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ABSTRACT. We prove new pointwise inequalities involving the gradient of a function u € C*(R"),
the modulus of continuity w of the gradient Vu, and a certain maximal function .# “u and show
that these inequalities are sharp. A simple particular case corresponding to n = 1 and w(r) =7 is
the Landau type inequality

8
W) < 5 A Cula) " (2),
where the constant 8/3 is best possible and

M °u(z) = sup 1

T+
w ol [ sien(y - a)uty) .

xr—rr

1. Introduction

Background. The idea of obtaining information about intermediate derivatives by using prop-
erties of a higher derivative and the function itself goes back to Hadamard [5], Kneser [10], and
Hardy and Littlewood [6]. It was developed in various directions by Kolmogorov [11], Sz8kefalvi-
Nagy [22], Gagliardo [4], Nirenberg [20], et al. In the simplest form, this idea is expressed by the
Landau inequality [12]

[/ () < 2 Jullpo 10" Lo (1)
on the real line. Under the additional assumption that v > 0 on R, one can readily verify the
estimate

[/ (2)* < 2u(z) Ju” | £ (2)
which has proved to be useful in various topics of the theory of differential and pseudodifferential
operators [8,9, 13,14, 21]. Some versions and extensions of (2) were treated in [15].

Clearly, (2) fails for some smooth function u. However, one can ask whether it is possible to
replace the Lo,-norms in (1) by the values at = of certain operators acting on u. There are different
ways to give an affirmative answer to this question. In particular, in [16] we arrived at the pointwise

inequality .
) (l%ou(‘r))a sup ’u (y) —u ($)|

k)™ < yek |y — [

20+1 <a+1 3)

a+2
where o > 0 and .#° is the maximal operator defined by

T+r
/ sign(y — z)u(y) dy. (4)

r—r

(07

1
A %u(z) = sup —
( ) r>%27“

The constant in this inequality is best possible. For o = 1, this implies the sharp estimate
8
[/ ()] < 3 A u@)u" |- ()

Diverse pointwise interpolation inequalities for derivatives of integer or fractional order were
obtained in [1,7,15-19] without best constants. We note that the operator

o )~ ula)]
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which occurs in (3), has been extensively studied (e.g., see [2]). In the above-mentioned articles,
some applications of these inequalities were pointed out (e.g., the Gagliardo—Nirenberg estimates,
the composition operator in fractional Sobolev spaces, pointwise multipliers, etc.).

Notation. Let .#° be the multi-dimensional generalization of (4) defined by

y—x
— u(y) dy|, 6
]{W y—a "W (6)

where u is a locally integrable function on R™, n > 1, B,(z) is the ball {y € R" : |z —y| < r}, and
the bar stands for the mean value of the integral. Clearly, .# “u(z) does not exceed the Fefferman—
Stein sharp maximal function [3]

A *u(x) = sup ][ u(y) — ][ u(z)dz
r>0 J B,(x) By (x)

We write B, instead of B,.(0) and use the notation |B;| = mes, B; and |S"!| = mes,_1 0B;. We
introduce the mean values of a vector function v: R® — R™ over the sphere 0B, (x) and the ball
B, (z) as follows:

AWy (z;r) = ][ v(y) dsy, APy (z;r) = ][ v(y) dy.
6BT(CC) Br(x)

M u(zx) = sup
r>0

dy.

We also set
v(z) = ADv(z;r)|

PUtvin = = "
v(z) — A@v(z;r

In particular, for a function v of one variable we have

1 [rz+r
2 — — - — 5= d
DW(v;z) = sup 12v(x) —v(z+71) —v(z r)|, DO (0: ) = sup () — 5= [ o(y) dy| |
>0 2w(r) i o (r)

Throughout the paper, we assume that w is a continuous nondecreasing function on [0, c0) such
that w(0) = 0 and w(co0) = 0.
Description of results. In this paper, we obtain new pointwise inequalities involving the gra-

dient Vu(x), the maximal function .# ®u(x), and one of the functions DS})(VU; x) and fo)(Vu; x).
For example, in Theorem 1 we prove that

<&
\Vu(z)| < n(n + 1) DY (Vu; 2)® <W), (9)
nD{ )(Vu; x)
where @ is a certain strictly increasing function generated by the modulus of continuity w. We also
show that inequality (9) and the similar inequality for D£J2) (Vu; x) in Theorem 2 are sharp. Namely,
we present functions for which these inequalities become equalities. These extremal functions,
whose form is rather complicated, were found by guess. There is no standard approach to such a
construction for the time being.
In particular, if w(r) = r%, a > 0, then inequality (9) becomes

— A . 1/(a+1)
‘Vu(xﬂ<Cl((//0u(m))a/(a+l)<SUp‘VU(x) A Vu(:c,r)|>

r>0 re

(10)
with the best constant

01:(7’L—|—1)

(11)
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Note that for n = 1 the last estimate acquires the form

