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al solution ofintegro-di�erential equationsAbstra
t. In this book realizations and appli
ations of a new 
on
ept ofapproximation pro
edures are dis
ussed. These pro
edures have the 
ommonfeature that they are a

urate without being 
onvergent as the mesh size tendsto zero.The la
k of 
onvergen
e is 
ompensated for by the �exibility in the 
hoi
eof approximating fun
tions, by the simpli
ity of the multi-dimensional gener-alization and by the possibility to obtain expli
it formulas for values of variousintegral and pseudodi�erential operators applied to the approximating fun
-tions.This allows to design new 
lasses of high order 
ubature formulas of in-tegral and pseudodi�erential operators and to develop new e�
ient numeri
aland semi-analyti
 methods for solving boundary value problems of mathemat-i
al physi
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Prefa
e
• General idea and motivation. In this book, we dis
uss realizations andappli
ations of a new 
on
ept of approximation pro
edures, 
alled approximate ap-proximations. Most of these pro
edures, whi
h in
lude approximate quasi-interpola-tion, interpolation, least square approximation, 
ubature of integral operators, andwavelet approximations, have one 
ommon feature. They are a

urate without be-ing 
onvergent in a rigorous sense. In numeri
al mathemati
s, su
h a situationis not ex
eptional. For instan
e, non-
onvergent algorithms are natural in solv-ing overdetermined ill-posed problems. However, for the approximation pro
essesmentioned above, 
onvergen
e is required.Needless to say, the engineers and resear
hers who use numeri
al methods forsolving applied problems do not need the 
onvergen
e of the method. In fa
t, theyneed results, whi
h are exa
t within a pres
ribed a

ura
y, determined mainly bythe toleran
e of measurements and other physi
al parameters, and always by thepre
ision of the 
omputing system. Their attitude, supported by 
ommon sense,was a powerful motivation for the development of our theory.The la
k of 
onvergen
e in approximate approximations is 
ompensated for,�rst of all, by the �exibility in the 
hoi
e of basis fun
tions and by the simpli
ity ofthe multi-dimensional generalization. Another, and probably the most important,advantage is the possibility of obtaining expli
it formulas for values of various inte-gral and pseudodi�erential operators of mathemati
al physi
s applied to the basisfun
tions.The 
on
ept of approximate approximations and �rst related results were pub-lished by the �rst author in [62℄ � [64℄. Later on, various aspe
ts of a general theoryof these approximations were systemati
ally investigated in several joint papers bythe authors ([66℄ � [70℄). The present book is essentially based on the papers justmentioned and on our re
ent unpublished results. We also report on 
omputationalalgorithms of the approximate approximations developed together with V. Karlin,T. Ivanov, W. Wendland, F. Lanzara, A. B. Mov
han, et al.The theory under 
onsideration is at the very beginning of its development andwe wrote this book with the hope of attra
ting new resear
hers to this area.
• Approximate quasi-interpolation. To give an impression of what we havein mind, re
all, for example, that a typi
al error estimate of spline interpolation

Mhu on a uniform grid with size h, for a fun
tion u ∈ CN , has the form
‖u−Mhu‖C ≤ chN‖u‖CNwith some integer N and a 
onstant c independent of u and h. Here C and CNare the spa
es of 
ontinuous and N -times 
ontinuously di�erentiable fun
tions.xi



xii PREFACEIn 
ontrast to this situation, we �x ε > 0 and 
onstru
t an approximate quasi-interpolantMh,εu using the translates of a more or less arbitrary fun
tion ηε insteadof pie
ewise polynomials
Mh,εu(x) =

∑

m

u(hm)ηε(x/h−m) .One 
an show that
‖u−Mh,εu‖C ≤ c1(u)h

N + c2(u) ε .Thus, the error 
onsists of a part 
onverging with order N to zero as h → 0 anda non-
onvergent part c2(u)ε 
alled the saturation error. Thus, the pro
edureprovides good approximations up to some pres
ribed error level, but it does not
onverge as h→ 0.The approximate quasi-interpolation pro
edure 
an be extended to the appro-ximation of fun
tions on domains and manifolds with nonuniformly distributednodes.
• Cubature formulas. The numeri
al treatment of potentials and other in-tegral operators with singular kernels arises as a 
omputational task in di�erent�elds. Sin
e standard 
ubature methods are very time-
onsuming, there is ongo-ing resear
h to develop new e�e
tive algorithms like panel 
lustering, multipoleexpansions or wavelet 
ompression based on pie
ewise polynomial approximationsof the density. The e�e
tive treatment of integral operators is also one of the mainappli
ations of approximate approximation.The ri
hness of the 
lass of generating fun
tions η makes it easier to �nd approx-imations for whi
h the a
tion of a given pseudodi�erential operator 
an be e�e
-tively determined. For example, suppose one has to evaluate the 
onvolution witha singular radial kernel as in the 
ase of many potentials in mathemati
al physi
s.If the density is repla
ed by a quasi-interpolant with radial η, then after pass-ing to spheri
al 
oordinates, the 
onvolution is approximated by one-dimensionalintegrals. For many important integral operators K one 
an 
hoose η even su
hthat Kη is analyti
ally known, whi
h results in semi-analyti
 
ubature formulas forthese operators. The spe
ial stru
ture of the quasi-interpolation error gives rise toan interesting e�e
t. Sin
e the saturation error is a fast os
illating fun
tion and
onverges weakly to zero, the 
ubature formulas for potentials 
onverge even in therigorous sense, although there is no 
onvergen
e for their densities.
• Approximate wavelets. Another example of approximate approximationsis the notion of approximate wavelet de
ompositions for spa
es generated by smoothfun
tions satisfying re�nement equations with a small error. It appears that thoseapproximate re�nement equations are satis�ed by a broad 
lass of s
aling fun
tions.This relation allows one to perform an approximate multi-resolution analysis ofspa
es generated by those fun
tions. Therefore a wavelet basis 
an be 
onstru
tedin whi
h elements of �ne s
ale spa
es are representable within a given toleran
e.The approximate wavelets provide most of the properties utilized in wavelet-basednumeri
al methods and possess additionally simple analyti
 representations. There-fore the sparse approximation of important integral operators in the new basis 
anbe 
omputed using spe
ial fun
tions or simple quadrature. One 
an give expli
itformulas for harmoni
 and di�ra
tion potentials whose densities are approximatewavelets.



PREFACE xiii
• Appli
ations in mathemati
al physi
s. The 
apability of approximateapproximations to treat multi-dimensional integral operators enables one to developnew e�
ient numeri
al and semi-analyti
 methods for solving various problems inmathemati
al physi
s. First of all, this tool 
an be e�e
tively used as an under-lying approximation method in numeri
al algorithms for solving problems withintegro-di�erential equations. Another very important appli
ation of approximateapproximations is in the large �eld of integral equation methods for solving initialand boundary value problems for partial di�erential equations.
• Stru
ture of the book. We des
ribe brie�y the 
ontents of the book. Moredetails are given in the introdu
tion of ea
h 
hapter. Most of the referen
es to theliterature are 
olle
ted in Notes at the end of Chapters 2 - 13.In Chapters 1 and 2 we analyze the approximate quasi-interpolation on uni-form latti
es. We start with simplest examples of se
ond- and higher-order quasi-interpolants in both the one-dimensional and multi-dimensional 
ases. Then weturn to pointwise and integral error estimates for quasi-interpolation of fun
tionsgiven on the whole spa
e. We formulate 
onditions on the generating fun
tions ηof quasi-interpolation formulas whi
h ensure the smallness of saturation errors andthe 
onvergen
e with a given order up to the saturation bound.A variety of basis fun
tions and algorithms for their 
onstru
tion are the subje
tof Chapter 3. We provide examples giving rise to new 
lasses of simple multi-variate quasi-interpolation formulas whi
h behave in numeri
al 
omputations likehigh-order approximations.Chapters 4 and 5 are dedi
ated to semi-analyti
 
ubature formulas for numer-ous integral and pseudodi�erential operators of mathemati
al physi
s, in parti
ularfor harmoni
, elasti
, and di�ra
tion potentials. In Chapter 6 we obtain approxi-mations of the inverse operator of the Cau
hy problem for the heat, wave, and plateequations. There we also give formulas for the value of integral operators appliedto more general basis fun
tions.The Gaussian fun
tions possess remarkable approximation properties. Chap-ter 7 is devoted to quasi-interpolation and interpolation with these basis fun
tions.In Chapter 8 we perform approximate multi-resolution analysis for spa
es gen-erated by fun
tions of the S
hwartz 
lass and introdu
e approximate wavelets. Forthe example of the Gaussian kernel we give simple analyti
 formulas of su
h wavelets�rst in the one-dimensional 
ase and then in the 
ase of many dimensions. We ob-tain quadratures of Newton and di�ra
tion potentials a
ting on these wavelets.in Chapter 9 the method of 
ubature of potentials is extended to the 
ompu-tation of these potentials over a bounded domain. Here we use mesh re�nementtowards the boundary of the domain and 
onstru
t spe
ial boundary layer approxi-mations. Our algorithm relies heavily on approximate re�nement equations whi
h,as was mentioned, play a 
ru
ial role in the 
onstru
tion of approximate waveletsalso.The approximate quasi-interpolation is extended in Chapter 10 to the appro-ximation of fun
tions on non-
ubi
 grids and on domains and manifolds with non-uniformly distributed nodes.In Chapter 11 we study approximate quasi-interpolation of s
attered data. Weshow that simple modi�
ations of basis fun
tions provide an approximate partitionof unity whi
h allows the 
onstru
tion of high-order approximate quasi-interpolantson s
attered 
enters.



xiv PREFACEFinally, in Chapters 12 and 13, we treat appli
ations of approximate approxi-mations to numeri
al algorithms of solving linear and non-linear pseudodi�erentialequations of mathemati
al physi
s. To be more spe
i�
, in Chapter 12 we apply the
ubature methods developed in Chapter 4 to the solution of Lippmann-S
hwingertype equations of s
attering theory. We des
ribe the Boundary Point Method, theappli
ation of approximate approximations to the solution of boundary integralequations. The same 
hapter 
ontains formulas for the harmoni
 single layer po-tential a
ting on basis fun
tions given on a surfa
e. In Chapter 13, we des
ribeappli
ations to non-linear evolution equations with lo
al and non-lo
al operators,in
luding the Navier-Stokes, Joseph, Benjamin-Ono, and Sivashinsky equations.
• Readership. The book is intended for graduate students and resear
hers in-terested in applied approximation theory and numeri
al methods for solving prob-lems of mathemati
al physi
s. No spe
ial knowledge is required to read this book,ex
ept for 
onventional university 
ourses on fun
tional analysis and numeri
almethods.
•A
knowledgments. The authors would like to thank F. Lanzara, V. Karlin,and T. Ivanov for the help in obtaining some of the numeri
al results presented inthe book.This resear
h was made possible by support from DAAD and Svenska institutet(grant 313/S-PPP 4/96) and INTAS (grant 97-30551). The �rst author was par-tially supported by the NSF grant DMS 0500029. The se
ond author was partiallysupported within the DFG Priority Program 1095. Both authors want to thankthe Department of Mathemati
s of the University of Rome "La Sapienza" for thewarm hospitality, and the se
ond author gratefully a
kknowledges the hospitalityof the Department of Mathemati
al S
ien
es at the University of Liverpool.V. Maz′ya and G. S
hmidt



CHAPTER 1Quasi-interpolation1.1. Introdu
tion1.1.1. Exer
ise for a freshman. Suppose we are given the task of drawingthe graph of the fun
tion
f(x) =

∞∑

m=−∞
e−(x−m)2/2obtained by summation of shifted Gaussians, whi
h are depi
ted in Fig. 1.1.

42-2-4

1

0.5

Figure 1.1The fun
tion f(x) is, of 
ourse, bounded, positive, and smooth. Moreover,
f(x+ 1) = f(x), i.e., it is periodi
 with period 1. So we expe
t that the graph of fshould look like a ni
e periodi
 wavy 
urve. However, it is quite astonishing to �ndout that this graph, whi
h 
an be easily produ
ed with standard plotting softwareand whi
h is depi
ted in Fig. 1.2, is a 
onstant.

42-2-4

2

1

Figure 1.2. Graph of f(x)1



2 1. QUASI-INTERPOLATIONIn fa
t, this super�
ial impression proves to be wrong. If the s
ale of the y-axisis 
hanged as in Fig. 1.3, then we see that f(x) is not 
onstant; it os
illates between
2.50662826 and 2.50662829.

420-2-4

2.50662828

2.50662827

Figure 1.3. Zoomed graph of f(x)One obtains the same pi
ture if this pro
edure is repeated for the sum
fD(x) =

∞∑

m=−∞
e−(x−m)2/Dwith di�erent values of the parameter D > 0. Figs. 1.4 and 1.5 show the graph of

fD for the parameters D = 0.5 and D = 4, respe
tively. The plot of the fun
tion
1

1.2

–4 –2 2 4Figure 1.4. f1/2(x)and individual terms
1

2

3

–4 –2 2 4Figure 1.5. f4(x) andindividual terms
f1/2(x) shows the os
illating behavior, whereas f4 looks like a 
onstant. In fa
t f4is also os
illating between 3.54490770181103205± 1.43 · 10−15, whi
h is very hardto depi
t. One 
an 
onje
ture, that the os
illating fun
tion fD tends to a 
onstantif D in
reases.



1.1. INTRODUCTION 3To rigorously explain pe
uliarities of the graphs, let us 
onsider the Fourierseries of the fun
tion(1.1) θ(x,D) =
1√
πD

∞∑

m=−∞
e−(x−m)2/D , D > 0 .Its 
oe�
ients 
an be 
omputed as follows:

1√
πD

1∫

0

∞∑

m=−∞
e−(x−m)2/D e−2πiνx dx =

1√
πD

∞∑

m=−∞

m+1∫

m

e−x2/D e−2πiνx dx

=
1√
πD

∞∫

−∞

e−x2/D e−2πiνx dx =
e−π2Dν2

√
πD

∞∫

−∞

e−(x/
√
D+iπ

√
Dν)2 dx

=
e−π2Dν2

√
πD

∞∫

−∞

e−x2/D dx = e−π2Dν2

.The order of summation and integration 
an be 
hanged here be
ause of the absolute
onvergen
e of the in�nite sum. Hen
e we obtain the Fourier series(1.2) θ(x,D) =

∞∑

ν=−∞
e−π2Dν2

e 2πiνx .This representation of the fun
tion θ is a spe
ial 
ase of the so-
alled Poissonsummation formula(1.3) ∞∑

m=−∞
u(x+m) =

∞∑

ν=−∞
Fu(ν) e 2πiνx ,where Fu denotes the Fourier transform of the fun
tion u. The de�nition of theFourier transform will be given in Se
tion 2.1, where we also dis
uss some propertiesof this important formula.From (1.2), we have

θ(x,D) = 1 + 2

∞∑

ν=1

e−π2Dν2

cos 2πνx ,i.e., our fun
tion θ(x,D) di�ers from 1 by the in�nite series
2

∞∑

ν=1

e−π2Dν2

cos 2πνx .(1.4)The 
oe�
ients e−π2Dν2 , ν = 1, 2, . . ., 
an be very small depending on D, as seenfrom the relation e−π2

= 0.000051723 . . .. In parti
ular, if D ≥ 1, then for any
x the modulus of (1.4) is less than 1.04 · 10−4D. Note that in the 
ases D = 2and D = 4 the di�eren
e is 
omparable to the single and, respe
tively, doublepre
ision in the arithmeti
s of most modern 
omputers, i.e., in these 
ases wherethe fun
tion θ(x,D) is numeri
ally the 
onstant fun
tion 1. Moreover, the di�eren
e
|θ(x,D)− 1| 
an be made less than any pres
ribed positive toleran
e ε by 
hoosing
D large enough. For this it su�
es to take

D > π−2(log |ε| − log 2) .



4 1. QUASI-INTERPOLATIONRemark 1.1. The fun
tion θ is 
losely 
onne
ted with Ja
obi's Theta fun
tion
ϑ3, whi
h is de�ned as (see [1, 16.27℄)(1.5) ϑ3(z|τ) :=

∞∑

n=−∞
e iπτn2

e 2inz ,by the relation θ(x,D) = ϑ3(πx|iπD).1.1.2. Simple approximation formula. We have seen that for �large� Dthe integer shifts
{

1√
πD

e−(x−m)2/D,m ∈ Z

}(1.6)form an approximate partition of unity, i.e., the sum of these fun
tions is approxi-matively equal to the 
onstant fun
tion 1. In addition, the fun
tions in the family(1.6) de
ay very rapidly if |x−m| → ∞. Hen
e, in the sum (1.1), one has to takeinto a

ount only a small number of terms, if one wants to 
ompute the value ata given point x. This leads to the idea of introdu
ing an approximation formulausing the usual s
aling and translation operations with a �small� parameter h forthe family of fun
tions e−x2/D(1.7) Mh,Du(x) =
1√
πD

∞∑

m=−∞
u(mh) e−(x−mh)2/Dh2

.Formulas of this type are known as quasi-interpolants and we are interested in theirbehavior as h→ 0.Let us suppose that the fun
tion u is twi
e 
ontinuously di�erentiable withbounded derivatives. The Taylor expansion of u at the point mh has the form
u(mh) = u(x) + u′(x)(mh− x) + u′′(xm)

(mh− x)2

2for some xm between x and mh. Putting this into (1.7), we derive
Mh,Du(x) =

u(x)√
πD

∞∑

m=−∞
e−(x−mh)2/Dh2

+
u′(x)√
πD

∞∑

m=−∞
(mh− x) e−(x−mh)2/Dh2

+
1

2
√
πD

∞∑

m=−∞
u′′(xm)(mh− x)2 e−(x−mh)2/Dh2

.

(1.8)
The sum of the �rst term on the right-hand side is the fun
tion θ(x/h,D), whereasthe sum in the se
ond term 
an be expressed, for example, by the derivative

θ′
(x
h
,D
)

=
2√

πDDh

∞∑

m=−∞
(mh− x) e−(x−mh)2/Dh2

,whi
h provides the relation
1√
πD

∞∑

m=−∞
(mh− x) e−(x−mh)2/Dh2

= −2πDh
∞∑

ν=1

ν e−π2Dν2

sin 2πν
x

h
.



1.1. INTRODUCTION 5Therefore, by using (1.2), we 
an write the quasi-interpolant in the form
Mh,Du(x) =u(x) + CD,h(x) +Rh(x)(1.9)with the fun
tion(1.10) CD,h(x) = 2u(x)

∞∑

ν=1

e−π2Dν2

cos 2πν
x

h
−2u′(x)πDh

∞∑

ν=1

ν e−π2Dν2

sin 2πν
x

hand the remainder term
Rh(x) =

1

2
√
πD

∞∑

m=−∞
u′′(xm)(mh− x)2 e−(x−mh)2/Dh2

,whi
h obviously satis�es
|Rh(x)| ≤ max

t∈R

|u′′(t)| 1

2
√
πD

∞∑

m=−∞
(mh− x)2 e−(x−mh)2/Dh2

.The Fourier series of the last sum 
an be 
al
ulated similarly to the 
ase θ(x,D),and it holds that
1√
πD

∞∑

m=−∞
(mh− x)2 e−(x−mh)2/Dh2

=
Dh2

2

∞∑

ν=−∞
(1 − 2π2Dν2) e−π2Dν2

e 2πiνx/h,whi
h leads to the estimate
|Rh(x)| ≤ max

t∈R

|u′′(t)|Dh
2

4

(
1 + 2

∞∑

ν=1

∣∣∣(1 − 2π2Dν2) cos 2πν
x

h

∣∣∣ e−π2Dν2
)
.Hen
e, the di�eren
e between u and the quasi-interpolantMh,Du 
an be estimatedfor any x ∈ R by

∣∣Mh,Du(x) − u(x)
∣∣ ≤ Dh2

4

(
1 +

∞∑

ν=1

|4π2Dν2 − 2| e−π2Dν2 )
max
t∈R

|u′′(t)|

+
∣∣CD,h(x)

∣∣ .
(1.11)This inequality is valid for all values of the positive parameters D and h. Here we�nd the spe
ial feature of approximate approximations, mentioned in the Prefa
e.The approximation error 
onsists of a term of the order O(Dh2) and the term∣∣CD,h(x)

∣∣, whi
h is 
alled the saturation error , be
ause it does not 
onverge to zeroas h→ 0. However, we obtain from (1.10) that
∣∣CD,h(x)

∣∣ ≤ 2|u(x)|
∞∑

ν=1

e−π2Dν2

+2πDh|u′(x)|
∞∑

ν=1

ν e−π2Dν2

.Therefore, owing to the rapid de
ay of e−π2Dν2 , ν = 1, 2, . . ., for any ε > 0 one 
an�x D > 0 su
h that the saturation error satis�es
|CD,h(x)| < ε

(
|u(x)| + h|u′(x)|

)
.Sin
e the �rst term of the right-hand side of (1.11) with a �xed D 
onverges to zero,we see that Mh,Du approximates u with the order O(h2) as long as the saturationbound ε(|u(x)| + h|u′(x)|

) is rea
hed. Hen
e, 
hoosing the parameter D su
h that



6 1. QUASI-INTERPOLATION
ε is less than the pre
ision of the 
omputing system, formula Mh,Du behaves innumeri
al 
omputations as a usual se
ond-order approximation.Let us emphasize the stru
ture of CD,h, whi
h is the sum of u(x) and hu′(x)multiplied by os
illating fun
tions with period h. For su�
iently large D the mainterm of CD is given by

2u(x) e−π2D cos 2π
x

h
.This is a fast os
illating simple harmoni
s modulated by the slowly varying valueof the approximated fun
tion.In the following we show that formulas of type (1.7), where the Gaussian e−x2is repla
ed by more general basis fun
tions, 
an provide similar or even betterapproximation properties. We give some one- and multi-dimensional examples ofthose approximation formulas and de�ne approximate quasi-interpolation on uni-form grids in the next se
tion.1.2. Further examples1.2.1. Errors of approximate quasi-interpolation. We illustrate here theapproximation properties of the quasi-interpolant Mh,Du de�ned in (1.7) for thefun
tion u(x) = sinx using di�erent values of the parameters D and h. Figs. 1.6and 1.7 show the parti
ular form of the terms(1.12) 1√

πD
sin(mh) e−(x−mh)2/Dh2and its sum(1.13) (Mh,D sin)(x) =
1√
πD

∞∑

m=−∞
sin(mh) e−(x−mh)2/Dh2for h = 0.4 and two di�erent values D = 1 and D = 2. Visually the sums are goodapproximations of sinx for this rather large step h.

–0.2

0

0.2

0.4

0.6

0.8

1

1 2 3Figure 1.6. D = 1,
h = 0.4

–0.2

0

0.2

0.4

0.6

0.8

1

1 2 3Figure 1.7. D = 2,
h = 0.4Although the fun
tions e−(x−mh)2/Dh2 are supported by the whole real axis,one needs only a few terms in the sum (1.7) to 
ompute the value of Mh,Du at a



1.2. FURTHER EXAMPLES 7given point x within a given a

ura
y. For a �xed toleran
e δ > 0 one has to sumonly over the integers m for whi
h
|m− x/h| ≤

√
−D log δ .Hen
e the number of terms, ne
essary to 
ompute Mh,Du(x) for �xed h, in
reasesproportionally to √

D.On the other hand, if D is �xed, then this number does not depend on h. Forexample, if δ = 10−6, then one has to sum up 7 and 11 terms in (1.7) if D = 1 and
D = 2, respe
tively.The di�eren
es between sinx and the quasi-interpolants (1.13) are plotted inFigs. 1.8 and 1.9 for the values D = 1, 2 and h = 0.4, 0.2, respe
tively. The graphs
on�rm the se
ond-order 
onvergen
e from estimate (1.11). However, the 
ase of

–0.04

–0.03

–0.02

–0.01

0

0.01

1 2 3

h =

h =

0.2

0.4Figure 1.8. (Mh,1 − I) sinx

–0.06

–0.04

–0.02

0

0.02

1 2 3

h =

h =

0.2

0.4Figure 1.9. (Mh,2 − I) sinxsmaller step h already gives di�erent pi
tures. Figs. 1.10�1.15 depi
t the quasi-interpolation error of sinx with smaller h and for D = 1 and 2.The plotted errors 
on�rms the se
ond-order 
onvergen
e, but the error for
D = 1 os
illates very fast, with frequen
y depending of h. In Figs. 1.10 and 1.12the saturation error is already visible.It 
an be seen from Fig. 1.14, that for D = 1 the quasi-interpolation error hasrea
hed its saturation bound, sin
e it does not de
rease if h be
omes smaller. Onthe other hand, Fig. 1.15 shows that the approximation with Mh,2 for the samevalues of h is of the se
ond order, that the saturation is not rea
hed, yet.The behavior of the quasi-interpolants Mh,D, predi
ted by the estimate (1.11),is 
on�rmed also in Table 1.1, where the quasi-interpolation error in the maximumnorm for di�erent h and D and the 
onvergen
e rate 
al
ulated as(1.14) log2

‖u−M2h,Du‖L∞

‖u−Mh,Du‖L∞are given.Re
all that the main term of the saturation error is 1.04·10−4D |u(x)|. If D = 1,then we have the se
ond-order approximation only for relative large h. In the 
ases
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Figure 1.10. (Mh,1 − I) sinx
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0.1Figure 1.11. (Mh,2 − I) sinx
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h =
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0.04Figure 1.12. (Mh,1 − I) sinx
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–0.0004

–0.0002

0.0002

1 2 3

h =

h =

0.01

0.04Figure 1.13. (Mh,2 − I) sinx

D = 2 and D = 4 the saturation error is still negligible 
ompared to the �rst termof estimate (1.11).1.2.2. A simple appli
ation of the approximation formula (1.7). Con-sider the initial value problem for the heat equation(1.15) ut(x, t) − uxx(x, t) = 0 , t > 0 , u(x, 0) = ϕ(x), x ∈ R .Its solution is given by the Poisson integral
u(x, t) = Ptϕ(x) :=

1√
4πt

∫

R

e−(x−y)2/4t ϕ(y) dy .
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–0.0001

–5e–05
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0.01Figure 1.14. (Mh,1 − I) sinx
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0.01Figure 1.15. (Mh,2 − I) sinx

h D = 1 rate D = 2 rate D = 4 rate0.4 3.91 · 10−2 7.69 · 10−2 1.48 · 10−10.2 1.00 · 10−2 1.96 1.98 · 10−2 1.96 3.92 · 10−2 1.910.1 2.60 · 10−3 1.95 4.99 · 10−3 1.99 9.95 · 10−3 1.980.05 7.29 · 10−4 1.84 1.25 · 10−3 2.00 2.50 · 10−3 1.990.025 2.60 · 10−4 1.49 3.12 · 10−4 2.00 6.25 · 10−4 2.000.0125 1.42 · 10−4 0.87 7.81 · 10−5 2.00 1.56 · 10−4 2.000.00625 1.11 · 10−4 0.36 1.95 · 10−5 2.00 3.91 · 10−5 2.00Table 1.1. Approximation error for the fun
tion u(x) = sinxusing the quasi-interpolant (1.7)This integral 
annot be taken in a 
losed form, in general, but this is possible forsome fun
tions ϕ, for example, for the Gaussian fun
tion. In parti
ular,(1.16) 1√
4πt

∫

R

e−(x−y)2/4t e−y2/Dh2

dy =

√
Dh√

Dh2 + 4t
e−x2/(Dh2+4t) .Hen
e, if we repla
e the initial value ϕ by the quasi-interpolant Mh,Dϕ de�ned by(1.7), then we obtain the exa
t solution(1.17) Pt(Mh,Dϕ)(x) =

h√
π(Dh2 + 4t)

∞∑

m=−∞
ϕ(hm) e−(x−hm)2/(Dh2+4t)



10 1. QUASI-INTERPOLATIONof the heat equation (1.15) with the modi�ed initial 
ondition u(x, 0) = Mh,Dϕ(x).Sin
e
∣∣Ptϕ(x) − Pt(Mh,Dϕ)(x)

∣∣ ≤ sup
y∈R

∣∣ϕ(y) −Mh,Dϕ(y)
∣∣ 1√

4πt

∫

R

e−(x−y)2/4t dy

= sup
y∈R

∣∣ϕ(y) −Mh,Dϕ(y)
∣∣ ,the estimate (1.11) shows that the fun
tion uh(x, t) = Pt(Mh,Dϕ)(x) approximatesthe solution u(x, t) of the original problem (1.15) with the error

|u(x, t) − uh(x, t)| ≤ Dh2

4

(
1 + 4Dπ2 e−π2D )max

y∈R

|ϕ′′(y)|

+ 2 max
y∈R

(
|ϕ(y)| + |ϕ′(y)|πDh

)
e−π2D +O(e−2π2D) .

(1.18)This very simple example is in many ways typi
al of the appli
ation of approx-imate approximations to the solution of partial di�erential equations; one repla
essome fun
tion in the original problem by an approximant su
h that the solution ofthe equation 
an be performed very e�
iently, either analyti
ally or by some othernumeri
al method.Let us mention that (1.18) is only a rough error estimate for the approximatesolution of the heat equation. This 
an be seen from Table 1.2 whi
h 
ontainsnumeri
al results for the heat equation (1.15) with the initial value φ(x) = e−x2 .It provides the maximum error
max

x
|u(x, t) − uh(x, t)| , t = 10 ,for di�erent values of D and h.

h D = 1 rate D = 2 rate D = 4 rate0.4 3.04 · 10−4 6.06 · 10−4 1.20 · 10−30.2 7.61 · 10−5 2.00 1.52 · 10−4 2.00 3.04 · 10−4 1.990.1 1.90 · 10−5 2.00 3.81 · 10−5 2.00 7.61 · 10−5 2.000.05 4.76 · 10−6 2.00 9.52 · 10−6 2.00 1.90 · 10−5 2.000.025 1.19 · 10−6 2.00 2.38 · 10−6 2.00 4.76 · 10−6 2.000.0125 2.98 · 10−7 2.00 5.95 · 10−7 2.00 1.19 · 10−6 2.000.00625 7.44 · 10−8 2.00 1.49 · 10−7 2.00 2.98 · 10−7 2.00Table 1.2. Numeri
al error for the initial value problem (1.15)with φ(x) = e−x2 and t = 10 using the approximate solution (1.17)In 
ontrast to the quasi-interpolation results, given in Table 1.1, a saturationerror 
annot be seen. We will show in Subse
tion 6.2.1 that due to the propertiesof the Poisson integral and the stru
ture of the saturation error the approximatesolution uh(x, t) 
onverges to u(x, t).1.2.3. Other basis fun
tions. The simpli
ity of formulas of the form(1.19) Qhu(x) :=

∞∑

m=−∞
u(mh) η

(x
h
−m

)



1.2. FURTHER EXAMPLES 11makes them very attra
tive for approximation pro
esses. Suppose, for example,that η is a Lagrangian fun
tion, whi
h means that η is subje
t to
η(0) = 1 and η(m) = 0 for all m ∈ Z\0 .Then the sum (1.19) satis�es Qhu(mh) = u(mh), m ∈ Z, i.e., Qhu interpolates u.As two representative examples, we mention here the pie
ewise linear hat fun
tionand the sin
 fun
tion

sincx =
sinπx

πx
.

321-1-2-3

1

Figure 1.16. Hat fun
tion 321-1-2-3

1

Figure 1.17. sin
 fun
tionIf η is the hat fun
tion as shown in Fig. 1.16, then the resulting sum is thepolygonal line 
onne
ting the points (hm, u(hm)). This pie
ewise linear fun
tionapproximates u with the order O(h2). To �nd the approximant at a given point
x, one has to sum up only two terms of (1.19). But it is visually not very ni
e toapproximate a smooth 
urve by some pie
ewise linear fun
tion.On the other hand, the sin
 fun
tion (depi
ted in Fig. 1.17) generates an inter-polant whi
h is smooth and even provides an exponential order of 
onvergen
e (see[91℄). However, sin
e the generating fun
tion de
reases very slowly, it is pra
ti
allyimpossible to 
ompute the approximant (1.19) if the fun
tion u is not 
ompa
tlysupported.Let us mention that in Chapter 7 we introdu
e another Lagrangian fun
tion

ΨD(x) =
sinπx

πD sinh
x

Ddepending on the parameter D > 0. This fun
tion is a small perturbation of theLagrangian fun
tion from the family of shifted Gaussians (1.6). The 
orrespondinginterpolant approximates smooth fun
tions with exponential order, but similar tothe approximation formula (1.7) only up to a saturation error of the orderO(e−π2D).Therefore ΨD 
an be 
onsidered as approximate sin
 fun
tion, providing similarapproximation properties but de
aying exponentially for |x| → ∞.There exists, of 
ourse, a variety of other basis fun
tions η for interpolationformulas (1.19). However, the Lagrangian fun
tions for those bases have, in general,large supports. For example, the Lagrangian fun
tion for the 
lass of smooth 
ubi
splines, whi
h are 
ubi
 polynomials on the intervals (m,m+ 1), m ∈ Z, and two-times 
ontinuously di�erentiable, is supported on the whole real line.



12 1. QUASI-INTERPOLATIONIt turns out, that good approximations 
an be obtained also by repla
ing theLagrangian fun
tion in (1.19) by some simpler fun
tion of the same 
lass. In the
ase of smooth 
ubi
 splines one 
an 
hoose η as the 
ubi
 B-spline(1.20) b(x) =
1

12

(
|x+ 2|3 − 4|x+ 1|3 + 6|x|3 − 4|x− 1|3 + |x− 2|3

)depi
ted in Fig. 1.18, whi
h gives a C2-approximant of the order O(h2).
0

0.2

0.4

0.6

–2 2Figure 1.18. Cubi
 B-splineBut 
learly the resulting approximant does not interpolate; therefore approxi-mation formulas (1.19) with non-Lagrangian fun
tions η are 
alled quasi-interpolants.Thus, Mh,D in (1.7) represents a quasi-interpolant with
η(x) =

e−x2/D
√
πD

.We have seen in (1.11) that for a �xed D the sumMh,Du is a smooth approximationto u of order O(h2) until the saturation error is rea
hed, whi
h 
an be negle
ted innumeri
al 
omputations if D is su�
iently large.It is important that for a quite general 
lass of basis fun
tions the quasi-interpolants have similar properties as in the 
ase of the Gaussian. Take, forexample, the fun
tion se
h x =
1

coshx
.Putting the Taylor expansion of u into(1.21) Mhu(x) =

1

π
√
D

∞∑

m=−∞
u(mh) se
h x−mh√

Dh
,we obtain as in (1.8)

Mhu(x) =
u(x)

π
√
D

∞∑

m=−∞
se
h x−mh√

Dh
+
u′(x)

π
√
D

∞∑

m=−∞
(mh− x) se
h x−mh√

Dh

+
1

2π
√
D

∞∑

m=−∞
u′′(xm)(mh− x)2 sech

x−mh√
Dh

.



1.2. FURTHER EXAMPLES 13The in�nite sums in the �rst and se
ond term on the right-hand side 
an be trans-formed by using Poisson's summation formula (1.3) and the Fourier transform of
sechx,

(Fse
h)(λ) = π se
hπ2λ .Then we obtain the relations
I0 :=

1

π
√
D

∞∑

m=−∞
se
h x−m√

D
= 1 + 2

∞∑

ν=1

se
h(π2
√
Dν) cos 2πνx ,

I1 :=
1

π
√
D

∞∑

m=−∞

x−m√
D

se
h x−m√
D

= π
∞∑

ν=1

se
h(π2
√
Dν) tanh(π2

√
Dν) sin 2πνx ,whi
h shows that

|I0 − 1| < 2ε(D) and |I1| < πε(D) ,where we use the notation
ε(D) :=

∞∑

ν=1

se
h(π2
√
Dν) .Moreover,

1

2π
√
D

∣∣∣∣∣

∞∑

m=−∞
u′′(xm)

(mh− x)2

Dh2
se
h x−mh√

Dh

∣∣∣∣∣ ≤
5

4
sup
t∈R

|u′′(t)| ,so that(1.22) |u(x) −Mhu(x)| ≤
5

4
Dh2 max

R

|u′′| + ε(D)
(
2 |u(x)| + π

√
Dh |u′(x)|

)
.As in the example with the Gaussian fun
tion the quasi-interpolant (1.21) does not
onverge to u(x), but the number ε(D) is an upper bound for the saturation errorand 
an be made arbitrarily small by 
hoosing D large enough. For example, if

D = 4, then ε(D) = 0.000000005351.Again, the inequality (1.22) shows that the quasi-interpolant Mhu approxi-mates any C2-fun
tion u like a se
ond-order approximant above the toleran
e
ε(D)

(
2 |u(x)| + π

√
Dh |u′(x)|

)
,and that any pres
ribed a

ura
y 
an be rea
hed if D is 
hosen su�
iently large.In Table 1.3 we give the L∞-error of the quasi-interpolation of sinx with formula(1.22) for di�erent h and D and the 
onvergen
e rate obtained using (1.14).1.2.4. Examples of higher-order quasi-interpolants. There exist approx-imants with approximation orders larger than 2 up to some pres
ribed a

ura
ywhi
h have the same simple form as se
ond-order approximate quasi-interpolants.Consider, for example, the quasi-interpolant(1.23) uh(x) := D−1/2

∞∑

m=−∞
u(mh) η

(x−mh√
Dh

)
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h D = 1 rate D = 2 rate D = 4 rate0.4 1.69 · 10−1 2.96 · 10−1 4.73 · 10−10.2 4.75 · 10−2 1.83 9.12 · 10−2 1.70 1.69 · 10−1 1.480.1 1.24 · 10−2 1.93 2.42 · 10−2 1.92 4.74 · 10−2 1.840.05 3.32 · 10−3 1.91 6.14 · 10−3 1.98 1.22 · 10−2 1.960.025 1.01 · 10−3 1.71 1.54 · 10−3 1.99 3.08 · 10−3 1.990.0125 4.37 · 10−4 1.22 3.89 · 10−4 1.99 7.71 · 10−4 2.000.00625 2.18 · 10−4 1.01 9.98 · 10−5 1.96 1.93 · 10−4 2.00Table 1.3. Error of approximating u(x) = sinx with formula (1.21)with one of the two generating fun
tions(1.24) η1(x) = (3/2 − x2)

e−x2

√
π

or η2(x) =

√
e

π
e−x2

cos
√

2x ,shown in Figs. 1.19 and 1.20.
0.2

0.4

0.6

0.8

–4 –3 –2 –1 1 2 3 4Figure 1.19. η1(x/√2)

0

0.2

0.4

0.6

0.8

–4 –3 –2 –1 1 2 3 4Figure 1.20. η2(x/√2)Figs. 1.21 � 1.26 repeat the error plots of Subse
tion 1.2.1 for the approximationof the fun
tion sinx with(1.25) Nh,D(x) :=
( e

πD
)1/2 ∞∑

m=−∞
u(mh) cos

(√
2/D(x/h−m)

)
e−(x−mh)2/Dh2

,where now the values D = 1.5 and D = 2.5 are used.The absolute errors given in Figs. 1.21 and 1.22 are mu
h smaller than thoseplotted in Figs. 1.8 and 1.9. Moreover, the graphs indi
ate approximation with theorder 4.The visible os
illations of the errors in Fig. 1.21 (the 
ase D = 1.5 for quitelarge steps h) are 
aused by the relatively large saturation error. The error plots inFigs. 1.23 and 1.25 show 
learly that N0.1,1.5 has rea
hed the saturation and that



1.2. FURTHER EXAMPLES 15
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Figure 1.21. (Nh,1.5 − I) sinx
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0.4Figure 1.22. (Nh,2.5 − I) sinx
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0.1Figure 1.23. (Nh,1.5 − I) sinx

–1e–05

–5e–06

0
1 2 3

h =

h =

0.05

0.1Figure 1.24. (Nh,2.5 − I) sinxany h smaller than 0.1 does not give more a

urate results for the quasi-interpolant
Nh,1.5.The situation is mu
h better for Nh,2.5, as indi
ated in Figs. 1.24 and 1.26.The approximation is mu
h more a

urate for small h; the approximation error isdominated by the saturation only if h ≤ 0.01.The approximation errors of the fun
tion sinx with the basis fun
tions (1.24)are given in the Tables 1.4 and 1.5 whi
h 
on�rm an approximation with the order
4 up to some saturation error.
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–5e–05
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5e–05

1 2 3
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h =

0.01

0.04Figure 1.25. (Nh,1.5 − I) sinx
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Figure 1.26. (Nh,2.5 − I) sinx

h D = 2 ord D = 3 ord D = 4 ord0.4 3.03 · 10−3 6.65 · 10−3 1.15 · 10−20.2 1.97 · 10−4 3.85 4.41 · 10−4 3.76 7.79 · 10−4 3.700.1 1.26 · 10−5 3.92 2.80 · 10−5 3.94 4.97 · 10−5 3.920.05 8.96 · 10−7 3.51 1.75 · 10−6 3.99 3.12 · 10−6 3.980.025 1.60 · 10−7 1.39 1.09 · 10−7 4.00 1.95 · 10−7 4.000.0125 9.72 · 10−8 0.41 7.63 · 10−9 3.98 1.24 · 10−8 4.03Table 1.4. Error of approximating u(x) = sinx with η(x) =
3/2 − x2

π1/2
e−x2

h D = 2 ord D = 3 ord D = 4 ord0.4 2.04 · 10−3 4.50 · 10−3 7.84 · 10−30.2 1.34 · 10−4 3.81 2.95 · 10−4 3.81 5.22 · 10−4 3.750.1 9.94 · 10−6 3.37 1.87 · 10−5 3.95 3.32 · 10−5 3.940.05 2.00 · 10−6 1.24 1.17 · 10−6 3.99 2.08 · 10−6 3.980.025 1.48 · 10−6 0.34 7.43 · 10−8 3.97 1.30 · 10−7 4.000.0125 1.33 · 10−6 0.28 5.38 · 10−9 3.65 8.42 · 10−9 4.07Table 1.5. Error of approximating u(x) = sinx with η(x) =
e1/2−x2

π1/2
cos

√
2xWe see in Se
tion 3.3, Example 3.2, that(1.26) η10(x) = π−1/2 e−x2

(
315

128
− 105

16
x2 +

63

16
x4 − 3

4
x6 +

1

24
x8

)



1.2. FURTHER EXAMPLES 17generates a quasi-interpolant whi
h approximates smooth fun
tions with the or-der N = 10 up to some small saturation. This theoreti
al result is 
on�rmed inTable 1.6.
h D = 3 ord D = 5 ord D = 60.8 1.41 · 10−4 1.41 · 10−3 3.08 · 10−30.7 4.17 · 10−5 9.11 4.33 · 10−4 8.85 9.74 · 10−4 8.620.6 1.00 · 10−5 9.24 1.06 · 10−4 9.13 2.45 · 10−4 8.960.5 1.87 · 10−6 9.22 1.92 · 10−5 9.38 4.53 · 10−5 9.250.4 3.03 · 10−7 8.16 2.26 · 10−6 9.58 5.44 · 10−6 9.500.3 6.68 · 10−8 5.26 1.37 · 10−7 9.75 3.34 · 10−7 9.700.2 2.67 · 10−8 2.26 2.57 · 10−9 9.80 6.20 · 10−9 9.830.1 1.39 · 10−8 0.94 7.52 · 10−11 5.10 2.07 · 10−11 8.290.05 1.12 · 10−8 0.31 7.12 · 10−11 0.07 8.52 · 10−12 1.34Table 1.6. Error of approximating u(x) = sinx with the basisfun
tion (1.26)1.2.5. Examples of multi-dimensional quasi-interpolants. One impor-tant feature of approximate quasi-interpolation is the simpli
ity of its multi-dimen-sional generalization. In the next 
hapters, we shall see that su�
iently smoothand rapidly de
aying fun
tions with non-vanishing mean value 
an be taken as gen-erating fun
tions for quasi-interpolants on uniform grids in Rn. So we have a

essto a large 
lass of appropriate fun
tions, whi
h generate high-order approximantswith simple analyti
 representations. This is, for example, in 
ontrast to the 
aseof spline fun
tions, where n-dimensional generalizations have quite 
ompli
atedanalyti
 expressions.One possibility is, for example, to use the radial 
ounterparts of one-dimensionalgenerating fun
tions. So the n-dimensional analogue of (1.7) is the formula(1.27) Mh,Du(x) =

1

(πD)n/2

∑

m∈Zn

u(hm) e−|x−hm|2/Dh2

,whereas (1.21) 
an be extended to the approximation formula
1

cnDn/2

∑

m∈Zn

u(hm) se
h |x − hm|√
Dh

, cn =

∫

Rn

se
h|x| dx .Here and in what follows we make the notational 
onvention that �nite-dimensionalve
tors are denoted by bold fa
e symbols, i.e., x = (x1, . . . , xn) ∈ Rn, m =
(m1, . . . ,mn), mj ∈ Z. The s
alar produ
t of two ve
tors x = (x1, . . . , xn) and
y = (y1, . . . , yn) in the Eu
lidean spa
e Rn is denoted by

〈x,y〉 =

n∑

j=1

xjyj .For the Eu
lidean norm of x ∈ Rn, we use the notation
|x| = |x|2 =

√
〈x,x〉 .



18 1. QUASI-INTERPOLATIONWe shall see in the next 
hapter that both formulas approximate with order
O(h2) up to some saturation bound.A fourth-order approximation up to some small saturation is given by theformula

1

(πD)n/2

∑

m∈Zn

u(mh)
(n+ 2

2
− |x − mh|2

Dh2

)
e−|x−hm|2/Dh2whereas the sixth-order 
an be obtained with the generating fun
tion

η(x) =
e−|x|2

2πn/2

((n+ 4)(n+ 2)

4
− (n+ 4)|x|2 + |x|4

)
.

Figure 1.27. Sixth-order generating fun
tion in R2Furthermore, in some appli
ations, we use generating fun
tions of the form
η(x) = φ(〈Ax,x〉) ,where A is an n× n matrix.



CHAPTER 2Error estimates for quasi-interpolationThis 
hapter is devoted to the theoreti
al foundation of approximate quasi-interpolation. In Se
tion 2.1, we introdu
e notation and mention basi
 results,whi
h will be used throughout the book. Error estimations of general approximatequasi-interpolants in uniform and integral norms are obtained in Se
tions 2.2 �2.4. We formulate 
onditions on the generating fun
tions, whi
h ensure high-orderapproximations up to a pres
ribed pre
ision.2.1. Auxiliary resultsHere we introdu
e notation and mention some 
lassi
al fa
ts, whi
h 
an befound in textbooks on fun
tional analysis and whi
h will be used in the following.2.1.1. Fun
tion spa
es. The spa
e Lp(Rn), where 1 ≤ p < ∞, 
onsists ofmeasurable 
omplex-valued fun
tions u(x), x ∈ Rn, for whi
h
‖u‖Lp =

(∫

Rn

|u(x)|p dx
)1/p

<∞ .As is 
ommon in approximation theory, we suppose that L∞(Rn) is the spa
e ofbounded 
ontinuous fun
tions equipped with the norm
‖u‖L∞

= sup
x∈Rn

|u(x)| .Hen
eforth, we reserve the symbol Lp to denote the spa
e Lp(Rn). For the Lp-spa
es of fun
tions de�ned on a measurable set Ω ⊂ Rn we will use the notation
Lp(Ω).By ℓp(Zn), 1 ≤ p ≤ ∞, we denote the spa
e of sequen
es {am}m∈Zn with

‖{am}‖ℓp =
( ∑

m∈Zn

|am|p
)1/p

<∞ .Throughout the book we use multi-index notation: A multi-index α is a ve
torwith non-negative integer 
omponents, α = (α1, . . . , αn) ∈ Zn
≥0, its length is

[α] := α1 + · · · + αn .We write α ≤ β for two multi-indi
es if αj ≤ βj for all j = 1, . . . , n. Furthermore,we denote
α! = α1! . . . αn! , xα = xα1

1 · · ·xαn
nand

∂αu(x) =
∂[α]

∂xα1
1 · · · ∂xαn

n
u(x) .19



20 2. ERROR ESTIMATES FOR QUASI-INTERPOLATIONIn the following, ∇ku denotes the ve
tor of partial derivatives {∂αu}[α]=k. Usingmulti-indi
es, many multi-variate formulas have the form of the one-dimensionalanalogues. For example,
(x + y)α =

∑

β≤α

α!

(α − β)! β!
xα−β yβ .As usual, the Sobolev spa
eWN

p , N ∈ N, 
onsists of Lp-fun
tions whose generalizedderivatives up to the order N also belong to Lp. The norm in WN
p is de�ned by

‖u‖W N
p (Ω) =

∑

[α]≤N

‖∂αu‖Lp(Ω) .If the derivatives of orderN of a fun
tion u are integrable, then its Taylor expansionhas the form(2.1) u(y) =

N−1∑

[α]=0

(y − x)α

α!
∂αu(x) +

∑

[α]=N

(y − x)α

α!
Uα(x,y) ,where the remainder terms are given by(2.2) Uα(x,y) = N

1∫

0

sN−1∂αu(sx + (1 − s)y) ds .If the derivatives of order N of u are 
ontinuous, then by the mean value theorem,the remainder 
an also be given as(2.3) Uα(x,y) = ∂αu(sx + (1 − s)y)for some s ∈ [0, 1].By S(Rn) we denote the S
hwartz spa
e of smooth and rapidly de
aying fun
-tions, i.e.,
u ∈ S(Rn) if and only if sup

[α]≤N

sup
x∈Rn

(1 + |x|)N
∣∣∂αu(x)

∣∣ <∞for N = 0, 1, . . ..2.1.2. Fourier transform. The Fourier transform of an absolutely integrablefun
tion u ∈ L1(Rn) is de�ned as
Fu(λ) = û(λ) =

∫

Rn

u(x) e−2πi〈x,λ〉 dx .(2.4)Here
〈x,y〉 =

n∑

j=1

xjyjdenotes the usual s
alar produ
t of the ve
tors x = (x1, . . . , xn), y = (y1, . . . , yn) ∈
Rn. The Eu
lidean norm of x ∈ Rn is denoted by

|x| = |x|2 :=
√
〈x,x〉 .For u ∈ L1(Rn) the Fourier transform Fu is 
ontinuous and Fu(λ) → 0 as |λ| → ∞.The inverse Fourier transform of u ∈ L1(Rn) is de�ned as

F−1u(λ) :=

∫

Rn

u(x) e 2πi〈x,λ〉 dx .



2.1. AUXILIARY RESULTS 21If u ∈ S(Rn), then also Fu ∈ S(Rn) and the inverse Fourier transform gives
u(x) =

∫

Rn

Fu(λ) e 2πi〈x,λ〉 dλ .(2.5)The Fourier transforms F and F−1 
an be extended to operators on the spa
e oftempered distributions S′(Rn) dual to S(Rn), by
(u,F±1ϕ) = (F±1u, ϕ), for all u ∈ S(Rn) , ϕ ∈ S′(Rn)and to isometries on the spa
e L2(Rn).2.1.3. Convolutions. For two fun
tions f(x) and g(x), x ∈ Rn, su
h thatthe integral in (2.6) is 
onvergent, the 
ontinuous 
onvolution f ∗ g is de�ned as thefun
tion(2.6) f ∗ g(x) =

∫

Rn

f(y) g(x − y) dy .For two ve
tors u = (um) and v = (vm), m ∈ Zn, su
h that the summation in(2.7) is 
onvergent, the dis
rete 
onvolution u ∗ v is de�ned as the ve
tor(2.7) ∀k ∈ Zn, (u ∗ v)k =
∑

m∈Zn

um vk−m .For a ve
tor u = (um) and a fun
tion g su
h that the summation in (2.8) is
onvergent, we denote by u ∗h g the hybrid 
onvolution with step h of u and g asthe fun
tion(2.8) u ∗h g(x) =
∑

m∈Zn

um g(x/h− m) .The semi-dis
rete 
onvolution with step h of the fun
tions f and g is de�nedby the equality(2.9) f ∗h g(x) =
∑

m∈Zn

f(hm) g(x/h− m) .It is the hybrid 
onvolution with the ve
tor given by the values of the fun
tion f ,
um = f(hm).The Fourier transform of a 
ontinuous 
onvolution is the produ
t of the Fouriertransform of its parts:(2.10) F(f ∗ g) = Ff Fg .Continuous and dis
rete 
onvolutions 
an be estimated by Young's inequality , whi
hhas the following form for 
ontinuous 
onvolutions:(2.11) ‖f ∗ g‖q ≤ ‖f‖r‖g‖p ,where 1 ≤ p, q, r ≤ ∞ and q−1 = p−1 + r−1 − 1 (see e.g., [90, A.2℄).



22 2. ERROR ESTIMATES FOR QUASI-INTERPOLATION2.1.4. Radial fun
tions. We will often deal with fun
tions of x ∈ Rn whi
hdepend only on the Eu
lidean norm |x|, f(x) = f0(r), r = |x|. The Fourier trans-form Ff is also a radial fun
tion, Ff(λ) = F0(t) for t = |λ| with(2.12) F0(t) =
2π

tn/2−1

∞∫

0

f0(r)Jn/2−1(2πrt) r
n/2 dr ,where Jν are the Bessel fun
tions of the �rst kind (see [90, Thm. IV.3.3℄). Formula(2.12) follows from the integral representation(2.13) Jν(z) =

zν

2νΓ(ν + 1
2 )
√
π

π∫

0

e iz cos θ sin2ν θ dθfor z ∈ C and Re ν > 0 ([96, 3.3(6)℄), whi
h implies in parti
ular(2.14) ∫

Sn−1

e 2πiz〈ω,ω′〉 dσω′ =
2π

zn/2−1
Jn/2−1(2πz) ,where Sn−1 denotes the unit sphere in Rn and ω ∈ Sn−1.To simplify notation, we will denote a radial fun
tion f(x) by the same symbol

f(|x|) if 
onsidered as univariate fun
tion depending on |x|. The 
onvolution oftwo radial fun
tions
Q ∗ f(x) =

∫

Rn

Q(|x − y|) f(|y|) dy =

∫

Rn

FQ(λ)Ff(λ) e2πi〈x,λ〉 dλis also radial and 
an be expressed by the one-dimensional integral(2.15) Q ∗ f(x) =
2π

|x|n/2−1

∞∫

0

FQ(r)Ff(r)Jn/2−1(2πr|x|) rn/2 dr .Sin
e for integer k ≥ 0(2.16) Jk+1/2(z) = (−1)k

√
2

π
zk+1/2

(1

z

d

dz

)k sin z

z
,(
f. [1, 10.1.25℄), the 
onvolution of two radial fun
tions is expressed as one-dimensional integral of elementary fun
tions when the spa
e dimension is an oddnumber. In many 
ases this integral 
an be taken analyti
ally. But also the 
aseof even spa
e dimensions 
an be handled su

essfully as well, sin
e the integral inquestion is a Bessel transform and a variety of tables of the Bessel transform areavailable (
f. for example [7℄).2.1.5. Multi-dimensional Poisson summation formula. Throughout thebook we will make use of Poisson's summation formula (see [90, Thm. VII.2.4℄):

∑

m∈Zn

u(x + m) =
∑

m∈Zn

Fu(m) e 2πi〈m,x〉 .(2.17)We formulate two su�
ient 
onditions on u ensuring this equality for all x ∈ Rn.(1) The fun
tion u and its Fourier transform Fu satisfy
|u(x)| ≤ A(1 + |x|)−n−δ and |Fu(λ)| ≤ A(1 + |λ|)−n−δ(2.18)for some δ > 0, whi
h implies 
ontinuity for both fun
tions.
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ontinuous fun
tion u satis�es for some δ > 0

|u(x)| ≤ A(1 + |x|)−n−δ and {Fu(m)} ∈ ℓ1(Z
n) .(2.19)In parti
ular, (2.17) implies

∑

m∈Zn

u(m) =
∑

m∈Zn

Fu(m)(2.20)and
∑

m∈Zn

u(x + m) e 2πi〈x+m,λ〉 =
∑

m∈Zn

Fu(m − λ) e 2πi〈m,x〉 .(2.21)If A = ‖ajk‖n
j,k=1 : Rn → Rn is a non-singular real matrix, then
∑

m∈Zn

u(x +A−1m) = detA
∑

m∈Zn

Fu(Atm) e 2πi〈Atm,x〉 ,(2.22)where At denotes the transposed matrix
At = ‖bjk‖n

j,k=1 with bjk = akj .2.2. Some properties of quasi-interpolantsIn this se
tion we 
onsider some properties of general quasi-interpolation for-mulas of the form(2.23) Mh,Du(x) = D−n/2
∑

m∈Zn

u(hm) η
(x− hm√

D h

)
, x ∈ Rn .Here and in the following, it is always assumed that the generating fun
tion η is
ontinuous. Using the notation (2.9), the quasi-interpolant Mh,Du represents thesemi-dis
rete 
onvolution

Mh,Du = u ∗h ηDwith the fun
tion ηD = η(·/D) and step h.2.2.1. Young's inequality for semi-dis
rete 
onvolutions. Let us de�nethe norm(2.24) ‖u‖p,h :=





(
hn
∑

m∈Zn

|u(hm)|p
)1/p

, 1 ≤ p <∞ ,

sup
m∈Zn

|u(hm)| , p = ∞ .Lemma 2.1.
‖Mh,Du‖Lq ≤ (

√
Dh)n(1/r−1)‖η‖1/q

Lr

∥∥∥D−n/2
∑

m∈Zn

∣∣∣η
( · − m√

D
)∣∣∣

r∥∥∥
1/r−1/q

L∞

‖u‖p,hfor 1 ≤ p, q, r ≤ ∞ with q−1 = p−1 + r−1 − 1.Proof. Note that p = ∞ implies q = ∞ and r = 1, so that the assertion followsimmediately. Similarly, if q = ∞, then 1/p+1/r = 1, and Hölder's inequality yieldsthe result.



