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SUMMARY

Asymptotic approximations for Green’s function for the operator —A in a long rod are derived. These
approximations are uniformly valid over the whole domain including the end regions of the rod. Connec-
tions are established between the asymptotic approximations in a long rod and the asymptotics in thin
domains. Overview of asymptotic approximations of Green’s kernels in a domain with a small hole and
domains with singularly perturbed smooth or conical boundaries is also given. Copyright © 2008 John
Wiley & Sons, Ltd.
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1. INTRODUCTION

The interest to the asymptotic analysis of Green’s functions for domains with perturbed boundaries
was initiated by the classical work of Hadamard [1]. The question of uniform asymptotic approx-
imations of Green’s functions for boundary value problems in singularly and regularly perturbed
domains was addressed in [2], and the detailed analysis for the Dirichlet problems in domains with
small holes was presented in [3]. Although some types of asymptotic approximations for Green’s
functions in singularly perturbed domains (for example, domains with small holes) have already
been used in the existing literature (see, for example, [4, 5]), the question of uniformity of such
approximations remained open until recently.
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2056 V. MAZ’YA AND A. MOVCHAN

The structure of this paper can be described as follows. Section 2 gives an overview of several
results for asymptotic approximations of Green’s kernels in domains with small holes or small
inclusions as well as in domains with singularly perturbed smooth or conical exterior boundaries.
Section 3 presents a detailed analysis of Green’s function of the Dirichlet-Neumann problem
in a long cylindrical body. We introduce the notion of a capacitary potential and its asymptotic
approximation in the elongated domain (see Section 3.1) and construct an asymptotic approximation
of Green’s function in the long rod in Sections 3.2 and 3.3. A version of the method of compound
asymptotic expansions of solutions to boundary value problems in singularly perturbed domains,
developed in [6], is used here to construct uniform asymptotic approximations of Green’s kernels.

2. OVERVIEW OF SOME BACKGROUND WORK

The recent papers [2, 3] give uniform asymptotic approximations of Green’s kernels for several
types of boundary value problems in singularly perturbed domains. To illustrate a concept of
uniform asymptotic approximations for Green’s functions, we begin with an example of a domain
with a small hole.

2.1. The Dirichlet problem in a domain with a small hole

Let Q and w be bounded domains in R"”, n>2. Assume that Q and o contain the origin O and
introduce the domain w, = {x:e~!x € w}, as shown in Figure 1. Without loss of generality, we can
also assume that the minimum distance between the origin and the points of 0Q as well as the
maximum distance between the origin and the points of dw are equal to 1. Let G, be Green’s
function of the Dirichlet problem for the Laplace operator in Q, =Q\@,. The notation |S"!|
is used for the (n—1)-dimensional measure of the unit sphere. By G and ® we denote Green’s
functions of the Dirichlet problems in Q and R"\ @, respectively. Also H stands for the regular
part of G, that is, H (X, Y)=((n—2)[S"" )" x—y|>**—G(x,y), and P denotes the harmonic

Figure 1. A domain with a small hole.
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capacitary potential of . The following asymptotic formula holds (see [2]):
Ge(x,y) =Gy +&* "G x, 67 y) — (0 =2)[8" ) x—y*"
+H©O,y)P(e'x)+H(x,00P(e"'y)— H(0,0)P(s~'x)P(¢"'y)

n—1
_on—2 - £
" “capwH (x,0)H(0,y)+ O ((min{lxl, Iyl})”_2> (1)

uniformly with respect to x and y in .. Note that the remainder term in (1) is O(g) on dw, and
0" 1) on 0Q.