0/ (z) — u(z +7) — ' (x — )]\ /@D
/(@) < ca<4¢°u<x>r”““+1)<828’ B )’> c 12
where the best value of C; is given by
9 1) \e/(a+)
o= (ot . (13)
a(a+2)t/e
A similar corollary of Theorem 2 concerning D(E,Q)(Vu; x) is the inequality
o () — u(z+r)+u(z—r) 1/(a+1)
/)] < Calor ()00 (sap =) (14)
with the best constant
20a@+1)( « 1/(a+1)
C2 = o <a + 2) ) (15)
An interesting particular case of (12), corresponding to o = 1, can be written as
g\ 1/2
< (3) u) @), (16)

which is a purely pointwise improvement of (5). The constant (8/3)'/2 in (16) is sharp, since, as
was mentioned above, it is sharp in the rougher inequality (5).

2. Pointwise Inequality in Terms of D(})(Vu;x)

The objective of this section is to obtain the following result.
Theorem 1. (i) Let the function

1
O (t) := / (1 —n+no)o" ‘w(ot)do (17)
0
be strictly increasing on [0,00), and let Qfl be the inverse function of Qy. Further, let

t
\Ill(t):/ Ql_l(r) dr.
0
Then

Vu(z)| < n(n+ 1)D5J1)(Vu; )Wt <m> (18)

for any u € C1(R™) ,where \111_1 is the inverse function of Wy .
(ii) Let w € C*(0,00). Suppose that the function tw'(t) is nondecreasing on (0,00) and, for
n > 1, the function t(t) is nondecreasing on (0,00). Let R be the unique root of the equation

n(n+1)Q(t) = 1. (19)

Inequality (18) becomes an equality for the function

‘ 1
Tn <1 - n/ J”_lw(a|x|)d0> for 0 < |z| < R,
" (4 DR ~ o)
u(z) =< |zl . (20)
X / (n+ 1o —n)o" tw <U(n+1)nR—|x]) do for R <|z| < (n+1)R,
0
0 for|z| = (n+ 1)R.

\
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Proof. (i) It suffices to prove (18) for = 0. We have

— # U n—1| w l
[ () = Fu) @ =y = s s = [ wmGa e
Hence,
n‘iﬂlvu(O)z/ u(y )T dy + |S™ 1I/ Y1 =) (Vu(0) — AVVu(0; 7)) dr.  (22)

After the scaling y — y/t, r — r/t, Eq. (22) becomes

| B1| _1/ v n—1) 1 tnfl _ AN
n—l—ltvu(o)it” Btu(y)’y| dy+|S ‘t"/o "t —r)(Vu(0) — A u(0;7)) dr. (23)

This implies that

1 t
vu0) < o) + ML p0wu0) [t et an
0
which can be rewritten as
t
0 < —t|Vu(0)| 4+ (n + 1).#°u(0) + n(n + 1) DY (Vu; 0) / Qi (1) dr. (24)
0

Since € is strictly increasing, it follows that the right-hand side of (24) attains its minimum value

at
o1 [Vu(0)]
= < (n+1)DY (vu;o))‘ (#)

Thus, by (17) one has

0 < (n +1).°u(0) — [Vu(0)] Q;l( |Vu(0)] >

n(n + 1)D (Vu; 0)
S
+n(n+1)DYM(Vu;0) / PG T VSO O (1) dr
0

ot (—Tuo )
= (n + 1).°u(0) — n(n + 1)DV (Vu;0) / )DLV g 40 (2).
0
Therefore,
[Vu(0)]|

(1) .
M u(0) > nDS)(Vu; 0) /0"("“)[)“’1 (Vui0) Qfl(T) dr,

which is equivalent to (18).

(ii) First, let us prove that Eq. (19) has a unique root. Note that ©4(0) = 0 by (17). Since
€Y (t) is nondecreasing, one has ;(co0) = co. It remains to show that Q(¢) > 0 for ¢ > 0. To this
end, we only need to check that €2} (¢)|=o = 0. Since the function (17) can be written as

O (t) = tnT-LH/O T"w(T) dT — n—1 / ™ o(r) dr, (26)

we see that

and thus




The last relation, combined with w(0) = 2;(0) = 0, shows that ¢ (¢) vanishes at ¢t = 0.

Now let us prove that u defined by (20) is in C''(R™). We claim that u is continuous on the sphere
|z| = R together with its first partial derivatives. We use spherical coordinates to write z,, = r cos 6.
Denote the function u(z)/cos@ by u;(r) for 0 < |z| < R and by ua(r) for R < |z| < (n+1)R; i.e.,

ur(r) =r— Tnn_l /0 t" L (t) dt, (30)
1 Ky Ky
us(r) = n2<”; /0 £"u(t) b — /0 1u(t) dt), (31)
where
kr =0 ((n+1)R —7). (32)
Clearly,
1 R R
ug(R) = n’ (”}; /O 0 (t) dt — R:—l /0 "l (t) dt). (33)

By (26), we can write

uz(R) = n<(n +1)RQ(R) — % /ORt”_lw(t) dt).

