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Abstract

We study the Dirichlet problem in Lipschitz domains and with boundary data in Besov spaces,
for divergence form strongly elliptic systems of arbitrary order, with bounded, complex-valued
coefficients. Our main result gives a sharp condition on the local mean oscillations of the coefficients
of the differential operator and the unit normal to the boundary (which is automatically satisfied
if these functions belong to space VMO) guaranteeing that the solution operator associated with
this problem is an isomorphism.

1 Introduction

1.1 Formulation of the main result

A fundamental theme in the theory of partial differential equations, which has profound and intriguing
connections with many other subareas of analysis, is the well-posedness of various classes of boundary
value problems under minimal smoothness assumptions on the boundary of the domain and on the
coefficients of the corresponding differential operator. The main result of this paper is the solution
of the Dirichlet problem for higher order, strongly elliptic systems in divergence form, with complex-
valued, bounded, measurable coefficients in Lipschitz domains, and for boundary data in Besov spaces,
under sharp smoothness assumptions. In order to be more specific we need to introduce some notation.

Let m,l € N be two fixed integers and, for a bounded Lipschitz domain 2 in R", n > 2, with
outward unit normal v = (v, ..., v,) consider the Dirichlet problem for the operator

LX,Dx)U:= Y  D%(Aap(X)DU), (1.1)

la|=|8]=m

ie.,

> D*A(X)DPU)y=0  for X €9,

la|=|8]=m
(1.2)
k
g—z;::gk on 0f2, 0<k<m-1.
v

Here and elsewhere, D* = (—i0/0x1)*" - - - (—10/0xy)*" if @ = (a1, ..., ). The coefficients A,p are
[ x | matrix-valued functions with measurable, complex-valued entries, for which there exists some
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finite constant xk > 0 (referred to in the sequel as the ellipticity constant of £) such that

o asllie <7 (1.3)
la|=|B]=m
and such that the coercivity condition
afe/ > DPV(X), D*V(X)dX >k Y [ID*V|7,q (1.4)
loo|=[B]=m |a|=m

holds for all Cl-valued functions V € C§°(92). Throughout the paper, Rz denotes the real part of
z € C and (-,-) stands for the canonical inner product in C!. Since, generally speaking, v is merely
bounded and measurable, care should be exercised when defining iterated normal derivatives. For the
setting we have in mind it is natural to take OF /Ov¥ := (>"5=1 650/ 0z §)* |¢=, or, more precisely,

oku k' N
ayk::zk|2|: i Tr [DU], 0<k<m-1, (1.5)
al=k

where Tr is the boundary trace operator and v® := v{'' - - V3" if a = (o, ..., ). Now, if p € (1, 0),
€ (—1/p,1 —1/p) are fixed and p(X) := dist (X, 09), a solution for (1.2) is sought in W,"*(Q),
defined as the space of vector-valued functions for which

1/
(> /|D0‘Z/{ )IPp(X)™ dX) " < . (1.6)
la|<m

In particular, as explained later on, the traces in (1.5) exist in the Besov space B,(9f2), where s :=
1—a—1/pe(0,1), for any U € W,"*(Q). Recall that, with do denoting the area element on 952,

p 1/p

f € By(09) < |Ifllsgo0) = 1£llz,00) /{m /aQ X Yn(H)Jp doxdoy ) P oo ()

The above definition takes advantage of the Lipschitz manifold structure of 9€2. On such manifolds,
smoothness spaces of index s € (0,1) can be defined in an intrinsic, invariant fashion by lifting their
Euclidean counterparts onto the manifold itself via local charts. Nonetheless, the very nature of the
problem investigated in this paper requires the consideration of higher order smoothness spaces on
0L, in which case the above approach is no longer effective. An alternative point of view has been
introduced by H.Whitney in [63] where he considered higher order Lipschitz spaces on arbitrary
closed sets (see also C. Fefferman’s article [18] for related issues). An extension of this circle of ideas
pertaining to the full scale of Besov and Sobolev spaces on irregular subsets of R™ can be found in the
book [30] by A.Jonsson and H. Wallin. Here we further refine this theory in the context of Lipschitz
domains. For the purpose of this introduction we note that one possible description of these higher
order Besov spaces on the boundary of a Lipschitz domain 2 C R"™, and for m € N, p € (1,00),

€ (0,1), reads

B15(9Q) = the closure of {(i'a‘Do‘ V0oa)|aj<m—1: V € CS"(R”)} in B;(99) (1.8)

(making no notational distinction between a Banach space X and XV = X @ --- @ X). A formal
definition, which involves higher order Taylor remainders in place of f(X) — f(Y) in (1.7), along with
other equivalent characterizations of B;”_HS(E)Q) can be found in §7.1. Given (1.5)-(1.6) and (1.8), a
necessary condition for the boundary data {gx}o<x<m—1 in (1.2) is that

k! . Ym—14s
g = Z a v fa, 0<k<m-— 17 for some f = {fa}|o¢\§m—1 € B;)n 1+ (8Q) (19)
|a|=k



Let BMO and VMO stand, respectively, for the John-Nirenberg space of functions of bounded
mean oscillations and the Sarason space of functions of vanishing mean oscillations (considered either
on €, or on 9N2). Our main result, pertaining to the well-posedness of the problem (1.2), then reads
as follows.

Theorem 1.1 Let 2 C R" be a bounded Lipschitz domain whose Lipschitz constant is < M, and
assume that the operator L in (1.1) satisfies (1.3)-(1.4). Then there exists ¢ > 0, depending only on
M and the ellipticity constant of L, with the following significance.

Givenp € (1,00) and s € (0,1) set a := 1—s—1/p. Then the Dirichlet problem (1.2) with boundary
data as in (1.9) has a unique solution U for which (1.6) holds provided the coefficient matrices Aqg
and the exterior normal vector v to 0S) satisfy

dist (v, VMO(0Q))+ > dist(Aaﬁ,VMO(Q))gcs(l—s)<p2(p—1)_1+5_1(1—s)_1) . (1.10)
lal=I8|=m

In particular, the above Dirichlet problem is well-posed for each p € (1,00) and s € (0,1) granted that
Anp € VMO(Q) and v € VMO(09).

The above result (along with its inhomogeneous version, presented in §8.1) is sharp. See §8.2 for a
discussion. Note that [V]BMO(aQ) + Z‘M:w‘:m [AQB]BMO(Q) < cs(l—s) (p2(p — 1)—1 + 5—1(1 — 3)_1)71
suffices for (1.10) to hold. Other corollaries of independent interest are presented below.

1.2 Some consequences of the main result and of its proof

In the proof of Theorem 1.1 we shall actually work with a related condition in place of (1.10), which
quantifies the local oscillations of the coefficient matrices and the unit normal. To state this formally,
we need one final piece of terminology. By the BMO mod VMO character of a function F' € L1(Q2) we
shall understand the quantity

{F}.0 = limsup sup][ ][ F(Y)‘dXdY , (1.11)
e—0 N J BN

where (B:)q stands for the collection of arbitrary balls centered at points of € and of radius ¢, and
the barred integral is the mean value. In a similar fashion, if (B;)sq is the collection of n-dimensional
balls with centers on 9 and of radius ¢, and if f € L1(092), we set

{f}+o0 :=limsup | sup ][ ][ — f(Y) ‘ doxdoy |, (1.12)
e—0 BE BQ BEQBQ EOGQ

For an arbitrary function F' we obviously have (with the dependence on the domain dropped) {F'}. <
2dist (F, VMO), where the distance is taken in BMO. Moreover, as a consequence of a result due to
D.Sarason (cf. Lemma 2 on p.393 of [50]), there exists C' > 0 such that dist (F, VMO) < C{F}..
Thus, all together, {F'}, ~ dist (F, VMO) so that condition (1.10) becomes equivalent to

oot Y {Awha < es@—5)(pp -1 +57 1~ s)—l)*l. (1.13)
al=IBl=m

A corollary of our main result is that, under the hypotheses of Theorem 1.1, the problem

Y D*Ap(X)D°U)y=0 in Q,
lal=I8l=m (1.14)
i T [DYUl = £,  on 09, v <m—1,



has a unique solution & which satisfies (1.6) whenever

f={fy r1em-1 € BY15(00). (1.15)

However, an advantage of the classical formulation (1.2) over (1.14) is that, in the former case, the
number of boundary conditions is minimal. For a domain Q C R? with boundary of class C1*7,
% < r < 1, and for real, constant coefficient, scalar operators, the limiting case p = oo of the Dirichlet
problem (1.14) has been considered by S. Agmon in [2]. Exploiting the special nature of the layer
potentials associated with the equation in the two-dimensional setting, he has proved that there exists
a unique solution & € C™ '5(Q), 0 < s < r, whenever f, = i"IDYV|sq, |y| < m — 1, for some
function V € C™~175(Q). See also [3] for a related problem.

The innovation that allows us to consider boundary data in Besov spaces as in (1.15) is the
systematic use of weighted Sobolev spaces such as those associated with the norm in (1.6). In relation
to the standard Besov scale in R", we would like to point out that, thanks to Theorem 4.1 in [29] on
the one hand, and Theorem 1.4.2.4 and Theorem 1.4.4.4 in [22] on the other, we have

a=1—s— % c (0’ 1— 1/p) — W;%CL(Q) s Bgz—1+s+1/P(Q)’
(1.16)
a=1—5— % € (~1/p,0) = B;n—1+s+1/p(Q) s nga(Q).

Of course, Wp"*(2) is just the classical Sobolev space W}*(€2) when a = 0.

Remarkably, the classical trace theory for ordinary Sobolev spaces in domains with smooth bound-
aries turns out to have a most satisfactory analogue in this weighted context and for Lipschitz domains.
One of our main results in this regard is identifying the correct class of boundary data for higher order
Dirichlet problems for functions in W,"*(Q). In the process, we establish that

UeW, () and 9% =0 on 9Q for 0 <k <m — 1

(1.17)
<= U belongs to the closure of C§°(2) in W,"*(),

which provides an answer to the question raised by J.Necas in Problem 4.1 on page 91 of his 1967
book [47]. In the context of unweighted Sobolev spaces and for smoother domains, such a result has
been known for a long time (cf., e.g., P. Grisvard, S.M. Nikol’skii and H. Triebel’s monographs [22],
[48], [58] and the references therein).

As a consequence of the trace theory developed in §7 we have that, in the context of Theorem 1.1,

1/p

S I D Ulgon ~ | X [ o000 DUGOP X | (1.18)

|a|<m—1 |ar|<m

uniformly in U satisfying £(X,Dx)U = 0 in Q. The estimate (1.18) can be viewed as a significant
generalization of a well-known characterization of the membership of a function to a Besov space
in R ! in terms of weighted Sobolev norm estimates for its harmonic extension to R (see, e.g.,
Proposition 7/ on p. 151 of E. Stein’s book [57]).

1.3 A brief overview of related work

Broadly speaking, there are two types of questions pertaining to the well-posedness of the Dirichlet
problem in a Lipschitz domain (2 for a divergence form, strongly elliptic system (1.1) of order 2m with
boundary data in Besov spaces indexed by s and p.

Question I. Granted that the coefficients of £ exhibit a certain amount of smoothness, identify the
indices p, s for which this boundary value problem is well-posed.



Question 1I. Alternatively, having fixed the indices s and p, characterize the smoothness of 92 and of
the coefficients of £ for which the aforementioned problem is well-posed.

These, as well as other related issues, have been a driving force behind many exciting, recent devel-
opments in partial differential equations and allied fields. An authoritative account of their impact is
given by C.Kenig in [31] where he describes the state of the art in this field of research up to mid
1990’s. One generic problem which falls under the scope of Question I is to determine the optimal
scale of spaces on which the Dirichlet problem for a strongly elliptic system of order 2m is solvable in
an arbitrary Lipschitz domain £ in R™. The most basic case, that of the constant coefficient Laplacian
in arbitrary Lipschitz domains in R", is now well-understood thanks to the work of B. Dahlberg and
C. Kenig [14], in the case of L,-data, and D. Jerison and C. Kenig [29], in the case of Besov data. The
case of (8.15) for boundary data exhibiting higher regularity (i.e., s > 1) has been recently dealt with
by V.Maz’ya and T.Shaposhnikova in [41] where optimal smoothness conditions for 92 are found in
terms of the properties of v as a Sobolev space multiplier. Generalizations of (8.15) to the case of
variable-coefficient, single, second order elliptic equations have been obtained in [44], [45], [46].

In spite of substantial progress in recent years, there remain many basic open questions, particularly
for [ > 1 and/or m > 1, even in the case of constant coefficient operators in Lipschitz domains. In this
context, one significant problem is to determine the sharp range of p’s for which the Dirichlet problem
for strongly elliptic systems with L,-boundary data is well-posed. In [49], J. Pipher and G. Verchota
have developed a Ly-theory for real, constant coefficient, higher order systems L = ZI al=2m A D
when p is near 2, i.e., 2 —¢ < p < 24 ¢ with € > 0 depending on the Lipschitz character of 2.
On p.2 of [49] the authors ask whether the L,-Dirichlet problem for these operators is solvable in
a given Lipschitz domain for p € (2 — ¢, 25?:31) + ¢), and a positive answer has been recently given
by Z.Shen in [51]. Let us also mention here the work [1] of V. Adolfsson and J.Pipher who have
dealt with the Dirichlet problem for the biharmonic operator in arbitrary Lipschitz domains and with
data in Besov spaces, [61] where G. Verchota formulates and solves a Neumann-type problem for the
bi-Laplacian in Lipschitz domains and with boundary data in Ly, [43] where the authors treat the
Dirichlet problem for strongly elliptic systems of second order in an arbitrary Lipschitz subdomain
Q of a (smooth) Riemannian manifold and with boundary data in B,(0(2), when 2 —e <p <2 +¢
and 0 < s < 1, as well as the paper [32] by V.Kozlov and V.Maz’ya, which contains an explicit
description of the asymptotic behavior of null-solutions of constant coefficient, higher order, elliptic
operators near points on the boundary of a domain with a sufficiently small Lipschitz constant.

A successful strategy for dealing with Question II consists of formulating and solving the analogue
of the original problem in a standard case, typically when 2 = R’} and £ has constant coefficients,
and then deviating from this most standard setting by allowing perturbations of a certain magnitude.
A paradigm result in this regard, going back to the work of S. Agmon, A.Douglis, L. Nirenberg and
V.A. Solonnikov in the 50’s and 60’s, is that the Dirichlet problem is solvable in the context of Sobolev-
Besov spaces if 012 is sufficiently smooth and if £ has continuous coefficients. The latter requirement
is an artifact of the method of proof (based on Korn’s trick of freezing the coefficients) which requires
measuring the size of the oscillations of the coefficients in a pointwise sense (as opposed to integral
sense, as in (1.11)). For a version of Question II, corresponding to boundary data selected from
Hzﬁ‘;ol B;”_l_k+s(8§2), optimal results have been obtained by V. Maz’ya and T. Shaposhnikova in [39].
In this context, the natural language for describing the smoothness of the domain €2 is that of Sobolev
space multipliers.

In the smooth context, problems such as (1.2) have been investigated by many authors, including
L. Garding [21], M.I. Visik [62], F.E. Browder [7], S. Agmon, A.Douglis and L. Nirenberg [2], [3], [4],
V. Solonnikov [55], [56], L. Hormander [27], G. Grubb and N.J.Kokholm [23]. A related result is
as follows. If Q@ C R"™ is an arbitrary bounded open set, and g € W3 (), m € N, is given, then the
problem

Ay =0 in Q, uweW*(Q), D% u-—g)log=0 for |of <m—1, (1.19)



where the boundary traces are taken in a generalized sense, has a unique solution. Building on some
earlier work of K. Friedrichs, S.L.Sobolev has considered this problem in [53] in the case when 0
consists of a finite union of submanifolds of R™ of arbitrary codimension. This result also appears
in Sobolev’s 1950 monograph [54]. For arbitrary domains, the well-posedness of (1.19) has been
established by L.I. Hedberg in [24], [25]. The issue of continuity of the variational solution for higher-
order equations at boundary points has been studied by V.Maz’ya in [38].

1.4 Comments on the proof of Theorem 1.1 and the layout of the paper

While the study of boundary value problems for elliptic differential operators with rough coeflicients
goes a long way back (it suffices to point to the connections with Hilbert’s 19-th problem and De
Giorgi-Nash-Moser theory), a lot of attention has been devoted lately to the class of operators with
coefficients in VMO. Part of the impetus for the recent surge of interest in this particular line of
work stems from a key observation made by F. Chiarenza, M. Frasca and P. Longo in the early 1990’s.
More specifically, while investigating interior estimates for the solution of a scalar, second-order elliptic
differential equation of the form LU = F, these authors have noticed in that U can be related to F
via a potential theoretic representation formula in which the residual terms are commutators between
operators of Mikhlin-Calderén-Zygmund type, on the one hand, and operators of multiplication by
the coefficients of £, on the other hand. This made it possible to control these terms by invoking the
commutator estimate of Coifman-Rochberg-Weiss ([12]). An alternative method, based on maximal
operators and good-\ inequalities, has been developed by L. Caffarelli and I. Peral in [10], whereas
when 2 = R", an approach based on estimates for the Riesz transforms has been devised by T. Iwaniec
and C. Sbordone in [28]. Further related results can be found in [5], [9], [11], [17], [35].

