A collection of sharp dilation invariant inequalities
for differentiable functions

Vladimir Maz’ya*
Department of Mathematical Sciences, The University of Liverpool, Liverpool L69 TZL
Department of Mathematics, Linkoping University, Linkdping SE-58183, Sweden

Tatyana Shaposhnikova
Department of Mathematics, Linkoping University, Linkdping SE-58183, Sweden

In memory of S. L. Sobolev

Abstract. We find best constants in several dilation invariant integral inequalities
involving derivatives of functions. Some of these inequalities are new and some were
known without best constants. The contents: 1. Estimate for a quadratic form of the
gradient, 2. Weighted Garding inequality for the biharmonic operator, 3. Dilation
invariant Hardy’s inequalities with remainder term, 4. Generalized Hardy-Sobolev
inequality with sharp constant, 5. Hardy’s inequality with sharp Sobolev remainder
term.

AMS Subject Classifications: 35J20, 35J70, 35B33

Key words: Hardy-Sobolev inequality, weighted Garding type inequality, isocapaci-
tary inequality, best constants

Introduction

The present article consists of five independent sections dealing with various dila-
tion invariant integral inequalities with optimal constants. We briefly describe the
contents, starting with Section 1.

Let us recall the Gagliardo-Nirenberg inequality
V]l L2@2y < ClIVlli@e), v € CF°(R?) (1)

[G], [N]. (The best constant C' = (2/7) ! was found in [FF] and [M1], see also [M5],
Sect. 1.4.2). Setting v = |Vu|, we observe that the Dirichlet integral of u admits the

estimate )
/ |Vu|2d:r§0(/ |V2u|dx> : 2)
R2 R2

|VQU|2 = |u$13¢1 |2 + 2|u$1$2|2 + |u£62£62‘2'

where
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One can see that it is impossible to improve (2), replacing |Vau| in the right-hand
side by |Au|. Indeed, it suffices to put a sequence of mollifications of the function
x — n(x)log |z|, where n € C§°(R?), n(0) # 0, into the estimate in question in order
to check its failure.

However, we show that the estimate of the same nature

2 2
‘/]R? lgl @i j Ug,; Uy, dx’ <C (/R2 |Au|dm) ,

where a; ; = const and u is an arbitrary complex-valued function in C§°(R?), may
hold if and only if a1 +as2 = 0. We also find the best constant C' in the last inequality.
This is a particular case of Theorem 1 proved in Section 1.

In Section 2 we establish a new weighted Garding type inequality
/ |Vau|? log(e?|z]) " tda < Re/ A2y -7 log x| tdx (3)
R2 R2

for all u € C§°(R?\{0}). Estimates of such a kind proved to be useful in the study of
boundary behavior of solutions to elliptic equations (see [M4], [MT], [M6], [M7], [E],

Before turning to the contents of the next section, we introduce some notation.
By R’} we denote the half-space {z = (z1,...2,) € R",z, > 0}. Also let R"~! =
ORY. As usual, C§°(R"}) and C§°(R") stand for the spaces of infinitely differentiable
functions with compact support in R’ and R?}, respectively.

In Section 3 we are concerned with the inequality

J

It was obtained in 1972 by one of the authors and proved to be useful in the study
of the generic case of degeneration in the oblique derivative problem for second order
elliptic differential operators [M2].

|u|2 oo (Ton |
dr, ue Cg°(RY). (4)

(@py +ap)t/2

Ty, |Vul*dz > A/

n n
+ R%

By substituting u(z) = x;1/2v(z) into (4), one deduces with the same A that

1 lv]2dx |v|2dx
Vo|?dx > 7/ + A/ (5
/R v+l 4 Jen ®y Tn(2)_y +23)1/2 )

n
+

for all v € C§°(RY) (see [M5], Sect. 2.1.6).
Another inequality of a similar nature obtained in [M5] is

J

(This is a special case of inequality (2.1.6/3) in [M5].)

Without the second term in the right-hand sides of (5) and (6), these inequalities
reduce to the classical Hardy inequality with the sharp constant 1/4 (see [Da]). An
interesting feature of (5) and (6) is their dilation invariance.