It follows from (19) and (30) that the right-hand side is equal to ui(R). Let us show that

uy(R) = uy(R). (34)
From (30) we obtain
1) [T
uy(r) =1+ n(nrn)/ t" L (t) dt — nw(r). (35)
0
By (31),
=L [ L[ (i)
= t"w(t)dt — t t)dt — . 36
w) = (L [T eewar- "2 [T et ar - <0 (36)
Therefore,
 ofn+1 R n—1 (% w(R)
uy(R) =n <R”+1 /0 t"w(t)dt — R, t w(t)dt—T :
which by (26) can be rewritten as
n(n—1)

R
uy(R) = n(n+1)Q1(R) + T /0 t" " tw(t) dt — nw(R).

Using (19) and (35), we arrive at (34). It remains to note that
uz((n +1)R) =0, us((n+1)R) =0

by (31) and (36). Hence, u € C*(R").
Our next goal is to show that

R R
<&
= — Q .
A °u(0) I n/o 1(t) dt (37)
Let us find the maxima of the function

1 y
r— Myu:= / —u(y) dy’ (38)

|Br| B, |y|

on [0, R] and [R, (n+1)R] separately. Recall that for 0 < || < R the function u can be represented
as cos O uy(r), where u; is defined by (30). It is clear that the function (38) is equal to

2‘57172’ T /2 5 . » rorp 1 /2 5, . .
pdp (cos0)*(sin@)""“df — n t" " w(t)dtdp (cos0)“(sinf)"~“df |.
[Bulr™ \ Jo 0 0 Jo 0
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Since p
2[5™72| / (cos 0)?(sin0)"2dh = n~t| S|, (39)
0

it follows that

1 " 1 [
M,u = / / t"Lw(t) dtdp = — < : / ™ o(r)dr — / T"w(T) dT),
and by (28) we arrive at
r T
Myu = — Qi (t) dt. 40
= /0 10 (40)
As was proved above, Q) (¢t) > 0 for ¢ > 0. Therefore,
Myu =M 41
o Mo = M @
Now let us prove that
max  M,u = Mpu. (42)
R<r<(n+1)R

By (38), one has

Mau=— (1Brr (-2 - /RQ(t)dt
= | By |r™ ! n+1 " 0 !
w/2 r
+2|S”_2]/ (cos 0)?(sin §)" 2 d@/ us(p)p" ! dp).
0 R

In view of (39), we obtain

—n n R R " n—1
Mau=r <R (n—i—l —n/o Ql(t)dt) +/R u2(p)p dp).

Combining this with (40), we see that to prove (42) we need to show that the function

A(r) == (™ —R")( R —n/OR Q1 (t) dt> —/T us(p)p" L dp (43)

TL+1 R

is nonnegative on the interval [R, (n + 1)R]. Clearly,
R 1
Al(r) = nrn1 (nf 1~ n/o Qq(t)dt — - u2(r)>.
Note that by (31) and (26)
1 Ky Ky
——ug(r) = n</ Qq(t)dt — /ﬁrﬁl(m)> = —n/ Q) (t) dt. (44)
n 0 0

Integrating by parts and using (19), we find that

R
A'(r) = nr 1 <n/ tQ4 (¢t n/ tQf (t ) 0.
0 0

Since A(R) = 0, it follows from the last inequality that A(r) > 0 for R < r < (n+ 1)R. Thus, (37)
holds.
Let us now justify the relation

|[Vu(0) — A(I)V’U,(O; 7|

su =1. 45
B w0 )
Let 0 < r < R. It follows from (20) that
r 2 i
L L (6050)2<nw(7°) _r / 17 To(t )dt) (46)
Oxp, ™ Jo ™ Jo
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which, together with (39), implies that

ou
AO 2% (00— 1 — ().
() = 1= w(r)
Hence,
ou ou
920~ A(l)aT(O; r) =w(r)
Combining this fact with the formulas
ou ou
——(0)=0, AD—(0;r) = k=1,...,n—1
8xk (0) 0’ awk (07 ,r) 0’ ) ?n )
we obtain M
[Vu(0) = A Vu(0; )| =1 for 0<r <R (47)
w(r)
We now claim that
w(ty) < ﬁ( )_AU)ﬁ((w) <w(r) for R<r<(n+1)R (48)
" Oxy, or, = S '
Note that 5 "
U 1 ug(r
= L un(r) ~ (cos0 (27— ) ).

where ug is given by (31). In view of (39), one has

(0;7)

T, n r

(1) Ou _n—lug(r) 1,

A + - (r). (49)

By (31) and (36),
A<1>§u(o;r) _nn=1) <"+ ! / ") dt — — / () dt>
0 0

T, T Ky Ky

+n<7;n++11 /0 oty de — "1 /0 1y (t) dt> Cw(k). (50)

n
T KJT‘

Next, observe that

1 K Kr Kr t t n—1
nt / w(t) dt — —— / =L (t) dt = / (1 - > <> t(t)dt >0,
K. 0 Ky 0 0 Ry Ry

since w is nondecreasing. This, together with (50) and the inequality r > k,, yields

A(l)aa“(o; r) < n(n+ 1)(:::1/ "ty de — "2 / () dt> — (k).
Ry 0 0

n
n K/'r

By (26), this inequality can be rewritten as

A<1>$(o; r) < nln+ 1)Q (k) — w(ky). (51)
Since € is strictly increasing and &, < R, it follows that

A<1>$<o; r) < n(n+1)Q(R) — w(ky).