24 2. ERROR ESTIMATES FOR QUASI-INTERPOLATIONLet p, q, r < ∞. Then the numbers λ, µ, ν given by λ = q, 1/r − 1/λ = 1/µ,
1/p− 1/λ = 1/ν, are positive and satisfy λ−1 + µ−1 + ν−1 = 1. We write

∣∣∣η
(x − hm√

D h

)∣∣∣|u(hm)|

=
∣∣∣η
(x − hm√

D h

)∣∣∣
r/λ

|u(hm)|p/λ ·
∣∣∣η
(x − hm√

D h

)∣∣∣
r(1/r−1/λ)

|u(hm)|p(1/p−1/λ)and we apply Hölder's inequality with the exponents λ, µ, ν. Then
|Mh,Du(x)| ≤ D−n/2

( ∑

m∈Zn

∣∣∣η
(x − hm√

D h

)∣∣∣
r

|u(hm)|p
)1/λ

×
( ∑

m∈Zn

∣∣∣η
(x − hm√

D h

)∣∣∣
rµ(1/r−1/λ))1/µ( ∑

m∈Zn

|u(hm)|pν(1/p−1/λ)
)1/ν

,and therefore
‖Mh,Du‖q

Lq
≤D−nq/2 sup

x

( ∑

m∈Zn

∣∣∣η
(x− m√

D
)∣∣∣

r)q(1/r−1/λ)

×
( ∑

m∈Zn

|u(hm)|p
)q(1/p−1/λ)

∫

Rn

∑

m∈Zn

∣∣∣η
(x − hm√

D h

)∣∣∣
r

|u(hm)|p dx .The last integral equals
∑

m∈Zn

|u(hm)|p
∫

Rn

∣∣∣η
(x − hm√

D h

)∣∣∣
r

dx = (
√
D h)n

∑

m∈Zn

|u(hm)|p
∫

Rn

|η(x)|r dx ,so that
‖Mh,Du‖q

Lq
≤ D−nq/2(

√
D h)n‖η‖Lr

( ∑

m∈Zn

|u(hm)|p
)q/p

× sup
x

( ∑

m∈Zn

∣∣∣η
(x − m√

D
)∣∣∣

r)q/r−1

,whi
h gives the desired inequality. �Corollary 2.2. Let 1 ≤ p ≤ ∞ and let the fun
tion u be su
h that ‖u‖p,h ≤ Cwith a 
onstant C independent of h > 0. Then the quasi-interpolants Mh,Du arebounded in Lp uniformly in h if the 
ontinuous generating fun
tion η ∈ L1(Rn) andif it satis�es additionally(2.25) ∥∥∥D−n/2
∑

m∈Zn

∣∣∣η
( · − m√

D
)∣∣∣
∥∥∥

L∞

<∞ .Then
‖Mh,Du‖Lp ≤ Cp‖u‖p,h with Cp = ‖η‖1/p

L1

∥∥∥D−n/2
∑

m∈Zn

∣∣∣η
( · − m√

D
)∣∣∣
∥∥∥

1−1/p

L∞

.Remark 2.3. From the de�nition of the Riemann integral it follows immedi-ately that the norms ‖u‖p,h are uniformly bounded with respe
t to h > 0 if thefun
tion |u(x)|p, 1 ≤ p <∞, is Riemann integrable. If p = ∞, then
‖u‖∞,h = sup

m∈Zn

|u(hm)|is obviously bounded for a bounded fun
tion u.



2.2. SOME PROPERTIES OF QUASI-INTERPOLANTS 25The relation (2.25) is satis�ed under the following de
ay 
ondition on the gen-erating fun
tion η, whi
h is assumed throughout the book: There exist 
onstants
A > 0 and K > n su
h that(2.26) |η(x)| ≤ A (1 + |x|)−K for all x ∈ Rn .The de
ay of η ensures that for given D > 0 and any δ > 0, there exists a �nitesubset Zδ ⊂ Zn su
h that

D−n/2 sup
x∈Q

∑

m∈Zn\Zδ

∣∣∣η
(x − m√

D
)∣∣∣ < δ ,where Q denotes the 
ube [ − 1

2 ,
1
2

]n. Then for bounded fun
tions u, the valueof the quasi-interpolant Mh,Du(x) is, within the pre
ision δ‖u‖L∞
, determined bythe �nite sum

D−n/2
∑

m∈k+Zδ

u(hm) η
(x− hm√

D h

)
,where the integer ve
tor k ∈ Zn is 
hosen su
h that x/h− k ∈ Q.2.2.2. An auxiliary fun
tion. Let us introdu
e the fun
tion(2.27) gx,h(y) := D−n/2u(y) η

(x − y√
Dh

)for given x ∈ Rn, h and D.Lemma 2.4. Suppose that η is subje
ted to (2.26) and the fun
tion u satis�es(2.28) |u(x)| ≤ B(1 + |x|)L , x ∈ Rn ,for some positive L < K − n. Then for �xed parameters D and h and any x ∈ Rn,the series(2.29) ∑

m∈Zn

gx,h(hm + z) = D−n/2
∑

m∈Zn

u(hm + z)η
(x − hm − z√

Dh
)
onverges absolutely for all z to a bounded h-periodi
 fun
tion Gx(z) with theFourier series(2.30) ∑

ν∈Zn

e
2πi
h 〈z,ν〉(

√
Dh)−n

∫

Rn

u(y)η
(x − y√

Dh
)

e−
2πi
h 〈y,ν〉 dy .Proof. Note �rst that in view of (2.26) and (2.28)

∑

m∈Zn

|gx,h(hm + z)| = D−n/2
∑

m∈Zn

∣∣∣u(hm + z)η
(x − hm − z√

Dh
)∣∣∣

≤ ABD−n/2
∑

m∈Zn

(
1 + |hm + z|

)L(
1 +

∣∣∣x − hm − z√
Dh

∣∣∣
)−K

≤ ABD−n/2
∑

m∈Zn

(
|x − hm − z| + 1 + |x|

)L(
1 +

∣∣∣x − hm − z√
Dh

∣∣∣
)−K

.
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e
(
|x − hm − z| + 1 + |x|

)L
= (

√
Dh)L

(
1 +

∣∣∣x − hm − z√
Dh

∣∣∣+ 1 + |x|√
Dh

− 1
)

=
L∑

j=0

L! (
√
Dh)j

j! (L− j)!

(
1 + |x| −

√
Dh
)L−j

(
1 +

∣∣∣x − hm − z√
Dh

∣∣∣
)j

,we obtain∑

m∈Zn

|gx,h(hm + z)|

≤ ABD−n/2
L∑

j=0

L! (
√
Dh)j

j! (L− j)!

(
1 + |x| −

√
Dh
)L−j

(
1 +

∣∣∣x − hm − z√
Dh

∣∣∣
)j−K

.Let us de�ne the fun
tion(2.31) φµ(s) := sup
Rn

s−n
∑

m∈Zn

(
1 + |s−1m − x|

)−n−µ
, µ > 0 ,whi
h depends 
ontinuously on s ∈ (0,∞). Note that

φµ(s) →
∫

Rn

(1 + |x|)−n−µ dx =
2πn/2

Γ(n/2)

Γ(n)Γ(µ)

Γ(n+ µ)
as s→ ∞ ,whi
h shows that φµ(s) is bounded if s ≥ s0 > 0.With the help of φµ, we estimate

∑

m∈Zn

|gx,h(hm + z)| ≤ AB

L∑

j=0

L! (
√
Dh)j

j! (L− j)!
(1 −

√
Dh+ |x|)L−j φK−j−n(

√
D) ,whi
h shows that the sum on the left-hand side is bounded by a 
onstant notdepending on z for �xed D, h, and x. Therefore the sum (2.29) 
onverges absolutelyto the bounded h-periodi
 fun
tion Gx(z), whi
h has the Fourier 
oe�
ients

γν(x) = h−n

∫

hQ

∑

m∈Zn

gx,h(hm + z) e−
2πi
h 〈z,ν〉 dz ,where Q is the 
ube [ − 1

2 ,
1
2

]n. Due to the absolute 
onvergen
e, we 
an 
hangethe integration and summation and obtain
γν(x) = (

√
Dh)−n

∑

m∈Zn

∫

h(m+Q)

u(y)η
(x − y√

Dh
)

e−
2πi
h 〈y − hm,ν〉 dy

= (
√
Dh)−n

∫

Rn

u(y)η
(x − y√

Dh
)

e−
2πi
h 〈y,ν〉 dy . �Sin
e the generating fun
tion η is supposed to be 
ontinuous, the 
ontinuity of

u implies that Gx(z) is 
ontinuous. If, moreover, the Fourier series (2.30) 
onvergesabsolutely, then we have the equality
Gx(z) = (

√
Dh)−n

∑

ν∈Zn

e
2πi
h 〈z,ν〉

∫

Rn

u(y)η
(x − y√

Dh
)

e−
2πi
h 〈y,ν〉 dy .For the general 
ase, the following summation formula holds.



2.2. SOME PROPERTIES OF QUASI-INTERPOLANTS 27Lemma 2.5. Let ϕ(x) be a 
ontinuous fun
tion with
|ϕ(x)| ≤ c (1 + |x|)−n−δ ,

∫

Rn

ϕ(x)dx = 1 , |Fϕ(λ)| ≤ c (1 + |λ|)−n−δ , δ > 0 .Then the equality
Gx(z) = (

√
Dh)−n lim

ε→0

∑

ν∈Zn

Fϕ(εν) e
2πi
h 〈z,ν〉

∫

Rn

u(y)η
(x − y√

Dh
)

e−
2πi
h 〈y,ν〉 dyholds for any z belonging to the Lebesgue set of the fun
tion Gx(z).Proof. The assertion follows from [90, Thm. VII.2.11℄, where the 
onvergen
eof general summation formulas for Fourier series of L1-fun
tions is proved. �2.2.3. Representations of the quasi-interpolant Mh,D. If we set

u(y) =
(x− y√

Dh
)α

, 0 ≤ [α] ≤ L ,in the de�nition (2.27) of the fun
tion gx,h, then the Fourier 
oe�
ients in (2.30)
an be expressed by the Fourier transform of the generating fun
tion η
(
√
Dh)−n

∫

Rn

(x − y√
Dh

)α

η
(x − y√

Dh
)

e−
2πi
h 〈y,ν〉 dy

= e−
2πi
h 〈x,ν〉

∫

Rn

yα η(y) e 2πi〈y,
√
Dν〉 dy

=
( i

2π

)[α]

e−
2πi
h 〈x,ν〉 ∂αFη(−

√
Dν) ,where we use the relation

∫

Rn

yα η(y) e−2πi〈y,λ〉 dy =
( i

2π

)[α]

∂αFη(λ) .The 
hoi
e of u(y) gives rise to some in�nite sums whi
h will o

ur at di�erentpla
es. We introdu
e the notation
σα(x, η,D) := D−n/2

∑

m∈Zn

(x − m√
D
)α

η
(x − m√

D
)
,(2.32)

ρα(x, η,D) := D−n/2
∑

m∈Zn

∣∣∣
(x − m√

D
)α

η
(x − m√

D
)∣∣∣ ,(2.33)for positive D and multi-index α = (α1, ..., αn) ∈ Zn

≥0. In view of the de
ay
ondition (2.26) with K > L+ n, the sums 
onverge absolutely if [α] ≤ L. Hen
e,both fun
tions σα and ρα are 
ontinuous and periodi
 in ea
h spa
e dire
tion withperiod 1.Lemma 2.6. For any D0 > 0 and α, 0 ≤ [α] ≤ L, there exist 
onstants cαsu
h that for all D ≥ D0

‖σα(· , η,D)‖L∞ ≤ ‖ρα(· , η,D)‖L∞ ≤ cα .



28 2. ERROR ESTIMATES FOR QUASI-INTERPOLATIONProof. The fun
tions σα(x, η,D) and ρα(x, η,D) are majorized by(2.34) D−n/2
∑

m∈Zn

(
1 +

|x − m|√
D

)[α]−K

≤ φK−n−[α](
√
D) ,where the fun
tion φµ is de�ned by (2.31). There we have shown that φµ(s), µ > 0,is bounded if s ≥ s0 > 0. �Suppose now that the fun
tion u ∈ WL

∞(Rn). Taking the Taylor expansion(2.1) for ea
h node hm, i.e.,
u(hm) =

L−1∑

[α]=0

(hm − x)α

α!
∂αu(x) +

∑

[α]=L

(hm − x)α

α!
Uα(x, hm) ,we write the quasi-interpolant Mh,Du in the form

Mh,Du(x) =D−n/2
∑

m∈Zn

L−1∑

[α]=0

(hm − x)α

α!
η
(x − hm√

Dh
)
∂αu(x)

+ D−n/2
∑

m∈Zn

∑

[α]=L

(hm − x)α

α!
η
(x−hm√

Dh
)
Uα(x, hm) .Be
ause of the absolute 
onvergen
e of the sums (2.32) and (2.33) and the bound-edness of

|Uα(x,y)| = L
∣∣∣

1∫

0

sL−1∂αu(sx + (1 − s)y) ds
∣∣∣

≤ L ‖∂αu‖L∞

1∫

0

sL−1ds = ‖∂αu‖L∞
,

(2.35)the order of summation 
an be 
hanged. Hen
e we obtain, by using the de�nition(2.32) of σα,
Mh,Du(x) =

L−1∑

[α]=0

(−
√
Dh)[α] σα

(x

h
, η,D

) ∂αu(x)

α!

+ (−
√
Dh)L

∑

[α]=L

D−n/2
∑

m∈Zn

(x−hm√
Dh

)α

η
(x−hm√

Dh
) Uα(x, hm)

α!
.

(2.36)Now, (2.35) together with (2.33) implies
∣∣∣
∑

[α]=L

D−n/2
∑

m∈Zn

(x−hm√
Dh

)α

η
(x−hm√

Dh
) Uα(x, hm)

α!

∣∣∣

≤
∑

[α]=L

‖∂αu‖L∞

α!
ρα

(x

h
, η,D

)
,

(2.37)and so we have proved



2.2. SOME PROPERTIES OF QUASI-INTERPOLANTS 29Lemma 2.7. Suppose that η is subje
ted to (2.26) and let u ∈ WL
∞(Rn) forsome positive L < K − n. Then

∣∣∣∣Mh,Du(x) −
L−1∑

[α]=0

(−
√
Dh)[α]σα

(x

h
, η,D

) ∂αu(x)

α!

∣∣∣∣

≤ (
√
Dh)L

∑

[α]=L

‖∂αu‖L∞

α!
ρα

(x

h
, η,D

)
.2.2.4. Relations to 
ontinuous 
onvolutions. Let us 
onsider the 
ontinu-ous 
ounterpart of the semi-dis
rete 
onvolutionMh,Du, the 
ontinuous 
onvolutionoperator(2.38) Cδu(x) := δ−n

∫

Rn

η
(x − y

δ

)
u(y) dy , δ > 0 .The 
lose 
onne
tion of the operators Mh,D and C√Dh 
an be seen if we write

C√Dhu(x) = (
√
Dh)−n

∑

m∈Zn

∫

h(m+Q)

u(y) η
(x − y√

Dh
)
dy ,where Q denotes the 
ube [− 1

2 ,
1
2

]n. Comparing this with the de�nition (2.23) of
Mh,Du, we see that the quasi-interpolant Mh,Du(x) is, for a �xed x, the simplemidpoint 
ubature formula of the integral C√Dhu(x), where the integrals

∫

h(m+Q)

u(y) η
(x − y√

Dh
)
dyfor all m ∈ Zn are repla
ed by

hn u(hm) η
(x − hm√

Dh
)
.However, standard estimates for 
ubature methods do not give useful bounds forthe di�eren
e between the semi-dis
rete and 
ontinuous 
onvolutions. For example,the midpoint rule is of se
ond order (
f., e.g., [23℄). Hen
e, we obtain

|M√
Dhu(x) − C√Dhu(x)| ≤ ch2 sup

y∈Rn

∑

[α]=2

∣∣∣∂α
y

(
u(y)η

(x − y√
Dh

))∣∣∣and the se
ond derivatives yield the fa
tor (Dh2)−1.The results of the previous subse
tion help us to obtain better estimations ofthis di�eren
e. From Lemma 2.5, we deriveCorollary 2.8. Let ϕ be a fun
tion as in Lemma 2.5. If u is subje
ted to thegrowth 
ondition (2.28) and η satis�es the de
ay 
ondition (2.26) with K > L+ n,then
Mh,D u(x) − C√Dhu(x)

= (
√
Dh)−n lim

ε→0

∑

ν∈Zn\{0}
Fϕ(εν)

∫

Rn

u(y)η
(x − y√

Dh
)

e−
2πi
h 〈y,ν〉 dy .



30 2. ERROR ESTIMATES FOR QUASI-INTERPOLATIONProof. From the de�nition of the fun
tion Gx in Lemma 2.4, we see that
Mh,Du(x) = Gx(0) and therefore by Lemma 2.5
Mh,Du(x) = (

√
Dh)−n lim

ε→0

∑

ν∈Zn

Fϕ(εν)

∫

Rn

u(y)η
(x − y√

Dh
)

e−
2πi
h 〈y,ν〉 dy . �In the next theorem, we derive a series expansion into powers of √Dh of thedi�eren
e between the semi-dis
rete and 
ontinuous 
onvolutions for su�
ientlysmooth fun
tions u. To this end, we introdu
e the fun
tions(2.39) εα(x, η,D) := σα(x, η,D) −

∫

Rn

yαη(y) dy .Theorem 2.9. Suppose that η satis�es (2.26) with K > L + n, L ∈ N. Thenfor any fun
tion u ∈WL
∞(Rn)

|Mh,Du(x)−C√Dhu(x)| ≤
L−1∑

[α]=0

(
√
Dh)[α] ‖εα(·, η,D)‖L∞

|∂αu(x)|
α!

+(
√
Dh)L

∑

[α]=L

(
‖ρα(·, η,D)‖L∞

+

∫

Rn

∣∣yαη(y)
∣∣ dy

) ‖∂αu‖L∞

α!
.Proof. From (2.36), we know that for u ∈ WL

∞(Rn)

Mh,Du(x) =
L−1∑

[α]=0

∂αu(x)

α!
(−

√
Dh)[α]σα

(x

h
, η,D

)

+ (−
√
Dh)L

∑

[α]=L

D−n/2
∑

m∈Zn

(x−hm√
Dh

)α

η
(x−hm√

Dh
) Uα(x, hm)

α!
,and similarly, the Taylor expansion (2.1) leads to the representation

Cδu(x) =
L−1∑

[α]=0

∂αu(x)

α!
(−δ)[α]

∫

Rn

yαη(y) dy

+ (−δ)L
∑

[α]=L

1

α!

∫

Rn

yαη(y)Uα(x,x − δy) dy .

(2.40)Setting δ =
√
Dh in (2.40), we obtain

Mh,Du(x) − C√Dhu(x) =
L−1∑

[α]=0

∂αu(x)

α!
(−

√
Dh)[α]

(
σα

(x

h
, η,D

)
−
∫

Rn

yαη(y) dy
)

+ (−
√
Dh)L

∑

[α]=L

1

α!
D−n/2

∑

m∈Zn

(x−hm√
Dh

)α

η
(x−hm√

Dh
)
Uα(x, hm)

− (−
√
Dh)L

∑

[α]=L

1

α!

∫

Rn

yαη(y)Uα(x,x −
√
Dhy) dy .Now the assertion follows from (2.35). �



2.2. SOME PROPERTIES OF QUASI-INTERPOLANTS 31We see that the quasi-interpolants Mh,Du, for a �xed D and any u ∈ WL
∞(Rn),approximate the 
ontinuous 
onvolutions C√Dhu with the order O(hL) if and onlyif εα(x, η,D) = 0 for all [α] < L. On the other hand, a good approximation 
anbe obtained for all x, if the norms ‖εα(·, η,D)‖L∞

are small for all [α] < L.We see from Corollary 2.8 that for all x and any fun
tion ϕ mentioned inLemma 2.5(2.41) εα(x, η,D) =
( i

2π

)[α]

lim
ε→0

∑

ν∈Zn\{0}
Fϕ(εν) ∂αFη(

√
Dν) e 2πi〈x,ν〉 .Thus we deriveLemma 2.10. Suppose that the 
ontinuous fun
tion η satis�es the de
ay 
ondi-tion (2.26) and let 0 ≤ [α] ≤ K − n. If {∂αFη(

√
D ·)} ∈ ℓ1(Zn), then

‖εα(·, η,D)‖L∞
=
∥∥∥σα(·, η,D) −

∫

Rn

yαη(y) dy
∥∥∥

L∞

≤ (2π)−[α]
∑

ν∈Zn\{0}
|∂αFη(

√
Dν)| .The integral(2.42) ∫

Rn

xα η(x) dx , α ∈ Zn
≥0 a multi-index ,is 
alled the α-th moment of η.2.2.5. Poisson's summation formula for σα. Formula (2.41) represents aweak form of Poisson's summation formula (2.17) applied to the fun
tion σα:(2.43) D−n/2

∑

m∈Zn

(x − m√
D
)α

η
(x − m√

D
)

=
( i

2π

)[α] ∑

ν∈Zn

∂αFη(
√
Dν) e2πi〈x,ν〉 .The next lemma gives a su�
ient 
ondition on η ensuring (2.43).Lemma 2.11. Let µ = [n/2] + 1. Suppose that the derivatives ∂βη, [β] ≤ µ,exist and satisfy the de
ay 
ondition

|∂βη(x)| ≤ A (1 + |x|)−K for all x ∈ Rnwith 
onstants A > 0 and K > n. Then for all α, [α] < K − n, and all D > 0, thesequen
e of Fourier 
oe�
ients {∂αFη(
√
Dν)} ∈ ℓ1(Zn). Moreover, for any ε > 0there exists D0 > 0 su
h that for all D > D0(2.44) ∑

ν∈Zn\{0}
|∂αFη(

√
Dν)| < ε .Proof. Fix a multi-index α and 
onsider the partial derivative ∂βσα with

[β] = µ, i.e.,
∂β
x σα(x, η,D) = D−µ/2∂β

yD−n/2
∑

m∈Zn

(
y − m√

D
)α

η
(
y − m√

D
)∣∣∣∣

y=x/
√
D
.
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e the de
ay of η and its derivatives ensures the absolute 
onvergen
e of allseries, we 
an write
∂β
x σα(x, η,D)

= D−µ/2D−n/2
∑

m∈Zn

∑

γ≤β

β!

(β − γ)!β!
∂γ
y

(
y − m√

D
)α

∂β−γ
y η

(
y − m√

D
)∣∣∣∣

y=x/
√
D
.It is 
lear that ∂γ

yyα = 0 if γ � α. We know from Lemma 2.6 that the fun
tions
D−n/2

∑

m∈Zn

(x− m√
D
)α−γ

∂β−γη
(x − m√

D
)are uniformly bounded for all D ≥ D0 > 0. Consequently

‖∂βσα( ·, η,D)‖L∞ ≤ cβ D−µ/2 for all [β] = µwith some 
onstants cβ not depending on D. On the other hand, the Fourier
oe�
ients of ∂βσα are (2πiν)βFη(
√
Dν); hen
e Parseval's equality gives

∑

[β]=µ

∑

ν∈Zn

(2πν)2β |∂αFη(
√
Dν)|2 =

∑

[β]=µ

‖∂βσα( ·, η,D)‖2
L2([0,1]n) ≤ c2 D−µ ,where the 
onstant c > 0 depends only on η, n, and µ. Now, we note that

∑

[β]=µ

(2πν)2β ≥ c21 |ν|2µwith some 
onstant c1, depending only on n and µ, whi
h leads to
∑

ν∈Zn\{0}
|∂αFη(

√
Dν)| ≤

∑

ν∈Zn\{0}
|∂αFη(

√
Dν)|

( ∑

[β]=µ

(2πν)2β
)1/2 |ν|−µ

c1

≤ 1

c1

( ∑

ν∈Zn\{0}
|∂αFη(

√
Dν)|2

∑

[β]=µ

(2πν)2β
)1/2( ∑

ν∈Zn\{0}
|ν|−2µ

)1/2

≤ c1/2 D−µ/2

c1

( ∑

ν∈Zn\{0}
|ν|−2µ

)1/2

. �Sin
e we are interested in generating fun
tions subje
t to the inequality (2.44),we introdu
e the following extension of the de
ay 
ondition:Condition 2.12. Let µ = [n/2] + 1 be the smallest integer greater than n/2.Suppose that ∂βη, 0 ≤ [β] ≤ µ, are 
ontinuous and satisfy the de
ay 
ondition:There exist 
onstants A > 0 and K > n su
h that(2.45) |∂βη(x)| ≤ A (1 + |x|)−K for all x ∈ Rn .Corollary 2.13. Assume Condition 2.12. Then for any multi-index α with
[α] < K − n(2.46) εα(x, η,D) =

( i

2π

)[α] ∑

ν∈Zn\{0}
∂αFη(

√
Dν) e 2πi〈x,ν〉 ,and for any ε > 0 there exists D0 > 0 su
h that for all D > D0

‖εα(·, η,D)‖L∞
< ε .



2.3. POINTWISE ERROR ESTIMATES FOR QUASI-INTERPOLATION 33Corollary 2.14. If the generating fun
tion η ful�lls Condition 2.12, then forany ε > 0, there exists D > 0 su
h that
|Mh,Du(x) − C√Dhu(x)| ≤ ε

L−1∑

[α]=0

(
√
Dh)[α] |∂αu(x)|

α!

+ (
√
Dh)L

∑

[α]=L

(
‖ρα(· , η,D)‖L∞

+

∫

Rn

∣∣yαη(y)
∣∣ dy

) ‖∂αu‖L∞

α!for all u ∈WL
∞(Rn).2.3. Pointwise error estimates for quasi-interpolation2.3.1. Using the moments of η. Let us introdu
e another important 
on-dition for the generating fun
tion η.Condition 2.15. We say that η satis�es the moment 
ondition of order N ∈ Nif(2.47) ∫

Rn

η(x) dx = 1 ,

∫

Rn

xαη(x) dx = 0, ∀α , 1 ≤ [α] < N .Let us remark that the moment Condition 2.15 is equivalent to(2.48) ∂αFη(0) = δ0[α], ∀α , 0 ≤ [α] < N ,where δjk denotes the Krone
ker sign
δjk =

{
1 , j = k ,
0 , j 6= k .Thus a fun
tion η satis�es the moment Condition 2.15 if the fun
tion Fη(λ) − 1has a zero of order N at the origin.Lemma 2.16. If η satis�es the de
ay 
ondition (2.45) with K > N + n and themoment Condition 2.15 of order N , then for any u ∈WN

∞(Rn)

sup
Rn

∣∣ Cδu(x) − u(x)
∣∣ ≤ δN

∑

[α]=N

‖∂αu‖L∞

α!

∫

Rn

∣∣yαη(y)
∣∣ dy .Proof. The representation (2.40) with L repla
ed by N gives

Cδu(x) =

N−1∑

[α]=0

∂αu(x)

α!
(−δ)[α]

∫

Rn

yαη(y) dy

+ (−δ)N
∑

[α]=N

1

α!

∫

Rn

yαη(y)Uα(x,x − δy) dy ,and the �rst term on the right-hand side is equal to u(x) in view of (2.47). �Lemma 2.16 together with Corollary 2.14 implies the main feature of the ap-proximate quasi-interpolation:



34 2. ERROR ESTIMATES FOR QUASI-INTERPOLATIONTheorem 2.17. Suppose that η satis�es the de
ay and moment Conditions 2.12and 2.15 with K > N +n. Then for any ε > 0 there exists D > 0 su
h that for any
u ∈ WL

∞(Rn) the approximation error of the quasi-interpolation 
an be estimatedpointwise by(2.49) |u(x) −Mh,Du(x)| ≤ cη (
√
Dh)M ‖∇Mu‖L∞

+ ε
M−1∑

k=0

(
√
Dh)k|∇ku(x)| ,where M = min(L,N) and the 
onstant cη does not depend on u, h, and D.Let us 
omment on the estimate (2.49). Representation (2.36) and relation(2.46) show that the quasi-interpolant Mh,Du for u ∈ WL

∞(Rn) 
an be expandedunder the 
onditions of Theorem 2.17 in the form
Mh,Du(x) = u(x) +

M−1∑

[α]=0

(−
√
Dh)[α] ∂

αu(x)

α!
εα

(x

h
, η,D

)

+

L−1∑

[α]=N

(−
√
Dh)[α] ∂

αu(x)

α!
σα

(x

h
, η,D

)
+RL,h(x) ,

(2.50)where M = min(N,L) and the remainder RL,h is of the form(2.51) RL,h(x) = (−
√
Dh)L

∑

[α]=L

D−n/2
∑

m∈Zn

(x−hm√
Dh

)α

η
(x−hm√

Dh
) Uα(x, hm)

α!(
ompare with (2.37)). If L < N , then the se
ond sum in the expansion (2.50) isabsent, of 
ourse. Sin
e
εα

(x

h
, η,D

)
=
( i

2π

)[α] ∑

ν∈Zn\{0}
∂αFη(

√
Dν) e

2πi
h 〈x,ν〉 ,the quasi-interpolant Mh,Du di�ers from u by the sum of M − 1 fast os
illatingfun
tions and a remainder of order O((

√
Dh)M ).In view of Corollary 2.13, the maximum norms of the os
illating fun
tions

∑

ν∈Zn\0
∂αFη(

√
Dν) e

2πi
h 〈x,ν〉 , 0 ≤ [α] < N ,
an be made arbitrarily small if D is large enough. This implies that for �xed

D > 0 and h→ 0 the sum Mh,Du does not 
onverge to the fun
tion u. However, itapproximates u with the order O((
√
Dh)M ) as long as the di�eren
e Mh,Du(x) −

u(x) attains the saturation error, whi
h has the representation(2.52) M−1∑

j=0

( i
√
Dh

2π

)j ∑

[α]=j

∂αu(x)

α!

∑

ν∈Zn\0
∂αFη(

√
Dν) e

2πi
h 〈x,ν〉 .Sin
e this error 
an be made smaller than any pres
ribed a

ura
y, for example,the a

ura
y of the 
omputing system, the absen
e of 
onvergen
e is not importantin pra
ti
al appli
ations.Remark 2.18. Due to the terms (

√
Dh)k in the estimate of (2.49) the step

h must be 
hosen su
h that √
Dh < 1. Hen
e, for the pra
ti
al appli
ation of



2.3. POINTWISE ERROR ESTIMATES FOR QUASI-INTERPOLATION 35approximate quasi-interpolation it is ne
essary, espe
ially for the multi-dimensional
ase, to use generating fun
tions subje
t to
∣∣∣
∑

ν∈Zn\0
∂αFη(

√
Dν) e

2πi
h 〈x,ν〉

∣∣∣ << 1even for relatively small D, at least if [α] = 0.2.3.2. Trun
ation of summation. Sin
e, in general, the support of the gen-erating fun
tion η of the quasi-interpolant Mh,Du is the whole spa
e, one has totrun
ate the summation in (2.23). Here we 
onsider the proper trun
ation of thequasi-interpolant (2.23) su
h that the error estimates remain valid.To be more spe
i�
, denoting the 
losed ball of radius κ 
entered at x by
B(x, κ) = {y ∈ Rn : |y − x| ≤ κ}, we 
onsider the trun
ated quasi-interpolant(2.53) M(κ)

h,Du(x) = D−n/2
∑

hm∈B(x,κ)

u(hm)η
(x − hm√

Dh
)
.The di�eren
e to Mh,Du 
an be estimated as follows:

|M(κ)
h,Du(x) −Mh,Du(x)| ≤ sup

hm/∈B(x,κ)

|u(hm)| D−n/2
∑

hm/∈B(x,κ)

∣∣∣η
(x − hm√

Dh
)∣∣∣

≤ gD(κ/h, η) ‖u‖L∞
,

(2.54)where the non-negative fun
tion gD(t, η) is de�ned by(2.55) gD(t, η) = sup
x∈Rn

D−n/2
∑

|x−m|>t

∣∣∣η
(x − m√

D
)∣∣∣ .For fun
tions η satisfying the de
ay 
ondition (2.26) we have

gD(t, η) ≤ A sup
x∈Rn

D−n/2
∑

|x−m|>t

(
1 +

|x − m|√
D

)−K

≤ AD(K−n)/2 sup
x∈Rn

∑

|x−m|>t

|x − m|−K ≤ B
( t√

D
)n−K

(2.56)with a 
onstant B depending on η and the spa
e dimension n. Hen
e by (2.54),the trun
ation error is bounded by(2.57) |M(κ)
h,Du(x) −Mh,Du(x)| ≤ B

(√Dh
κ

)K−n

‖u‖L∞
.Thus Theorem 2.17 leads immediately to the next 
orollary.Corollary 2.19. Suppose that η satis�es the de
ay and moment Conditions2.12 and 2.15 with K > N + n. For any ε > 0, there exists D > 0 su
h that for�xed κ > 0 and any u ∈ WL

∞(Rn)

|(I −M(κ)
h,D)u(x)| ≤ cη(

√
Dh)M

(
‖∇Mu‖L∞

+ ‖u‖L∞

)

+ ε

M−1∑

k=0

(
√
Dh)k|∇ku(x)| ,

(2.58)where M = min(L,N) and cη depends on η and κ.



36 2. ERROR ESTIMATES FOR QUASI-INTERPOLATIONAnother 
onsequen
e of (2.54) 
an be obtained for the 
ase that the parameter
κ is proportional to h. Let κ = ht, t > 0. Then(2.59) M(ht)

h,Du(x) = D−n/2
∑

|x−hm|<ht

u(hm)η
(x − hm√

Dh
)
,i.e., the summation is restri
ted to a small number of terms not depending on h.We have

|M(ht)
h,Du(x) −Mh,Du(x)| ≤ gD(t, η) ‖u‖L∞

,and by 
hoosing t su�
iently large, the error 
aused by the trun
ation of the sum-mation is 
omparable with the saturation error of Mh,Du. For example, if
gD(t, η) ≤ ‖ε0( · , η,D)‖L∞

,then
|(I −M(ht)

h,D)u(x)| ≤ |(I −Mh,D)u(x)| + ‖ε0( · , η,D)‖L∞
‖u‖L∞

,and we obtainCorollary 2.20. Suppose that η satis�es the de
ay and moment Conditions2.12 and 2.15. For any ε > 0, there exist positive D and t su
h that for any
u ∈ WL

∞(Rn)

|(I −M(ht)
h,D)u(x)| ≤ cη(

√
Dh)M ‖∇Mu‖L∞

+ ε
(
‖u‖L∞

+

M−1∑

k=1

(
√
Dh)k|∇ku(x)|

)
,

(2.60)where M = min(L,N) and cη depends only on η.Remark 2.21. It follows from Corollary 2.20 that the 
omputation ofMh,Du(x)requires taking only the terms in (2.23) for whi
h |x/h−m| ≤ t. Thus the numberof summands is proportional to tn and does not depend on the mesh size h.The fun
tion gD 
an be used to 
hara
terize the behavior of Mh,Du outsidethe support of the fun
tion u.Lemma 2.22. For any bounded fun
tion u vanishing outside some domain Ωand for x ∈ Rn \ Ω we have
|Mh,Du(x)| ≤ gD(h−1 dist(x,Ω), η) sup

Ω
|u| .2.3.3. Lo
al estimate of the quasi-interpolation. We have seen thatMh,Dand its properly trun
ated version M(t)

h,D provide similar approximation properties,i.e., the error estimate depends on the supremum of ∇Mu on the whole spa
e.However, sin
e M(t)
h,Du(x) depends only on the values u(hm) with |hm − x| ≤ ht,this lo
al pro
edure should enjoy a lo
al error estimate.Those estimates 
an be established if the trun
ation radius is slightly enlarged.For the generating fun
tion η satisfying the usual de
ay and moment 
onditions oforder N , we introdu
e another monotone fun
tion:(2.61) rD(t, η) := sup

x∈Rn

D−n/2
∑

|x−m|>t

|x− m|N−1
∣∣∣η
(x − m√

D
)∣∣∣ .Obviously, rD(t, η) = O(tN+n−1−K) as t→ ∞.
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∞(B(x, ht)) and use the Taylor expansion (2.1) of u in

B(x, ht) to represent the trun
ated sum
M(t)

h,Du(x) =
N−1∑

[α]=0

(−
√
Dh)[α] ∂

αu(x)

α!
D−n/2

∑

hm∈B(x,ht)

(x − hm√
Dh

)α

η
(x − hm√

Dh
)

+ (−
√
Dh)N

∑

[α]=N

D−n/2

α!

∑

hm∈B(x,ht)

(x − hm√
Dh

)α

η
(x − hm√

Dh
)
Uα(x, hm) .

(2.62)
By (2.39) and (2.47) we 
an estimate

(
√
Dh)[α]

∣∣∣D−n/2
∑

hm∈B(x,ht)

(x− hm√
Dh

)α

η
(x− hm√

Dh
)
− δ0[α]

∣∣∣

≤ (
√
Dh)[α]|εα(x, η,D)| + h[α]D−n/2

∑

|x−m|>t

∣∣∣x − hm

h

∣∣∣
[α]∣∣∣η

(x − hm√
Dh

)∣∣∣

≤ (
√
Dh)[α]‖εα( · , η,D)‖L∞

+ h[α]t[α]+1−NrD(t, η) .Now we de�ne the trun
ation radius κ > 0 satisfying(2.63) κ[α]+1−N rD(κ, η) ≤ D[α]/2‖εα( · , η,D)‖L∞
.The existen
e of a bounded κ follows from t[α]+1−NrD(t, η) = O(t[α]+n−K) → 0for all [α] < N . Sin
e, obviously,(2.64) gD(κ, η) ≤ ‖ε0( · , η,D)‖L∞

,where gD is de�ned in (2.55), the parameter κ 
an be used to 
ontrol the error esti-mates for quasi-interpolation in domains. We will dis
uss this problem in Chapter9. To pro
eed with the estimation, we note that (2.63) implies
(
√
Dh)[α]

∣∣∣D−n/2
∑

hm∈B(x,hκ)

(x − hm√
Dh

)α

η
(x − hm√

Dh
)
− δ0[α]

∣∣∣

≤ 2(
√
Dh)[α]‖εα( · , η,D)‖L∞

,whi
h gives the following.Lemma 2.23. Suppose that η satis�es the de
ay and moment Conditions 2.12and 2.15 with K > N + n and the 
onditions of Lemma 2.11, and let κ > 0 besu
h that (2.63) holds. If u is 
ontinuously di�erentiable in B(x, hκ) up to order
N , then

|(I −M(κ)
h,D)u(x)| ≤ (

√
Dh)N

∑

[α]=N

‖ρα(· , η,D)‖L∞

α!
‖∂αu‖L∞(B(x,hκ))

+ 2

N−1∑

[α]=0

(
√
Dh)[α] |∂αu(x)|

α!
‖εα(· , η,D)‖L∞

.

(2.65)Be
ause of
|(Mh,D −M(κ)

h,D)u(x)| ≤ ‖ε0(· , η,D)‖L∞
‖u‖L∞

,whi
h is a 
onsequen
e of (2.64), the following lo
al estimate 
an be established.



38 2. ERROR ESTIMATES FOR QUASI-INTERPOLATIONCorollary 2.24. Under the 
onditions of Lemma 2.23 for any ε > 0 thereexists positive D and κ su
h that for any u ∈ WL
∞(B(x, hκ))

|(I −Mh,D)u(x)| ≤ cη(
√
Dh)M ‖∇Mu‖L∞(B(x,hκ))

+ ε
(
‖u‖L∞

+

M−1∑

k=1

(
√
Dh)k|∇ku(x)|

)
,with M = min(L,N) and the 
onstant cη depending only on η. Moreover, if u ∈

WL
∞(Ω) in some domain Ω ⊂ Rn then

|(I −Mh,D)u(x)| ≤ cη(
√
Dh)M ‖∇Mu‖L∞(Ω)

+ ε
(
‖u‖L∞(Ω) +

M−1∑

k=1

(
√
Dh)k|∇ku(x)|

)(2.66)for all x ∈ Ωκh, where we use the notation(2.67) Ωτ = {x : B(x, τ) ⊂ Ω} .2.3.4. Hölder 
ontinuous fun
tions. The proposed quasi-interpolation for-mula approximates non-smooth fun
tions as well. The Figs. 2.1 and 2.2 depi
t thedi�eren
e between the fun
tion u = |x|1/2 and its quasi-interpolantMh,2u with theGaussian basis fun
tion (
f. (1.7)). We see that the error behaves near x = 0 like
h1/2.

0
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0.1

0.15

–0.2 –0.1 0.1 0.2Figure 2.1. Error for
h = 0.08

0.02

0.04

0.06

0.08

–0.04 –0.02 0.02 0.04Figure 2.2. Error for
h = 0.02Su
h 
onvergen
e behavior 
an be established also in the general 
ase. Let, forexample, u ∈ WL+γ

∞ (Rn), i.e.,
‖∂αu(· + x) − ∂αu(·)‖L∞

|x|γ ≤ cα for all x ∈ Rn , [α] = L ,with some 
onstants cα and L < N .



2.3. POINTWISE ERROR ESTIMATES FOR QUASI-INTERPOLATION 39Theorem 2.25. If η is as in Theorem 2.17, then the estimate
|u(x) −Mh,Du(x)| ≤ cL,γ (

√
Dh)L+γ

∑

[α]=L

cα ρα,γ

α!

+

L∑

[α]=0

|∂αu(x)|
α!

(
√
Dh)[α] εα(η,D)holds, where

cL,γ = L
Γ(L)Γ(γ + 1)

Γ(L+ γ + 1)and
ρα,γ =

∥∥∥D−n/2
∑

m∈Zn

∣∣∣ · − m√
D

∣∣∣
γ∣∣∣
( · − m√

D
)α

η
( · − m√

D
)∣∣∣
∥∥∥

L∞

.Proof. From
Uα(x, hm) − ∂αu(x) = L

1∫

0

sL−1
(
∂αu(sx + (1 − s)hm) − ∂αu(x)

)
ds ,one obtains the estimate

∣∣Uα(x, hm) − ∂αu(x)
∣∣

≤ |x − hm|γL
1∫

0

sL−1(1 − s)γ |∂αu(sx + (1 − s)hm) − ∂αu(x)|
|sx + (1 − s)hm − x| ds

≤ |x − hm|γcαL
1∫

0

sL−1(1 − s)γ ds = cα L
Γ(L)Γ(γ + 1)

Γ(L + γ + 1)
|x − hm|γ .Hen
e using (2.51), we derive

∣∣∣RL,h(x) − (−
√
Dh)L

∑

[α]=L

∂αu(x)

α!
σα

(x

h
, η,D

)∣∣∣

≤ cL,γ (
√
Dh)L+γ cα

α!
D−n/2

∑

m∈Zn

∣∣∣x − hm√
Dh

∣∣∣
γ∣∣∣
(x − hm√

Dh
)α

η
(x − hm√

Dh
)∣∣∣ . �Remark 2.26. If the bounded fun
tion u satis�es

|u(x + y) − u(x)| ≤ C |y|γfor some 0 < γ ≤ 1 and all x ∈ Rn, then
|u(x) −Mh,Du(x)| ≤ cγ (

√
Dh)γC + ε0(η,D)|u(x)| .The following su�
ient assumption on η, whi
h ensures that ε0(η,D) < ε for pre-s
ribed ε > 0 and su�
iently large D, 
an be easily derived from Corollary 2.13.The generating fun
tion η has to satisfy

|∂βη(x)|(1 + |x|)K <∞ , x ∈ Rn ,for some K > n and all 0 ≤ [β] ≤ µ, where µ is the smallest integer greater than
n/2, and Fη(0) = 1.



40 2. ERROR ESTIMATES FOR QUASI-INTERPOLATION2.3.5. Approximation of derivatives. If the derivative ∂βη exists and sat-is�es the de
ay 
ondition (2.45), then
∂βMh,Du(x) = D−n/2(

√
Dh)−[β]

∑

m∈Zn

u(hm) ∂βη
(x − hm√

D h

)
.We note that the 
ontinuous 
onvolution satis�es

∂βC√Dhu(x) = (
√
Dh)−n−[β]

∫

Rn

u(y) ∂βη
(x − y√

Dh
)
dy

= (
√
Dh)−n

∫

Rn

∂βu(y) η
(x − y√

Dh
)
dy = C√Dh∂

βu(x) .

(2.68)Pro
eeding as in the proof of Theorem 2.9, we obtain
(
√
Dh)[β]

∣∣∂βMh,Du(x) − ∂βC√Dhu(x)
∣∣

≤ (
√
Dh)L

∑

[α]=L

(∥∥ρα(· , ∂βη,D)
∥∥

L∞

+

∫

Rn

∣∣yα ∂βη(y)
∣∣ dy

) ‖∂αu‖L∞

α!

+

L−1∑

[α]=0

(−
√
Dh)[α]

∣∣∣∣σα

(x

h
, ∂βη,D

)
−
∫

Rn

yα ∂βη(y) dy

∣∣∣∣
|∂αu(x)|

α!
.If η satis�es the moment Condition 2.15 of order N , then in view of (2.68) andLemma 2.16,

∣∣∂βC√Dhu(x) − ∂βu(x)
∣∣ ≤

∑

[α]=N

‖∂α+βu‖L∞

α!

∫

Rn

∣∣yαη(y)
∣∣ dy ,and we obtain the estimate

(
√
Dh)[β]

∣∣∂βMh,Du(x) − ∂βu(x)
∣∣

≤ (
√
Dh)N+[β]

∑

[α]=N

‖∂α+βu‖L∞

α!

∫

Rn

∣∣yαη(y)
∣∣ dy

+ (
√
Dh)L

∑

[α]=L

(∥∥ρα(· , η,D)
∥∥

L∞

+

∫

Rn

∣∣yα ∂βη(y)
∣∣ dy

) ‖∂αu‖L∞

α!

+

L−1∑

[α]=0

(
√
Dh)[α]

∣∣∣∣σα

(x

h
, ∂βη,D

)
−
∫

Rn

yα ∂βη(y) dy

∣∣∣∣
|∂αu(x)|

α!
.Hen
e we have provedTheorem 2.27. Suppose that η satis�es (2.45), (2.47), and suppose that thepartial derivative ∂βη satis�es the 
onditions of Lemma 2.11. Then for any ε > 0,
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h that for any u ∈WL
∞(Rn), L ≥ N + [β],

∣∣∂β Mh,Du(x) − ∂βu(x)
∣∣ ≤ (

√
Dh)N

∑

[α]=N

‖∂α+βu‖L∞

α!

∫

Rn

∣∣yαη(y)
∣∣ dy

+ (
√
Dh)L−[β]

∑

[α]=L

(∥∥ρα(· , ∂βη,D)
∥∥

L∞

+

∫

Rn

∣∣yα ∂βη(y)
∣∣ dy

) ‖∂αu‖L∞

α!

+ ε

L−1∑

[α]=0

(
√
Dh)[α]−[β] |∂αu(x)|

α!
.2.4. Lp-estimates of the quasi-interpolation errorTo justify appli
ations of approximate approximations in numeri
al methods, itis important to study approximation properties of approximate quasi-interpolantsalso in integral norms. In this se
tion we 
on
entrate on estimates in the norm ofthe spa
e Lp = Lp(Rn), 1 ≤ p <∞.2.4.1. Formulation of the result. We use the representation of the approx-imate quasi-interpolant

Mh,Du(x) − u(x) =

M−1∑

[α]=0

(−
√
Dh)[α] ∂

αu(x)

α!
εα

(x

h
, η,D

)

+

L−1∑

[α]=N

(−
√
Dh)[α] ∂

αu(x)

α!
σα

(x

h
, η,D

)
+RL,h(x) ,

(2.69)whi
h is valid for any su�
iently smooth fun
tion u (see (2.50)). It is supposedhere that η is subje
t to the de
ay Condition 2.12 with K > max(L,N) + n andthe moment Condition 2.15 of order N . The integer M in (2.69) is given as M =
min(N,L) and the remainder RL,h is de�ned by (2.51).Under the assumption that ∂αu ∈ Lp(Rn), 0 ≤ [α] < L, we obtain, by usingLemma 2.6,

‖u−Mh,Du‖Lp ≤
N−1∑

[α]=0

(
√
Dh)[α]

α!
‖∂αu‖Lp ‖εα(· , η,D)‖L∞

+

L−1∑

[α]=N

(
√
Dh)[α]

α!
‖∂αu‖Lp ‖σα(· , η,D)‖L∞

+ (
√
Dh)L

∥∥∥
∑

[α]=L

D−n/2

α!

∑

m∈Zn

(x − hm√
Dh

)α

η
(x − hm√

Dh
)
Uα(x, hm)

∥∥∥
Lp

.The �rst two sums on the right-hand side 
an be estimated by using Corollary 2.13and Lemma 2.6. In parti
ular,
∑

[α]=k

(
√
Dh)[α]

α!
‖∂αu‖Lp‖σα(· , η,D)‖L∞

≤ (
√
Dh)k

(2π)k

∑

[α]=k

‖∂αu‖Lp

∑

ν∈Zn\{0}

∣∣∂αFη(
√
Dν)

∣∣ ≤ (
√
Dh)k εk(D)

(2π)k
‖∇ku‖Lp



42 2. ERROR ESTIMATES FOR QUASI-INTERPOLATIONwith the numbers(2.70) εk(D) = max
[α]=k

∑

ν∈Zn\{0}

∣∣∂αFη(
√
Dν)

∣∣ .We show in Lemma 2.29 below that(2.71) ∥∥∥D−n/2
∑

m∈Zn

(x − hm√
Dh

)α

η
(x − hm√

Dh
)
Uα(x, hm)

∥∥∥
Lp

≤ cη‖∂αu‖Lpif ∂αu ∈ Lp(Rn) and [α] = L > n/p, where the 
onstant cη does not depend on u,
h, and D. Note that the 
ondition L > n/p guarantees that u ∈ WL

p (Rn) 
an beidenti�ed with a 
ontinuous fun
tion.Theorem 2.28. Suppose that η satis�es the de
ay and moment Conditions 2.12and 2.15 of order N . Then for any 
ontinuous fun
tion u ∈ WL
p , 1 ≤ p ≤ ∞ and

n/p < L < K, the quasi-interpolant (2.23) satis�es
‖u−Mh,Du‖Lp ≤ cη (

√
Dh)M ‖∇Mu‖Lp +

M−1∑

k=0

(
√
Dh)k εk(D)

(2π)k
‖∇ku‖Lpwhere M = min(L,N), the 
onstant cη does not depend on u, h, and D and thenumbers εk are de�ned by (2.70). Moreover, for any ε > 0, there exists D0 > 0su
h that for all D > D0

‖u−Mh,Du‖Lp ≤ cη (
√
Dh)M ‖∇Mu‖Lp + ε

M−1∑

k=0

(
√
Dh)k‖∇ku‖Lp .2.4.2. Estimation of the remainder term. To prove (2.71), we introdu
ethe fun
tions(2.72) Sα,h(x) := D−n/2

∑

m∈Zn

(x − hm√
Dh

)α

η
(x − hm√

Dh
)
Uα(x, hm) .Lemma 2.29. Suppose that η satis�es the de
ay 
ondition (2.45) and that thefun
tion u is su
h that ∂αu ∈ Lp with [α] = L, where 1 ≤ p < ∞ and n/p < L <

K − n. Then the Lp-norm of Sα,h admits the estimate
‖Sα,h‖Lp ≤ cη‖∂αu‖Lpwith some 
onstant cη not depending on u, h, and D.Proof. We use the fun
tions φµ de�ned by (2.31). Sin
e

φµ(s) → 2πn/2

Γ(n/2)

Γ(n)Γ(µ)

Γ(n+ µ)
as s→ ∞ ,there exist 
onstants Φµ(t) for any t ∈ (0,∞) su
h that

φµ(s) ≤ Φµ(t) if t ≤ s <∞ .On the other hand, snφµ(s) is an in
reasing fun
tion of s; hen
e
φµ(s) ≤ (t/s)n Φµ(t) , for 0 < s ≤ t ,whi
h, together with the de
ay 
ondition (2.45), implies(2.73) ∥∥∥(

√
Ds)−n

∑

m∈Zn

∣∣∣
( · − m√

Ds
)α

η
( · − m√

Ds
)∣∣∣
∥∥∥

L∞

≤ As−n ΦK−L(
√
D)for any s ∈ (0, 1] and [α] = L.



2.4. Lp-ESTIMATES OF THE QUASI-INTERPOLATION ERROR 43First let 1 < p < ∞. Applying Hölder's inequality and (2.73) with s = 1, weobtain
‖Sα,h‖p

Lp
≤
∫

Rn

( ∑

m∈Zn

∣∣∣D−n/2
(x − hm√

Dh
)α

η
(x − hm√

Dh
)∣∣∣

1/p+1/p′

|Uα(x, hm)|
)p

dx

≤
(
AΦK−L(

√
D)
)p/p′

∫

Rn

D−n/2
∑

m∈Zn

∣∣∣
(x−hm√

Dh
)α

η
(x−hm√

Dh
)∣∣∣
∣∣Uα(x, hm)

∣∣pdx ,with p′ = (1 − p)/p. Choose θ ∈ (0, L − n/p) and apply Hölder's inequality on
emore to get
∣∣Uα(x,hm)

∣∣p = Lp
∣∣∣

1∫

0

sL−1∂αu(sx + (1 − s)hm)ds
∣∣∣
p

≤ Lp

1∫

0

s(L−1−1/p′−θ)p|∂αu(sx + (1 − s)hm)|pds
{ 1∫

0

s−1+θp′

ds

}p/p′

=
Lp

(θp′)p/p′

1∫

0

s(L−θ)p−1|∂αu(sx + (1 − s)hm)|pds .Hen
e it remains to estimate
∫

Rn

D−n/2
∑

m∈Zn

∣∣∣
(x−hm√

Dh
)α

η
(x−hm√

Dh
)∣∣∣

1∫

0

s(L−θ)p−1|∂αu(sx + (1−s)hm)|pds dx

=

1∫

0

s(L−θ)p−1

∫

Rn

|∂αu(t)|p (
√
Ds)−n

∑

m∈Zn

∣∣∣
(t− hm√

Dhs
)α

η
(t − hm√

Dhs
)∣∣∣dt ds ,where we 
hanged the order of integrations and summation in the last equality sev-eral times, whi
h is justi�ed sin
e the integrands are non-negative, and substituted

t = sx + (1 − s)hm. The appli
ation of (2.73) results in
1∫

0

s(L−θ)p−1

∫

Rn

|∂αu(t)|p (
√
Ds)−n

∑

m∈Zn

∣∣∣
(t− hm√

Dhs
)α

η
(t − hm√

Dhs
)∣∣∣dt ds

≤ AΦK−L(
√
D)

1∫

0

s(L−θ)p−1−nds

∫

Rn

|∂αu(t)|pdt =
AΦK−L(

√
D)

(L−θ)p− n
‖∂αu‖p

Lp
,whi
h leads to

‖Sα,h‖p
Lp

≤
(
AΦK−L(

√
D)
)p/p′ Lp

(θp′)p/p′

AΦK−L(
√
D)

(L−θ)p− n
‖∂αu‖p

Lpfor arbitrary θ ∈ (0, L− n/p). Be
ause of
min

0<θ<L−n/p

1

(θp′)1/p′ ((L−θ)p− n)1/p
=

p

Lp− n
,we obtain

‖Sα,h‖Lp ≤ AΦK−L(
√
D)

Lp

Lp− n
‖∂αu‖Lp .