Compared to the aforementioned works, our approach is more akin to that of F.Chiarenza and
collaborators [11] though there are fundamental differences between solving boundary problems for
higher order and for second order operators. One difficulty inherently linked with the case m > 1
arises from the way the norm in (1.6) behaves under a change of variables » : Q = {(X', X,,) : X, >
©(X')} — R designed to flatten the Lipschitz surface 9Q. When m = 1, a simple bi-Lipschitz changes
of variables such as Q 3 (X', X,,) — (X', X,, — ¢(X')) € R} will do, but matters are considerable
more subtle in the case m > 1. In this latter situation, we employ a special global flattening map first
introduced by J. Necas (in a different context; cf. p. 188 in [47]) and then independently rediscovered
and/or further adapted to new settings by several authors, including V. Maz’ya and T. Shaposhnikova
in [39], B. Dahlberg, C. Kenig J. Pipher, E. Stein and G. Verchota (cf. [13] and the discussion in [15]),
and S.Hofmann and J.Lewis in [26]. Our main novel contribution in this regard is adapting this
circle of ideas to the context when one seeks pointwise estimates for higher order derivatives of s and
A := ! in terms of [Velemomn-1y-

Another ingredient of independent interest is deriving estimates for Dg‘Dg G(z,y) where G is the
Green function associated with a constant (complex) coefficient system L(D) of order 2m in the upper
half space, which are sufficiently well-suited for deriving commutator estimates in the spirit of [12].
The methods employed in earlier works are largely based on explicit representation formulas for G(z, y)
and, hence, cannot be adapted easily to the case of general, non-symmetric, complex coefficient, higher
order systems. By way of contrast, our approach consists of proving directly that the residual part
R(z,y) == G(x,y) — ®(x — y), where ® is a fundamental solution for L(D), has the property that
Dg‘Dg R(z,y) is a Hardy-type kernel whenever |a| = |3| = m. See also [5] for a discussion of the
difficulties encountered when estimating the residual part R(z,y) in the case when L is not necessarily
symmetric and has complex coefficients.

The layout of the paper is as follows. Section 2 contains estimates for the Green function in the
upper-half space. Section 3 deals with integral operators (of Mikhlin-Calderén-Zygmund and Hardy
type) as well as commutator estimates on weighted Lebesgue spaces. In the last part of this section we
also revisit Gagliardo’s extension operator and establish estimates in the context of BMO. Section 4



contains a discussion of the Dirichlet problem for higher order, variable coefficient, strongly elliptic
systems in the upper-half space. The adjustments necessary to treat the case of an unbounded domain
lying above the graph of a Lipschitz function are presented in Section 5, whereas in Section 6 we explain
how to handle the case of a bounded Lipschitz domain. In Section 7 we study traces and extension
operators for higher order smoothness spaces on Lipschitz domains. Finally, in Section 8, we deal with
the inhomogeneous version of (1.2); c¢f. Theorem 8.1 from which Theorem 1.1 follows.

2 Green’s matrix estimates in the half-space

2.1 Statement of the main result

Fix two nonnegative integers m, [ and let L(D,) be a matrix-valued differential operator

L(D:v): Z AozDgOgla (2'1)

|a|=2m

where the A,’s are constant [ x [ matrices with complex entries. Throughout the paper, D$ :=
i"o“ﬁg‘f g2 -0 if a = (a1, g, ..., ) € Nij. Here and elsewhere, N stands for the collection of all
positive integers and Ny := N U {0}. Assume that L is strongly elliptic, i.e., there exists x > 0 such
that >, [[Aallcx < k! and

R(LEM e = K|EP™ Inll&,  VEER™, ¥peCl (2.2)

In what follows, in order to simplify notations, we shall denote the norms in different finite-dimensional
real Euclidean spaces by | - | irrespective of their dimensions. Also, quite frequently, we shall make
no notational distinction between a space of scalar functions, call it X, and the space of vector-valued
functions (of a fixed, finite dimension) whose components are in X. We denote by F'(z) a fundamental
matrix of the operator L(D,), i.e., an [ x [ matrix solution of the system

L(D;)F(x) =4d(x); inR", (2.3)
where I is the [ x [ identity matrix and ¢ is the Dirac function. We consider the Dirichlet problem
L(Dy)u=f in R7,
o ’ (2.4)
Tr[09u/0zh) = f; j=0,1,...,m—1, on R 1,

where R” := {z = (2/,z,) : 2/ € R, 2, > 0} and Tr is the boundary trace operator. Hereafter, we
shall identify OR"} with R™! in a canonical fashion.

For each 3/ € R"~! we introduce the Poisson matrices Py, ..., P,,_1 for the problem (2.4), i.e., the
solutions of the boundary-value problems
L(D:B)P](xvy/) =01 in Ri:

ak / / / / / n—1 (2'5)
%P] ((IL‘,O),y):]ké(ZE—y)Il for 2 € R , 0<k<m—1,

n
where §;;, is the usual Kronecker symbol and 0 < j < m — 1. The matrix-valued function P;(z,0’) is
positive homogeneous of degree j + 1 — n, i.e.,

Pj(z,0") = |17 Py(/]al,0"),  z €R", (2.6)

where 0’ denotes the origin of R”~!. The restriction of P;(-,0') to the upper half-sphere S’ffl is smooth
and vanishes on the equator along with all of its derivatives up to order m — 1 (see for example, §10.3
in [34]). Hence,

m

n zeR", (2.7)

/
HE(QS’O )”(Cle <C |x‘n+m,1,j7

7



and, consequently,

m

T n ! n—1
= (., 0)[rr T reRY, y eR". (2.8)

1Pj(x,9")||cixt < C

By G(z,y) we shall denote the Green’s matrix of the problem (2.4), i.e., the unique solution of the
boundary-value problem

L(D.)G(z,y) =6(x —y)I; for z € R",

o7 ) (2.9)
(.G> ((2',0),y) =01, fora’ eR"™ 0<j<m-—1,
oz,
where y € R’} is regarded as a parameter. We now introduce the matrix
R(x7y) = F(l’-y) —G(l',y), ajayeRﬁ—a (210)
so that, for each fixed y € R,
L(D;) R(xz,y) =0 for z € R™,
o9 o7 (2.11)
(.R) ((#',0),y) = <F) ((2/,0) —y) fora’ eR" 0<j<m—1.
oz, oxl,
Our goal is to prove the following result.
Theorem 2.1 For all multi-indices «, 8 of length m
IDg Dy Rz, y)llca < Cla = g7, (2.12)

for x,y € R, where § := (y', —yn) is the reflection of the point y € R’ with respect to OR} .

In the proof of Theorem 2.1 we distinguish two cases, n > 2m and n < 2m, which we shall treat
separately. Our argument pertaining to the situation when n > 2m is based on the following useful
estimate for a parameter dependent integral.

Lemma 2.2 Let a and b be two non-negative numbers and assume that { € RV, Then for everye > 0
and 0 < 6 < N there exists a constant ¢(N,e,0) > 0 such that

dn ¢(N,¢,0)
/RN (- @™ (i — |+ D)7 = (¢ +at b (2.13)

The proof is postponed for §2.4, as to prevent disrupting the flow of the presentation.

2.2 Proof of Theorem 2.1 for n > 2m

In the case when n > 2m there exists a unique fundamental matrix F'(x) for the operator (2.1) which
is positive homogeneous of degree 2m — n. We shall use the integral representation formula

R(l’;y) :RO(xay)+--~+Rm—l<m7y)a wayean (214)
where R(z,y) has been introduced in (2.10) and, with P; as in (2.5), we set

o= [ P (S5F) (€0 -nd,  0<i<mot (2.15)

n

Then, thanks to (2.7) we have

zm de’
g1 |2 — (€,0)[Ptm=1=d|(¢,0) — y[no2mtd

1B (2, y)llca < C (2.16)

8



Next, using Lemma 2.2 with

N=n-1 , a=T,, 0=2m—j—1, (2.17)
Ezm_j ) b:yn7 Czy/_x/7
we obtain from (2.16)
IR, (z,9)llcit < Can 0<j<m-—1 (2.18)
i\T X - S 7sSsm— 1. .
INEIINEE = (gl ) + )2 ’
Summing up over j =0,...,m — 1 gives, by virtue of (2.14), the estimate
|R(z,y)||cia < Clz — g™ ", z,y € RY. (2.19)

To obtain pointwise estimates for derivatives of R(z,y), we make use of the following local estimate
for a solution of problem (2.4) with f = 0. Recall that W] stands for the classical L,)-based Sobolev
space of order s. The particle loc is used to brand the local versions of these (and other) spaces.

Lemma 2.3 [see [4]] Let ¢ and {p be functions in C5°(R™) such that {y = 1 in a neighborhood of supp .
Then the solution v € W3 (R, loc) of problem (2.4) with f = 0 and f; € W§+17J71/p(R"_1, loc), where
k>m and p € (1,00), belongs to WIfH(Ri, loc) and satisfies the estimate

m—1
HCUHWyl(Ri) <C (Z ||C0fj||W§+1fj—1/p(Rn71) + ||COUHLP(R1)), (2.20)

j=0
where C is independent of u and f;.
Let B(z,r) denote the ball of radius r > 0 centered at x.

Corollary 2.4 Assume that u € W3"(R'}, loc) is a solution of problem (2.4) with f = 0 and f; €
CFFI=i(R"1 loc). Then for any z € R and p > 0,

m—1k+1—j
sup  |[Viu| <C <,0_’c sup  |ul + Z Z PR sup ]V’Sfj\), (2.21)
R NB(z,p) R NB(2,2p) =0 =0 R"—1NB(z,2p)

where V', is the gradient of order s in R"™1'. Here C is a constant independent of p, z, u and fj-

Proof. Given the dilation invariant nature of the estimate we seek, it suffices to assume that p = 1.
Given ¢ € C*¥1=J3(R"1) supported in R"~! N B(z,2), we observe that, for a suitable 6 € (0, 1),

kt1—j
[y < CMAL o IO sy SO 30 op [Vl 222

Also, if p > n,
Sﬂyip Viv| < Cllollyr gy (2.23)
by Sobolev’s inequality. Now, (2.21) follows by combining (2.22), (2.23) with Lemma 2.3. O

Given z,y € R, set p := |x—7|/5 and pick z € IR’} such that |z —z| = p/2. It follows that for any
w € RN B(z,2p) we have [z — | < & — 2|+ |z — wl + [w—7] < p/2+2p-+w—g] < |o—gl/2+ w3,
Consequently, |z — 7[/2 < |w — g| for every w € R} N B(z,2p), so that, ultimately,

C
—k
P’ sup ||VLF(ZU =Yl < W,

(2.24)
weR?~1INB(z,2p) |



for each v € Ny. Granted (2.19) and our choice of p, we altogether obtain that
|DER(z, y)||cixt < Ck |z — g™ ™%, z,9cR?, VaeNi |a| <k (2.25)

In the following two formulas, it will be convenient to use the notation R, for the matrix R associated
with the operator £(D;) as in (2.10). By Green’s formula

Rﬁ(yax) = [Rﬁ* (.%', y):| ) T,y € Rr’-&l-a (226)

where the superscript star indicates adjunction. In order to estimate mized partial derivatives, we
observe that (2.26) entails

(DERe)(w,y) = [(D2Re)(y,2)| (2.27)

and remark that £* has properties similar to £. This, in concert with (2.25) and the fact that
|z — g| = |z — y| for x,y € R}, yields

1Dy Rz, y) et < Cg | — P10, (2.28)

Let us also point out that by formally differentiating (2.11) with respect to y we obtain

L(D,) [DYR(z,y)] =0 for z € R™,
j j (2.29)
(a.pyﬁR) ((«/,0),y) = (a.(—D)ﬂF> (2,0)—y), 2/ €R™, 0<j<m—1.
oz, oz,

With (2.28) and (2.29) in place of (2.19) and (2.11), respectively, we can now run the same program
as above and obtain the estimate

|IDEDER(z, y)||cixt < Caglz — g)*m =81 va, 8 € No. (2.30)

2.3 Proof of Theorem 2.1 for n < 2m

When n < 2m we shall use the method of descent. To get started, fix an integer N such that N > 2m
and let (z,2) — G(z,y,z — ¢) denote the Green matrix with singularity at (y,¢) € R x RN=" of the
Dirichlet problem for the operator £(D;) + (—A;)™ in the N-dimensional half-space

RY == {(z,2): ze RV"" = (2/,2,), 2’ € R"}, z, > 0}. (2.31)
Also, recall that G(z,y) stands for the Green matrix of the problem (2.4).

Lemma 2.5 For all multi-indices o and (3 of order m and for all x and y in R}
D2DJG(al ) = [ DEDJGa ) dc. (232

Proof. The strategy is to show that
[ pepjcte) st ds= | [ DEDIG@ 10 ¢ fo(w)dy (2:33)
+ +

for each fz € CG°(R"), from which (2.32) clearly follows. To justify (2.33) for a fixed, arbitrary
f5 € C°(R™), we let u be the unique vector-valued function satisfying D®u € L*(R"}) for all o with
|| = m, and such that

L(D,)u=Difs  inR",
(2.34)

J
(§§L> (2',0) =0 onR" 1 0<j<m—1.
Tn
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It is well-known that for each v € Nj
|DYu(z)| < Cy |z for |o] > 1. (2.35)
This follows, for instance, from Theorem 6.1.4 [33] combined with Theorem 10.3.2 [34]. Also, as a

consequence of Green’s formula, the solution of the problem (2.34) satisfies

Diu(@) = [ Di(=Dy)’G(z,y) f5(y) dy. (2:36)

We shall now derive yet another integral representation formula for D%u in terms of (derivatives
of) G which is similar in spirit to (2.36). Since N > 2m, (2.30) implies

IDEDyG (2, y, =gt < e (e =yl + [¢)) 7. (2.37)

Let us now fix z € R”, p > 0 and introduce a cut-off function H € C°°(RN~") which satisfies H(z) =
for |[z| <1 and H(z) =0 for |z| > 2. We may then write

/ G(w,y, —C) [H(C/p) D faly) + (=Ac)™ (H(¢/ p) u(y))] dy dc. (2.38)
which further implies
Dfua) ~ [ DDy’ G, ~C) H(C/p) foly) dy dc\
<Y / 1D2DY Gz, g, —O)llcont luly) DY(H(C/p)) | dC. (2.39)
[v|=m

By (2.35) and (2.37), the expression in the right-hand side of (2.39) does not exceed

o / e [ (e =yl + 1) ™ dy
<[¢l<2p Rn—t

<ep¥ o [yl Yl dy = o

This estimate, in concert with (2.37), allows us to obtain, after making p — oo, that

/n /RN ,Pe(=D w)7G(x,y,—C) dC f5(y) dy. (2.40)

Now (2.33) follows readily from this and (2.36). O
Having disposed of Lemma 2.5, we are ready to discuss the

End of Proof of Theorem 2.1. Assume that 2m > n and let N be again an integer such that
N > 2m. Denote by F(z,z) the fundamental solution of the operator £(D,) + (—A,)™, which is
positive homogeneous of degree 2m — N and is singular at (0,0) € R" x RV=", Then the identity

DOt () = / DB E (2, —¢) de (2.41)
RN-n
can be established as in the proof of Lemma 2.5. Combining (2.41) with Lemma 2.5, we arrive at
appb ! — anpf
Dy Dy R(z', y) —/RN_" D DyR(x,y, —¢) d¢, (2.42)

where R(z,y,2) == G(z,y,2) — F(x — y, z). Consequently,
I DEDYR@, y, ~Cllcva < Ol =gl + 1<) (243)
by (2.25) with £ = 0 and N in place of n. This estimate, together with (2.42), then yields (2.12). O

11



2.4 Proof of Lemma 2.2

Write J = J1 + J2 where J stands for the integral in the left side of (2.13), whereas [J; and J2 denote
the integrals obtained by splitting the domain of integration in J into the ball B, = {n € RV : |n| < a}
and R™ \ By, respectively. If (| < 2a, then

_N_ dn _N— dg
= [ G <o, g 240
Hence
ca=N=caN /pN -0 if a <0,
Jr = { ca N—eto if a > b, (2.45)
so that, in particular,
€| <20 = Ji <ca5(|¢| +a+b)°N. (2.46)
Let us now assume that |¢| > 2a. Then
R [ e g S e (< rar i (247)
which is of the right order. As for J5, we write
Ja2 < / il = J21 + J2.2- (2.48)
re\B, [MINTE(In — ¢l +)N=0 75 ’

where J5 1, J2,2 are obtained by splitting the domain of integration in the above integral into the set
{n : |n| > max{a,2|(|}} and its complement in R™\ B,. We have

\72,1 S / N+e dn N—§ +/ N+e dn N—
[ >max{ab.2lc]} 1117 (0] +b) b>[n|>max{ab2icy MY (|0l +b)
dn 1 dn
< ¢ / + /
( nl>max{ab2lcly MPYFET0 T DN Ji s max{a,b21c]} !77|N+5>
C + C
(a+b+I[CHNT=0 " a(a+b+[CHN 0
C
. 2.49
a¥(a+b+ (N (2.49)
There remains to estimate the integral
dn 1) 72
%gz/ =Tos + 55, 2.50
e IVl — [+ o — T T2 (2.50)

where J2(712) and JQ(;) are obtained by splitting the domain of integration in J22 into B\C| /Q\Ba and its
complement (relative to By¢|\B,). On the one hand,

c dn c
j < / < . 2.51
23 S 0 g o P S (A Fa T (251

On the other hand, whenever || > a/2, the integral ‘7272 , which extends over all n’s such that |n| > a,
2|¢| > |n| > [¢]/2, can be estimated as

IN

j(g) c / dn c / d§
22 = YO fp i (= G+ D)V S OV fp (T

¢ d§ d¢
MT-&-S </§<4C W + /5<4|( (’§“|+b)> (2.52)

12
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Consequently,
min{|¢], b}

‘72(,22) sc C|NF+epN =3 - (2.53)
Using |¢| > a/2 and the obvious inequality
min{|¢[, b} - max{|¢|, b} < [¢[V BV (2.54)
we arrive at
Ts3 < ca*(¢|+a+ by N, (2.55)

The estimate (2.55), along with (2.51) and (2.50), gives the upper bound ca=¢(|¢|+a+b)°~" for Jas.
Combining this with (2.49) we obtain the same majorant for Jo which, together with a similar result
for J; already obtained, leads to (2.13). The proof of the lemma is therefore complete.