2
T

1 2
|Vo|2de > 7/ i de +C |z} v ||%q(Rn). (6)
4 R™ +

n
+

Variants, extensions, and refinements of (5) and (6), usually called Hardy’s inequal-
ities with remainder term, became the theme of many subsequent studies (JACR],
[Ad], [AGS], [BCT], [BFT1], [BFT2], [BFL], [BM], [BV], [CM], [DD], [DNY], [EL],



[FMT1]-[FMT3], [FT], [FTT], [FS], [GGM], [HHL], [TT], [TZ], [Til], [Ti2], [VZ],
[YZ] et al).

In Theorem 3, proved in Section 3, we find a condition on the function ¢ which is
necessary and sufficient for the inequality

1 |v|?dz Zn lv|2dz
Vo 2dac—f/ >C q( ) , (7
/R:' ik e 2 e @ e O

where v is an arbitrary function in C§°(R’ ). This condition implies, in particular,
that the right-hand side of (5) can be replaced by

|v|?dx

o B
R% x%(l —log —n)l/z)

(x%ﬂ + 22

The value A = 1/16 in (4) obtained in [M2] is not best possible. Tidblom replaced
it by 1/8 in [Ti2]. As a corollary of Theorem 3, we find an expression for the optimal
value of A.

Let the measure up be defined by

dx

#b(K) = W (8)
K

for any compact set K in R™. In Section 4 we obtain the best constant in the inequality

p dv )1/1’

||

e iy < ([ 1906

where the left-hand side is the quasi-norm in the Lorentz space L, (i), i.e.

1/q

lull s = ([ Gl )] = 1" dten)

As a particular case of this result we obtain the best constant in the Hardy-Sobolev

inequality
da \ M1 dx \1/p
q < P
([ ds) " <e( [ wur i)™ )

first proved by Il'in in 1961 in [I1] (Th. 1.4) without discussion of the value of C. Our
result is a direct consequence of the capacitary integral inequality from [M7] combined
with an isocapacitary inequality. For particular cases the best constant C was found
in [CW] (p = 2), in [M3], Sect. 2 (p =1, a =0), in [GMGT] (p =2, n =3, a = 0),
in L] (p=2,n>3,a=0), and in [Na] (1 < p < n, a =0), where different methods
were used.

The topic of the concluding Section 5 is the best constant C' in the inequality (6),
where u € C*°(R%), u =0 on R"~1.

Recently Tertikas and Tintarev [TT] obtained (among other results) the existence
of an optimizer in (6) in the case v =0, ¢ = 2n/(n — 2), n > 4. However, for these
values of 7, ¢, and n the best value of C' is unknown. In the case n=3,v=0,¢=06
Benguria, Frank, and Loss proved the nonexistence of an optimizer and found the
best value of C' by an ingenious argument [BFL].

We note in Section 5 that a similar problem can be easily solved for the special
case ¢ =2(n+1)/(n—1)and vy = —-1/(n+1).



1 Estimate for a quadratic form of the gradient

Theorem 1 Let n > 2 and let A = ||a; ;[|7';=; be an arbitrary matriz with constant
complex entries. The inequality

’/n<AVU7VU>Cn dx‘ < C( Rn|(—A)”T+2u]dx>27 (10)

where C is a positive constant, holds for all complez-valued u € C§°(R™) if and only
if the trace of A is equal to zero. The best value of C' is given by

g aj j wiwj|,

1<i,j<n

(4m)—"/?

O ) L

(11)

where S"~1 is the (n — 1)-dimensional unit sphere in R™.

(The notation (—A)® in (10) stands for an integer or noninteger power of —A.)