Although the above formula is uniformly valid in the whole domain Q, it may look cumbersome.
The formula can be simplified if additional constraints are imposed on the positions of the points
x and y. Namely, if min{|x[, |y|}>2¢, then

n—1
Gs(x,y) =G (x,y)—&" 2 cap®G(x,0)G (0, +0( Eps )
(x,y) (x,y)—&" “capwG(x,0)G(0,y) (Ix[lyD"=2 min{|x|, |y|}

On the other hand, if max{|x|, |y|}<%, then
_ XYy _ _
Go(x.y) =626 (. 2) ~HO.0/(P(e™'%) = D(P(E™'y) = 1)+ O (max{x. Iy}

The asymptotic approximations above employ solutions of model problems defined in Q and
R"\ @, independent of the small parameter ¢, and such solutions can be efficiently implemented
into the numerical algorithms incorporating the asymptotic formulae for Green’s functions.

The asymptotic approximation of Green’s function for a two-dimensional domain with a small
hole can also be developed (see [3]), and it has the loge dependence, as outlined below. The

capacitary potential P, for a two-dimensional domain €, with a small hole w, is defined as a
solution of the boundary value problem:

AP.(x) =0, xeQ,
P.(x)=0, xe€0Q
P.(x)=1, xe€dw,
Its uniform asymptotic approximation, as € — 0, is given by the following formula:

_—G(kx, 0)+{(x/e)— 2m) ' log(|x]/e) — (o
2m)~oge+H(0,0)—

P (x)

where H(x,y) is the regular part of Green’s function G(x,y) in the limit domain Q without the
hole, and the quantities { and (. are defined as

()= | glli_r)noog(@, n
and

(o= lim_{{(m)—(2m)~ ogInl}

Copyright © 2008 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2008; 31:2055-2068
DOI: 10.1002/mma



2058 V. MAZ’YA AND A. MOVCHAN

Here, g(&, 1) stands for Green’s function in the unbounded model domain R?\@. The uniform
asymptotic approximation of Green’s function G, in a two-dimensional domain with a small hole
has the form

Ge(x,y) = G(x,y)+ge 'x, e 'y)+2m) ' oge x—yl)

((2n)—1 loge+{ (g) o+ H(X, 0)) ((2n)—1 loge+{ (%) o+ H(O, y))
2m)~loge + H(0,0)— oy

— e =LY+ +0C(e) )

We note that the structure of this asymptotic approximation resembles the one of formula (22)
(and formula (23)), constructed for an elongated body in the sequel of the paper; this resemblance
becomes apparent if one takes into account a logarithmic transformation of coordinates, which can
be used to link the corresponding geometries.

The analysis developed for domains with small holes can be extended to singularly perturbed
domains of other shapes and, in particular, to asymptotic approximations for Green’s kernels in
domains with singularly perturbed exterior boundaries (see Figures 2 and 4(a)).

+

2.2. Perturbation of a smooth exterior boundary

Consider an example of a bounded domain Q, in R3, as shown in Figure 2. Let y; denote the
perturbed small part of the boundary, and / be a flat part of the boundary surrounding 7., whereas
I'™ is the remaining unperturbed part of the exterior surface.

Green’s function for the Dirichlet-Neumann boundary value problem in € is introduced as a
solution of the following boundary value problem:

AG:(x,y)+(x—y)=0, x,yeQ
Ge(x,y) =0, xey, UI'", yeQ_

G

ony

To construct an asymptotic approximation of G, one also needs model limit domains shown
in Figure 3: the unperturbed limit domain Q™ and the unbounded domain D~ corresponding

(x,y)=0, xel, yeQ,

Figure 2. Domain with the perturbed boundary.
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Figure 3. (a) Unperturbed domain Q™ and (b) unbounded model domain D~.

to boundary layers near the perturbed boundary. Let Go- and gp- be Green’s functions of the
corresponding mixed boundary value problems in Q™ and D~. By Hg- we denote the regular
part of G-. The capacitary potential is introduced as a function P,-, harmonic in D™, which
satisfies the homogeneous Neumann condition on (0D7)\y~, equals to 1 on y~, and decays at
infinity. Then, the asymptotic approximation for G, takes the following form:

Gs(x,y) =Go-(x,y)+e 'gp- (e 'x, 67 y) — (dm|x—y]) !
+ Hy-(0,y) P~ (e7'%) + Hoy- (X, 0) Py (¢ y)
— Ho-(0,0)P,- (s 'x) P~ (e 'y)+ O (e) 3)

For the particular example of the domain in Figure 2, one can make a mirror reflection across
the flat part / of the boundary so that the extended set represents a domain with a small hole.
Then the method of images enables one to employ formula (1) and to deduce the asymptotic
approximation (3). Indeed, other shapes of the perturbed exterior boundaries can be considered: in
particular, this may include the case of a domain with a perturbed conical surface outlined below.