We now use the identity

0
n(n+ 1) (R) =1= aTZ(O)
to obtain 5 5
L 9 . < gU oy —
A 8.%'” (07 'I") ~ a;Un (0) w(K"f’)?

which implies the left inequality in (48).
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To prove the right inequality in (48), we note that relation (50) can be rewritten as

A<1>§—“(o;r) _nln=1) (1 /0 Pu(t) dt — n/o o (1) dt)

T, r Ky
n o
+ ) /0 t"w(t) dt +nQ(kr) — w(kyr) (52)
in view of (27).
Let
._ W 9u .
B(r) :==rw(r) —r 4+ rAY —(0;7). (53)

Oxy,
The right inequality in (48) is equivalent to the inequality B(r) > 0, r € [R, (n + 1)R]. By (52),
we have

B(r) = r(r) — r + n(n — 1) (;n /O Pt di — n/o (1) dt)

4r <:+1 /0 () c;f 4 (ky) — w(m)) . (54)

Using the relations kg = R and n(n + 1)Q;(R) = 1, we obtain
n

2 Rn ) R
/Otw(t)dtn(nl)/o Ql(t)dtfn_i_l

_n
=
We note that relation (55), together with (28) for ¢t = R, gives B(R) = 0.
The next step is to show that B'(r) > 0 for r € [R, (n + 1)R]. Combining (49) with (44), we
see that

B(R)

R. (55)

ou n(n—1) [
Au)ai%(o;r) _ (T)/O t () dt — K, Q) (k)

which, together with (53), gives
B(r)=rw(r)—r+n(n—1) /W tQ (t) dt — rr, Q) (k).
Clearly, ’
B'(r) = (rw(r))' = 1 = nir (5r) + = (49 (8)) =, (56)
For n =1, by (29) and (26), one has

1 (1) = w(t) — = /0 ro(r)dr =+ [ 72w (r)dr.

Since tw'(t) is nondecreasing, it follows that

+ /
<t_2/ 2 (1) dT) > 0.
0

Thus, £ (t) is also nondecreasing for n = 1. Hence, it follows from the assumption of the theorem
that both functions €] (¢) and tw'(t) are nondecreasing for n > 1. Therefore, the last term on the
right-hand side in (56) is nonnegative, and ,Q}(k,) < RQ)(R) for r > R. Thus,

B'(r) > w(R) + Rw'(R) — 1 — nRQ}(R) (57)
for r € [R, (n 4+ 1)R]. Owing to relation (29) for ¢ = R, the last inequality can be rewritten as

2

n R 1
B'(r) > RJ'(R) — (n — 1)w(R) + R”+1/0 t"w(t) dt — . (58)

By (26) for t = R, relation (58) gives

n(n — R
B'(r) > RJ'(R) — (n — 1)w(R) + (Rnl)/o t"Lo(t) dt.
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Integrating by parts on the right-hand side, we obtain

”_1/Rt" ’(t)dt>1/Rt”(t (1)) dt
R, w Z Tn ; w .

Since the function tw’(t) is nondecreasing, it follows that the right-hand side is nonnegative. This
implies the right inequality in (48) and, together with (47), leads to (45).

Finally, we must show that inequality (18) becomes an equality for u given by (24). It follows
from (19) and (37) that

n/(]l/(n(n+l)) Q' (r)dr = n/Othgl(t) = n(RQl(R) - /OR Q(t) dt>

R

R
ey — Q = © .
—L n/o [(#) dt = .a°u(0)

B'(r) > RW'(R) —

By (45), the right-hand side of (18) is equal to n(n + 1) (¥;(1/(n(n + 1)))) = 1. The proof is
complete.

Remark 1. In general, for n > 1 the assumption that tw’(t) is nondecreasing does not imply
that ¢Q](¢) is nondecreasing. Let us prove this. Note that

1 t
() =)+ "5 5D [ rmatr)dr = %t - ni ()
1 2 t 2 -1 t 92
=uW'(t) + n(:;:z ) / T"w(T)dr — nan— ) S;LJrl ) / (1) dr — an(t)
0 0
by (29) and (26). Integrating by parts, we obtain
1 [t -1 [
t (¢ ’:w’t—ﬁ nt T”+1w'7dr—n ™ (1) dT |,
1 +1
£\t o,
and therefore,
-1 [t 1/t
tQ,t,:*ﬁ n / n / ,df / n+1 / /d . 59
ey =5 (5 [ @y ar- g [ ooy (59)
We set
w(t) = t/e for 0 <t <e,
"~ )log(te/e) fort>e
Then

t f t
Ho' (1) = Je for0<t<e,
1 fort > e

By (59), one has

n—1 Tt S n n—1
()], = < /dT/ £ dT):g <n—|—26n—|—1>7

which is negative if € < (n —1)(n+2)/(n(n+ 1)) and n > 1. Hence, €} (¢) is not nondecreasing,
while tw'(t) is.