Proof. By F we denote the unitary Fourier transform in R™ defined by

Fh(&) = (2m)~™/? h(z)e "% da. (12)
R’Vl

We set h = (—A)"+2/4y, and write (10) in the form

]/ FhEP (A |§| |§|>Cn an _C(/n |h(x)|dx)2. (13)

The singular integral in the left-hand side exists in the sense of the Cauchy principal
value, since

/ (Aw,w)cn ds, =n~HS" | TrA =0,
Sn—1

where Tr A is the trace of A (see, for example, [MP], Ch. 9, Sect. 1 or [SW], Theorem

4.7). Let
KO = (A )

The left-hand side in (13) equals

‘/nffl(k(g)(fh)(g))(x)ﬁd = (27) ”/2]/71 FU) + h) (2) W) da

with * meaning the convolution. Thus, inequality (13) becomes

\/ F k) % h) (z )ﬁd:ﬂ‘ < (27r)"/2C</ |h(x)|d:v)2. (14)
We note that for £ € R™,
B©) = 172 (D ass (€ —n ) + D astety). (15)
=

Hence, for n > 2
n

k(&) = m Z Qij 85285 |§‘2 " (16)



and for n = 2 )
Z —1
put al] 86185 log |£‘ N (17)

Applying F~! to the identity

82 |€|2—n B 82
—A¢ (agiagj |S7=1| (n — 2)) T 06,0¢;

where n > 2 and 0 is the Dirac function, we obtain from (16)

5(¢);

! —1s" 1 i
(.7‘ k)( ) (27(')77’/2 2 Qi |£L’|2 ( 8)
i,5=1
Here |S™~!| stands for the (n — 1)-dimensional measure of S™~*:
o2
15" = S (19)
I'(3)
Hence ,
_2—n 2 Tils
-1 adiad' g 2

Similarly, we deduce from (17) that (20) holds for n = 2 as well. Now, (10) with C
given by (11) follows from (20) inserted into (14).

Next, we show the sharpness of C' given by (11). Let 6 denote a point on S™~1
such that

(FR)O)] = max (KO (21)

In order to obtain the required lower estimate for C, it suffices to set
x
h(a) = (1)) 00 ().
||
where 1 € C§°[0,00), 7 > 0, and dp is the Dirac measure on S™"~! concentrated at 0,

into the inequality (14). (The legitimacy of this choice of h can be easily checked by
approximation.) Then estimate (14) becomes

’/ / |p_:|9)n(7") " (p) p"*ldrdp’

< (2m)"/? C(/Ooo n(p) p"’ldp)z- (22)

In view of (18) and (20),
(F 1) (£6) = (FK)(6)
which together with (21) enables one to write (22) in the form

max |F 'k < (2m)"2 .
e FKE)] < (o)

By (18) and (20) this can be written as

g A5 Wil;

1<i,5<n

|S"

2m)"2 C.
n (2m)n/2 wesnot < (2m o




The result follows from (19). O

Remark 1 Let P and @ be functions, positively homogeneous of degrees 2m and
m + n/2 respectively, m > —n/2. We assume that the restrictions of P, @, and
P|Q|72 to S"! belong to L'(S™~!), By the same argument as in Theorem 1, one
concludes that the condition

P
/.. Q) B =0 (23)

is necessary and sufficient for the inequality

‘/n P(D)u-ﬂdx‘ < C(/RH|Q(D)U| dx)Q (24)

to hold for all w € C§°(R™). Moreover, using the classical formula for the Fourier
transform of a positively homogeneous function of degree —n (see Theorem 4.11 in
[SW]1), one obtains that the best value of C' in (24) is given by

/Sni1 (%rsgn(@ ‘w) +log 0 - w|> |C§((99))|2 dse

In particular, if P(w)/|Q(w)|? is a spherical harmonic, the best value of C in (24) is
equal to

sup . (25)

wesn—1

(4m) /2T (m) [P (w)]
TT(Z4m) wesr QW)
which coincides with (11) for m = 1, P(£) = A€ - €, and Q(€) = |€[M+7/2.

(26)

2 Weighted Garding inequality for the biharmonic
operator

We start with an auxiliary Hardy type inequality.

Lemma 1 Let u € C§°(R?). Then the sharp inequality

‘Re/ (z1us, Jr:vguzQ)Aﬂd—i‘ §/ |Au|?dx (27)
R2 |z R2
holds.