44 2. ERROR ESTIMATES FOR QUASI-INTERPOLATIONIf p = ∞, then using (2.73) with s = 1 and the inequality |Uα(x,y)| ≤ ‖∂αu‖L∞
,one obtains

‖Sα,h‖L∞
≤ AΦK−L(

√
D)‖∂αu‖L∞

.If p = 1, then 
learly
‖Sα,h‖L1 ≤ L

1∫

0

sL−1

∫

Rn

|∂αu(t)|(
√
Ds)−n

∑

m∈Zn

∣∣∣
(t − hm√

Dhs
)α

η
(t− hm√

Dhs
)∣∣∣ dt ds

≤ ALΦK−L(
√
D)

1∫

0

sL−1−nds

∫

Rn

|∂αu(t)|dt ≤ ALΦK−L(
√
D)

L− n
‖∂αu‖L1 .Thus the assertion is proved for 1 ≤ p ≤ ∞ and we see that the 
onstant cη isbounded by

cη ≤ AΦK−L(
√
D)

Lp

Lp− n
. �2.4.3. Remark on the best approximation. Using properties of the quasi-interpolants, we 
an draw some preliminary 
on
lusions 
on
erning approximationproperties of the sets span{η(x − hm

h
√
D
)
,m ∈ Zn

}if h→ 0.A spa
e S of 
omplex-valued fun
tions de�ned on Rn is 
alled shift-invariantif, for ea
h f ∈ S, the spa
e S 
ontains the shifts f(· + m), m ∈ Zn. In otherwords, S 
ontains all the integer translates of f if it 
ontains f . A parti
ularlysimple example is provided by the spa
e of all �nite linear 
ombinations of shifts ofa single fun
tion ϕ. The 
losure of this set in some Bana
h spa
e X , denoted by
S(ϕ) = 
losureX

(span{ϕ(· − m),m ∈ Zn
})
,is 
alled the prin
ipal shift-invariant subspa
e generated by ϕ. The spa
e S(ϕ) 
anbe dilated by the parameter h > 0 to obtain

Sh(ϕ) := {f(·/h) : f ∈ S(ϕ)} ,and the family (Sh(ϕ))h is 
alled a ladder of prin
ipal shift-invariant spa
es. Thusthe quasi-interpolants Mh,Du are elements from the ladder (Sh(η(·/D)))h, andTheorem 2.28 implies, for example, that for any ε > 0, there exists D0 > 0 su
hthat for all D > D0(2.74) dist(u, Sh(η(·/D);Lp)) ≤ c((
√
Dh)N + ε)‖u‖W N

pfor any u ∈ WN
p (Rn), N > n/p, if η satis�es the de
ay and moment Conditions2.12 and 2.15. Here the distan
e of the subspa
e Sh(ϕ) to f is de�ned as(2.75) dist(f, Sh(ϕ);X) = inf

fh∈Sh(ϕ)
‖f − fh‖X .In the next 
hapter, we shall see that (2.74) is valid if the moment Condition2.15 is repla
ed by the requirement Fη(0) 6= 0.Let us note that this requirement together with the boundedness

|∂βη(x)|(1 + |x|)K <∞ , x ∈ Rn ,



2.5. NOTES 45for some K > n and all 0 ≤ [β] ≤ µ, where µ is the smallest integer greater than
n/2, ensures that for any ε > 0 there exists D > 0 su
h that(2.76) lim

h→0
dist(u, Sh(η(·/D);Lp)) < ε‖u‖Lp .This follows from Remark 2.26 and the density of 
ompa
tly supported smoothfun
tions in Lp.2.4.4. Lo
al Lp-estimates. Here, we estimate the quasi-interpolation errorin Lp for fun
tions, whi
h are given on a bounded domain Ω ⊂ Rn. Let u ∈

WL
p (Ω). We know from (2.62) and the proof of Lemma 2.23 that the trun
atedquasi-interpolant M(κ)

h,Du allows the representation
M(κ)

h,Du(x) = u(x) +

M−1∑

[α]=0

(
√
Dh)[α] fα(x)

∂αu(x)

α!

+ (−
√
Dh)M

∑

[α]=M

D−n/2

α!

∑

hm∈B(x,ht)

(x − hm√
Dh

)α

η
(x − hm√

Dh
)
Uα(x, hm) ,with su�
iently small fun
tions satisfying fα(x) ≤ 2‖εα(· , η,D)‖L∞

if the trun
a-tion parameter κ satis�es (2.63) and x ∈ Ωκh (see (2.67)). Here M = min(L,N).Pro
eeding as in the proof of Theorem 2.28 and Lemma 2.29, one 
an dedu
e
‖(I −M(κ)

h,D)u‖Lp(Ωκh) ≤ c (
√
Dh)M ‖∇Mu‖Lp(Ω)

+ 2
M−1∑

[α]=0

(
√
Dh)[α] ‖∂αu(x)‖Lp(Ω)

α!
‖εα(· , η,D)‖L∞

.The di�eren
e (Mh,D −M(κ)
h,D)u 
an be estimated in view of Lemma 2.1 and (2.63)by

‖(Mh,D −M(κ)
h,D)u‖Lp(Ωκh) ≤

( ∫

|x|>κ
√
D

|η| dx
)1/p

(κ1−N rD(κ, η))1−1/p‖u‖p,h

≤ ‖ε0(· , η,D)‖L∞
‖u‖p,h .Hen
e we deriveLemma 2.30. Suppose that η satis�es the 
onditions of Theorem 2.28. Let Ωbe a domain in Rn and let u ∈ WL

p (Ω) with L > n/p, 1 ≤ p ≤ ∞. Then for any
ε > 0 there exist positive D and κ su
h that
‖(I −Mh,D)u‖Lp(Ωκh) ≤ c (

√
Dh)M ‖∇Mu‖Lp(Ω) + ε

M−1∑

k=0

(
√
Dh)k‖∇ku‖Lp(Ω) ,where Ωκh is the subdomain de�ned in (2.67) and the 
onstant c does not dependon u, h, and D. 2.5. NotesThe error estimates for the quasi-interpolants Mh,Du obtained in this 
hapterhave been announ
ed and proved, partially in a di�erent form, in [62℄, [64℄, [66℄,[67℄. The proof of Lemma 2.11 is taken from [71℄.



46 2. ERROR ESTIMATES FOR QUASI-INTERPOLATIONIt 
an be seen from (2.50) and Theorem 2.17 that the quasi-interpolant Mh,Du
onverges to u with the order O((
√
Dh)N ) if and only if η satis�es, besides themoment and de
ay Conditions 2.15 and 2.12, the 
onditions(2.77) ∂αFη(

√
Dν) = 0 , ∀ν ∈ Zn\{0} , 0 ≤ [α] < N .They are known as the Strang-Fix 
onditions , whi
h play an important role inthe theory of approximations from shift-invariant spa
es. The determination ofthe approximation powers of prin
ipal shift invariant spa
es, i.e., the rate of de
ayfor su�
iently smooth fun
tions, has re
eived 
onsiderable attention in the litera-ture. We mention some results, whi
h are relevant for the fast de
aying generatingfun
tions η 
onsidered here.In [92℄ Strang and Fix analyzed the L2-approximation properties of the (non-
losed) subspa
e S2(ϕ) = S∗(ϕ)∩L2(Rn), where S∗(ϕ) denotes the set of all linear
ombinations of the integer shifts of a 
ompa
tly supported fun
tion ϕ. They provedthat the 
ondition(2.78) Fϕ(0) 6= 0 , ∂αFϕ(ν) = 0 , ∀ν ∈ Zn\{0} , 0 ≤ [α] < N ,is ne
essary and su�
ient for the 
ontrolled approximation of order N . This meansthat for a given f ∈WN

2 (Rn) there exist approximants
fh =

∑

m∈Zn

chmϕ(· − m) ∈ Sh
2 (ϕ)su
h that

‖f − fh‖L2 ≤ chN‖f‖W N
2and the 
oe�
ients of fh satisfy(2.79) ‖{chm}‖ℓ2(Zn) ≤ ch−n/2‖f‖L2 ,with 
onstants not independent of f and h. They showed also that (2.78) is equiv-alent to the polynomial reprodu
ing property, i.e., for any algebrai
 polynomial

g ∈ ΠN−1 of degree < N(2.80) ∑

m∈Zn

g(m)ϕ(· − m) ∈ ΠN−1 .Note that the Strang-Fix 
onditions (2.78) has been 
onsidered previously for n = 1by S
hoenberg in [86℄. He showed that all polynomials of degree< N 
an be writtenas ∑m∈Z
cmϕ(· −m), if the pie
ewise 
ontinuous fun
tion ϕ with the exponentialde
ay at in�nity satis�es (2.78).There is a ri
h literature where Strang-Fix 
onditions and the 
onne
tions tothe approximation power of subspa
es have been 
lari�ed and extended in variousdire
tions. The extensions in
lude shift-invariant spa
es whi
h are generated by a
olle
tion of generating fun
tions, generating fun
tions with non-
ompa
t support,and approximation orders in other than L2-norms. The des
ription of these re-sults is beyond the s
ope of this book. A good overview 
on
erning the histori
aldevelopment of L2- and L∞-approximation orders is given, for example, in [11℄,whi
h develops a general approa
h to this topi
. It 
ontains also a rather largebibliography and additional information. Approximation orders in Lp have beeninvestigated, in parti
ular, in [12℄, [38℄, where it is shown that the Strang-Fix
onditions are equivalent to 
ertain �
ontrolled� approximation orders of prin
ipalshift-invariant spa
es, too.



2.5. NOTES 47In [11℄ de Boor, DeVore, and Ron proved the following result, whi
h showsthat one 
annot expe
t the 
onvergen
e by the ladder (Sh(η(·/D)))h if D is �xed:Assume that Fϕ is bounded on some neighborhood of the origin. If Sh(ϕ)h providesthe approximation order N in L2(Rn), then Fϕ has a zero of order N at every
ν ∈ Zn\{0}.The 
on
ept of approximate quasi-interpolation repla
es the Strang-Fix 
ondi-tions (2.77) by the weaker 
onditions(2.81) ∑

ν∈Zn\{0}
|∂αFη(

√
Dν)| → 0 , 0 ≤ [α] < N , if D → ∞ .Depending on η, one 
an �x the parameter D su
h that the saturation term satis�es

∣∣∣
N−1∑

[α]=0

∂αu(x)

α!

(−i
√
Dh

2π

)[α] ∑

ν∈Zn\0
∂αFη(

√
Dν) e

2πi
h 〈x,ν〉

∣∣∣

< ε

N−1∑

k=0

(
√
Dh)k|∇ku(x)|for some pres
ribed ε > 0. Therefore, if ε is su�
iently small, the quasi-interpolant

Mh,Du behaves in numeri
al 
omputations like a 
onverging approximation pro
ess.This approa
h allows one to enlarge the 
lass of generating fun
tions for thepra
ti
al appli
ation of quasi-interpolants of the form (2.23) to numeri
al methodsfor the solution of partial di�erential and multi-dimensional integral equations. Infa
t, the a
tion of important multi-dimensional integral or even pseudodi�erentialoperators on many fun
tions with fast de
aying Fourier transform 
an be givenanalyti
ally or by other e�
ient methods, and these fun
tions satisfy (2.81). Inthe next 
hapter, we dis
uss several methods to obtain new basis fun
tions withsimple analyti
 stru
ture, whi
h satisfy the moment 
ondition (2.47) with large N .This provides high-order approximate approximations with the property that manyanalyti
 operations 
an be performed very e�
iently.A straightforward 
onsequen
e of the estimates obtained in this 
hapter is thefollowing observation: If (2.77) is violated, then in order to derive 
onvergen
e, theparameter D should dependent on h, D = D(h), so that(2.82) ∑

ν∈Zn\{0}
|∂αFη(

√
D(h) ν)| → 0 as h→ 0 ,at least for α = 0. Then the 
on
lusion of Theorem 2.17, for example, 
an bereformulated as follows: The quasi-interpolant Mh,D(h)u satis�es the estimate(2.83) ‖Mh,D(h)u− u‖ ≤ c

(
hMD(h)M/2‖∇Mu‖ +

M−1∑

k=0

hkD(h)k/2δk(h) ‖∇ku‖
)
,where

δk(h) := max
[α]=k

‖εα(·, η,D(h))‖ → 0 as h→ 0 .Hen
e, Mh,D(h)u 
onverges to u if the fun
tion D(h) is 
hosen to satisfy
D(h) → ∞ and h2D(h) → 0 as h→ 0 .



48 2. ERROR ESTIMATES FOR QUASI-INTERPOLATIONThen the 
onvergen
e rate is determined by the minimum of hMD(h)M/2 and
hkD(h)k/2δk(h), k = 0, . . . ,M − 1. It is 
lear that one has to 
he
k these 
on-ditions for any generating fun
tion under 
onsideration individually, and that thesear
h for an optimal fun
tion D(h) 
an be rather 
ompli
ated.One 
an �nd some sporadi
 results in the literature, where this approa
h tothe quasi-interpolation was studied for spe
ial generating fun
tions. Stenger, in hisbook [91, Se
tion 5.8℄, studies one-dimensional quasi-interpolants with spe
ial basisfun
tions satisfying the moment 
ondition for N = 2 and with the fun
tional de-penden
e D = h2(β−1), 0<β<1. He proved the 
onvergen
e of the approximationsfor 
ontinuous fun
tions. In [8℄ Beatson and Light analyze multi-dimensional quasi-interpolants with variable D, whi
h use tensor produ
ts of linear 
ombinations ofunivariate Gaussians or exponentials e−|·| as basis fun
tions. It is shown that thequasi-interpolant with linear 
ombinations of the Gaussian as generating fun
tion
onverges to u ∈WN

∞(Rn) with the order O(hN | log h|N ) if D(h) = N | log h|/π2.By dealing with �xed parameters D in the quasi-interpolation formulas, weavoid the problem of �nding the optimal dependen
e of h and 
an treat di�erent gen-erating fun
tions simultaneously. Although approximate quasi-interpolation doesnot 
onverge, we obtain approximations with 
ertain order, whi
h 
an be ratherlarge, up to a pres
ribed a

ura
y for appropriately 
hosen D .Moreover, it is advantageous in various numeri
al appli
ations of the methodto 
hoose D not depending on h. First of all, the number of terms in the quasi-interpolation formula whi
h are ne
essary to 
ompute the approximate value at a�xed point within a given toleran
e does not depend on h. Hen
e, if one �xes D,one 
an use this number of summands for any step size. But more importantly, the�xed D is very useful in the 
ubature of integral and pseudodi�erential operators,whi
h is one of the main appli
ations of approximate quasi-interpolation and willbe dis
ussed in the following at di�erent pla
es. Here a �xed parameter D allowsone to reuse already 
al
ulated terms of the 
ubature formula with a 
ertain stepsize h for other dis
retization levels.Let us note that in the abstra
t framework of approximation properties of shiftinvariant spa
es there is the notion of non-stationary ladders (Sh(ϕh))h, wherethe h-entry of the ladder is the h-dilate of an h-dependent prin
ipal shift-invariantspa
e S(ϕh). It generalizes the notion of stationary ladders (Sh(ϕ))h des
ribedabove, whi
h are obtained by dilating the same spa
e S(ϕ). Obviously, the situation
orresponding to the quasi-interpolation operatorMh,D(h) satisfying (2.83) �ts intothe setting of the non-stationary ladder (Sh(η(·/D(h))))h.



CHAPTER 3Various basis fun
tions � examples and
onstru
tions3.1. Introdu
tionWe have seen that approximation rates of order N 
an be guaranteed up tosome saturation error for the quasi-interpolant (2.23) if η is a su�
iently smoothand rapidly de
aying fun
tion whi
h satis�es the moment Condition 2.15. Forexample, any fun
tion η ∈ S(Rn) whi
h is symmetri
 and satis�es Fη(0) 6= 0 
anbe used as a generating fun
tion for approximate quasi-interpolation operators ofthe se
ond order. It is the aim of this 
hapter to develop di�erent methods to
onstru
t generating fun
tions satisfying the moment 
ondition with large N fromsimpler ones.First we give examples of fun
tions depending on one or several variables whi
hgenerate approximate quasi-interpolants of the se
ond or fourth order. These fun
-tions provide small terms ‖εα(· , η,D)‖L∞
even for relatively small D, whi
h makesthem suitable for pra
ti
al appli
ations as mentioned in Remark 2.18.3.2. Examples3.2.1. One-dimensional examples. The table below lists some basis fun
-tions, de�ned on R, and their Fourier transforms. The last 
olumn of the table
ontains a lower bound Dmin whi
h guarantees that the main term of the satura-tion error satis�es ∑

ν∈Z\{0}
|Fη(

√
Dν)| < 10−8for any D ≥ Dmin.

η(x) Fη(λ) Dmin

π−1/2 e−x2

e−π2λ2

2.0

1

π coshx

1

coshπ2λ
4.1

2x

π2 sinhx

1

cosh2 π2λ
1.1

2

π(1 + x2)2
(1 + 2π|λ|) e−2π|λ| 12.0

√
e

π
e−x2

cos
√

2x e−π2λ2

cosh
√

2πλ 2.649



50 3. VARIOUS BASIS FUNCTIONS � EXAMPLES AND CONSTRUCTIONSThe �rst four fun
tions satisfy the moment 
ondition (2.47) with order N = 2,and the last fun
tion with N = 4.3.2.2. Examples of multi-variate basis fun
tions. For an arbitrary n, one
an take tensor produ
ts of fun
tions mentioned in the one-dimensional 
ase. Somefurther examples whi
h satisfy the moment 
ondition with N = 2 are 
ontained inthe following table.
η(x) Fη(λ) dim

π−n/2 e−|x|2 e−π2|λ|2 any
sech(|x|) π2 tanh(π2|λ|)

|λ| cosh(π2|λ|) n = 3

4

3πn+1/2

Γ(n+5
2 )

(1 + |x|2)(n+5)/2
(1 + 2π|λ| + 4

3
π2|λ|2) e−2π|λ| any

Γ(k + 1 + n
2 )

πn/2Γ(k + 1)
(1 − |x|2)k χ(x) Γ(k + 1 + n

2 )
Jk+n/2(2π|λ|)
(π|λ|)k+n/2

any
(−1)k π(n+1)/2

Γ(k + n+1
2 )

∂k

∂τk

e−2π
√

τ |x|
√
τ

∣∣∣∣∣
τ=1

(1 + |λ|2)−k−(n+1)/2 anyHere χ denotes the 
hara
teristi
 fun
tion of the unit ball B(0, 1) and Jν de-notes the Bessel fun
tion of the �rst kind.In the following we des
ribe some methods to 
onstru
t fun
tions satisfyingthe moment 
ondition (2.47) of high order N . A general analyti
 formula, to beobtained in Se
tion 3.3, leads to interesting fun
tion systems espe
ially in the 
aseof radial η. In Se
tion 3.4 we 
onsider other analyti
 methods, whi
h employthe parameter D. Se
tion 3.5 deals with linear 
ombinations of translates of agiven simple basis fun
tion. We fo
us on the 
onstru
tion of multi-dimensionalbasis fun
tions with minimal support and on the 
al
ulation of the terms whi
hdetermine the saturation error.Finally, in Se
tion 3.7 we 
onsider methods of diminishing the value of theparameter D that 
an be redu
ed without in
reasing the saturation error.3.3. Basis fun
tions for higher-order approximations3.3.1. A general formula. We obtain a general analyti
 formula for the
onstru
tion of generating fun
tions whi
h satisfy the moment 
ondition for anarbitrarily given N . We use the notation(3.1) ∂α(Fη)−1(0) := ∂α 1

Fη(λ)

∣∣∣∣
λ=0

.Theorem 3.1. Suppose that η satis�es the de
ay 
ondition (2.26) with K ≥
N + n, that it is 
ontinuously di�erentiable up to order N − 1, and that

∫

Rn

η(x) dx 6= 0 ,

∫

Rn

|x|N−1|∂αη(x)| dx <∞, 0 ≤ [α] ≤ N − 1 .



3.3. BASIS FUNCTIONS FOR HIGHER-ORDER APPROXIMATIONS 51Then the fun
tion(3.2) ηN (x) =

N−1∑

[α]=0

∂α(Fη)−1(0)

α! (2πi)[α]
∂αη(x)satis�es the moment Condition 2.15 of order N .Proof. Be
ause of (2.26) the Fourier transform Fη is 
ontinuously di�eren-tiable up to order N and moreover Fη(0) 6= 0. We denote the N -th order Taylorpolynomial of 1

Fη(λ)
by
PN (λ) =

N−1∑

[α]=0

∂α(Fη)−1(0)
λα

α!
.Sin
e

∂αPN (0) = ∂α(Fη)−1(0) , 0 ≤ [α] < N ,we obtain the relations
∂β
(
Fη(λ)PN (λ)

)∣∣
λ=0

= ∂β
(
Fη(λ)

1

Fη(λ)

)∣∣∣∣
λ=0

= 0for all 0 ≤ [β] < N . Hen
e the fun
tion PN (λ)Fη(λ) − 1 has a zero of order N atthe origin, i.e., it satis�es the moment Condition 2.15. By
PN (λ)Fη(λ) = F

( N−1∑

[α]=0

∂α(Fη)−1(0)
1

α!

(
1

2πi

)[α]

∂αη

)
(λ) ,the assertion is shown. �Note that the Fourier transform of ηN is given by

FηN (λ) = Fη(λ)

N−1∑

[α]=0

∂α(Fη)−1(0)

α!
λα .Hen
e, if η is su
h that ηN satis�es the de
ay Condition 2.12, then the saturationerror of the quasi-interpolant (2.23) with the generating fun
tion ηN is 
ontrolledby the values ∂αFη(

√
Dν) and ∂α(Fη)−1(0).3.3.2. Symmetri
 basis fun
tions. If the basis fun
tion η has some ad-ditional symmetries, then the general formula (3.2) be
omes simpler. Let η besymmetri
 with respe
t to the 
oordinate planes xi = 0 , i.e.,(3.3) η(x1, . . . , xi, . . . , xn) = η(x1, . . . ,−xi, . . . , xn) , i = 1, . . . , n .Then automati
ally ∫

Rn

xαη(x) dx = 0for any multi-index α = (α1, . . . , αn) 
ontaining at least one odd αi. Hen
e allindi
es αj in formula (3.2) must be even integers and this formula simpli�es to(3.4) η2M (x) =

M−1∑

[α]=0

∂2α(Fη)−1(0)

(2α)! (−4π2)[α]
∂2αη(x) , N = 2M .



52 3. VARIOUS BASIS FUNCTIONS � EXAMPLES AND CONSTRUCTIONSExample 3.2. Consider the one-dimensional Gaussian fun
tion η(x) = e−x2 .Here formula (3.4) leads to(3.5) η2M (x) =
(−1)M−1

√
π (M − 1)! 22M−1

H2M−1(x) e−x2

xwhere Hk denotes the Hermite polynomial(3.6) Hk(τ) = (−1)k e τ2

(
d

dτ

)k

e−τ2

.Indeed, 1

Fη(λ) = π−1/2 eπ2λ2 and from
( d

dλ

)2j

eπ2λ2

∣∣∣∣
λ=0

= (−1)jπ2j
( d

dλ

)2j

e−λ2

∣∣∣∣
λ=0

= (−1)jπ2j H2j(0) ,(3.7)we obtain
∂2α(Fη)−1(0)

π2α
=

(−1)α

√
π

H2α(0) ,whi
h implies
η2M (x) =

e−x2

√
π

M−1∑

j=0

H2j(0)

(2j)! 4j
H2j(x) .From [1, 22.4.8℄(3.8) H2j(0) = (−1)j (2j)!

j!
, H2j+1(0) = 0 ,so that(3.9) η2M (x) =

e−x2

√
π

M−1∑

j=0

(−1)j

j! 4j
H2j(x) .The re
urren
e relation [1, 22.7.13℄

Hk+1(x) = 2xHk(x) − 2kHk−1(x)implies the summation formula
(−1)k

k! 22k+1
H2k+1(x) = x

k∑

j=0

(−1)j

j! 22j
H2j(x)and hen
e formula (3.5) follows.Figs. 3.1 and 3.2 show two of the one-dimensional generating fun
tions whi
hprovide quasi-interpolants of order 6 and 12, respe
tively.3.3.3. Radial basis fun
tions. Suppose that the fun
tion η is radial, i.e.,

η(x) = ψ(r) with r = |x|. Here we give a formula for the radial fun
tion η2M (x) =
ψ2M (r) satisfying the moment Condition 2.15.The moments of the radial fun
tion η2M are

∫

Rn

x2αη2M (x) dx =

∞∫

0

r2[α]+n−1 ψ2M (r) dr

∫

Sn−1

ω2α dω
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–0.2

0.4

0.8

1.2

–4 –3 –2 –1 1 2 3 4Figure 3.1. Graph of η6(x) –0.2

0.4

0.8

1.2

–4 –3 –2 –1 1 2 3 4Figure 3.2. Graph of η12(x)where Sn−1 denotes the unit sphere in Rn and ω = x/|x| ∈ Sn−1. Therefore it issu�
ient that ψ2M ful�lls(3.10) ∞∫

0

r2k+n−1 ψ2M (r) dr =
δ0k

ωn
, k = 0, . . . ,M − 1 .Here(3.11) ωn = |Sn−1| =
2πn/2

Γ(n/2)is the surfa
e area of Sn−1. Furthermore,
ωn

∞∫

0

r2k+n−1 ψ2M (r) dr =

∫

Rn

|x|2k
η2M (x) dx = (−2π)−2k∆kFη2M (0)with the Lapla
e operator

∆ =

n∑

j=1

∂2

∂x2
j

.Hen
e the moment 
ondition (3.10) for the radial fun
tion η2M is equivalent to
Fη2M (0) = 1 , ∆kFη2M (0) = 0 , k = 1, . . . ,M − 1 .Sin
e the polynomial

P2M (λ) =

M−1∑

j=0

Γ
(

n
2

)
∆j(Fη)−1(0)

j! 22j Γ
(
j + n

2

) |λ|2jsatis�es
∆kP2M (0) = ∆k(Fη)−1(0) := ∆k 1

Fη(ξ)

∣∣∣∣
ξ=0

, k = 0, . . . ,M − 1 ,we derive the following.



54 3. VARIOUS BASIS FUNCTIONS � EXAMPLES AND CONSTRUCTIONSTheorem 3.3. Suppose that η satis�es the 
onditions of Theorem 3.1 and is aradial fun
tion. Then(3.12) η2M (x) = Γ
(n
2

)M−1∑

j=0

(−1)j ∆j(Fη)−1(0)

j! (4π)2j Γ
(
j + n

2

) ∆jη(x)is subje
t to the moment 
ondition (2.47) with N = 2M and it has the Fouriertransform
Fη2M (λ) = Fη(λ)

M−1∑

j=0

Γ
(

n
2

)
∆j(Fη)−1(0)

j! 4j Γ
(
j + n

2

) |λ|2j .Remark 3.4. An interesting feature of (3.12) is its additive stru
ture. Theapproximation order of a given quasi-interpolant
D−n/2

∑

m∈Zn

u(hm) η2M

(x − hm√
D h

)
an be in
reased by 2 if a new sum of the form
D−n/2

∑

m∈Zn

u(hm)Φ
(x − hm√

D h

)with the fun
tion
Φ(x) = Γ

(n
2

) (−1)M ∆M (Fη)−1(0)

M ! (4π)2M Γ
(
M + n

2

) ∆Mη(x)is added to the quasi-interpolant.3.3.4. Example. We apply formula (3.12) to the n-dimensional Gaussian
η(x) = e−|x|2 . From

∆j(Fη)−1(0) = π−n/2 ∆j eπ2|ξ|2
∣∣∣
ξ=0

= (−1)jπ−n/2 ∆j e−π2|ξ|2
∣∣∣
ξ=0

= (−1)jπ−n∆jFη(0) ,we see that
∆j(Fη)−1(0) =

(2π)2j

πn

∫

Rn

|x|2j e−|x|2 dx =
(2π)2jωn

πn

∞∫

0

r2j+n−1 e−r2

dr .Using
∞∫

0

rk−1 e−r2

dr =
Γ(k/2)

2and making use of (3.11), we obtain(3.13) ∆j(Fη)−1(0) =
(4π2)j πn/2Γ

(
j + n

2

)

Γ(n/2)
.



3.3. BASIS FUNCTIONS FOR HIGHER-ORDER APPROXIMATIONS 55Then formula (3.12) be
omes
η2M (x) = Γ

(n
2

)M−1∑

j=0

(−1)j∆j(Fη)−1(0)

j! (4π)2j Γ
(
j + n

2

) ∆j e−|x|2

= π−n/2
M−1∑

j=0

(−1)j

j! 4j
∆j e−|x|2 .

(3.14)Be
ause
F(∆j e−| · |2)(λ) = πn/2(−1)j(2π)2j |λ|2j e−π2|λ|2and from (2.12), we obtain

∆j e−|x|2 =
πn/2(−1)j(2π)2j+1

|x|n/2−1

∞∫

0

r 2j e−π2r2

Jn/2−1(2πr|x|) r n/2dr

= (−1)j j! 4j e−|x|2 L(n/2−1)
j (|x|2) .

(3.15)The last integral 
an be found in [7, 8.6.13℄, and L(γ)
j are the generalized Laguerrepolynomials, whi
h are de�ned by(3.16) L

(γ)
k (y) =

e y y−γ

k!

( d
dy

)k(
e−y yk+γ

)
, γ > −1 ,and are orthogonal in the spa
e L2(0,∞) with weight yγ e−y (see, e.g., [93℄).Thus we 
an rewrite (3.14) as

η2M (x) = π−n/2 e−|x|2
M−1∑

j=0

L
(n/2−1)
j (|x|2) ,whi
h transforms, by using the re
urren
e relation [93, (5.1.14)℄(3.17) L

(γ−1)
j (y) = L

(γ)
j (y) − L

(γ)
j−1(y)to the fun
tion

η2M (x) = π−n/2 L
(n/2)
M−1 (|x|2) e−|x|2 .Note that η2M is the unique fun
tion of the form p(|x|2) e−|x|2 with a polyno-mial p of degreeM −1, whi
h satis�es the moment Condition 2.15 for 2M . Indeed,by (3.10), p is subje
t to

∞∫

0

yk−1+n/2 p(y) e−y dy = δ0k
Γ(n/2)

πn/2
, k = 0, . . . ,M − 1 ,i.e., the polynomial p of degree M − 1 is orthogonal to all polynomials of degreeless than M − 1 with respe
t to the weight yn/2 e−y. Hen
e p(y) = cL

(n/2)
M−1(y), andthe last integral with k = 0 and (3.16) lead to c = π−n/2.Theorem 3.5. An n-dimensional approximate quasi-interpolant of the form(2.23) with approximation order O(h2M ) 
an be 
onstru
ted with the generating
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tion
η2M (x) = π−n/2 L

(n/2)
M−1 (|x|2) e−|x|2 = π−n/2

M−1∑

j=0

L
(n/2−1)
j (|x|2) e−|x|2

= π−n/2
M−1∑

j=0

(−1)j

j! 4j
∆j e−|x|2 ,

(3.18)whi
h has the Fourier transform(3.19) Fη2M (λ) = e−π2|λ|2
M−1∑

j=0

(π2|λ|2)j

j!
.The fun
tions {η2M} , M = 1, 2, . . ., form the unique system {

p(|x|2) e−|x|2 } withunivariate polynomials p of degree M − 1 satisfying the moment Condition 2.15 for
N = 2M .Remark 3.6. The property mentioned in Remark 3.4 takes the form

η2M+2(x) = η2M (x) + π−n/2 L
(n/2−1)
M (|x|2) e−|x|2 .Therefore the quasi-interpolants(3.20) M(2M)

h,D u(x) := D−n/2
∑

m∈Zn

u(hm) η2M

(x − hm√
D h

)
, M = 1, 2, . . .allow the representations

M(2M+2)
h,D u(x) = M(2M)

h,D u(x)

+
1

(πD)n/2

∑

m∈Zn

u(hm)L
(n/2−1)
M

( |x − hm|2
Dh2

)
e−|x−hm|2/Dh2(3.21)

= M(2M)
h,D u(x) +

(−1)M

M !

(Dh2

4

)M

∆MM(2)
h,Du(x) .Remark 3.7. Note that formula (3.5) 
orresponding to n = 1 is in a

ordan
ewith the relation(3.22) L

(1/2)
k (τ2) =

(−1)k

k! 22k+1

H2k+1(τ)

τ
;see [1, 22.5.39℄.3.3.5. Anisotropi
 Gaussian fun
tion. An important generalization of theGaussian is given by the exponential fun
tion

e−〈Ax,x〉 , x ∈ Rn ,where A is a non-singular n×n matrix of the form A = AR + iAI with two realsymmetri
 matri
es AR and AI satisfying ReA = AR ≥ 0. Note that the inversematrix A−1 belongs to the same set of matri
es. The Fourier transform of thisanisotropi
 Gaussian fun
tion is given by(3.23) F(e−〈A·,·〉)(λ) =
πn/2

(detA)1/2
e−π2〈A−1λ,λ〉 ,



3.4. SOME OTHER METHODS 57where the square root of detA is de�ned as the value of the analyti
 bran
h of
(detB)−1/2 on the 
onvex set of symmetri
 matri
es {B} with ReB > 0 whi
hsatis�es (detB)−1/2 > 0 for real B (
f. [34℄, where further explanations are given).Then for any symmetri
 matrix A satisfying ReA > 0 the fun
tion(3.24) ηA(x) :=

e−〈A−1x,x〉

πn/2(detA)1/2
with FηA(λ) = e−π2〈Aλ,λ〉generates an approximate quasi-interpolant with approximation order 2. As in theabove 
onstru
tion, the fun
tion ηA

2M with the Fourier transform
FηA

2M (λ) := e−π2〈Aλ,λ〉
M−1∑

j=0

(π2〈Aλ,λ〉)j

j!satis�es the moment Condition 2.15 of order 2M ,
ηA
2M (0) = 1 , ∂αFηA

2M (0) = 0 , ∀ α with 0 < [α] < 2M .Using the notation
〈A∇,∇〉 =

n∑

j,k=1

ajk
∂2

∂xj∂xkand the properties of the Fourier transform, the fun
tion ηA
2M 
an be given as

ηA
2M (x) =

1

πn/2(detA)1/2

M−1∑

j=0

(−1)j

j! 4j
〈A∇,∇〉j e−〈A−1x,x〉 .Similarly to the proof of Theorem 3.5, one establishes

ηA
2M (x) =

1

πn/2(detA)1/2

M−1∑

j=0

L
(n/2−1)
j (〈A−1x,x〉) e−〈A−1x,x〉

=
1

πn/2(detA)1/2
L

(n/2)
M−1(〈A−1x,x〉) e−〈A−1x,x〉 .

(3.25)If ReA > 0, then this fun
tion generates, due to Theorem 2.17, an approximatequasi-interpolant of order O(h2M ).3.4. Some other methodsIn this se
tion, we 
onsider some other analyti
 methods whi
h provide gener-ating fun
tions ηN su
h that Fη − 1 has a zero of higher order N . In parti
ular,we show that D may serve not only as a s
aling parameter to 
ontrol the satura-tion error. This parameter is also useful to obtain other approximating fun
tionsadopted to spe
ial situations. In the following we suppose that the basis fun
tion
η is symmetri
 with respe
t to 
oordinate planes, i.e. satis�es (3.26), and has unit
0-th moment(3.26) ∫

Rn

η(x) dx = 1 .



58 3. VARIOUS BASIS FUNCTIONS � EXAMPLES AND CONSTRUCTIONS3.4.1. Using a 
olle
tion of di�erent D. We 
onsider the fun
tion
η̃ID(x) =

M∑

j=1

ajDj
−n/2η

( x√
Dj

)for a givenM -tuple ID = (D1, . . . ,DM ), Dj > 0, Dj 6= Dl, j 6= l. The α-th momentof η̃ID evaluates to
∫

Rn

xαη̃ID(x) dx =

M∑

j=1

ajDj
−n/2

∫

Rn

xαη
( x√

Dj

)
dx =

∫

Rn

xαη(x) dx

M∑

j=1

ajDj
[α]/2 .Be
ause of the symmetry (3.26),

∫

Rn

xαη(x) dx = 0for odd values of [α], the fun
tion η̃ID satis�es the moment Condition 2.15 of order
N = 2M if the 
oe�
ients aj satisfy the linear system

M∑

j=1

ajDj
k = δ0k , k = 0, . . . ,M − 1 .The unique solution of this system is
aj =

M∏

k=1
k 6=j

Dk

Dk −Dj
.Theorem 3.8. Suppose that η satis�es (3.26), (3.3), and the de
ay 
ondition(2.26) with K ≥ 2M + n. Then for any M -tuple of pairwise di�erent positivenumbers Dj the generating fun
tion(3.27) η̃ID(x) :=

M∑

j=1

Dj
−n/2η

( x√
Dj

) M∏

k=1
k 6=j

Dk

Dk −Djsatis�es the moment 
ondition (2.47) with N = 2M .Remark 3.9. It 
an be easily seen from formula (3.27) that the generatingfun
tion ηID is subje
ted to the extended de
ay Condition 2.12 together with η.Sin
e the Fourier transform of ηID equals
F η̃ID(λ) =

M∑

j=1

Fη
(√

Djλ
) M∏

k=1
k 6=j

Dk

Dk −Dj
,we 
on
lude from Theorem 2.17 that the approximate quasi-interpolant

D−n/2
∑

m∈Zn

u(hm) η̃ID

(x − hm√
D h

)has the approximation order 2M and the saturation error 
an be 
ontrolled by thevalues of
∑

ν∈Zn\{0}

∣∣∣
M∑

j=1

∂αFη
(√

DDjν
) M∏

k=1
k 6=j

Dk

Dk −Dj

∣∣∣ , 0 ≤ [α] < 2M .



3.4. SOME OTHER METHODS 59Note that the 
oe�
ients in (3.27) do not depend on η. Hen
e, Theorem 3.8provides a very simple method to enlarge the approximation orders whi
h 
an beapplied without further e�ort to any su�
iently smooth and de
aying fun
tion η.A pra
ti
al realization of this 
onstru
tion is the following: Suppose that forgiven values {u(hm) , m ∈ Zn} and di�erent Dj , we have approximate quasi-interpolants
Mj,hu(x) = Dj

−n/2
∑

m∈Zn

u(hm) η
(x − hm√

Dj h

)
, j = 1, . . . ,M ,of the order O(h2). Then by Remark 3.9, the linear 
ombination

M∑

j=1

M∏

k=1
k 6=j

Dl

Dk −Dj
Mj,hu(x)provides an approximate approximation to u of the order O(h2M ).3.4.2. Derivatives with respe
t to D. Another 
onstru
tion 
an be derivedfrom formula (3.27) letting Dj → τ > 0 , j = 1, . . . ,M . The expression

M∑

j=1

M∏

k=1
k 6=j

xk

xk − xj
f(xj)is the value at the point x = 0 of the polynomial interpolating the fun
tion f at

xj , j = 1, . . . ,M . If all xj → y, then this polynomial tends to the polynomialinterpolating the derivatives f (k)(y), k = 0, . . . ,M − 1, i.e.,
M∑

j=1

M∏

k=1
k 6=j

xk

xk − xj
f(xj) −→

M−1∑

k=0

(−y)k

k!
f (k)(y) as xj → y , j = 1, . . . ,M .Thus, if Dj → τ > 0, j = 1, . . . ,M , then

M∑

j=1

M∏

k=1
k 6=j

Dk

Dk −Dj
Dj

−n/2η
( x√

Dj

)
−→

M−1∑

j=0

(−τ)j

j!

∂j

∂τ j

(
τ−n/2η

( x√
τ

))
.To show that the moment 
ondition holds, we note that

M−1∑

j=0

(−τ)j

j!

∂j

∂τ j

(
τ−n/2η

( x√
τ

))
=

(−1)M−1 τM

(M − 1)!

( ∂
∂τ

)M−1
(
τ−1−n/2η

( x√
τ

))
.Hen
e for τ > 0 and any multi-index α , [α] < 2M , we obtain

(−1)M−1 τM

(M − 1)!

( d
dτ

)M−1
(
τ−1−n/2

∫

Rn

η
( x√

τ

)
xα dx

)

=
(−1)M−1

(M − 1)!

∫

Rn

η(x)xα dx τM
( d
dτ

)M−1

τ [α]/2−1 = δ[α]0 ,where we use the symmetry (3.3) if [α] is an odd number.



60 3. VARIOUS BASIS FUNCTIONS � EXAMPLES AND CONSTRUCTIONSTheorem 3.10. Suppose that η is 
ontinuously di�erentiable up to order M−1and that it satis�es (3.26), (3.3), and (2.45) with K ≥ 2M+n. Then the generatingfun
tion(3.28) η̃M (x) :=
(−1)M−1

(M − 1)!

( ∂
∂τ

)M−1
(
τ−1−n/2η

( x√
τ

))∣∣∣∣
τ=1satis�es the moment 
ondition (2.47) with N = 2M . The Fourier transform of

η̃M (x) is given by
F η̃M (λ) =

(−1)M−1

(M − 1)!

( ∂
∂τ

)M−1 (
τ−1Fη(√τλ)

)∣∣∣
τ=1

.Remark 3.11. Note that formula (3.28) applied to e−|x|2 gives the fun
tionsystem des
ribed in Theorem 3.5 by the uniqueness of this system, but, in general,(3.4) and (3.28) lead to di�erent systems.3.5. Linear 
ombinations of translatesWe 
onsider quasi-interpolation formulas(3.29) ∑

m∈Zn

u(hm) ηD
(x

h
− m

)
,where for given D the generating fun
tion ηD is a linear 
ombination of shifts(3.30) ηD(x) = D−n/2

∑

k∈Λ

γk η
(x− k√

D
)for a �nite subset Λ ⊂ Zn. Then one 
an rewrite

∑

m∈Zn

u(hm) ηD
(x

h
− m

)
= D−n/2

∑

m∈Zn

Fh
m(u) η

(x − hm√
Dh

)(3.31)with the fun
tionals
Fh

m(u) =
∑

k∈Λ

γk u(h(m − k)) .Hen
e, the quasi-interpolant (3.29) belongs to the prin
ipal shift-invariant subspa
espanned by η(·/√D). If η satis�es the de
ay Condition 2.12 with su�
iently large
K, and if Λ ⊂ Zn and the 
oe�
ients γk are 
hosen su
h that ηD satis�es themoment Condition 2.15 for N < K−n, then one 
an expe
t an approximation rate
O(hN ) plus some saturation error.3.5.1. Constru
tion of the generating fun
tion (3.30).Theorem 3.12. Suppose that η satis�es (2.45) and let Fη(0) 6= 0. For anypositive N < K − n, there exist a �nite set ΛN ⊂ Zn with the 
ardinality |ΛN | =
(N + n− 1)!

(N − 1)!n!
and 
oe�
ients γk, k ∈ ΛN , su
h that the fun
tion(3.32) ηD(x) = D−n/2

∑

k∈ΛN

γk η
(x − k√

D
)satis�es the moment Condition 2.15 of order N . Moreover, for all [α] < N and

ν ∈ Zn

∂αFηD(ν) = D[α]/2
∑

β≤α

α!

β! (α − β)!
∂βFη(

√
Dν) ∂α−β(Fη)−1(0) .



3.5. LINEAR COMBINATIONS OF TRANSLATES 61Proof. The Fourier transform of (3.32) equals
FηD(λ) = Fη(

√
Dλ)

∑

k∈Λ

γk e−2πi〈k , λ〉 .We want to �nd a trigonometri
 polynomial
PΛ(λ) =

∑

k∈Λ

γk e−2πi〈k , λ〉su
h that ηD = F−1(PΛ Fη(
√
D · )) satis�es the moment Condition 2.15 of order N ,or equivalently, su
h that

∂α
λ

(
PΛ(λ)Fη(

√
Dλ) − 1

)∣∣∣
λ=0

= 0 , ∀α , 0 ≤ [α] < N .It 
an be shown similarly to the proof of Theorem 3.1 that this requirement 
an bea
hieved with any trigonometri
 polynomial satisfying(3.33) ∂αPΛ(0) = D[α]/2 ∂α(Fη)−1(0) , ∀α , 0 ≤ [α] < N .The notation ∂α(Fη)−1(0) is explained in (3.1).This means that the 
oe�
ients γk have to satisfy the system of linear algebrai
equations(3.34) ∑

k∈Λ

γkk
α =

(
−

√
D

2πi

)[α]

∂α(Fη)−1(0) , 0 ≤ [α] < N .It is known (
f., e.g., [88, XIV.1℄) that for any N there exist various sets Λ ⊂ Znwith |Λ| =
(N + n− 1)!

(N − 1)!n!
su
h that the linear system (3.34) is uniquely solvable.Taking one of these sets Λ, the �rst assertion is established.Now, we note that

∂αFηD(λ) =
∑

β≤α

α!

β! (α − β)!
D[β]/2 ∂βFη(

√
Dλ) ∂α−βPΛ(λ) ;hen
e if λ = ν ∈ Zn, the periodi
ity of PΛ(λ) implies

∂αFηD(ν) =
∑

β≤α

α!

β! (α − β)!
D[β]/2 ∂βFη(

√
Dν) ∂α−βPΛ(0) .Taking into a

ount (3.33), we get

∂αFηD(ν) =
∑

β≤α

α!

β! (α − β)!
D[β]/2 ∂βFη(

√
Dν)D[α−β]/2∂α−β(Fη)−1(0) ,whi
h establishes the se
ond assertion. �Let us mention that the quasi-interpolant(3.35) MD

h u(x) :=
∑

m∈Zn

u(hm)ηD
(x

h
− m

)di�ers from the quasi-interpolants 
onsidered up to now: The matter is that thedependen
e of the generating fun
tion ηD on the parameter D is more 
ompli
atedthan for quasi-interpolants of the form (2.23). The quasi-interpolant MD
h is notgenerated by a s
aled fun
tion

D−n/2 η(·/
√
D),



62 3. VARIOUS BASIS FUNCTIONS � EXAMPLES AND CONSTRUCTIONSbut by a linear 
ombination of translates of this s
aled fun
tion with 
oe�
ientsdepending on D, but not on h. However, the more 
ompli
ated dependen
e is
ompensated by the fa
t that the fun
tion η has to satisfy the moment Condition2.15 with large N in the 
ase (2.23), whereas here only the 0-th moment η must bedi�erent from zero.Nevertheless, the approximation properties ofMD
h are similar to those ofMh,D.Sin
e we have no s
aling parameter D in (3.35), the expansion (2.50) applied to

MD
h u leads to the representation

MD
h u(x) = u(x) +

N−1∑

[α]=0

∂αu(x)

α!

( h

2πi

)[α] ∑

ν∈Zn\{0}
∂αFηD(ν) e

2πi
h 〈x,ν〉 +RN,h(x)with the remainder term

RN,h(x) = (−h)N
∑

[α]=N

1

α!

∑

m∈Zn

(x

h
− m

)α

ηD
(x

h
− m

)
Uα(x, hm) .Thus one obtains the estimate(3.36) |u(x) −MD

h u(x)| ≤ cD h
N ‖∇Nu‖L∞(Rn) +

N−1∑

k=0

εkh
k|∇ku(x)|

)
,with the 
onstants

cD = max
[α]=N

1

α!

∑

m∈Zn

∣∣(x − m)α ηD(x − m)
∣∣ ,and

εk = (2π)−k
∣∣∣ max
[α]=k

1

α!

∑

ν∈Zn

∂αFηD(ν) e
2πi
h 〈x,ν〉

∣∣∣

≤
(√D

2π

)k

max
[α]=k

∑

β≤α

|∂α−β(Fη)−1(0)|
β! (α − β)!

∑

ν∈Zn

|∂βFη(
√
Dν)| .Theorem 3.13. Let u ∈WN

∞(Rn) for some N ∈ N and suppose that η satis�esthe extended de
ay Condition 2.12 and its zeroth moment is di�erent from 0. Thenfor any ε > 0 there exist D > 0, a dis
rete set ΛN ∈ Zn, and 
oe�
ients γk,
k ∈ ΛN , su
h that the quasi-interpolant (3.35) generated by

ηD(x) = D−n/2
∑

k∈ΛN

γk η
(x − k√

D
)satis�es the estimate(3.37) ∣∣u(x) −MD

h u(x)
∣∣ ≤ cD h

M ‖∇Nu‖L∞
+ ε

N−1∑

k=0

hk|∇ku(x)|with a 
onstant cD independent of u and h .Remark 3.14. A useful feature of the quasi-interpolant (3.31) is a 
onsequen
eof �xing the parameter D. We have already mentioned that the 
oe�
ients γk,whi
h solve the system (3.34), depend on D but not on h. Hen
e, if these 
oe�-
ients are determined, then they 
an be used for di�erent h to obtain high-orderapproximations, whi
h is impossible in the 
ase of D varying together with h.



3.5. LINEAR COMBINATIONS OF TRANSLATES 63From the proof of Theorem 2.28 it is 
lear that the assertion of Theorem 3.13
an be generalized to estimates in the Lp-norm, 1 ≤ p < ∞. Then, as a dire
t
onsequen
e, we get an estimate of the best approximation announ
ed in Subse
-tion 2.4.3.Lemma 3.15. Suppose that η ∈ S(Rn) with Fη(0) 6= 0. Then for any N andany ε > 0 there exist D > 0 and a 
onstant cN su
h that for all u ∈ WN
p (Rn),

1 ≤ p ≤ ∞,
dist(u, Sh(η(·/D);L∞)) ≤ cN (

√
Dh)N ‖∇Nu‖Lp + ε

N−1∑

k=0

(
√
Dh)k‖∇ku‖Lp .3.5.2. The 
ase of symmetri
 η. The 
onstru
tion of ηD in the 
ase ofsymmetri
 η and N = 2M 
an be performed using the trigonometri
 polynomial(3.38) PM (λ) =

∑

[β]<M

aβ

n∏

j=1

cos 2πβjλj , β = (β1, . . . , βn) ∈ Zn
≥0 .Then ηD = F−1(PΛ Fη(

√
D·)) is symmetri
 in the sense of (3.3). Therefore, (3.34)leads to the linear system(3.39) ∑

[β]<M

aββ2α =
(
− D

4π2

)[α]

∂2α(Fη)−1(0) , 0 < [α] < M .Example 3.16. Consider the basis fun
tion for approximation order 2M de-rived from η(x) = se
hx, x ∈ R. Here (3.39) is the linear system(3.40) ∑

|β|<M

aββ
2α =

1

π

(
− D

4π2

)α( d

dλ

)2α
oshπ2λ
∣∣∣
λ=0

, 0 ≤ α < M ,with the Vandermonde matrix (β2α
)M−1

α,β=0
. Thus, there exists a unique solution of(3.40) for any M . In the 
ase M = 4, for example, the fun
tion

ηD(x) =
∑

|β|<4

aβ se
h x− β

Dwith the 
oe�
ients
a0 =

1

π
+

49πD
144

+
7π3D2

288
+
π5D3

2304
, a±1 = −3πD

8
− 13π3D2

384
− π5D3

1536
,

a±2 =
3πD
80

+
π3D2

96
+
π5D3

3840
, a±3 = − πD

360
− π3D2

1152
− π5D3

23040generates a quasi-interpolant of order O(h8).A set of multi-indi
es J ⊂ Zn
≥0 is said to be normal if α ∈ J and β ≤ α imply

β ∈ J . The linear spa
e of n-variate polynomials asso
iated with J is denoted by
PJ = span {xα : α ∈ J}.Furthermore, for 1 ≤ j ≤ n let there be given sequen
es Tj = {tj,l}∞l=0 of di�erentreal numbers and 
onsider the latti
e

TJ = {tα = (t1,α1 , . . . , tn,αn) : α ∈ J} ,whi
h is determined by the sequen
es Tj and the index set J .



64 3. VARIOUS BASIS FUNCTIONS � EXAMPLES AND CONSTRUCTIONSIn the multi-variate 
ase the matrix (β2α
)M−1

[α],[β]=0
, α,β ∈ Zn

≥0, is non-singularowing to the following general result of Hakopian [32℄:Theorem 3.17. ([32℄) Let J ⊂ Zn
≥0 be a normal set. Then ea
h polynomial

p ∈ PJ is uniquely determined by its values on the latti
e TJ .Note that
n∏

j=1

cos 2πβjλj = 2−κ(β)
∑

ξ(k)=β

e 2πi〈k,λ〉 ,where ξ(k) denotes the ve
tor (|k1|, . . . , |kn|) ∈ Zn
≥ and κ(β) stands for the numberof non-zero 
omponents of the multi-index β. Thus, the unique solution {aβ} of(3.39) provides the generating fun
tion(3.41) ηD(x) =

∑

[β]<M

2−κ(β)aβ

∑

ξ(k)=β

η
(x − k√

D
)
,whi
h satis�es the moment 
ondition (2.47) with N = 2M . This 
onstru
tion leadsto the approximation formula

D−n/2
∑

m∈Zn

η
(x − hm√

Dh
)( ∑

|ξ(k)|<M

ck u(h(m − k))

)where |ξ(k)| = |k1| + · · · + |kn| and ck = 2−κ(ξ(k))aξ(k). This formula has approxi-mation order O(h2M ) plus saturation term and is based on the values of u at themesh points h(m − k) with the minimal distan
e to hm.Remark 3.18. For any radial fun
tion η(x), the solution {aβ} of the linearsystem (3.39) is independent of any permutation σ(β) of the 
omponents of themulti-index β. Then formula (3.41) 
an be written in the form
ηD(x) =

∑

[β]<M
β1≥...≥βn

2−κ(β)aβ

∑

σ(ξ(k))=β

η
(x− k√

D
)
.3.6. Matrix-valued basis fun
tionsAn interesting 
onsequen
e of formula (3.18) is the identity(3.42) ∆−1η2M (x) = π−n/2

(
∆−1 e−|x|2 −

M−2∑

j=0

(−1)j ∆j e−|x|2

(j + 1)! 4j+1

)
,whi
h will be used in Se
tion 4.3 to obtain 
ubature formulas for the inverse of theLapla
ian.This formula 
an be generalized to other partial di�erential operators. Let, forexample, L be a positive de�nite m×m matrix of homogeneous partial di�erentialoperators of se
ond order with 
onstant 
oe�
ients. Then, for any ve
tor fun
tion

f with elements from S(Rn), the Fourier transform of Lf has the form
FLf(λ) = 4π2 |λ|2A(ω)Ff(λ) , λ ∈ Rn , ω ∈ Sn−1 ,



3.7. DIMINISHING THE PARAMETER D 65with a positive de�nite matrix A(ω) ≥ c > 0. We 
an introdu
e the exponentialmatrix fun
tion µ(λ) = e−π2|λ|2A(ω) and similarly to (3.19), the modi�ed fun
tion
µ2M (λ) = µ(λ)

M−1∑

j=0

(π2|λ|2A(ω))j

j!
,whi
h satis�es

∂α(µ2M (λ) − I)
∣∣∣
λ=0

= 0, 0 ≤ [α] < 2M .Hen
e the inverse Fourier transform of µ2M satis�es the de
ay and moment Con-ditions 2.12 and 2.15, whi
h allows us to 
onstru
t high-order approximate quasi-interpolants. This generating matrix fun
tion is given by(3.43) µ̌2M (x) := F−1µ2M (x) =
M−1∑

j=0

1

j! 4j
Lj (F−1µ)(x)and 
an be easily derived if µ̌ := F−1µ is analyti
ally known. Moreover, and thisis more important, it is then possible to derive high-order approximations for theinverse of L by(3.44) L−1µ2M (x) = L−1µ̌(x) −

M−2∑

j=0

Lj µ̌(x)

(j + 1)! 4j+1
,whi
h is the analogue of (3.42).3.7. Diminishing the parameter DIn this se
tion we 
onsider the problem of how the parameter D 
an be dimin-ished without loss of a

ura
y of the quasi-interpolant (2.23).Sin
e D determines the number of summands in (2.23) ne
essary to evaluatethe approximate value of u(x) within a given toleran
e, it is of pra
ti
al interest,espe
ially for the multidimensional 
ase, that this number is as small as possi-ble. On the other hand, the saturation terms are determined by the values of

∂αFη(
√
Dν) , ν ∈ Zn\{0}, [α] < N , su
h that smaller values of D enlarge thiserror, in general. This 
on
erns espe
ially the main part of this error,

u(x)
∑

ν∈Zn\{0}
Fη(

√
Dν) e−

2πi
h 〈x,ν〉 ,whi
h does not de
rease together with h.3.7.1. Perturbation of η. We start with the equality

D−n/2
∑

m∈Zn

u(hm)η
(x − hm√

Dh
)

= u(x) g(x/h) + D−n/2
∑

m∈Zn

(u(hm) − u(x)) η
(x−hm√

Dh
)
,

(3.45)where η satis�es the usual 
onditions and g(x) denotes the sum
g(x) := D−n/2

∑

m∈Zn

η
(x− m√

D
)

=
∑

ν∈Zn

Fη(
√
Dν) e−2πi〈x,ν〉 .