3 Properties of integral operators in a half-space

In §3.1 and §3.2 we prove estimates for commutators (and certain commutator-like operators) between
integral operators in R} and multiplication operators with functions of bounded mean oscillations, in
weighted Lebesgue spaces on R'}. Subsection 3.3 contains BMO and pointwise estimates for extension
operators from R"! onto R” . Throughout, given two Banach spaces E, F', we let £(F, F') stand for
the space of bounded linear operators from F into F, and abbreviate £(F) := £(F, E). Also, given
p € [1,00], an open set O C R™ and a measurable nonnegative function w on O, we let L, (O, w(x) dz)
denote the Lebesgue space of (classes of) functions which are p-th power integrable with respect to
the weighted measure w(x)dz on O. Finally, following a well-established custom, A(r) ~ B(r) will
mean that each quantity is bounded by a fixed multiple of the other, uniformly in the parameter r.

3.1 Kernels with singularities along JR’

Recall that L,(R", xn! dz) stands for the weighted Lebesgue space of p-th power integrable functions
in R" corresponding to the weight w(z) := 7", z = (¢/,2,,) € R.

Proposition 3.1 Let a € R, 1 < p < 00, and assume that Q is a non-negative measurable function
on {¢=({',¢) ER"IXR: ¢, > —1}, which also satisfies

Q¢ G — 1) ¢V d¢ < 0. (3.1)

RY

Then the operator

O(* )Wy, w=(a'xn) € RY, (3:2)

Tn

Qfa) =" |

n
+

initially defined on functions f € Ly(RY) with compact support in R, can be extended by continuity
to an operator acting from Ly(R™, zy" dx) into itself, with the norm satisfying

1@l gL, R7, 227 da)y < - Q¢ G —1) G P dc. (3.3)
+

Proof. Introducing the new variable ¢ := (z,,'(y’ — 2/), 2, y,) € R, we may write

Q@< [ Q6= NI +and e, Vo e Ry, (34)
¥
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Then, by Minkowski’s inequality,

/
Q¢ 6o~ ([ ar(e! + P o) e

n
+ R%

1@ ryiryatran < [

= ( - Q(C/7Cn — 1) C;afl/p dC> ”f”Lp(Rg,ng dz)> (3_5)

as desired. -
Recall that § := (y', —yn) if y = (4, yn) €R"™ x R

Corollary 3.2 Consider

Rf@) = [

Then for each 1 < p < 0o and each a € (—1/p,1—1/p) the operator R is bounded from L,(R%, zy’ dx)
into itself. Moreover, there exists c(n), independent of a, p and s := 1 —a — 1/p, for which

log(% +2)

|z —g|"

f(y) dy, r=(2',2,) € R?. (3.6)

n
+

c(n) p? c(n)

R n a < == . 37
H ‘|£(LP(R+,xnpdm)) = (pa + 1)(]7(1 — a) — 1) 8(1 —_ S) ( )

Proof. The result follows from Proposition 3.1 with

log (€] +2)
Q) i= —5—+, 3.8
AR o
and from the obvious inequality 2|z — g|? > |z — y|? + 22. O
Let us note here that Corollary 3.2 immediately yields the following.
Corollary 3.3 Consider

K f(x) ::/ f<y2n dy, w€R". (3.9)

R? |z — 7

Then for each 1 < p < 0o and a € (—1/p,1 — 1/p) the operator K is bounded from L,(R%, zz' dx)
into itself. In addition, there exists c(n), independent of a, p and s :=1—a — 1/p, such that

c(n) p? __cn)
||K|\£(LP(R1,xgpdw)) < et Do —a) =1  si-35 (3.10)

Recall that the barred integral stands for the mean-value (taken in the integral sense).

Lemma 3.4 Assume that 1 < p < oo, a € (—1/p,1 — 1/p), and recall the operator K introduced in
(3.9). Further, consider a non-negative, measurable function w defined on R”} and fix a family of balls
F which form a Whitney covering of R:. Then the norm of wK as an operator from Ly(R%, zy’ dx)
into itself is equivalent to

sup ][w(y)p dy. (3.11)
BeF JB

Furthermore, there exists ¢(n), independent of w, p, a and s :==1—a — 1/p, such that

c(n) 1/p
n ap < —F p . .
o0 KLt . a) < 575 gy 300 (0w ) (312)
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Proof. Fix f > 0 and denote by | B| the Euclidean volume of B. Sobolev’s embedding theorem allows
us to write

IEfI gy < c(n)|BI™ E‘ 0 |BPPVE S, 5y VBEF (3.13)
j:
Hence,

| st D@ do < clm) sup ey dy [ 3 VK (@)

n BeF 0<j<l

Observing that :L’%\Vj K f| < ¢(n) Kf and referring to Corollary 3.3, we arrive at the required upper
estimate for the norm of wK. The lower estimate is obvious. O

We momentarily pause in order to collect some definitions and set up basic notation pertaining to
functions with bounded mean oscillations. Let f be a locally integrable function defined on R™ and
define the seminorm

Aoviogen i=sw £ [£@) = £ 7w ay]da, (315)

where the supremum is taken over all balls B in R™. If f is a locally integrable function on R’}, set

oo =sw f  |1@)—f s dy]aa. (3.16)

(B)

where, this time, the supremum is taken over the collection (B) of all balls B with centers in @
Then the following inequalities are straightforward

[flBmon) < Sup][ ][ f(z) = f(y) ‘ dzdy < 2[flpmorn)- (3.17)
(B) JBNR? JBAR™
We also record here the equivalence relation
[flmory) ~ [Ext flsmon); (3.18)

where Ext f is the extension of f onto R" as an even function in z,,. Finally, by BMO(R’) we denote
the collection of equivalence classes, mod constants, of functions f on R’} for which [f] BMO(R?) < OO

Proposition 3.5 Let b € BMO(RY) and consider the operator

Tf(x) ;:/R Mf(y) dy, z € RT. (3.19)

no e gl
Then for each p € (1,00) and a € (—1/p,1 —1/p)
T: Ly,(RY, x7P dx) — Ly(RY, 2P dx) (3.20)
is a well-defined, bounded operator, such that if s :=1—a — 1/p then

c(n)
1Tl ez, R, 22 duy) < s(—3) [blemo(R?)- (3.21)

Proof. Given x € R} and r > 0, we shall use the abbreviations

by(z) := ][ b(y) dy, D, (z) = |b(z) — br(x)], (3.22)
B(z,r)nNRY
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and make use of the integral operator

Sf(x) ;:/R Mf(y)dy, r R, (3.23)

noz—gt

as well as its adjoint S*. For each nonnegative, measurable function f on R’} and each x € R"},

1i) < Si)+sse+ [ P2l g,
< SF(@) +S"F(@) + cln) Bl K () (3:24)

where K has been introduced in (3.9). Making use of Corollary 3.3, we need to estimate only the
norm of S. Obviously,

bz, (2) = ba—g) ()]
Sf(x) < Dy, (2)K f(z) + e fy) dy. (3.25)
R? |z — 9]
Setting r = |z — y| and p = z,, in the standard inequality
- - r
o) = 5e()] < () g (= + 1) Plonogey)- (3.26)
where r > p, we arrive at
Sf(x) < Dy, () K f(x) + c(n) [l promn) Bf (2), (3.27)

where R is defined in (3.6). Let F be a Whitney covering of R’} with open balls. For an arbitrary
B € F, denote by § the radius of B. By Lemma 3.4 with w(z) := D, (z), the norm of the operator
D,,, (z)K does not exceed

;EIJ)-‘(]QDI” (z)P dm) v < ¢(n) glélf)_(]gb(a:) —bs(x)P d:c) 1 + ¢(n) [b]BMO(Ri)

< ¢(n) [b]BMO(Ri)a (3.28)

by the John-Nirenberg inequality. Here we have also used the triangle inequality and the estimate
(3.26) in order to replace by, (z) in the definition of D,, (x) by bs(z). The intervening logarithmic
factor is bounded independently of = since x,, is comparable with §, uniformly for x € B. With this

estimate in hand, a reference to Corollary 3.2 gives that
S Lp(RY, z” dz) — Lp(RY, 27" dz) boundedly (3.29)
for each p € (1,00) and each a € (—1/p,1 —1/p). .

The corresponding estimate for the norm of .S is implicit in the above argument. By duality, it follows
that S* enjoys the same property and, hence, the operator 1" is bounded on L, (R, xy! dx) for each
p € (1,00) and a € (—1/p,1 — 1/p), thanks to (3.24) and Corollary 3.3. The fact that the operator
norm of 7" can be estimated in the desired fashion is implicit in the above reasoning. U

3.2 Preliminary estimates for singular integrals on weighted Lebesgue spaces

We need the analogue of Proposition 3.5 for the class of Mikhlin-Calderén-Zygmund singular integral
operators. Let S"~! stand for the unit sphere in R™ and recall that

Sf(z) = p.v./ k(z,z —y)f(y) dy, x € R", (3.30)

n

(where p.v. indicates that the integral is taken in the principal value sense) is called a Mikhlin-Calderén-
Zygmund operator provided the function k : R™ x (R™\ {0}) — R satisfies:
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(i) k(z,-) € C°(R™\ {0}) and, for almost each = € R",

max DSk, )| znxsny) < o (3.31)

(i) k(z,Az) = A""k(x, z) for each z € R™ and each A € R, A > 0;

(iii) fgn-1 k(z,w)dw = 0, where dw indicates integration with respect to w € S™ 1.

It is well-known that the Mikhlin-Calderén-Zygmund operator S and its commutator [S,b] with the
operator of multiplication by a function b € BMO(R" ) are bounded operators in L,(R") for each
1 < p < oo. Then

1Sl ez, )y < cln)pp, 1S, 0] ll ez, )y < c(n) pp [blemogn), (3.32)

where 1/p+ 1/p’ = 1 and ¢(n) depends only on n and the quantity in (3.31). The first estimate in
(3.32) goes back to the work of A.Calderén and A.Zygmund (see also the comment on p. 22 of [57]
regarding the dependence on the parameter p of the constants involved). The second estimate in (3.32)
was originally proved for convolution type operators by R. Coifman, R. Rochberg and G. Weiss in [12]
and a standard expansion in spherical harmonics allows to extend this result to the case of operators
with variable-kernels of the type considered above.

We wish to extend (3.32) to the case when the Lebesgue measure is replaced by xnf dz, with
l<p<ooandac€ (—1/p,1—1/p). Incidentally, a € (—=1/p,1 — 1/p) corresponds precisely to the
range of a’s for which w(z) := 25 is a weight in Muckenhoupt’s 4,, class, although here we prefer to

give a direct, elementary proof.

Proposition 3.6 Retain the above conventions and hypotheses. Then the operator S and its commu-
tator [S,b] with a function b € BMO(R".) are bounded when acting from L,(R’, 3l dx) into itself for
each p € (1,00) and a € (=1/p,1 —1/p). Then, with s :=1—a—1/p and 1/p+1/p' =1,

1
ISl ez, 7, 227 day) < €(n) (pp' + m), (3.33)
S,b < / L b 3.34
| [S, ] ”Q(LP(Ri,x%pd:ﬂ)) <c(n) (pp + m) [ ]BMO(]R;L)- (3.34)

Proof. Let x; be the characteristic function of the layer 2112 < g, < 2119/2 j =0,41,..., so that
ZjeZ X; = 2. We then write S as the sum S; + Sa, where

1
1= ‘Z XS Xk- (3.35)
l7—k|<3

The following chain of inequalities is evident

1S1 ey @y 0t an) < Z/n Xz ‘S ka)(l’)’prlpdx)l/p
lk—j]1<3
= ")(Z/ s( X Xﬁj””J")(ﬂf)‘pdx)l/p. (3.36)
T N SRS

In concert with the first estimate in (3.32), this entails

181 Py atrany < cln)pdf Z L (X i) as)”

R} |[k—37]1<3

< ey ([ Is@prara)” (3.37)

RY
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which is further equivalent to
1811l gL, 7, 227 dy) < c(n)pp'. (3.38)

Applying the same argument to [Si,b] and referring to (3.32), we arrive at
[1S1, 0] ”S(LP(Ri,mZP dz)) = c(n)pp’ [b]BMO(Ri)- (3.39)

It remains to obtain the analogues of (3.38) and (3.39) with S in place of S;. One can check
directly that the modulus of the kernel of So does not exceed ¢(n) |x — y|~™ and that the modulus of
the kernel of [Sa,b] is majorized by ¢(n) [b(z) — b(y)||x — y|~™. Then the desired conclusions follow
from Corollary 3.3 and Proposition 3.5. O

3.3 BMO type estimates for Gagliardo’s extension operator

Here we shall revisit a certain operator T, extending functions defined on R"~! into functions defined
on R%, first introduced by E. Gagliardo in [20]. Fix a smooth, radial, decreasing, even, non-negative
function ¢ in R"~! such that ((t) = 0 for |t| > 1 and

/ Cltydt = 1. (3.40)
]Rn—l

(A standard choice is ((t) := cexp (—1/(1 — [t|?)4) for a suitable c.) Following [20] we then define

(To) (2!, 1) = / C(t)p(z" + zut) dt, (2',2,) € RY, (3.41)
Rn—1

acting on functions ¢ from L;(R"™!, loc). To get started, we note that

Vo (To) (2 z,) = / CH)Vo(z' + tzy,) dt, (3.42)
Rnfl

({)}C;(Tgo)(a:’, Tn) = / CH)tVp(x + tay,)dt, (3.43)
]Rn—l

and, hence, we have the estimate
Ve (TO)ll L) < ¢l Var @l 1o @n—1)- (3.44)
Refinements of (3.44) are contained in the Lemmas 3.7-3.8 below.

Lemma 3.7 (i) For each multi-indices o with || > 1 there exists ¢ > 0 such that
D2(Te)(@)| < canVelpponr), o = (@/,20) €RY. (3.45)
(ii) There exists ¢ > 0 such that
|(T)(@) - (')

Proof. Rewriting (3.43) as

(T = ek [ () (Ve - f

Ln Ln, |z—a'|<zrn
Rn—1

< czn[Velpmomn-1y, V= (', 2,) € R}. (3.46)

ch(z)dz) de (3.47)
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we obtain

0 _
D15 (T0)@)| < a7 " [Velpuogen1) (3.48)
for every non-zero multi-index . Furthermore, for i = 1,...n — 1, by (3.42)
Pvarow =ai [ oc(S) (Ve - f  VeGs)as  (3ag)
ox; " " ' Tn lz—a'|<zn ‘ ‘
Rn—1
Hence, once again
0 |
D)5V (T0)(@)| < ez 1 [Velmuoges), (3.50)

and the estimate claimed in (i) follows. Finally, (ii) is a simple consequence of (i) and the fact that
(To)|rn-1 = ¢ O
Remark. In concert with Theorem 2 on p.62-63 in [57], formula (3.42) yields the pointwise estimate

IV (Tp)(z)] < cM(Ve)('), z = (2, 2,) € RY, (3.51)

where M is the classical Hardy-Littlewood maximal function (cf., e.g., Chapter I in [57]). As for
higher order derivatives, an inspection of the above proof reveals that

|De(Tp) ()| < cal VR F(), (o w) € R, (3.52)

holds for each multi-index o with |a| > 1, where (-)# is the Fefferman-Stein sharp maximal function
(cf. [19]).