Proof. Let (r,¢) denote polar coordinates in R? and let

(oo}

ulrg) = S unlr)e.

k=—o0

Then (27) is equivalent to the sequence of inequalities

oo 1 k2 o
‘Re/ (v" + =o' = —211)5' dr‘ < /
0 r r 0

INote that the definition of the Fourier transform in [SW] contains exp(—2miz - ¢) unlike (12).

2 2

1 k
v+ =0 — ol rdr, E=0,1,2,... (28)
T T




where v is an arbitrary function on C§°([0,00)). Putting ¢t = logr—! and w(t) =
v(e™"), we write (28) in the form

‘Re/ (w" — kzw) w et dt‘ < / |w" — Kw 2 et dt
R! R!

which is equivalent to the inequality
‘Re/ (9" =29+ (1—k*g) (7 —g)dt‘ < / 9" —2¢' + (1 - kz)g|2dt, (29)
R! R!

where g = e'w. Making use of the Fourier transform in ¢, we see that (29) holds if

and only if for all A€ R! and k =0,1,2...
[Re (=A2 41— k2 = 20) (1- )| < (A = 1+ 4" + 402,
which is the same as
30 — 14+ K| < 2® +2(K* + Do + (K* — 1)°

with 2 = A2, This elementary inequality becomes equality if and only if & = 0 and
zx=0.0

Remark 2 In spite of the simplicity of its proof, inequality (27) deserves some interest.
Let us denote the integral over R? in the left-hand side of (27) by Q(u,u) and write

(27) as
|ReQ(u,u)\ S ||Au||L2(R2).

However, the absolute value of the corresponding sesquilinear form Q(u,v) cannot be
majorized by C||Au| 2 (g2)||Av||z2(r2). Indeed, the opposite assertion would yield an
upper estimate of ||[r~*0u/dr||L2(r2) by the norm of Aw in L?(R?) which is wrong for
a function linear near the origin. O

Remark 3 Note that under the additional orthogonality assumption

2m
/ u(r,p)de =0 for r >0 (30)
0

the above proof of Lemma 1 provides inequality (27) with the sharp constant factor
3/4 in the right-hand side. Besides, (30) implies

d
Re/ (mluwl + mguwz)Aﬂ—x <0. [l
RQ

>

Using (27), we establish a new weighted Garding type inequality.
Theorem 2 Let u € C§°(R?\{0}). Then inequality (3) holds.

Proof. Clearly, the right-hand side in (3) is equal to

Re/ AT A (ulog |z| ™) dx
R2

= / |Au|? log ||~ tdx + 2Re/ AT - Vu - Vlog |z| " tda.
R2 R?



Combining this identity with (27), we arrive at the inequality

/ |Au|? log(e? |z|) ~tdx < Re/ AT A(u log |z| 1) da. (31)
R2 R2
Note that
Au - AT -log x|t = —/ Vu - V(AT - log |z| ™) dz
R2 R2
= Re/ Z V— —vu log |z| ™! + Vu - 9 v i(1og|gg|*1))dx
R2 - (91‘J 61}]‘ ’

which is equal to

2 O?u |2
/ ( Z ‘313035 ‘ log ||~ + Zai| (10g|I| 1>>dx.
R2 k=1 jOTL

Integrating by parts in the second term, we see that it vanishes. Thus, we conclude
that

/Z |Au|? log |z tdx = /2 |Vau|? log |z|~'dx
R R

which together with (27) and the obvious identity
/ |Aul?dx = / |Vau|*dz
R? R2

In order to see that no constant less than 1 is admissible in front of the integral
in the right-hand side of (3), it suffices to put

u(w) = ¢ (2)
with € C§°(R?)\{0} into (3) and take the limit as |¢] — oco. O

completes the proof of (3).