66 3. VARIOUS BASIS FUNCTIONS � EXAMPLES AND CONSTRUCTIONSFrom (2.36) and Theorem 2.17 it follows easily that the se
ond term in the right-hand side of (3.45) is bounded by(3.46)
εu,h :=

N−1∑

[α]=1

(
√
Dh)[α]‖εα(·,D)‖L∞

|∂αu(x)|
α!

+ cη (
√
Dh)N

∑

[α]=N

‖∂αu‖L∞

α!
onverging to zero together with h.Sin
e we require from η that its integer shifts span an approximate partition ofunity, it is natural to assume that |g(x)| ≥ c > 0. Hen
e(3.47) ∣∣∣D
−n/2

g(x/h)

∑

m∈Zn

u(hm) η
(x − hm√

Dh
)
− u(x)

∣∣∣ ≤ c−1 εu,h .However, the fun
tion g(x) is one-periodi
 and therefore
η
(x − hm√

Dh
)/

g
(x

h
− m

)
= η

(x− hm√
Dh

)/
g
(x

h

)
.If we de�ne

η̃(x) :=
η(x)

g(
√
Dx)

,we derive a new quasi-interpolant(3.48) M̃hu(x) = D−n/2
∑

m∈Zn

u(hm) η̃
(x − hm√

Dh
)whi
h satis�es the error estimate

∣∣u(x) − M̃hu(x)
∣∣ ≤ c−1εu,hby (3.47), i.e., even the saturation error of (3.48) tends to zero as h→ 0.In general, it is impossible to get an e�e
tive expression for g−1, but a goodapproximation 
an be found, for example

g1(x) = 1 −
∑

|ν|=1

Fη(
√
Dν) e−2πi〈x,ν〉 .Lemma 3.19. Suppose that η satis�es (2.45), (2.47), and the 
onditions ofLemma 2.11. Then

D−n/2
∑

m∈Zn

u(hm) η̂
(x − hm√

Dh
)
,with η̂(x) = η(x)g1(

√
Dx), approximates u with the order O((

√
Dh)N ) plus somesaturation error and the main part of this saturation 
an be estimated by

ε0(η̂,D) ≤ n
∑

|ν|=1

|Fη(
√
Dν)|2 + c1

∑

|ν|≥2

|Fη(
√
Dν)| ,where c1 = max |g1(x)|.Proof. Sin
e

η
(x − hm√

Dh
)
g1

(x − hm

h

)
= η

(x − hm√
Dh

)
g1

(x

h

)
,



3.7. DIMINISHING THE PARAMETER D 67we obtain after multiplying (3.45) by g1(x/h)

D−n/2
∑

m∈Zn

u(hm) η
(x − hm√

Dh
)
g1

(x − hm

h

)

= u(x) g1

(x

h

)
g
(x

h

)
+ g1

(x

h

)
D−n/2

∑

m∈Zn

(u(hm) − u(x)) η
(x − hm√

Dh
)
.Now,

g1(x)g(x) = 1 −
( ∑

|ν|=1

Fη(
√
Dν) e−2πi〈x,ν〉

)2

+ g1(x)

( ∑

|ν|≥2

Fη(
√
Dν) e−2πi〈x,ν〉

)
,implying the inequality

∣∣∣u(x)−D−n/2
∑

m∈Zn

u(hm) η̂
(x − hm√

Dh
)∣∣∣

≤ |u(x)|
(
n
∑

|ν|=1

|Fη(
√
Dν)|2 + c1

∑

|ν|≥2

|Fη(
√
Dν)|

)
+ c1εu,h . �3.7.2. Combinations of translates. The following approa
h is in the spiritof (3.38). Suppose that η satis�es the usual moment and de
ay 
onditions (2.47)and (2.45), suppose it is symmetri
 as in (3.3), and let K ≥ 2M . We seek atrigonometri
 polynomial

TM (λ) =
∑

|β|<M

aβ

n∏

j=1

cos
π(βj + 1

2 )λj√
Dsu
h that(3.49) ∂2αTM (0) = ∂2α(Fη)−1(0) , ∀ α , [α] < M ,and we de�ne the generating fun
tion η̂2M (x) := F−1(TM Fη)(x). Clearly, thisfun
tion satis�es (3.3), the moment 
ondition

F η̂2M (0) = 1 , ∂αF η̂2M (0) = 0 , 1 ≤ [α] ≤ 2M ,and additionally, based on the spe
ial stru
ture of TM ,
F η̂2M (

√
Dν) = 0if at least one 
omponent νj of ν∈Zn is an odd number.Thus, η̂2M generates an approximate approximation of order O(h2M ) and themain part ε0(η̂2M ,D) of the saturation error is bounded by

ε0(η̂2M ,D) ≤
∑

ν∈Zn\{0}
|F η̂2M (2

√
Dν)| .The equations (3.49) lead to the system

∑

|β|<M

aβ(β +
e

2
)2α =

(
− D
π2

)[α]

∂2α(Fη)−1(0) , [α] < M ,where e = (1, . . . , 1). This system is similar in form as (3.39) and it is uniquelysolvable for all n and M .



68 3. VARIOUS BASIS FUNCTIONS � EXAMPLES AND CONSTRUCTIONSWe apply this method to the example π−3/2 e−|x|2 , n = 3, M = 2, and wederive the generating fun
tion
η̂4(x) = π−3/2 e−|x|2

(
e3/16D (11/8 + 3D)

3∏

j=1

cosh
xj

2
√
D

− e11/16D (1/8 + D)
∑

|β|=1

3∏

j=1

cosh
(2βj + 1)xj

2
√
D

)providing the order O(h4). Here even the 
hoi
e D = 1 gives
ε0(η̂4,D) < 4.2943 · 10−17 , εα(η̂4,D) < 3.8793 · 10−5 , [α] = 1 .3.8. NotesThis 
hapter is based on the arti
les [66℄ and [70℄, where some other methods of
onstru
ting generating fun
tions for high-order quasi-interpolation have also been
onsidered.Note that the analyti
 methods dis
ussed in Se
tions 3.3 and 3.4 lead to quasi-interpolants whi
h do not belong to the shift-invariant spa
e generated by the start-ing basis fun
tion η. This is in 
ontrast to the method des
ribed in Se
tion 3.5,whi
h is well known for basis fun
tions satisfying the Strang-Fix 
onditions (
f.[92℄, [85℄).

321-1-2-3

0.8

0.6

0.4

0.2Figure 3.3. Graph of c(x)Probably the simplest example in this respe
t is shown in Fig. 3.3. This fun
tionis the linear 
ombination of 
ubi
 B-splines (
f. (1.20))
c(x) =

1

6
(8b(x) − b(x− 1) − b(x+ 1)) ,whi
h satis�es the moment Condition 2.15 with N = 4 and generates therefore aquasi-interpolant of approximation order O(h4).



CHAPTER 4Approximation of integral operators4.1. Introdu
tionIn the next three 
hapters, we dis
uss the probably most important appli
ationsof approximate approximations, whi
h lead to new 
lasses of 
ubature formulas forintegral operators of mathemati
al physi
s and to 
losed formulas for approximatesolutions of initial boundary value problems for 
lassi
al partial di�erential equa-tions.Many integral operators of mathemati
al physi
s are 
onvolutions with singu-lar kernel fun
tions, for example with fundamental solutions of partial di�erentialoperators. Be
ause of the singularity of the integrand, the numeri
al 
omputationof those integrals by standard methods is an involved and time-
onsuming task.Here the use of quasi-interpolants (2.23) with adapted basis fun
tions 
an bevery advantageous. Consider, for example, the 
onvolution operator(4.1) Ku(x) :=

∫

Rn

k(x − y)u(y) dy .A 
ubature of this multi-dimensional integral 
an be obtained if the density u isapproximated by a quasi-interpolant(4.2) uh(x) := D−n/2
∑

m∈Zn

u(hm) η
(x − hm√

Dh
)and the generating fun
tion η is 
hosen su
h that Kη(x) 
an be 
omputed e�
iently.Then the sum(4.3) Kuh(x) = hn

∑

m∈Zn

u(hm)

∫

Rn

k
(√

Dh
(x − hm√

Dh
− y

))
η(y) dyprovides a simple 
ubature formula for the 
onvolution (4.1). If the integral Kη(x)is expressed analyti
ally, then (4.3) be
omes a semi-analyti
 
ubature formula. Thisallows one to apply other analyti
 operations to the 
ubature formula (4.3).Another advantage of (4.3) is that it retains the 
onvolutional stru
ture of theintegral operator. Very often, one has to 
ompute a potential on a given uniformgrid as one part of a more involved algorithm. This leads to the 
omputation of adis
rete 
onvolution(4.4) Kuh(hk) = hn

∑

m∈Zn

ak−mu(hm) , k ∈ Zn ,with the 
oe�
ients(4.5) ak =

∫

Rn

k
(√

Dh
( k√

D
− y

))
η(y) dy ,69



70 4. APPROXIMATION OF INTEGRAL OPERATORSwhi
h 
an be done e�
iently using the Fast Fourier Transform.If additionally the kernel fun
tion k is positive homogeneous of degree β, then(4.6) Kuh(hk) = hn(
√
Dh)β

∑

m∈Zn

bk−mu(hm)where the 
oe�
ients(4.7) bk =

∫

Rn

k
( k√

D
− y

)
η(y) dydo not depend on the step size h. Thus, if the parameter D is �xed, then one 
anpre
ompute the required values of bk and use them for the 
ubature of (4.1) withdi�erent h.These ideas 
an be best demonstrated on 
onvolutions with a radial kernel

k(x) = k(|x|). In Se
tion 2.1 we noted that the Fourier transform Fk(λ), whi
h
an be obtained by (2.12), is also radial. It is 
onvenient to 
hoose η as a radialfun
tion also, with Fη(λ) = Fη(|λ|). Then by (2.15), the 
onvolution integral inthe sum (4.3) redu
es to an integral over the half-line
∫

Rn

k
(√

Dh
(x− hm√

Dh
− y

))
η(y) dy

=
2π

|x − hm|n/2−1

∞∫

0

Fk(r)Fη(
√
Dhr)Jn/2−1(2πr|x − hm|)rn/2dr .It remains to �nd a proper radial fun
tion η su
h that this integral 
an be takenanalyti
ally or at least by some e�
ient quadrature method. So the evaluation ofthe multi-dimensional integral operator with possibly singular kernel fun
tion isredu
ed to the quadrature of a one-dimensional integral or even to the evaluationof expli
it analyti
 expressions.In this 
hapter, we give a detailed study of the already-mentioned approa
h fortwo important integral operators.In the next se
tion, we 
onsider the Hilbert transform, i.e., a one-dimensionalsingular integral operator. It is shown that the derived semi-analyti
 
ubatureformula approximates with high order up to some saturation bound.Se
tions 4.3 � 4.5 are devoted to harmoni
 potentials. First, we derive ana-lyti
 expressions of their a
tion on the Gaussian fun
tion in any spa
e dimension,whi
h are extended later to basis fun
tions of higher-order approximate quasi-interpolation. This results in semi-analyti
 
ubature formulas for harmoni
 po-tentials and related pseudodi�erential operators.In Se
tion 4.4, dealing with approximation properties of these formulas, westate the interesting e�e
t that the 
ubature 
onverges as the mesh size tends tozero, whereas the density is approximated with some saturation error. This is
aused by the spe
ial stru
ture of the saturation error and its 
onvergen
e in weaknorms.Finally, in Se
tion 4.5 we des
ribe a dire
t appli
ation of the high-order 
uba-ture of harmoni
 potentials to the solution of boundary value problems for Poisson'sequation, using boundary integral equation methods.



4.2. HILBERT TRANSFORM 714.2. Hilbert transformHere we 
onsider the approximation of the singular integral(4.8) Hu(x) :=
1

π

∞∫

−∞

u(y)

y − x
dy ,whi
h 
an be treated by our approa
h quite simply. The Hilbert transform is abounded operator in Lp(R), 1 < p < ∞. Therefore we derive from Theorem 2.28the estimate

‖H(u−Mh,Du)‖Lp ≤ ‖H‖Lp

(
cη (

√
Dh)M ‖∇Mu‖Lp + ε

M−1∑

k=0

(
√
Dh)k‖∇ku‖Lp

)
,provided the generating fun
tion of the quasi-interpolant Mh,D satis�es the de
ayand moment Conditions 2.12 and 2.15 of orderN , u ∈ WL

p (R) andM = min(L,N).Sin
e
H(Mh,Du)(x) =

1√
D
∑

m∈Z

u(hm)Hη
(x− hm√

Dh
)
,we obtain a semi-analyti
 quadrature formula for the Hilbert transform if Hη hasan expli
it analyti
 expression.This is the 
ase if η is the Gaussian fun
tion, for example. Sin
e the Fouriertransform of (πx)−1 is i sgnλ, we get from (2.10)

1

π

∞∫

−∞

e−y2

y − x
dy = i

√
π

∞∫

−∞

sgnλ e−π2λ2

e2πixλ dλ = −2
√
π

∞∫

0

e−π2λ2

sin 2πxλdλ

= i e−x2

erf(ix) ,(see [7, 2.4(18)℄), where erf is the error fun
tion(4.9) erf(τ) =
2√
π

τ∫

0

e−t2 dt .The imaginary error fun
tion is de�ned by
erfi(τ) = −i erf(iτ) =

2√
π

τ∫

0

e t2 dt ;therefore we 
an write(4.10) 1

π

∞∫

−∞

e−y2

y − x
dy = − e−x2

erfi(x) .We see that the quasi-interpolant with Gaussians provides the quadrature formulaof se
ond order (modulo saturation terms)
H(2)

h,Du(x) = − 1√
πD

∑

m∈Z

u(mh) e−(x−mh)2/Dh2

erfi
(x−mh√

Dh
)
.



72 4. APPROXIMATION OF INTEGRAL OPERATORSNext, we determine
Hη2M (x) =

1

π3/2

M−1∑

j=0

(−1)j

j!4j

∞∫

−∞

H2j(y) e−y2

y − x
dy

=
1

π3/2

M−1∑

j=0

(−1)j

j!4j

( d
dx

)2j
∞∫

−∞

e−y2

y − x
dy ,where the formulas (3.6) and (3.9) for the Hermite polynomials and for η2M areused. From (4.10), we obtain

1

π3/2

( d
dx

)2j
∞∫

−∞

e−y2

y − x
dy = − 2

π

( d
dx

)2j

e−x2

x∫

0

e t2 dt

= − 2

π

2j∑

k=0

(2j)!

k!(2j − k)!

( d
dx

)k

e−x2
( d

dx

)2j−k
x∫

0

e t2 dt

= − 2

π
H2j(x) e−x2

x∫

0

e t2 dt

− 2

π

2j−1∑

k=0

(2j)!

k!(2j − k)!
(−1)kHk(x) e−x2

( d

dx

)2j−k−1

ex2

= −H2j(x) e−x2

√
π

erfi(x) +
2

π

2j−1∑

k=0

(2j)! i 2j−k−1

k!(2j − k)!
Hk(x)H2j−k−1(ix) ,whi
h leads to the following representation for the Hilbert transform of η2M :

Hη2M (x) = −η2M (x) erfi(x) +
2

π

M−1∑

j=0

(−1)j

j!4j

2j−1∑

k=0

(2j)! i 2j−k−1

k!(2j − k)!
Hk(x)H2j−k−1(ix).The fun
tion

pM (x) =
2

π

M−1∑

j=0

(−1)j

j!4j

2j−1∑

k=0

(2j)! i 2j−k−1

k!(2j − k)!
Hk(x)H2j−k−1(ix)is a polynomial of degree 2M−3, and it 
an be determined by using thatHη2M (x) →

0 as |x| → ∞. Equality (4.10) provides the asymptoti
 expansion
e−x2

erfi(x) =
1

πx

∞∫

−∞

e−y2

1 − y/x
dy =

1

πx

∞∑

k=0

x−2k

∞∫

−∞

y2k e−y2

dy

=
1√
π

∞∑

k=0

(−1)k

4k x2k+1
H2k(0)for |x| → ∞. Hen
e the polynomial pM satis�es

pM (x) − η2M (x) e x2 1√
π

∞∑

k=0

(−1)k

4k x2k+1
H2k(0) → 0



4.2. HILBERT TRANSFORM 73as |x| → ∞. Now we note that by (3.5)
η2M (x) e x2

√
π

=
(−1)M−1

π (M − 1)! 22M−1

H2M−1(x)

x
,whi
h together with the relation

H2k(0) = (−1)k (2k)!

k!(
f. (3.8)) leads to
η2M (x) e x2 1√

π

∞∑

k=0

(−1)k

4k x2k+1
H2k(0) =

(−1)M−1H2M−1(x)

π(M − 1)! 22M−1

∞∑

k=0

(2k)!x−(2k+2)

4k k!
.After substituting here the expli
it expression

H2M−1(x) =

M−1∑

m=0

(−1)m

m!(2M − 2m− 1)!
(2x)2M−2m−1and some transformations, we get the �nal form of the polynomial

pM (x) =
(2M − 1)!

π(M − 1)! 22M−1

M−2∑

k=0

(2x)2k+1
M−2∑

m=k

(−1)m+1 (2m− 2k)!

(2m+ 3)! (M − 2 −m)! (m− k)!
.Hen
e we obtainTheorem 4.1. The semi-analyti
 formula

H(2M)
h,D u(x) =

1√
D
∑

m∈Z

u(mh)

(
pM

(x−mh√
Dh

)
− η2M

(x−mh√
Dh

)
erfi
(x−mh√

Dh
))

approximates the Hilbert transform of any u ∈ WL
p (R), 1 < p <∞, L ≥ 1, with

‖Hu−H(2M)
h,D u‖Lp ≤ c(

√
Dh)K‖∇Ku‖Lp + ε

K−1∑

k=0

(
√
Dh)k‖∇ku‖Lp ,where K = min(L, 2M + 2). The number ε > 0 
an be made arbitrarily small by
hoosing D su�
iently large and the 
onstant c depends only on p, L, and M .For example, a sixth-order approximation for the Hilbert transform is obtainedby the simple formula

1√
πD

∑

m∈Z

u(mh)
( 9τm

16
√
π
− τ3

m

8
√
π
−
(τ4

m

2
− 5τ2

m

2
+

15

8

)
e−τ2

m erfi(τm)
)with τm = (x−mh)/

√
Dh.



74 4. APPROXIMATION OF INTEGRAL OPERATORS4.3. Harmoni
 potentialsHere, as a multivariate example, we 
onsider the inverse of the Lapla
e operator,the harmoni
 potential(4.11) Lnu(x) :=
Γ(n

2 − 1)

4πn/2

∫

Rn

u(y)

|x − y|n−2
dy , n ≥ 3 ,whi
h provides the unique solution of the Poisson equation

−∆f = u in Rn , |f(x)| ≤ C|x|n−2 as |x| → ∞ ,for integrable right-hand sides u. In the 
ase n = 2, the harmoni
 potential is givenby the integral(4.12) L2u(x) =
1

2π

∫

R2

log
1

|x − y| u(y) dy .The Fourier transform of the kernel is (4π2|λ|2)−1 and we have from (2.15) that
Lnη(x) =

2π

|x|n/2−1

∞∫

0

Fη(r)
4π2r2

Jn/2−1(2πr|x|) rn/2dr

=
1

2π|x|n/2−1

∞∫

0

Fη(r) Jn/2−1(2πr|x|) r(n−4)/2dr

(4.13)for any radial fun
tion η. In the following we approximate the density u(x) of theharmoni
 potential with the quasi-interpolant M(2M)
h,D u de�ned by (3.20), whi
h isbased on the fun
tions η2M .4.3.1. A
tion on Gaussians. First, we determine the harmoni
 potential ofthe Gaussian fun
tion e−|x|2 . From (4.13), we have

Ln

(
e−| · |2 )(x) =

πn/2−1

2|x|n/2−1

∞∫

0

e−π2r2

Jn/2−1(2πr|x|) r(n−4)/2dr .(4.14)This integral exists for any n ≥ 3 and 
an be expressed by the lower in
ompleteGamma fun
tion(4.15) γ(a, x) :=

x∫

0

τa−1 e−τ dτas follows:(4.16) Ln

(
e−| · |2 )(x) =

1

4|x|n−2

|x|2∫

0

τn/2−2 e−τ dτ =
1

4|x|n−2
γ
(n

2
− 1, |x|2

)
,(see for example [7, 8.6.11℄). Let us mention that in the 
ase k ∈ N

γ(k, x) = (k − 1)!
(
1 − e−x

k−1∑

j=0

xj

j!

)
,



4.3. HARMONIC POTENTIALS 75i.e., the harmoni
 potential of the Gaussian is expressed by elementary fun
tions.In the 
ase of odd spa
e dimension n, we see from
γ
(1

2
, x
)

=
√
π erf(x)with the error fun
tion erf given in (4.9), and from the re
urren
e relation(4.17) γ(a+ 1, x) = a γ(a, x) − e−x xa ,that the harmoni
 potential of the Gaussian is expressed using the error fun
tion

erf. In parti
ular,(4.18) L4

(
e−| · |2 )(x) =

1

4π2

∫

R4

e−|y|2

|x − y|2 dy =
1

4|x|2 (1 − e−|x|2)and(4.19) L3

(
e−| · |2 )(x) =

1

4π

∫

R3

e−|y|2

|x− y| dy =
1

2|x|

|x|∫

0

e−τ2

dτ =

√
π

4|x| erf(|x|) .If n = 2, then we use that the radial fun
tion f(|x|) = L2

(
e−| · |2 )(x) is thesolution of the di�erential equation

1

r

d

dr

(
r
d

dr

)
f(r) = − e−r2

, 0 < r <∞ ,satisfying
f(0) = −

∞∫

0

r log r e−r2

dr =
γ

4
,with the Euler 
onstant γ = 0.577215 . . ., and

f(r) = O
(

log
1

r

) as r → ∞ .From [1, 5.1.39℄
f(r) =

1

4

r2∫

0

e−t −1

t
dt+

γ

4
= − E1(r

2) + log r2

4
,where(4.20) E1(x) =

∞∫

x

e −t
t

dtis the exponential integral, and therefore
L2

(
e−| · |2 )(x) = −1

4
E1(|x|2) −

1

2
log |x| .(4.21)



76 4. APPROXIMATION OF INTEGRAL OPERATORSThus, we obtain the semi-analyti
 approximation of the harmoni
 potential forany dimension n ≥ 2(4.22) Dh2

(πD)n/2

∑

m∈Zn

u(hm)Ln

(
e−| · |2 )(rm) with rm =

x − hm√
Dh

,using the quasi-interpolant based on the Gaussian fun
tion.4.3.2. A
tion on higher-order basis fun
tions. Now we 
onsider the har-moni
 potential of the radial fun
tion
η2M (x) = π−n/2 L

(n/2)
M−1 (|x|2) e−|x|2 .We know from (3.18) that

L
(n/2)
M−1 (|x|2) e−|x|2 =

M−1∑

j=0

(−1)j

j! 4j
∆j e−|x|2 ,whi
h, be
ause of Ln∆ = −I, gives

Ln

(
L

(n/2)
M−1 (| · |2) e−| · |2 )(x) = Ln

(
e−| · |2 )(x) −

M−1∑

j=1

(−1)j

j! 4j
∆j−1 e−|x|2

= Ln

(
e−| · |2 )(x) +

M−1∑

j=1

1

4 j

(−1)j−1

(j − 1)! 4j−1
∆j−1 e−|x|2 .

(4.23)Furthermore, applying (3.15), we get(4.24) (−1)j

j! 4j
∆j e−|x|2 = L

(n/2−1)
j (|x|2) e−|x|2 ,so that (4.23) 
an be written in the form

Ln

(
L

(n/2)
M−1 (| · |2) e−| · |2 )(x) = Ln

(
e−| · |2 )(x) + e−|x|2

M−2∑

j=0

L
(n/2−1)
j (|x|2)
4(j + 1)

.Hen
e, the harmoni
 potential of the generating fun
tion η2M is given by the �nitesum(4.25) Lnη2M (x) =
1

πn/2
Ln

(
e−| · |2 )(x) +

e−|x|2

πn/2

M−2∑

j=0

L
(n/2−1)
j (|x|2)
4(j + 1)

.In the 
lassi
al 
ases n = 2 and n = 3, one obtains the following formulas using
lassi
al orthogonal polynomials: For the Newton potential, i.e., for n = 3, relations(3.22) and (4.19) give(4.26) L3η2M (x) =
1

4π3/2|x|
(√

π erf (|x|) + e−|x|2
M−2∑

j=0

(−1)j H2j+1(|x|)
(j + 1)! 22j+1

)with the Hermite polynomials Hj . If n = 2, then (4.21) leads to(4.27) L2η2M (x) =
1

4π

(
2 log

1

|x| − E1(|x|2) + e−|x|2
M−2∑

j=0

Lj(|x|2)
j + 1

)with the Laguerre polynomials Lj = L
(0)
j .
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an be obtained in the 
ase n = 4 if a re
urren
e relationof generalized Laguerre polynomials is used. We provide two of those relations,whi
h will be used in the following:
L

(γ−1)
j (y) = L

(γ)
j (y) − L

(γ)
j−1(y) ,(4.28)

L
(γ+1)
j (y) =

1

y

(
(j + γ + 1)L

(γ)
j (y) − (j + 1)L

(γ)
j+1(y)

)
;(4.29)see, for example, [1, 22.7.30,31℄. From (4.23), we have

L4 η2M (x) =
1

π2
L4

(
e−| · |2 )(x) +

e−|x|2

π2

M−2∑

j=0

L
(1)
j (|x|2)

4(j + 1)
.Sin
e by (4.29)

L
(1)
j (|x|2) =

1

|x|2
(
(j + 1)L

(0)
j (|x|2) − (j + 1)L

(0)
j+1(|x|2)

)
,we derive

M−2∑

j=0

L
(1)
j (|x|2)

4(j + 1)
=

1

4|x|2
(
1 − L

(0)
M−1(|x|2)

)
,whi
h together with (4.18) provides

L4 η2M (x) =
1

4π2|x|2 (1 − e−|x|2) +
e−|x|2

4π2|x|2
(
1 − LM−1(|x|2)

)

=
1 − e−|x|2 LM−1(|x|2)

4π2|x|2 .

(4.30)4.3.3. Semi-analyti
 
ubature formulas. Summarizing the results of thepre
eding subse
tions we 
on
lude that the approximation of the density by thequasi-interpolation operator M(2M)
h,D leads via (4.3) to the 
ubature formula for theharmoni
 potential

LM
n,hu(x) :=(4.31)

Dh2

4(πD)n/2

∑

m∈Zn

u(hm)

(
Ln

(
e−| · |2 )(rm) + e−|rm|2

M−2∑

j=0

L
(n/2−1)
j (|rm|2)

j + 1

)
,where we set(4.32) rm =

x− hm√
Dhand the 
orresponding analyti
 expression (4.16) or (4.21) has to be used for

Ln

(
e−| · |2 )(rm).In parti
ular, we obtain the 
ubature formulas for the pra
ti
ally importanttwo- and three-dimensional 
ases
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LM

2,hu(x) =(4.33)
h2

4π

∑

m∈Z2

u(hm)

(
2 log

1

|rm| − E1(|rm|2) + e−|rm|2
M−2∑

j=0

Lj(|rm|2)
j + 1

)

LM
3,hu(x) =(4.34)

h2

4π
√
πD

∑

m∈Z3

u(hm)

(√
π erf (|rm|)

|rm| + e−|rm|2
M−2∑

j=0

(−1)j H2j+1(|rm|)
(j + 1)! 22j+1 |rm|

)The 
ubature errors of these formulas will be analyzed in Se
tion 4.4.4.3.4. Numeri
al example. We provide some results of numeri
al tests toapproximate the Newton potential. We applied (4.34) with di�erent M and �xed
D ≥ 2 to su�
iently smooth densities of the expli
itly known Newton potential.Fig. 4.1 depi
ts the maximum 
ubature error for M = 1, . . . , 5, di�erent mesh sizes
h and the densities (∆((1 − |x|2)8+) and (1 − |x|2)4+) measured at the unit ball B1.
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bFigure 4.1. Cubature error of LM

3,h, N = 2M , using D = 3.Note that the slope of the error 
urves 
oin
ides with the approximation orderof the 
orresponding quasi-interpolation of the density. Only for very small h andalready very small relative errors, the slope de
reases. This 
an be seen in moredetail in Table 4.1, whi
h 
ontains the 
orresponding values of the approximationrate.Let us dis
uss some features of the 
ubature formulas (4.31). The �rst term
Ln

(
e−| · |2 )(rm), whi
h provides the approximation order 2, de
ays slowly. There-fore the approximation of the harmoni
 potential requires the summation over allnodes hm within the support of the density u. The remaining terms in (4.31),whi
h in
rease the approximation order, are only lo
al 
orre
tions due to the fa
tor

e−|rm|2 . Hen
e, in order to obtain higher approximation orders at a given point x,one has to add only a small number of new terms asso
iated with the grid points
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M 1 2 3 4 5 1 2 3 4 5
h−1 L3(∆((1 − | · |2)8+)) L3((1 − | · |2)4+)8 0.98 2.12 3.38 4.78 6.34 1.53 3.09 4.82 6.83 9.2316 1.62 3.35 5.18 7.09 9.10 1.86 3.75 5.72 7.76 8.2832 1.89 3.83 5.79 7.78 9.81 1.96 3.94 5.93 7.82 6.3464 1.97 3.96 5.95 7.95 9.03 1.99 3.98 5.98 7.64 7.02128 1.99 3.99 5.99 7.85 2.12 2.00 4.00 6.01 3.73 0.72Table 4.1. Approximation rate of the 
ubature LM

3,h for the den-sities ∆((1 − |x|2)8+) and (1 − |x|2)4+ using D = 3.
hm in a neighborhood of x. Hen
e, these 
orre
tions depend only on the densityin a neighborhood of this point.Another feature is the fast 
omputation of (4.31) for uniform grids. Sin
e thekernel of the harmoni
 potential is homogeneous of degree −2, the 
omputation onthe grid hk, k ∈ Zn, 
an be performed in a

ordan
e with (4.6) using the 
oe�
ients

bk = Ln

(
e−| · |2 )(rk) + e−|rk|2

M−2∑

j=0

L
(n/2−1)
j (|rk|2)

j + 1
with rk = k/

√
D ,whi
h do not depend on the grid size h.4.3.5. Gradient of the harmoni
 potential. Let us give a simple appli
a-tion whi
h utilizes the semi-analyti
 nature of the 
ubature formula (4.31). Thegradient ∇(Lnu) of the harmoni
 potential 
an be approximated by the gradient ofthe 
ubature formula LM

n,hu given in (4.31), whi
h is a semi-analyti
 formula, too.The estimate of the approximation error will be derived in Theorem 4.11. Here wederive a simple analyti
 expression for ∇(LM
n,hu).First we 
onsider ∇(Lnη2M ). From (4.25) we get

∂

∂xk
Lnη2M (x) =

1

πn/2

∂

∂xk

(
Ln

(
e−| · |2 )(x) + e−|x|2

M−2∑

j=0

L
(n/2−1)
j (|x|2)
4(j + 1)

)
.(4.35)If n ≥ 3, then the �rst term evaluates in view of (4.16) to

∂

∂xk
Ln

(
e−| · |2 )(x) =

∂

∂xk

1

4|x|n−2
γ
(n

2
− 1, |x|2

)

=
(2 − n)xk

4|x|n γ
(n

2
− 1, |x|2

)
+

xk

2|x|n−2
|x|n−4 e−|x|2(4.36)

= − xk

2|x|n γ
(n

2
, |x|2

)
,and the last equation is a 
onsequen
e of (4.17). One easily obtains from (4.21)that

∂

∂xk
L2

(
e−| · |2 )(x) = − xk

2|x|2 (1 − e−|x|2) = − xk

2|x|2 γ(1, |x|
2) ;
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e, for all n ≥ 2

∂

∂xk
Ln

(
e−| · |2 )(x) = − xk

2|x|n γ
(n

2
, |x|2

)
= −2xk Ln+2

(
e−| · |2 )(|x|).(4.37)Here by Ln+2

(
e−| · |2 )(|x|) we denote the radial fun
tion on Rn, whi
h 
oin
ideswith the value of the harmoni
 potential of the Gaussian in Rn+2.In parti
ular,
∂

∂xk
L3

(
e−| · |2 )(x) = − xk

2|x|2
(√

π erf(|x|)
2|x| − e−|x|2

)
,

∂

∂xk
L4

(
e−| · |2 )(x) = − xk

2|x|4
(
1 − (|x|2 + 1) e−|x|2 ) .To 
ompute the derivative of the sum in (4.35), we use the generating fun
tionof the Laguerre polynomials

∞∑

j=0

L
(γ)
j (y) zj = (1 − z)−γ−1 e yz/(z−1)(see [1, 22.19.5℄). Hen
e, di�erentiating the sum

(1 − z)−γ−1 e y/(z−1) =

∞∑

j=0

L
(γ)
j (y) e−y zj ,we obtain the formula(4.38) ( d

dy

)m (
L

(γ)
j (y) e−y

)
= (−1)mL

(γ+m)
j (y) e−y .Therefore the terms of the sum in (4.35) 
an be transformed to

∂

∂xk

L
(n/2−1)
j (|x|2) e−|x|2

4(j + 1)
= − xk

L
(n/2)
j (|x|2) e−|x|2

2(j + 1)
(4.39)whi
h gives

∂

∂xk
Lnη2M (x) =

−2xk

πn/2

(
Ln+2

(
e−| · |2 )(|x|) +

M−2∑

j=0

L
(n/2)
j (|x|2) e−|x|2

4(j + 1)

)

= −2πxk Ln+2η2M (|x|) ,
(4.40)where Ln+2η2M (|x|) is the radial fun
tion on Rn whi
h is equal to the harmoni
potential of the radial fun
tion η2M on Rn+2.There exists another formula for ∇Lnη2M for n ≥ 3, whi
h may be useful in
omputations and will be derived next. We 
an rewrite (4.36) as

∂

∂xk
Ln

(
e−| · |2 )(x) =

xk

2|x|2
((

4 − 2n
)
Ln

(
e−| · |2 )(|x|) + e−|x|2

)
.Using (4.38) and (4.29), the terms in the sum in (4.35) are transformed to

∂

∂xk

L
(n/2−1)
j (|x|2) e−|x|2

4(j + 1)
= − xk

L
(n/2)
j (|x|2) e−|x|2

2(j + 1)

= − xk e−|x|2

2|x|2
(
L

(n/2−1)
j (|x|2) − L

(n/2−1)
j+1 (|x|2) +

n− 2

2(j + 1)
L

(n/2−1)
j (|x|2)

)
,
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h, by noting that L(γ)
0 (y) = 1, implies

∂

∂xk

M−2∑

j=0

L
(n/2−1)
j (|x|2) e−|x|2

4(j + 1)

= (2 − n)
xk

|x|2
M−2∑

j=0

L
(n/2−1)
j (|x|2) e−|x|2

4(j + 1)
+
xk e−|x|2

2|x|2
(
L

(n/2−1)
M−1 (|x|2) − 1

)
.Therefore, if n ≥ 3, then (4.35) 
an be transformed to

∂

∂xk
Lnη2M (x) = π−n/2 xk

2|x|2
((

4 − 2n
)
Ln

(
e−| · |2 )(x) + e−|x|2

)

+ (2 − n)
xk e−|x|2

|x|2
M−2∑

j=0

L
(n/2−1)
j (|x|2)
4(j + 1)

+
xk e−|x|2

2|x|2
(
L

(n/2−1)
M−1 (|x|2) − 1

)(4.41)
=

xk

|x|2
(
(2 − n)Lnη2M (x) +

L
(n/2−1)
M−1 (|x|2) e−|x|2

2πn/2

)
.Compared with formula (4.40), this formula has the advantage that it allows oneto 
ompute both the harmoni
 potential and its gradient with minimal additionale�ort.If n = 2, then we obtain the partial derivatives of the harmoni
 potential as

∂

∂xk
L2η2M (x) = − xk

2π|x|2 (1 − e−|x|2) +
xk e−|x|2

2π|x|2
(
L

(0)
M−1(|x|2) − 1

)

=
xk

2π|x|2
(
L

(0)
M−1(|x|2) e−|x|2 −1

)
.

(4.42)Summarizing, we arrive at the following formulas for the gradient of LM
n,hu:

∇(LM
n,hu)(x)(4.43)

=
h

D(n−1)/2

∑

m∈Zn

u(hm)rm
|rm|2

(
(2 − n)Lnη2M (rm) +

L
(n/2−1)
M−1 (|rm|2) e−|rm|2

2πn/2

)

=
h

2πn/2D(n−1)/2

∑

m∈Zn

u(hm)rm

(
γ(n/2, |rm|2)

|rm|n + e−|rm|2
M−2∑

j=0

L
(n/2)
j (|rm|2)
j + 1

)with rm from (4.32), whi
h is valid if n ≥ 3. For n = 2, we obtain(4.44) ∇(LM
2,hu)(x) =

h

2πD
∑

m∈Z2

u(hm)rm
|rm|2

(
L

(0)
M−1(|rm|2) e−|rm|2 −1

)
.4.4. Approximation properties4.4.1. Rough error estimate. Let us estimate the error of the 
ubatureformula (4.31) for the harmoni
 potential in the 
ase n ≥ 3. By 
onstru
tion, the
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ubature formula is the a
tion of the integral onto the quasi-interpolant
LM

n,hu(x) = Ln(M(2M)
h,D u)(x)and therefore the 
ubature error equals

LM
n,hu(x) − Lnu(x) = Ln(M(2M)

h,D − I)u(x) .It is known from Sobolev's Theorem that for n ≥ 3, 1 < p < n/2, and q =
np/(n− 2p) the operator Ln as the inverse of the Lapla
ian is a bounded mappingfrom Lp(Rn) into Lq(Rn) (
f. [89, Theorem V.1℄). Hen
e

‖LM
n,hu− Lnu‖Lq ≤ Ap,q‖u−M(2M)

h,D u‖Lp ,where Ap,q denotes the norm of Ln : Lp(Rn) → Lq(Rn). Then Theorem 2.28 givesimmediatelyLemma 4.2. Let 1 < p < n/2, q = np/(n− 2p) and let u ∈ WL
p with L > n/pand 
hoose 2M ≥ L. Then for any ε > 0, there exists D > 0 su
h that

‖LM
n,hu− Lnu‖Lq ≤ Ap,q

(
cη (

√
Dh)L ‖∇Lu‖Lp + ε

L−1∑

k=0

(
√
Dh)k‖∇ku‖Lp

)
.However, the numeri
al tests do not show that there exists a saturation error,whi
h does not 
onverge to zero. We shall see in the next se
tion that this is be
ause

Ln is a smoothing operator.4.4.2. Quasi-interpolation error in Sobolev spa
es of negative or-der. We study error estimates in dual spa
es of Sobolev spa
es of fun
tions withderivatives in Lp. For r ∈ N, we denote the spa
e of linear fun
tionals on W r
p′ ,

p′ = p/(p− 1), 1 < p <∞, by W−r
p = W−r

p (Rn).Lemma 4.3. Let u ∈ W 2r
p , 1 < p < ∞, r ∈ N, and {aν} ∈ l1(Zn). Then thereexists a 
onstant c depending only on n, r, and p su
h that(4.45) ∥∥∥ u

∑

ν∈Zn\{0}
aν e

2πi
h 〈 · ,ν〉

∥∥∥
W−2r

p

≤ c h2r
∑

ν∈Zn\{0}

|aν |
(4π2|ν|2)r

‖u‖W 2r
p
.Proof. For |ν| 6= 0, the norm of the multiplier

e
2πi
h 〈·,ν〉 : W 2r

p →W−2r
p
an be estimated by

∥∥∥ e
2πi
h 〈 · ,ν〉 u

∥∥∥
W−2r

p

= sup
‖v‖

W2r
p′

=1

∣∣∣∣
∫

Rn

e
2πi
h 〈x,ν〉 u(x) v(x) dx

∣∣∣∣

= sup
‖v‖

W2r
p′

=1

∣∣∣∣
h2r

(4π2|ν|2)r

∫

Rn

u(x) v(x) (−∆)r e
2πi
h 〈x,ν〉 dx

∣∣∣∣

≤ h2r

(4π2|ν|2)r
sup

‖v‖
W2r

p′

=1

∫

Rn

∣∣∆r(u(x) v(x))
∣∣ dx .Sin
e

∆r(u v) =
∑

[α]=r

r!

α!
∂2α(u v) =

∑

[α]=r

r!

α!

∑

β≤2α

(2α)!

β! (2α − β)!
∂βu ∂2α−βv ,



4.4. APPROXIMATION PROPERTIES 83we see that there exists a 
onstant depending only on n, r, and p su
h that
∫

Rn

∣∣∆r(u(x) v(x))
∣∣ dx ≤ c ‖u‖W 2r

p
‖v‖W 2r

p′
,whi
h implies(4.46) ∥∥∥ e

2πi
h 〈 · ,ν〉 u

∥∥∥
W−2r

p

≤ c h2r

(4π2|ν|2)r
‖u‖W 2r

pfor any ν ∈ Zn with |ν| 6= 0. �Remark 4.4. The 
onstant c in (4.45) for the spe
ial 
ase r = 1 is bounded by
c ≤ max (2, n1/p̃) , p̃ = min (p, p′) .By interpolation arguments, Lemma 4.3 
an be generalized for norms in fun
-tion spa
es of arbitrary negative order. The Bessel potential spa
e Hs

p = Hs
p(Rn)is de�ned as the 
losure of 
ompa
tly supported smooth fun
tions with respe
t tothe norm(4.47) ‖u‖Hs

p
= ‖F−1(1 + 4π2| · |2)s/2Fu‖Lp = ‖(I − ∆)s/2u‖Lp .Corollary 4.5. Let u ∈ Hs

p , 1 < p < ∞, s > 0, and {aν} ∈ l1(Zn). Thenthere exists a 
onstant c depending only on n, s, and p su
h that
∥∥∥ u

∑

ν∈Zn\{0}
aν e

2πi
h 〈 · ,ν〉

∥∥∥
H−s

p

≤ c hs
∑

ν∈Zn\{0}

|aν |
(2π|ν|)s

‖u‖Hs
p
.Proof. The spa
es Hs

p are interpolation spa
es that 
oin
ide, for r ∈ Z, withthe Sobolev spa
es, Hr
p = W r

p , 1 < p <∞, and are obtained from Sobolev spa
es bymeans of the 
omplex interpolation method; 
f., e.g., [94℄. Hen
e, the multipli
ationoperator
Ah,νu(x) = e 2πi〈x,ν〉/h u(x)satis�es

‖Ah,ν‖H2rθ
p →H−2rθ

p
≤ ‖Ah,ν‖θ

H2r
p →H−2r

p

∥∥∥Ah,ν‖1−θ
Lp→Lpfor 0 < θ < 1. Sin
e Ah,ν is an isometri
 operator in Lp, the assertion follows from(4.46). �This leads to the following error estimate for the quasi-interpolation pro
ess.Theorem 4.6. Suppose that η satis�es the de
ay and moments Conditions2.12 and 2.15 of order N . Then for any u ∈ HL

p , 1 < p < ∞, L ≥ N with
n/p < L ≤ K−n and positive s ≤ L, there exist 
onstants cη and cs,p not dependingon u and h su
h that the quasi-interpolant Mh,Du de�ned by (2.23) satis�es
‖u−Mh,Du‖H−s

p
≤ cη (

√
Dh)N ‖u‖HL

p

+ cs,p h
s

min(N−1,[L−s])∑

[α]=0

(√Dh
2π

)[α] ‖∂αu‖Hs
p

α!

∑

ν∈Zn\{0}

|∂αFη(
√
Dν)|

(2π|ν|)s
.



84 4. APPROXIMATION OF INTEGRAL OPERATORSRemark 4.7. The previous estimate is of the usual form O((
√
Dh)N ) plus asmall saturation error whi
h is 
ontrolled by D. However, if s < 0, then one haseven the 
onvergen
e of the quasi-interpolant Mh,Du in Hs

p as h → 0, sin
e thesaturation error is multiplied by h−s. The 
onvergen
e of the quasi-interpolants
an be justi�ed also for other spa
es of negative order. Note that in the 
ase s > 0a similar estimate is valid, whi
h implies that the saturation term in
reases withthe fa
tor h−s. This is in a

ordan
e with the assertion of Theorem 2.27 on theapproximation of derivatives.Proof of Theorem 4.6. Sin
e ‖ · ‖Hs
p
≤ ‖ · ‖Ht

p
for s < t, from the represen-tation (2.69) we obtain the estimate

‖u−Mh,Du‖H−s
p

≤ ‖RL,h‖Lp +

L−1∑

[α]=N

(
√
Dh)[α]

α!
‖σα(h−1 · , η,D) ∂αu ‖H−s

p

+

N−1∑

[α]=0

(
√
Dh)[α]

α!
‖εα(h−1 · , η,D) ∂αu ‖H−s

p
.Obviously, the �rst two terms on the right-hand side of this inequality are boundedby c (

√
Dh)N ‖u‖HL

p
with some 
onstant c not depending on u, h, and D. Toestimate the last term, we note that by Corollary 2.13

εα

(x

h
, η,D

)
=
( i

2π

)[α] ∑

ν∈Zn\{0}
∂αFη(

√
Dν) e−

2πi
h 〈x,ν〉 .In the 
ase [α] + s ≤ L we use Corollary 4.5 to derive

‖εα(h−1 ·, η,D) ∂αu‖H−s
p

≤ cs,p h
s ‖∂αu‖Hs

p
(2π)−[α]

∑

ν∈Zn\{0}

|∂αFη(
√
Dν)|

(2π|ν|)s
.If [α] + s > L, then Corollary 4.5 with u ∈ H

L−[α]
p implies

‖εα(h−1 ·, η,D) ∂αu‖H−s
p

≤ cL−[α],p h
L−[α] ‖u‖HL

p
(2π)−[α]

∑

ν∈Zn\{0}

|∂αFη(
√
Dν)|

(2π|ν|)L−[α]
,whi
h shows that

N−1∑

[α]>L−s

(√Dh
2π

)[α] ‖εα(h−1 ·, η,D) ∂αu‖H−s
p

α!
≤ c (

√
Dh)N ‖u‖HL

p
. �Note that (4.47) yields in the 
ase s = 2

‖u‖H−2
p

≤ Bp′ ‖u‖W−2
p

with the 
onstant Bp′ = sup
v∈W 2

p′

‖v‖W 2
p′

‖(I − ∆)v‖Lp′

.Therefore, by using Remark 4.4, we 
an formulate the following.



4.4. APPROXIMATION PROPERTIES 85Proposition 4.8. Suppose that η satis�es the de
ay and moments Conditions2.12 and 2.15 of order N . Then for any ε > 0 there exists D > 0 su
h that for all
u ∈ WL

p , L ≥ N ≥ 2 with n/p < L < K − n

‖u−Mh,Du‖H−2
p

≤ c (
√
Dh)N ‖u‖W L

p
+ ε cp h

2
N−3∑

[α]=0

(
√
Dh)[α]

α!
‖∂αu‖W 2

pwith 
onstants cp = Bp′ · max (2, n1/p̃) and c not depending on u, h, and D.Remark 4.9. The weak 
onvergen
e of the quasi-interpolants in Lp leads toan interesting 
onsequen
e 
on
erning the density of the ladder of prin
ipal shift-invariant subspa
es
Sh(η(·/D)) =

{
η
(x − hm√

Dh
)

: m ∈ Zn, h > 0
}in Lp-spa
es, 1 < p <∞. By the Bana
h-Saks Theorem, the sequen
e of the arith-meti
 means of a series, weakly 
onvergent in Lp, 
onverges strongly. Therefore, itfollows from Theorem 4.6 that for any u ∈ WL

p , L > n/p, and any sequen
e hj → 0

∥∥∥u− lim
N→∞

1

N

N∑

j=1

Mhj ,Du
∥∥∥

Lp

→ 0 .Hen
e, if we introdu
e the linear subspa
e
S(H)(η(·/D)) =

⋃

hj

Shj (η(·/D)) ,where H = {hj} with hj → 0, we 
on
lude from the results of Subse
tion 2.4.3 thatfor any u ∈ Lp, p < 1 <∞,
dist(u, S(H)(η(·/D));Lp) = 0 ,if Fη(0) 6= 0 and for some K > n and 0 ≤ [β] ≤ µ

|∂βη(x)|(1 + |x|)K <∞ , x ∈ Rn ,where µ is the smallest integer greater than n/2.4.4.3. Cubature error for the harmoni
 potential.Theorem 4.10. Let 1 < p < n/2, q = np/(n − 2p). Then for any fun
tion
u ∈ WL

p , where L ≥ 2M and L > n/p, there exists a 
onstant cη not dependingon u, h, and D su
h that the 
ubature formula (4.31) for the harmoni
 potentialsatis�es
‖Lnu− LM

n,hu‖Lq ≤ cη (
√
Dh)2M‖u‖W L

p

+ h2
2M−3∑

k=0

(
√
Dh)k εk(D)

(2π)k+2

2∑

l=0

(Ap,q cp |u|W k+l
p

+ cq |u|W k+l
q

)with the norm Ap,q of Ln : Lp(Rn) → Lq(Rn), the 
onstant cp of Proposition 4.8,and the numbers εk(D) de�ned by (2.70).



86 4. APPROXIMATION OF INTEGRAL OPERATORSProof. The assertion follows immediately from Theorem 2.28, Proposition4.8, and the mapping properties of the operator Ln. Sin
e
Lnu− LM

n,hu = Ln(u −M(2M)
h,D u) ,we obtain

‖Lnu− LM
n,hu‖Lq = ‖(−∆)−1(I − ∆)(I − ∆)−1(u−M(2M)

h,D u)‖Lq

≤ ‖(−∆)−1(I − ∆)−1(u−M(2M)
h,D u)‖Lq + ‖(I − ∆)−1(u−M(2M)

h,D u)‖Lq

≤ Ap,q ‖u−M(2M)
h,D u‖H−2

p
+ ‖u−M(2M)

h,D u‖H−2
q
.Using the 
ontinuous embedding WL

p ⊂WL−2
q , we have only to apply the estimateof Proposition 4.8. �Let us estimate the approximation error of the gradient∇(Lnu) by the formulas(4.43) and (4.44) for ∇(LM

n,hu), respe
tively.Theorem 4.11. Let 1 < p < n, q = np/(n−p). Then for any fun
tion u ∈WL
p ,where L ≥ N + 1 with n/p < L, there exist 
onstants cη and cp independent on u,

h, and D su
h that
‖∇(Lnu)−∇(LM

n,hu)‖Lq ≤ cη (
√
Dh)2M‖u‖HL

p

+ cp h

2M−2∑

[α]=0

(√Dh
2π

)[α] ‖∂αu‖H1
p

α!

∑

ν∈Zn\{0}

|∂αFη2M (
√
Dν)|

2π|ν| .Proof. The norm ‖∇u‖Lq is equivalent to the norm ‖(−∆)1/2u‖Lq . A
tingas in the proof of the previous theorem, we get
‖(−∆)1/2(Lnu− LM

n,hu)‖Lq ≤ Bp,q ‖u−M(2M)
h,D u‖H−1

p
+ ‖u−M(2M)

h,D u‖H−1
q

,where Bp,q denotes the norm of the bounded mapping (−∆)−1/2 : Lp → Lq ([89℄).Hen
e by Theorem 4.6, the assertion follows immediately. �Theorems 4.10 and 4.11 show that if the parameter D is 
hosen so that thevalues εk(D) are su�
iently small, then both the 
ubature LM
n,hu and its gradient

∇(LM
n,hu) approximate with the order h2M up to the pres
ribed a

ura
y. More-over, by the smoothing properties of the harmoni
 potential and its gradient, the
orresponding small saturation errors 
onverge with the rate h2 and h, respe
tively,as h tends to zero. This property holds, in general, for other pseudodi�erential op-erators of negative order, whereas for singular integral operators, the 
orresponding
ubatures approximate with the order N for h ≥ h0, but tey do not 
onverge.4.5. Appli
ation to boundary integral equation methodsLet us 
onsider a dire
t appli
ation of results of the previous se
tion to thenumeri
al solution of boundary value problems with boundary integral equationmethods (BIM).Sin
e the 1980s these methods have be
ome more and more popular for solv-ing boundary value problems for partial di�erential equations with 
onstant 
oe�-
ients whi
h o

ur in me
hani
s, ele
tromagneti
s, and other �elds of mathemati
al
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s. We will dis
uss 
ertain BIM in more detail in Se
tion 12.2. Here we 
on-sider only a parti
ular problem that arises when the di�erential equation has aninhomogeneous right-hand side.4.5.1. Transformation of inhomogeneous problems. Let L be a partialdi�erential operator with the fundamental solution E . Consider the equation
Lu = f in Ω ,
omplemented by some boundary 
onditions. This boundary value problem 
anbe formulated as an integral equation over the boundary of the domain by dif-ferent methods, using for example Green's formulas or a surfa
e potential ansatz.However, non-homogeneous terms f are in
luded in the formulation by means of do-main integrals, thus making the te
hnique lose the attra
tion of its `boundary-only'
hara
ter.The simplest way to avoid domain integrals in the BIM is to represent thesolution u as the sum

u(x) = u0(x) + U(x),where U is a parti
ular solution
LU = f in Ωand u0 satis�es the homogeneous equation
Lu0 = 0 in Ωwith boundary 
onditions adjusted su
h that the total solution u satis�es the bo-undary 
onditions of the original problem. The remainder u0 is obtained by solvingthe 
orresponding boundary integral equations, involving the new boundary datafor u0. In order to �nd these data a

urately, one must be able to 
ompute aparti
ular solution (and, very often, its derivatives) with high pre
ision.Sin
e the 
onstru
tion of a 
losed-form parti
ular solution is possible only forsome spe
ial inhomogeneities, it must be approximated. The standard way to doso is the 
ubature of the volume potential

Kf̃(x) =

∫

Rn

f̃(y) E(x,y) dywhere f̃ is a 
ompa
tly supported fun
tion with f̃(x) = f(x), x ∈ Ω.Here, we dis
uss the appli
ation of Theorems 4.10 and 4.11 for the parti
ular
ase L = −∆ and mixed boundary 
onditions are imposed:
−∆u = f ,

u|∂ΩD = g0 , ∂nu|∂ΩN = g1 .
(4.48)The domain Ω ⊂ Rn is bounded by a Lips
hitz boundary ∂Ω, whi
h is split into twoparts, where Diri
hlet or Neumann boundary 
onditions are imposed, ∂ΩD∪∂ΩN =
∂Ω. The normal derivative ∂nu is taken with respe
t to the exterior normal n to
∂Ω. Let us suppose that the right-hand side f of the Poisson equation (4.48) 
an be
ontinued outside Ω to a 
ompa
tly supported fun
tion f̃ of preserved regularity,say f̃ ∈ WL

2 (Ω̃) and supp f̃ ⊂ Ω̃. Then the harmoni
 potential U = Lnf̃ is aparti
ular solution of (4.48) and we denote its approximant by Uh = LM
n,hf̃ withthe 
ubature formula given in (4.34).