Lemma 3.8 If V,/p € BMO(R"™!) then V(Ty¢) € BMO(R") and
[V(Te)lemorn) < ¢[Varglpmomn-1)- (3.53)

Proof. Since (T'¢)(z',x,) is even with respect to x,, it suffices to estimate [V, (Ty)]gmomn)- Let Q-
denote a cube with side-length r centered at the point n = (1/,7,) € R*! x R. Also let Q.. be the
projection of @, on R~ Clearly,

Vo T ) — Varple) =k [ (L) (V00) - Vol e (3.54)

n
Rn—1

Suppose that |n,| < 2r and write
/ ‘Vm/ (To)(z',2y) — szcp(x’)‘ dr < C’I”Qn/ / V(&) — Vp(z)|dzdE.
, QY Y QY

S CTR[VSO]BMo(Rnfl). (355)

Therefore, for |n,| < 2r

]{2 [ IV T(@) = Vy ()| dody (3.56)

<2 , Vo To(x) — Vo(a')| de + ]é/ o IV(z') = Vo(y')| da'dy’ < c[Velpmomn-1y-
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Next, consider the case when |7,| > 2r and let z and y be arbitrary points in @,(n). Then, using the

generic abbreviation fg := 4 f, we may write
E

/

(S0 - e (L) [t - Vo, [

M|

VaTe() - VyTe(y)| < /

Rn—1
cr S
< — /
B \ﬁn|" / Sim ‘VC,O VS0Q2|nn\ d
< c [VSO]BMO(Rn—l)- (3.57)
Consequently, for |n,| > 2r,
L 19T 9y et dady < (Felmriogen- (3.59)
which, together with (3.56), gives
Vo Telpmorn) < c[Velsmomn-1)- (3.59)
This inequality and (3.48) with |y| = 0 imply (3.53). O

4 The Dirichlet problem in R” for variable coefficient systems

4.1 The setup
For . .
1< p< oo, —§<a<1—§ and m €N, (4.1)

we let V,"*(R") denote the weighted Sobolev space associated with the norm

m . 1/p
el = (3 / I m D3u(a) P ate d) . (4.2)
Bi<m

It is easily proved that C§°(R") is dense in V,""*(R%). Moreover, by the one-dimensional Hardy’s
inequality (see, for instance, [37], formula (1.3/1)), we have (with s :=1—a — 1/p, as usual),

1/
HUHVnLaRn <C’371 Z/ |DPu(x ]pxpada;> " for u € C3°(RY). (4.3)
[B|=m

The dual of V;" “(R%) will be denoted by V;™“(R% ), where 1/p+ 1/p' = 1.
Consider now the operator

Lz Z Do( aloH1BI=2m p ) (4.4)
lal,|B]<m

where A, are C*!-valued functions in Loo(R" ). We shall use the notation L(z, D,) for the principal
part of L(x, D,), i.e

Lz, Dy)u:= > D¥(Aas(x)Diu). (4.5)
lof=|6l=m
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4.2 Solvability and regularity result
Lemma 4.1 Assume that there exists k = const > 0 such that the coercivity condition
« 2
R[> Su(a), Du(@))ede = 1 3 1DVl g, (4.6)
BL ol=I8/=m [vl=m
holds for all v € Cg°(RY), and that
S Jasllne ) < 57 (4.7)
la|=|8|=m

(i) Let p € (1,00), a € (—1/p,1 —1/p), and suppose that

1
— Z [ Aasll Lo (mr) + Z [AaslBMO®RT) <6, (4.8)

s(1
( ) la|+8]<2m la|=|B|=m
0<|al,|8|<m

where s:=1—a—1/p, 1/p+1/p' =1, and § satisfies

<p v 8(11_5)> 5 < c(n,m, k) (4.9)

with a sufficiently small constant c(n,m,k) > 0. Then
L= L(zx,Dg): V;"*(R}) — V™R  isomorphically. (4.10)

(i) Let p; € (1,00) and —1/p; < a; < 1 —1/p;, where i = 1,2. Suppose that (4.9) holds with
pi and s; == 1 —a; — 1/p; in place of p and s. Then, if the function u € Vp,"" (R%) is such that
Lu € V"™ (R) N Vp, ™ (R%), it follows that u € Vpy **(R).

Proof. The fact that the operator in (4.10) is continuous is obvious. Also, the existence of a bounded
inverse L~! for p = 2 and a = 0 follows from (4.6) and (4.8)-(4.9) with p = 2, a = 0, which allow
us to implement the Lax-Milgram lemma. We shall use the notation L for the operator L(y, D,),
corresponding to (4.5) in which the coefficients have been frozen at y € ]R”, and the notation G, for
the solution operator for the Dirichlet problem for iy in R} with homogeneous boundary conditions.
Next, given u € V,""*(R%), set f := Lu € V; "™*(R".) so that

L(z,D)u=f in R7,
> u(a: 0)=0 on R"™ 0<j<m—1. (1)
oz,
We may now write
u(w) = (Gyf)(@) = (Gy(L = Ly)u)() = (Gy(L — Lyu)(z), = €RL, (412)

and aim to use (4.12) in order to express u in terms of f (cf. (4.26)-(4.27) below) via integral operators
whose norms we can control. First, we claim that whenever |y| = m, the norm of the operator

Ve (R) 5w — DY(Gy(L — Ly)u)(x)

€ Ly(RY, y,” dy) (4.13)

=y

does not exceed

C (p P+ Z [AaslBMO(R?Y)- (4.14)

la]=[B|=m

s(ll—s)>
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Given the hypotheses under which we operate, the expression (4.14) is therefore small if ¢ is small.
In what follows, we denote by G (z,z) the integral kernel of G, and integrate by parts in order
to move derivatives of the form D with || = m from (L — Ly)u onto Gy(x,z) (the absence of
boundary terms is due to the fact that G, (z,-) satisfies homogeneous Dirichlet boundary conditions).
That (4.14) bounds the norm of (4.13) can now be seen by combining Theorem 2.1 with (3.21) and
Proposition 3.6. Let v and a be multi-indices with |y| = m, || < m and consider the assignment

)

@) 5w (D1 [ GyleDi ) i2) (115)
R™ zm_‘al =y
+ n
After integrating by parts, the action of this operator can be rewritten in the form
—1 0 \m—lal o
(01 [ [(552)" " (=D)Gyla, 2)|Talz) dz)| (4.16)
R'i 2 (9zn =y

where
w(z), i Jal =m,

Fo(z) == _1ym—lel o0 Ut ' (4.17)
m/ (t — z)mlel=t tffllal) dt, if |of <m.

Zn

Using Theorem 2.1 along with (3.21) and Proposition 3.6, we may therefore conclude that

(o2 ),

[(—1 i)m*\‘ﬂ (=D.)*Gy(z, z)} T'o(2) dz)

1 Ozp

-

n Lp(R%, yn” dy)
< ! 1
<O (vp + g el oy (419)
On the other hand, Hardy’s inequality gives
C
ITallz, @, zor dey < T 1z, @, 2P dx) (4.19)

and, hence, the operator (4.15) can be extended to a linear mapping from C§°(R') to L,(R%, 7’ dx)
with norm < l—gs (pp’ + 5(1178)>. Next, given u € V,""*(R%), we let ¥ = ¥, in (4.15) with

Uop(2) = 287™ A5 DPu(z), la| + 8] < 2m, (4.20)

and conclude that the norm of the operator

VR 3w DY Gy (L - Lu)(w)]_ € Ly(RY, yi? dy) (4.21)
does not exceed o )
e gy) X Meslee, (4.22)
i

It is well-known (cf. (1.1.10/6) on p. 22 of [37]) that any u € V,;"(R":) can be represented as
u = K{Du}|s|=m (4.23)
where K is a linear operator with the property that

DK : LR,z dx) — Ly(R"}, z7F dx) (4.24)

22



is bounded for every multi-index o with |a| = m. In particular, by (4.3),
HK{DUU}|0|=mva”““(m) <C s H{DUU}|0|=mHLp(R1,x$f’ d)- (4.25)

At this stage, we transform the identity (4.12) as follows. First, we express the two u’s occurring
inside the Green operator Gy in the left-hand side of (4.12) as in (4.23). Second, for each v € Ny with
|7] = m, we apply D? to both sides of (4.12) and, finally, set 2 = y. The resulting identity reads

{D’Yu}\'y\:m + S{Dou}|o|=m =Q /5 (4‘26)

where @ is a bounded operator from V, "™*(R":) into L, (R, z7" dz) and S is a linear operator mapping
L,(R%, zy' dz) into itself. Furthermore, on account of (4.13)-(4.14), (4.21)-(4.22) and (4.25), we can
bound [|S|| gL, &7, 227 dx)) Y

/ 1 1
Cor+ =) X Haslowomy + 57—y 2 Maslien) (4.27)

|a|=|Bl=m la|+|8] <2m
0<|al,|B|<m

Owing to (4.8)-(4.9) and with the integral representation formula (4.26) and the bound (4.27) in
hand, a Neumann series argument and standard functional analysis allow us to simultaneously settle
the claims (i) and (ii) in the statement of the lemma. O

5 The Dirichlet problem in a special Lipschitz domain

In this section as well as in subsequent ones, we shall work with an unbounded domain of the form
G={X=(X,X,)eR": X' eR" ! X, > (X))}, (5.1)

where ¢ : R*™! — R is a Lipschitz function.

5.1 The space BMO(G)

The space of functions of bounded mean oscillations in G' can be introduced in a similar fashion to
the case G = R"}. Specifically, a locally integrable function on G belongs to the space BMO(G) if

fssioey =swp {70~ f  fv)av|ax <o, (52)
(B) JBNG BNG

where the supremum is taken over all balls B centered at points in G. Much as before,

[fIBMO(@) ~ Sup][ ][
B) JBnc)Bna

This implies the equivalence relation

F(X) - f(Y)‘ dXdy. (5.3)

[flemo(e) ~ [f © Alsmo(rr) (5.4)

for each bi-Lipschitz diffeomorphism A of R} onto GG. As consequences of definitions, we also have

A

LTI filewow < cllfIL i Bymocay:  where f = (fi,.... fn), (5.5)
1<j<N

[femow) < elf T @flBMow)- (5.6)
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5.2 A bi-Lipschitz map ) : R} — G and its inverse

Let ¢ : R*! — R be the Lipschitz function whose graph is G and set M := Vol pomn-1y. Next,
let T" be the extension operator defined as in (3.41) and, for a fixed, sufficiently large constant C' > 0,
consider the Lipschitz mapping

A RY 2 (2 2,) — (X, X,) € G (5.7)

defined by the equalities
X' =a, X, =CMaz,+ (Te) (', x,) (5.8)

(see [39], §6.5.1 and an earlier, less accessible, reference [40]). The Jacobi matrix of A is given by

/ I 0
= (o) owsotroon ) i

where I is the identity (n — 1) X (n — 1)-matrix. Since |0(T'¢)/0z,| < ¢ M by (3.43), it follows that
det ' > (C' — ¢) M > 0. Thanks to (3.46) and (5.7)-(5.8) we have

X — (X)) ~ xy. (5.10)
Also, based on (3.53) we may write
Nemon) < ¢[Velpmon-1) (5.11)
and further, by (3.44) and (3.45),
IDON (@) s < (M) 27 [Vielppogery, Yo : fa] > 1 (5.12)

Next, by closely mimicking the proof of Proposition 2.6 from [41] it is possible to show the existence
of the inverse Lipschitz mapping » := A™! : G — R". Owing to (5.4), the inequality (5.11) implies

[\ o xpmoa) < c[Velsmomn-1)- (5.13)
Furthermore, (5.12) is equivalent to
I(DON) (X)) [[jmxn < (M, )(Xp = (X)) [Velpro@n-1), (5.14)
whenever |a| > 0. Since »/ = () o »)~! we obtain from (5.6) and (5.13)
(%Mo) < ¢[Velsmomn-1)- (5.15)

On the other hand, using »' = () o s)~! and (5.14) one can prove by induction on the order of
differentiation that, for all X € G and a € Ny with |a| > 0,

1D (X) |[rnxn < (M, @) (Xn = (X)) [Ve]pymon-1). (5.16)

5.3 The space V,"*(G)

Analogously to V,""*(R" ), we define the weighted Sobolev space V,"*(G) naturally associated with
the norm

Myl=m v P 1y\pa 1/p
oy = (2 [ 106 = oKD DU (X — (X)) aX) (5.17)
lyl<m
Replacing the function X,, — p(X’) by either p(X) := dist (X,dG), or by the so-called regularized
distance function preg(X) (defined as on pp.170-171 of [57]), yields equivalent norms on V,"*(G).
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A standard localization argument involving a cut-off function vanishing near OG (for example, take
N(preg/€) where n € C§°(R) satisfies n(t) = 0 for |t| < 1 and n(t) =1 for |t| > 2) shows that

C5o(G) = V,"*(G)  densely. (5.18)
Next, we observe that for each U € C§°(G),
g P yypa e
CsUllyae < (D [ IDUX)P (X = o(X)™dX) " < Ullyproy  (519)
rl=m "¢
where, as before, s =1 —a — 1/p. Indeed, for each multi-index v with |y| < m, the one-dimensional

Hardy’s inequality gives

/G (X — (X)) DU (X, — (X)) dX

</sp Y /G IDUK)P (X — p(X)P dX, (5.20)

|a|=m
and the first inequality in (5.19) follows readily from it. Also, the second inequality in (5.19) is a
trivial consequence of (5.17). Going further, we aim to establish that

cr[ullymegny < fluo sllymag) < e llullymemn), (5.21)

where ¢; and ¢z do not depend on p and s, and » : G — R’} is the map introduced in §5.2. Clearly,
it suffices to prove the upper estimate for [|u o s|y;m.a gy in (5.21). As a preliminary matter, we note
that

DY (u(x(X))) = ((>"(X))i_pu)(3(X))

+1 %: (D7u)(5(X)) > cgf[ll}m%()(), (5.22)
<|rl<ly o =
where

o=(oi), Doy=" logl=1 Y (loyl=1) =l -l (5.23)

In turn, (5.22)-(5.23) and (5.16)12110w us to conclude thatw
| D7 (u(2(X)))] < g ;l |x,f"’” | D u(z)], (5.24)

<IrI<ly

which, in view of (5.10), yields the desired conclusion. Finally, if, as usual, p’ = p/(p — 1), we set

V(@) = (V@) g (5.25)

5.4 Solvability and regularity result for the Dirichlet problem in the domain G

Let us consider the differential operator

LU=LX,Dx)U= Y  D"Rap(X)DU), XE€G, (5.26)

laf=|B]=m
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whose matrix-valued coefficients satisfy

> NUaplp <L (5.27)

lo]=[B|=m

This operator generates the sesquilinear form L(-,-) : V,"%(G) x VJ""(G) — C where p' is the
conjugate exponent of p, defined by

LWUY) = /@Laﬁ(X) DPU(X), D*V(X))dX. (5.28)
laf=[6|=m
We assume that
RLUU) >k Y IIDUI3, e  holds for all U € V3™(G). (5.29)
Iv|=m

Lemma 5.1 (i) Letp € (1,00), 1/p+1/p' =1, —1/p<a <1—1/p, and set s:=1—a —1/p. Also,
suppose that

[VQO]BMO(Rnfl) + Z [maﬂ]BMo(G) S (57 (530)
|a|=[8]=m
where & satisfies
/ 1 o
(pp + S = s)> S =) < C(n,m,k, Vol L @n-1)) (5.31)

with a sufficiently small constant C, independent of p and s. Then
L(X,Dx): V,""(G) — V,;™*(G)  isomorphically. (5.32)

(ii) Suppose that p; € (1,00), —=1/p; < a; < 1 —1/p;, © = 1,2. and that (4.9) holds with p; and
s; == 1—a; — 1/p; in place of p and s. IfU € V" (G) and LU € V""" (G) NV, ™ *(G), then
U € Vo (G).