Remark 4 If the condition v = 0 near the origin in Theorem 2 is removed, the above
proof gives the additional term

7r(|Vu(O)|2 — 2Re(u(0) M(O)))
in the right-hand side of (3). O

3 Dilation invariant Hardy’s inequalities with
remainder term

Theorem 3 (i) Let g denote a locally integrable nonnegative function on (0,1). The
best constant in the inequality

Tn |u|2
Ty VuzdeC/ q dx, 32
/ = vl LG T wn e (32

for allw € Cg° (@), which is equivalent to (7), is given by

T/ 2 1 9
/0 <|y/(‘P>‘ +1‘9(<P)\ )Singpd(p
w/2
/0 ly()*q(sin o) dyp

; (33)



where the infimum is taken over all smooth functions on [0,7/2].
(7) Inequalities (32) and (7) with a positive C hold if and only if

t
sup (1-— logt)/ q(m)dr < o0. (34)
te(0,1) 0
Moreover,
t -1
A~ ( sup (1 —logt)/ q(7) dT) » (35)
te(0,1) 0

where a ~ b means that cia < b < coa with absolute positive constants ¢; and cs.

Proof (i) Let U € C§° (@), ¢ € CP(R2), 2/ = (21,...7p_2), and let N = const >
0. Putting
u(x) = NE2CN" U (201, 20)

into (32) and passing to the limit as N — oo, we see that (32) is equivalent to the
inequality

T2 ) |U|2dac1da:2 (36)

U;E 2 UZE 2 d d >C/ ’
[ 00+ e Pyimndes 2 € [ o) s

+

where U € Cg"(@) Let (p, ¢) be the polar coordinates of the point (z1,z2) € R2.
Then (36) can be written as

L[ (o o2 )sinpde o= ¢ [ [ 0Patsing) ded.

By the substitution
Ulp, o) = p~v(p, )
the left-hand side becomes

/ / (|pvp\2+|vw|2+ f\v|2) singpdgo—p —Re/ / Tv,dp sinpdp.  (37)
o Jo 4 p o Jo

Since v(0) = 0, the second term in (37) vanishes. Therefore, (36) can be written in
the form

L (ol ool + 1P singao@ = ¢ [7 [ patsing) . (39)
0 0 4 P 0 0 P

Now, the definition (33) of A shows that (38) holds with C' = A.

In order to show the optimality of this value of C, put t = logp and v(p,p) =
w(t, ). Then (38) is equivalent to

T 1 ™
/ / (Jwe® + Jwy|* + =~ |w|?) sin p dp dt > C/ / lw|?q(sin ¢)dy dt. (39)
Rt Jo 4 Rt Jo
Applying the Fourier transform w(¢, ) — w(s, ¢), we obtain

s 1 ™
/ / (|u3</,|2 + (|8|2 + 7>|u§\2> sinpdpds > C/ / |w|*q(sin )dpds.  (40)
R Jo 4 r1 Jo

Putting here
w(s, ) = Pn(s/e)y(ep),



where n € Cg°(RY), [|n]|z2@1) = 1, and y is a function on C°°([0,7]), and passing to
the limit as € — 0, we arrive at the estimate

[ (0@ + Jlue)?) smode> ¢ [ toPaenags

where 7 can be changed for /2 by symmetry. This together with (33) implies A < A.
The proof of (i) is complete.

(4i) Introducing the new variable £ = logcot £, we write (33) as

f/Ooo(|z’<»s>|2+ e (S})l; )de
A =in = .
) /0 |Z(£)|2q<coslh§)coczfl§

2(0)? < 2 / () + 2(€)P)de

Since

and

| 0P

2¢

> . 2d§ 2(0)]2 = e*
Tt <2 O 0P +210F [ e

<s [ OPa+ O,
0
it follows from (42) that

/ 2 (©)[2de + |2(0)?
A ~ inf 0

) /OOO IZ(E)IQq(coslhg)coiig |

Setting z(¢) = 1 and z(£) = min{n~1¢, 1} for all positive ¢ and fixed n > 0 into the
ratio of quadratic forms in (43), we deduce that

As min{ (/OOO q(coslhf) c06§1§>_1’ (ili%n/noo q(coslhf) coiig)_l}'

Hence,

(43)

)\Sc( sup (llogt)/otq(T)dT)_l.

t€(0,1)

In order to obtain the converse estimate, note that

/OOO () q(cos:,[hg) co(iflg

<20 /0C>O q<c03hf) coiiﬁ * 2/000 =€) - Z(O)|2q<C051h§> Cociflg '

The second term in the right-hand side is dominated by

8?71;%(77/:0 q(coihf) co(iig) /OoO ‘Z/(§)|2d§

10



(see, for example, [M5], Sect. 1.3.1). Therefore,

| P (e e < SmaX{ [ o(ore) e

o [ s Ve W[ o)

which together with (43) leads to the lower estimate

A2 min{ (/ooo q<coslh£) c06§1§>_1’ (ig%n/noo q(CC’:hf) Cociig)_l}.