88 4. APPROXIMATION OF INTEGRAL OPERATORSSin
e Ω̃ is bounded, Uh is a �nite sum, and, by Theorems 4.10 and 4.11, thevalues of U |Γ and ∂nU |Γ 
an be approximated by Uh(x) and n · ∇Uh(x), x ∈ Γ,with high a

ura
y using appropriate 
hosen values of the parameters D, h, and
M . Thus, the remainder u0, subje
t to

∆u0 = 0 in Ω ,

u0|ΓD = g0 − U |ΓD , ∂nu0|ΓN = g1 − ∂nU |ΓN ,
an be approximated by the solution of the modi�ed problem
∆uh = 0 in Ω ,

hh|ΓD = g0 − Uh|ΓD , ∂nuh|ΓN = g1 − ∂nUh|ΓN .In order to estimate the di�eren
e between u0 and uh, we use the Sobolev spa
e
W

1/2
2 (Γ), whi
h is de�ned as the set of restri
tions of fun
tions u ∈ W 1

2 (Rn) onto
Γ = ∂Ω. We 
onsider the spa
es

W
1/2
2 (ΓD) = {u|ΓD , u ∈ W

1/2
2 (Γ)} ,

W
−1/2
2 (ΓN ) =

(
W̊

1/2
2 (ΓN )

)′
,the se
ond spa
e being the dual of

W̊
1/2
2 (ΓN ) = {u ∈ W

1/2
2 (Γ) : suppu ⊂ ΓN}with respe
t to the L2-duality.Assuming ΓD 6= ∅, f ∈ L2(Ω), the boundary data g0 ∈ W

1/2
2 (ΓD) and g1 ∈

W
−1/2
2 (ΓN ), there exists a unique weak solution u ∈ W 1

2 (Ω) of the problem (4.48)and we have the estimate(4.49) ‖u‖W 1
2 (Ω) ≤ c (‖f‖L2(Ω) + ‖g0‖W

1/2
2 (ΓD)

+ ‖g1‖W
−1/2
2 (ΓN )

) ,with a 
onstant c independent of the data. This 
lassi
al result 
an be found in[30℄.So, we �nd that the di�eren
e between u0 and uh is bounded by
‖u0 − uh‖W 1

2 (Ω) ≤ c (‖U − Uh‖W
1/2
2 (ΓD)

+ ‖∂nU − ∂nUh‖W
−1/2
2 (ΓN )

) .4.5.2. Error estimates.Theorem 4.12. If the right-hand side of the Poisson equation (4.48) satis�es
f ∈ WL

2 (Ω), L ≥ 2M , then
‖u0 − uh‖W 1

2 (Ω) ≤ c
(

(
√
Dh)2M ‖f‖W L

2 (Ω)

+ h

2M−2∑

[α]=0

(√Dh
2π

)[α] ‖∂αf‖W 1
2 (Ω)

α!

∑

ν∈Zn\{0}

|∂αFη2M (
√
Dν)|

2π|ν|
)
,where

Fη2M (λ) = e−π2|λ|2
M−1∑

k=0

|λ|2k

k!
.Proof. By a tra
e theorem (
f., e.g., [30℄), we obtain

‖U − Uh‖W
1/2
2 (ΓD)

+ ‖∂nU − ∂nUh‖W
−1/2
2 (ΓN )

≤ c‖U − Uh‖W 1
2 (Ω) = c‖Lnũ− LM

n,hũ‖W 1
2 (Ω) ,



4.5. APPLICATION TO BIM 89and the last norm is estimated in the following lemma. �Lemma 4.13. Let Ω, G ⊂ Rn be bounded domains and let f ∈ W̊L
2 (Ω), L > n/2and L ≥ 2M . Then the 
ubature error of the harmoni
 potential 
an be estimatedin the norm of the Sobolev spa
e W 1

2 (G) by
‖Lnf − LM

n,hf‖W 1
2 (G) ≤ c

(
(
√
Dh)2M ‖f‖W L

2 (Ω)

+ h

2M−2∑

[α]=0

(√Dh
2π

)[α] ‖∂αf‖W 1
2 (Ω)

α!

∑

ν∈Zn\{0}

|∂αFη2M (
√
Dν)|

2π|ν|
)
.

(4.50)Note that Lnf − LM
n,hf = Ln(f − M(2M)

h,D f). Owing to Theorem 4.6 and
W−1

2 (Rn) = H−1
2 (Rn), the norm

‖f −M(2M)
h,D f‖W−1

2 (Rn)
an be estimated by (4.50). Unfortunately, the harmoni
 potential Ln does notmap W−1
2 (Rn) boundedly into W 1

2 (Rn). Therefore we 
onsider su�
iently smoothfun
tions f with supp f ⊆ Ω.Proof of Lemma 4.13. Sin
e the support of the quasi-interpolant M(2M)
h,D fis the whole Rn, we have to split the estimation of Lnf − LM

n,hf . Let us de�ne the
r-neighborhood Ω+

r , r > 0, of Ω by(4.51) Ω+
r = {x : dist(x,Ω) < r} ,where dist(x,Ω) denotes the distan
e between x and the 
losure Ω ⊇ supp f . Fur-thermore, we introdu
e a smooth 
ut-o� fun
tion ϕ with ϕ(x) = 1 for x ∈ Ω+

r and
suppϕ ⊆ Ω+

2r, and we write(4.52) Ln(f −M(2M)
h,D f) = Ln((ϕ− 1)M(2M)

h,D f) + Ln(ϕ(f −M(2M)
h,D f)) .Note that M(2M)

h,D f de
ays rapidly outside the support of f . There exists a
onstant cM su
h that for all x ∈ Rn

e−|x|2 |L(n/2)
M−1 (|x|2)| ≤ cM e−|x|2/2 ,whi
h implies

|M(2M)
h,D f(x)| =

1

(πD)n/2

∣∣∣
∑

hm∈Ω

f(hm) e−|x−hm|2/(Dh2) L
(n/2)
M−1

( |x− hm|2
Dh2

)∣∣∣

≤ cM
(πD)n/2

∑

hm∈Ω

|f(hm)| e−|x−hm|2/(2Dh2)

≤ c h−1 e− dist(x,Ω)2/(2Dh2) max |f |for x /∈ Ω. The 
onstant c depends only on D, M , and the measure of Ω. Sin
e
Ln((ϕ − 1)M(2M)

h,D f)(y) =
Γ(n

2 − 1)

4πn/2

∫

dist(x,Ω)≥r

(ϕ(x) − 1)M(2M)
h,D f(x)

|y − x|n−2
dx ,



90 4. APPROXIMATION OF INTEGRAL OPERATORSwe obtain for y ∈ Ω

|Ln((1 − ϕ)M(2M)
h,D f)(y)| ≤ c h−1 max |f |

∫

dist(x,Ω)≥r

e− dist(x,Ω)2/(2Dh2)

|y − x|n−2
dx

= c max |f | e−r2/(2Dh2)

rn−2

∫

dist(x,h−1Ω)≥r/h

e−(dist(x,h−1Ω)2−r2/h2)/(2D) dx ,

|∇Ln((1 − ϕ)M(2M)
h,D f)(y)|

≤ c max |f | e−r2/(2Dh2)

rn−1

∫

dist(x,h−1Ω)≥r/h

e−(dist(x,h−1Ω)2−r2/h2)/(2D) dx ,whi
h, in view of
∫

dist(x,h−1Ω)≥r/h

e−(dist(x,h−1Ω)2−r2/h2)/(2D) dx ≤
∫

|t|≥r/h

e−(|t|2−r2/h2)/(2D) dt

≤ (2πD)n/2 ,leads to the estimate(4.53) ‖Ln((1 − ϕ)M(2M)
h,D f)‖W 1

2 (G) ≤ c max |f(x)| e−r2/(2Dh2)

rn−1with a 
onstant c independent of h > 0 and r > 0. The estimation of the se
ondterm of (4.52) is based on the inequality(4.54) ‖Lnv‖W 1
2 (G) ≤ c ‖v‖(W 1

2 (Ω))′with a 
onstant c = c(G,Ω), whi
h holds for all v with 
ompa
t support supp v ⊆ Ω.This follows by interpolation from the well-known boundedness of the harmoni
potential Ln : L2(Ω) → W 2
2 (G) for any bounded domains Ω, G ⊂ Rn; 
f., e.g.,[75, Satz 12.5.3℄. Sin
e Ln has a symmetri
 kernel, we obtain by duality that

Ln : (W 2
2 (Ω))′ → L2(G) is bounded, too.Hen
e we obtain by (4.54)

‖Ln(ϕ(f −M(2M)
h,D f))‖W 1

2 (G) ≤ c ‖ϕ(f −M(2M)
h,D f)‖(W 1

2 (Ω+
2r))′

≤ c sup
w∈W 1

2 (Ω+
2r)

(ϕw, f −M(2M)
h,D f)L2

‖w‖W 1
2 (Ω+

2r)

≤ c ‖f −M(2M)
h,D f‖W−1

2 (Rn) sup
w∈W 1

2 (Ω+
2r)

‖ϕw‖W 1
2 (Rn)

‖w‖W 1
2 (Ω+

2r)

,whi
h together with (4.53) implies for every r > 0

‖Ln(f−M(2M)
h,D f)‖W 1

2 (G)

≤ c
(
‖f −M(2M)

h,D f‖W−1
2 (Rn) + ‖f‖W L

2 (Ω) r
1−n e−r2/2Dh2

)
. �



4.6. NOTES 914.6. NotesThe main formulas and some of the results of Se
tions 4.2, 4.3, and 4.4 havebeen obtained in [67℄.It is obvious that the error estimates for the 
ubature of the harmoni
 potentialsgiven in Se
tion 4.4 
an be generalized to potentials of symmetri
 and positivede�nite di�erential operators with 
onstant 
oe�
ients. The fa
t that the dilatedshifts η(x/hj − m), m ∈ Zn, hj → 0, are dense in the spa
e Lp, mentioned inRemark 4.9, was re
ently extended by Bui and Laugesen [17℄ under rather weak
onditions on η for p ∈ [1,∞).The problem of avoiding domain integrals in boundary integral formulations hasattra
ted mu
h attention within the boundary element 
ommunity and di�erentapproa
hes have been developed to solve this problem; 
f. [77℄. The methodproposed in Se
tion 4.5 di�ers from these approa
hes in using quasi-interpolationinstead of interpolating the densities, whi
h provides high-order a

ura
y withoutsolving linear systems.





CHAPTER 5Cubature of di�ra
tion, elasti
, and hydrodynami
potentialsIn this 
hapter we develop semi-analyti
 
ubature formulas for other volumepotentials whi
h are used to solve 
lassi
al problems of mathemati
al physi
s. Wederive analyti
 formulas for these potentials applied to the generating fun
tions
η2M de�ned in (3.18). Analogously to the pre
eding 
hapter, these formulas 
an beused to 
onstru
t high-order 
ubature formulas for the 
orresponding potentials.Di�ra
tion potentials are studied in Se
tion 5.1. We obtain semi-analyti
 
uba-ture formulas for the one- and three-dimensional 
ases. Formulas for the potentialof a more general adve
tion-di�usion operator applied to the Gaussian are given inSe
tion 5.2. In the remaining se
tions we derive semi-analyti
 
ubature formulasfor two- and three-dimensional elasti
 and hydrodynami
 potentials.5.1. Di�ra
tion potentialsIn this se
tion, we 
onsider the volume potential(5.1) Snu(x) =

∫

Rn

Ek(x − y)u(y) dy ,with the fundamental solution of the Helmholtz equation(5.2) Ek(x) =
i

4

( k

2π|x|
)n/2−1

H
(1)
n/2−1(k|x|) , Im k ≥ 0 .Here H(1)

n = Jn + iYn is the n-th order Hankel fun
tion of the �rst kind.The fun
tion f = Su is the solution of the Helmholtz equation(5.3) ∆f + k2f = −u ,satisfying Sommerfeld's radiation 
ondition(5.4) lim
|x|→∞

|x|(n−1)/2
(〈 x

|x| ,∇f(x)
〉
− ik f(x)

)
= 0 .The di�ra
tion potential appears frequently in problems of a
ousti
s, ele
tro-magneti
s, and opti
s. Besides the singularity of the kernel fun
tion Ek the appro-ximation of this integral operator is 
hallenging be
ause of the fast os
illations of Ekfor high wave numbers k. The appli
ation of approximate approximations to thisproblem provides semi-analyti
 
ubature formulas, whi
h redu
e these problems tothe e�
ient 
omputation of 
ertain spe
ial fun
tions.93



94 5. CUBATURE OF DIFFRACTION, ELASTIC, AND HYDRODYNAMIC POTENTIALS5.1.1. Higher-order formulas. Sin
e the kernel Ek is a radial fun
tion, thedi�ra
tion potential of radial generating fun
tions η 
an be obtained by one-dimen-sional quadrature. Moreover, from Sn = −(∆ + k2)−1, we have
Sn(−∆)j = (−∆)jS = k2jS +

j−1∑

p=0

k2(j−p−1)(−∆)p .Hen
e, similarly to Se
tion 4.3, it is easy to determine the di�ra
tion potentials ofgenerating fun
tions 
onstru
ted via the general formula (3.12). Consider, for ex-ample, the basis fun
tion η2M (x) = π−n/2 L
(n/2)
M−1 (|x|2) e−|x|2. Then from formulas(3.12) and (3.13), we obtain

Snη2M = Γ
(n
2

)M−1∑

j=0

∆j(Fη)−1(0)

j! (4π)2j Γ
(
j + n

2

) Sn(−∆)j(e−|·|2)

= π−n/2
M−1∑

j=0

1

4jj!

(
k2jSn +

j−1∑

p=0

k2(j−p−1)(−∆)p
)
(e−|·|2) .By using (4.24), we obtain the representation

Snη2M (x) =
Sn(e−| · |2)(x)

πn/2

M−1∑

j=0

k2j

4jj!

+
e−|x|2

πn/2k2

M−1∑

j=0

j−1∑

m=0

k2(j−m)m!

22(j−m)j!
L(n/2−1)

m (|x|2) ,
(5.5)whi
h is the basis for approximate 
ubature formulas of order O(h2M ) for thedi�ra
tion potential.5.1.2. A
tion of the one-dimensional di�ra
tion potential on the Gauss-ian. In order to �nd an expli
it form of (5.5), it remains to 
ompute Sn

(
e−| · |2 ).At least in the 
ase of odd spa
e dimensions, where the fundamental solution Ek
an be obtained from

H
(1)
−1/2 =

√
2

π

e iz

√
z
, H

(1)
1/2 = −i

√
2

π

e iz

√
z
,(5.6)

H
(1)
j+1/2 = −i(−1)j

√
2

π
zj+1/2

(1

z

d

dz

)n e iz

z
, j = 1, 2, . . . ,one 
an �nd analyti
 formulas of these potentials rather straightforwardly. In par-ti
ular, if n = 1, then

Ek(x) =
e ik|x|

2ik
,and the di�ra
tion potentials 
an be expressed using the s
aled 
omplementary errorfun
tion(5.7) w(z) = e−z2

erfc(−iz) = e−z2
(
1 +

2i√
π

z∫

0

et2 dt
)



5.1. DIFFRACTION POTENTIALS 95(see [1, 7.1.3℄), where(5.8) erfc(τ) = 1 − erf(τ)is the 
omplementary error fun
tion. The fun
tion w(z) is also known as the Fad-deeva fun
tion and will appear throughout the book at di�erent pla
es. It 
an alsobe written in the form(5.9) w(z) =
2√
π

∞∫

0

e−t2 e2izt dtand it has the property(5.10) w(−z) = w(z) and w(−z) = 2 e−z2 −w(z) for any z ∈ C(
f. [1, 7.1.11/12℄).If Im z > 0, then the integral representation(5.11) w(z) =
i

π

∞∫

−∞

e−t2

z − t
dtholds [1, 7.1.4℄. Then the real and imaginary parts of the Faddeeva fun
tion

w(x+ iy) = K(x, y) + iL(x, y) , y > 0 ,
oin
ide with the Voigt fun
tions
K(x, y) =

y

π

∞∫

−∞

e−t2

(x− t)2 + y2
dt , L(x, y) =

1

π

∞∫

−∞

(x− t) e−t2

(x− t)2 + y2
dt ,(5.12)whi
h appear in several �elds of physi
s.It follows immediately from (5.9) that for n = 1 the di�ra
tion potential of theGaussian is equal to(5.13) 1

2ik

∞∫

−∞

eik|x−y| e−y2

dy =

√
π e−x2

4ik

(
w
(k

2
+ ix

)
+ w

(k
2
− ix

))
.Thus, from (5.5), we obtain the di�ra
tion potential of the higher-order generatingfun
tion

1

2ik

∞∫

−∞

eik|x−y| η2M (y) dy =
e−x2

4ik

(
w
(k

2
+ ix

)
+ w

(k
2
− ix

))M−1∑

j=0

k2j

4jj!

+
e−x2

√
π

M−1∑

m=0

(−1)mH2m(x)

k2(m+1)

M−1∑

j=m+1

k2j

4jj!
,

(5.14)
where the relation

H2m(τ) = (−1)mm! 4mL(−1/2)
m (τ2)between the Hermite polynomials Hj and the generalized Laguerre polynomials (
f.[1, 22.5.38℄) has been used.
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onvolution with Gaussian. The fundamen-tal solution of the Helmholtz operator has the Fourier transform (4π2|λ|2 − k2)−1.Therefore, if the formula for 
onvolutions of radial fun
tions (2.15) is applied, thenthe di�ra
tion potential is expressed as a one-dimensional singular integral, if k isreal. Here we introdu
e another method to determine 
onvolutions of general radialfun
tions with the Gaussian, whi
h is applied to the three-dimensional di�ra
tionpotential in the following.Consider the 
onvolution with a radial kernel Q(x) = Q(|x|), i.e.,
(
Q ∗ e−| · |2

)
(x) =

∫

Rn

Q(|x − y|) e−|y|2 dy =

∫

Rn

Q(|y|) e−|x−y|2 dy .By introdu
ing spheri
al 
oordinates in Rn, we write
(
Q ∗ e−| · |2

)
(x) = e−|x|2

∞∫

0

Q(r) e−r2

rn−1 dr

∫

Sn−1

e 2|x|r〈ω,ω′〉 dσω′ ,where x = |x|ω, y = rω′, and Sn−1 is the unit sphere in Rn. From (2.14), onederives
∫

Sn−1

e 2|x|r〈ω,ω′〉 dσω′ =
2πn/2 Jn/2−1(2i|x|r)

(i|x|r)n/2−1
=

2πn/2 In/2−1(2|x|r)
(|x|r)n/2−1with the modi�ed Bessel fun
tion of the �rst kind Iν(t) = i−νJν(it). Hen
e, the
onvolution of the Gaussian with a radial fun
tion 
an be obtained from the formula(5.15) (

Q ∗ e−| · |2
)
(x) =

2πn/2 e−|x|2

|x|n/2−1

∞∫

0

Q(r) e−r2

In/2−1(2|x|r) rn/2 dr .Note that from (2.16)(5.16) Ij+1/2(z) =

√
2

π
zj+1/2

(1

z

d

dz

)j sinh z
z

.5.1.4. Analyti
 expressions of the di�ra
tion potential. Applying (5.2)and (5.15), we derive the representation
Sn

(
e−| · |2 ) =

∫

Rn

i

4

( k

2π|x − y|
)n/2−1

H
(1)
n/2−1(k|x − y|) e−|y|2 dy

=
i

4

( k
2π

)n/2−1 2πn/2 e−|x|2

|x|n/2−1

∞∫

0

H
(1)
n/2−1(kr)

rn/2−1
e−r2

In/2−1(2|x|r) rn/2 dr

=
πi e−|x|2

2

( k

2|x|
)n/2−1

∞∫

0

H
(1)
n/2−1(kr) In/2−1(2|x|r) e−r2

r dr .In the spe
ial 
ase n = 3, we obtain from (5.6)
Ek(x) =

e ik|x|

4π|x| ;
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e (5.15) leads to
1

4π

∫

R3

e ik|x−y|

|x − y| e−|y|2 dy =
1

4π

2π3/2 e−|x|2

|x|1/2

∞∫

0

e ikr

r
e−r2

r3/2 I1/2(2|x|r) dr .By (5.16) and (2.16),
I1/2(z) =

√
2

π

sinh z√
z

,whi
h together with (5.15) leads to(5.17) 1

4π

∫

R3

e ik|x−y|

|x − y| e−|y|2 dy =
e−|x|2

4|x|

∞∫

0

e−r2
(

e r(2|x|+ik) − e−r(2|x|−ik)
)
dr .Hen
e, by (5.9) we 
an write the right-hand side as(5.18) 1

4π

∫

R3

e ik|x−y|

|x − y| e−|y|2 dy =

√
π

2

e−|x|2

4|x|
(

w
(k

2
− i|x|

)
− w

(k
2

+ i|x|
))

.If |x| = 0, then
1

4π

∫

R3

eik|y|

|y| e−|y|2 dy =
1

2
+
ik
√
π

4
w
(k

2

)
.Combining (5.18) with (5.5) and (3.22) gives the analyti
 formula for n = 3:

S3η2M (x) =
e−|x|2

8π|x|
(

w
(k

2
− i|x|

)
− w

(k
2

+ i|x|
))M−1∑

j=0

k2j

4jj!

+
e−|x|2

2π3/2

M−2∑

p=0

(−1)pH2p+1(|x|)
k2(p+1)|x|

M−1∑

j=p+1

k2j

4jj!
.

(5.19)
Note that numeri
al 
omputations with w(z) 
an lead to over�ow problems if

Im z < 0, whi
h 
an be seen from the representation (5.9). This does not 
on
ernthe 
ase Im z ≥ 0, where reliable and e�
ient implementations for 
omputing w(z)with double pre
ision are available. Fortunately, by using (5.10), the formulas(5.14) and (5.19) 
an be modi�ed so that the arguments of the Faddeeva fun
tionhave non-negative imaginary part. In parti
ular, in the 
ase k ∈ R, the di�ra
tionpotentials S1 and S3 of the Gaussian 
an be expressed by the Voigt fun
tions (5.12):
1

2ik

∞∫

−∞

eik|x−y| e−y2

dy =

√
π

2k

(eik|x| e−k2/4

i
+ e−x2

L
(k

2
+ i|x|

))
,

1

4π

∫

R3

e ik|x−y|

|x − y| e−|y|2 dy =

√
π

4

(e ik|x| e−k2/4

|x| − e−|x|2

|x| K
(k

2
+ i|x|

))
.

(5.20)
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tion-di�usion operatorsHere, we 
onsider the volume potential of the di�erential operator with 
onstant
oe�
ients in Rn(5.21) An = −∆ + 2b · ∇ + c ,where b ∈ Cn and c ∈ C. The fundamental solution κλ(x) of the operator Andepends on the value of ϑ = c+ |b|2. We use the notation
〈y, z〉 =

n∑

j=1

yjzj and |z|2 = 〈z, z〉also for 
omplex-valued ve
tors y, z ∈ Cn.If ϑ 6= 0, then
κλ(x) :=

e 〈b,x〉

(2π)n/2

( |x|
λ

)1−n/2

Kn/2−1(λ|x|) , x 6= 0 ,where λ ∈ C \ (−∞, 0] with λ2 = ϑ and Kν is the modi�ed Bessel fun
tion of these
ond kind, also known as the Ma
donald fun
tion [1, 9.6℄.If ϑ = 0, then
κ0(x) :=





e〈b,x〉

2π
log

1

|x| , n = 2 ,

1

(n− 2)ωn

e 〈b,x〉

|x|n−2
, n ≥ 3 ,where ωn is the surfa
e area of the unit sphere in Rn.Lemma 5.1. Let ϑ := c+ |b|2 6= 0. Then the solution of the equation(5.22) −∆u+ 2b · ∇u+ cu = e−|x|2 , x ∈ Rn ,is given as the one-dimensional integral

u(x) =
e−|x|2 λn/2−1

|2x + b|n/2−1

∞∫

0

Kn/2−1(λr) In/2−1(|2x + b|r) r e−r2

dr(5.23)where λ2 = c+ |b|2. In parti
ular, for n = 3,
u(x) =

√
π

4

e−|x|2

|2x + b|
(

w
( i

2
(λ− |2x + b|)

)
− w

( i
2
(λ+ |2x + b|)

))
.(5.24)Proof. We have to simplify the integral

u(x) =

∫

Rn

κλ(x − y) e−|y|2 dy

=
e 〈b,x〉

(2π)n/2

∫

Rn

( |x − y|
λ

)1−n/2

Kn/2−1(λ|x − y|) e−〈b,y〉−|y|2 dy

=
e 〈b,x〉 e |b|2/4

(2π)n/2

∫

Rn

( |x + b/2 − y|
λ

)1−n/2

Kn/2−1(λ|x + b/2 − y|) e−|y|2 dy .
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u(x − b/2) =

e 〈b,(x−b/2)〉 e |b|2/4

(2π)n/2

∫

Rn

( |x − y|
λ

)1−n/2

Kn/2−1(λ|x − y|) e−|y|2 dy

=
e 〈b,(x−b/2)〉 e |b|2/4

(2π)n/2

2πn/2 e−|x|2

|x|n/2−1

×
∞∫

0

( r
λ

)1−n/2

Kn/2−1(λr) e−r2

In/2−1(2|x|r) rn/2 dr

=
e−|x−b/2|2 λn/2−1

(2|x|)n/2−1

∞∫

0

Kn/2−1(λr) In/2−1(2|x|r) r e−r2

dr ,whi
h gives formula (5.23).Noting that
K1/2(λr) =

√
π

2

e−λr

√
λr

, I1/2(|2x + b|r) =

√
2

π

sinh(|2x + b|r)√
|2x + b|r

,we see that for n = 3, the integral (5.23) takes the form
e−|x|2

|2x + b|

∞∫

0

e−r2

e−λr sinh(|2x + b|r) dr

=
e−|x|2

|4x + 2b|

∞∫

0

e−r2

(e r(|2x+b|−λ) − e−r(|2x+b|+λ)) dr ,whi
h gives formula (5.24) in view of (5.9). �5.3. Elasti
 and hydrodynami
 potentialsIn the following, we 
onsider volume potentials whi
h arise in the solution oftwo- and three-dimensional problems in elasti
ity and hydrodynami
s.Linear isotropi
 and homogeneous elasti
 problems are governed by the Lamésystem(5.25) µ∆f + (λ+ µ) graddiv f = −u ,where f is the displa
ement ve
tor, u is the volume for
e, λ and µ are the Lamé
onstants. The equations are 
onsidered in the whole spa
e, either R2 or R3. Cor-respondingly, the ve
tor fun
tions f and u have two or three 
omponents.The hydrodynami
 potentials 
orrespond to the linearized 
lassi
al Navier-Stokes equations(5.26) ν∆f − gradp = u , div f = 0 ,where f is the velo
ity ve
tor, p denotes the pressure, ν is the 
onstant vis
osity
oe�
ient.



100 5. CUBATURE OF DIFFRACTION, ELASTIC, AND HYDRODYNAMIC POTENTIALS5.4. Two-dimensional potentials5.4.1. Fundamental solutions. A solution of the two-dimensional Lamé sys-tem (5.25) is given by the volume potential
f(x) =

∫

R2

Γ(x − y)u(y) dy ,where Γ = ‖Γkl‖2×2 is the Boussinesq fundamental matrix with the 
omponents
Γkl(x) =

λ+ µ

4πµ(λ+ 2µ)

(
δkl

λ+ 3µ

λ+ µ
log

1

|x| +
xkxl

|x|2
)
.A solution of the Stokes system (5.26) is given by the hydrodynami
 potentials

fk(x) =

∫

R2

2∑

l=1

Ψkl(x − y)ul(y) dy , p(x) =

∫

R3

〈Θ(x − y),u(y)〉dywith the fundamental matrix
Ψkl(x) =

1

4πν

(
δkl log

1

|x| +
xkxl

|x|2
)
, Θ(x) =

x

2π|x|2 .(5.27)The aim of this se
tion is to derive analyti
 formulas for these two-dimensionalpotentials applied to the generating fun
tions η2M de�ned in (3.18). Note that
xkxl

|x|2 = δkl log
1

|x| −
1

2

∂2

∂xk∂xl

(
|x|2

(
log

1

|x| +
1

2

))
,

x

|x|2 = −∇ log
1

|x| .
(5.28)5.4.2. An auxiliary formula. Sin
e expli
it representations of the harmoni
potentials

L2η2M (x) =
1

2π

∫

R2

log
1

|x− y| η2M (y) dyare already known from (4.27), it su�
es to determine the integrals
Iklη2M (x) =

∂2

∂xk∂xl

1

4π

∫

R2

|x − y|2
(

log
1

|x − y| +
1

2

)
η2M (y) dy .Then, obviously,(5.29) ∫

R2

Γkl(x − y)η2M (y) dy =
δkl

µ
L2η2M (x) − λ+ µ

2µ(λ+ 2µ)
Iklη2M (x)and ∫

R2

Ψkl(x − y)η2M (y) dy =
δkl

ν
L2η2M (x) − 1

2ν
Iklη2M (x) ,

xk

2π

∫

R2

η2M (y)

|x − y|2 dy = − ∂

∂xk
L2η2M (x) .

(5.30)
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it expressions of Iklη2M are based on the expansion
η2M (x) = L

(1)
M−1(|x|2) e−|x|2 =

1

π

M−1∑

j=0

(−1)j

j! 4j
∆j e−|x|2 ,whi
h is derived in Theorem 3.5. We have to 
onsider the integrals

Iklη2M (x) =
∂2

∂xk∂xl

1

4π2

∫

R2

|x− y|2
(

log
1

|x − y| +
1

2

)
e−|y|2 dy

+

M−1∑

j=1

(−1)j

j! 4j

∂2

∂xk∂xl

1

4π2

∫

R2

|x − y|2
(

log
1

|x − y| +
1

2

)
∆j e−|y|2 dy.

(5.31)5.4.3. Potentials of the Gaussian. Using integration by parts, it is easy to
he
k that
∂

∂xl

∫

R2

|x − y|2
(

log
1

|x − y| +
1

2

)
e−|y|2 dy

= (2xl +
∂

∂xl
)

∫

R2

log
1

|x − y| e−|y|2 dy.

(5.32)Therefore, we derive from (4.21) that
Ikl(e

−| · |2)(x) =
∂2

∂xk∂xl

1

4π

∫

R2

|x − y|2
(

log
1

|x − y| +
1

2

)
e−|y|2 dy

= δkl L2

(
e−| · |2 )(x) +

(
xl

∂

∂xk
+

1

2

∂2

∂xk∂xl

)
L2

(
e−| · |2 )(x)

= δkl

(
L2

(
e−| · |2 )(x) +

e−|x|2 −1

4|x|2
)

+
xkxl

2|x|2
(1 − e−|x|2

|x|2 − 1
)
,

(5.33)
whi
h leads to the formulas

∫

R2

Γkl(x − y) e−|y|2 dy =
δkl

µ
L2

(
e−| · |2 )(x) − λ+ µ

2µ(λ+ 2µ)
Ikl(e

−| · |2)(x)

= − λ+ 3µ

8µ(λ+ 2µ)
δkl ( E1(|x|2) + 2 log |x|)

+ δkl
λ+ µ

8µ(λ+ 2µ)

1 − e−|x|2

|x|2 +
λ+ µ

4µ(λ+ 2µ)

xkxl

|x|2
(e−|x|2 −1

|x|2 + 1
)
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∫

R2

Ψkl(x − y) e−|y|2 dy =
δkl

ν
L2

(
e−| · |2 )(x) − 1

2ν
Ikl(e

−| · |2)(x)

= −δkl

2ν

( E1(|x|2) + 2 log |x| + e−|x|2 −1

|x|2
)

+
xkxl

4ν|x|2
(e−|x|2 −1

|x|2 + 1
)
,

xk

2π

∫

R2

e−|y|2

|x − y|2 dy = − ∂

∂xk
L2

(
e−| · |2 )(x) =

xk

2|x|2 (1 − e−|x|2) .Thus, the elasti
 potential of η2(x) = π−1 e−|x|2 is given by
∫

R2

Γkl(x−y) η2(y) dy =
λ+ µ

4πµ(λ+ 2µ)

xkxl

|x|2
(e−|x|2 −1

|x|2 + 1
)

+ δkl

(
λ+ 3µ

2µ(λ+ 2µ)
L2η2(x) +

λ+ µ

8πµ(λ+ 2µ)

1 − e−|x|2

|x|2
)
,

(5.34)whereas the hydrodynami
 potential 
an be derived from
∫

R2

Ψkl(x − y) η2(y) dy =
δkl

2ν

(
L2η2(x) +

1 − e−|x|2

2π|x|2
)

+
xkxl

4πν|x|2
(e−|x|2 −1

|x|2 + 1
)
,

xk

2π

∫

R2

η2(y)

|x − y|2 dy =
xk

2π|x|2 (1 − e−|x|2) .

(5.35)
5.4.4. Potentials of higher-order generating fun
tions. We 
onsider theintegrals Iklη2M , de�ned by (5.31), for M ≥ 2. We write
Iklη2M (x) = Iklη4(x)

+

M−1∑

j=2

(−1)j

j! 4j

∂2

∂xk∂xl

1

4π2

∫

R2

|x − y|2
(

log
1

|x− y| +
1

2

)
∆j e−|y|2 dy.Using the relation

∆ |x − y|2
(

log
1

|x − y| +
1

2

)
= 4 log

1

|x− y| − 2and Green's se
ond formula, we have for j ≥ 2

1

4π2

∫

R2

|x − y|2
(

log
1

|x − y| +
1

2

)
∆j e−|y|2 dy =

1

π2

∫

R2

log
1

|x − y| ∆j−1 e−|y|2 dy.
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an be written in the form
Iklη2M (x) = Iklη4(x)

+
∂2

∂xk∂xl

M−1∑

j=2

(−1)j

j! 4j−1

1

4π2

∫

R2

log
1

|x − y| ∆j−1 e−|y|2 dy .
(5.36)Be
ause

1

4π2

∫

R2

|x − y|2
(

log
1

|x − y| +
1

2

)
∆e−|y|2 dy =

1

π2

∫

R2

(
log

1

|x − y| −
1

2

)
e−|y|2 dy ,we obtain

Iklη4(x) =
∂2

∂xk∂xl

1

4π2

∫

R2

(
|x − y|2

(
log

1

|x − y| +
1

2

)
− log

1

|x− y|

)
e−|y|2 dy ,whi
h 
an be simpli�ed, in view of (5.32), to

Iklη4(x) =
∂

∂xk

xl

2π2

∫

R2

log
1

|x − y| e−|y|2 dy

=
(
δkl + xl

∂

∂xk

) 1

2π2

∫

R2

log
1

|x − y| e−|y|2 dy .From (4.21), we have(5.37) xl
∂

∂xk
L2

(
e−| · |2 )(x) =

xkxl

2|x|2 (e−|x|2 −1) ,so that the integral Iklη4 has the simple form
Ikl η4(x) =

1

π

(
δklL2

(
e−| · |2 )(x) +

xkxl

2|x|2 (e−|x|2 −1)
)
.(5.38)To treat the se
ond term in (5.36), whi
h is present only if M > 2, we re
all thatfor j ≥ 2

1

2π

∫

R2

log
1

|x − y| ∆j−1 e−|y|2 dy = −∆j−2 e−|x|2 ,so that we obtain, by using (4.24),(5.39) Iklη2M (x) = Ikl η4(x) − 1

π

∂2

∂xk∂xl

M−3∑

j=0

L
(0)
j (|x|2) e−|x|2

8(j + 1)(j + 2)
.Sums of Laguerre polynomials. The expression (5.39) for Iklη2M , M > 2, 
anbe simpli�ed further by using the properties of the Laguerre polynomials, whi
hare given in Subse
tion 4.3.3.First, we rewrite the sum

SM :=
∂2

∂xk∂xl

M−3∑

j=0

L
(0)
j (|x|2) e−|x|2

8(j + 1)(j + 2)
.It follows from formula (4.38) that(5.40) ∂2

∂xk∂xl
L

(γ)
j (|x|2) e−|x|2 =

(
−2δklL

(γ+1)
j (|x|2)+4xkxlL

(γ+2)
j (|x|2)

)
e−|x|2 ,
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h implies
SM = xkxl

M−3∑

j=0

L
(2)
j (|x|2) e−|x|2

2(j + 1)(j + 2)
− δkl

M−3∑

j=0

L
(1)
j (|x|2) e−|x|2

4(j + 1)(j + 2)
.We simplify the �rst sum by using (4.29), whi
h gives

L
(2)
j (|x|2) =

1

|x|2
(
(j + 2)L

(1)
j (|x|2) − (j + 1)L

(1)
j+1(|x|2)

)
,and therefore

xkxl

M−3∑

j=0

L
(2)
j (|x|2)

2(j + 1)(j + 2)
=
xkxl

|x|2
M−3∑

j=0

(j + 2)L
(1)
j (|x|2) − (j + 1)L

(1)
j+1(|x|2)

2(j + 1)(j + 2)

=
xkxl

2|x|2
M−3∑

j=0

(L(1)
j (|x|2)
j + 1

−
L

(1)
j+1(|x|2)
j + 2

)
=
xkxl

2|x|2
(
1 − L

(1)
M−2(|x|2)
M − 1

)
.To simplify the se
ond sum, we use (4.28) and the fa
t that L(γ)

0 = 1. Then we 
anwrite
M−3∑

j=0

L
(1)
j (|x|2)

4(j + 1)(j + 2)
=

1

4

M−3∑

j=0

( 1

j + 1
− 1

j + 2

)
L

(1)
j (|x|2)

=
1

4
L

(1)
0 (|x|2) +

M−3∑

j=1

(
L

(1)
j (|x|2) − L

(1)
j−1(|x|2)

)

4(j + 1)
− L

(1)
M−3(|x|2)
4(M − 1)

=

M−3∑

j=0

L
(0)
j (|x|2)

4(j + 1)
− L

(1)
M−3(|x|2)
4(M − 1)

.

(5.41)
To derive a more 
ompa
t form of the potentials, we note that be
ause of (4.28)

M−3∑

j=0

L
(0)
j (|x|2)

4(j + 1)
− L

(1)
M−3(|x|2)
4(M − 1)

=

M−2∑

j=0

L
(0)
j (|x|2)

4(j + 1)
− L

(1)
M−2(|x|2)
4(M − 1)

.Hen
e, we obtain
SM =

xkxl

2|x|2
(

e−|x|2 −L
(1)
M−2(|x|2) e−|x|2

M − 1

)

− δkl

(M−2∑

j=0

L
(0)
j (|x|2) e−|x|2

4(j + 1)
− L

(1)
M−2(|x|2) e−|x|2

4(M − 1)

)
.Final form of Iklη2M . We have transformed (5.39) to

Iklη2M (x) =
1

π

(
δkl + xl

∂

∂xk

)
L2

(
e−| · |2 )(x) − 1

π
SM

=
δkl

π

(
L2

(
e−| · |2 )(x) +

M−2∑

j=0

L
(0)
j (|x|2) e−|x|2

4(j + 1)
− L

(1)
M−2(|x|2) e−|x|2

4(M − 1)

)

+
1

π

(
xl

∂

∂xk
L2

(
e−| · |2 )(x) − xkxl

2|x|2
(

e−|x|2 −L
(1)
M−2(|x|2) e−|x|2

M − 1

))
.
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tion 4.3 for the two-dimensional harmoni
 potential
L2

(
e−| · |2 ). From (5.37), we have

xl
∂

∂xk
L2

(
e−| · |2 )(x) − xkxl

2|x|2
(

e−|x|2 −L
(1)
M−2(|x|2) e−|x|2

M − 1

)

=
xkxl

2|x|2
(L(1)

M−2(|x|2) e−|x|2

M − 1
− 1
)and by (4.25)

L2

(
e−| · |2 )(x) +

M−2∑

j=0

L
(0)
j (|x|2) e−|x|2

4(j + 1)
= L2

(
L

(1)
M−1(| · |2) e−| · |2 )(x) .So, Iklη2M 
an be written in the form

Iklη2M (x) =
δkl

π

(
L2

(
L

(1)
M−1(| · |2) e−| · |2 )(x) − L

(1)
M−2(|x|2) e−|x|2

4(M − 1)

)

+
xkxl

2π|x|2
(L(1)

M−2(|x|2) e−|x|2

M − 1
− 1
)(5.42)

= δkl

(
L2η2M (x) − η2M−2(x)

4(M − 1)

)
+
xkxl

2|x|2
(
η2M−2(x)

M − 1
− 1

π

)
.By (5.38), this formula is valid also if 2M = 4.5.4.5. Final form of the elasti
 and hydrodynami
 potentials. By using(5.42), we obtain the expli
it expression of the elasti
 potential from the represen-tations (5.29) and (5.30), i.e.,

∫

R2

Γkl(x − y) η2M (y) dy =
λ+ 3µ

2µ(λ+ 2µ)
δkl L2η2M (x)

+
λ+ µ

4µ(λ+ 2µ)

((δkl

2
− xkxl

|x|2
)η2M−2(x)

M − 1
+

xkxl

π |x|2
)
.

(5.43)
Using (4.42), the hydrodynami
 potentials 
an be written as

∫

R2

Ψkl(x − y) η2M (y) dy = −δkl

2ν
L2η2M (x)

+
1

4ν

((δkl

2
− xkxl

|x|2
)η2M−2(x)

M − 1
+

xkxl

π |x|2
)
,

xk

2π

∫

R2

η2M (y)

|x− y|2 dy =
xk

2π|x|2
(
1 − L

(0)
M−1(|x|2) e−|x|2 ).

(5.44)



106 5. CUBATURE OF DIFFRACTION, ELASTIC, AND HYDRODYNAMIC POTENTIALSRemark 5.2. We note that by simple di�erentiation of the expressions (5.34)and (5.43), it is possible to obtain e�e
tive approximations of the stress tensor
σk = λ

(∂u1

∂x1
+
∂u2

∂x2

)
+ 2µ

∂uk

∂xk
, τ1,2 = µ

(∂u1

∂x2
+
∂u2

∂x1

)
.Remark 5.3. Note that if M ≥ 2, then we obtain

Iklη2M+2(x) − Iklη2M (x) =
e−|x|2

4πM(M − 1)

(
δklL

(1)
M−2(|x|2) − 2xkxlL

(2)
M−2(|x|2)

)from (5.39) and (5.40). This shows that as in the 
ase of harmoni
 potentials, theelasti
 and hydrodynami
 potentials of η2M+2 
an be obtained from those of η2Mby adding some rapidly de
aying term. Therefore, to improve the approximationa

ura
y to the potentials at a given point, only the values of the density in a smallneighborhood are required.This is not true if M = 1, sin
e (5.33) and (5.38) imply
Iklη4(x) − Iklη2(x) = −δkl

4π

e−|x|2 −1

|x|2 +
xkxl

2|x|4
(
(|x|2 + 1) e−|x|2 −1

)
.5.4.6. Using matrix-valued basis fun
tions. Following the idea suggestedin Se
tion 3.6, we introdu
e matrix-valued basis fun
tions adapted to the Lamésystem. In the two-dimensional 
ase the symbol matrix of the operator(5.45) L :=

1

µ
E = n− (∆ + σ grad div) , σ =

λ+ µ

µ
,has the form

4π2

( |ξ|2 + σξ21 σξ1ξ2

σξ1ξ2 µ|ξ|2 + σξ22

)
= 4π2|ξ|2A(σ, γ) ,with the matrix fun
tion

A(σ, γ) :=

(
1 + σ cos2 γ σ cos γ sin γ

σ cos γ sinγ 1 + σ sin2 γ

)and cos γ = ξ1/|ξ|. The matrix A(σ, γ) has the remarkable property
A(σ1, γ)A(σ2, γ) = A((1 + σ1)(1 + σ2) − 1, γ) ,so that

Ak(σ, γ) = A((1 + σ)k − 1, γ) , k ∈ Z .Hen
e, it is easy to �nd the exponential matrix
e−π2|ξ|2A(σ1,γ) =

∞∑

k=0

(−1)kπ2k|ξ|2k

k!
Ak(σ, γ) =

∞∑

k=0

(−1)kπ2k|ξ|2k

k!
A((1 − σ)k, γ)

=

∞∑

k=0

(−1)kπ2k|ξ|2k

k!

(
1 +

(
(1 + σ)k − 1

)
cos2 γ

(
(1 + σ)k − 1

)
cos γ sinγ

(
(1 + σ)k − 1

)
cos γ sin γ 1 +

(
(1 + σ)k − 1

)
sin2 γ

)

= e−π2|ξ|2k




1 +
(

e−π2σ|ξ|2 −1
)

cos2 γ
(

e−π2σ|ξ|2 −1
)

cos γ sin γ

(
e−π2σ|ξ|2 −1

)
cos γ sinγ 1 +

(
e−π2σ|ξ|2 −1

)
sin2 γ


 .
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hoose the inverse Fourier transform of the matrix
Fη(ξ) := e−π2|ξ|2




1 +
ξ21
|ξ|2

(
e−π2σ|ξ|2 −1

) ξ1ξ2
|ξ|2

(
e−π2σ|ξ|2 −1

)

ξ1ξ2
|ξ|2

(
e−π2σ|ξ|2 −1

)
1 +

ξ22
|ξ|2

(
e−π2σ|ξ|2 −1

)


as generating matrix fun
tion η for the 
ubature of the inverse of the operator L.The elements of this matrix η 
an be given analyti
ally as

η11 =
1

π

(
e−|x|2 +

x2
1

|x|2
(

e−|x|2 −e−|x|2/(1+σ)

1 + σ

)

+
( x2

1

|x|2 − 1

2

)e−|x|2 − e−|x|2/(1+σ)

|x|2
)
,

η12 =
x1x2

π|x|2
(

e−|x|2 −e−|x|2/(1+σ)

1 + σ
+

e−|x|2 − e−|x|2/(1+σ)

|x|2
)
,

η22 =
1

π

(
e−|x|2 +

x2
2

|x|2
(

e−|x|2 −e−|x|2/(1+σ)

1 + σ

)

+
( x2

2

|x|2 − 1

2

)e−|x|2 − e−|x|2/(1+σ)

|x|2
)
.Now, in a

ordan
e with (3.43), the matrix fun
tion

η2M (x) =
M−1∑

j=0

1

j! 4j
Lj η(x)generates an approximate 
ubature formula of order O((

√
Dh)2M ) for E−1u by thesum

h2

µ

∑

m∈Z2

η̃2M

(x − hm√
Dh

)
u(hm)with

η̃2M (x) := L−1η2M (x) = L−1η(x) −
M−2∑

j=0

Lj η(x)

(j + 1)! 4j+1
.It remains to determine the elements of the matrix L−1η. Sin
e the symboli
 matrixof L−1 has the form(5.46) A−1(σ, γ)

4π2|ξ|2 =
1

4π2|ξ|2(1 + σ)




1 + σ
ξ22
|ξ|2 −σ ξ1ξ2|ξ|2

−σ ξ1ξ2|ξ|2 1 + σ
ξ21
|ξ|2


 ,it follows that L−1η is given by the Fourier transform of

A−1(σ, γ)Fη(ξ)

4π2|ξ|2 =
e−π2|ξ|2

4π2|ξ|2




ξ22
|ξ|2 +

ξ21
|ξ|2

e−π2σ|ξ|2

1 + σ

ξ1ξ2
|ξ|2

(e−π2σ|ξ|2

1 + σ
− 1
)

ξ1ξ2
|ξ|2

(e−π2σ|ξ|2

1 + σ
− 1
) ξ21

|ξ|2 +
ξ22
|ξ|2

e−π2σ|ξ|2

1 + σ


.
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F
( ∂2f

∂xk∂xl

)
(ξ) =

ξkξl
4π2|ξ|4 e−π2|ξ|2is valid for the solution f of the biharmoni
 equation

∆2f = −e−|x|2

π
.Therefore, we obtain

Φkl(x) :=
∂2f(x)

∂xk∂xl
=

1

8π2

∂2

∂xk∂xl

∫

R2

|x − y|2
(

log
1

|x− y| +
1

2

)
e−|y|2 dy

=
δkl

2π
L2

(
e−| · |2

)
(x) +

δkl

8π

e−|x|2 −1

|x|2 +
1

4π

xkxl

|x|2
(1 − e−|x|2

|x|2 − 1
)
,whi
h implies the following expressions for the elements of the matrix L−1η:

(L−1η)11(x) = Φ22(x) +
1

1 + σ
Φ11

( x

1 + σ

)

= − 1

8π

(
E1(|x|2) +

1

1 + σ
E1

( |x|2
1 + σ

)
+

2(2 + σ)

1 + σ
log |x| − log(1 + σ)

1 + σ

)

+
1

4π

(( x2
1

|x|2 − 1

2

)e−|x|2 − e−|x|2/(1+σ)

|x|2 +
σ

1 + σ

x2
1

|x|2 − 1

)
,

(L−1η)12(x) = (L−1η)21(x) =
1

1 + σ
Φ21

( x

1 + σ

)
− Φ12(x)

=
1

4π

x1x2

|x|2
(e−|x|2 − e−|x|2/(1+σ)

|x|2 +
σ

1 + σ

)
,

(L−1η)22(x) = Φ11(x) +
1

1 + σ
Φ22

( x

1 + σ

)

= − 1

8π

(
E1(|x|2) +

1

1 + σ
E1

( |x|2
1 + σ

)
+

2(2 + σ)

1 + σ
log |x| − log(1 + σ)

1 + σ

)

+
1

4π

(( x2
2

|x|2 − 1

2

)e−|x|2 − e−|x|2/(1+σ)

|x|2 +
σ

1 + σ

x2
2

|x|2 − 1

)
.5.5. Three-dimensional potentialsLet us turn to the elasti
 and hydrodynami
 volume potentials whi
h providesolutions of the equations (5.25) and (5.26) in R3. The solution of the three-dimensional Lamé system is given by the volume potentials

uk(x) =

∫

R3

Γkl(x − y) fl(y) dy ,where ‖Γjk‖3×3 is the Kelvin-Somigliana fundamental matrix with
Γkl(x) =

λ+ µ

8πµ(λ+ 2µ)

(
λ+ 3µ

λ+ µ

δkl

|x| +
xk xl

|x|3
)
.(5.47)



5.5. THREE-DIMENSIONAL POTENTIALS 109The solution of the Stokes problem in R3 
an be expressed by the hydrodynami
potentials
uk(x) =

∫

R3

3∑

l=1

Ψkl(x − y) fl(y) dy , p(x) =

∫

R3

〈Θ(x − y), f(y)〉dy(5.48)with the fundamental solution
Ψkl(x) =

1

8πν

(δkl

|x| +
xkxl

|x|3
)
, Θ(x) =

x

4π|x|3 .(5.49)In the following, we determine the values of the integral operators with the kernels(5.47) and (5.49) a
ting on the basis fun
tions η2M (x). We use that
xkxl

|x|3 =
δkl

|x| −
∂2

∂xk∂xl
|x| , x

|x|3 = −∇ 1

|x| .(5.50)Hen
e, the potentials 
an be obtained from the harmoni
 potentials (4.26) and theintegrals
Iklη2M (x) =

∂2

∂xk∂xl

1

4π

∫

R3

|x − y| η2M (y) dy .(5.51)Then similarly to the two-dimensional 
ase(5.52) ∫

R3

Γkl(x − y)η2M (y) dy =
δkl

µ
L3η2M (x) − λ+ µ

2µ(λ+ 2µ)
Iklη2M (x)and

∫

R3

Ψkl(x − y)η2M (y) dy =
δkl

ν
L3η2M (x) − 1

2ν
Iklη2M (x) ,

xk

4π

∫

R3

η2M (y)

|x − y|3 dy = − ∂

∂xk
L3η2M (x) .

(5.53)5.5.1. Potentials of the Gaussian. We apply the expansion (3.18) to write
Ikl(L

(1)
M−1(| · |2) e−|·|2)(x) =

∂2

∂xk∂xl

1

4π

∫

R3

|x − y| e−|y|2 dy

+

M−1∑

j=1

(−1)j

j! 4j

∂2

∂xk∂xl

1

4π

∫

R2

|x − y|∆j e−|y|2 dy .

(5.54)The relation(5.55) ∂

∂xl

∫

R3

|x − y| e−|y|2 dy = (xl +
1

2

∂

∂xl
)

∫

R3

e−|y|2

|x − y|dy



110 5. CUBATURE OF DIFFRACTION, ELASTIC, AND HYDRODYNAMIC POTENTIALSimplies, in view of (4.19), that
Ikl(e

−| · |2)(x) = δklL3

(
e−| · |2 )(x) +

(
xl +

1

2

∂

∂xl

) ∂

∂xk
L3

(
e−| · |2 )(x)

=
1

4|x|2
(
δkl −

3xkxl

|x|2
)(

e−|x|2 −
√
π erf(|x|)

2|x|

)

+

√
π erf(|x|)

4|x|
(
δkl −

xkxl

|x|2
)
.Thus, the three-dimensional elasti
 potential of the generating fun
tion η2 equals

∫

R3

Γkl(x − y)η2(y) dy =
erf(|x|)

8πµ(λ+ 2µ)|x|
(
(λ + 3µ)δkl + (λ+ µ)

xkxl

|x|2
)

+
λ+ µ

8π3/2µ(λ+ 2µ)|x|2
(3xkxl

|x|2 − δkl

)(
e−|x|2 −

√
π erf(|x|)

2|x|

)
,

(5.56)whereas the hydrodynami
 potential 
an be derived from
∫

R3

Ψkl(x − y)η2(y) dy =
erf(|x|)
8πν|x|

(xjxk

|x|2 + δjk

)

+
1

8π3/2ν|x|2
(3xkxl

|x|2 − δkl

)(
e−|x|2 −

√
π erf(|x|)

2|x|

)
,

1

4π

∫

R3

xk − yk

|x − y|3 η2(y) dy =
xk

2π3/2|x|2
(√

π erf(|x|)
2|x| − e−|x|2

)
.

(5.57)
5.5.2. Elasti
 potential of higher-order generating fun
tions. We notethat

1

8π

∫

R3

|x − y|∆j e−|y|2 dy =
∆j−1

4π

∫

R3

e−|y|2

|x − y|dy ,whi
h for j ≥ 2 is equal to −∆j−2 e−|x|2. Thus, for M ≥ 2

Ikl(L
(1)
M−1(| · |2) e−|·|2)(x) =

∂2

∂xk∂xl

1

4π

(∫

R3

|x − y| e−|y|2 dy − 1

2

∫

R3

e−|y|2

|x− y|dy
)

− 2
∂2

∂xk∂xl

M−1∑

j=2

(−1)j

j! 4j
∆j−2 e−|x|2 .Using (5.55), the �rst term, whi
h is equal to Ikl(L

(1)
1 (| · |2) e−|·|2), simpli�es to

∂2

∂xk∂xl

1

4π

∫

R3

(
|x− y| − 1

2|x− y|
)

e−|y|2 dy =
(
δkl + xl

∂

∂xk

) 1

4π

∫

R3

e−|y|2

|x − y|dy,and be
ause(5.58) xl
∂

∂xk
L3

(
e−| · |2 )(x) =

xkxl

2|x|2
(

e−|x|2 −
√
π erf(|x|)

2|x|

)
,



5.5. THREE-DIMENSIONAL POTENTIALS 111the integral Iklη4 has the simple form
Iklη4(x) = π−3/2

(
δkl + xl

∂

∂xk

)
L3

(
e−| · |2 )

=
xkxl e−|x|2

2π3/2|x|2 +
erf(|x|)
4π|x|

(
δkl −

xkxl

|x|2
)
.Moreover, we 
an apply (3.15) to obtain

Iklη2M (x) = Iklη4(x) − ∂2

∂xk∂xl

M−3∑

j=0

L
(1/2)
j (|x|2) e−|x|2

8(j + 1)(j + 2)
.(5.59)Sums of Laguerre polynomials. One 
an simplify the se
ond term in (5.59)similarly to the two-dimensional 
ase:

SM =
∂2

∂xk∂xl

M−3∑

j=0

L
(1/2)
j (|x|2) e−|x|2

8(j + 1)(j + 2)

= xkxl

M−3∑

j=0

L
(5/2)
j (|x|2) e−|x|2

2(j + 1)(j + 2)
− δkl

M−3∑

j=0

L
(3/2)
j (|x|2) e−|x|2

4(j + 1)(j + 2)
,where the expression (5.40) for the se
ond derivatives is taken into a

ount. The�rst sum 
an be transformed by using

L
(5/2)
j (|x|2) =

1

|x|2
(
(j +

5

2
)L

(3/2)
j (|x|2) − (j + 1)L

(3/2)
j+1 (|x|2)

)
,whi
h follows from (4.29). This leads to

xkxl

M−3∑

j=0

L
(5/2)
j (|x|2)

2(j + 1)(j + 2)

=
xkxl

|x|2
(M−3∑

j=0

(L(3/2)
j (|x|2)
2(j + 1)

−
L

(3/2)
j+1 (|x|2)
2(j + 2)

)
+

M−3∑

j=0

L
(3/2)
j (|x|2)

4(j + 1)(j + 2)

)

=
xkxl

|x|2
(1

2
− L

(3/2)
M−2(|x|2)
2(M − 1)

+

M−3∑

j=0

L
(3/2)
j (|x|2)

4(j + 1)(j + 2)

)
.Similarly to (5.41), we obtain(5.60) M−3∑

j=0

L
(3/2)
j (|x|2)

4(j + 1)(j + 2)
=

M−2∑

j=0

L
(1/2)
j (|x|2)
4(j + 1)

− L
(3/2)
M−2(|x|2)
4(M − 1)

,resulting in
xkxl

M−3∑

j=0

L
(5/2)
j (|x|2)

2(j + 1)(j + 2)
=
xkxl

|x|2
(1

2
+

M−2∑

j=0

L
(1/2)
j (|x|2)
4(j + 1)

− 3L
(3/2)
M−2(|x|2)

4(M − 1)

)
.
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e we arrive at the representation
SM =

xkxl

2|x|2
(

e−|x|2 +

M−2∑

j=0

L
(1/2)
j (|x|2) e−|x|2

2(j + 1)
− 3L

(3/2)
M−2(|x|2) e−|x|2

2(M − 1)

)

− δkl

(M−2∑

j=0

L
(1/2)
j (|x|2) e−|x|2

4(j + 1)
− L

(3/2)
M−2(|x|2) e−|x|2

4(M − 1)

)
.Final form of Iklη2M . In view of (5.59) and (5.58), we 
an write the integral

Iklη2M in the form
Iklη2M (x) =

1

π3/2

((
δkl + xl

∂

∂xk

)
L3

(
e−| · |2 )(x) − SM

)

=
1

π3/2

(
δklL3

(
e−| · |2 )(x) +

xkxl

2|x|2
(

e−|x|2 −2L3

(
e−| · |2 )(x)

)
− SM

)
.Colle
ting the terms, we see that Iklη2M is the sum of

δkl

π3/2

(
L3

(
e−| · |2 )(x) +

M−2∑

j=0

L
(1/2)
j (|x|2) e−|x|2

4(j + 1)
− L

(3/2)
M−2(|x|2) e−|x|2

4(M − 1)

)

= δkl

(
L3η2M (x) − η2M−2(x)

4(M − 1)

)and
xkxl

π3/2|x|2
(
− L3

(
e−| · |2 )(x) −

M−2∑

j=0

L
(1/2)
j (|x|2) e−|x|2

4(j + 1)
+

3L
(3/2)
M−2(|x|2) e−|x|2

4(M − 1)

)

=
xkxl

|x|2
(
− L3η2M (x) +

3η2M−2(x)

4(M − 1)

)
,so the �nal form of Iklη2M is

Iklη2M (x) =
(
δkl −

xkxl

|x|2
)
L3η2M (x) +

(3xkxl

|x|2 − δkl

)η2M−2(x)

4(M − 1)
.(5.61)5.5.3. Final form of the elasti
 and hydrodynami
 potentials. An ex-pli
it representation of the integral

xk

4π

∫

R3

η2M (y)

|x− y|3 dy = − ∂

∂xk
L3η2M (x)
an be derived from (4.41), whi
h shows that

xk

4π

∫

R3

η2M (y)

|x − y|3 dy =
xk

|x|2
(
L3η2M (x) − L

(1/2)
M−1(|x|2) e−|x|2

2π3/2

)
.Hen
e, together with (5.52) and (5.61), we obtain the elasti
 potential of η2M
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∫

R3

Γkl(x − y) η2M (y) dy =
λ+ µ

8µ(λ+ 2µ)

(
δkl − 3

xkxl

|x|2
) η2M−2(x)

M − 1

+
( λ+ 3µ

2µ(λ+ 2µ)
δkl +

λ+ µ

2µ(λ+ 2µ)

xkxl

|x|2
)
L3η2M (x) ,

(5.62)and the 3-dimensional hydrodynami
 potentials in the form
∫

R3

Ψkl(x − y) η2M (y) dy =
1

2ν

(
δkl +

xkxl

|x|2
)
L3η2M (x)

+
1

8ν

(
δkl −

3xkxl

|x|2
)η2M−2(x)

M − 1
,

xk

4π

∫

R3

η2M (y)

|x − y|3 dy =
xk

|x|2
(
L3η2M (x) − L

(1/2)
M−1(|x|2) e−|x|2

2π3/2

)
.