3. Pointwise Inequality in Terms of DL(‘JZ)(Vu; x)

In this section, we prove the following analog of Theorem 1.
Theorem 2. (i) Let the function

1
Da(t) = w(t) — n/o o"w(ot)do (60)
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be strictly increasing on [0,00), and let Qz_l be the inverse function of Q. Further, let

t
Uy(t) = / Q7 (7) dr.
0
Then

Vu(2)| < (n+ 1)DO) (Vs 2)0; " (W)

Dfuz)(Vu; x

for any u € C1(R™), where \112—1 18 the inverse function of ¥y and DL(UZ) is defined by (8).

(61)

(i) Let w € C1(0,00). Suppose that the function xQ(x) is nondecreasing on (0,00). Let % be

the unique root of the equation
(n+1)Qa(x) = 1.
Inequality (61) becomes an equality for the function

(2, (1 — w(|z])) for 0 < |z| < %,
2 (G )90~ el (0 + 1)~ o)
ule) = n+ 1)n"t! e
_((n(—i——il_)l&)”— )" /0 t"w(t) dt) for # < |z| < (n+1)%,
(0 for |z| = (n+1)%.

Proof. (i) It suffices to prove inequality (61) for z = 0. One clearly has

u(0) — APTu (0 T (9u(0) - Vuo)) o
[ wuto) — a®vaor sty = St [ (a0 = Vaton ao =t dpa

1 ot
= n|5'”_1|/ / (Vu(0) — ADVu(0; p)p™ L dp dt.
0 Jo
Changing the order of integration in the last two integrals and using (22), we see that

/ (Vu(0) — ADVu(0: y]))|y| dy = n|S™"| / (Vu(0) = AVTu(0;)(1 — Lt
B1 0

_ n|Bi
n+1

Y
Vu(0) —n /31 u(y) ol dy.

After rescaling y — y/t, r — r/t, we obtain
1 n‘Bﬂ n
1 o)~ ADTu(s ) dy = "B o) - 2
5 [, (90— A0 Tuely) dy = 2 90

This implies that

n+1 n+1 t

V()] < "o u() + L DE(Vui0) [ (o),
0

which can be rewritten as

0 < —t|Vu(0)| + (n+ 1).#°u(0) + (n + 1)D£,2)(Vu; 0) /Ot Qo(7) d.

Since {29 is strictly inreasing, it follows that the right-hand side attains its minimum value at

o1 [Vu(0)|
= ((n + l)Dg)(Vu; 0)>

(62)

(63)

(64)

(65)
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Thus,

0< (n+ 1).2°u(0) — [Vu(0)|2 " ( IVu((2()))| )
(n+1)Dy” (Vu; 0)
o ()
+ (n+1)D?) (Vi 0) / mplwuo’ o ) gr
0
o (i)
— (n+ 1)2°u(0) — (n + 1)DD (Va0 / eepl w0’ 1o ()
0
IV?Q(?)\
= (n+ 1).°u(0) — (n + 1)DP(Vu;0) / (EOPSTV0 O (7Y dr

0

by (64). Therefore,
\Vv&(?)l
A °u(0) > DIP (Vu; 0) / (P00 (7) dr,
0
which is equivalent to (61).
(ii) We have
1
4 = /(1) / " (ot)ort do, (66)
0

which implies that

/ t)

0> > LW
Wi(t) > D) > = (67)

Since w’ > 0, it follows that the function Qg is strictly increasing, and therefore Eq. (62) has a
unique root.

Let us verify that the function (63) belongs to C'(R™). We denote the ratio u(x)/ cos § by u(r)
for 0 < |z| < Z and by ua(r) for Z < |z| < (n+ 1)%, where u is defined by (63). One has

ui(r) =r —rw(r), (68)
=n| kw(k _ntl "w
ug(r) = ( rw(Kr) p /0 t"w(t) dt), (69)
where
ke =n"Y(n+ 1% —r). (70)
Obviously,
ug(#) = n(%’w(%) — ng;l /0 t"w(t) dt),
which by (60) can be rewritten as
s (%) :n.@<”2192(%)— “’(n%j)) (71)

Using (62), we see that ua(#) = ui(%).
Let us now show that

us () = uy (%) (72)
By (69), one has
(1) = () — fons (k) — ’W /O " () dt. (73)