2.3. Green’s function for the Dirichlet—-Neumann problem in a truncated cone

Consider an example involving a three-dimensional domain shown in Figure 4(a). Let K be an
infinite cone {x:|x|>0, |x|~'x€Z}, where Z is a subdomain of the unit sphere S; such that S;\Z
has a positive two-dimensional harmonic capacity. The notations o and Q are used for subdomains
of K separated from the vertex of K and from infinity by surfaces y and I', respectively (see
Figures 5 and 4(b)). By Q; we denote a domain involving a ‘small truncation’ of the conical part
of the boundary, i.e. Q. ={xeQ:s !xew)}, where ¢ stands for a small positive parameter. The
conical surface is denoted by I, whereas y, ={x:e~!x €y} stands for the part of surface near the
vertex of the truncated cone, as shown in Figure 4(a).

Let G, and Gope be Green’s functions for the Dirichlet—-Neumann problem for —A in Q. and
the Neumann problem in K, respectively,

AcGe(x,y)+0(x—y) =0, X,yeQ, “)
0G
“(x,y)=0, x€l, yeQ, (5)
ony
G:(x,y)=0, xey, Ul yeQ, (6)
Copyright © 2008 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2008; 31:2055-2068
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(a) (b)

Figure 4. (a) A domain with a singularly perturbed conical boundary and (b) a limit unperturbed domain.

Figure 5. Scaled region in the vicinity of the perturbed boundary.

and

Ay Geone(X,y)+6(x—y) =0, x,yek

aGCOI’IS
ony

Geone(X,y) > 0, |x]—>o00, yeK

(x,y) =0, xel, yek

Also the notation G is used for Green’s function of the Dirichlet-Neumann problems for —A in
Q, that is, G(X,¥) = Gcone (X, y) — 8(X, y), where the harmonic function KR(x,y) is a solution of the
boundary value problem:
AKX, y) =0, x,yeQ
oK
ony
R(Xv y) = GCOne(X’ Y), X€F7 yEQ

(x,y)=0, xel, yeQ
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We note that
KO,y)=(slyD™'=G0,y) and K(x,0)=(s|x])"' —G(x,0)

where s is the area of KNSj.

To describe the model fields in the unbounded domain w, we use the scaled coordinates &=
e~ !x, n=¢"ly. Let P(&) be a relative capacitary potential of y, which solves the boundary value
problem:

APE) =0, Eecw
PE =1, Eey

Z—P(é)zO, Eel, P& —0 as|§—o0
n

Green’s function g(&,n) for the unbounded domain w is represented as g(&, M) =Gcone(E, M) —
k(&,m), where x(E,n) is a solution of the model problem:

AiK(&, TI) =0, avnew

K(é7 n) = GCOHC(gv Tl), ge% new
ok
6—(@1]) =0, &El’ new
ng
k@& n)—0 as|E—o00, new

Then the required Green’s function G(X,y), solving problem (4)—(6), is approximated by the
following uniform asymptotic formula:

Ge(x,y) = GX,y)+& 'ge7 "%, e7y) = Geone (X, Y) +K(0,y) P(e ')+ K(x,0) P(e " y)
—R0,00P(" 'y Pe'x)+0(h)

where 1 is a positive exponent depending on the cone opening.