(5.63)
Remark 5.4. Analogously to the two-dimensional 
ase, the elasti
 and hydro-dynami
 potentials of η2M+2 
an be obtained from those of η2M by adding somerapidly de
aying term if M ≥ 2. In fa
t, by (5.59) and (5.40),

Iklη2M+2(x) − Iklη2M (x) =
e−|x|2

4π3/2M(M − 1)

(
δklL

(3/2)
M−2(|x|2) − 2xkxlL

(5/2)
M−2(|x|2)

)
.5.6. NotesVarious appli
ations of potential methods to s
attering, elasti
, and hydrody-nami
 problems were developed by many authors. For details, we refer to the
lassi
al monographs [51℄, [52℄. The main formulas for di�ra
tion and elasti
 po-tentials applied to η2M have been obtained in [67℄.Approximation properties of the 
ubature (5.19) for di�ra
tion potentials arestudied in Se
tion 12.1. Sin
e the mapping properties of the elasti
 and hydro-dynami
 potentials are similar to those of the harmoni
 potential, the estimationof the 
ubature error for elasti
 and hydrodynami
 potentials 
an be 
arried outanalogously to Theorems 4.10 and 4.11.





CHAPTER 6Some other 
ubature problemsIn this 
hapter, we 
onsider appli
ations of approximate quasi-interpolation tovarious problems, whi
h 
an be solved by using integral representations.In Se
tion 6.1, some integral and pseudodi�erential operators, o

urring fre-quently in appli
ations, are treated. We obtain expli
it formulas for the a
tion ofthese operators onto the basis fun
tions η2M .In Se
tion 6.2, we use integral representations of solutions to initial value prob-lems to derive approximate solutions via approximate approximations. As modelproblems, the heat, wave, and plate equations are 
onsidered and semi-analyti
approximate solutions of these problems are obtained.Based on integral representations of solutions to paraboli
 and hyperboli
 prob-lems, in Se
tion 6.3 we derive e�
ient formulas for the potentials of ellipti
 equa-tions applied to general Gaussian fun
tions. These formulas lead to 
ubature for-mulas for higher-order generating fun
tions derived from anisotropi
 Gaussians,
onsidered in Se
tion 6.4, and from approximate wavelets, 
onsidered in Se
tion 8.7.Finally, in Se
tion 6.5, we derive formulas for harmoni
 and di�ra
tion poten-tials of produ
ts of Gaussians with the 
hara
teristi
 fun
tion of a half-spa
e, whi
hare applied to the 
ubature of potentials over the half-spa
e.6.1. Cubature of some pseudodi�erential operators6.1.1. Square root of the Lapla
ian. In fra
ture me
hani
s, ele
trostati
s,and hydrodynami
s, one en
ounters the pseudodi�erential operator of order 1

(−∆)1/2u(x) =
−∆

2π

∫

R2

u(y) dy

|x − y| , x ∈ R2 ,(6.1)where ∆ is the two-dimensional Lapla
ian. Using (5.15), one 
an transform theintegral
1

2π

∫

R2

e−|y|2

|x − y| dy = e−|x|2
∞∫

0

e−r2

I0(2|x|r) dr =

√
π

2
e−|x|2/2 I0

( |x|2
2

)(the last relation is taken from [82, 2.15.5.2℄). Then(6.2) −∆

2π

∫

R2

e−|y|2

|x − y| dy =
√
π e−|x|2/2

(
(1 − |x|2)I0

( |x|2
2

)
+ |x|2I1

( |x|2
2

))with the modi�ed Bessel fun
tions I0 and I1. Thus, a se
ond-order approximationof (6.1) is given by the formula
(−∆)1/2u(x) ≈ (πD)−1/2

Dh
∑

m∈Z2

u(hm) e−rm/2
(
(1 − rm)I0

(rm
2

)
+ rmI1

(rm
2

))115



116 6. SOME OTHER CUBATURE PROBLEMSwith
rm =

|x− hm|2
Dh2

.In view of
η2M (x) =

1

π

M−1∑

j=0

(−1)j

j! 4j
∆j e−|x|2 ,from (6.2) one obtains

(−∆)1/2 η2M (x)

=
1√
π

M−1∑

j=0

(−1)j

j! 4j
∆j

(
e−|x|2/2

(
I0

( |x|2
2

)
(1 − |x|2) + |x|2I1

( |x|2
2

)))
,whi
h 
an be written in the form

(−∆)1/2η2M (x) = e−|x|2/2
(
PM (|x|2)I0

( |x|2
2

)
+QM (|x|2)I1

( |x|2
2

))with polynomials PM and QM of degree M + 1. Thus, an approximate approxi-mation of the square root of the two-dimensional Lapla
ian (6.1) with the order
O(h2M ) modulo saturation error is given by the formula

1

π1/2D3/2h

∑

m∈Z2

u(hm) e−rm/2
(
PM (rm)I0

(rm
2

)
+QM (rm)I1

(rm
2

))
.6.1.2. Higher-dimensional singular integrals. Some problems from me-
hani
s, ele
tromagneti
s, and hydrodynami
s 
an be solved by using se
ond deriva-tives of the harmoni
 potential

∂2

∂xi∂xk
Lnu(x) = − ∂2

∂xi∂xk
∆−1u(x) , x ∈ Rn ,(6.3)whi
h represent pseudodi�erential operators of order 0. In Se
tion 13.2 we apply ap-proximation formulas for these operators to the numeri
al solution of non-stationaryNavier-Stokes equations.Using the results of Subse
tion 4.3.5 
on
erning the gradient of the harmoni
potential, it is simple to obtain high-order approximation formulas for (6.3). From(4.36), we have

∂

∂xk

1

4|x|n−2
γ
(n

2
− 1, |x|2

)
= − xk

2|x|n γ
(n

2
, |x|2

)
.Hen
e by (4.37)

∂2

∂xi∂xk
Ln

(
e−| · |2 )(x) = − ∂

∂xi

xk

2|x|n γ
(n

2
, |x|2

)

= − δik
2|x|n γ

(n
2
, |x|2

)
+

xixk

|x|n+2
γ
(n

2
+ 1, |x|2

)
,whi
h is valid for n ≥ 2. From (4.17), we get

γ
(n

2
+ 1, |x|2

)
=
n

2
γ
(n

2
, |x|2

)
− |x|n e−|x|2leading to
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∂2

∂xi∂xk
Ln

(
e−| · |2 )(x) =

nxixk − δik|x|2
2|x|n+2

γ
(n

2
, |x|2

)
− xixk

|x|2 e−|x|2 .(6.4)Similarly we obtain from (4.39)
∂2

∂xi∂xk

L
(n/2−1)
j (|x|2) e−|x|2

4(j + 1)
= − ∂

∂xi
xk

L
(n/2)
j (|x|2) e−|x|2

2(j + 1)

= xixk

L
(n/2+1)
j (|x|2) e−|x|2

j + 1
− δik

L
(n/2)
j (|x|2) e−|x|2

2(j + 1)
.Sin
e by (4.38)

L
(n/2+1)
j (|x|2)
j + 1

=
L

(n/2)
j (|x|2) − L

(n/2)
j+1 (|x|2)

|x|2 +
nL

(n/2)
j (|x|2)

2|x|2(j + 1)
,the se
ond derivative transforms to

∂2

∂xi∂xk

L
(n/2−1)
j (|x|2) e−|x|2

4(j + 1)

=
e−|x|2

|x|2
(
xixk(L

(n/2)
j (|x|2) − L

(n/2)
j+1 (|x|2)) + (nxixk − δik|x|2)

L
(n/2)
j (|x|2)
2(j + 1)

)
.Thus,

∂2

∂xi∂xk

M−2∑

j=0

L
(n/2−1)
j (|x|2) e−|x|2

4(j + 1)
=
(
n
xixk

|x|2 − δik

)M−2∑

j=0

L
(n/2)
j (|x|2) e−|x|2

2(j + 1)

+
xixk e−|x|2

|x|2
(
1 − L

(n/2)
M−1 (|x|2)

)
,and therefore, in view of (4.25) and (6.4),

∂2

∂xi∂xk
Lnη2M (x) = − xixk

πn/2|x|2L
(n/2)
M−1 (|x|2) e−|x|2

+
(
n
xixk

|x|2 − δik

)( 1

2πn/2|x|n γ
(n

2
, |x|2

)
+

M−2∑

j=0

L
(n/2)
j (|x|2) e−|x|2

2πn/2(j + 1)

)

= 2π
(
n
xixk

|x|2 − δik

)
Ln+2η2M (|x|) − xixk

πn/2|x|2L
(n/2)
M−1 (|x|2) e−|x|2 .Hen
e the a
tion of the operator (6.3) on the quasi-interpolant M(2M)

h,D u 
an begiven as
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− ∂2

∂xi∂xk
∆−1M(2M)

h,D u(x)(6.5)
=

1

(πD)n/2

∑

m∈Zn

u(hm)

{
− (xi − hmi)(xk − hmk)

|x − hm|2 L
(n/2)
M−1 (|rm|2) e−|rm|2

+
(
n

(xi − hmi)(xk − hmk)

|x− hm|2 − δik

)(γ(n/2, |rm|2)
2|rm|n + e−|rm|2

M−2∑

j=0

L
(n/2)
j (|rm|2)
2(j + 1)

)}
,where rm = |x − hm|/(

√
Dh). Sin
e (6.3) is a pseudodi�erential operator of order

0, we obtain the estimate
∥∥∥ ∂2

∂xi∂xk
∆−1(u−M(2M)

h,D u)
∥∥∥ = O(h2M ) + ε ,with small ε if D is large enough.As an example, we provide the 
ubature formula of the two-dimensional singularintegral(6.6) S2u(x) :=

2

π

∫

R2

(x1 − y1)(x2 − y2)

|x − y|4 u(y) dy , x ∈ R2 .Noting that
S2u(x) =

∂2

∂x1∂x2
L2u(x) ,we obtain from (6.5) that

S2u(x) ≈ 1

πD
∑

m∈Z2

u(hm)

{
− (x1 − hm1)(x2 − hm2)

|x − hm|2 L
(1)
M−1(|rm|2) e−|rm|2

+
(x1 − hm1)(x2 − hm2)

|x − hm|2
(
γ(1, |rm|2)

|rm|2 + e−|rm|2
M−2∑

j=0

L
(1)
j (|rm|2)
j + 1

)}
.Note that by (4.30)

γ(1, |rm|2)
|rm|2 + e−|rm|2

M−2∑

j=0

L
(1)
j (|rm|2)
j + 1

=
1 − e−|rm|2 LM−1(|rm|2)

|rm|2 .Thus, the singular integral (6.6) 
an be approximated with the order O(h2M ) mo-dulo saturation error by
S2u(x) ≈ 1

πD
∑

m∈Z2

u(hm)
(x1 − hm1)(x2 − hm2)

|x − hm|2

× 1 − e−|rm|2 (LM−1(|rm|2) + |rm|2L(1)
M−1(|rm|2)

)

|rm|2 .
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 potential. Consider the bi-Lapla
e equation
∆2f(x) = −u(x) , x ∈ R3 ,whi
h has the solution
f(x) =

1

8π

∫

R3

|x − y|u(y) dy .Here, we determine the biharmoni
 potential of the generating fun
tion η2M :
H3η2M (x) :=

1

8π

∫

R3

|x − y| η2M (y) dy .(6.7)Re
all that by (3.18)
π3/2η2M (x) = L

(3/2)
M−1(|x|2) e−|x|2 =

M−1∑

j=0

(−1)j

j! 4j
∆j e−|x|2 ;hen
e, be
ause H3∆

2 = −I, we obtain
H3η2M (x) = π−3/2

(
H3

(
e−| · |2 )(x) − 1

4
H3

(
∆e−| · |2 )(x) −

M−1∑

j=2

(−1)j

j! 4j
∆j−2 e−|x|2

)

= π−3/2
(
H3

(
e−| · |2 )(x) − 1

4
L3

(
e−| · |2 )(x) −

M−1∑

j=2

(−1)j

j! 4j
∆j−2 e−|x|2

)
,where we use the relation H3∆ = −H3∆

2L3 = L3. To determine the a
tion ofthe biharmoni
 potential on the Gaussian, we use the general formula (5.15) with
Q(r) = r/8π, whi
h gives, in view of (5.16),

1

8π

∫

R3

|x − y| e−|y|2 dy =
π1/2 e−|x|2

4|x|1/2

∞∫

0

e−r2

I1/2(2|x|r) r5/2 dr

=
e−|x|2

8|x|

∞∫

0

r2 e−r2 (
e 2|x|r − e−2|x|r ) dr

=
1

8|x|

∞∫

0

r2
(
e−(r−|x|)2 − e−(r+|x|)2 ) dr

=
e−|x|2

8
+

√
π erf(|x|)
16|x| (2|x|2 + 1) .

(6.8)
Thus, we 
on
lude from (4.19) that

H3η4(x) = π−3/2
(
H3

(
e−| · |2 )(x) − 1

4
L3

(
e−| · |2 )(x)

)

=
1

8π3/2

(
e−|x|2 +

√
π|x| erf(|x|)

)
.

(6.9)Note that the expression forH3η4 is even simpler than that forH3η2. The expansion(6.8) also indi
ates that improving the approximation order pointwise by using thevalues of the density in a small neighborhood is only possible for η2M with M ≥ 2.



120 6. SOME OTHER CUBATURE PROBLEMSThis was already mentioned in Remark 5.4 for the 
ase of elasti
 and hydrodynami
potentials.Next, we 
onsider
M−1∑

j=2

(−1)j

j! 4j
∆j−2 e−|x|2 =

1

16

M−3∑

j=0

(−1)j

(j + 2)! 4j
∆j e−|x|2

=
e−|x|2

16

M−3∑

j=0

L
(1/2)
j (|x|2)

(j + 1)(j + 2)
,where the last equality is ensured by (4.24). This shows that, as in the 
ase ofharmoni
 potentials forM ≥ 3, the biharmoni
 potential of η2M+2 
an be obtainedfrom that of η2M by adding some rapidly de
aying term. Therefore, to improvethe approximation a

ura
y to the biharmoni
 potential at a given point, only thevalues of the density in a small neighborhood are required.The sum (6.9) 
an be simpli�ed further owing to

M−3∑

j=0

L
(1/2)
j (|x|2)

(j + 1)(j + 2)
=

M−3∑

j=0

( 1

j + 1
− 1

j + 2

)
L

(1/2)
j (|x|2)

= L
(1/2)
0 (|x|2) +

M−3∑

j=1

1

j + 1

(
L

(1/2)
j (|x|2) − L

(1/2)
j−1 (|x|2)

)
− 1

M − 1
L

(1/2)
M−3(|x|2)

=
M−3∑

j=0

L
(−1/2)
j (|x|2)
j + 1

− L
(1/2)
M−3(|x|2)
M − 1

,where we use (4.28) and the fa
t that L(γ)
0 = 1. Hen
e, we obtain

H3η2M (x) =
e−|x|2 +

√
π|x| erf(|x|)

8π3/2
+
L

(1/2)
M−3(|x|2) e−|x|2

16π3/2(M − 1)

−
M−3∑

j=0

L
(−1/2)
j (|x|2) e−|x|2

16π3/2(j + 1)
.

(6.10)
6.2. Approximate solution of non-stationary problemsThe method of approximate approximations 
an be employed to solve initialvalue problems for 
lassi
al partial di�erential equations e�
iently. As examples,we 
onsider the heat, wave, and plate equations.6.2.1. The Cau
hy problem for the heat equation. We introdu
e the

n-dimensional analogue of the example given in Subse
tion 1.2.2(6.11) ∂u

∂t
− a∆xu = 0 , t > 0 , u(x, 0) = ϕ(x), x ∈ Rn .This Cau
hy problem 
an be solved by the Poisson integral(6.12) u(x, t) = Ptϕ(x) =

1

(4πat)n/2

∫

Rn

e−|x−y|2/(4at) ϕ(y) dy
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f., e.g., [75, Kapitel 25℄. Note that(6.13) (Pt e−| · |2/D)(x) =
( D
D + 4at

)n/2

e−|x|2/(D+4at) .If the initial value ϕ(x) is approximated by the quasi-interpolant (3.20), i.e.,
M(2M)

D,h ϕ(x) = D−n/2
∑

m∈Zn

ϕ(hm) η2M

( |x − hm|√
Dh

)
,then the fun
tion

uh(x, t) := Pt(M(2M)
D,h ϕ)(x)is a high-order approximate solution of the initial value problem for the heat equa-tion (6.11). Sin
e

1

(4πat)n/2

∫

Rn

e−|x|2/(4at) dx = 1 , t > 0 ,we obtain from (2.11) that(6.14) ‖u(·, t)−uh(·, t)‖Lp(Rn) = ‖Pt(ϕ−M(2M)
D,h ϕ)‖Lp(Rn) ≤ ‖ϕ−M(2M)

D,h ϕ‖Lp(Rn)for any t > 0 and 1 ≤ p ≤ ∞. Using the relation
η2M

( |x|√
Dh
)

= π−n/2
M−1∑

j=0

(−1)j

j!

(Dh2

4

)j

∆j e−|x|2/Dh2

,we derive the analyti
 expression
Ptη2M

( | · |√
Dh
)
(x)

=
1

πn(4at)n/2

M−1∑

j=0

(−1)j

j!

(Dh2

4

)j

∆j

∫

Rn

e−|x−y|2/(4at) e−|y|2/(Dh2) dy

=
(Dh2)n/2

πn/2(Dh2 + 4at)n/2

M−1∑

j=0

(−1)j

j!

(Dh2

4

)j

∆j e−|x|2/(Dh2+4at) .We see from (3.15) that
∆j e−|x|2/(Dh2+4at) =

(−1)j j! 4j

(Dh2 + 4at)j
e−|x|2/(Dh2+4at) L

(n/2−1)
j

( |x|2
Dh2 + 4at

)
;hen
e

Pt η2M

( | · |√
Dh
)
(x)

=
(Dh2)n/2 e−|x|2/(Dh2+4at)

πn/2(Dh2 + 4at)n/2

M−1∑

j=0

( Dh2

Dh2 + 4at

)j

L
(n/2−1)
j

( |x|2
Dh2 + 4at

)
.

(6.15)Thus, the approximate solution of the initial value problem for the heat equation(6.11) 
an be given by the sum
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uh(x, t) =

hn

πn/2(Dh2 + 4at)n/2

×
∑

m∈Zn

ϕ(hm) e−zm(t)
M−1∑

j=0

( Dh2

Dh2 + 4at

)j

L
(n/2−1)
j (zm(t)) ,

(6.16)where the notation(6.17) zm(t) =
|x − hm|2
Dh2 + 4atis used.Let us note that the inequality (6.14) gives only a rough error estimate for theapproximate solution (6.16) of the heat equation. It states that if ϕ ∈ W 2M

p (Rn),then for any �xed t > 0 the formula (6.16) approximates the solution u(x, t) of(6.11) with the order O(h2M ) up to a saturation error, whi
h does not 
onverge tozero. However, sin
e the Poisson integral is a smoothing integral operator, one 
anexpe
t that the saturation error also tends to zero as h→ 0.This 
an be easily seen from the representation (2.69) whi
h implies
Pt(M(2M)

h,D ϕ)(x) − Ptϕ(x)

= (4πat)−n/2
2M−1∑

[α]=0

(−
√
Dh)[α]

α!

∫

Rn

e−|x−y|2/4at ∂αϕ(y) εα

(y

h
, η2M ,D

)
dy

+ Pt(R2M,h)(x),where the last term Pt(R2M,h) is of orderO(h2M ). The �rst terms, whi
h 
onstitutethe saturation error, 
an be written by (2.46) in the form
1

(4πat)n/2

∫

Rn

e−|x−y|2/4at ∂αϕ(y) εα

(y

h
, η2M ,D

)
dy

=
( i

2π

)[α] ∑

ν∈Zn\{0}

∂αFη2M (
√
Dν)

(4πat)n/2

∫

Rn

e−|x−y|2/4at e
2πi
h 〈y,ν〉 ∂αϕ(y) dy

=
( i

2π

)[α] ∑

ν∈Zn\{0}
∂αFη2M (

√
Dν) e

2πi
h 〈x,ν〉

× 1

πn/2

∫

Rn

e−|y|2 e
2πi

√
4at

h 〈y,ν〉 ∂αϕ(x −
√

4aty) dy .Now we note that for any x ∈ Rn the fun
tion
fα(y) :=

e−|y|2

πn/2
∂αϕ(x −

√
4aty)de
ays rapidly as |y| → ∞ and its derivatives up to the order 2M − [α] belong to

L1(Rn). Moreover, the L1-norm of these derivatives are bounded uniformly in x.Hen
e the Riemann-Lebesgue Theorem gives
∣∣∣
∫

Rn

e−|y|2 e2πi〈y,λ〉 ∂αϕ(x −
√

4aty) dy
∣∣∣ =

∣∣Ffα(λ)
∣∣ ≤ cα|λ|[α]−2M
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onstant cα depending on ϕ and t. Thus, the terms of the saturation error
an be estimated as follows:
∣∣∣ 1

(4πat)n/2

∫

Rn

e−|x−y|2/4at ∂αϕ(y) εα

(y

h
, η2M ,D

)
dy
∣∣∣

= (2π)−[α]
∣∣∣

∑

ν∈Zn\{0}
∂αFη2M (

√
Dν) e

2πi
h 〈x,ν〉 Ffα

(2πi
√

4atν

h

)∣∣∣

≤ cαh
2M−[α]

(2π)2M (4at)M−[α]/2

∑

ν∈Zn\{0}

∣∣∂αFη2M (
√
Dν)

∣∣|ν|[α]−2M .Hen
e, we have provedTheorem 6.1. If the initial values of the paraboli
 problem (6.11) satisfy ϕ ∈
W 2M

p (Rn), then the approximate solution (6.16) 
onverges for any �xed t > 0 withthe order O(h2M ) to the solution of the problem.In Table 6.1 we provide the error estimates and approximation rates for theapproximate solution of the heat equation (1.15) using formula (6.16) with M = 3.
h D = 1 rate D = 2 rate D = 4 rate0.8 8.69 · 10−8 1.28 · 10−6 1.00 · 10−50.4 2.87 · 10−9 4.92 2.27 · 10−8 5.81 1.78 · 10−7 5.820.2 4.52 · 10−11 5.99 3.61 · 10−10 5.98 2.87 · 10−9 5.960.1 7.08 · 10−13 6.00 5.66 · 10−12 5.99 4.52 · 10−11 5.990.05 1.14 · 10−14 5.96 8.90 · 10−14 5.99 7.08 · 10−13 6.00Table 6.1. Numeri
al error for the initial value problem (1.15)with φ(x) = e−x2 and t = 10 using the approximate solution (6.16)with M = 36.2.2. The Cau
hy problem for the wave equation. The next example
on
erns the initial value problem for the wave equation

utt(x, t) − ∆xu(x, t) = 0 , t > 0 , x ∈ Rn ,

u(x, 0) = g1(x) , ut(x, 0) = g2(x) .
(6.18)If u satis�es (6.18), then the Fourier transform û(λ, t) = Fx→λu(·, t) is a solutionof the Cau
hy problem

ûtt(λ, t) + 4π2|λ|2û(λ, t) = 0 , t > 0 , λ ∈ Rn ,

û(λ, 0) = ĝ1(λ) , ût(λ, 0) = ĝ2(λ) .Hen
e(6.19) û(λ, t) = ĝ1(λ) cos 2π|λ|t+ ĝ2(λ)
sin 2π|λ|t

2π|λ| .To �nd an approximate solution of (6.18), the initial values g1 and g2 are repla
edby high-order quasi-interpolants. To determine the solution of the wave equation
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tions for those approximants, we apply the results of Subse
tion3.4.2. In Theorem 3.10, we have shown that the fun
tion
ηM (x) =

(−1)M−1

(M − 1)!

( ∂
∂τ

)M−1
(
τ−1−n/2η

( x√
τ

))∣∣∣∣
τ=1generates an approximate quasi-interpolant of order O(h2M ) for a suitable η.Again, we start with the Gaussian fun
tion. Let gj(x) = τ−1−n/2 e−|x|2/τ .Using formula (2.12), the inverse Fourier transform F−1

λ→x of
τ−1 e−π2τ |λ|2 cos 2π|λ|t and τ−1 e−π2τ |λ|2 sin 2π|λ|t

2π|λ|
an be determined from the integrals
2π

τ |x|n/2−1

∞∫

0

Jn/2−1(2πr|x|) e−π2τr2

cos(2πrt) r n/2dr ,

1

τ |x|n/2−1

∞∫

0

Jn/2−1(2πr|x|) e−π2τr2

sin(2πrt) r n/2−1dr ,respe
tively. In view of (2.16), at least for odd n, these integrals 
an be takenanalyti
ally. In parti
ular, if n = 3, then
J1/2(z) =

√
2

πz
sin zand [7, 1.4.11, 2.4.19℄ imply that

2π

τ |x| 1/2

∞∫

0

√
2

2π2r|x| sin(2πr|x|) e−π2τr2

cos(2πrt) r3/2dr

=
1

τ |x|

∞∫

0

r e−π2τr2 (
sin 2πr(t+ |x|) − sin 2πr(t − |x|)

)
dr

=
1

2π3/2τ5/2|x|
(
(t+ |x|) e−(t+|x|)2/τ −(t− |x|) e−(t−|x|)2/τ

)as well as
1

τ |x| 1/2

∞∫

0

√
2

2π2r|x| sin(2πr|x|) e−π2τr2

sin(2πrt) r1/2dr

=
1

2πτ |x|

∞∫

0

e−π2τr2 (
cos 2πr(t− |x|) − cos 2πr(t+ |x|)

)
dr

=
1

4(πτ)3/2|x|
(

e−(t−|x|)2/τ − e−(t+|x|)2/τ
)
.Thus, for n = 3 we obtain

F−1
λ→x(FηM cos(2π| · |t)) =

1

2π3/2|x|
(
AM (t+ |x|) −AM (t− |x|)

)
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(−1)M−1

(M − 1)!

( ∂
∂τ

)M−1
(
ξ e−ξ2/τ

τ5/2

)∣∣∣∣∣
τ=1and

F−1
λ→x

(FηM sin(2π| · |t)
2π| · |

)
=

1

4π3/2|x|
(
BM (t− |x|) − BM (t+ |x|)

)with(6.21) BM (ξ) =
(−1)M−1

(M − 1)!

( ∂
∂τ

)M−1
(

e−ξ2/τ

τ3/2

)∣∣∣∣∣
τ=1

.In parti
ular,
A2(ξ) =

e−ξ2

2
(ξ3 − 5ξ) , A3(ξ) =

e−ξ2

8
(28ξ3 − 4ξ5 − 35ξ) ,

B2(ξ) =
e−ξ2

2
(ξ2 − 3) , B3(ξ) =

e−ξ2

8
(20ξ2 − 4ξ4 − 15) .Thus, an approximate solution to the wave equation (6.18) in R3 with theorder O((

√
Dh)2M ) modulo a saturation error 
an be obtained from the summationformula

uh(x, t) =
1

(πD)3/2

∑

m∈Z3

(√
Dh
dm

(
AM

( t+ dm√
Dh

)
−AM

( t− dm√
Dh

))
g1(hm)

− Dh2

dm

(
BM

( t+ dm√
Dh

)
− BM

( t− dm√
Dh

))
g2(hm)

)
,where dm = |x − hm| and the fun
tions AM and BM are de�ned by (6.20) and(6.21).6.2.3. Vibrations of a plate. Similarly, one 
an study the initial value prob-lem for free vibrations of a thin elasti
 plate whi
h is modeled by

utt(x, t) + ∆2
xu(x, t) = 0 , t > 0 , x ∈ R2 ,

u(x, 0) = g1(x) , ut(x, 0) = g2(x) .
(6.22)The two-dimensional Fourier transform û(λ, t) of the solution to (6.22) satis�es

ûtt(λ, t) + 16π4|λ|4û(λ, t) = 0 , t > 0 , λ ∈ R2 ,

û(λ, 0) = ĝ1(λ) , ût(λ, 0) = ĝ2(λ) .It is therefore of the form
û(λ, t) = ĝ1(λ) cos 4π2|λ|2t+ ĝ2(λ)

sin 4π2|λ|2t
4π2|λ|2 .As in the previous example, it remains to determine the inverse Fourier transformof

τ−1 e−π2τ |λ|2 cos 4π2|λ|2t and e−π2τ |λ|2 sin 4π2|λ|2t
4π2τ |λ|2 , λ ∈ R2 .



126 6. SOME OTHER CUBATURE PROBLEMSObviously,(6.23) f1(x, t, τ) := τ−1F−1
λ→x

(
e−π2τ | · |2 cos 4π2| · |2t

)
= Re

e−|x|2/(τ−4it)

πτ(τ − 4it)
,whereas the smooth fun
tion

f2(x, t, τ) := F−1
λ→x

(e−π2τ |λ|2 sin 4π2|λ|2t
4π2τ |λ|2

)is the harmoni
 potential of
τ−1F−1

λ→x

(
e−π2τ |λ|2 sin 4π2|λ|2t

)and therefore satis�es the Poisson equation
∆f2(x, t, τ) = − Im

e−|x|2/(τ−4it)

πτ(τ − 4it)
with f2(x, t, τ) → 0 as |x| → ∞.Sin
e by (4.21),

∆

(
E1

( |x|2
τ ± 4it

)
+ log

|x|2
τ ± 4it

)
= 4

e−|x|2/(τ±4it)

τ ± 4itand
Im
(
E1

( |x|2
τ − 4it

)
+ log

|x|2
τ − 4it

)
= ImE1

( |x|2
τ − 4it

)
+

1

2
ar
tan 8τt

τ2 + 16t2
,it follows that(6.24) f2(x, t, τ) = − 1

4πτ
ImE1

( |x|2
τ − 4it

)
.We introdu
e the fun
tions(6.25) AM (ξ, t) =

(−1)M−1

(M − 1)!

( ∂
∂τ

)M−1

f1(ξ, t, τ)

∣∣∣∣
τ=1and(6.26) BM (ξ, t) =

(−1)M−1

(M − 1)!

( ∂
∂τ

)M−1

f2(ξ, t, τ)

∣∣∣∣
τ=1whi
h are the solutions of (6.22) with high-order generating fun
tions as initialvalues.Thus, an approximate solution to (6.22) of order O((

√
Dh)2M ) is given by

uh(x, t) =
1

πD
∑

m∈Z2

AM

( |x − hm|√
Dh

,
t

Dh2

)
g1(hm)

+
h2

π

∑

m∈Z2

BM

( |x − hm|√
Dh

,
t

Dh2

)
g2(hm) .6.3. Potentials of anisotropi
 GaussiansWe introdu
e a method to determine potentials of anisotropi
 Gaussians de�nedby formula (3.24). This method is based on the solution of initial value problemsfor linear paraboli
 equations.
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ond-order problems. First, we solve the di�erential equation(6.27) −
n∑

j,k=1

bjk∂xj∂xk
u(x) = e−〈A−1x,x〉 , x ∈ Rn , n ≥ 3 ,where the 
onstant matri
es A and B := ‖bjk‖n

j,k=1 are supposed to be non-singularand 
omplex symmetri
 satisfying ReA > 0, ReB ≥ 0.As mentioned in (3.23), the Fourier transform of the right-hand side of (6.27)has the form
F
(
e−〈A−1 · , · 〉 )(λ) = πn/2

√
detA e−π2〈Aλ,λ〉 .The solution of (6.27) 
an be represented as a one-dimensional integral.Theorem 6.2. Suppose that the 
omplex n × n matri
es A and B are non-singular and symmetri
 and that they satisfy ReA > 0, ReB ≥ 0. Then for n ≥ 3,the fun
tion(6.28) u(x) =

1

4

∞∫

0

e−〈(A+tB)−1x,x〉
√

det(A+ tB)
dtis a bounded solution of the equation(6.29) −〈B∇,∇〉u(x) =

e−〈A−1x,x〉
√

detA
, x ∈ Rn .Proof. Consider the Cau
hy problem for the paraboli
 equation in Rn:(6.30) ∂v(x, t)

∂t
− 〈B∇x,∇x〉 v(x, t) = 0 , t > 0 , v(x, 0) =

e−〈A−1x,x〉

πn/2
√

detA
.Applying the Fourier transformation to (6.30), we 
on
lude from (3.23) that v̂(λ, t)

= Fx→λv(·, t) satis�es the di�erential equation
v̂t + 4π2〈Bλ,λ〉v̂ = 0 , v̂(λ, 0) = e−π2〈Aλ,λ〉 , λ ∈ Rn ,whi
h gives v̂(λ, t) = e−π2〈(A+4tB)λ,λ〉. Sin
e Re(A + 4tB) > 0, it follows from(3.23) that(6.31) v(x, t) =

e−〈(A+4tB)−1x,x〉

πn/2
√

det(A+ 4tB)
.Integrating (6.30) in t, we arrive at

T∫

0

vt(x, t) dt =

T∫

0

〈B∇x,∇x〉 v(x, t) dt = 〈B∇x,∇x〉
T∫

0

v(x, t) dt = v(x, T )−v(x, 0) .The asymptoti
s |v(x, t)| = O(t−n/2) as t → ∞, whi
h is uniform in x, implies thatfor n ≥ 3 and T → ∞

−〈B∇,∇〉
∞∫

0

e−〈(A+4tB)−1x,x〉

πn/2
√

det(A+ 4tB)
dt =

e−〈A−1x,x〉

πn/2
√

detA
,whi
h establishes the assertion. �
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es A and B be as in Theorem 6.2 and let α besome multi-index. Then a bounded solution of the equation(6.32) −〈B∇,∇〉u(x) = ∂α e−〈A−1x,x〉 , x ∈ Rn ,is given by the integral(6.33) u(x) =
1

4

∞∫

0

∂α
x

e−〈(A+tB)−1x,x〉
√

det(I + tA−1B)
dt .The assertions of Theorem 6.2 
an be extended to other se
ond-order ellipti
equations.Theorem 6.4. Under the assumptions of Theorem 6.2 on the matri
es A and

B a solution of the ellipti
 equation(6.34) −〈B∇,∇〉u(x) + au(x) =
e−〈A−1x,x〉
√

detA
, x ∈ Rn , n ≥ 1 ,with 
onstant a ∈ C, Re a > 0, is given by the integral(6.35) u(x) =

1

4

∞∫

0

e−〈(A+tB)−1x,x〉
√

det(A+ tB)
e−at/4 dt .If Re a = 0, then the solution formula (6.35) holds for n ≥ 3.Proof. Let v be a solution of (6.30). Then the fun
tion

w(x, t) := v(x, t) e−at =
e−〈(A+4tB)−1x,x〉 e−at

πn/2
√

det(A+ 4tB)obviously satis�es(6.36) ∂w

∂t
−〈B∇x,∇x〉w+aw = 0 , t > 0 , w(x, 0) =

e−〈A−1x,x〉

πn/2
√

detA
, x ∈ Rn ,and hen
e,

(〈B∇x,∇x〉 − a)

T∫

0

w(x, t) dt = w(x, T ) − w(x, 0) .Note that in the 
ase Re a > 0, the limits as T → ∞ exist for any spa
e dimension
n ≥ 1. �6.3.2. Some spe
ial 
ases.1. If A = B = I, then (6.28) is another way to determine the expli
it expression(4.16) of the harmoni
 potential of the Gaussian

Ln

(
e−| · |2 )(x) =

1

4

∞∫

0

e−|x|2/(1+t)

(1 + t)n/2
dt =

1

4|x|n−2

|x|2∫

0

tn/2−2 e−t dt .2. The 
ase B = I 
orresponds to the harmoni
 potential of e−〈A−1x,x 〉, whi
h
an be obtained from the one-dimensional integral(6.37) Ln

(
e−〈A−1· , · 〉 )(x) =

1

4

∞∫

0

e−〈(A+tI)−1x,x〉
√det(I + tA−1)

dt .
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ular, in the 
ase of a diagonal matrix A = diag(a−1
j )n

j=1, aj > 0, we obtainthe harmoni
 potential of the orthotropi
 Gaussians
ψ(x) =

n∏

j=1

e−ajx2
jas the one-dimensional integral(6.38) Lnψ(x) =

1

4

∞∫

0

n∏

j=1

e−ajx2
j /(1+ajt)

(1 + ajt)1/2
dt .3. If B = I and a = 1, then the equation (6.34) takes the form(6.39) −∆u+ u =

e−〈A−1x,x〉
√

detA
,and by Theorem 6.4, the L2-solution has the form

u(x) =
1

4

∞∫

0

e−t/4 e−〈(A+tI)−1x,x〉
√

det(A+ tI)
dt .4. If B = iI and a = ε− ik2 with ε > 0, then (6.34) is the Helmholtz equation

∆u + (k2 + iε)u =
i e−〈A−1x,x〉
√

detA
,and by (6.35), the L2-solution has the form(6.40) uε(x) =

1

4

∫ ∞

0

e−(ε−ik2)t/4 e−〈(A+itI)−1x,x〉
√

det(A+ itI)
dt .If n ≥ 3, then(6.41) lim

ε→0
uε(x) =

1

4

∫ ∞

0

e ik2t/4 e−〈(A+itI)−1x,x〉
√

det(A+ itI)
dt := u(x) ,whi
h satis�es, by the limiting absorption prin
iple (see e.g. [25℄), the equation(6.42) ∆u+ k2u =

i e−〈A−1x,x〉
√

detAand Sommerfeld's radiation 
ondition (5.4). Sin
e the solution of
∆u+ k2u = −ϕ(x)is given by the di�ra
tion potential

Snϕ(x) :=

∫

Rn

Ek(x − y)ϕ(y) dy ,we obtain the one-dimensional integral representation of the di�ra
tion potentialof anisotropi
 Gaussians
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Sn

(
e−〈A−1 · , · 〉 )(x) =

i

4

∞∫

0

e ik2t/4 e−〈(A+itI)−1x,x〉
√

det(I + itA−1)
dt

=
1

4

i∞∫

0

e k2z/4 e−〈(A+zI)−1x,x〉
√

det(I + zA−1)
dz .In parti
ular, the di�ra
tion potential of the orthotropi
 Gaussian 
an be obtainedfrom the integral(6.43) ∫

Rn

Ek(x − y) e−(y2
1/a1+...+y2

n/an) dy =
1

4

i∞∫

0

e k2z/4
n∏

j=1

e−x2
j/(aj+az)

(1 + z/aj)1/2
dz .In the spe
ial 
ase of the isotropi
 Gaussian, we get the formula(6.44) Sn

(
e−| · |2 )(x) =

1

4

i∞∫

0

e−|x|2/(1+t)

(1 + t)n/2
e k2t/4 dt .Let n = 3. Then

i∞∫

0

e−|x|2/(1+t)

(1 + t)3/2
e k2(1+t)/4 dt = 2

∫

Γ

e−|x|2/τ2+k2τ2/4

τ2
dτ ,where Γ = {τ =

√
1 + it, t ∈ (0,∞)}, and hen
e | arg τ | < π/4. Then the integralformula

∫
e−a2/t2+b2t2 dt

t2
=

√
π

4a
e−a2/t2+b2t2

(
w
(
bt+

ia

t

)
− w

(
bt− ia

t

))
+ C ,whi
h follows from [1, 7.4.34℄, provides the analyti
 expression (5.19) of the three-dimensional di�ra
tion potential of the Gaussian.Furthermore, (6.44) allows one to obtain expli
it expressions of di�ra
tion po-tential of isotropi
 Gaussians for all odd spa
e dimensions n. Sin
e

i∞∫

0

e−a2/(1+t)

(1 + t)j+3/2
e k2t/4 dt = (−1)j

( 1

2a

d

da

)j
i∞∫

0

e−a2/(1+t)

(1 + t)3/2
e k2t/4 dt ,we obtain

S2j+3

(
e−| · |2 )(x) =

(−1)j√π
8

( 1

2a

d

da

)j
(

e−a2

a

(
w
(k

2
− ia

)
−w

(k
2

+ ia
)))∣∣∣∣

a=|x|
,whi
h, for example, evaluates for n = 5 to

S5

(
e−| · |2 )(x)

= −e−|x|2

4|x| +

√
π e−|x|2

16|x|3
(
(1 − ik|x|)w

(k
2
− i|x|

)
− (1 + ik|x|)w

(k
2

+ i|x|
))
.
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 and hydrodynami
 potentials of anisotropi
 Gaussians.In this part, we obtain one-dimensional integral representations of the three-dimen-sional elasti
 and hydrodynami
 potentials, if the density is an anisotropi
 Gaussianfun
tion.We know from the 
onsiderations in Se
tion 5.5 that it su�
es to �nd theintegrals
Ikl(x) :=

∂2

∂xk∂xl

1

8π

∫

R3

|x − y| e−〈A−1y,y〉 dy

=
1

8π

∫

R3

|x − y| ∂2

∂yk∂yl
e−〈A−1y,y〉 dy .Sin
e |x|/8π is the fundamental solution of the biharmoni
 equation, the fun
tion

Ikl is a solution of the bi-Lapla
e equation
∆2w(x) = − ∂2

∂xk∂xl
e−〈A−1x,x〉 , x ∈ R3 .Theorem 6.5. Let n ≥ 3 and let the n × n matrix A satisfy the assumptionsof Theorem 6.2. The unique solution wjk of the bi-Lapla
e equation(6.45) −∆2w (x) =

∂2

∂xk∂xl

e−〈A−1x,x〉
√

detA
, x ∈ Rn ,satisfying w (x) → 0 as |x| → ∞, is given by the one-dimensional integral(6.46) wkl(x) = − 1

16

∞∫

0

t
∂2

∂xk∂xl

e−〈(A+tI)−1x,x〉
√

det(A+ tI)
dt .Proof. Similarly to the proof of Theorem 6.2, we �nd the solution of (6.45)by solving the Cau
hy problem

vtt(x, t) + ∆2
xv(x, t) = 0 , t > 0 , x ∈ Rn ,

v(x, 0) =
∂2

∂xk∂xl

e−〈A−1x,x〉

πn/2
√

detA
, vt(x, 0) = 0 .

(6.47)The Fourier transformed problem
v̂tt(λ, t) + 16π4|λ|4v̂(λ, t) = 0 , t > 0 , λ ∈ Rn ,

v̂(λ, 0) = −4π2λkλl e−π2〈Aλ,λ〉 , v̂t(λ, 0) = 0 ,has the solution
v̂kl(λ, t) = −4π2λkλl e−π2〈Aλ,λ〉 cos 4π2|λ|2t

= −2π2λkλl

(
e−π2〈(A+4itI)λ,λ〉 + e−π2〈(A−4itI)λ,λ〉

)
.Hen
e, from (3.23) the solution of (6.47) is

vkl(x, t) =
∂2

∂xk∂xl

1

2πn/2

(
e−〈(A+4itI)−1x,x〉
√

det(A+ 4itI)
+

e−〈(A−4itI)−1x,x〉
√

det(A− 4itI)

)
.



132 6. SOME OTHER CUBATURE PROBLEMSMultiplying the di�erential equation in (6.47) by t and integrating, we arrive at
−

T∫

0

t∆2
xvkl(x, t) dt =

T∫

0

t
∂2vkl(x, t)

∂2t
dt = T

∂vkl(x, T )

∂t
− vkl(x, T ) + vkl(x, 0) .Noting that for t→ ∞

vkl(x, t) =

{
O(t−n/2−1) , j = k ,

O(t−n/2−2) , j 6= k ,
and ∂jvjk(x, t)

∂tj
= O(t−jvkl(x, t)) , j ∈ N ,uniformly in x, and letting T → ∞, we obtain

∆2

∞∫

0

t vjk(x, t) dt = − ∂2

∂xk∂xl

e−〈A−1x,x〉

πn/2
√

detA
.Now, we note that

wkl(x) =

∞∫

0

t vkl(x, t) dt

=
1

2

∞∫

0

t
∂2

∂xk∂xl

(
e−〈(A+4itI)−1x,x〉
√

det(A+ 4itI)
+

e−〈(A−4itI)−1x,x〉
√

det(A− 4itI)

)
dt

= − 1

32

( i∞∫

0

z
∂2

∂xk∂xl

e−〈(A+zI)−1x,x〉
√

det(A+ zI)
dz +

−i∞∫

0

z
∂2

∂xk∂xl

e−〈(A+zI)−1x,x〉
√

det(A+ zI)
dz

)
.The fun
tion

g(z) := z
∂2

∂xk∂xl

e−〈(A+zI)−1x,x〉
√

det(A+ zI)is holomorphi
 in the half-plane {Re z > −λmin}, where λmin > 0 is the minimaleigenvalue of the symmetri
 matrix ReA. Furthermore, |g(z)| ≤ cR−n/2 for |z| =
R→ ∞; hen
e if n ≥ 3, then

∫

|z|=R
Re z≥0

g(z) dz → 0 as R → ∞ .Therefore, by Cau
hy's integral theorem
±i∞∫

0

g(z) dz =

∞∫

0

g(z) dz ,whi
h implies
wkl(x) = − 1

16

∞∫

0

z
∂2

∂xk∂xl

e−〈(A+zI)−1x,x〉
√

det(A+ zI)
dz . �The elasti
 potential of the anisotropi
 Gaussian 
an be obtained, in a

ordan
ewith (5.52), from
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∫

R3

Γkl(x − y) e−〈A−1y,y〉 dy =
δkl

µ
L3

(
e−〈A−1· , · 〉 )(x) − λ+ µ

µ(λ+ 2µ)
Ikl(x)

=
1

4µ

∞∫

0

(
δkl +

t(λ+ µ)

4(λ+ 2µ)

∂2

∂xk∂xl

) e−〈(A+tI)−1x,x〉
√

det(I + tA−1)
dt ,

(6.48)whereas the hydrodynami
 potentials are derived from
∫

R3

Ψkl(x − y) e−〈A−1y,y〉 dy =
δkl

ν
L3

(
e−〈A−1· , · 〉 )(x) − 1

ν
Ikl(x)

=
1

4ν

∞∫

0

(
δkl +

t

4

∂2

∂xk∂xl

) e−〈(A+tI)−1x,x〉
√

det(I + tA−1)
dt ,

xk

4π

∫

R3

e−〈A−1y,y〉

|x − y|3 dy = −1

4

∞∫

0

∂

∂xk

e−〈(A+tI)−1x,x〉
√

det(I + tA−1)
dt .

(6.49)
6.3.4. Potentials of orthotropi
 Gaussians. We spe
ify the formulas (6.48)and (6.49) for the 
ase of the orthotropi
 Gaussian

ψ(x) =
3∏

j=1

e−ajx2
j .Sin
e A = diag(a−1

j )n
j=1, it holds that

∂2

∂xk∂xl

e−〈(A+tI)−1x,x〉
√

det(I + tA−1)
=
( 4xkxlakal

(1 + akt)(1 + alt)
− 2δklak

1 + akt

) 3∏

j=1

e−ajx2
j/(1+ajt)

(1 + ajt)1/2
.Hen
e we derive from (6.48) together with (6.38)

∫

R3

Γkl(x − y)ψ(y) dy =
δkl

4µ

∞∫

0

(
1 +

(λ+ 3µ)akt

2(λ+ 2µ)

) 1

1 + akt

3∏

j=1

e−ajx2
j/(1+ajt)

(1 + ajt)1/2
dt

+
(λ+ µ)xkxl

4µ(λ+ 2µ)

∞∫

0

takal

(1 + akt)(1 + alt)

3∏

j=1

e−ajx2
j/(1+ajt)

(1 + ajt)1/2
dtand the hydrodynami
 potentials
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∫

R3

Ψkl(x − y)ψ(y) dy

=
1

4ν

∞∫

0

(δkl(2 + akt)

2(1 + akt)
+

xkxlakalt

(1 + akt)(1 + alt)

) 3∏

j=1

e−ajx2
j/(1+aj t)

(1 + ajt)1/2
dt ,

xk

4π

∫

R3

ψ(y)

|x − y|3 dy =
akxk

2

∞∫

0

1

1 + akt

3∏

j=1

e−ajx2
j/(1+ajt)

(1 + ajt)1/2
dt .6.4. Potentials of higher-order generating fun
tions for orthotropi
GaussiansIn this se
tion, we determine potentials of the higher-order generating fun
tion

ηA
2M (x) =

1

πn/2(detA)1/2

M−1∑

j=0

(−1)j

j! 4j
〈A∇,∇〉j e−〈A−1x,x〉(see (3.25)) in the 
ase of a diagonal matrix A = diag(a1, . . . , an), aj > 0. Thisfun
tion 
an be written in the form

ηA
2M (x) =

1

πn/2
√
a1 . . . an

M−1∑

j=0

(−1)j

j! 4j
ψj(x)with

ψj(x) :=
( n∑

k=1

ak
∂2

∂x2
k

)j n∏

ℓ=1

e−x2
ℓ/aℓ .(6.50)Re
all that the 
orresponding quasi-interpolants generate approximate 
ubatureformulas of order O(h2M ).Our aim is to obtain one-dimensional integral representations of the harmoni
and di�ra
tion potentials a
ting on ηA

2M . We start with the harmoni
 potential(6.51) Lnη
A
2M (x) =

1

πn/2√a1 . . . an

M−1∑

j=0

(−1)j

j! 4j
Lnψj(x) .From formula (6.38), we have

Lnψ0(x) =
1

4

∞∫

0

n∏

ℓ=1

e−x2
ℓ/(aℓ+t)

√
1 + t/aℓ

dt ,and, in view of (6.50), Corollary 6.3 provides
Lnψj(x) =

1

4

∞∫

0

( n∑

k=1

ak
∂2

∂x2
k

)j n∏

ℓ=1

e−x2
ℓ/(aℓ+t)

√
1 + t/aℓ

dt .Sin
e ( n∑

k=1

ak
∂2

∂x2
k

)j

=
∑

[β]=j

j!

β!
aβk

k

∂2βk

∂x2βk

k
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≥0 and

aβk

k

∂2βk

∂x2βk

k

e−x2
k/(ak+t)

√
1 + t/ak

=
aβk

k

(ak + t)βk

e−x2
k/(ak+t)

√
1 + t/ak

H2βk

( xk√
ak + t

)
,the a
tion of the di�erential operator results in

( n∑

k=1

ak
∂2

∂x2
k

)j n∏

ℓ=1

e−x2
ℓ/(aℓ+t)

√
1 + t/aℓ

=
∑

[β]=j

j!

β!

n∏

k=1

e−x2
k/(ak+t)

(1 + t/ak)βk+1/2
H2βk

( xk√
ak + t

)(6.52)whi
h leads to the equality
M−1∑

j=0

(−1)j

j! 4j
Lnψj(x)

=

M−1∑

j=0

(−1)j

4j+1

∑

[β]=j

1

β!

