (1). )
Let Tr(I") denote the space of the traces u|r of the functions u € L(R™)
equipped with norm

1f lreery = f{[ Vel py@n) : w € Ly(R™),ulp = f}.

We also consider one-sided trace spaces Tr*(I") for I'. The space Tr*(I")
consists of the traces u|r of the elements u € L1(£27). This space is endowed
with norm

1 fllzr+ry = mf{[ull Ly ory : w € Ly(27F),ulp = f}.
We define Tr~(I') as the trace space {u|p : u € L(£27)} with norm

1f re-cry = it {[|Vull Ly o) : w € L3(27), ulr = f}.

In what follows (Tr*(I"))* and (Tr(I"))* designate the dual spaces of the
corresponding trace spaces.

Let H(£2%) be the space of harmonic functions on 2% with finite Dirichlet
integral, and let H(R™ \ I') denote the space of the finctions on R™ with
finite Dirichlet integral, which are harmonic on each of domains 27 and 2.
Clearly H(2T) C L3(2%). According to [11], [12], H(£27) and H(R"\ I')
are subspaces of L1(£27) and L1(R™), respectively, and the map u — u|p is
an isometric isomorphism between the spaces H(£2%), Tr*(I") and between
the spaces H(R™\ I"), Tr(I").

3 Single and Double Layer Potentials

Let E(-,-) be the fundamental solution of the Poisson equation:

E(z,y) = (2-n)[S" Yo —y["7*)7", w,yeR",



4 V. G. Maz’ya, S. V. Poborchi

where |S™~!| is the area of the unit sphere in R”. The single layer potential
for I with density 0 € Lo joc(I"\ {O}) is

(Vo)) = /F o()E(z,y)dl(y), = €R". )

The following assertion was established in [11].

Theorem 1. The map
Ly(I') 30— Voe HR"\T)

is uniquely extended to an isometric isomorphism: (Tr(I'))* — HR™*\ I") if
0 € Lo(I") is identified with the functional {o,-) € (Tr(I"))* defined by

<Q79>:/F99d1—’> g€ Tr(l).

Furthermore, the map (Tr(I"))* 3 o — Vo|r € Tr(I) is an isometric iso-
morphism.

In the following lemma we collect some known results on density of subsets
in function spaces introduced above [11], [12].

Lemma 1. (i) The set C§°(R"\{O}) is dense in each of the spaces Li(071),
Ly(927), Ly(R™).

(ii) The set Tr(I') of the traces to I' of the functions in CP R\ {0}) is
dense in Tr*(I") and Tr(I).

(iil) Let S be a subset of La(I") which is dense in Lo(I"). Then the set V.S =
{Vo:o0€ S} is dense in HR™\ I') and the set VS| = {Vo|r : 0 € S} is
dense in Tr(I").

(iv) Let S be the same as in (iii). Then the set of functionals (s,-), s € S,
defined by

(s,9) = / sgdIl’
r
is dense in (Tr(I"))*.

Tt follows from the above assumptions on I" that for « € I" \ {O} there is
a ball Bs(z) such that

‘ OE(&,n)

< 2N
(e < e -

for all £, € Bs(x) N I'. Hence for ¢ € C(I") the integral on the right of (3)

Vo)) _ [ o6 O (2,£)

< =slare). 3)
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is a continuous function of x € I\ {O}.
Let u be a function defined on R™ \ I" and let € I" \ {O}. The values
u® (x) are defined as one-sided limits
+ .
u™(x) Jm u(z + tv(x))
It is well known that for ¢ € C(I') normal derivatves of the single layer
potential have jumps on I" given by

+ vV T

Because of continuity of the integral in (3), one obtains that for o € C(I")
one-sided limit values 9(V g)* /0v are continuous on I"\ {O}. In particular,
(4) implies that
(Vo)™
ov

The last formula remains true for ¢ € (T'r(I"))*. In this case (5) should be
written in the form of the identity

Vo)t
r ov

=o. (5)

r

/n V(Vo)Vudz = —(o,u),

which is valid for all u € LL(R™).
Let o0 € Tr(I"). The double layer potential for I with density o is