Proof. We shall extensively use the flattening mapping A and its inverse studied in §5.2. The
assertions (i) and (ii) will follow directly from Lemma 4.1 as soon as we show that the operator

LUoN) :=(LU)o A (5.33)

satisfies all the hypotheses in that lemma. The sesquilinear form corresponding to the operator L will
be denoted by L(u,v). Set u(x) :=U(X(z)), v(z) := V(A(z)) and note that (5.22) implies

DPUX) = ((%’*()\(x))g)?:D u)(x) + Z K () 27181 DT (), (5.34)
1< <|B]

DWV(X) = (" M@))gpv)@) + Y Kar(x) )]~ Dv(x), (5.35)
1<|7[<al

where, thanks to (5.16), the coefficients K., satisfy

K57l o) < ¢[VelBmo@n-1)- (5.36)

Plugging (5.34) and (5.35) into the definition of L(U, V), we arrive at

LUY) = Lo(w, o)+ 3 /R (Aap() 2l 920 DI (), Do) der (5.37)

1<lal,|Bl<m
la|+]B]<2m
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where
Lo(u,v) = Y. N (5" 0 N)E)
o(u,v) = RAap o M)((3" 0 N)&)e_p u, (5" 0o N)&)g=p v) det X du. (5.38)
|o]=|8|=m
It follows from (5.34)-(5.36) that the coefficient matrices A,z obey

Z [Aapll Lo ®n) < ek [Velemomn-1ys (5.39)

1<]al,|Bl<m
la|+]B]<2m

where ¢ depends on m, n, and [|Ve||__(rn-1). We can write the form Lo(u,v) as
S [, aste) Doute), Do) (5.40)
|a|=|Bl=m
where the coefficient matrices A, are given by
Aap=detX > PII( o N)(2yr0N), (5.41)
[yI=|r|=m

for some scalar homogeneous polynomials P;’g of the elements of the matrix »/(\(z)) of degree 2m.
In view of (5.5)-(5.15),

Z [Aaﬁ]BMO(]Ri)gc(’fil[V(P]BMO(Rn*l)"i" Z [Q[aﬁ]BMO(G)>a (5.42)
|ee|=]8]=m |oo|=|8|=m.

where ¢ depends on n, m, and ||Ve||f_ (grn-1). By (5.39)

|L(u,u) — Lo(u,u)| < CéHuH%/zm’O(Ri) (5.43)
and, therefore,
R Lo(u,u) >RLU,U) — 05||uHVmo ®7)" (5.44)
Using (5.29) and the equivalence (cf. the discussion in §5.3)
2l ~ Tullymoges (5.45)
we arrive at (4.6). Thus, all conditions of Lemma 4.1 hold and the result follows. O

6 The Dirichlet problem in a bounded Lipschitz domain

6.1 Background

Let © be a bounded Lipschitz domain in R™ which means (cf. [57], p.189) that there exists a finite
open covering {O; }1<j<n of 0§ with the property that, for every j € {1,..., N}, O;NQ coincides with
the portion of O; lying in the over-graph of a Lipschitz function ¢; : R" 1 — R (where R"! x R is
a new system of coordinates obtained from the original one via a rigid motion). We then define the
Lipschitz constant of a bounded Lipschitz domain 2 C R" as

inf (max{||v4pj||Loo(Rnfl) 1<) < N}), (6.1)

where the infimum is taken over all possible families {¢;}i1<j<ny as above. Such domains are called
minimally smooth in E. Stein’s book [57]. It is a classical result that, for a Lipschitz domain 2, the
surface measure do is well-defined on 0f2 and an outward pointing normal vector v exists a.e. on 0.
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We denote by p(X) the distance from X € R™ to 9Q and, for p, a and m as in (4.1), introduce the
weighted Sobolev space V() naturally associated with the norm

Wleei= (3 [ 1000 Do pom ix) . (6.2)
0<[B|I<m

One can check the equivalence of the norms
Uy 0y ~ Preg Ullymo gy (6.3)

where preg(X) stands for the regularized distance from X to 0 (in the sense of Theorem 2, p.171 in
[57]). Much as with (5.18), it is also easily proved that C5°(Q) is dense in V,""*(2) and that

ey ~ (X [ 1D%UEOP o ax) (6.4)
1Bl=m ¢

uniformly for & € C3°(2). As in (5.25), we set

Vome(Q) = (v;;”’*“(a))*. (6.5)

Let us fix a Cartesian coordinates system and consider the differential operator

AU=AX,Dx)U:= Y D Ap(X)DU), XeQ, (6.6)

laf=|8]=m

with measurable [ x [ matrix-valued coeflicients. The corresponding sesquilinear form will be denoted
by A(U,V). Similarly to (5.27) and (5.29) we impose the conditions

> sl <571 (6.7)
lal=|3]=m
and
RAUU) >k D IDUT, ) for all U € V;"(Q). (6.8)
[v|=m

6.2 Interior regularity of solutions

Lemma 6.1 Let Q C R" be a bounded Lipschitz domain. Pick two functions H,Z € C3°(S2) such that
H Z =H, and assume that, for a sufficiently small constant ¢c(m,n,r) > 0,

Z [AaslBro@) <6, (6.9)
|a|=|Bl=m
where
5 < W (6.10)

IfU € W7*(Q,loc) for a certain q < p and AU € W, ™(,loc), then U € W (€2, loc) and

IHUlwp) < CUHAC D)Ullyom gy + 1Z2Ullwyn@)- (6.11)
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Proof. We shall use the notation Ay for the operator A(Y, Dx), where Y €  and the notation ®y
for a fundamental solution of Ay in R™. Then, with star denoting the convolution product,

HU + Oy + (A — Ay)(HU) = ®y * (HAU) + Oy * ([A, H](ZU)) (6.12)
and, consequently, for each multi-index ~, |y| = m,

DYHU)+ Y Dy x ((Aag — Aas(Y))D(HU))
la|=|8|=m

= DBy + (HAU) + D Dy * ([A,H](ZU)). (6.13)

Writing this equation at the point Y and using (3.32), we obtain

(1=Cpp'd) > ID"(HU)|IL, @)

Iv[=m

< O, &) (IIH AUy m gy + WA HI(ZU) gy om ())- (6.14)

Let p’ < n. We have for every V € WIZ"(Q), the closure of C3°(2) in W™(Q2),

)/<[A,H](ZU),V> dX| = JAHZU, V) — A(ZU, HV)|
Q

< 12Ul @ Vilwpio) + 12U, @Vl @) (6.15)
n¥p n
n—p
By Sobolev’s theorem
1Z2Ullym-1(q) < clZU]lwm, (© (6.16)
n+p
and
VIym=1 @) < clVIwm)- (6.17)
p'n ( P
n—p/
Therefore,
(A @) ax| < clzUlwy, oMo (618)
n+p

which is equivalent to the inequality

A HI(ZU) vy om oy < cllZUllwm, (@) (6.19)

n+p

In the case p’ > n, the same argument leads to a similar inequality, where pn/(n + p) is replaced by
1+ ¢ with an arbitrary € > 0 for p’ > n and € = 0 for p’ = n. Now, (6.11) follows from (6.14) if p’ > n
and p' < n, ¢ > pn/(n+ p). In the remaining case the goal is achieved by iterating this argument
finitely many times. O

Corollary 6.2 Let p > 2 and suppose that (6.9) and (6.10) hold. If U € W3*(Q2,loc) and AU €
W, ™82, loc), then U € W (Q,loc) and

HUllwp ) < C (12 AC D) Ul yom ) + 1Z2Ulym—1(q))- (6.20)
Proof. Let Z; denote a real-valued function in C§°(12) such that HZy, = ‘H and Z,Z = Zj. By (6.11)

Ul < C(HAC DY Ully oy + |1 Z0Ullge sn) (6.21)
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and it follows from (6.8) that
1Z0Ulfyp ) < e RA(Z0U, Z0U). (6.22)
Furthermore,
2o, o) — A, Z3U)| < e | ZUllypos g 120U vy (6.23)
Hence
HZOUHIZ/VQ"L(Q) < Cﬁfl(HZAUva;m(Q) 125 Ullwy ) + 571|IZUHw;nfl(g) 120U lwy )  (6.24)

and, therefore,
|20 Ulwgriy < ex™ (12 AUy gy + 512Uy ) (6.25)

Combining this inequality with (6.21) we arrive at (6.20). O

6.3 Invertibility of A:V(Q) — V7(Q)
Recall the quantities defined in (1.11)-(1.12).

Theorem 6.3 Let 1 <p <oo,0<s<1, and set a =1—s— 1/p. Furthermore, let Q2 be a bounded
Lipschitz domain in R™. Suppose that the differential operator A is as in §6.1 and that, in addition,

ST {Aaghea + {von <6, (6.26)
lal=|B|=m
where . 5
(pp’ s 8)) eS¢ (6.27)

for a sufficiently small constant ¢ > 0 independent of p and s. Then the operator
A V() — VI™Y(Q)  dsomorphically. (6.28)

Proof. We shall proceed in a series of steps starting with

(i) The construction of the auxiliary domain G and operator L. Let € be small enough so that

][ ][ Aap(X) = Aqs(Y)| dXdY < 26 (6.29)
~NQJ BN

for all balls in {B, }q with radii r < ¢ and

][ ][ ‘I/(X) — ()| doxdoy <26 (6.30)
»NONJ B,NON

for all balls in {B,}aq with radii » < e. We fix a ball B. in (B:)sq and assume without loss of
generality that, in a suitable system of Cartesian coordinates,

laf=|Bl=m

QNB. ={X = (X', X,) € B.: X, > o(X')} (6.31)

for some Lipschitz function ¢ : R®™!1 — R. Consider now the unique cube Q(e) (relative to this
system of coordinates) which is inscribed in B. and denote its projection onto R"~! by Q’(¢). Since
Vi = —v'/vy, it follows from (6.30) that

I,

Vo(X') = Vp(Y') | dX'dY' < c(n)é, (6.32)
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where B, = B, NR""! r < . Let us retain the notation ¢ for the mirror extension of the function ¢
from Q'(g) onto R"~!. We extend A,s from Q(e) N2 onto Q()\2 by setting

Aap(X) = Anup (X', =X, + 20(X7)), X € Q(e)\Q, (6.33)

and we shall use the notation 4, for the periodic extension of A,z from Q(e) onto R™.

Consistent with the earlier discussion in Section 5, we shall denote the special Lipschitz domain
(X = (X',X,) : X' e R*', X, > o(X")} by G. One can easily see that, owing to the 2en~/%-
periodicity of ¢ and A,g,

> [Aaslemo(e) + [Velsmomn-1) < ¢(n)d. (6.34)

|o|=|8]=m
With the operator A(X, Dx) in €2, we associate the auxiliary operator £(X, Dx) in G given by (5.26).

(i) Uniqueness. Assuming that U € V,"*(Q) satisfies LU = 0 in 2, we shall show that U €
V2m’0(Q). This will imply that & = 0 which proves the injectivity of the operator in (6.28). To this
end, pick a function H € C5°(Q(¢)) and write L(HU) = [L, H]U. Also, fix a small § > 0 and select
a smooth function A on R, which is identically 1 on [0, 1] and which vanishes identically on (2, 0o).
Then by (ii) in Lemma 5.1,

LIHU) = [£, H] (Mpreg/0)U) € V5 ™ (G) NV, ™(G). (6.35)
Note that the operator
(£, Hlpreg = V" (G) — V™ (G) (6.36)

is bounded and that the norm of the multiplier preg A(preg/0) in Vp"*(G) is O(#). Moreover, the same
is true for p = 2 and a = 0. The inclusion (6.35) can be written in the form

LIHU) + M(ZU) € V™G NV, ™(G), (6.37)
where Z € C°(R"), ZH = H and M is a linear operator mapping
Vm(G) = V™G and V(@) — V(@) (6.38)

with both norms of order O(6).

Select a finite covering of by cubes Q;(¢) and let {H;} be a smooth partition of unity subordinate
to {Q;(e)}. Also, let Z; € C5°(Q,(e)) be such that H;Z; = H;. By G; we denote the special Lipschitz
domain generated by the cube @Q;(¢) as in part (i) of the present proof. The corresponding operators
L and M will be denoted by £; and M}, respectively. It follows from (6.37) that

MU+ (L7 M; 25 Z1)(HiU) € V() NV (Q). (6.39)
k
Taking into account that the norms of the matrix operator £; M; Z; Z in the spaces V,*(Q2) and

V,"0(Q) are O(6), we may take 6 > 0 small enough and obtain H;U € vQ), ie., U € VMO (Q).
Therefore, £ : V,"*(2) — V, ™%(Q) is injective.

(iii) A priori estimate. Let p > 2 and assume that U € V(). Referring to Corollary 6.2 and
arguing as in part (ii) of the present proof, we arrive at the equation

MU+ (L7 M, 25 21)(HpU) = F, (6.40)
k

whose right-hand side satisfies

[Flvme ) < el AUl =me ) + 1]l wm-11)s (6.41)
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for some domain w with @ C Q. Since the V,"*(Q)-norm of the sum in (6.40) does not exceed
CO[lU||ym e gy, we obtain the estimate

[y oy < e (AUl ma gy + 1Ullwz—10)- (6.42)

(iv) End of proof. Let p > 2. The range of the operator A : V,"*(2) — V,, "™*(Q) is closed by
(6.40) and the compactness of the restriction operator: V,™*(€2) — Wi"!(w). Since the coefficients
of the adjoint operator L£* satisfy the same conditions as those of £, we may conclude that £* :

‘/;1,11(9) — Vme’fa(Q) is injective. Therefore, £ : V,"*(Q) — V, ™ *(Q) is surjective. Being also
injective, £ is isomorphic if p > 2. Thus £* is isomorphic for p’ < 2 so £ is isomorphic for p > 2. [0

7 'Traces and extensions

7.1 Higher order Besov spaces on Lipschitz surfaces

Let © C R™ be a bounded Lipschitz domain and, for m € N, 1 < p < oo and —1/p < a < 1—1/p,
consider a new space, W, "*(2), consisting of functions U € L, (2, loc) with the property that p* DU €
L,(2) for all multi-indices o with |o| = m. We equip Wp"*(€) with the norm

ey =Y IDUll Ly, px)er ax) + ULy w)s (7.1)

|a)|=m

where w is an open non-empty domain, w C £2. An equivalent norm is given by the expression in (1.6).
We omit the standard proof of the fact that

C™(Q) — W»*(Q) densely. (7.2)

Recall that for p € (1,00) and s € (0, 1) the Besov space B, (91) is then defined via the requirement
(1.7). The nature of our problem requires that we work with Besov spaces (defined on Lipschitz
boundaries) which exhibit a higher order of smoothness. In accordance with [30], [57], [63], we now
make the following definition.

Definition 7.1 For p € (1,00), m € N and s € (0,1), define the (higher order) Besov space
B;”_HS(@Q) as the collection of all families f = {fa}|aj<m—1 of measurable functions defined on
01}, such that if

RXY)i=fulX)= 3 GhassV)(X-Y), XY eon (73)

[B|<m—1—|al

for each multi-index o of length < m — 1, then

||f||B;”_1+S(8Q) = Z 1 fallz, @0 (7.4)

|| <m—1
|Ro(X,Y)P 1p
/BQ /asz | X — Y\p m—1+s—|a|)+n—1 dUXde) < 0.

It is standard to prove that B;”_1+5(8Q) is a Banach space. Also, trivially, for any constant £ > 0,

|a\<m 1

|Ro (X, Y)P 1/p
Yo Mallmeom+ D / / e doxdoy ) (7.5)
|| <m—1 lo|<m—1 x yesn
| X-Y|<r
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is an equivalent norm on BZT*HS(GQ).
A few notational conventions which will occasionally simplify the presentation are as follows. Given
a family of functions f = {fa}|aj<m—1 on 0 and X € R", Y, Z € 09, set

1
P (X)Y) := > afaw(y) (X-Y)?,  Va:|o<m-1, (7.6)
|8|<m—1-]|a
P(X7 Y) = P(O,...,O) (X7Y) (77)
Then
R.(Y,Z) = fo(Y) = P(Y, Z), Va : o) <m—1, (7.8)
and the following elementary identities hold for each multi-index « of length < m — 1:
PIDSPU(X,Y) = Pop(X,Y), |8 <m—1-lal (7.9)
1
PX,Y)=Pu(X,2) = > Giftars (Y. 2)(X — Y)~. (7.10)
1Bl<m—1~a] "

See, e.g., p. 177 in [57] for the last formula.
We now discuss how B;"*HS (092) behaves under multiplication by a smooth function with compact
support.

Lemma 7.1 For each p € (1,00), m € N and s € (0,1), the Besov space ngfm(am is a module
over C§°(R™), granted that for each f= {fatial<m—1 € B]T_Hs(aQ) and ¢ € Cg°(R™) we set

: al
Wb f o= { S sz Tr [D%]f”}\agm_l' (7.11)
Bty=a
Proof. Let f = {fa}iaj<m—1 € B;”*”s(aQ) and ¢ € C§°(R™) be arbitrary and set
e ) sled «
b= {z Tr[D ¢]}|a\§mfl‘ (7.12)

Denote by R (X,Y) the remainder (7.3) written for « f in place of f = {fa}iaj<m—1- Also, let
P,(X,Y) and P(X,Y) be the polynomials defined in (7.6), (7.7) with the components of f replaced
by those of 1/1

Next, fix some a € Ny with || < m — 1 and, for each X,Y € 0 write

~ a!
Ro(X,Y) = Z Wilm DPp(X) f(X)
s, P

_ Z lu[ Z (O:'LT('S)!Z‘IUI Dop(Y) f-(Y) (X—Y)5_ (7.13)
Is|<m—1—|a|  ot+r=a+s

The crux of the matter is establishing that for a fixed £ > 0 there exists C' > 0 independent of f such
that

’Ra(Xv Y)’p . P
// X — Y [pim—1Fs—[al+n—1 doxdoy < Cllf | gm-1+s 50y (7.14)
|§’f5|8<si
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To get started, we note that the first sum in (7.13) can be further expanded as

S 7,\BIDBw( )X = Y i '[\ﬁ\Dﬁw( ) — Pﬁ(X,Y)}fy(X)

Prowincigt Btr=a
+ Y = 5,, Po(X,Y) [ /5(X) = P (X, V)]
B+y=a
+ Z R 'Pﬁ (X,Y)Py(X,Y). (7.15)
Bty=a

Now, if |X — Y| < k, the first sum in the right-hand side of (7.15) is pointwise dominated by
C|X — y|m-lel > hyj<m—1 [fy(X)| hence, when raised to the p-th power and then multiplied by | X —

y|~p(m=1t+s=lal)+n=1 it 5 dominated by

X)) P
¢y / |f(X)] — doxdoy < C S A o (7.16)

_ —1-p(1
o~ | X — Y|n—1-n(
[v[<m X,Y€oQ

| X-Y|<k

lv|[<m—1

which suits our goal. Similarly, for | X — Y| < &, the second sum in the right-hand side of (7.15) is
< O 1 <jal 1BA(X,Y)| thus, as before, its contribution in the context of estimating the left-hand side
of (7.14) does not exceed

§ : |Ry(X,Y)|P -
Cl |<‘ | // ’X Y‘Pm T+s— |’Y‘)+n 1 dO'XdO'Y S CHfHB;n_IJ"S(BQ)‘ (717)
YIslel X, yeon
| X-Y|<r

As for the last sum in the right-hand side of (7.15), we employ (7.9), (7.7), Leibniz’s rule and the
definitions of P(X,Y), P(X ,Y'), in order to successively transform this sum into

Z ﬁ' ' IﬁlDﬁ P(X,Y)iMD'P(X,Y) =il DL [P(X,Y)P(X,Y)]
Bty=a

=iy [ Do £ (X - v)E | (7.18)

|o|,|r|<m—1

Note that D$[(X — Y)?%7] = 0 unless it is possible to select § € N such that 0 + 7 = a + 4. In
the latter situation, we use i/ DY [(X — YV)o+0] = W(X —Y)? and re-write the last expression in
(7.18) as

>y e epre ) - vy (7.19)

! olr!
|6]<2(m—1)—la|  o+T=0+0

Now, the second sum in (7.13) cancels the portion from (7.19) corresponding to the case when
|6 < m — 1 — |a|, and the remaining terms in this sum are < C|X — Y™l > hy<m—1 [y (X
Consequently, in the context of (7.14), their contribution is estimated as we did in (7.16_).