∞∫

0

n∏

k=1

e−x2
k/(ak+t)

(1 + t/ak)βk+1/2
H2βk

( xk√
ak + t

)
dt .Hen
e, from (6.51), we obtain the representation of the harmoni
 potential of higher-order generating fun
tions as a one-dimensional integral

Lnη
A
2M (x) =

M−1∑

j=0

(−1)j

πn/2 4j+1

∑

[β]=j

∞∫

0

n∏

k=1

aβk

k e−x2
k/(ak+t)

βk! (ak + t)βk+1/2
H2βk

( xk√
ak + t

)
dt .Consider the di�ra
tion potential. By formula (6.43), we have

Snψ0(x) =

∫

Rn

Ek(x − y)ψ0(y) dy =
1

4

i∞∫

0

e k2z/4
n∏

ℓ=1

e−x2
ℓ/(aℓ+z)

(1 + z/aℓ)1/2
dz ,and therefore

Snψj(x) =
1

4

i∞∫

0

e k2z/4
( n∑

k=1

ak
∂2

∂x2
k

)j n∏

ℓ=1

e−x2
ℓ/(aℓ+z)

(1 + z/aℓ)1/2
dz .Now, (6.52) leads to the equality

M−1∑

j=0

(−1)j

j! 4j
Snψj(x)

=

M−1∑

j=0

(−1)j

4j+1

∑

[β]=j

1

β!

i∞∫

0

e k2z/4
n∏

k=1

e−x2
k/(ak+z)

(1 + z/ak)βk+1/2
H2βk

( xk√
ak + z

)
dz .Hen
e, the di�ra
tion potential of higher-order generating fun
tions 
an be obtainedfrom the one-dimensional integral
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Snη

A
2M (x)

=

M−1∑

j=0

(−1)j

πn/2 4j+1

∑

[β]=j

i∞∫

0

e k2z/4
n∏

k=1

aβk

k e−x2
k/(ak+z)

βk! (ak + z)βk+1/2
H2βk

( xk√
ak + z

)
dz .Note that for the fun
tions 
orresponding to isotropi
 Gaussians, i.e., A = I,we derive

Snη2M (x) =

M−1∑

j=0

(−1)j

πn/2 4j+1

∑

[β]=j

i∞∫

0

e k2z/4 e−|x|2/(1+z)

β! (1 + z)[β]+n/2
H2β

( x√
1 + z

)
dz .6.5. Potentials of trun
ated Gaussians6.5.1. Integral operators over bounded domains. In this se
tion, we de-rive one-dimensional integral representations of the harmoni
 and di�ra
tion po-tential of the Gaussian kernel restri
ted to a half-spa
e.The approximation formulas for integral operators whi
h have been 
onsideredpreviously provide 
ertain approximation orders up to a small saturation term, ifthe density is 
ompa
tly supported and if it is su�
iently smooth on the wholespa
e. Suppose that one wants to 
ompute the integral(6.53) Ku(x) =

∫

Ω

k(x − y)u(y) dyover a bounded domain Ω, where the density u 6= 0 at the boundary ∂Ω. The dire
tappli
ation of the method des
ribed in Chapter 4, whi
h is based on repla
ing thedensity by a quasi-interpolantMh,Du and on the known values of Kη, does not givegood approximations of (6.53), in general. One reason is that Mh,Du approximates
u only in a subdomain {x ∈ Ω : dist(x, ∂Ω) ≥ κh} with some κ > 1 (see, forexample, Corollary 2.20). This di�
ulty 
an be ta
kled by the 
ontinuation of uwith preserved smoothness to a larger domain, say Ω̃ = {x ∈ Rn : dist(x,Ω) ≤ κh}.Then, obviously, the quasi-interpolant of the 
ontinuation ũ of u to Ω̃ approximates
u in Ω and the integral

∫

Ω

g(x − y)Mh,Dũ(y) dy = D−n/2
∑

hm∈Ω̃

ũ(hm)

∫

Ω

k(x − y)η
(y − hm√

Dh
)
dywould give a 
ubature of (6.53), if the integrals(6.54) ∫

Ω

k(x − y)η
(y − hm√

Dh
)
dy
ould be 
omputed e�
iently. Owing to the strong de
ay of η, these integrals 
anbe repla
ed without loss of a

ura
y by the known values

∫

Rn

k(x − y)η
(y − hm√

Dh
)
dy ,
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enters hm ∈ {x ∈ Ω : dist(x, ∂Ω) ≥ κh}. However, if the points arelo
ated in a strip near the boundary hm ∈ Ω̃ \ {x ∈ Ω : dist(x, ∂Ω) ≥ κh},then it is ne
essary to 
ompute (6.54) dire
tly. This requires, in general, the use ofother n-dimensional 
ubature formulas and degrades the advantages of our 
ubatureapproa
h. In Chapter 9, we propose an alternative method for the 
ubature ofintegral operators over bounded domains, whi
h avoids the 
omputation of domainintegrals of the form (6.54) and works for rather general domains and kernels k.However, in some spe
ial 
ases potentials of the form (6.54) 
an be redu
ed toone-dimensional integrals and therefore 
an be 
omputed e�
iently.6.5.2. Integral operators over the half-spa
e. Suppose that the boundeddomain Ω ⊂ Rn
+ = {x = (x′, xn) ∈ Rn, xn ≥ 0} with ∂Ω ∩ {x ∈ Rn, xn = 0} 6= ∅,and that u ∈ C2(Ω) 
an be extended smoothly by zero onto Rn

+, but u(x′, 0) 6= 0.To derive a se
ond-order quasi-interpolant to u in Ω, we extend this fun
tiononto Rn
−, using the formula

ũ(x′, xn) =

3∑

j=1

cju(x
′,−jxn) , xn < 0 ,where the ve
tor {cj} is a solution of the algebrai
 system

3∑

j=1

jk−1cj = (−1)k−1 , k = 1, 2, 3 .Then ũ is a C2 extension of u for xn ≤ 0 (see [33℄) and, in view of Corollary 2.20,for given ε > 0 there exist D and κ su
h that for any x ∈ Ω

|u(x) −M(hκ)
h,D ũ(x)| ≤ cη(

√
Dh)2 ‖∇Nu‖L∞(Ω) + ε

(
‖u‖L∞(Ω) + (

√
Dh)|∇u(x)|

)with the quasi-interpolant
M(hκ)

h,D ũ(x) = D−n/2
∑

hm∈B(x,hκ)

ũ(hm) e−|x−hm|2/Dh2

.Hen
e, a 
ubature formula of the integral
Ku(x) =

∫

Ω

k(x − y)u(y) dyis given by the sum
Khu(x) =D−n/2

∑

hm∈Ω
mn>κ

u(hm)

∫

Rn

k(x − y) e−|y−hm|2/Dh2

dy

+ D−n/2
∑

ũ(hm) 6=0
|mn|≤κ

ũ(hm)

∫

R
n
+

k(x − y) e−|y−hm|2/Dh2

dy ,
(6.55)whi
h is of order O(Dh2) modulo small saturation terms. Sin
e the integrals in the�rst sum are supposed to be known, it remains to give expli
it expressions for theintegrals over the half-spa
e, appearing in the se
ond sum of (6.55).



138 6. SOME OTHER CUBATURE PROBLEMS6.5.3. Harmoni
 potentials. Let us 
ompute the harmoni
 potential of trun-
ated Gaussians
va(x) =

Γ(n
2 − 1)

4πn/2

∫

Rn∩{yn>a}

e−|y|2

|x − y|n−2
dy , n ≥ 3 .We have

∆va =

{
− e−|x|2 , xn > a ,

0 , xn < a .Taking the Fourier transform with respe
t to the variables x′ = (x1, . . . , xn−1), oneobtains the di�erential equation for the fun
tion v̂a(λ′, xn) = (Fx′→λ′ va)(λ′, xn):
∂2v̂a

∂x2
n

− 4π2|λ′|2 v̂a =

{
−π(n−1)/2 e−x2

n e−π2|λ′|2 , xn > a ,
0 , xn < a .Its solution is given by the integral

v̂a(λ′, xn) =
π(n−1)/2 e−π2|λ′|2

4π|λ′|

∞∫

a

e−2π|λ′| |xn−t| e−t2 dt .If xn < a, then̂
va(λ′, xn) =

π(n−1)/2 e−π2|λ′|2

4π|λ′|

∞∫

a

e−2π|λ′| (t−xn) e−t2 dt

=
π(n−1)/2 e2πxn|λ′|

4π|λ′|

∞∫

a

e−(t+π|λ′|)2 dt

=
πn/2 e2πxn|λ′|

8π|λ′| erfc
(
a+ π|λ′|

)
.If xn > a, then

v̂a(λ′, xn) =
π(n−1)/2 e−π2|λ′|2

4π|λ′|

( xn∫

a

e−2π|λ′| (xn−t) e−t2 dt

+

∞∫

xn

e−2π|λ′| (t−xn) e−t2 dt

)

=
π(n−1)/2

4π|λ′|

(
e−2πxn|λ′|

xn∫

a

e−(t−π|λ′|)2 dt+ e 2πxn|λ′|
∞∫

xn

e−(t+π|λ′|)2 dt

)

=
πn/2

8π|λ′|
(

e 2πxn|λ′| erfc(xn + π|λ′|)

+ e−2πxn|λ′| ( erfc(a− π|λ′|) − erfc(xn − π|λ′|)
))
.Let us de�ne the fun
tion

ga(t, xn) := e 2xnt erfc
(
max(a, xn) + t

)

+ e−2xnt
(

erfc
(
a− t

)
− erfc

(
max(a, xn) − t

))
.

(6.56)



6.5. POTENTIALS OF TRUNCATED GAUSSIANS 139Then(6.57) v̂a(λ′, xn) =
πn/2

8π|λ′| ga(π|λ′|, xn)and, 
onsequently, via the inverse Fourier transform (2.12),
va(x) =

πn/2

4|x′|(n−3)/2

∞∫

0

ga(πt, xn) J(n−3)/2(2π|x′|t) t(n−3)/2 dt .Therefore, the harmoni
 potential of the trun
ated Gaussian is expressed by theone-dimensional integral
Γ(n

2 − 1)

4πn/2

∫

Rn∩{yn>a}

e−|y|2

|x − y|n−2
dy

=

√
π

4|x′|(n−3)/2

∞∫

0

ga(t, xn) J(n−3)/2(2|x′|t) t(n−3)/2 dt ,whi
h gives, in the 
ase of the harmoni
 potential, for the integrals of the se
ondsum in the formula (6.55)
Γ(n

2 − 1)

4πn/2

∫

R
n
+

e−|y−hm|2/Dh2

|x − y|n−2
dy

=
(
√
Dh)(n+5)/2

√
π

4|x′ − hm′|(n−3)/2

∞∫

0

ghmn

(
t,
xn − hmn√

Dh
)
J(n−3)/2

(2|x′ − hm′|t√
Dh

)
t(n−3)/2 dt .6.5.4. Di�ra
tion potentials. Let us apply the same method to determinethe di�ra
tion potential of trun
ated Gaussians. Consider the equation(6.58) ∆u− cu =

{
− e−|x|2 , xn > a ,

0 , xn < a ,where the 
onstant c has a non-zero imaginary part, Im c 6= 0. There exists a unique
L2-solution wa(x) of (6.58), whose Fourier transform

ŵa(λ′, xn) = (Fx′→λ′ wa)(λ′, xn)is a solution of the di�erential equation
∂2ŵa

∂x2
n

− (4π2|λ′|2 + c)ŵa =

{
−π(n−1)/2 e−x2

n e−π2|λ′|2 , xn > a ,
0 , xn < a .Hen
e,(6.59) ŵa(λ′, xn) =

π(n−1)/2 e−π2|λ′|2

2(4π2|λ′|2 + c)1/2

∞∫

a

e−(4π2|λ′|2+c)1/2 |xn−t| e−t2 dt ,where the bran
h of the square root is 
hosen so that (4π2|λ′|2 + c)1/2 > 0 for
c > −4π2|λ′|2 and its bran
h-
ut is (−∞, 0). Sin
e Im c 6= 0, it follows that

Re(4π2|λ′|2 + c)1/2 > 0 ,



140 6. SOME OTHER CUBATURE PROBLEMSwhi
h 
on�rms the validity of formula (6.59). Noting that
e−π2|λ′|2

d∫

b

e±(4π2|λ′|2+c)1/2 t e−t2 dt = e c/4

d∫

b

e−(t∓(4π2|λ′|2+c)1/2/2)2 dt

=

√
π e c/4

2

(
erfc

(
b∓ (4π2|λ′|2 + c)1/2

2

)
− erfc

(
d∓ (4π2|λ′|2 + c)1/2

2

))
,we obtain similarly to (6.57)

ŵa(λ′, xn) =
πn/2 e c/4

4(4π2|λ′|2 + c)1/2
ga

((4π2|λ′|2 + c)1/2

2
, xn

)with the fun
tion ga de�ned by (6.56). Hen
e, the solution of (6.58) 
an be obtainedvia inverse Fourier transform and is given by the integral
wa(x) =

2π e c/4

|x′|(n−3)/2

∞∫

0

πn/2 t(n−1)/2

4(4π2t2 + c)1/2
ga

((4π2t2 + c)1/2

2
, xn

)
J(n−3)/2(2π|x′|t) dt

=

√
π e c/4

4|x′|(n−3)/2

∞∫

0

ga((t2 + c/4)1/2, xn) J(n−3)/2(2|x′|t) t(n−1)/2

(t2 + c/4)1/2
dt .Making the substitution z = (t2 + c/4)1/2, we derive

wa(x) =

√
π e c/4

4 |2x′|(n−3)/2

∫

Γc

ga(z, xn) J(n−3)/2(|x′|(4z2 − c)1/2) (4z2 − c)(n−3)/4 dz ,

(6.60)with the integration 
ontour
Γc = {(t2 + c/4)1/2, t ∈ (0,∞)} .Using the series representation of the Bessel fun
tions

Jν(t) =
( t

2

)ν ∞∑

k=0

(−1)kt2k

22kk!Γ(ν + k + 1)
,we see that

J(n−3)/2(|x′|(4z2 − c)1/2) (4z2 − c)(n−3)/4

=
( |x′|(4z2 − c)

2

)(n−3)/2 ∞∑

k=0

|x′|2k(c− 4z2)k

22kk!Γ(k + (n− 1)/2)
.Thus, for �xed a and xn, the integrand of (6.60) is a holomorphi
 fun
tion of

z ∈ C \ (−∞, 0], and the integration 
ontour Γc of (6.60) 
an be deformed to anarbitrary 
ontour going from √
c/2 to +∞ and not 
rossing the negative real axis

Re z < 0.As a simple appli
ation of the formula (6.60), we 
ompute the di�ra
tion po-tential of trun
ated Gaussians
va(x) =

∫

Rn∩{yn>a}

Ek(x − y) e−|y|2 dy(6.61)



6.6. NOTES 141with the wave number k > 0. Sin
e the solutions wa of (6.58) with c = −(k2 + iε),
ε > 0 and ε → 0, 
onverge by the limiting absorption prin
iple to the integral(6.61), we obtain
va(x) =

√
π e−k2/4

4 |2x′|(n−3)/2

∫

Γk

ga(z, xn)J(n−3)/2(|x′|(4z2 + k2)1/2)(4z2 + k2)(n−3)/4 dzwhere the integration 
ontour Γk 
onne
ts −ik/2 and +∞ and lies in the 
losedhalf-plane Re z ≥ 0. 6.6. NotesIn Subse
tions 6.1.1 and 6.1.2, we extend formulas from [64℄ to higher appro-ximation orders and arbitrary spa
e dimension. The formula (6.4) for n = 2 and
n = 3 has also been given by Kanaun and Ko
hekseraii in [44℄ and has been usedfor the solution of singular volume integral equations arising in thermo- and ele
tro-stati
 problems, where the unknown fun
tion is a linear 
ombination of Gaussiankernels. In this paper the integrals of so-
alled edge Gaussian fun
tions are 
al
u-lated, whi
h are the trun
ated Gaussians 
onsidered in Se
tion 6.5.The approximation method for solving the Cau
hy problem for the heat andwave equations 
onsidered in Subse
tions 6.2.1 and 6.2.2 was proposed in [64℄.Here, we extend the method with the formulas for high-order approximation ratesin the n-dimensional 
ase.The results of Se
tion 6.3 appeared �rst in [72℄.





CHAPTER 7Approximation by GaussiansUsing approximate quasi-interpolation in Chapters 1 and 2, we obtained ap-proximation formulas based on semi-dis
rete 
onvolutions with Gaussians. Let usemphasize that the 
on
ept of approximate quasi-interpolation is appli
able to anyfun
tion in the S
hwartz spa
e with non-vanishing moment of order zero. However,the Gaussian fun
tion is distinguished by the property that many integral operatorsa
ting on this fun
tion provide simple analyti
al expressions. In this 
hapter we
onsider some other remarkable approximation properties of semi-dis
rete 
onvolu-tions with the Gaussian.In Se
tion 7.1, we show that there exist semi-dis
rete 
onvolutions whi
h ap-proximate analyti
 fun
tions very a

urately even for large step sizes. We give, inparti
ular, estimates for the approximation of polynomials and exponential fun
-tions.The results of Subse
tion 3.5.2 are applied in Se
tion 7.2 to obtain expli
it errorestimates for the high-order approximate quasi-interpolation using linear 
ombina-tions of translates of the Gaussian as basis fun
tion.In Se
tion 7.3, we 
onsider the interpolation with linear 
ombinations of Gaus-sians on a uniform grid. Based on the expli
it formulas for the interpolants, wededu
e the new 
lass of Lagrangian fun
tions
ΨD(x) =

sinπx

πD sinh
x

D
.It is shown that the interpolants spanned by ΨD have approximation properties,similar to those of the sin
 fun
tion. In parti
ular, we show the exponential appro-ximation order of this interpolation up to some saturation error.7.1. Approximation of entire fun
tions7.1.1. Approximants on 
oarse grids. Suppose that u(x) is the restri
tionto Rn of an entire fun
tion u(z), z = (z1, . . . , zn) ∈ Cn, whi
h satis�es the estimate(7.1) |u(x + iπDhy) e−π2D|y|2 | ≤ A(1 + |y|)−n−δ , δ > 0 ,for some �xed positive parameters h and D and any x,y ∈ Rn. Then there existsthe integral(7.2) um :=

∫

Rn

e−π2D|y|2 u(hm + iπDhy) dyfor any m ∈ Zn. 143



144 7. APPROXIMATION BY GAUSSIANSTheorem 7.1. If the entire fun
tion u satis�es (7.1) and the semi-dis
rete
onvolution
uh(x) =

∑

m∈Zn

um e−|x−hm|2/Dh2
onverges absolutely for given x ∈ Rn, then(7.3) uh(x) − u(x) =
∑

ν∈Zn\{0}
u(x + iπDhν) e−π2D|ν|2 e

2πi
h 〈x,ν〉 .Proof. We may write

um e−|x−hm|2/Dh2

= (πDh)−n e−|x−hm|2/Dh2

∫

Rn

u(hm + iy) e−|y|2/Dh2

dy .Applying Cau
hy's Theorem several times we obtain
um e−|x−hm|2/Dh2

= (πDh)−n e−|x|2/Dh2

∫

Rn

u(iy) e−|y|2/Dh2

e2〈x−iy,m〉/Dh

= (πDh)−n

∫

Rn

u(x + iy) e−|y|2/Dh2

e2i〈x/h−m,y〉/Dh dy

=

∫

Rn

u(x + iπDhy) e−π2D|y|2 e 2πi〈x/h−m,y〉 dy

=

∫

Rn

fx(y) e−2πi〈m,y〉 dy = Ffx(m) ,where we use the notation
fx(y) = u(x + iπDhy) e−π2D|y|2 e2πi〈x,y〉/h .Now it remains to apply Poisson's summation formula (2.17) whi
h gives

∑

m∈Zn

Ffx(m) =
∑

ν∈Zn

fx(ν) =
∑

ν∈Zn

u(x + iπDhν) e−π2D|ν|2 e2πi〈x,ν〉/h ,and is valid sin
e the series 
onverge absolutely in view of (7.2). �Note that under the 
ondition(7.4) ∫

Rn

|Fu(λ)| e π2Dh2|λ|2 dλ <∞ ,there is an equivalent formula for the 
oe�
ient(7.5) um = (πD)−n/2

∫

Rn

Fu(λ) eπ2Dh2|λ|2 e2πih〈m,λ〉 dλ .Condition (7.4) is satis�ed, for example, if u is an entire fun
tion subje
t to
|xαu(x + iy)| ≤ Cα exp

( n∑

j=1

aj |yj |
)
.Then its Fourier transform has 
ompa
t support

suppFu ⊆ {λ : −aj ≤ λj ≤ aj} .



7.1. APPROXIMATION OF ENTIRE FUNCTIONS 145Relation (7.3) shows that the semi-dis
rete 
onvolution uh 
an be a very pre
iseapproximant to entire fun
tions u(z) even for relatively large steps h, ifD is properly
hosen.7.1.2. Examples.7.1.2.1. Polynomials. From the relations
um =

∞∫

−∞

(hm+ iπDhy)j e−π2Dy2

dy =
d j

dλ j

∞∫

−∞

e−π2Dy2

e (hm+iπDhy)λ dy

∣∣∣∣
λ=0and

d j

dλ j

∞∫

−∞

e−π2Dy2

e (hm+iπDhy)λ dy =
1√
πD

d j

dλ j

(
ehmλ e−Dh2λ2/4

)

=
em2/D
√
πD

d j

dλ j
e−(m/

√
D−

√
Dhλ/2)2and the de�nition of the Hermite polynomials (3.6), we obtain

um = (−1)j e m2/D
√
πD

(√Dh
2

)j

Hj

( m√
D

−
√
Dhλ
2

)
e−(m/

√
D−

√
Dhλ/2)2

∣∣∣∣
λ=0

=
1√
πD
(√Dh

2

)j

Hj

( m√
D
)
.Hen
e, in view of (7.3),

xj =
1√
πD
(√Dh

2

)j ∞∑

m=−∞
Hj

( m√
D
)

e−(x−hm)2/Dh2

+Rj(x) ,so that the monomial x j is approximated by
1√
πD
(√Dh

2

)j ∞∑

m=−∞
Hj

( m√
D
)

e−(x−hm)2/Dh2with the error estimated by
|Rj(x)| ≤

∑

m∈Z\{0}
|x+ iπDhm|j e−π2Dm2

.In the 
ase of n dimensions and with h = 1 we get, in parti
ular,
xα =

1

(πD)n/2

(√Dh
2

)[α] ∑

m∈Zn

Hα

( m√
D
)

e−|x−m|2/D +Rα(x) ,(7.6)where Hα denotes the Hermite polynomial of n variables
Hα(x) = (−1)[α] e |x|2 ∂α e−|x|2 ,(7.7)and

Rα(x) =
∑

ν∈Zn\{0}
(x + iπDν)α e−π2D|ν|2 e 2πi〈x,ν〉 .



146 7. APPROXIMATION BY GAUSSIANSNote that for any multi-index α = (α1, . . . , αn)

Hα(x) =

n∏

j=1

Hαj (xj) ,with the univariate Hermite polynomial de�ned by (3.6). We see from (7.6) thatany polynomial P (x) 
an be approximated by linear 
ombinations of the shiftedGaussians e−|x−m|2/D, m ∈ Zn, with an arbitrarily small relative error ǫ > 0 if Dis 
hosen large enough.7.1.2.2. Exponential fun
tion. Next, we 
onsider the approximation of the fun
-tion u(x) = e 〈x,a〉 with a �xed a ∈ Cn. Theorem 7.1 leads to
uh(x) = (πD)−n/2 e−Dh2a2/4

∑

m∈Zn

e 〈hm,a〉 e−|x−hm|2/Dh2

= e〈x,a〉
(
1 +

∑

ν∈Zn\{0}
e−π2D|ν|2 e2πi〈x/h+Dha/2,ν〉

)
.Thus, if a ∈ Rn, then for any h > 0, the series uh approximates the exponentialfun
tion with the relative error less than

∑

ν∈Zn\{0}
e−π2D|ν|2 .If a = u+ iv, u,v ∈ Rn with v 6= 0, and h ≤ π/(2|v|), then uh approximates e〈x,a〉with the relative error less than or equal to

∑

ν∈Zn\{0}
e−π2D|ν|2/2 .If n = 1, then we get some spe
ial 
ases of the well-known transformation formulafor Ja
obi's Theta fun
tion (see (1.5))(7.8) ϑ3(πz|ia) =

∑

m∈Z

e−m2πa+2πimz = a−1/2
∑

m∈Z

e−π(z−m)2/a ,for any z ∈ C and Re a > 0. In parti
ular, the substitution z = 2x− ia/2 providesthe identity
∑

m∈Z

(−1)m e−π(2x−m)2/a = a1/2
∑

m∈Z

e−πa(2m+1)2/4 e 2πi(2m+1)x

= 2 a1/2
∞∑

m=0

e−πa(2m+1)2/4 cos 2π(2m+ 1)x ,

(7.9)whi
h shows, for example, that
cos 2πx =

eπ2D/4

2
√
πD

∞∑

m=−∞
(−1)m e−(2x−m)2/D −R(x) ,with R(x) = eπ2D/4

∞∑

k=1

cos
(
2π(2k + 1)x

)
e−π2D(2k+1)2/4 = O(e−2π2D) .

(7.10)



7.2. HIGH-ORDER QUASI-INTERPOLATION 1477.1.2.3. Gaussian fun
tion. Finally we apply Theorem 7.1 and formula (7.5) to
e−|x|2/D1 , D1 > Dh2, and arrive at the expansion

e−|x|2/D1 =
( D1

πD(D1 −Dh2)

)n/2 ∑

m∈Zn

e−h2|m|2/(D1−Dh2) e−|x−hm|2/Dh2

− e−|x|2/D1

∑

ν∈Zn\{0}
e 2πi(D1−Dh2)〈x,ν〉/D1h e−π2D(D1−Dh2)|ν|2/D1

(7.11)whi
h shows that the Gaussian fun
tion 
an be expanded very a

urately into aseries of shifts of thinner Gaussians with the error
∣∣∣ e−|x|2/D1 −

( D1

πD(D1 −Dh2)

)n/2 ∑

m∈Zn

e−h2|m|2/(D1−Dh2) e−|x−hm|2/Dh2
∣∣∣

= O(e−π2D(D1−Dh2)/D1) e−|x|2/D1 .7.2. High-order quasi-interpolationHere, we apply the approa
h developed in Subse
tion 3.5.2 to study high-orderquasi-interpolants of the form
D−n/2

∑

m∈Zn

uh
m e−|x−hm|2/Dh2

.7.2.1. Generating fun
tions. A

ording to Subse
tion 3.5.2, the fun
tion
ηD = πn/2F−1(PM e−π2D|·|2)ful�lls the moment Condition 2.15 with N = 2M , if the 
oe�
ients of the trigono-metri
 polynomial

PM (λ) =
∑

[β]<M

aβ

n∏

j=1

cos 2πβjλj , β = (β1, . . . , βn) ∈ Zn
≥0 ,satisfy the equations(7.12) ∑

[β]<M

aβ β2α =
(
− D

4π2

)[α]

∂2α(Fη)−1(0)for all α, 0 ≤ [α] < M , with η(x) = e−|x|2 . By (3.1), the right-hand side has theform
∂2α(Fη)−1(0) = π−n/2 ∂2α eπ2|λ|2

∣∣∣
λ=0

= π−n/2π2[α]∂2α
(
e | · |2 )(0) ,and we obtain from (3.7) and (3.8)(7.13) ∂2α

(
e | · |2 )(0) =

(2α)!

α!
.This leads to the linear system for the 
oe�
ients aβ(7.14) ∑

[β]<M

aβ β2α =
(
− D

4

)[α] (2α)!

πn/2α!
, [α] < M ,whi
h is uniquely solvable by Theorem 3.17. As mentioned in Remark 3.18, owingto the radial stru
ture of e−|x|2, the values of aβ 
oin
ide for all permutations σ(β)



148 7. APPROXIMATION BY GAUSSIANSof the 
omponents of the multi-index β, aσ(β) = aβ. Therefore, the solution of(7.14) 
an be obtained from the redu
ed system(7.15) ∑

[β]<M
β1≥...≥βn

aβ

∑

γ=σ(α)

β2γ =
(
− D

4

)[α] (2α)!

πn/2α!for all multi-indi
es 0 ≤ [α] < M with α1 ≥ . . . ≥ αn, and the se
ond sum extendsover all di�erent multi-indi
es γ, whi
h are permutations of the 
omponents of αwith α1 ≥ . . . ≥ αn.If we denote the number of non-zero 
omponents of β by κ(β) and write
n∏

j=1

cos 2πβjλj = 2−κ(β)
∑

ξ(k)=β

e 2πi〈k,λ〉 ,then we see that the unique solution of (7.15) provides the required generatingfun
tion(7.16) ηD(x) = πn/2F−1(PM (λ) e−π2D|λ|2)(x) =
∑

|ξ(k)|<M

cke
−|x−k|2/D ,where ck = 2−κ(k) aξ(k) and as before ξ(k) = (|k1|, . . . , |kn|).Lemma 7.2. For any M > 0 and D > 0, there exist uniquely determined
oe�
ients ck with n∑

j=1

|kj | < M , su
h that the fun
tion (7.16) is symmetri
 andsatis�es the moment 
ondition (2.47) with N = 2M .Example 7.3. To 
onstru
t the sixth-order approximate quasi-interpolant in
R3, one has to solve the linear system (7.14) with 10 unknowns aβ, [β] ≤ 2,whi
h 
an be redu
ed to (7.15) with 4 unknows, 
orresponding to the multi-indi
es
(0, 0, 0), (1, 0, 0), (1, 1, 0), and (2, 0, 0). Its solution determines 25 
oe�
ients ck =
2−κ(k) aξ(k) with |ξ(k)| ≤ 2. These 
oe�
ients are given by

c(0,0,0) =
1

π3/2

(
1 +

15D
8

+
21D2

16

)
,

ck =





− D
π3/2

(1

3
+

3D
8

)
, |ξ(k)| = 1,

D
π3/2

( 1

48
+

D
32

)
, |ξ(k)| = 2, κ(k) = 1,

D2

π3/216
, |ξ(k)| = 2, κ(k) = 2.7.2.2. Saturation error. Now, we study the saturation error of the quasi-interpolation operator with the generating fun
tion (7.16).Lemma 7.4. For any multi-index α, [α] < 2M , and ν ∈ Zn it holds that(7.17) ∂αFηD(ν) = (−2π

√
D)[α] να e−π2D|ν|2 .Proof. Sin
e

FηD(λ) = πn/2 e−π2D|λ|2 PM (λ) ,
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ity of PM and the equalities (7.12) imply
∂αFηD(ν) = πn/2

∑

β≤α

α! (π
√
D)[α−β]

β! (α − β)!
∂βPM (ν) ∂α−β

(
e−| · |2 )(π

√
Dν)

= πn/2
∑

β≤α

α! (π
√
D)[α−β]

β!(α − β)!
∂βPM (0) ∂α−β

(
e−| · |2 )(π

√
Dν)

= (π
√
D)[α]

∑

β≤α

α!D[β]/2

β! (α − β)!
∂β
(
e | · |2 )(0) ∂α−β

(
e−| · |2 )(π

√
Dν) .Noting that by (7.13)

∂γ
(
e | · |2 )(0) =





(2β)!

β!
, γ = 2β , β ∈ Zn

≥0 ,

0 , otherwise ,we obtain
∂αFηD(

√
Dν) = (π

√
D)[α]

∑

2β≤α

α!

β! (α − 2β)!
∂α−β

(
e−| · |2 )(π

√
Dν)

= (−π
√
D)[α] e−π2D|ν|2

∑

2β≤α

α!

β! (α − 2β)!
Hα−2β(π

√
Dν) ,where we use the Hermite polynomial in n variables (7.7). It 
an be easily seenthat the expansion of the monomial xα with respe
t to the Hermite polynomialshas the form

xα = 2−[α]
∑

2β≤α

α!

β! (α − 2β)!
Hα−2β(x) ,whi
h leads to

∂αFηD(
√
Dν) = (−2π

√
Dν)α e−π2D|ν|2and establishes the assertion. �Theorem 7.5. Let M ∈ N, and let {aβ}[β]<M be the solution of the system(7.14). We de�ne the point fun
tionals(7.18) uh

m :=
∑

|ξ(k)|<M

2−κ(k) aξ(k) u(h(m − k)) .Then for any u ∈ WN
∞(Rn) and all h > 0 the estimate

∣∣∣u(x) −D−n/2
∑

m∈Zn

uh
m e−|x−hm|2/Dh2

∣∣∣

≤ hN
∑

[α]=N

ρα

α!
‖∂αu‖L∞

+

N−1∑

[α]=0

|∂αu(x)| (
√
Dh)[α]

α!

∑

ν∈Zn\{0}
|να| e−π2D|ν|2is valid, where

ρα = max
x∈Rn

D−n/2
∑

m∈Zn

∣∣∣(x − m)α
∑

|ξ(k)|<M

2−κ(k)aξ(k) e−|x−m−k|2/D
∣∣∣ .



150 7. APPROXIMATION BY GAUSSIANSProof. From the representation (2.50) and Lemmas 7.2 and 7.4, we derivethat the quasi-interpolant
uh(x) =

∑

m∈Zn

u(hm) ηD
(x

h
− m

)

=D−n/2
∑

m∈Zn

e−|x−hm|2/Dh2 ∑

|ξ(k)|<M

2−κ(k) aξ(k) u(h(m − k))
an be written as
uh(x) = u(x) +RN,h(x) +

N−1∑

[α]=0

( h

2πi

)[α] ∂αu(x)

α!

∑

ν∈Zn\{0}
∂αFηD(ν) e

2πi
h 〈x,ν〉

= u(x) +RN,h(x) +
N−1∑

[α]=0

(i
√
Dh)[α] ∂

αu(x)

α!

∑

ν∈Zn\{0}
να e−π2D|ν|2 e

2πi
h 〈x,ν〉,and RN,h is bounded by Theorem 2.17. �Remark 7.6. Any trigonometri
 polynomial P (λ) of period 1 satisfying theequations (7.12) 
an be used to 
onstru
t a generating fun
tion by

η(x) = πn/2F−1
(
e−π2D|·|2 P

)
(x)su
h that the assertion of the previous theorem holds. But it follows from Lemma 7.2that formula (7.18) gives the quasi-interpolant depending on the minimal numberof fun
tion values u(h(m − k)), |ξ(k)| < M .

[α] D = 3 D = 4

0 8.30 · 10−13 4.29 · 10−17

1 2.61 · 10−12 1.80 · 10−16

2 1.23 · 10−11 1.13 · 10−15

3 3.86 · 10−11 4.73 · 10−15

4 9.10 · 10−11 1.49 · 10−14

5 1.71 · 10−10 3.74 · 10−14

6 2.69 · 10−10 7.83 · 10−14

7 3.63 · 10−10 1.41 · 10−13Table 7.1. Coe�
ients of the saturation error for n = 3.In Table 7.1, we give upper bounds for the 
oe�
ients in the saturation error
(D π)[α]

α!

∑

ν∈Zn\{0}
|να| e−π2D|ν|2for di�erent [α] and D, in the 
ase of approximate quasi-interpolation in R3. Notethat these 
oe�
ients are multiplied by h[α] (see Theorem 7.5).



7.3. INTERPOLATION WITH GAUSSIAN KERNELS 1517.3. Interpolation with Gaussian kernelsIn the following, we 
onsider the interpolation with the semi-dis
rete 
onvolu-tion
(πD)−n/2

∑

m∈Zn

um e−|x−hm|2/Dh2(7.19)at the latti
e {hm, m ∈ Zn}, i.e., for a given fun
tion u, we look for a fun
tion
Qhu of the form (7.19) su
h that

Qhu(hm) = u(hm) for all m ∈ Zn .7.3.1. Lagrangian fun
tion. As mentioned in Subse
tion 1.2.3, the interpo-lant Qhu has the simple form
Qhu(x) =

∑

m∈Zn

u(hm)χD
(x

h
− m

)with the Lagrangian fun
tion(7.20) χD(x) = (πD)−n/2
∑

m∈Zn

χm e−|x−m|2/Dwhi
h satis�es χD(k) = δ0|k| for all integer ve
tors k ∈ Zn. In order to determinethe Lagrangian fun
tion χD, we introdu
e(7.21) gD(λ) :=
∑

ν∈Zn

e−π2D|λ−ν|2 ,whi
h 
an be written, in view of Poisson's summation formula (2.17), in the form
gD(λ) = (πD)−n/2

∑

m∈Zn

e−|m|2/D e 2πi〈m,λ〉 .Lemma 7.7. The Lagrangian fun
tion (7.20) is given by(7.22) χD(x) =

∫

Rn

e 2πi〈x,λ〉 e−π2D|λ|2

gD(λ)
dλ ,and the 
oe�
ients χm are the Fourier 
oe�
ients of the fun
tion 1/gD, i.e.,(7.23) χm =

∫

Q

e−2πi〈m,λ〉

gD(λ)
dλ ,where Q is the 
ube [− 1

2 ,
1
2

]n.Proof. We transform
∫

Rn

e 2πi〈x,λ〉 e−π2D|λ|2

gD(λ)
dλ =

∑

m∈Zn

∫

m+Q

e 2πi〈x,λ〉 e−π2D|λ|2

gD(λ)
dλ

=

∫

Q

e 2πi〈x,λ〉
∑

m∈Zn

e 2πi〈x,m〉 e−π2D|λ+m|2

gD(λ)
dλ .For x = k, it follows from (7.21) that

χD(k) =

∫

Q

e 2πi〈k,λ〉

gD(λ)

∑

m∈Zn

e−π2D|λ+m|2 dλ = δ0|k| .



152 7. APPROXIMATION BY GAUSSIANSThus, we obtain from (7.20) and (7.22) that
FχD(λ) =

e−π2D|λ|2

gD(λ)
= e−π2D|λ|2

∑

m∈Zn

χm e2πi〈m,λ〉 ,whi
h establishes (7.23). �The 
oe�
ients χm 
an be derived using the following lemma.Lemma 7.8. Let a > 0. Then(7.24) ( ∑

m∈Z

e−am2

e2πimx
)−1

=
∑

m∈Z

am e2πimx ,where
am =

e am2

κ(a)

∞∑

r=|m|
(−1)r e−a(r+1/2)2 ,and the 
onstant

κ(a) =

∞∑

r=−∞
(4r + 1) e−a(2r+1/2)2 =

(π
a

)3/2 ∞∑

r=−∞
(4r + 1) e−π2(2r+1/2)2/a .The formula for the 
oe�
ients am 
an be dedu
ed by applying the ResidueTheorem to the Theta-fun
tion ϑ3, whi
h leads to 
ertain re
urren
e relations forthese 
oe�
ients. Here we verify formula (7.24) by 
he
king that

∑

m∈Z

e−a(k−m)2 am = δk0 .(7.25)We 
onsider the sum
∞∑

m=−∞
e−a(k−m)2 e am2

∞∑

r=|m|
(−1)r e−a(r+1/2)2

= e−ak2−a/4
( ∞∑

r=0

(−1)r e−ar(r+1) +

∞∑

m=1

(e 2amk + e−2amk)

∞∑

r=m

(−1)r e−ar(r+1)
)

= e−ak2−a/4
( ∞∑

r=0

(−1)r e−ar(r+1) +

∞∑

r=1

(−1)r e−ar(r+1)
r∑

m=1

(e 2amk + e−2amk)
)
.If k = 0, then

∞∑

m=−∞

∞∑

r=|m|
(−1)r e−a(r+1/2)2 = e−a/4

(
1 +

∞∑

r=1

(−1)r e−ar(r+1)(1 + 2r)
)

=

∞∑

r=0

(−1)r(2r + 1) e−a(r+1/2)2 =

∞∑

r=−∞
(4r + 1) e−a(2r+1/2)2 .
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∞∑

r=0

(−1)r e−ar(r+1) +

∞∑

r=1

(−1)r e−ar(r+1)
r∑

m=1

(e 2amk + e−2amk)

= 1 +

∞∑

r=1

(−1)r e−ar(r+1)
(
1 +

e 2ak(r+1) − e 2ak

e 2ak −1
+

e−2ak(r+1) − e−2ak

e−2ak −1

)

= 1 +

∞∑

r=1

(−1)r e−ar(r+1) e 2ak(r+1) − e−2akr

e 2ak −1

=
1

e 2ak −1

(
e 2ak −1 +

∞∑

r=1

(−1)r
(

e−a(r+1)(r−2k) − e−ar(r+1+2k)
))

=
1

e 2ak −1

( ∞∑

r=0

(−1)r e−a(r+1)(r−2k) −
∞∑

r=0

(−1)r e−ar(r+1+2k)
)

=
1

e 2ak −1

( ∞∑

r=0

(−1)r e−a(r+1)(r−2k) +
−1∑

r=−∞
(−1)r e−a(r+1)(r−2k)

)we obtain the identity
∞∑

m=−∞
e−a(k−m)2 e am2

∞∑

r=|m|
(−1)r e−a(r+1/2)2

=
e−ak2−a/4

e 2ak −1

∞∑

r=−∞
(−1)r e−a(r+1)(r−2k) =

1

e ak − e− ak

∞∑

r=−∞
(−1)r e−a(r−k+1/2)2 .Now, we note that

∞∑

r=−∞
(−1)r e−a(r−k+1/2)2 =

∞∑

r=−∞
e−a(2r−k+1/2)2 −

∞∑

r=−∞
e−a(2r−k−1/2)2

=

∞∑

r=−∞
e−a(2r−k+1/2)2 −

∞∑

m=−∞
e−a(2(k−m)−k−1/2)2

=

∞∑

r=−∞
e−a(2r−k+1/2)2 −

∞∑

r=−∞
e−a(2r−k+1/2)2 = 0 ,whi
h 
on�rms the assertion of Lemma 7.8.Owing to (7.23) and Lemma 7.8, the 
oe�
ients of the Lagrangian fun
tion(7.20) are given by

χm = (πD)n/2 e |m|2/D

κ(D−1)n

n∏

j=1

∞∑

r=|mj|
(−1)r e−(r+1/2)2/cD .Thus, in the one-dimensional 
ase the Lagrangian fun
tion has the form

χD(x) =
1

κ(D−1)

∞∑

m=−∞
e−(x−m)2/D em2/D

∞∑

r=|m|
(−1)r e−(r+1/2)2/D

=
1

κ(D−1)

1

ex/D − e−x/D

∞∑

r=−∞
(−1)r e−(r−x+1/2)2/D ,(7.26)



154 7. APPROXIMATION BY GAUSSIANSwhere the last equation is obtained similarly to the veri�
ation of (7.25). Conse-quently,
χD(x) =

2

κ(D−1) sinh
x

D

∞∑

r=−∞

(
e−(x−(2r+1/2))2/D − e−(x+(2r+1/2))2/D

)

=
e−x2/D

sinh
x

D

∞∑

r=−∞
e−(2r+1/2)2/D sinh

(
(4r + 1)x/D

)

∞∑

r=−∞
(4r + 1) e−(2r+1/2)2/D

.Summarizing, we obtainLemma 7.9. The Lagrangian fun
tion of the span { e−| ·−m|2/D, m ∈ Zn
} isgiven by

χD(x) = e−|x|2/D

n∏

j=1

∞∑

rj=−∞
sinh (4rj + 1)xj

D e−(2rj+1/2)2/D

( ∞∑

r=−∞
(4r + 1) e−(2r+1/2)2/D

)n n∏

j=1

sinh xj

D

.In the next part, we show that a small perturbation of χD leads to anotherLagrangian fun
tion with simple analyti
 representation and interesting approxi-mation properties.7.3.2. Simpli�
ation. We use the expression (7.26)
χD(x) =

1

2κ(D−1) sinh(x/D)

∞∑

r=−∞
(−1)r e−(r−x+1/2)2/Dand the identity

∞∑

r=−∞
(−1)r e−(r−x+1/2)2/D = 2

√
πD

∞∑

k=0

(−1)k e−π2D(2k+1)2/4 sin(2k + 1)πx

= 2
√
πD e−π2D/4 sinπx+ O(e−9π2D/4) ,whi
h follows from (7.9). Hen
e, the Lagrangian fun
tion χD(x) 
an be representedas

χD(x) =

√
πD e−π2D/4 sinπx

κ(D−1) sinh(x/D)
+ O(e−9π2D/4)with

κ(D−1) = (πD)3/2 e−π2D/4 +O(e−9π2D/4) .Thus, we 
an repla
e χD with the fun
tion(7.27) ΨD(x) =
sinπx

πD sinh
x

D
,
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h, obviously, satis�es ΨD(k) = δ0k for all k ∈ Z and is a small perturbation of
χD. It 
an be easily seen that(7.28) |ΨD(x) − χD(x)| ≤ c

e−9π2D/4

cosh
x

D
.In Figs. 7.1 and 7.2 we depi
t the graphs of

sincx =
sinπx

πx
and Ψ2(x) =

sinπx

2π sinh
x

2

,whi
h indi
ate that the use of the Lagrangian fun
tion ΨD(x) redu
es drasti
allythe number of summations required to obtain a smooth interpolant to a givenfun
tion. On the other hand, we will show that up to negligible saturation errors
ΨD(x) provides similar approximation properties as the sin
 approximants.
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Figure 7.1. sin
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Figure 7.2. Ψ2(x)By the formula [81, 2.5.46.2℄
∞∫

0

sin bx

sinh ax
dx =

π

2a
tanh

πb

2a
,the Fourier transform of ΨD 
omputes to

FΨD(λ) =
sinhπ2D

2 coshπ2D(λ + 1/2) coshπ2D(λ − 1/2)

=
sinhπ2D

cosh 2π2Dλ+ coshπ2D .As in Subse
tion 7.3.1, we denote with the same symbol ΨD the Lagrangian fun
tionin Rn given by the tensor produ
t(7.29) ΨD(x) =
1

(πD)n

n∏

j=1

sinπxj

sinh
xj

D
, x = (x1, . . . , xn),whi
h has the Fourier transform

FΨD(λ) =

n∏

j=1

sinhπ2D
cosh 2π2Dλj + coshπ2D .



156 7. APPROXIMATION BY GAUSSIANS7.3.3. Interpolation error. In the following, we study some approximationproperties of the interpolant(7.30) Qhu(x) =
∑

m∈Zn

u(hm)ΨD
(x

h
− m

)
.Suppose that the 
ontinuous fun
tion u belongs to L1(Rn) and Fu ∈ L1(Rn).Then

Qhu(x) =
∑

m∈Zn

ΨD
(x

h
− m

)∫

Rn

Fu(λ) e 2πi〈hm,λ〉 dλ

=

∫

Rn

Fu(λ)
∑

m∈Zn

ΨD
(x

h
− m

)
e 2πi〈m,hλ〉 dλ ,where the 
hange of integration and summation is justi�ed be
ause the integrand isabsolutely integrable and ΨD ∈ S(Rn). From Poisson's summation formula (2.21),we derive

∑

m∈Zn

ΨD
(x

h
− m

)
e 2πih〈m,λ〉 = e 2πi〈x,λ〉

∑

ν∈Zn

e
2πi
h 〈x,ν〉 FΨD(hλ + ν) .Hen
e

Qhu(x) =

∫

Rn

Fu(λ) e 2πi〈x,λ〉
∑

ν∈Zn

e
2πi
h 〈x,ν〉 FΨD(hλ + ν) dλ .Moreover, sin
e

∑

ν∈Zn

FΨD(hλ + ν) =
∑

m∈Zn

ΨD(m) e−2πih〈m,λ〉 = 1 ,we obtain the representation of the interpolation error
u(x) −Qhu(x) =

∫

Rn

Fu(λ) e 2πi〈x,λ〉
(
1 −

∑

ν∈Zn

e
2πi
h 〈x,ν〉 FΨD(hλ + ν)

)
dλ .Let us introdu
e the fun
tion

ϑD(x,λ) =
∑

ν∈Zn

e 2πi〈x,ν〉 FΨD(λ + ν)

=
∑

ν∈Zn

n∏

j=1

sinhπ2D e 2πixjνj

cosh 2π2D(λj + νj) + coshπ2D ,su
h that
u(x) −Qhu(x) =

∫

Rn

Fu(λ) e 2πi〈x,λ〉
(
1 − ϑD

(x

h
, hλ

))
dλ .Note that

|ϑD(x,λ)| ≤ 1and for µ ∈ Zn(7.31) ϑD
(x

h
, hλ + µ

)
= e− 2πi

h 〈x,µ〉 ϑD
(x

h
, hλ

)
.
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tion ϑD(x, z) is meromorphi
 in z ∈ Cn withsimple poles at(7.32) k +
1

2
e +

i

πD (m +
1

2
e) , k,m ∈ Zn ,with the ve
tor e = (1, . . . , 1).Using (7.31), the interpolation error 
an be transformed to

u(x)−Qhu(x) =

∫

Rn

e 2πi〈x,λ〉Fu(λ)
(
1 − ϑD

(x

h
, hλ

))
dλ

=
∑

µ∈Zn

∫

h−1Q

e 2πi〈x,λ+µ/h〉Fu
(
λ +

µ

h

)(
1 − e− 2πi

h 〈x,µ〉 ϑD
(x

h
, hλ

))
dλ

=

∫

h−1Q

e 2πi〈x,λ〉
∑

µ∈Zn

Fu
(
λ +

µ

h

)(
e

2πi
h 〈x,µ〉 −ϑD

(x

h
, hλ

))
dλ ,where h−1Q denotes the 
ube [− 1

2h ,
1
2h ]n. Thus, we obtain the estimate

|u(x)−Qhu(x)| ≤ 2
∑

µ∈Zn\{0}

∫

h−1Q

∣∣Fu
(
λ +

µ

h

)∣∣ dλ

+
∣∣∣
∫

h−1Q

e 2πi〈x,λ〉 Fu(λ)
(
1 − ϑD

(x

h
, hλ

))
dλ
∣∣∣(7.33)

≤ 2

∫

Rn\h−1Q

|Fu(λ)| dλ +
∣∣∣
∫

h−1Q

e 2πi〈x,λ〉 Fu(λ)
(
1 − ϑD

(x

h
, hλ

))
dλ
∣∣∣ .7.3.4. Spe
tral 
onvergen
e. Based on the inequality (7.33), one 
an deriveseveral estimates for the interpolation error. Here and in the next subse
tion, wegive two examples. We restri
t ourselves to the 
ase when the 
ontinuous fun
tion ubelongs to L1(Rn) and its Fourier transform satis�es 
ertain integrability 
onditions.Theorem 7.10. Suppose that the 
ontinuous fun
tion u is su
h that

‖u‖′N :=

∫

Rn

|Fu(λ)| (1 + |λ|)N dλ <∞for some N ∈ N. Then the estimate(7.34) |u(x) −Qhu(x)| ≤ cN hN ‖u‖′N +

N−1∑

[α]=0

h[α] |aα(x/h)|
α!

|∂αu(x)|is valid, with the fun
tions(7.35) aα(x) = ∂α
λ

(
1 − ϑD(x,λ)

)∣∣∣
λ=0

,and the 
onstant cN does not depend on u.Proof. Be
ause(7.36) ∫

Rn\h−1Q

|Fu(λ)| dλ < (2h)N‖u‖′N ,it remains to estimate the se
ond term of the right-hand side of (7.33).
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Figure 7.3. Plot of a0(x) for D = 2Note �rst that in view of (7.32) the series
1 − ϑD(x, z) =

∞∑

[α]=0

aα(x)
zα

α!
onverges absolutely for all z = (z1, . . . , zn) ∈ Cn with
|zj | ≤

1

2πD
√

1 + π2D2 − δ , δ = 
onst > 0 ,uniformly for all x ∈ Rn. The fun
tions aα(x) are given by formula (7.35) and theyare smooth and periodi
 with period 1.Sin
e λ ∈ h−1Q implies |hλj | ≤ 1/2, we 
an use the series expansion to splitthe se
ond integral on the right-hand side of (7.33):
∫

h−1Q

e 2πi〈x,λ〉 Fu(λ)
(
1 − ϑD

(x

h
, hλ

))
dλ

=

∞∑

[α]=0

aα(x/h)

α!
h[α]

∫

h−1Q

e 2πi〈x,λ〉 λα Fu(λ) dλ

=

N∑

[α]=0

aα(x/h)

α!

(( h

2πi

)[α]

∂αu(x) − h[α]

∫

Rn\h−1Q

e 2πi〈x,λ〉 λα Fu(λ) dλ

)

+

∞∑

[α]=N

aα(x/h)

α!
h[α]

∫

h−1Q

e 2πi〈x,λ〉 λα Fu(λ) dλ .If [α] < N , then
h[α]

∫

Rn\h−1Q

|λα| |Fu(λ)| dλ ≤ h[α] ‖u‖′N max
λ∈Rn\h−1Q

|λα|
(1 + |λ|)N

≤ h[α] ‖u‖′N (2h)N−[α] = hN2N−[α] ‖u‖′N ,
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∣∣∣
∞∑

[α]=N

aα(x/h)
h[α]

α!

∫

h−1Q

e 2πi〈x,λ〉 λα Fu(λ) dλ
∣∣∣

≤ hN‖u‖′N
∞∑

[α]=N

|aα(x/h)|
α!

max
λ∈h−1Q

|(hλ)α|
(h+ |hλ|)N

.If we 
hoose a multi-index β ≤ α with [β] = N , then for λ ∈ h−1Q

|(hλ)α|
(h+ h|λ|)N

≤ |(hλ)α−β| |hλ|N

(h+ h|λ|)N
≤ 2N−[α] ,whi
h leads to

∣∣∣
∞∑

[α]=N

aα(x/h)

α!
h[α]

∫

h−1Q

e 2πi〈x,λ〉 λα Fu(λ) dλ
∣∣∣ ≤ (2h)N‖u‖′N

∞∑

[α]=N

|aα(x/h)|
2[α]α!

.The last series is uniformly bounded, whi
h implies together with (7.36) that the
onstant cN 
an be estimated by
cN < 2N

(
1 + max

x

∞∑

[α]=0

|aα(x)|
2[α]α!

)
. �In Table 7.2, we give some values of the 
oe�
ients aα(x)/α! of the saturationerror in estimate (7.34) for di�erent D and x in the one-dimensional 
ase.

D = 3 D = 4

α x = 0.25 x = 0.5 x = 0.25 x = 0.5

0 2.767 · 10−13 5.535 · 10−13 1.431 · 10−17 2.862 · 10−17

1 1.639 · 10−11 0.0 1.130 · 10−15 0.0

2 4.852 · 10−10 9.704 · 10−10 4.462 · 10−14 8.934 · 10−14

3 9.578 · 10−9 0.0 1.174 · 10−12 0.0

4 1.418 · 10−7 2.836 · 10−7 2.318 · 10−11 4.636 · 10−11

5 1.679 · 10−6 0.0 3.661 · 10−10 0.0

6 1.657 · 10−5 3.315 · 10−5 4.817 · 10−9 9.634 · 10−9

7 1.402 · 10−4 0.0 5.433 · 10−8 0.0

8 1.038 · 10−3 2.076 · 10−3 5.362 · 10−7 1.072 · 10−6Table 7.2. Values of aα(x)/α!Remark 7.11. Approximation properties of Qhu 
ould also be studied withthe methods developed in Chapter 2. However, the generating fun
tion ΨD hasa more 
ompli
ated dependen
e on D than the generating fun
tions 
onsideredthere. Additionally, ΨD does not satisfy the moment Condition 2.15 exa
tly. Infa
t, the parameter D ensures that the moment 
ondition is satis�ed approximatelyfor large N, if D is su�
iently large, whi
h ensures high-order 
onvergen
e up tosmall saturation errors.



160 7. APPROXIMATION BY GAUSSIANS7.3.5. Exponential 
onvergen
e. Finally, we show that the interpolationwith (7.30) 
onverges exponentially up to a saturation error.Theorem 7.12. If for some a > 0 the 
ontinuous fun
tion u satis�es
‖u‖′a :=

∫

Rn

|Fu(λ)| e a|λ| dλ <∞ ,then the error of the interpolation with (7.30) 
an be estimated for all x ∈ Rn by
|u(x) −Qhu(x)| ≤

(
e−a/(2h) +8

n∑

k=1

(
n

k

)
ck
(

tanh
π2D

2

)n−k
)
‖u‖′a ,where

c =

{
e−π2D , a ≥ 2hπ2D ,

e−a/(2h) , a ≤ 2hπ2D .Proof. We use the estimate (7.33) again. Obviously,
∫

Rn\h−1Q

|Fu(λ)| dλ ≤ e−a/2h

∫

Rn

|Fu(λ)| e a|λ| dλ .To estimate the se
ond integral of the right-hand side of (7.33), we note that
∣∣∣1 − ϑD

(x

h
, hλ

)∣∣∣ ≤
∑

ν∈Zn\{0}

∣∣∣1 − e
2πi
h 〈x,ν〉

∣∣∣FΨD(hλ + ν)

≤ 2
∑

ν∈Zn\{0}
FΨD(hλ + ν) ,whi
h leads to

∣∣∣
∫

h−1Q

e 2πi〈x,λ〉 Fu(λ)
(
1 − ϑD

(x

h
, hλ

))
dλ
∣∣∣

≤ 2

∫

h−1Q

|Fu(λ)| e a|λ| dλ max
λ∈h−1Q

(
e−a|λ|

∑

ν∈Zn\{0}
FΨD(hλ + ν)

)
.From

e−a|λ|
∑

ν∈Zn\{0}
FΨD(hλ + ν) =

∑

ν∈Zn\{0}

n∏

j=1

sinhπ2D e−a|λj |

cosh 2π2D(hλj + νj) + coshπ2D

=

n∏

j=1

( ∑

νj 6=0

sinhπ2D e−a|λj |

cosh 2π2D(hλj + νj) + coshπ2D +
sinhπ2D e−a|λj |

cosh 2π2Dhλj + coshπ2D

)

−
n∏

j=1

sinhπ2D e−a|λj |

cosh 2π2Dhλj + coshπ2D ,we 
on
lude that
max

λ∈h−1Q

(
e−a|λ|

∑

ν∈Zn\{0}
FΨD(hλ + ν)

)
≤ (c1 + c2)

n − cn2 ,
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c1 = max

|hλ|≤1/2

∑

k 6=0

sinhπ2D e−a|λ|

cosh 2π2D(hλ + k) + coshπ2Dand
c2 = max

|hλ|≤1/2

sinhπ2D e−a|λ|

cosh 2π2Dhλ+ coshπ2D = tanh
π2D

2
.Therefore, we obtain

max
λ∈h−1Q

(
e−a|λ|

∑

ν∈Zn\{0}
FΨD(hλ + ν)

)
≤

n∑

k=1

(
n

k

)
ck1

(
tanh

π2D
2

)n−k

.Hen
e, the se
ond integral on the right-hand side of (7.33) 
an be estimated by
∣∣∣
∫

h−1Q

e 2πi〈x,λ〉 Fu(λ)
(
1 − ϑD

(x

h
, hλ

))
dλ
∣∣∣

≤ 2

n∑

k=1

(
n

k

)
ck1

(
tanh

π2D
2

)n−k

‖u‖′a .The value c1 will be estimated in the next lemma. �Lemma 7.13. Let a > 0. Then
max

|hλ|≤1/2
e−a|λ|

∑

k 6=0

sinhπ2D
cosh 2π2D(hλ+ k) + coshπ2D <

{
4 e−π2D , a ≥ 2hπ2D ,

4 e−a/(2h) , a ≤ 2hπ2D .Proof. Sin
e |hλ| ≤ 1/2, we have the estimate
sinhπ2D

cosh 2π2D(hλ+ k) + coshπ2D <
2 sinhπ2D

e 2π2D(hλ+k) + eπ2D

< 2 sinhπ2D e−2π2D(hλ+k)for k = 1, 2, . . .. If k < 0, then hλ+ k < 0 and therefore,
sinhπ2D

cosh 2π2D(hλ + k) + coshπ2D < 2 sinhπ2D e 2π2D(hλ+k) .Hen
e, if |hλ| ≤ 1/2, then
∑

k 6=0

sinhπ2D
cosh 2π2D(hλ+ k) + coshπ2D

< 2 sinhπ2D
( ∞∑

k=1

e−2π2D(hλ) +

−1∑

k=−∞
e 2π2D(hλ+k)

)

= 4 sinhπ2D cosh 2π2Dhλ
∞∑

k=1

e−2π2Dk

= 4 sinhπ2D cosh 2π2Dhλ e−2π2D

1 − e−2π2D

= 2 e−π2D cosh 2π2Dhλ .