Therefore, it follows from (60) that

nn+1)

ub(R#) = nw(R) — R (%) — v

/@ w(t) dt = (n + 1)Qs(%) — R (%) — w(%),
0
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which, together with (62), implies (72). It remains to note that formulas (69) and (73) and the
relation K(,41)% = 0 imply that

uz((n+1)2#) =0, uhy((n+ 1)%2) = 0.
Our next objective is to show that the function u defined by (63) satisfies

A u(0) = / Qo (t (74)

n+1

For 0 < |z| < £, the function u is equal to cosfu;(p), where wu; is given by (68). Clearly, M,,
which is defined by (38), can be rewritten as

2n|Sn—2 n /2 o vme
|ST|L—1|"’ p"(1— w(p))dp/ (cos 8)*(sin )"~ d#;
™ Jo 0

by (39) and the definition of €9, this can be represented as

et O nil—/o (1) dt.
It follows from (67) that Q5(¢t) > 0 for ¢ > 0. Therefore,
%
e My = Mau = = - /0 Qu(t) dt. (75)
We now claim that
%@Ig&)j_l)% M,u = Mgyu. (76)

By (69),

n Xz 7
M, = gt ——— — [ Qu(t)dt
u |5n_1|rn< B W( ) /0 2(t) >

/2 T
+ 2n|S" 72| / (cos 0)?(sin §)" 2 d@/ uz(p)p™ ! dp).
0 %

Applying (39), we obtain

My =" <@"(n‘f1 - /0@ Q(t) dt) —l—/;uz(p)p"_ldp).

To justify (76), we must show that the function
174 3 T
o) = (=) (= [T o0a) - [l ap (7
n+1 Jo %
is nonnegative on the interval [%, (n + 1)Z]. Obviously, (%) = 0 and

o' (r) = ! (nfl - /Oﬂ Qo(t) dt — iuz(r))

Observing that

() = [ Qa(0)dt = re )

by (69) and (60) and integrating by parts, we conclude that

' (r) = nr"_1</0%tﬂ'2(t) dt — /Onr (1) dt).

It follows from the inequality ¢©25(¢) > 0 that «/’(r) > 0. This proves (76) and, together with (75),
implies relation (74).
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Let us now prove that

|Vu(0) — AAVu(0;7)|
sup
r>0 W(T)
We first assume that 0 < r < Z. By (68),
P 1—w(r)— Tu)’(r).
Therefore,

ou n 2n|S"2| [T

A

r?’L

By (39), this can be rewritten as

) S L[ n
A(Z)au(o;r):n<r_/0 pn 1w(p)dp> _rn/o u)/(p)/) dp:l—u)(T).

T, r\n

Let us show that the function rw’(r) is strictly increasing. In fact, by (60),

Qu(t) = ;i(t_" /0 () d7>

tmw(t) = ;i(t” /0 t Qs(7) d7>.

fo(t) = n/ot Qa(7) dr + 10(1).

and hence

Therefore,

This implies the relation

t
tw' (t) = tQ5(t) + % / Q4 () dr.
0
The derivative of the second term on the right-hand side is equal to

tZ(t?Qg(t) = /O () d7>

r w/2
. - 7 1— 'rL—ld o / n ] 02 . 9"_2d9.
Oz (0;7) /0 (1 —w(p)p P 7|S"*1|r" ; w'(p)p p/o (cos0)“(sin )

(80)

(82)

and is positive, since tQ,(¢) is nondecreasing. Combining this with (82), we see that tw'(t) is a
strictly increasing function. Since w(0) = 0, it follows that rw'(r) — 0 as » — 0. In conjunction

with (79) and (80), this implies that
O gy - 4@ 9%

—(0)—-A ir) = :
S (0) = AP (0:1) = ()
Combining this with the relations
ou ou
- A®?) 0:1) =0 k=1 -1
8$k (0) 07 aflfk; ( ’ T) ) ) y )

we find that
|Vu(0) — AAVu(0;7)|

=1 for 0<r<«.

w(r)
Let us now show that
0< %(0) - A(2)68—u(0; r)<w(r) for Z<r < (n+1)%.
Tn, Tn,

Applying Green’s formula, we obtain

)6& 1 2|Sn—2| w/2

A2
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;) = 0ds = 0)*(sin 6)" 2 df.
a:Un(O,r) By /8BTUCOS s =ua(r) B Jo (cos0)“(sin6)
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This, together with (39), gives

ou ua (1)
0; .