Hence,

)\20( sup (1—10gt)/0tq(7)d7')_1.

t€(0,1)
The proof of (i7) is complete. O

Since (34) holds for q(t) = t~1(1 — logt)~2, Theorem 3 (ii) leads to the following
assertion.

Corollary 1 There exists an absolute constant C > 0 such that the inequality

1 d 2d
/ |Vo|?dz — Z/ [v*da > C’/ [ xx 5 (44)
H Ry 2

+x2 1—log—( )i

holds for all v e C§*(R). The best value of C is equal to

/07r [y @I + i\y(w)ﬂ sindip

A= inf —2 . , (45)
ly()|"(sinp) ™" (1 — log sin p) "*dyp

where the infimum is taken over all smooth functions on [0,7/2]. By numerical ap-
proximation, A = 0.16. ..

A particular case of Theorem 3 corresponding to g = 1 is the following assertion.

Corollary 2 The sharp value of A in (4) and (5) is equal to

/Oﬂ [\y’(tp)|2 + i!y(w)ﬂ sin ¢ dp
JNCIKE |

where the infimum is taken over all smooth functions on [0,7]. By numerical approz-
imation, A = 0.1564. ..

A = inf (46)

Remark 5 Let us consider the Friedrichs extension £ of the operator

sin ¢
4

L:z— —((sing)2) + (47)

11



defined on smooth functions on [0, 7]. It is a simple exercise to show that the energy
space of L is compactly imbedded into L?(0, 7). Hence, the spectrum of L is discrete
and \ defined by (46) is the smallest eigenvalue of £.

Remark 6 The argument used in the proof of Theorem 3 (i) with obvious changes
enables one to obtain the following more general fact. Let P and ) be measurable
nonnegative functions in R™, positive homogeneous of degrees 2u and 2u — 2, respec-
tively. The sharp value of C in

/ P@)|Vulde > C | Q@)luPdr, ueCER™), (48)
n ]R’n
is equal to
/ P@) (1YY P4 (= 1+ 5V ) s
A := inf 2822 ,
QW)Y ds.

Sn—l

where the infimum is taken over all smooth functions on the unit sphere S™~1. g

A direct consequence of this assertion is the following particular case of (48).

Remark 7 Let p and ¢ stand for locally integrable nonnegative functions on (0, 1]
and let u € RY. If n > 2, the best value of C' in

oy _ Tn
| aPro(upds = ¢ [ afra(f) P, (49)

||

where u € C§°(R™), is equal to
[ (0 @F + (= 1+ 5)1u0) ) plcos8) sino)2as
0

/07r ly(0)|*q(cos 0)(sin §)"~2d6

inf

with the infimum taken over all smooth functions on the interval [0, 7].

Formula (50) enables one to obtain a necessary and sufficient condition for the
existence of a positive C' in (49). Let us assume that the function

(sin@)%—"
p(cos )
is locally integrable on (0, 7). We make the change of variable £ = £(6), where
o) - | Lk
xj2 PleosT)
and suppose that £(0) = —oo and () = oo. Then (50) can be written in the form

2

()P + (0 —1+3) | () (pleos 0(9)) (sin 0(¢))" %) de
/Rl [2(6)1° plcos 0(€)) a(cos (&) (sim 0(£))* "~ de

where (&) is the inverse function of £(#). By Theorem 1 in [M10],

A\ = inf 2R
z

)

1 0(&+d+9)
5 + / p(cosB) (sinf)"~2 db
0

: (€-d—0)
A~ inf o(e+d) ' (51)
d>0,6>0 / q(cosf) (sin)" "2 db
6(§—d)

12



Here the equivalence a ~ b means that c1b < a < cb, where ¢; and ¢ are positive
constants depending only on p and n. Hence (49) holds with a positive A if and only
if the infimum (51) is positive. O

Remark 8 In the case n = 2 the best constant in (49) is equal to

- f/()2ﬂ<|y/(%0)|2+M2|y(<ﬂ)|2)p(sin<p)d<p

2 ’ (52)

| woPasings
0

where the infimum is taken over all smooth functions on the interval [0, 27]. Note that

(33) is a particular case of (52) with 4 = 1/2 and p(t) = t. As another application of
(52) we obtain the following special case of inequality (49) with n = 2.