Wolw) = [ o 0ir). ser\n ©

It is clear that Wo is a harmonic function on each domain 27 and 2. The
assumptions on I, stated at the beginning of Sec. 2, along with inclusion
o € C(I') provide the continuity

To)(o) = [ ot i) @

of the integral on the right of (7) as a function of x € I"\ {O}. For the same
o the following formulas for jumps of the double layer potential at I" are well
known

(Wo)*(z) = Wo(z) £ o(x)/2, =€\ {O}. (8)
Clearly (8) implies that

(Wo)™(z) = (Wo) ™ (x) =o(z), =eI'\{O}. (9)

Lemma 2 stated below plays an important role in what follows.
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Lemma 2. The maps
Tr(I) 30— (Wo)¥|r € Lo(I), (10)

W*:Tr(I') — H(2F) (11)
are linear continuous operators.

Proof. Let Cy(I") be the space of continuous functions on I' vanishing in

the vicinity of the origin. Suppose that o € Tr(I') and ¢ € Co(I'). It is well
known (and readily verified) that

/(Wa)igdfz/a-a(gii);dﬂ (12)

We note also that o admits a unique extension v € H(R™ \ I'). By Green’s
formula the right part of (12) is

F V(Vo)Vudz,
F
and hence
] / (Wa)i@dr\ < IVullLam IV (V) Laom.
I

Thus we have

[ wva*aar| < const ol el
r

Since Cy(I") is dense in Lo(I"), it follows that
||(W0)i\|L2(F) < const - |07 (1)

Because of the density of ’j’vr(F) in Tr*(I") and in Tr(I") the map W¥ can
be uniquely extended to a linear continuous operator (10).

We now turn to (11). Let o € ﬁ"(F) and let w € HR™\ I'), u|p = 0. We
use the following integral representation

ule) == [ TulO(TeB)w,E)de (13)

which is valid for u € L3(R™) and almost all z € R™. If z € 22, then Green’s
formula gives

Vu©(VeB w9t = - [ u@?Zare. g

- I 8I/§

Integrating by parts yields
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Vu()(VeE) (x, £)d = /F E(z,€)0u/0vedD(€).

0+

By unifying the last with (13), (14), one obtains for z € 2%
Wo(z) =u(z) + Voy(z), (15)

where Vg, is the single layer potential with density oy = du™/dv. It follows
from (15) that

IVWo | L,2+) < IVullpao) + IVVer) L, @
As it was shown in [11], the last term equals ||o+ ||(7r(r))-, therefore

IV(Ver)llza@e = sup (e, vl/llvllzr(r) <

/ VuVudx
n+

Thus (15) implies that

< sup HV’UHZ;(R") < IVull L, @y = llolizrr).-

IVWollL,a+) < 2lollzer)- (16)

Since ﬁ(F) is dense in T'r(I"), (16) holds true for ¢ € Tr(I"). By unifying
(16) and (10), we establish he continuity of the operator

W Tr(I') — H(QT). (17)
Let = € 27. Equality
Wo(z) = —u(z) + Vo_(x)

with o_ = du~ /v can be deduced from (13) in the same way as (15) has
been deduced above. Hence

IVWollL,0-) < 2llollzr ),

which along with continuity of operator (17) gives the continuity of operator
(11). This concludes the proof.
Two assertions below follow from Lemma 2.

Corollary 1. Formula (9) holds true for o € Tr(I") and almost all x € I

Corollary 2. Formula (12) is extended to the case o € Tr(I") and o,0(V o)* JOv €
(T'r(I)*. For these parameters (12) should be written in the form

(0, (Wa)E) = (0(V)T /0w, o).
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4 Boundary value problems

We state the Dirichlet problem, the Neumann problem and the transmission
problem.