(%vn( i) = r

Since (Ou/0z,)(0) = 1, we see that the left inequality in (83) can be rewritten as ug(r) < r. The

last inequality is valid since

A®) (84)

1
us(r) = sy <" L) - w(“’“)> < Qa(m)(n+1) < Z <1
n
Let us prove the right inequality in (83), which is equivalent to the inequality
o)+ 20 150 re@(n+ 7). (85)
r

The function g(r) := rw(r) + ua(r) — r vanishes for r = #, since ua(#Z) = u1(#) and (68) holds.
Further, (73) yields
1) [
g r) = (rw(r)) — </<Lro.)/(:‘€r) + n(r;i—l)/ t"w(t) dt — nw(/ir)> -1
Ry 0

= (rw(r)) — ko' (k) + 7:11/ t" I (t) dt — 1.
Kr 0
Using (66), we obtain
g'(r) = (rw(r))' — krQ(kr) — 1. (86)
Since (tw(t))’ is strictly increasing, Eq. (86) implies that
g'(r) > (Zw(R) — %0 (%) -1,  re (% (n+1)2)
In view of (66), the right-hand side is equal to

w(Z) + /‘% 7—n+1w/(7-) dr — 1 =w(#) + (n + 1)Q(Z) —w(#) — 1 =0.

%n—i-l 0
Hence, ¢ increases on [%, (n + 1)Z].

It remains to prove that inequality (61) becomes an equality at = = 0 for the function u given
by (63). By (62), one has

1/(n+1) % % 2 %
/ le(T)dT:/ tdﬂg(t):%’Qg(%)—/ Q1) dt = —/ Q1) dt.
0 0 0 0

n+1

This, together with relations (74) and (78), shows that the right-hand side of (61) is equal to
(n+ 1)U, (Vy(1/(n +1))) = 1. This completes the proof.

Remark 2. In the proof of Theorem 2, we showed the assumption that tQ5(¢) is nondecreasing
to imply that tw'(t) is strictly increasing. Let us prove that the converse is not true, that is, the
function ¢ (¢) need not be monotone if tw'(t) increases. For any small ¢ > 0, we set

/ / &( sin&~!
The function tw'(t) increases, because
(tw'(t)) = t(sint™1)2.
Hence, it follows from (66) that the derivative
n

t
(#2(1)" = ('(1)" = 75 / T (rw (7)) dr (87)

0
is negative for t,, = (7k)~!, k =1,2,.... Now by (87) one has

(t (1)) = t(sint™1)? — t(1+ O(1)).

2(n+3)
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Here the right-hand side is positive for ¢, = (w(k + 1/2))~! if k is sufficiently large. Hence, tQ(t)
is not monotone.

4. The Special Case w(r) =r*, a >0
Setting w(r) = r* with & > 0 in Theorem 1 and using the notation

— AW :
Dgl)(Vu;:c) = sup ‘VU(IL‘) A VU(IL‘,T)|

>0 re

)

we obtain the following corollary to Theorem 1.

Corollary 1. Let u € CY(R"), and let o > 0. Then inequality (10) holds with the best con-
stant (11).

Inequality (10) becomes an equality for the function

Tn, <1 S \x!o‘) for 0 < |z| <R,
n-+«a
u(z) = ¢ an'~((n+ 1R — |z)**! 2,
— R R
mta)ntatl) 2 for R<|z| < (n+ 1)R,
0 for|z| = (n+ 1)R,

where

_[((nta)(nt+a+1) La
R_< (a+1n(n+1) )

Corollary 2 (a local version of Corollary 1). Let .#{ denote the modified maximal operator
given by
—x
][ =" u(y) dy',
By (x) ’y - l”

_ A .
Dﬁl(Vu;x)z sup |Vu(z) — A Vu(x,r)|.

0<r<1 re

MLu(x) = sup
0<r<1

and let

Then for any o > 0 the inequality

V()| < (C1(DEL (Vs 2) D 4 Co(arfu(@)) D) (arPu(a)) >/ (4D (88)
holds with the best constants Cy defined by (11) and Co =n + 1.

Proof. It suffices to set = = 0. It follows from (23) that
n
(n+a)(n+a+1)
The right-hand side attains its minimum value either at
L ((n +a)n+a+1) #u0) )WH) o
an DY) (Vu; 0)

IVu(0)] < (n+1) <///f>u(0)t1 + D) (Vu; O)ta>.

or at t = 1. Thus we arrive at the following alternatives: either

an D(l)

AMLu(0) <
ru(0) (n+a)(n+a+1) b

(Vu;0)

and
IVu(0)] < C1(fu(0)/ D (DY) (Vu; 0) 1/ 0+ (89)

with C; defined by (11), or

an

(1) .
n+a)(n+a+1) Dra(Vu;0)

,Q

///fu(O) >
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and
Cy
<
vuol < (55

Inequalities (89) and (90) imply (88).
To show that the constant C is sharp, we make the dilation z — dx, 0 < § < 1, in (88). Then
Vau(z)| < (CLDD (Vu; )/ O+ Cod (ar ula)) VO () )/ (HD.