In the following section, we present a new result including uniform asymptotic approximations
of Green’s functions for a mixed boundary value problem for the Laplacian in an elongated domain.
The Dirichlet boundary conditions are set at the end regions of this domain, whereas the Neumann
boundary conditions are prescribed on the lateral surface.

3. THE DIRICHLET-NEUMANN PROBLEM IN A LONG ROD

Let C be the infinite cylinder {(X', x,) :X" € w, x,, € R}, where w is a bounded domain in R"! with
smooth boundary; here n>2. Also let C* denote the Lipschitz subdomains of C separated from
+00 by surfaces y*, respectively.

Copyright © 2008 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2008; 31:2055-2068
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2062 V. MAZ’YA AND A. MOVCHAN

Let us introduce a positive number M and the vector M= (O’, M), where O’ is the origin of
R"~!. It is assumed that the ratio (diam w)/M is small.
A long rod Cyy is defined as follows:

Cu={x:x—M)eCT,x+M)eC™}
The lateral surface of the rod is denoted by I', as shown in Figure 6.
Let G s (x,y) denote the fundamental solution for —A in the domain Cj; subject to zero Neumann

condition on the lateral surface I" and zero Dirichlet conditions on the end parts y* of the boundary
of the long rod:

AxGM(X’Y)‘HS(X_Y):O» vaECM

oGy

ony

(x,y)=0, xel, yeCy

Gu(x,y)=0, xey*, yeCy

In order to obtain an approximation of G s, we also introduce several model problems independent
of the cylinder length 2M.

Figure 6. A long rod Cps and associated unbounded model domains.
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We denote Green’s function of the Neumann problem in C by G (X, Y):

A G (X, y)+0(x—y)=0, x,yeC

0G
Oﬁ “(x,y)=0, xeI, yeC
ony

Goo(X,y) = —2|a]) ™2y — yu| + O (exp(—atlxy — yul))  as |xu| — 00

where o is a positive constant, and |w| is the (n — 1)-dimensional measure of w.
Similarly, G and G~ stand for the fundamental solutions for —A in the domains Ci, with the
homogeneous boundary conditions defined as follows:

AGEE yH)+o(xF —yH) =0, xF,yFeC*
Gty =0, xFeyt, yrect
0G*
ony

x*,y5) =0, xTel, y*eC*
and it is also assumed that G*(xF, yi) are bounded as x,jf — Fo0.

3.1. Capacitary potential

The capacitary potential Py is defined as a solution of the Dirichlet—-Neumann boundary value
problem in Cyy:

APy(x)=0, xeCy @)
P

a—M(x) -0, xel 8)
on
Pu(x)=1, xey” and Py(x)=0, xey" )

We shall also use the solutions (¥ of the homogeneous Dirichlet-Neumann problems in semi-
infinite domains C* as follows:

AFxT)=0, xeCc* (10
+
%(xi)zo, xTel (11)
) =0, xey* (12)
and
FE) =FxE+E + 0exp(—alxT])  as |xF|— 00 (13)

where « is a positive constant, x* = (x/, x, FM) are local coordinates at the ends of the long rod
Cy, and Cfo are constant terms that depend on the geometry of the cross-section @ and the end
parts y* of the boundary of the long rod.

Copyright © 2008 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2008; 31:2055-2068
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Theorem 1
The following asymptotic formula, uniform with respect to x € Cy;, for the capacitary potential
Py (x) holds:

M x4+ = (x)+{ )

Py ()= DM+ 405,

+ O (exp(—aM)) (14)

Here, the functions Ci, variables x*, and the constants Cfo are the same as in (10)—(13), and « is
a positive constant.

To prove this statement, we use the direct substitution of (14) into (8)—(9), which shows that the
remainder term is a harmonic function satisfying homogeneous Neumann boundary conditions on
the lateral surface of the rod and is exponentially small at the end parts 7= of the boundary. Then
it remains to apply the estimate similar to Lemma 1.3 of Section 1.5 in [7].