This analysis establishes (7.14). Since, trivially, ||(¢f)a||Lp(ag) < O pi<m—1 1/4]lL, (89, the proof
of the lemma is finished. 0

Typically, the previous lemma is used to localize functions f € B]T_HS(@Q) in such a way that the
supports of their components are contained in suitably small open subsets of 9¢2, where the boundary
can be described as a graph of a real-valued Lipschitz function defined in R"~!. Such an argument,
involving a smooth partition of unity, is standard and will often be used tacitly hereafter.

We next discuss a special case of the general trace result we have in mind.
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Lemma 7.2 For each 1 <p<oo, —=1/p<a<1—1/p ands:=1—a— 1/p, the trace operator
Tr: W (Q) — B3(09) (7.20)

is well-defined, linear, bounded, onto and has V}}’“(Q) as its null-space. Furthermore, there exists a
linear, continuous mapping

. RS 1,a
E: By (08)) — W,(Q), (7.21)
called extension operator, such that Tro & = I (i.e., a bounded, linear right-inverse of trace).

Proof. By a standard argument involving a smooth partition of unity it suffices to deal with the case
when € is the domain lying above the graph of a Lipschitz function ¢ : R*~! — R. Composing with
the bi-Lipschitz homeomorphism R’} > (X', X,,) — (X', o(X’) + X,,) € Q further reduces matters
to the case when © = R”, in which situation the claims in the lemma have been proved in (greater
generality) by S.V. Uspenskii in [59] (a paper preceded by the significant work of E. Gagliardo in [20]
in the unweighted case). O

We need to establish an analogue of Lemma 7.2 for higher smoothness spaces. While for 2 = R}
this has been done by S.V. Uspenskii in [59], the flattening argument used in Lemma 7.2 is no longer
effective in this context. Let us also mention here that a result similar in spirit, valid for any Lipschitz
domain Q but with B™~1*s+1/P(Q) in place of W;"*(Q) has been proved by A. Jonsson and H. Wallin
in [30] (in fact, in this latter context, these authors have dealt with much more general sets than
Lipschitz domains). The result which serves our purposes is as follows.

Proposition 7.3 For 1 <p<oo, —1/p<a<1—-1/p,s:==1—a—1/p € (0,1) and m € N, define
the higher order trace operator

1 WI(Q) — BI145(90) (7.22)

by setting

o1 U = {ila\ Tv [D° L{]} (7.23)

la|<m—1"

where the traces in the right-hand side are taken in the sense of Lemma 7.2. Then (7.22)-(7.23) is a
well-defined, linear, bounded operator, which is onto and has V, () as its null-space. Moreover, it
has a bounded, linear right-inverse, i.e., there exists a linear, continuous operator

E: BT (0Q) — WM(Q) (7.24)
such that
f={fatalem € BI1(0Q) = il Te [D*(E f)] = fa, Ve :|a|<m-—1. (7.25)

In order to facilitate the exposition, we isolate a couple of preliminary results prior to the proof of
Proposition 7.3. The first is analogous to a Taylor remainder formula proved by H. Whitney in [64]
using a different set of compatibility conditions than (7.26) below.

Lemma 7.4 Assume that ¢ : R"™!' — R is a Lipschitz function and define ® : R"~! — 9Q — R"
by setting ®(X') = (X', o(X")) at each X' € R, Neat, consider the special Lipschitz domain
Q:={X=(X"X, eR": X, > (X))} and, for some fired m € N, a system of sufficiently nice
functions { fo})aj<m—1 with the property that

%[fa(q)(X/))] = ZfaJrej (®(X")or®;(X"), 1<k<n—-1, |a]<m-—2, (7.26)
j=1
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where {e;j}; is the canonical orthonormal basis in R™. Then, with Ro(X,Y) defined as in (7.3), the
following identity holds for each multi-index o of length < m —2 and a.e. X' Y' € R*1:

n 1
Ro(@(X"), oY) =) > 71, /0 oty @O+ UX = Y1) = fairie, (O(Y)]
7=1 ly|=m—2—|af

) (D(X') = DY + (X' — Y))IVE; (V' + (X —YV") - (X' —Y)dt.  (7.27)

Proof. We shall prove that for any system of functions { fu }|o|<m—1 Which satisfies (7.26), any multi-
index a € N with || <m — 2 and any | € N with [ < m — 1 — |a], there holds

fa(®(X)) = > ﬁl!fa-i-ﬁ(q)(yl))(q)(X/) —e(Y")’
|BI<!

n 1
= Z;| %: 71,/0 {foc-&-v-i-ej((p(yl'f't(X/—Y/))) — fatrte, (@(Y))
=1 |v|=l-1

< (D(X') = DY + (X —Y))VE; (Y + (X —Y") - (X' —Y')dt.  (7.28)

Clearly, (7.27) follows from (7.3) and (7.28) by taking [ :=m — 1 — |a|.
In order to justify (7.28) we proceed by induction on [. Concretely, when | = 1 we may write,
based on (7.26) and the Fundamental Theorem of Calculus,

Fa(®XN) = Jal @) = 3 Jare, (V) (@5(X') = 25(Y)) (729)
j=1
1 n .
- /o % fal@ (X = YN)| dt = Y fare, (@(Y) /0 % [@;(v" +1(x" = ¥"))] at
j=1

= i{/ﬂl |:fa+6j(¢)(yl +t(X' =Y"))) - fote; (CIJ(Y’))] V(I)j(Y’ FHX —Y) - (X =Y dt},
7=1

as wanted.

To prove the version of (7.28) when [ is replaced by [ + 1 we split the sum in the left-hand side
of (7.28), written for [ + 1 in place of I, according to whether |3| < [ or |3] = [ + 1 and denote
the expressions created in this fashion by S; and So, respectively. Next, based on (7.26) and the
Fundamental Theorem of Calculus, we write

Fatrte (B +HX" = ¥"))) = farriey (B(Y")) (7.30)
nooat
= [ e B+ T(X = Y)TBLY 4 (XY (X Y dr
k=170
and use the induction hypothesis to conclude that

n 1 1 rt
S1 = — atyteten (@Y +7(X =Y (@(X') — @Y’ X' —Y"))
=3 5 5 [ ) e 04X YD) 0 (X ¥
XVO;(Y + (X' =Y") - (X = Y)VO,LY' +7(X' = Y")) - (X' = Y') dr dt. (7.31)
Thus, if we set

Fi(t) :=®;(X") — ;Y + (X' =Y")), 1<j<n, (7.32)
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and use an elementary identity to the effect that for any R"-valued function F' = (F1, ..., F},),

HELCUEEDS

YHe;=08

SFOUE, VBEN (7.33)

we may express S7 in the form

Y% / / ot e (B 4+ 7(X = Y") = e (B(Y))

k=1|8|=1
drl Jé] ! / ! ! /
7[@17(15) }wk(y Fr(X - Y) (X —Y)drdt
+ Z Z fa"rﬁ"r@k Y/ / / dt ﬁ' /;(7_) dr dt. (734)
k=18|=l

Note that after changing the order of integration and using the Fundamental Theorem of Calculus,
the first double sum above corresponds precisely to the expression in the right-hand side of (7.28)
written for [+ 1 in place of I. By once again changing the order of integration and relying on (7.33), it
becomes apparent that the second double sum in (7.34) is —S3. Thus, S} + S2 matches the right-hand
side of (7.28) with [ replaced by [ + 1, proving (7.28). O

Corollary 7.5 Under the assumptions of Lemma 7.4, for each multi-index o of length < m — 2 the
following estimate holds

[Ra (X, Y)[P 1/p
/BQ /ag | X — Y |p(m—14s—lal)+n— 1dUXd‘7Y) <C Z 141l B3 692 (7.35)
Iyl=m—1

where the constant C' depends only on n, p, s and [|[Vol|r_ @wn-1).

Proof. The identity (7.27) gives

|Ra(®(X'), 2(Y"))] (7.36)

< )X — y'pm-iclel § /Ih DY+ (X~ Y)) — 1, (®())] dt

[y]l=m—1

for each X', Y’ € R"!, where the constant C' depends only on n and |[V®||,_ (rn-1y Which, in turn,
is controlled in terms of V| (re-1). If we now integrate the p-th power of both sides in (7.36)
for X', Y' € R"!, use Fubini’s Theorem and make the change of variables Z' := Y’ + t(X' — V'), we
obtain

X Y p Y/ P
o0 Joo | X — Y!pm 1-lalts)+n—1 — Y/|p(m [T

@O+ (X =Y) = [ (@) '
<C ) /nl/Rnl/ dtdx'dy

i1 /R X7 — Yot
[/(2(Z) = £ (@YD ) i
pSs
gczl/ /RM/RMt ‘Z, g1 4Z'dY'ds
yl=m
=C Z ”va%;(ao)’ (7.37)
[y[=m—1
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since [V®(X")| ~ 1 and |®(X') — ®(Y')| ~ | X' — Y|, uniformly for X', V" € R*~L. O
After this preamble, we are in a position to present the
Proof of Proposition 7.3. We divide the proof into a series of steps, starting with

Step I: The well-definiteness of trace. Thanks to (7.2), it suffices to study the action of the trace
operator of a function U € C*°(Q) — W, *(Q). If we now set

fo =i Te[D Y],  Va:la<m-1, (7.38)
it follows from Lemma 7.2 that these trace functions are well-defined and, in fact,

> lfallssoe) < CllUllwmaq). (7.39)

la|<m—1

In order to prove that f := {fa}aj<m—1 belongs to B;”*HS(@Q), let Ro(X,Y) be as in (7.3). Our
goal is to show that for every multi-index o with |a| < m — 1,

|Ra (X, Y)|P 1/p
/aQ /aQ | X — Y|p(m—1=lal+s)+n— 1dUXdUY) < CllUllwze - (7.40)

To this end, we first observe that if || = m — 1 then the expression in the left-hand side of (7.40)

is majorized by C( oo Jog | Fa(X) = Fa(Y)PIX — Y [~(pstn=D) daXday> Y7 ehich, by (7.39), is indeed
< ClU|wyraiq)- To treat the case when || < m — 2 we assume that  is locally represented
as {X : X, > ¢(X')} for some Lipschitz function ¢ : R""! — R and, as before, set ®(X') :=
(X", 0(X")), X" € R L. Then (7.26) holds, thanks to (7.38), for every multi-index « of length

< m — 2. Consequently, Corollary 7.5 applies and, in concert with (7.39), yields (7.40). This proves
that the operator (7.22)-(7.23) is well-defined and bounded.

Step II: The extension operator. We introduce a co-boundary operator £ which acts on f =
{fa}tal<m-1 € BIC”’HS(@Q) according to

ENX)= | KX, Y)P(X,Y)doy, XeQ, (7.41)
oN

where P(X,Y) is the polynomial associated with f as in (7.7). The integral kernel K is assumed to
satisfy

K(X,Y)doy =1  forall X €Q, (7.42)
o0

IDSK(X,Y)| < e p(X) 0l vX €, VY €09, (7.43)
where « is an arbitrary multi-index, and
KX, Y)=0 if | X —-Y]|>2p(X). (7.44)

One can take, for instance, the kernel

where n € C§°(Bz), n = 1 on By, n > 0 and » is a positive constant depending on the Lipschitz
constant of 0§). Here, as before, peg(X) stands for the regularized distance from X to 0S.
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For each X € Q and Z € 99 and for every multi-index y with |y| = m we then obtain

, !
DEfX) = 3 o | DRKCY) (B(X,Y) = Pa(X, 2)) dory. (7.46)
a+p=y
lal>1

Fix p > 1 and denote by B(X, R) the ball of radius R centered at X. We may then estimate

DEFXP < ¢ Y p(x) e ][ Ps(X,Y) — Py(X, Z)P doy
X,up(X))NoKL

a+p=vy

la|>1

<Y > p(x)rlel |Rs5(Y, Z)P |X — V[P doy,
at+8=7 |B|+|6|<m—1 B(X,up(X))NoQ
o >1

<o S pxypi- m>][ IR, Z)P dov, (7.47)
Ir|<m—1 B(X,up(X))NoN

where we have used Holder’s inequality and (7.10). Averaging the extreme terms in (7.47) for Z in
B(X, up(X)) NoQ, we arrive at

IDIEFX)P<C D px)plirimm =2l / / \R,(Y, Z)|P doydoy. (7.48)

|7|<m—1 Y,Z€0Q
[X=Y|,|X=Z|<pp(X)

For each multi-index v of length m we may then estimate:

/IDW JPo(X P91 ax

/ / Y Z ‘p / p<X)p(fm+1fs+|T\)72n+1 dX) doydoy
o0 J o

|Tkﬁn 1 Xea
[ X=Y|,|X=Z|<pp(X)

H% Y’Z”p

|2
S C”fHB;n71+S(8Q)> (749)
by (7.4), where we have used the readily verified fact that there exists C' > 0 such that
/ p(X)p(fm+1fs+|T\)72n+1 dX < C|Y _ Z|p(fm+1+|‘r|fs)fn+17 (750)

XeN
|X =Y |,|X ~Z|<pp(X)

for any Y, Z € 092 and 7 € Nij with |7| < m — 1. This proves that the operator (7.41) is well-defined
and bounded in the context of (7.24).

Step III: The right-invertibility property. We shall now show that the operator (7.41) is a right-inverse
for the trace operator (7.22), i.e., whenever f = {f y<m—1 € Bm 1+5(9Q), there holds

fr =i TY[DVEf] (7.51)

for every multi-index 7 of length < m — 1. To this end, for |y| < m — 1 we write

DIEF(X) = Ef(X) = ) O}'ﬁ' mD}IC(X,Y)(Pg(X,Y)—Pg(X,Z))day, (7.52)

a+pB=v
[a] >1
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where

Ef(X) = ” K(X,Y)Py(X,Y)doy, Xe€Q. (7.53)

Estimating the right-hand side in (7.52) in the same way as we did with the right-hand side of (7.46),
we obtain using the boundedness of 92

YEf _ ¢ P —ps—1 |R-(Y, Z)[P
| ID€i0 - £ fOP) T ax < /dﬂ | ey dovdo

IN

C \If\l’;;%m(am- (7.54)

In a similar fashion, we check that

/89 |V(D75f(X) — E,Yf(X))|’Pp(X)p—ps—1 dX

() , < .
/aQ /agz |Y Z|P |7|+8 IT])+n—1 vdoz < C ” HB;n_HS(aQ)' ( ’ )

The two last inequalities imply DYEf — Ef € Vpl’a(Q) and, therefore,
Tr (DEf - E,f) = 0. (7.56)

Going further, let us set

Eg(X) := ” K(X,Y)g(Y)doy, XeQ. (7.57)

A simpler version of the reasoning in Step II yields that E maps B,(0f2) boundedly into Wy (Q).
Also, a standard argument based on the Poisson kernel-like behavior of (X, Y') shows that Tr Eg = ¢
for each g € B;(92). Based on (7.6)-(7.7) and (7.53) we have

€5 (X) = BLOP + p(X)PIV(EF(X) = Efy(X)P

<c o f RN Lo e (7.58)
up(X

|ﬁ|<m 1 Iv\
8=

Consequently, for an arbitrary Whitney cube @ C 2 of side-length [, we have

/Qlé’yf'(X)—Ef,y(X)|pp(X)—ps—1 dX—|—/Q|V(€,Yf(X)_Ef,y(X)”Pp(X)p—ps—l dx

<c Y e [P oy, (7.59)
I0NQ

[Bl<m—1—|y]

[8]=1

where s () is the concentric dilate of Q) by some fixed factor » > 1. Summing over all cubes Q) of a
Whitney decomposition of €2 we find

IExf = Efylyiay <C D lfallz,o0) (7.60)

la]<m—1

which implies

Tr (E,f — Ef,) = 0. (7.61)
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Finally, combining (7.61), (7.56), and Tr Ef, = f,, we arrive at (7.51).