The internal (external) Dirichlet problem reads as follows. Given fT €
Tr(I) (f~ € Tr-(I), find vt € Ly(021) (u= € Li(27)), such that
ut|r = fT (u”|r = f7) and the identity

VutVods =0
0=+

holds for all v € C§°(£2%). It is well known that the problem is uniquely
solvable and its solution u™ is in fact in H(£2%). Furthermore, the equalities

lu*yoey = 1 lrrr iy IV Loy = I oy

are valid.
We now state the external Neumann problem

Au=0 027, Ou/ov|r=19~, (18)

where ¢~ € (Tr~(I'))*. Its solution is that function u € L(£27), which
satisfies

VuVwdzr = — (3™, w)
o

for all w € L3(£27). It is well known that problem (18) is uniquely solvable
for all v~ € Tr~(I')*. Moreover, u € H({27), and the estimate

[Vl £y (2-y < const (|7 || (rr— ()«
holds true.
A solution of the internal Neumann problem
Au=0in 27, Ou/ov|p =4+, T e (Trt (D))", (19)

is that function u € Li(027), for which

/ VuVwdzr = (%, w)
0+

with an arbitrary w € L3(027). Let (Tr*(I"))* ©1 denote the subspace of the
functionals in (T'r*(I"))*, orthogonal to 1 in Lo(I"). It is known that for any
Yt e (Trt(I')* &1 problem (19) has a solution, uniquely determined up to
a constant summand, and the solution is in fact in H(£27). Furthermore, the
following estimate holds
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IVl Ly o+) < const [0 [(rrs (ry)--

Let (f,0) € Tr(I') x (T'r(I"))* be given. The transmission problem is to
find a pair of functions (wt,w™) € H(21) x H(27) such that

wlp—w|r =/, (20)
ow™ ow™t
o | v r e (21)

Lemma 3. For arbitrary (f,0) € Tr(I')x (Tr(I"))* the transmission problem
with boundary conditions (20), (21) has a unique solution (w™,w™), that can
be written explicitly in the form

wt=WHT+ Vot w =Wf)" + Vo),

where V. and W are the single and the double layer potentials defined by (2)
and (6). The following estimate holds

IV |[Ly20) + IV o) < const(If ey + llellarry-)- (22)

Proof. Uniqueness. One should check that for f = o = 0 the corresponding
transmission problem has only one solution w* = 0, w™ = 0.

Let (w™,w™) be a solution of the homogeneous transmission problem.
Define w| g+ = w™ and w|o- = w™. Because of the homogeneity of condition
(20) we have w € H(R™ \ I'). Hence w = V§ for some 6 € (Tr(I"))* by
Theorem 1. An application of (5) gives

_ Ow™

ow™
0= ov -

r ov

r
so that ¢ = 0 because of the homogeneity of condition (21). Thus w = V§ =0
and wt =w™ =0.

Solvability. Let wt = (Wf)T 4+ (Vo)t, w™ = (Wf)~ + (Vo). It follows
from Theorem 1 and Lemma 2 that (w™,w™) € H(2T) x H(£27). We now
check (20), (21). Since (Vo)*|r = (Vo)™ |r, we have

whr—wlp=WH r—=Wf)lr=f.
Next, with the aid of (5), we obtain that

owt

Fi ov

ow™
ov

_ oWyt

r ov

oW
r ov

+ o.
r

It remains to verify the equality

OW )T Jov=0(W f)~ Jov, f€Tr(I). (23)
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If the derivatives of the double layer potential are continuous, the required
equality is a statement of the Liapunov theorem [13], ch. XV, § 5. In the
general case (23) is equivalent to the identity

V(W f)*Vudz + V(W f)~Vudz =0, (24)
o+ 2
which is valid for all v € L(R™).

First we establish (24) for v = Vg, o € Co(I') and f € Tr(I'). By Green’s
formula the left part of (24) is

/F (WD a(ve)* jov — (W )-o(vVe) jow)dr.

The last integral equals zero because of (12) (see also Corollary 2). So (24)
holds with v replaced by V. By using Lemma 1 (iii), we obtain (24) for all
v e Li(R™).

Estimate (22) follows from Theorem 1 and Lemma 2. This completes the
proof.

5 Solvability of Boundary Integral Equations

Here we establish the following assertion.

Theorem 2. (i) Let W be given by (7). The operator
— 1
W+§I:TT(F)—>T7"(F), (25)

is continuous and has a bounded inverse.

(ii) The operator
OV 1+ @) = (Tr(D))" (26)

where AV /Ov is given by (3), is continuous and has a bounded inverse.

Proof. Continuity of operator (25) follows from Lemma 2. We shall check
that the operator is surjective and one to one. The desired result then follows
from the Banach theorem.