3.2. Asymptotic approximation of Green’s function

Let H jE(Xi,yi) be functions defined in semi-infinite domains C*, and assume that they also
satisfy the Dirichlet—-Neumann boundary value problems:

AHExE y5) =0, xF ytec® (15)
+
—xT,yH =0, x%el, ytec* (16)
ony
HE*(x,y5) = Goo (X, ) + Qloo) "' EGF), xey*, yreC™ (17)
and
HE(xE,y5) -0 asxF— Foo (18)

The asymptotic approximation is given by the following statement.

Theorem 2
Green’s function G/ (X,y) is approximated by the asymptotic formula, uniform with respect to
x,yeCy:

GM(Xv Y) = GOO(Xv y)_H+(X+7 y+)_H_(X_v y_)

Wy (1

P L p Mo M 19
_W<§_ M(X)> (E_ M(Y))‘i‘m‘i‘ (exp(—aM)) (19)

where Wy =2M +{3 +{,, and o is a positive constant.

In the text below, we present a formal argument that leads to the asymptotic formula (19).

Copyright © 2008 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2008; 31:2055-2068
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Let

Gu(x,y)=Goo(X,y)— Hyj(x,y) — Hy; (X, y)

where the functions H 11%1 are defined as solutions of the boundary value problems:

AHE(x,y) =0, x,yeCy

+

M(x,y)=0, xeI, yeCy
on

Hy(x.y) = Goo(x.y), X€)*, yeCuy
Hjj(x,y)zo, xeyT, yeCy
We note that the sum ), HAj,E, is symmetric, i.e.
Hyp (X, )+ Hyy (X, y) = Hy (v, %) + Hy (¥, %)

The functions H Aj; can be approximated by the formulae

1
HYx,y)y=H"(x",y"H— m(*(yﬂ

, 1
— Py (x) (HJF(X+ ,—00,¥y") — mﬁ()ﬁ)) +hy

and

1
H,x,y)=H (x",y )— mé‘(y_)

/ 1 _
— Pu(x) (H_(X_ , 00,y ) — MC_(Y_)) +hy,

2065

(20)

with exponentially small remainder terms hﬂi,l Applying Green’s formula to the functions H* and

{* in the domains C*, respectively, we deduce that

, 1
H™ (x~ ,+oo,y_)=—m{c_(y_)—(M+yn+C‘i°)}

and
1

HYx", —oo,y+>=—2—{c+(y+>—(M—yn+ci°>}
o]

Copyright © 2008 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2008; 31:2055-2068
DOI: 10.1002/mma



2066 V. MAZ’YA AND A. MOVCHAN

Condition (13) yields

lim H_(y_/, 400,y )=0

Yn —+00
and

lim HYy", —o0,yH)=0

Yn > —0©
If A=2M +{L +{5, then the following identity holds:

H);(x,y)+H,,x,y)=H"x",yH+H x",y")

A /1 1 Wy
+H(E_PM(X)) <§—PM(Y)>—M 2D

Combining formulae (20) and (21) we deduce (19).

The direct substitution of (19) into (16) and (17) shows that the remainder term is a harmonic
function satisfying homogeneous Neumann boundary conditions on the lateral surface of the rod,
and it is exponentially small at the end parts y* of the boundary. Applying the estimate similar to
Lemma 1.3 of Section 1.5 in [7], we complete the proof.

Example of Green’s functions in model domains. In some cases, Green’s functions for model
problems required for the above asymptotic approximation can be constructed in a simple form.
As an illustration, we suggest an example involving a long rectangular strip. In this case, the
function G (X,y) is the Neumann function for the Laplacian in the infinite strip IT={(x, x3):
—00<X1<00, |x2|<1/2}, given in the following form:

1 [ . .
Goo(X, Y)=2—/ Gk, x2, y2) exp(—ik(x; —y1)) dk
TJ-
where
cosh(k(x2 4+ y2)) +cosh(k) cosh(k(x2 — y2))
2k sinh(k)

_{@m”mm@urﬂmx xX2> ¥

Gk, x2,y2) =

— k) sinh(k(x2—y2)), x2<y2

Assuming that the end regions of the rectangular domain are ‘flat’, i.e. they are located on the
vertical straight lines x; =4M, we can construct Green’s functions G4 for semi-infinite strips as
follows:

G:l:(xiv yi):GOO(Xiv )’ft, y;:)_GOO(Xia _y]:t’ y;:)

These model fields are readily applicable in the asymptotic formula of Theorem 2.