Passing to the limit as 6 — 0, we arrive at (88) with the best constant Cf.
To prove that the constant Co is sharp, we set u(x) = x,,. Then (88) becomes

(Dﬁl(VU; 0))1/(a+1) + 02(%10,&(0))1/(&4—1)) (%lou(O))a/(a+1)‘ (90)

|Vu(z)| < (n+ 1) u(z). (91)
Clearly,
2
A u(0) = sup ][ i:Uncl:L‘ = sup ][ In gy
o<r<1|JB, ‘SU‘ o<r<1 JB, ]x\
2 n—2 w/2 r
= sup ”|§71’ (cos 0)?(sin §)" 2 d9/ p" dp,
o<r<t ST o 0

which, together with (39), implies
Mu(0) = (n+ 1)L
Thus, inequality (91) becomes an equality. This completes the proof of the corollary.
Setting w(r) = r*, a > 0, and using the notation

e .
D(()?)(Vu;m) — sup |\Vu(z) — AV u(z;r)|

r>0 re

?

we obtain the following corollary to Theorem 2.
Corollary 3. Let u € C1(R"), and let a > 0. Then the inequality

Vu(z)| < Co(at *u(x))* (DR (Vu; )M/ (D) (92)
holds with the best constant

a+1 « 1/(a+1)
Cy = 1 . 93
2=(n+1) o <n+a+1> (93)
Inequality (92) becomes an equality for the odd function given for x > 0 by the formula
xn (1 —|z|%) for 0 < |z| < %,
(@) =4 2" ()%~ ) for & < J2] < (n+ 1)
) nta+il || ’
0 for|z| = (n+1)2,
where
1/a
P ( n+a+1 >
(a+1)(n+1) '
5. The One-Dimensional Case
Forn=1,

/ o o / _u(z+r)tu(z—r)
Dt ) — sy 200 =4 7) =l =) o/ (@) — Mrtr)uten)

>0 2w(r) ’ r>0 w(r) 7
and .#° is defined by (4).
The next two corollaries readily follow from Theorems 1 and 2.
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Corollary 4. Let u € CY(R). Then the inequality

_ MU
o' ()] < 2D (u's 2) Wyt ((1)> (94)
D’ (u';x)

holds, where \Ilfl is the inverse function of
t
Uy (t) :/ Q Yr)dr
0

with Q=1 being the inverse function of

1
Q(t):/o ow(ot) do.

Suppose that tw'(t) is nondecreasing on (0,00). Then inequality (94) becomes an equality for
the odd function u given on the half-line x > 0 by the formula

1
x(l—/ w(ax)da) for0 <z <R,
() = v
W)= (2R—x)/ (20 = Nw(o(2R — x))do  for R < x < 2R,
0 ’ for x > 2R,

where R is the unique root of the equation 2 (t) = 1.
Corollary 5. Let u € C1(R). Then the inequality

_ M
@) < 2D sy () (95)
Dy’ (w5 x)

holds, where \1151 is the inverse function of

Us(t) = /0 (w— Q)_I(T) dr

with (w — Q)~! being the inverse function of w — ).
Suppose that the function t(w(t) — Q(t))" is nondecreasing on (0,00). Then inequality (95)
becomes an equality for the odd function u given on the half-line x > 0 by

(1 —w(z)) for0 <z < %,

2%—x
u(r) = (2% — r)w(2% — z) — / tw(t)dt for # < x < 2%.
2% — x 0
0 for x > 2%,

where # is the unique root of the equation 2Qs(t) = 1.

Set ) )
D) — sup @) =)
yer  w(|z —yl)
and note that D&l)(u'; x) < D, (u'; x). Moreover, if u is odd, then D&l)(u'; 0) = D, (u';0). Therefore,
Corollary 4 implies the following assertion.
Corollary 6. Let u € C'(R). Then
MU
) -1
)] < 20,050 (500 (96)
Inequality (96) becomes an equality for the same function as in Corollary 4. As in Corollary 4,
here we assume that rw'(r) is nondecreasing on (0,00).
In the special case w(t) =t*, a > 0, Corollaries 4 and 6 can be stated as follows.
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Corollary 7. Let u € C1(R), and let a > 0. Inequality (12) holds with the best constant (13).

The rougher inequality (3) follows from (12). Inequality (12) (and even (3)) becomes an equality
for the odd function u whose values for x > 0 are given by

. 1/a
(a+ 1)z —xot! forogxé(a—;z) ,
1/ a+1 1/ 1/a
o o+2 oa+2 o+ 2
= — 97
u(x) a+2(2( 5 ) x) for( 5 > <x<2< 5 > : (97)
1/a
0 form>2(a—;2) .

Note that (3) is a special case of (96) for w(t) = t.
In conclusion, we present an assertion that readily follows from Corollary 5 for w(t) = t*, a > 0.
Corollary 8. Let u € C1(R), and let a > 0. Inequality (14) holds with the best constant (15).

Inequality (14) becomes an equality for the odd function u whose values on the half-line x > 0 are

given by
9 1/
x — xot! for0 <z < _ate ,
2(a+1)
(2) a a+ 2\ atl a+2 \Ve a+2 \V
u(x) = 2 — _ <z <2 —
(7)) e EEs) e elEy)
a+2 Y
0 orx =22 ——— .
\ pore>2( 55 )
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