Step IV: The kernel of the trace. We now turn to the task of identifying the null-space of the trace
operator (7.22)-(7.23). For each k € Ny we denote by Py, the collection of all vector-valued, complex
coefficient polynomials of degree < k (and agree that Py = 0 whenever k is a negative integer). The
claim we make at this stage is that the null-space of the operator

W(Q) 5 W {ml Tr [DVW]} € B3(09) (7.62)

[v[=m—1
is given by
Prns + V(0. (7.63)

The fact that the null-space of the trace operator (7.22)-(7.23) is V,""*(Q) follows readily from this.

That (7.63) is included in the null-space of the operator (7.62) is obvious. The opposite inclusion
amounts to showing that if W € W, () is such that Tr [DYW] = 0 for all v € Ny with |y| =m — 1,
then there exists Py,—o € Py,—o with the property that W — P,,_o € V,""“(Q). To this end, we note
that the case m = 1 is a consequence of (5.20) and consider next the case m = 2, i.e., when

WewrQ), Tr[VW] =0 on . (7.64)

Assume that {W;},>1 is a sequence of smooth (even polynomial) vector-valued functions in €2, ap-
. . . _2 a .
proximating W in W,"*(Q). In particular,

Tr[VW;] -0 in L,(0Q) as j — oo. (7.65)

If in a neighborhood of a point on 99 the domain Q is given by {X : X,, > ¢(X’)} for some
Lipschitz function ¢, the following chain rule holds for the gradient of the function w; : B’ 3 X' —
W;(X', p(X")), where B’ is a (n — 1)-dimensional ball:

Vi () = (Tewir o)+ (Gemi )| Ve (we0)

Since the sequence {w;};>1 is bounded in L,(B’) and Vw; — 0 in Ly(B’), it follows that there
exists a subsequence {j;}; such that w;, — const in L,(B’) (see Theorem 1.1.12/2 in [37]). Hence,
TrW = Py = const on 0. In view of TrWW — Py] = 0 and Tr [VW] = 0, we may conclude that
W-F € VpQ’a(Q) by Hardy’s inequality. The general case follows in an inductive fashion, by reasoning
as before with DWW with |a| = m — 2 in place of W. O

We now present a short proof of (1.8), based on Proposition 7.3.
Proposition 7.6 Assume that 1 < p < oo, s € (0,1) and m € N. Then

{{ila‘Do‘V\aQ}Mgm_l Ve CSO(R")} s dense in B;D”_HS((?Q) (7.67)
and '
1l gp-1ts@ay ~ D IallBson)s (7.68)
|a|<m—1

uniformly for f = {fatial<m—1 € B]T_Hs(aQ). As a consequence, (1.8) holds.

Proof. That (7.67) holds is a direct consequence of (7.2) and Proposition 7.3. Next, this density
result and (7.35) yield the left-pointing inequality in (7.68). As for the opposite inequality, let f =
{fatjal<m—1 € B;,"_HS(@Q) and, with @ := 1 — s — 1/p, consider U := E(f) € W,"*(Q). Then
Lemma 7.2 implies that, for each multi-index « of length < m — 1, the function f, = #l® Tr (DU
belongs to B, (092), plus a naturally accompanying norm estimate. O

We include one more equivalent characterization of the space Bg‘*Hs (09), in the spirit of work
in [1], [49], [60]. To state it, recall that {e;}; is the canonical orthonormal basis in R".
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Proposition 7.7 Assume that 1 < p < oo, s € (0,1) and m € N. Then
fa € By(02), Va:laf<m-—1

. and
{fo}ialcm—1 € By 1°(0Q) <= (7.69)
(VjOk — vi05) fa = Vj fate, = ViSate;

a:la<m-—-2, Vjike{l, ., n}

Proof. The left-to-right implication is a consequence of (7.68) and of the fact that (7.38) holds for some
U e W,"*(Q) (cf. Proposition 7.3). As for the opposite implication, we multiply {fs}a (asin (7.11)),
with a function ¢ € C§°(R™) which can be assumed to satisfy supp ¢'N9Q = supp ¢ N{(X’, X,,) : X,, >
©(X")} for some Lipschitz function ¢ : R*~! — R. Furthermore, in this latter case, the compatibility
conditions in (7.69) become equivalent to (7.26). Thus, given f := {fa}|aj<m—1 whose components are
as in the right-hand side of (7.69), we may proceed as in the proof of Corollary 7.5 and use the fact
that fo € B,(052) for each a to conclude that fe B;”_HS(@Q). O

7.2 The space of Dirichlet data and the main trace theorem

In this subsection, we study the mapping properties of the assignment U — {8’“2/{ / 81/’“}0<k< X for
<k<m—

U e W,"*(Q). In order to facilitate the subsequent discussion, for each £ € N we consider polynomial
functions P%.k such that

VDY —1Df = N Z P (v) —DV Va,8 €Nl : ol =8| =4, (7.70)

[y|=£-174,k=1

where 0/07j;, is the tangential derivative given by

o 0 0

— Vg 1<5,k<n. 7.71
Mg 1<ik<n (7.71)

— =V
j
OTjk oxy,

We shall also need Sobolev spaces of order one on 9. Concretely, let Viay = (3 ; vj0/0Tji)1<k<n
stand for the tangential gradient on the surface 92 and, for 1 < p < oo, introduce the space

Ly(09) = {f: 1flILio0) = [IfllL,00) + IVianf 1, 60) < oo} (7.72)
Our main trace/extension result then reads as follows.

Theorem 7.8 Let Q be a bounded Lipschitz domain in R™ and for 1 <p <oo, —1/p<a<1-—1/p,
s:=1—a—1/p€(0,1) and m € N, consider the mapping

k
Trp—1: W (Q) 25U — {a—u

ovk }nggm_1 € Lp(09). (7.73)

Then its null-space is precisely V, "*(Q2), and its image can be characterized as follows.
Given (907917 "'agmfl) S LP(OQ)7 sel

J(0,...0) == 9o (7.74)

and, inductively, having defined {f}y<¢—1 for some £ € {1,...,m — 1}, consider

: S 9 n
for=1"ge+1 Y > Z P (v) Oy, VaeNg : |a] =4, (7.75)

oT;
1B1=¢ |y|=t—1 j k= it
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where P%ﬁk is any fized family of polynomials satisfying (7.70). Then there exists U € W, () such
that Try,—1 U = {9k Yo<k<m—1 if and only if

fa € Ly(09) if |a|<m =2, and fo€ By(09Q) if |aj=m—1. (7.76)

Furthermore, for Try,,—1 as in (7.73), set

Wg”_lJrS(@Q) := the image of the operator Try,—q in (7.73), (7.77)
lgllirtsoy = D Ifallzen (7.78)
b (09) i
loo|<m—1

if the families g := {gr}o<k<m—1 and {fa}jaj<m—1 are related to oneanother as in (7.74)-(7.75). Then
this space is independent of the particular choice of polynomials P%i satisfying (7.70) and the operator

Trpm—1 : W) (Q) — W 15(69) (7.79)
1s well-defined, bounded, and has a right-inverse. That is, there exists a bounded, linear operator
Ext : W, '5(09Q) — W(Q) (7.80)
such that Try,_1 o Ext = I, the identity.

Prior to the proof of Theorem 7.8 we will establish a useful approximation result, extending work
done in [1] for the case m = 2.

Lemma 7.9 Let Q) be a bounded Lipschitz domain in R™ with outward unit normal v, and fir 1 < p <
oo, m € N. Also, assume that {fa}\a|§m—1 s a family of functions satisfying

fa €LLOQ), VaeN]:|o|<m-—1, (7.81)
and

Ofa

aTjk’

Vifote, — Vifate; = Va:lof<m-2, Vjke{l, ., n} (7.82)

Then there ezists a sequence of functions F € C°(R"), € > 0, such that
il Ty [DYF) — f,, in Lzl)((‘)ﬂ) as € — 0, VaeNy : |a| <m—1. (7.83)

Proof. Since both the hypotheses (7.81)-(7.82) and the conclusion (7.83) are stable under multiplica-
tion by a smooth function with compact support as in (7.11), there is no loss of generality in assuming
that Q = {X : X,, > ¢(X’)} for some Lipschitz function ¢ : R"~! — R, and that the functions f,
have compact support. In this setting,

Vallzyom ~ Ifal @(liy@ny,  Va €N« Jal Sm—1, (7.84)

and the compatibility conditions (7.82) can be written in the form

5% [fal X, 0(XN)| = Farre, (X', 0(X) + 0j0(X') faten (X, (X)) .

forae. X’ €eR" VaeNy:|af<m-2, 1<j<n-1

Next, fix a nonnegative function n € C§°(R"™ 1) which integrates to one and, for each € > 0, set
Ne(X) := e "n(X/e). Then, for each |a] <m —1,e >0, and X = (X', X,,) € R", consider

m—1—|«|
FiX) = 3 (X 00 fasken (90 ne(X) (7.86)
k=0
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Based on (7.85), a straightforward calculation gives that whenever r:=m —1—|a| > 1and 1 < j <
n—1,

1

+% ((Xn = @() fatren (- ,w(-))) + 9 (1) (X). (7.87)

OFL(X) = Fo o (X) + ((Xn — () ' 050() fasren (- ,w(-))) 1 (X7)

Thus, if r :=m — 1 — |a] > 1, after moving the derivative off of 7. in the last term above we arrive at
the recurrence formula

Fie) (X) + 4 (X = 9005 (fatren(0(0) ) # 0 (X) i j <,
O F(X) = (7.88)
Fe,o (X) if j=n.

Hence, if we now define F*(X) := .. 0)(X), an inductive argument based on (7.88) shows that,

for any multi-index o = (o/,a,) € Ng~t x N of length |o/| + oy, < m — 1, the difference between
il D*F#(X) and F5(X) can be expressed as a finite, constant coefficient linear combination of terms
of the type

e P {((Xn = @)™ 0 f5(, 0()))) * (Tm)(X), (7.89)

where
1<j<n-—1, B,7y€Ny ! aresuchthat e;+8+vy=¢c/, and §€NJ, [§|=m—1. (7.90)
Consequently, (7.83) will follow easily once we establish that for every o € Njj of length <m — 1,
Fo( 0() = fa(y () in Ly(R™™) as e — 0, (7.91)

and that, whenever the indices are as in (7.90) and X,, = ¢(X’), the expression in (7.89) converges to
zero in L})(Rnfl) as € — 0. As regards (7.91), we begin by noting that

m1|a\

Fa(x! Z 7l /Rn ) p(Y ,)>kfa+ken(Y,,QD(Y'))nE(X'—Y’) ay’.  (7.92)

Thus, clearly, F5(-,0(-)) = fa(-,¢(-)) in Ly(R"™!) as ¢ — 0, and (7.91) is proved as soon as we show
that Vx/[FS(-, ()] = Vx/[fal-,»(:)] in L,(R"1) as ¢ — 0. We remark that this is obviously true
if |a] =m —1 (cf. (7.92)), so we consider the case when |a| < m — 2. In this situation, we use (7.92)
to compute, for each k € {1,...,n — 1},

s [FEe ] = [ S [ Vel )] (X = Y)Y

[ @) = 0oV D eV V) (X = V) @Y
RO (7.93)

with [R(X')[ < Ce 3y <oy 1f5(: ,go())] *0e(X'). In particular, Rz, @n-1) goes to zero as e — 0.
Consequently, 5 a [F’E(X’ (X’))} axk [fa(X’ (X’))} in L,(R"!) as ¢ — 0, proving (7.91).
Let us now cons1der the expression (7.89) when o € Nij with |o| < m—1 is fixed and the conditions

in (7.90) hold. A direct estimate shows that, when X,, = ¢(X’), the L,-norm of this quantity is
< Ce™lel - 0 as e — 0. To finish the proof, take X, = ¢(X’) in (7.89) and, for an arbitrary
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je{l,..,n—1}, apply 0/0X;. Much as we just did, the L,-norm of this quantity is < Cem—lol-1,
Thus, provided that || < m — 2, this converges to zero as ¢ — 0. The most delicate case is when

|a] = m — 1. In this situation, we write out the terms obtained as a result of making X,, = ¢(X’) in
(7.89) and then applying 0/0X}, for some fixed k € {1,...,n — 1}. They are

[ () = ) g (- Y o)

and
r—

1
retr [ (P = o) Bpl X gy @)X - Y aY, (7.95)
where we have set 7 := m — 1 — || — a;, and g := 9;(f5(-,¢())). Above, we have used the fact
that || = m — 1 forces |y| = r — 1. Our goal is to prove that the Ly,-norm of the sum between
(7.95) and (7.94), viewed as functions in X € R""! converges to zero as ¢ — 0. To this end, write
P(X) = oY) = AXY) X' =Y + Vo(X') - (X' = Y), where

(X)) — (V') + o(X)(Y' = X)

A(X/’ Y’) = |X/ — Y/| R (796)
then expand
T r! a “
(p(X) =e(¥)) = 3 L AKLY)X - Y (Vp(X) - (X =Y (7.97)
atb=r
71' a a g g
=YY ALY X Y (VX)) (X - YY)
a+b=r |o|=b o
O'ENg_l
Plugging this back into (7.94) finally yields
7! - a o
SN Vel [ ALY )OS, )X - Y)Y, (198)
a+b=r |o|=b o "
* UENg_l
where we have used the notation
07 (X') == (X)X |*(0™n)(X"), X eR" o reNI"! aeNg. (7.99)

Each integral above is pointwise dominated by C(||Ve| L., )Mg(X’) uniformly with respect to £ > 0
(recall that M is the Hardy-Littlewood maximal operator), and converges to zero as ¢ — 0 whenever
a > 0 and X’ is a differentiability point for the function . Thus, since ¢ is almost everywhere
differentiable, by a well-known theorem of H. Rademacher, and since M is bounded on L, if 1 < p < oo,
Lebesgue’s Dominated Convergence Theorem gives that all integrals in (7.98) corresponding to a > 0
converge to zero in Ly(R"™!) as e — 0.

On the other hand, in the context of (7.98), a = 0 forces |o| = r = |y + ex|. Note that in general,
if a =0 and |o| = |7]|, definition (7.99) and repeated integrations by parts yield

o7 () ax! = [ (X @)Y = (1)t (7.100)
Rn—1 Rn—1

where 0y, is the Kronecker symbol. Consequently, as ¢ — 0, the portion of (7.98) corresponding to
a =0 (and, hence, the entire expression in (7.98)) converges in L,(R"!) to

(=177l (V) Terg. (7.101)
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The analysis of (7.95) closely parallels that of (7.94). In fact, given the close analogy between (7.95)
and (7.94), in order to compute the limit of the former in L, as ¢ — 0, we only need to make the
following changes in (7.101): replace v + ex by v, r by r — 1 and then multiply the result by r Ox¢.
The resulting expression is precisely the opposite of (7.101), and this finishes the proof. O

After this preamble, we are now ready to present the

Proof of Theorem 7.8. The fact that V,,""“(Q) is the null-space of Tr;,_1 follows from Proposition 7.3
once we notice that (7.73) is the composition between (7.22) and

Ym—1+s ¢ k!

By (09) 5 f = {fabaizm = { 3

> —v fa}ogkgm—l L,(09), (7.102)

and that the assignment (7.102) is one-to-one. The latter claim can be justified with the help of the

identity
Db
8y|a| E E , (7.103)

|Bl=]a|—17,k=1

D% = jlel o

where p;llf are polynomial functions. Indeed, let f € B;”*HS((?Q) be mapped to zero by the assignment

(7.102) and consider U := E(f) € Wy"*(Q). Then f, = il®l Tr [D*U] on O for each a with |a| < m—1
and, granted the current hypotheses, 91/ /ov¥ = 0 for k = 0,1,...,m — 1. Consequently, (7.103) and
induction on |a| yield that Tr [D*U] = 0 on 02 whenever |a| < m — 1. Thus, ultimately, f, = 0 for
each a with |a| < m — 1, as desired. In turn, the identity (7.103) can be proved by writing
D0\ T 0 0 = 0 19
o= ) Mo ok + Sesit]
i I1 5 121 > &k (& o am) ; S8 g,-] |

=1 j=1 k=1

.

1 ey (g b))l (7.10)

=0

Il
’:]:

.
Il
-

I

I
N

[
; [ Yj 81/0‘1 Z W — 1) (Z€k<£k3$ gjai,)) 3881/1”

and noticing that [[7_, ujja%'/az/% = v29lelJoulel | whereas (£,.0/0x; — €;0/0x1)|e=y = —0/0Tj.
Parenthetically, let us point out here that the identity (7.104) readily proves the existence of some
polynomial function Pfjk such that (7.70) holds.