3.3. Green’s function Gy versus Green’s functions for unbounded domains

The result of Section 3.2 together with definitions of functions G, and G lead to the following
theorem.

Copyright © 2008 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2008; 31:2055-2068
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Theorem 3
Green’s function Gys(x,y) and the functions G*, G are related by the following asymptotic
formula:

1
Gux,y) =Y GExE, y5) — Goo(x,y) — —— 2 (CFH +Fyh)
I 2]w| E

A 1 1 A
A (_ - PM(X)> (_ Py (y)) + L oep-am) @)
ol \2 2 4o

where « is a positive constant independent of M.

Corollary 1
Formula (22) allows for an equivalent representation involving the model fields ¢+ defined as
solutions of the boundary value problems (10)—(13):

1

Gu(x,y) =Y GExE, y5) - Goo(x,¥) +
T 40|

{QIM—zgci(xi)Hi(yi))}
1
— (o) ! (xn— E(cio—c;owc*(x*)—c—(x))

1 _ .
X (yn_E(C;_Coo)+C+(y+)_C (y ))+0(eXp(—aM)) (23)
where « is a positive constant independent of M.

The above formulae can be simplified if we introduce additional constraints on the positions of
the points x and y within Cy,.

When the points x and y are ‘far away’ from the ends y* of the long rod, the quantities H*
become exponentially small; hence, we arrive to the following corollary.

Corollary 2
When min{|x£+M|/M, |y£M|/M}>Const, Green’s function Gy is approximated by the following
formula:

1 1
Gu(x,y) ~ Goo (X, ) — (j0|Apy) ™! (xn - E(C;—C;o)) (yn - E(CZ;—C;O))

A
+ hac.l as M — oo 24
4|l
Another simplified formula for Green’s function can be presented for the case when the points
x and y are sufficiently close to one of the ends of the rod.

Corollary 3
Assume that the points x and y are close to the left end y~ of the long rod Cy,, i.e. max{x+ M,
y+ M}<Const. Then the function G, is approximated by the following formula:

G~ (x', 400,y )G~ (x",y "', +00)

Gux,y)~G (x,y )—|o A, as M — oo (25)

Similar approximation is valid near the other end y* of the long rod.

Copyright © 2008 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2008; 31:2055-2068
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3.4. The Dirichlet-Neumann problem in a thin rod

By rescaling, the above results can be used to find an asymptotic approximation for Green’s
function G® in a thin rod rather than the long rod. Let a thin domain be defined by

Co={x:e'(x—a)eCT, e '(x+a)eC™}

where the notations C* are the same as in the beginning of Section 3 (see Figure 6), 2a is the
length of the rod, and now ¢ is a positive small parameter. As above, it is assumed that Green’s
function is subject to zero Neumann condition on the cylindrical part of C, and zero Dirichlet
condition on the remaining part of 0C..

Theorem 4
The following asymptotic formula for GO (x, y), uniform with respect to X,y € Q,, holds:

GO, y) =" {GT (e (x—a),e (y—a)+G (¢ (x+a), e (y+2)) — Goo (¢ 'x,67y)

Xn

—e(2lo|  ate L+ ( Lt (E) e (x+a)>
glw| 2 e -

x ( L T (E)—c (m))
elo] 2 € £

1
+3 ((e|w|>—12a+coo+5;—2§(ci(e—1(x¢a»+ci(e—1<y¢a>>>)

+ O (exp(—f/e)) (26)
where f is a positive constant independent of ¢.
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