Suppose that Wo + /2 = 0 for some o € Tr(I'). There is a unique
extension of o to a function in H(R™\ I') (we relabel this extension again as
o). Let o € Co(I'). By (12) and Green’s formula, we have

0:/(WU)+QdF:/oa(VQ)_dF: ~ [ Vov(Vo)da.
r r ov -
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By Lemma 1 (iii) o can be aproximated by the elements Vg in H(R™ \ I'),
hence o|p- = const. Since o(x) — 0 for || — oo, it follows that ¢ = 0
almost everywhere in 2~ and thus ¢ = 0 in R™ because 0 € H(R™ \ I'). So
operator (25) is one to one.

We now turn to the solvability of equation

Wo+o/2=f"T (27)

in the space T'r(I"). As it was mentioned above, the internal Dirichlet problem
has a unique solution u™ for any boundary data f* € Tr(I'). Along with
this problem we state the external Neumann problem: to find u~ € H(£27)
such that

ou~

v r
Since the space (Tr™(I"))* is continuously imbedded in (Tr~(I"))*, [10], ch.
7, the Neumann problem is stated correctly and has a unique solution. Let
f~ =wu"|p. Then f~ € Tr(I') since Tr—(I') = Tr(I') [12]. Thus the pair
(ut,u™) is a solution of the transmission problem with boundary conditions

_ Out

Fi ov

u+|p—u_|p:f+ —f_ ET?‘(F),

out

r ov

ou~
v
Now Lemma 3 implies that u™ = (Wo)* for 0 = f* — f~. For the same
density o (27) holds.
(ii) Let o € ﬁ(F) and o € Co(I"). Let o be extended to a function in
H(R™\ I'). Green’s formula gives

=0.
r

(0Vo/0v + 0/2,0) = (0(V )~ JOv,0) = — /Qi V(Vo)Vodz,

whence
(O(Ve)™ /ov,a)| < IV(Vo)llL,mn

= HQH(TT(F))*

VJ||L2(R7L)

ollrr(r)-
Here we have used that [|V(V o)1, &) = lloll(rrr))- (see[11]). So, by density

of ﬁ(F) in Tr(I"), we arrive at the estimate

10(Ve)™ /0wl (zr(ry)- < llell(rr(ry)~

By Lemma 1 (iv) this estimate is valid for all ¢ € (Tr(I"))* and thus (26) is
a continuous operator.

Suppose that 9(V )~ /0v = 0 for some ¢ € (Tr(I"))*. By using (12) (see
also Corollary 2), we obtain
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/ o-(Wo)tdlr =0
r

for all o € Tr(I'). Since equation (27) is solvable for all f* € Tr(I"), it follws
that {(Wo)t : 0 € Tr(I')} = Tr(I'), hence ¢ = 0 and operator (26) is one
to one.

It remains to check the solvability of the equation

OVo/ov+ /2 =1~ (28)

for all 9p= € (Tr~(I'))*. It will suffice to verify that solution of the Neumann
problem
u- € H(27), Ou™/Jov|p =9~

(which is uniquely solvable as it has been mentioned above) can be repre-
sented in the form of the single layer potential with density in (7r(I"))*. To
this end we consider the internal Dirichlet problem: to find u* € H(£2T)
such that | = u~|p. This Dirichlet problem is again uniquely solvable.
Let ¢t = Ou™/Ov. Clearly v+ € (Tr*(I'))* and because of the imbed-
ding Tr(I') C Tr*™I') one has ¢y* € (Tr(I"))*. We observe that the pair
(ut,u™) € H(2T) x H(27) is a solution of the transmission problem

out

r ov

ou~

o — gt e (Tr(D)".

r

u+|p—u_‘p :0,

According to Lemma 3, v~ = (V)™ with ¢ =%~ — %™ thus concluding the
proof of the theorem.

Incidentally, we have proved the following assertion.

Corollary 3. The solution to the internal Dirichlet problem with boundary
data in Tr(I) is the double layer potential with uniquely determined density
in Tr(I"), and the solution to the external Neumann problem with boundary
data in (Tr(I"))* is the single layer potential with uniquely determined density
in (Tr(I))*.!
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