Turning to the characterization of the image of the operator (7.73), assume that g, € L,(09),
0 < k <m—1, are such that the functions f, defined as in (7.74)-(7.75) belong to B,(9). The claim

that we make is that f := {fa}ia)<m—1 € B]T*HS(@Q) and
kL,
gk:ZaV for  0<k<m-—1. (7.105)
la|=k
Regarding the first part of the claim, by (7.76) and Proposition 7.7 it suffices to show that (7.82)
holds. We shall prove by induction on ¢ := |a| € {0, ..., — 2}. Based on (7.74)-(7.75), we compute

)
fa=1g1+ > yﬁaéo, Va : |a| =1, (7.106)
I8l=1 “

from which the version of (7.82) with a = (0, ...,0) is immediate. To prove the induction step, assume
that (7.82) holds whenever || < ¢ — 1. By Lemma 7.9, there exists F; € C§°(R"), € > 0, such that

| <= "X [DYF.] — f, in LL(0Q) as & — 0. (7.107)
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From (7.107) and (7.70) it follows that for each o € Njj with |a| = ¢ + 1,

(e+1

for=vogp+i™ lim Y 7

|B]=£+1

8 (uﬁ Tr[DYF.] — v° Tr [DﬁFe]) in L,(0Q).  (7.108)

Next, fix an arbitrary o € Nj with |a| = ¢, choose j, k € {1,...,n}, and consider the identity (7.108)
written twice, with o + ej and o+ e;, respectively, in place of o. If we multiply the first such identity
by v;, the second one by v} and then subtract them from one another, we arrive at

(E+ D! s 9 Tr [D°F]. (7.109)
ﬁ. Tjk

Vjfate, — kaa+ej =t hm Z

IBI 41

y (7.107), the above limit is it0f./ O7jx, and this finishes the proof of the induction step. Thus
(7.82) holds and, as a result, f := {fa}aj<m—1 € B}T*HS(@Q), as desired. As for (7.105), if we set

U:=EfewWm(Q), (7.110)

it follows from (7.25), (7.75) and (7.70) that

fa=v%k + Z —V (VP fo — 1 f5), Va : |a| =k, (7.111)
18l= ’f

from which we deduce that Vo‘gk =p° Z| =k E',u fs for each multi-index « of length k. Multiplying

both sides of this equality by £ ,1/ and summing over all a € N with |a| = k finally yields (7.105).

Going further, from (7.110) (7.105) and (1.5), we may conclude that {gi}o<k<m-1 = Trm—1U,
which proves that the family {g;}o<r<m-—1 belongs to the image of the mapping (7.73). Conversely,
if {gr}to<k<m—1 = Trm—1U for some function U € Wp"*(Q), it follows from (7.70) and (7.75) that
fo = il®ITx[DU] for |a| < m — 1. Consequently, f, € B;(0Q) if [a] <m —1 and f, € L;,(@Q) for
|a] < m —2, thanks to (7.69). This finishes the proof of the fact that (7.76) characterizes the image of
the operator (7.73). That the space (7.77) is independent of the choice of polynomials Psﬁ satisfying
(7.70) is implicit in the above reasoning. Finally, the results in §7.1 imply that the operator (7.79) is
bounded. Since as a byproduct of the above proof, the assignment

BP0 00) 3 = (abatm 1 { X 510" fu € Wy 09) (7.112)

=k 0<k<m-—1
o

is an isomorphism, we may take Ext in (7.80) to be the composition between the operator (7.24) and
the inverse of the mapping (7.112). This finishes the proof of the theorem. O
A specific implementation of the algorithm (7.74)-(7.75) is discussed below.

Corollary 7.10 Assume that Q be a bounded Lipschitz domain in R™ and fir 1 < p < oo and —1/p <
a<l-1/p,s:=1-a—1/p€ (0,1), m € N. For a family (go, g1, ---, gm-1) € Lp(9) set f(o,...0) := go
and, inductively, if {fy}y|<e—1 have already been defined for some £ € {1,...,m — 1}, set

ol O |t 10!
fa = l/age + ﬁ E ‘(51 ’Iul ‘91 o+o (Vtanfu—&—H) Va e Ng : |Oé| =, (7113)
' y.+6+ej:oz 'u
161=1]

where (+)j is the j-th component. Then ¢ = (90,91, ---, gm—1) belongs to WZT*HS(@Q) if and only if
J=A{fa}iaj<m—1 belongs to B*~15(0KY), in which case (7.105) also holds.
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Proof. For any two multi-indices «, 3 € Njj of length £ written as o = ej, +---¢;, and 8 = ey, +- - - e,
a direct calculation yields

0

Bpa _ apb ;¢ e . ey —
v’D viD" =1 Vi, Vkg—r_1Vie—ria Vje OT ]
ke—rjo—r

O+ 0jy 1 Oky_pyy - 0jp. (T.114)

In order to be able to re-write (7.114) in multi-index notation, it is convenient to symmetrize the
right-hand side of this identity by adding up all its versions obtained by permuting the indices ji, ..., j¢
and k1, ..., ks. In this fashion, we obtain

1a'ﬂ' L=r=DIr1(l—r—1)!r! 0
Bpa ap [t e Y46 +9
vVWD* — v Z Z o 51 o H!V . ~—D" (7.115)

r=0 M+6+e-—a |8|=r
~/+9+ek B,101=

This is a particular version of (7.70), where the intervening polynomials are identified explicitly. If we
now implement the algorithm (7.74)-(7.75), for each o € N with |a| = ¢ we arrive at

fa=v ge+ ZZ > (E_T_l)!ﬂ(g_T_l)""' s Ofuro (7.116)

! ! ! e
" B|=L =0 n+étej=a, 5= e J v o OTkj
+¢9+ek 8,10|=

Next, we replace 8 by v + 0 + eg, eliminating the sum over 3, and make use of the identities

{—r—1)!
Z ( | ) V2’Y = 17 ZV}C@T Vtan f) (7117)
=t—r-1 ki
in order to transform (7.116) into
.ol (C—r=1irr s,
fo= V90t 4 Z > g (Vean furo)i (7.118)
ptdte;=a :
[0]= W—T
which is equivalent to (7.113). O

The space (7.77) takes a particularly simple form when m = 2. Indeed, as a direct consequence of
(7.113) in which we take ¢ = 1 we have:

Corollary 7.11 For each Lipschitz domain Q@ C R™ and each 1 < p < o0, s € (0,1),
W, "2(09) = {(90,91) € Lp(0Q) ® Lp(09) : vg1 + Vean go € B, (0Q)}. (7.119)

This has been conjectured to hold (when s =1 — 1/p) by A.Buffa and G. Geymonat on p. 703 of [8].

Finally, we comment on how (7.77) relates to more classical spaces of higher order traces when
 C R™ has a smoother boundary than mere Lipschitz. Specifically, fix m € N, m > 2, p € (1, 00),
5 € (0,1) and assume that 9 is locally given by graphs of Lipschitz function ¢ : R"~! — R with the
additional property that V¢ belongs to M BI’,”_QJ“S (R"=1), the space of (pointwise) multipliers for the
Besov space B'~2T$(R"1) (cf. [39], [41]). Then, for each non-integer 1 < y < m — 1+ s, one can
coherently define the space By (992) by starting from Bp(R"™1) and then transporting it to 9 via a
smooth partition of unity argument and by locally flattening the boundary. In fact, we arrive at the
same space by taking the image of the trace operator on 95, acting from Bl +1/p (R™).
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Proposition 7.12 Assume that p € (1,00), s € (0,1) and that Q C R™ is a Lipschitz domain whose
boundary is locally described by means of graphs of real-valued functions in R"™' whose gradients
belong to M B~ *T5(R"~1). Then

m—1
Wyt o0) = [ By (09). (7.120)
k=0

In particular, this is the case if 9 € C™ 10 for some 6 > s.

Proof. In one direction, (7.69) and lifting theorems imply that if {fa}ja<m—1 € B;”*HS(@Q) then
fa € Bglil*laHS(aQ) for each o with |a| <m —1. Hence, gi := 35— ];—', v fo € B;,”_l_k“(aﬁ) for
each k € {0,...,m — 1}, so the left-to-right inclusion in (7.120) follows from the fact that (7.112) is an
isomorphism.

As for the opposite implication, given {gx to<k<m—1 € @Z:OIB;”*P’”S@Q), define { fo}jaj<m—1 as
in (7.74)-(7.75). Granted the current assumptions on 0f2, an argument based on induction and the fact
that v € M B}~ T5(0Q) shows that f, € B;,n_l_‘a'ﬂ(@ﬂ) for each |a| < m — 1. In particular, (7.76)
holds which proves that {g}o<k<m-1 € W;”_HS (02). This shows that the right-to-left inclusion in
(7.120) also holds, thus finishing the proof of the proposition. O

8 Proof of the main result

8.1 The inhomogeneous Dirichlet problem

Theorem 1.1 is a particular case of Theorem 8.1, concerning the solvability of the inhomogeneous

Dirichlet problem
AX,Dx)U =F in Q,

(8.1)
o*u
— =g ondd, 0<k<m-—1,
ovk
in the space W,"*(Q2). Note that for any operator A as in §6.1 we have
A(X,Dx) : W (Q) — V,™(Q) (8.2)

boundedly. Thus, granted the membership of ¢ solving (8.1) to W,™"(Q2), it follows from Theorem 7.8
that necessarily F € V, "*(Q) and g := {gr }o<k<m—1 € W~ 175(8Q). Moreover,

91145 0y + 1F Tl gy < Clllhen, (8.3)
The converse direction makes the object of the theorem below.

Theorem 8.1 Let Q be a bounded Lipschitz domain in R™ and assume that the operator A is as in
§6.1. Then there exists ¢ > 0 such that if (1.13) is satisfied then the Dirichlet problem (8.1) has a
unique solution U € Wy (Q) for any given F € V, ™*(Q) and g := {gk}o<k<m-1 € W;”_H'S(E)Q).
Furthermore, there exists C = C(09Q, A, p,s) > 0 such that

ellwey < € (lglhigresomy + 1 Fly-magqy )- (8.4)

Proof. We seek a solution for (8.1) in the form U = Ext(g) + W, where Ext denotes the exten-
sion operator from Theorem 7.8 and W € V,**(2). Note that, by Theorem 7.8, this membership
automatically entails 0*W/0v* = 0 on 99 for k = 0,1,...,m — 1, so it suffices to take

W= A(X, Dx)~! (f — A(X, Dx)Ext (g)) € V() (8.5)

49



which, by (8.2) and Theorem 6.3, is meaningful. As for uniqueness, let & € Wy () solve (8.1) with
F=0and gy =0,0 <k <m— 1. Then the function I belongs to V,"*(Q), thanks to Theorem 7.8,
and is a null-solution of A(X, Dx). In turn, Theorem 6.3 gives that & = 0, as desired. Finally, (8.4)
is a consequence of the results in §7. g
We conclude this subsection with a remark pertaining to the presence of lower order terms. More
specifically, granted Theorem 8.1, a standard perturbation argument (cf., e.g., [27]) proves the follow-

ing. Assume that
AX,Dx)U:= > D*Au(X)DU), XeQ, (8.6)

0<|al,|B|<m

where the top part of A(X, Dx) satisfies the hypotheses made in Theorem 1.1 and the lower order
terms are bounded. Then, assuming that either (8.9) or (1.13) holds, the Dirichlet problem (8.1) is
Fredholm with index zero, in the sense that the operator

Win(Q) 5 U (AX, DU, {0U/0F ocpem 1) € V™ Q) @ WTH(00)  (8.7)

is so. Furthermore, the estimate

[Ulweiy < C (1Fy-ma gy + lglhip-1xgomy + [Ully) (8.8)

holds for any solution U € W,"*(Q2) of (8.1).

8.2 Further comments and the sharpness of Theorem 8.1

A byproduct of our proof of Theorem 8.1 is the following. Assume that 2 C R", £ are as in the first
paragraph of the statement of Theorem 8.1. Then there exists € > 0, depending only on the L,.-norm
of the coefficients and the ellipticity constant of £, with the property that the Dirichlet problem (8.1)
with data from W;"~175(9Q) has a unique solution in W;"*(Q2) granted that

271 —p7l<e and |a| <. (8.9)

To justify this claim, we rely on Theorem 7.8 and, using the same strategy as before, reduce matters
to proving that the operator (6.28) is an isomorphism. When a = 0 and p = 2, our assumptions on
A(X, Dx) and the classical Lax-Milgram lemma ensure that this is indeed the case. Then the stability
theory from [32], [52] allows us to perturb this result, i.e., conclude that (6.28) is an isomorphism
whenever (8.9) holds, as soon as we show that the scale V,"*(£2) is stable under complex interpolation.
That is, if 1 < p; < oo, —1/p; < a; < 1—1/p;, i € {0,1}, 8 € (0,1), 1/p = (1 —6)/po + 6/p; and
a=(1-0)ag + Oay, then

[Vme0 (Q), Vo (Q)]g = Vi (9), (8.10)
where [-,]p denotes the usual complex interpolation bracket. In the proof of (8.10) we may assume

that  is a special Lipschitz domain and, further, that 2 = R", by making the change of variables
described in §5.2-§5.3. In this latter setting, it will be useful to note that

[Lpo (RY, 232 dix), Ly (R, a7t dx)]g = Lp(RY, a7P dx), (8.11)

granted that the indices involved are as before, which follows from well-known interpolation results for
Lebesgue spaces with change of measure (cf. Theorem 5.5.3 on p. 120 in [6]). Then (8.10) follows easily
from (8.11), the fact that for each a € N with |a| = m the operator D® maps the scale V,;""*(R".)
boundedly into the scale L,(R%, 2’ dz), and (4.23)-(4.25). This finishes the proof of the claim made
at the beginning of this subsection.

In turn, the aforementioned result can be viewed as an extension of a well-known theorem of
N.Meyers, who has treated the case m = 1, [ = 1 in [42]. The example given in §5 of [42] shows
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that the membership of p to a small neighborhood of 2 is a necessary condition, even when 0fQ is
smooth, if the coefficients A,3 are merely bounded. For higher order operators we make use of an
example originally due to V.G.Maz’ya [36] (cf. also the contemporary article by E.De Giorgi [16]).
Specifically, when m € N is even, consider the divergence-form equation

ASIL AT =0 in Q= {X €R: |X] < 1), (8.12)

where L4 is the fourth order operator

Ly(X,Dx)U = m¥u+b§:A( Jaau)+b§:aa( S au)

2 AU XP
XiX; XX
+e Z akal( ’X‘f laaju). (8.13)
,7,k,l=1

Obviously, the coefficients of £4(X, Dx) are bounded, and if the parameters a,b,c € R, a > 0, are
chosen such that b?> < ac then £ along with A%m_1£4 Az are strongly elliptic. Now, if Wy
denotes the usual Ly,-based Sobolev space of order s, it has been observed in [36] that the function
UX) = | X[+ 2 ¢ Wi (Q) has TrUd € C(99N) and is a weak solution of (8.12) for the choice

n?  (n—1)(bn+c)
=2 - = — . 14
b 2+\/4 a+2b+c (8:.14)

Thus, if a :== (n — 2)2 4+ ¢, b := n(n — 2), c := n?, ¢ > 0, the strong ellipticity condition is satisfied
and 6 = 6(¢) becomes 2 — n/2 + ne'/?2/2\/4(n —1)2+ . However, U € W (€2) if and only if
p <n/(2—06(e)), and the bound n/(2 — 6(e)) approaches 2 when € — 0. An analogous example can
be produced when m > 1 is odd, starting with a sixth order operator L¢(X, Dx) from [36]. In the
above context, given that W} (Q) — VMO(R), it is significant to point out that both for the example
in [42], when n = 2, and for (8.12) when n > 3, the coefficients have their gradients in weak-L,, yet
they fail to belong to W,(Q).

Of course, condition (1.3) ensures that the left-hand side of (1.13) is always finite but it is its
actual size which determines whether for a given pair of indices s, p, the problem (1.2), (1.6), (1.9) is
well-posed. Note that the maximum value that the right-hand side of (1.13) takes for 0 < s < 1 and
1 < p < oo occurs precisely when p =2 and a :=1—s—1/p = 0. As (1.13) shows, the set of pairs
(s,1/p) € (0,1) x (0,1) for which (8.1) is well-posed in the context of Theorem 8.1 exhausts the entire
square (0,1) x (0,1) as the distance from v and the A,3’s to VMO tends to zero (while the Lipschitz
constant of 2 and the ellipticity constant of £ stay bounded). That the geometry of the Lipschitz
domain € intervenes in this process through a condition such as (1.13) confirms a conjecture made by
P. Auscher and M. Qafsaoui in [5].

While the main aim of the present work is the consideration of higher-order operators with coef-
ficients in Lo, Theorem 8.1 (and, with it, Theorem 1.1) is new even in the case when m = 1 and
Anpg € (Ol (i.e., for second order, constant coefficient systems). It provides a complete answer to the
issue of well-posedness of the problem (8.1) in the sense that the small mean oscillation condition,
depending on p and s, is in the nature of best possible if one insists on allowing arbitrary indices p
and s. This can be seen by considering the following Dirichlet problem for the Laplacian in a domain
QCR™

AU=0inQ, Tl =g€ B50Q), [U|+|VU| € Ly(Q, p(X)P1=71dX). (8.15)
It has long been known that, already in the case when 02 exhibits one cone-like singularity, the
well-posedness of (8.15) prevents (s,1/p) from being an arbitrary point in (0,1) x (0,1). At a more
sophisticated level, the work of D. Jerison and C.Kenig in the 1990’s shows that (8.15) is well-posed

in an arbitrary, given Lipschitz domain 2 if and only if the point (s,1/p) belongs to a certain open
subregion of (0,1) x (0, 1), determined exclusively by the geometry of the domain Q (cf. [29]).
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