For all u € C§°(R?) the inequality

2 2 d 1
B (22 4 z2)<£ - (arcsin*) ) 2 Je2
rrey EET
holds, where 1/2 is the best constant.
In order to prove (53), we choose p(t) = t* and p =1 in (52), which becomes

A_fA%@mwF+wwwymwyw

_ , (54)
A lu() Pa(sin p)d

where y is an arbitrary smooth 27-periodic function. Putting n(p) = y(p)sing, we
write (54) in the form

2
/ 17 () Pdg
A = inf 0
n

(55)

2
() |*q(sin @) (sin ) "dp
with the infimum taken over all 27-periodic functions satisfying n(0) = n(w) = 0. Let

(sin )?

q(sing) = o=

In view of the well-known sharp inequality

1 Py 2 1
/ot|(1(t—)|t)dt§;/o |2/ (t)|?dt

(see [HLP], Th. 262), we have A = 2 in (55). Therefore, (49) becomes (53). O

4 Generalized Hardy-Sobolev inequality with sharp
constant

Let © denote an open set in R™ and let p € [1,00). By (p,a)-capacity of a compact
set K C 2 we mean the set function

cap, (K, Q) = inf{/ [VulPle| % dz . uwe C5 (), u>1 onK}.
Q
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In the case a = 0, = R" we write simply cap,(K).

The following inequality is a particular case of a more general one obtained in [M8],
where 2 is an open subset of an arbitrary Riemannian manifold and |®(z, Vu(z)| plays
the role of |Vu(x)| |x|~%/P.

Theorem 4 (see [M3] for ¢ = p and [M8] for ¢ > p)
(1) Let ¢ > p > 1 and let 2 be an open set in R™. Then for an arbitrary u € C§° (),

(/()Oo(capm(Mt, Q))Q/pd(tq)>

where My = {x € Q: |u(z)| >t} and

1/q

<A, ( /Q Vu(x)|p|x|_“dx>1/p, (56)

I(2L) 1/p=1/q
-Ap,q = % (57)
(e
d
forq>p, an - PN
App=pp—1) : (58)

(ii) The sharpness of this constant is checked by a sequence of radial functions in
C§°(R™). Moreover, there exists a radial optimizer vanishing at infinity.

Being combined with the isocapacitary inequality
W(K)T <A, Capp,a(K’ Q) (59)
where p is a Radon measure in 2, (56) implies the estimate
1/p

(] tany ™ aen)™ < 4, alfy ([ 1vato)Pil-a) (60)

for all u € C§°(2).

This estimate of u in the Lorentz space L,/ 4(1) becomes the estimate in L (u)
for v = p/q¢:

1/p
ull o < ApgAY? ( / Vu(w)IplwI“dw> .

In the next assertion we find the best value of A, - in (59) for the measure pu = p;
defined by (8).

Lemma 2 Let

an

1<p<n, 0<a<n-—p, and a+pzbzn_p. (61)
Then o ,
d =5 —1 \p-1|§n—17550
([ &) <)l m.um @
e 7] np—a)  (npEe

The value of the constant factor in front of the capacity is sharp and the equality in
(62) is attained at any ball centered at the origin.

14



Proof. Introducing spherical coordinates (r,w) with » > 0 and w € S"~!, we have

cap, ,(K) = inf /Sn_1 /OOC(’ZZ ’

u| >1
K2

P
2

1 2 n—1—a
+ T—2|un| ) r drds,,. (63)

Let us put here r = p!/*, where
n—p-—a
n—p

=

and y = (p,w). The mapping (r,w) — (p,w) will be denoted by o. Then (63) takes
the form

cap,, ,(K) = »P~Linf

ot [ (|5 + o) 9 (64)

where the infimum is taken over all v = v oo~ '. Since 0 < s < 1 owing to the
conditions p < n, 0 < a <n —p, and a > 0, inequality (64) implies

v

cap, ,(K) > s~ inf/ |VulPdy > 3" cap,(c(K)) (65)

which together with the isocapacitary property of cap, (see Corollary 2.2.3/2 [M5])
leads to the estimate

n—p\P~t . _i1 2 np n_p
cap,(o(K)) > (p_ 1) 157150 (mes, (0(K)) ™ . (66)
Clearly,
1 dy
po(K) = */ I
X Jo(K) |yl
with
n—>b bln—p)—an
=n— = > 0. 67
a=n V4 n—-p—a (67)

Furthermore, one can easily check that

TR e | a
ub(K)gn_b|S "% (mes, (o(K)) " (68)

(see, for instance, [M8], Example 2.2). Combining (68) with (66), we find

b—p—a
n—p—a p—1\r-1 |Sn*1‘ﬁ
m(K) T < (2= s cap, (o (K)) (69)
( ) n—p/ (n-p)TEE T
which together with (65) completes the proof of (62). O
The main result of this section is as follows.

Theorem 5 Let conditions (61) hold and let ¢ > p. Then for all u € C§°(R™)

([ 000 =5 a60) < ([ Wt )7 (r0)

where

M) b pm1 b T(G) eSS
C a,b — . Nemp/ PO B - ! 2 p' 71
raet (P(q"p)r(pZ‘;)) (n—p—a) <27r3<n—b>"?a"?> ()

The constant (71) is best possible which can be shown by constructing a radial opti-
mizing sequence in C§°(R™).
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Proof. Inequality (70) is obtained by substitution of (57) and (62) into (60). The
sharpness of (71) follows from the part (i7) of Theorem 4 and from the fact that the
isocapacitary inequality (62) becomes equality for balls. g

The last theorem contains the best constant in the I’in inequality (9) as a partic-
ular case ¢ = (n — b)p/(n — p — a). We formulate this as the following assertion.

Corollary 3 Let conditions (61) hold. Then for all u € C§°(R™)

n—

(n=t)p_ dx = dz \»
([ w5 25) ™7 ([ vur i)

where
n

C b:< p—1 )1_%< I'(%) ) (n=P)p ( F(p(z;n:bb)) )pfif—bb)
p,a, n—p—a 27T%(n _ b) e F(%)F(l + (n—;)fi;—l))

This constant is best possible which can be shown by constructing a radial optimizing
sequence in C§°(R™).

5 Hardy’s inequality with sharp Sobolev remainder
term

Theorem 6 For all u € C“(@), u=0 on R"1, the sharp inequality

2 n/(n+1)(,,2 _
/ Vul?dz > 1/ %dx i (”2/(n1+)1) a2y (73)
R? 4 Jrn T 4(r(2+1)) R
holds.
Proof. We start with the Sobolev inequality
[ LT - (74

with the best constant
7.‘.(n-i-Q)/(n-‘,-l) (’I’L2 _ 1)

B 4n/(n+1)(1"(% + 1))2/(”+1)
(see Rosen [R], Aubin [Au], and Talenti [Ta]).

Let us introduce the cylindrical coordinates (r, ¢, '), where r > 0, ¢ € [0,27),
and 2’ € R""1. Assuming that w does not depend on ¢, we write (74) in the form

27T/Rn_1 /000(‘(‘;:)’2 + \Vm/w|2)rdrd:r’

> (27T)(n—1)/(n+1)8n+1 (/ /°° |w|2(7L+1)/(n—1)Tdrdx/)
Rn—1.J0

Replacing r by x,,, we obtain

J

It remains to set here w = x5/ %0 and to use (75). O

Sn+1

(n—=1)/(n+1)

(n—1)/(n+1)
\Vw|*z, dz > (2r)~2(+DS, (/ w2 D/ (=1 g, d:c) .
i RY
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