162 7. APPROXIMATION BY GAUSSIANSSo, it remains to determine
2 e−π2D max

0≤hλ≤1/2
e−aλ cosh 2π2Dhλ = 4 max

0≤hλ≤1/2
e−aλ e−π2D(1−2hλ)

=

{
4 e−π2D , a ≥ 2hπ2D ,

4 e−a/(2h) , a ≤ 2hπ2D . �Remark 7.14. Note that, in view of (7.28), the error estimates of Theorems7.10 and 7.12 are valid also for the interpolant of the form (7.19).7.4. Orthogonal proje
tionThe 
onstru
tion of the orthogonal (in L2) proje
tions onto the s
aled andshifted Gaussians uses some well-known fa
ts about prin
ipal shift invariant spa
es(see [11℄), whi
h we re
all brie�y. Denote by S(ϕ) the L2-
losure of �nite linear
ombinations of the shifts ϕ(· − m), m ∈ Zn, of a generating fun
tion ϕ, andsuppose that the shifts form an L2-stable basis of S(ϕ), i.e., for all {am} ∈ ℓ2(Zn)(7.37) c1 ‖{am}‖ℓ2 ≤
∥∥ ∑

m∈Zn

amφ(· − m)
∥∥

L2(Rn)
≤ c2 ‖{am}‖ℓ2 .Note that for any

φ(x) =
∑

m∈Zn

am ϕ(x − m) ∈ S(ϕ) ,we have
Fφ(λ) = τ(λ)Fϕ(λ) with τ(λ) :=

∑

m∈Zn

am e−2πi〈m,λ〉 ∈ L2((0, 1)n) .Furthermore, if Fφ = τ Fϕ ∈ L2(Rn) with a 1-periodi
 fun
tion τ , then(7.38) ‖φ‖L2(Rn) = ‖τ [Fϕ,Fϕ]1/2‖L2((0,1)n) ,where the bra
ket produ
t stands for the 1-periodi
 fun
tion
[f, g] :=

∑

m∈Zn

f(· − m) g(· − m) .For ea
h f ∈ L2(Rn), the L2-proje
tion Pf ∈ S(ϕ) is given by(7.39) F(Pf) =
[Ff,Fϕ]

[Fϕ,Fϕ]
Fϕ .Then the shifts of the fun
tion ϕ̌ ∈ S(ϕ), de�ned via(7.40) F ϕ̌ =

Fϕ
[Fϕ,Fϕ]

,form the 
orresponding biorthogonal basis, i.e., (ϕ(· − m), ϕ̌)L2 = δ0|m|, m ∈ Zn.Therefore, the best L2-approximant Phu of the form (7.19) to u ∈ L2(Rn) hasthe Fourier transform(7.41) F(Phu)(λ) = e−π2Dh2|λ|2

∑

ν∈Zn

Fu(λ +
ν

h
) e−π2D|hλ+ν|2

∑

ν∈Zn

e−2π2D|hλ+ν|2



7.5. NOTES 163and the approximation error is the L2-norm of the fun
tion
F(Phu)(λ) −Fu(λ)

=
1

g(hλ)

∑

ν∈Zn

(
e−π2Dh2|λ|2 Fu(λ +

ν

h
) − e−π2D|hλ+ν|2 Fu(λ)

)
e−π2D|hλ+ν|2 ,where

g(λ) :=
∑

ν∈Zn

e−2π2D|λ−ν|2 .7.5. NotesThe results of this 
hapter are based on the arti
le [68℄. The approximationwith Gaussian kernels e−|x|2 is often mentioned in the literature and has beenstudied by many authors in 
onne
tion with radial-basis fun
tions and prin
ipalshift-invariant spa
es.Buhmann found in [14℄ that the interpolation and quasi-interpolation fromthe stationary ladder Sh(e−a|·|2)h 
annot yield stri
t 
onvergen
e results, sin
epolynomial reprodu
tion is absent. As mentioned in the Notes to Chapter 2, it ispossible to obtain approximations with Gaussian kernels 
onverging for all h→ 0, ifone 
hooses the parameter D depending on h. This was studied by several authors.Mady
h and Nelson [58℄ and Wu and S
haba
k [98℄ study interpolants of the form
∑

m

um e−|x−xm|2/D ,where the points xm are allowed to be irregularly distributed over a domain Ω. Itis shown that the 
orresponding expressions approximate smooth fun
tions witharbitrarily high order or even with exponential order. Quasi-interpolation withGaussians on uniform grids with variable D was studied in [91, Se
tion 5.8℄ and[8℄, whi
h was already mentioned in Se
tion 2.5. The tensor produ
t 
onstru
tion ofa quasi-interpolation formula with Gaussians studied in [8℄ 
onverges with the rate
O(hN | log h|N ) if D(h) = N | log h|/π2, but depends on the values of u at (2M−1)ngrid points. Other results on the approximation power of the non-stationary laddersof prin
ipal shift-invariant spa
es Sh(e h|·|2)h were obtained in parti
ular by de Boorand Ron ([13℄) and Johnson ([39℄, [40℄), who proved 
onvergen
e of any order k in
L2 and Lp-spa
es, respe
tively.In all these approa
hes, the use of �ner grids enlarges the number of summandsne
essary to 
ompute the approximate value at a �xed point x within a giventoleran
e. This is in 
ontrast to the 
ase of �xed D, whi
h we prefer, be
ause thisis advantageous in numeri
al appli
ations and re�e
ts the lo
al 
hara
ter of thequasi-interpolants 
onstru
ted in Se
tion 7.2.The results of Se
tion 7.3 are new. The Lagrangian fun
tion ΨD 
an be 
onsid-ered as the approximate 
ounterpart of the sin
 fun
tion. Owing to the exponentialde
ay, ΨD o�ers 
ertain 
omputational advantages, and it would be interesting toexamine numeri
al pro
edures, developed for sinc fun
tion approximation, for ΨDapproximation also.





CHAPTER 8Approximate wavelets8.1. Introdu
tionIn this 
hapter we introdu
e the so-
alled approximate wavelet de
ompositionsof spa
es of approximating fun
tions, whi
h are generated by quite arbitrary fun
-tions in the S
hwartz 
lass. These fun
tions do not satisfy re�nement equationsexa
tly, but in some approximate sense, whi
h allows us to de
ompose �ne s
alespa
es within a given toleran
e into a dire
t sum of wavelet spa
es. As an ex-ample, we give a detailed 
onstru
tion for the Gaussian generating fun
tion. Theapproximate multi-resolution approa
h allows us to derive sparse representationsof pseudodi�erential and other integral operators of mathemati
al physi
s.The appli
ation of wavelet based methods to the representation of integral anddi�erential operators is an a
tual resear
h topi
 in the numeri
al analysis of solutionmethods for the 
orresponding operator equations. The usual setting is based onmulti-resolution analysis, introdu
ed in [74℄, [61℄. Starting from a �nite sequen
eof nested 
losed subspa
es(8.1) V0 ⊂ V1 ⊂ . . . ⊂ Vk ⊂ L2(R
n) ,the spa
e of approximating fun
tions Vk, 
orresponding to the �nest grid, is de-
omposed into the orthogonal sum(8.2) Vk = V0

k−1⊕

j=0

Wj ,where the wavelet spa
e Wj is the orthogonal 
omplement Wj = Vj+1 ⊖ Vj .The 
hain (8.1) is 
alled a (stationary) multi-resolution analysis of Vk if thespa
es Vj have the properties(i) f(x) ∈ V0 if and only if f(x − m) ∈ V0 for any m ∈ Zn;(ii) f(x) ∈ Vj if and only if f(2x) ∈ Vj+1 for any j = 0, . . . , k − 1;(iii) there exists a fun
tion φ su
h that {φ(· − m)}m∈Zn is an L2-stable basisin V0 (
f. (7.37)).Then the spa
es Vj are spanned by the dilated shifts φ(2j · −m), m ∈ Zn, of thes
aling fun
tion φ. The main goal of the multi-resolution is to determine a newbasis of the spa
e Vk, whi
h is used in numeri
al pro
edures. In n dimensions,there exist 2n − 1 fun
tions ψv ∈ W0, 
alled prewavelets, su
h that the shifts
{ψv(· − m),m ∈ Zn, v ∈ V ′} form an L2-stable basis in the spa
e W0. Here, theprewavelets ψv are indexed by the set V ′ = V\{0} with V denoting the set ofverti
es of the 
ube [0, 1/2]n. Thus, one obtains an L2-stable basis of the spa
e Vk
onsisting of
{φ(· − m),m ∈ Zn} and {2nj/2ψv(2j · −m),m ∈ Zn, v ∈ V ′, j = 0, . . . , n− 1} .165



166 8. APPROXIMATE WAVELETSSimilarly to other transform methods, elements of Vk are now expanded into thenew basis and the 
omputations take pla
e in this system of 
oordinates, whereone hopes to a
hieve that the 
omputation is faster than in the original system.Additionally, some features of wavelets, su
h as the lo
alization in both spa
e andfrequen
y domains and vanishing moment properties, lead to a number of new andinteresting properties of wavelet based numeri
al methods. The multi-resolutionstru
ture of the wavelet expansion leads to an e�e
tive organization of transfor-mations. Furthermore, if the wavelets have a high number of vanishing moments,then pseudodi�erential operators admit sparse matrix representations within a pre-s
ribed a

ura
y, whi
h allows one to design fast numeri
al algorithms for theseoperators.From the properties (i) and (ii), it follows that the s
aling fun
tion φ has tosatisfy the so-
alled re�nement equation(8.3) φ(x) =
∑

m∈Zn

am φ(2x − m) .In the appli
ations to integral operators, as a rule, the s
aling fun
tions are pie
e-wise polynomials satisfying some smoothness and vanishing moment 
onditions.One drawba
k of these fun
tions is that it is pra
ti
ally impossible to derive ana-lyti
 formulas for the a
tion of important integral operators of mathemati
al physi
son these fun
tions, espe
ially in the multi-dimensional 
ase. Thus, it is ne
essaryto use 
ubatures for integral operators with singular kernel fun
tions applied topie
ewise polynomials.A di�erent approa
h to the 
ubature of integral operators of mathemati
alphysi
s was developed in Chapter 4, where the density of the integral operatoris approximated by a quasi-interpolant (2.23) generated by some smooth fun
tion
η. Besides the de
ay and moment 
onditions, this fun
tion has the property thatthe integral Kη 
an be evaluated e�
iently, either analyti
ally or by simple one-dimensional quadrature. Here, we show that it is possible to �nd, similarly to thewavelet approa
h, a new basis in the linear span

{
η
(
(x − hm)/

√
Dh
)
,m ∈ Zn

}su
h that the integral operators admit a sparse representation.It is 
lear that the basi
 fun
tions we have in mind do not satisfy a re�nementequation of the form (8.3). But it turns out that for a wide 
lass of fun
tions,re�nement equations are valid in an approximate sense. For example, the expansion(7.11) shows that the Gaussian ϕD(x) = e−x2/D satis�es the inequality
∣∣∣ e−x2/D −

∑

m∈Z

e−µ2m2/D(1−µ2)

√
πD(1 − µ2)

e−(x−µm)2/Dµ2
∣∣∣

≤ e−x2/D
∑

ν∈Z\{0}
e−π2D(1−µ2)ν2

.
(8.4)This means that if we set µ = 1/2, then ϕD(x) 
an be expressed by a linear
ombination of the integer shifts of ϕD(2x) as in the usual re�nement equation(8.3), but only modulo the error

e−x2/D
∑

ν∈Z\{0}
e−3π2Dν2/4 ,
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h 
an be made smaller than any pres
ribed toleran
e if D is 
hosen su�
ientlylarge. This leads to the idea of performing an approximate multi-resolution analysisand wavelet 
onstru
tion analogously to the 
ase where one has an exa
t re�nementequation. This is the goal of the present 
hapter.Note also that the Gaussian satis�es the aforementioned approximate re�ne-ment equation for any parameter µ < 1. Hen
e in general one is not restri
ted tothe parti
ular 
hoi
e of µ = 1/2. However, in order to simplify notation, we willemploy dyadi
 dilations.In Se
tion 8.2, we prove that there exists a large 
lass of basi
 fun
tions satis-fying approximate re�nement equations in the sense of (8.4), whi
h is the basis foran approximate multi-resolution analysis. This is the topi
 of Se
tion 8.3. We willshow that, for any fun
tion η from this 
lass, su�
iently large D, and �xed k ∈ N,any element of the L2-
losure of the linear span(8.5) Vk :=
{
η
(2k · −m√

D
)
,m ∈ Zn

}
an be approximated by elements of the dire
t sum(8.6) Xk := V0 +̇W0 +̇ . . . +̇Wk−1 ,with some small relative error. The wavelet spa
es Wj are almost orthogonalso that the approximate de
omposition (8.6) of Vk 
an be performed, using theorthogonal proje
tions P0 onto V0 and Qj onto Wj.A 
entral point is the 
onstru
tion of univariate approximate wavelets. Forthe example of the Gaussian fun
tion, this is given in Se
tion 8.4. The waveletspa
es Wj are spanned by rapidly de
aying analyti
 fun
tions, plotted in Fig. 8.1,whi
h are small perturbations of elements of Vj+1 and whi
h are orthogonal toall elements of Vj . This allows one to obtain simple analyti
 formulas for theseapproximate wavelets. More pre
isely, in the one-dimensional 
ase, the spa
e W0
an be de�ned within the assumed toleran
e ε = O(e−π2D) as the L2-span of theinteger translates of the fun
tion(8.7) ψD(x) = e−(2x−1)2/6D cos
5π

6
(2x− 1) .Sin
e the values of many integral operators applied to the wavelets 
an begiven analyti
ally, one 
an use approximants from Xk to derive the 
ubature ofthese operators. One assumes that the transformation to the basis in Xk leadsto data 
ompression, at least for su�
iently smooth densities u. Additionally, themoments of the prewavelets are very small and 
an be 
ontrolled by the parameter

D. This implies, for example, a fast de
ay of the integrals Kψ if the kernel k(x,y)satis�es
|∂α

y k(x,y)| ≤ cα |x − y|−(γ+|α|) for some γ > 0 .In Se
tion 8.5, we 
onsider multi-variate approximate wavelets and the mul-tiresolution stru
ture of the spa
es spanned by the Gaussian radial fun
tion. Fur-thermore, we give expli
it formulas for the ortho-proje
tion P0 onto V0 and almostorthogonal proje
tions Q̃j onto Wj, whi
h are proved in Se
tion 8.6, so that forany ϕk ∈ Vk, the estimate(8.8) ∥∥ϕk − P0ϕk −
k−1∑

j=0

Q̃jϕk

∥∥
L2

≤ c ε ‖ϕk‖L2
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onstant not depending on ϕk and D. Furthermore, we show thatthis wavelet basis has the property that the a
tion of important pseudodi�erentialoperators 
an be obtained e�
iently.The proposed approximate multi-resolution analysis 
ombines the advantagesof well-established wavelet methods in numeri
al analysis with the use of simpleapproximating formulas based on smooth generating fun
tions. The drawba
k ofnon-
onvergen
e and non-exa
t re�nement equations 
an be over
ome by an appro-priate 
hoi
e of parameters to for
e the errors within the round-o� required.8.2. Approximate re�nement equationsIn Se
tion 7.1, we noti
ed the ex
ellent approximation properties of the Gauss-ian to smooth fun
tions. In parti
ular, formula (7.11) applied to the Gaussian itselfshows that for any µ < 1

e−|x|2/D = (πD(1 − µ2))−n/2
∑

m∈Zn

e−µ2|m|2/D(1−µ2) e−|x−µm|2/Dµ2

− e−|x|2/D
∑

ν∈Zn\{0}
e 2πi(1−µ2)〈x,ν〉/µ e−π2D(1−µ2)|ν|2 .

(8.9)The se
ond sum on the right-hand side is, for properly 
hosen µ and D, a smallremainder, whi
h 
an be ignored under 
ertain assumptions, dis
ussed later on.Here, we show that equations of this type are valid for a large 
lass of fun
tionsfrom the S
hwartz 
lass S(Rn).8.2.1. Approximate re�nement equations for η. Equation (8.9) is a re-lation of the form(8.10) η
( x√

D
)

= D−n/2
∑

m∈Zn

η̃
(µm√

D
)
η
(x − µm

µ
√
D
)

+ small remainder term,whi
h we 
all the approximate re�nement equation. In the example (8.9), the fun
-tion η̃ is given by(8.11) η̃(x) =
e−|x|2/(1−µ2)

(π(1 − µ2))n/2and the �small remainder term� means that for a �xed µ, the equality (8.10) holdsup to an arbitrarily small error if D is su�
iently large.Approximate re�nement equations are valid for a large 
lass of basi
 fun
tions
η as shown by the following assertion.Theorem 8.1. Suppose that η ∈ S(Rn) has a non-vanishing Fourier transform,
Fη 6= 0, and for some positive µ < 1, the fun
tion η̃ satis�es(8.12) F η̃ =

Fη
Fη(µ·) ∈ S(Rn) .Then(8.13) η

( x√
D
)

= D−n/2
∑

m∈Zn

η̃
(µm√

D
)
η
(x − µm

µ
√
D
)

+Rη,µ,D(x) ,



8.2. APPROXIMATE REFINEMENT EQUATIONS 169where Rη,µ,D ∈ S(Rn), and, moreover, for any ε > 0 and k > 0 there exists
D0 = D0(η, µ, k) > 0 su
h that (1 + |x|k)|Rη,µ,D(x)| < ε if D ≥ D0.Proof. We apply Poisson's summation formula (2.17) to the sum
D−n/2

∑

m∈Zn

g
(µm√

D
)
η
(x − µm√

Dµ
)

=
∑

ν∈Zn

∫

Rn

η̃(µy)η
( x√

Dµ
− y

)
e−2πi

√
D〈y,ν〉 dy

=
∑

ν∈Zn

∫

Rn

F η̃(λ)

∫

Rn

η(y) e2πi〈x/
√
Dµ−y,µλ−

√
Dν〉 dy dλ

=
∑

ν∈Zn

e2πi〈x,ν〉/µ

∫

Rn

Fη(λ)

Fη(µλ)
Fη(µλ +

√
Dν) e2πi〈x,λ〉/

√
D dλ

= η
( x√

D
)

+
∑

ν∈Zn\{0}
e2πi〈x,ν〉/µ

∫

Rn

Fη(λ)

Fη(µλ)
Fη(µλ +

√
Dν) e2πi〈x,λ〉/

√
D dλ .Using the notation

ξ(x,y) :=

∫

Rn

F η̃(λ)Fη(µλ + y) e2πi〈x,λ〉 dλ ,the assertion is proved if we show that
Rη,µ,D(x) = −

∑

ν∈Zn\{0}
ξ
( x√

D
,
√
Dν
)

e2πi〈x,ν〉/µbelongs to S(Rn) and 
an be made arbitrarily small by 
hoosing D large enough.Be
ause Fη,F η̃ ∈ S(Rn) and
∫

Rn

dλ

(1 + |λ|)j (1 + |µλ + y|)k

=

∫

|λ|<|y|/2µ

dλ

(1 + |λ|)j (1 + |µλ + y|)k
+

∫

|λ|>|y|/2µ

dλ

(1 + |λ|)j (1 + |µλ + y|)k

≤
(
1 +

|y|
2

)−k
∫

Rn

dλ

(1 + |λ|)j
+
(
1 +

|y|
2µ

)−j
∫

Rn

dλ

(1 + |µλ + y|)k

=
(
1 +

|y|
2

)−k
∫

Rn

dλ

(1 + |λ|)j
+ µ−n

(
1 +

|y|
2µ

)−j
∫

Rn

dλ

(1 + |λ|)k
,the estimate

|yγ∂α
x ξ(x,y)| ≤ Cαβholds uniformly in x. This enables one to write

xα∂β
xRη,µ,D(x) = −

∑

ν∈Zn\{0}
xα∂β

x

(
ξ
( x√

D
,
√
Dν
)

e2πi〈x,ν〉/µ
)
.By the same argument,

|xαyγ∂β
x ξ(x,y)| ≤ C

∫

Rn

∣∣yγ∂α
λ

(
λβF η̃(λ)Fη(µλ + y)

)∣∣dλ ≤ Cαβγ



170 8. APPROXIMATE WAVELETSfor all x,y ∈ Rn, whi
h implies Rη,µ,D ∈ S(Rn). Additionally, from
(1 + |x|k)|ξ(x,y)| ≤ Ck,j |y|−j ,it follows that the sum

(1 + |x|k)
∑

ν∈Zn\{0}

∣∣∣ξ
( x√

D
,
√
Dν
)∣∣∣
an be made arbitrarily small by 
hoosing D large enough. �Remark 8.2. By (8.12), the fun
tions η and η̃ are 
onne
ted by the 
onvolution

η(x) =

∫

Rn

η̃(x − µy)η(y) dy =
1

µ

∫

Rn

η
(x − y

µ

)
η̃(y) dy .8.2.2. Examples of mask fun
tions. In the following, the fun
tion η̃ whi
his de�ned by (8.12) will be referred to as the mask fun
tion 
orresponding to η.It will also play an important rule in Chapter 9 in developing quasi-interpolationformulas on graded meshes. In the 
ontext of the present 
hapter, only the validityof approximate re�nement equations and e�e
tive estimates for the remainder areimportant.Some of the generating fun
tions 
onsidered in Chapter 3 allow analyti
 formu-las for η̃. For example, the generating fun
tions η2M (x) = L
(n/2)
M−1(|x|2) e−|x|2 fromTheorem 3.5 satisfy the requirements of Theorem 8.1, sin
e by (3.19) they possesspositive Fourier transforms. By (8.11), the analyti
 expression of the mask to η2 is

η̃2(x) =
e−|x|2/α

(πα)n/2
, x ∈ Rn ,where α = 1 − µ2. η̃4 and η̃6, in the 
ase of one spa
e dimension, are given by

η̃4(t) =
1

µ2

[
η̃2(t) −

α

µ
W(

√
α

µ
,
t√
α

)
]
,

η̃6(t) =
1

µ4

{
η̃2(t) − 2

α

µ
Re
[1 + iµ2

√
1 + i

W
(√α(1+i)

µ ,
t√
α

)]}
.

(8.14)The fun
tion W(z, t) is de�ned by(8.15) W(z, t) =
e−t2

2

(
w(i(z + t)) + w(i(z − t))

)with the Faddeeva fun
tion (5.7). Of 
ourse, these formulas allow one to obtainanalyti
al representations for the mask fun
tions in any spa
e dimension when η(x)is a produ
t of one-dimensional fun
tions:
η(x) = η2M (x1) . . . η2M (xn).For n = 3, the mask fun
tion to

η4(x) =
(5

2
− |x|2

)
e−|x|2 , x ∈ R3 ,has the representation

η̃4(x) =
1

µ2

(
η̃2(x) − πα

2µ2

e−|x|2/α

|x|
(

w
( i(πα + |x|)

µ
√
α

)
− w

( i(πα− |x|)
µ
√
α

)))
.



8.3. APPROXIMATE MULTI-RESOLUTION ANALYSIS 1718.3. Approximate multi-resolution analysisIn this se
tion we perform an approximate multi-resolution analysis using theGaussian in Rn as the s
aling fun
tion.8.3.1. Approximate 
hain of subspa
es. We introdu
e the 
losed linearsubspa
es of L2(Rn)

Vj :=
{ ∑

m∈Zn

am φD(2j · −m) , {am} ∈ ℓ2(Z
n)
}
, j ∈ Z ,with the normed Gaussian fun
tion(8.16) φD(x) =

( 2

πD
)n/4

e−|x|2/D , x ∈ Rn ,i.e., ‖φD‖L2 = 1. Sin
e
∥∥∥
∑

m∈Zn

am φD(· − m)
∥∥∥

2

L2

= (2πD)n/2

∫

Rn

e−2π2D|λ|2
∣∣∣
∑

m∈Zn

am e 2πi〈m,λ〉
∣∣∣
2

dλ

= (2πD)n/2

∫

[0,1]n

∑

k∈Zn

e−2π2D|λ−k|2
∣∣∣
∑

m∈Zn

am e 2πi〈m,λ〉
∣∣∣
2

dλand ∑

k∈Zn

e−2π2D|λ−k|2 ≥ cD > 0 ,the set {φD(· − m)}m∈Zn is an L2-stable basis in V0.Furthermore, with µ = 1/2, from (8.9) we have the approximate re�nementequation
φD(x) =

2n

(3πD)n/2

∑

m∈Zn

e−|m|2/3D φD(2x− m) + O(εD)φD(x) ,where
εD =

∑

ν∈Zn\{0}
e−3π2D |ν|2/4 .Additionally, equation (8.9) shows that for any l < j the spa
eVl is almost in
ludedin Vj . For any element of ϕl ∈ Vl the small perturbation

ϕ̃l(x) = ϕl(x)
(
1 +

∑

ν∈Zn\{0}
e−π2D(1−4l−j) |ν|2 e2πi(2j−l−2l−j)〈x,ν〉

)admits the in
lusion(8.17) ϕ̃l ∈ Vj .Let us introdu
e a measure for the distan
e between subspa
es. Let A, B betwo 
losed linear manifolds of a Hilbert spa
e X . The gap (
f. [49, �IV.2℄) betweenthe subspa
es A and B is de�ned as
δ̂(A,B) = max(δ(A,B), δ(A,B)) ,where

δ(A,B) = sup
u∈SA

dist(u,B)and SA is the unit sphere of A (the set of all u ∈ A with ‖u‖ = 1).
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e X is a Hilbert spa
e, the gap 
an be determined from the relation
δ̂(A,B) = ‖PA − PB‖, where PA and PB denote the orthogonal proje
tions onto
A and B, respe
tively. Hen
e, δ̂ satis�es the triangle inequality and it 
an be usedto de�ne a distan
e between subspa
es, and the set of all 
losed subspa
es of Abe
omes a metri
 spa
e.Therefore, by (8.17)(8.18) δ(Vl,Vj) ≤

∑

ν∈Zn\{0}
e−3π2D |ν|2/4 = εDfor all l < j.8.3.2. Almost orthogonal de
omposition. We introdu
e the 
losed sub-spa
e W̃j ⊂ Vj+1 of all fun
tions whi
h are orthogonal to Vj and we 
hoosesubspa
es Wj su
h that δ̂(Wj ,W̃j) ≤ εD.It 
an be easily seen that

|(ϕj , ϕl)| ≤
(
(1 + ε)|j−l|−1 − 1

)
‖ϕj‖L2 ‖ϕl‖L2for ϕj ∈ Wj. Thus, the situation is very similar to the 
ase when exa
t re�nementequations are valid, whi
h was mentioned in Se
tion 8.1.Let us �x some integer k > 0, whi
h determines the grid for the approximatingfun
tions. In the following, we show that any element of Vk 
an be representedwithin some pres
ribed toleran
e as an element of the multi-resolution stru
ture(8.19) Xk := V0 +̇W0 +̇ . . . +̇Wk−1 .To this end, introdu
e the orthogonal proje
tions Pj : L2(Rn) → Vj , j = 0, . . . , k,and Qj : L2(Rn) → Wj , Q̃j : L2(Rn) → W̃j , j = 0, . . . , k − 1, and denote

Q−1 = P0.Theorem 8.3. Any ϕk ∈ Vk 
an be approximatively represented as an elementof the multi-resolution stru
ture (8.19) and the estimate
∥∥∥ϕk −

k−1∑

j=−1

Qjϕk

∥∥∥
L2

≤ k
3εD − 2ε2D

1 − εD
‖ϕk‖L2holds.Proof. The result follows from the use of the teles
opi
 series

ϕk = Pkϕk =

k∑

j=1

(Pj − Pj−1)ϕk + P0ϕk

=

k∑

j=1

(Pj − Pj−1)ϕk +Q−1ϕk =

k−1∑

j=−1

Qjϕk +

k−1∑

j=0

(Pj+1 − Pj −Qj)ϕkand the following auxiliary assertion.Lemma 8.4. The estimate
‖Pj +Qj − Pj+1‖L2 ≤ 3εD − 2ε2D

1 − εD
, j = 0, . . . , k − 1 ,holds.
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‖Pj +Qj − Pj+1‖L2 ≤ ‖Pj + Q̃j − Pj+1‖L2 + ‖Qj − Q̃j‖L2with

‖Qj − Q̃j‖L2 = δ̂(Wj ,W̃j) ≤ εD .Note that (8.18) implies the inequality(8.20) ‖ϕj − Pj+1ϕj‖L2 ≤ εD ‖ϕj‖L2 , ∀ϕj ∈ Vj .Sin
e Pj+1(Vj) = Vj+1 ⊖ Wj, any ϕj+1 ∈ Vj+1 
an be written in the form
ϕj+1 = Pj+1ϕj +Qjϕj+1with some ϕj ∈ Vj . From (8.20), we therefore derive

‖ϕj+1 − (ϕj +Qjϕj+1)‖L2 = ‖Pj+1ϕj − ϕj‖L2 ≤ εD‖ϕj‖L2and
‖ϕj‖L2 ≤ 1

1 − εD
‖Pj+1ϕj‖L2 =

1

1 − εD
‖ϕj+1 −Qjϕj+1‖L2 ≤ ‖ϕj+1‖L2

1 − εD
.Now we use that the sum Pj + Qj is the ortho-proje
tion onto Vj ⊕ Wj. Hen
efor any u ∈ L2(Rn), we obtain the estimate

‖(I − (Pj +Qj))Pj+1u‖L2 = inf
v∈Vj⊕Wj

‖Pj+1u− v‖L2 ≤ εD
1 − εD

‖u‖L2 ,leading together with (8.20) to
‖(Pj +Qj − Pj+1)u‖L2 ≤ ‖(I − Pj+1)(Pj +Qj)u‖L2 + ‖Pj+1(I − Pj −Qj)u‖L2

≤ inf
v∈Vj+1

‖(Pj +Qj)u− v‖L2 + ‖(I − Pj −Qj)Pj+1‖L2‖u‖L2

≤
(
εD +

εD
1 − εD

)
‖u‖L2 . �8.4. Approximate univariate wavelets8.4.1. Gaussian as s
aling fun
tion. To �nd an analyti
 expression of thewavelet, we apply some well-known 
onstru
tions from wavelet theory. The s
alingfun
tion is(8.21) φD(x) =

( 2

πD
)1/4

e−x2/D .We denote the 
orresponding s
aled and wavelet spa
es by Vj andWj , respe
tively.The fun
tion(8.22) ∑

m∈Z

(−1)m−1µm−1φD(2x−m) with µm =

∫

R

φD(x)φD(2x+m) dxis orthogonal to all integer shifts of φD, modulo 
onstants. It has the form
∑

m∈Z

(−1)m−1 e−(m−1)2/5D φD(2x−m) ∈ W̃0 ⊂ V0 .Its Fourier transform is given by(8.23) √
5πD
2

e−πiλ e−π2Dλ2/4 σ5D
(λ+ 1

2

)
,



174 8. APPROXIMATE WAVELETSwhere σα denotes the positive and 1-periodi
 fun
tion
σα(λ) =

1√
απ

∑

m∈Z

e−m2/α e2πimλ =
∑

j∈Z

e−απ2(λ+j)2 .Hen
e, the integer shifts of this fun
tion form a Riesz basis in W̃0.As indi
ated above, we want to use a very a

urate approximation of thisfun
tion by a simpler analyti
 representation. Using (7.10), we derive the formula
∑

m∈Z

(−1)m e−m2/5D φD(2x− 1 −m)

= e−(2x−1)2/6D
∑

m∈Z

(−1)m exp
(
− 6

5D
(5
6
(2x− 1) −m

)2)

=

√
10πD

3
e−5π2D/24 e−(2x−1)2/6D ( cos

5π

6
(2x− 1) +RD(x)

)
,

(8.24)with
RD(x) =

∞∑

k=1

cos
5π

6
(2k + 1)(2x− 1) e−5π2D(k2+k)/6 = O(e−5π2D/3) .The L2-norm of the fun
tion e−(2x−1)2/6D cos

5π

6
(2x− 1) is(8.25) κ−1

D =
∥∥∥ e−(2·−1)2/6D cos

5π

6
(2 · −1)

∥∥∥
L2

=
(3πD)1/4

2

√
1 − e−25π2D/12 .We introdu
e the normed approximate prewavelet(8.26) ψD(x) := κD e−(2x−1)2/6D cos

5π

6
(2x− 1) ,shown in Figs. 8.1 and 8.2 for two values of D. It di�ers from the 
orresponding
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Figure 8.1. Wavelet ψ3(x)
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Figure 8.2. Wavelet ψ5(x)
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tion in W̃0

ψ̃D(x) := κD

√
3

10πD e5π2D/24
∑

m∈Z

(−1)m e−m2/5D φD(2x− 1 −m)by
ψ̃D(x) − ψD(x) = κD e−(2x−1)2/6D

∞∑

k=1

e−5π2D(k2+k)/6 cos
5π(2k + 1)

6
(2x− 1)

= ψD(x)

∞∑

k=1

e−5π2D(k2+k)/6 cos(5π(2k + 1)(2x− 1)/6)

cos(5π(2x− 1)/6)
.Note that

cos(5π(2k + 1)(2x− 1)/6)

cos(5π(2x− 1)/6)
= (−1)k

(
1 + 2

k∑

j=1

(−1)j cos
5πj

3
(2x− 1)

)
.Hen
e,

ψ̃D(x) − ψD(x) = ψD(x)

∞∑

k=1

(−1)k e−5π2D(k2+k)/6
(
1 + 2

k∑

j=1

(−1)j cos
5πj

3
(2x− 1)

)and, 
onsequently, the gap admits the estimate δ̂(Wj , W̃j) < εD. Moreover, thefun
tions ψD(· −m), m ∈ Z, form a Riesz basis in W0.In view of
δ̂(V0+̇W0, V1) ≤

3εD − 2ε2D
1 − εD(see Lemma 8.4), the system {φD(· −m), ψD(· − k), k,m ∈ Z} is a Riesz basis in

V0+̇W0.8.4.2. Moments. Besides the fast de
ay of ψD, we are interested in the mo-ments of the approximate wavelet ψD. Sin
e this fun
tion is almost orthogonal tothe integer shifts of the Gaussian φD, whi
h approximate polynomials very a

u-rately as seen in Subse
tion 7.1.2, one 
an expe
t that even higher moments are verysmall and de
rease if D in
reases. Using the Fourier transform of the approximatewavelet
FψD(λ) = κD

√
6πD
2

e−πiλ e−3π2Dλ2/2 e−25π2D/24 
osh 5π2Dλ
2

=
(3πD)1/4

√
2√

e 25π2D/12 −1
e−πiλ e−3π2Dλ2/2 
osh 5π2Dλ

2
,

(8.27)one 
an 
ompute the moments of ψD by the formula
∫

R

xkψD(x) dx = (−2πi)−k d

dλ
FψD(λ)

∣∣∣
λ=0

=
(3πD)1/4

√
2

(−2πi)k
√

e 25π2D/12 −1

d

dλ

(
e−πiλ e−3π2Dλ2/2 
osh 5π2Dλ

2

)∣∣∣
λ=0

.The �rst 10 moments of ψD for di�erent values of D are given in the Table 8.1.



176 8. APPROXIMATE WAVELETSmoment D = 3 D = 4 D = 5

0 1.31 · 10−13 4.84 · 10−18 1.75 · 10−22

1 6.57 · 10−14 2.42 · 10−18 8.77 · 10−23

2 −1.79 · 10−11 −1.18 · 10−15 −6.70 · 10−20

3 −2.69 · 10−11 −1.77 · 10−15 −1.01 · 10−19

4 2.26 · 10−9 2.72 · 10−13 2.45 · 10−17

5 5.69 · 10−9 6.82 · 10−13 6.13 · 10−17

6 −2.61 · 10−7 −5.89 · 10−11 −8.54 · 10−15

7 −9.35 · 10−7 −2.086 · 10−10 −3.010 · 10−14

8 2.73 · 10−5 1.20 · 10−8 2.84 · 10−12

9 1.29 · 10−4 5.51 · 10−8 1.29 · 10−11

10 −2.54 · 10−3 −2.25 · 10−6 −8.93 · 10−10Table 8.1. Moments of ψDOwing to the simple form of ψD, it is also easy to 
ompute s
alar produ
ts ofelements of Vl and Wj . For example,
(φD , ψD(2k · −m))L2

=
2 4
√

6√
4k+1 + 6

e−(2m+1)2/(4k+1+6)D e−50·4kπ2D/3(4k+1+6)

√
1 − e−25π2D/12

cos
5π(2m+ 1)

4k+1 + 6
.

(8.28)Hen
e, if k = 0, then the approximate wavelets ψD are even orthogonal to theinteger shifts of the s
aling fun
tion φD, and therefore Vj ⊥Wj for all j.The e�e
t of the nearly vanishing moments is shown in Figs. 8.3 and 8.4 whi
hdepi
t the graph of the Hilbert transform of the wavelets ψ3 and ψ5. This fun
tionhas the analyti
 representation
HψD(x) =

1

π

∞∫

−∞

ψD(y)

y − x
dy

= κD
(

e−
25π2D

24 Imw
(5πiD + 2(2x− 1)

2
√

6D
)
− e−

(2x−1)2

6D sin
5π

6
(2x− 1)

)
.

(8.29)Here we use the Faddeeva fun
tion w(z) de�ned by (5.7).To analyze (8.29), we note that for z = x+ iy

Imw(z) =
2√
π

∞∫

0

e−t2 e−2yt sin 2xt dt .Hen
e ∣∣∣ Imw
(5πiD + 2(2x− 1)

2
√

6D
)∣∣∣ ≤ 1and this fun
tion 
onverges to zero as |x| → ∞. Thus the Hilbert transform of theapproximate wavelet

ψD(x) = κD e−(2x−1)2/6D cos
5π

6
(2x− 1)
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Figure 8.3. Hilberttransform Hψ3(x)
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Figure 8.4. Hilberttransform Hψ5(x)
oin
ides within the toleran
e κD e− 25π2D/24 with the fun
tion
−κD e−(2x−1)2/6D sin

5π

6
(2x− 1) .Sin
e the essential supports of ψD and HψD are small, a high 
ompression rate forthe matrix representation of the Hilbert transform in the basis

{
φD(· −m),m ∈ Z

} and {
2j/2ψD(2j · −m),m ∈ Z, j = 0, . . . , k − 1

}
an be a
hieved.8.4.3. Other examples. The above des
ribed 
onstru
tion of approximatewavelets 
an be performed for other generating fun
tions of approximate quasi-interpolants. Here, we 
onsider the s
aling fun
tion(8.30) φD(x) = e−x2/D cos

√
2

D x , x ∈ R .The quasi-interpolant generated by φD is of the approximation order 4 (see thetable in Subse
tion 3.2.1). We follow the wavelet 
onstru
tion indi
ated by (8.22).First one has to 
ompute the integral
µm =

∫

R

φD(x)φD(2x+m) dx =
√
D
∫

R

e−x2

cos
√

2x e−(2x+y)2 cos
√

2(2x+ y) dxwith y = m/
√
D. Sin
e

e−x2

cos
√

2x = e−1/2 Re e−(x+i/
√

2)2and
Reu · Re v =

1

2
(Reuv + Reuv) ,



178 8. APPROXIMATE WAVELETSwe have to 
ompute
µm =

√
D

2 e
Re

∫

R

(
e−(x+i/

√
2)2 e−(2x+y+i/

√
2)2 + e−(x+i/

√
2)2 e−(2x+y−i/

√
2)2
)
dx .From the relation

∫

R

e−(x+a)2 e−(2x+b)2 dx =

√
π

5
e−(2a−b)2/5 ,we obtain

µm =

√
πD

2 e
√

5
Re
(

e−(m/
√
D+3i/

√
2)2/5 + e−(m/

√
D+i/

√
2)2/5

)
.Thus, by using (8.22), the element of the span of {φD(2 ·+m)} whi
h is orthogonalto all integer shifts of φD has the form

∑

m∈Z

(−1)m Re e−((2x−1−m)/
√
D+i/

√
2)2

× Re
(
e−(m/

√
D+3i/

√
2)2/5 + e−(m/

√
D+i/

√
2)2/5

)
.Therefore, in the sequel, we try to obtain simple analyti
 representations for thereal part of the sums

∑

m∈Z

(−1)m e−((2x−1−m)/
√
D+i/

√
2)2 e−(m/

√
D±i/

√
2)2/5 ,

∑

m∈Z

(−1)m e−((2x−1−m)/
√
D+i/

√
2)2 e−(m/

√
D±3i/

√
2)2/5 .

(8.31)We start with(8.32) ∑

m∈Z

(−1)m e−((2x−1−m)/
√
D+i/

√
2)2 e−(m/

√
D−3i/

√
2)2/5 .Be
ause

(2x− 1 −m√
D

+
i√
2

)2

+
1

5

( m√
D

− 3i√
2

)2

=
(2x− 1√

6D
− i√

3

)2

+
6

5

( m√
D

− 4i

3
√

2
− 5(2x− 1)

6
√
D

)2

,(8.32) 
an be transformed to
e−((2x−1)/

√
6D−i/

√
3)2
∑

m∈Z

(−1)m exp
(
− 6

5D
(
m− 4i

√
D

3
√

2
− 5(2x− 1)

6

)2)

= e−((2x−1)/
√

6D−i/
√

3)2
√

10πD
3

×
∞∑

m=0

e−5π2D(2m+1)2/24 cos(2m+ 1)
(5π

6
(2x− 1) +

2πi
√

2D
3

)
,where we use the spe
ial 
ase (7.9) of Poisson's summation formula for the Thetafun
tion. The sum on the right-hand side 
an be approximated by its �rst term
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ura
y. Indeed, we have
∞∑

m=0

e−5π2D(2m+1)2/24 cos(2m+ 1)
(5π

6
y +

2πi
√

2D
3

)

= e−5π2D/24
(

cos
(5π

6
y +

2πi
√

2D
3

)
+RD(y)

)with the sum
RD(y) =

∞∑

m=1

e−5π2D((2m+1)2−1)/24 cos(2m+ 1)
(5π

6
y +

2πi
√

2D
3

)
.The terms of RD(y) 
an be estimated by

∣∣∣ e−5π2D((2m+1)2−1)/24 cos(2m+ 1)
(5π

6
y +

2πi
√

2D
3

)∣∣∣

≤ 2 e 16/15 exp
(
− 5π2D

24

((
2m+ 1 − 8

√
2

5π
√
D
)2

− 1
))

≤ 2 e 16/15 exp
(
− 5π2D

6

((
m− 4

√
2

5π
√
D
)2

+
(
m− 4

√
2

5π
√
D
)))

.Therefore, the fun
tion
ρD e−((2x−1)/

√
6D−i/

√
3)2 cos

(5π

6
(2x− 1) +

2πi
√

2D
3

)with ρD := e−5π2D/24

√
10πD

3approximates (8.32) with the error(8.33) c e−(2x−1)2/6D exp
(
− 5π2D

6

(
1 − 4

√
2

5π
√
D
)(

2 − 4
√

2

5π
√
D
))

,

c being some 
onstant independent of D. Obviously, this error is in the range ofsaturation errors and 
an be ignored if D is large enough.Thus, the real part of (8.32) 
an be approximated modulo saturation terms bythe fun
tion
Re
(

e−((2x−1)/
√

6D−i/
√

3)2 cos
(5π

6
(2x− 1) +

2πi
√

2D
3

))
.



180 8. APPROXIMATE WAVELETSThe remaining three sums of (8.31) 
an be approximated by
∑

m∈Z

(−1)m e−((2x−1−m)/
√
D+i/

√
2)2 e−(m/

√
D+3i/

√
2)2/5

≍ ρD e−((2x−1)/
√

6D+2i/
√

3)2 cos
(5π

6
(2x− 1) +

πi
√

2D
6

)
,

∑

m∈Z

(−1)m e−((2x−1−m)/
√
D+i/

√
2)2 e−(m/

√
D+i/

√
2)2/5

≍ ρD e−((2x−1)/
√

6D+i/
√

3)2 cos
(5π

6
(2x− 1) +

πi
√

2D
3

)
,

∑

m∈Z

(−1)m e−((2x−1−m)/
√
D+i/

√
2)2 e−(m/

√
D−i/

√
2)2/5

≍ ρD e−(2x−1)2/6D cos
(5π

6
(2x− 1) +

πi
√

2D
2

)
,where the errors are less than that of (8.32). More pre
isely, the estimates 
orre-sponding to (8.33) are of the form

c e−(2x−1)2/6D exp
(
− 5π2D

6

(
1 − j

√
2

5π
√
D
)(

2 − j
√

2

5π
√
D
))

, j = 1, 2, 3 .So, we de�ne the approximate wavelet ψD, 
orresponding to the s
aling fun
tion(8.30) by
ψD(x) := e−(2x−1)2/6D Re

(
e 4/3 e−4i(2x−1)/

√
18D cos

(5π

6
(2x− 1) +

πi
√

2D
6

)

+ e 1/3 e−2i(2x−1)/
√

18D
(

cos
(5π

6
(2x− 1) +

πi
√

2D
3

)

+ cos
(5π

6
(2x− 1) − 2πi

√
2D

3

))
+ cos

(5π

6
(2x− 1) +

πi
√

2D
2

))
,and its distan
e to the elements of the span of {φD(2 ·+m)}, whi
h are orthogonalto all integer shifts of φD, is estimated by (8.33). Finally, in a more 
ompa
t form,we get

ψD(x) = e−(2x−1)2/6D
(

cos
5π

6
(2x− 1) p(2x− 1) + sin

5π

6
(2x− 1) q(2x− 1)

)with the trigonometri
 polynomials
p(x) = cosh

√
2Dπ
2

+ e 1/3
(

cosh

√
2Dπ
3

+ cosh
2
√

2Dπ
3

)
cos

√
2x

3
√
D

+ e 4/3 cosh

√
2Dπ
6

cos
2
√

2x

3
√
D
,

q(x) = e 1/3
(

sinh
2
√

2Dπ
3

− sinh

√
2Dπ
3

)
sin

√
2x

3
√
D

− e 4/3 sinh

√
2Dπ
6

sin
2
√

2x

3
√
D
.
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ompositionIn the multi-variate 
ase, �rst we have to de�ne the approximate wavelet spa
e
W0. In a

ordan
e with Subse
tion 8.3.1, the elements of V1 whi
h are orthogonalto V0 form the spa
e W̃0. To de�ne the wavelet spa
e, whi
h is a perturbation of
W̃0, we denote(8.34) w0(x) := φD(x) , w1/2(x) := ψD(x) ,and we introdu
e the 
olle
tion of 2n fun
tions given on Rn by(8.35) Φv(x) = wv1(x1) · · ·wvn(xn) , v = (v1, . . . , vn) ∈ V .Here, V denotes the set of verti
es of the 
ube [0, 1/2]n. Furthermore, we de�nethe prin
ipal shift invariant spa
es

Xv := {Φv(· − m), m ∈ Zn} .Note thatX0 = V0. Furthermore, we know from (8.28) that (w0(·−m), w1/2)L2 = 0for all m ∈ Z. Hen
e, if v 6= v′, then also (Φv(· − m),Φv′)L2 = 0, for all m ∈ Zn,whi
h means that the prin
ipal shift invariant spa
es Xv, v ∈ V , are mutuallyorthogonal, Xv ⊥ Xv′ . The approximate wavelet spa
e W0 is de�ned as theorthogonal sum
W0 =

⊕

v∈V′

Xv ,where V ′ = V\{0}. Obviously, δ̂(V0+̇W0,V1) < ε and the fun
tions Φv(x − m),
m ∈ Zn, v ∈ V ′, form a Riesz basis in W0.Now, we 
onsider the problem of �nding the approximate wavelet de
omposi-tion of a given element belonging to Vk and of proving estimate (8.8). FollowingTheorem 8.3, one has to determine the orthogonal proje
tions onto V0 and Wj .8.5.1. Proje
tions onto V0. Sin
e φD(x) =

∏n
j=1 φD(xj), the ortho-pro-je
tion P0 onto V0 is the tensor produ
t(8.36) P0 = R0 ⊗ · · · ⊗R0of n 
opies of the univariate L2-proje
tion R0 onto V0.Theorem 8.5. The orthogonal proje
tion R0 onto V0 has the form(8.37) R0f =

∑

k∈Z

(f, φ̌D(· −m))L2 φD(· −m) ,where the fun
tion φ̌D ∈ V0 is given by the formula
φ̌D(x) =

∑

m∈Z

am(D)φD(x−m)with the 
oe�
ients
am(D) =

em2/2D

ρ(D)

∞∑

r=|m|
(−1)r e−(r+1/2)2/2Dand the 
onstant

ρ(D) = (2πD)3/2
∑

r∈Z

(4r + 1) e−2π2D(2r+1/2)2 .



182 8. APPROXIMATE WAVELETSProof. The biorthogonal basis is given by the integer shifts of φ̌D, whoseFourier transform is
F φ̌D =

FφD
[FφD,FφD](see (7.40)). Sin
e

[FφD,FφD] =
√

2πD
∑

ν∈Z

e−2π2D(λ−ν)2 =
∑

m∈Z

e−m2/2D e2πimλ ,the assertion follows immediately from Lemma 7.8. �8.5.2. Proje
tions onto W0. Be
ause of the tensor produ
t stru
ture of thefun
tions Φv, the ortho-proje
tion onto Xv is the tensor produ
t Rv1 ⊗ · · · ⊗ Rvnwith v = (v1, . . . , vn) ∈ V ′, where
R0 : L2(R) → V0 , R1/2 : L2(R) →W0denote the 
orresponding univariate ortho-proje
tions. Sin
e W0 is the orthogonalsum of the prin
ipal shift-invariant spa
es Xv, v ∈ V ′, the orthogonal proje
tion

Q0 onto W0 is given by(8.38) Q0 :=
∑

v∈V′

Rv1 ⊗ · · · ⊗Rvd
.In order to determine the approximate wavelet de
omposition besides the ortho-proje
tion R0 onto the span of the Gaussians, we need a 
omputable representationof the proje
tion R1/2 onto W0. The following theorem gives an operator R̃1/2,whi
h approximates R1/2 in the operator norm within the required a

ura
y.Theorem 8.6. The orthogonal proje
tion R1/2 onto W0 
an be approximatedby the operator

R̃1/2f =
∑

m∈Z

(
f, ψ̃D(· −m)

)
2
ψD(· −m) ,where the fun
tion ψ̃D is given as the sum

ψ̃D(x) :=
∑

m∈Z

ãm ψD(x−m) ∈W0 ,with the 
oe�
ients
ãm =

∞∑

j=0

(−1)j

(
(−1)mS1 e−3(j+1/2)2/4D e−|m|(j+1/2)/D

+S0 e−3(j+1/2)2/D e−2|m|(j+1/2)/D
)
,and the numbers S0 and S1, whi
h depend on the parameter D, are equal to

S0 =
2(1 − e−25π2D/12)

(πD)3/2
√

3

(∑

j∈Z

(−1)j(6j + 1) e−π2D(6j+1)2/12
)−1

,(8.39)
S1 =

1 − e−25π2D/12

(πD)3/2
√

3

(∑

j∈Z

(−1)j(6j + 1) e−π2D(6j+1)2/3
)−1

.(8.40)There exists a 
onstant c su
h that(8.41) ‖R1/2f − R̃1/2f‖L2 ≤ c e−π2D ‖f‖L2 , ∀ f ∈ L2(R) .



8.6. PROOF OF THEOREM 8.6 183The 
onstru
tion of an almost biorthogonal basis to {ψ(· − m)}m∈Z in thewavelet spa
e W0 is provided in Se
tion 8.6.Thus, instead of the ortho-proje
tionQ0 ontoW0 de�ned by (8.38), we 
onsiderthe operator(8.42) Q̃0 :=
∑

v∈V′

R̃v1 ⊗ · · · ⊗ R̃vn : L2(R
n) → W0 ,where R̃0 = R0 is given in Theorem 8.5 and R̃1/2 is des
ribed in Theorem 8.6. Itis 
lear that we have(8.43) ‖Q̃0 − Q0‖ ≤ c e−π2D ,with some 
onstant c depending only on n. By Theorem 8.3, we obtain the followingapproximate wavelet de
omposition of the spa
e Vn.Theorem 8.7. There exists a 
onstant c, depending on the spa
e dimension nand on k, su
h that for any ϕk ∈ Vk the estimate

‖ϕk −
k−1∑

j=−1

Q̃jϕk‖L2 ≤ c e−π2D ‖ϕk‖L2holds, where Q̃−1 = P0 is de�ned in (8.36) and the mappings Q̃j onto Wj areobtained by s
aling from Q̃0 given in (8.42).8.6. Proof of Theorem 8.6By (7.40), the biorthogonal basis to the wavelet basis {ψD(· −m)} is spannedby the fun
tion(8.44) ψ̌D(x) =
∑

m∈Z

wmψD(x−m) ,where wk are the Fourier 
oe�
ients of the re
ipro
al fun
tion of(8.45) G(λ) :=
∑

m∈Z

|FψD(λ+m)|2 = [FψD,FψD](λ) .From (8.27), we obtain(8.46) FψD(λ) = κD

√
6πD
4

e−πiλ
(

e−3π2D(λ+5/6)2/2 + e−3π2D(λ−5/6)2/2
)
,and therefore,

G(λ) =
3πD κ2

D
8

∑

m∈Z

(
e−3π2D(m+λ+5/6)2

+ e−3π2D(m+λ−5/6)2 +2 e−25π2D/12 e−3π2D(m+λ)2
)
.Obtaining a simple analyti
 expression of the Fourier 
oe�
ients of 1/G seems tobe impossible. However, a very a

urate approximation of these 
oe�
ients 
an bedetermined after some simpli�
ations.



184 8. APPROXIMATE WAVELETS8.6.1. Simpli�
ation of G(λ). Be
ause
∑

m∈Z

e−3π2D(m+λ+5/6)2 =
∑

m∈Z

e−3π2D(m−λ+1/6)2 ,

∑

m∈Z

e−3π2D(m+λ−5/6)2 =
∑

m∈Z

e−3π2D(m+λ+1/6)2 ,

2
∑

m∈Z

e−3π2D(m+λ)2 =
∑

m∈Z

(
e−3π2D(m+λ)2 + e−3π2D(m−λ)2

)

= eπ2D/12
∑

m∈Z

e−3π2D(m+λ+1/6)2 + e−3π2D(m+λ−1/6)2

2 coshπ2D(m+ λ)

+ eπ2D/12
∑

m∈Z

e−3π2D(m−λ+1/6)2 + e−3π2D(m−λ−1/6)2

2 coshπ2D(m− λ)

= eπ2D/12
∑

m∈Z

(
e−3π2D(m+λ+1/6)2

coshπ2D(m+ λ)
+

e−3π2D(m−λ+1/6)2

coshπ2D(m− λ)

)
,

G(λ) 
an be written in the form
G(λ) =

3πD κ2
D

8

∑

m∈Z

(
e−3π2D(m+λ+1/6)2 + e−3π2D(m−λ+1/6)2

)

+
3πD κ2

D e−2π2D

8

∑

m∈Z

(
e−3π2D(m+λ+1/6)2

coshπ2D(m+ λ)
+

e−3π2D(m−λ+1/6)2

coshπ2D(m− λ)

)
.Thus, G(λ) is a small and smooth perturbation of the 1-periodi
 fun
tion(8.47) g(λ) =

3πD κ2
D

8

∑

m∈Z

(
e−3π2D(m+λ+1/6)2 + e−3π2D(m−λ+1/6)2

)
,and the perturbation is bounded by(8.48) 0 < G(λ) − g(λ) < e−2π2D g(λ) .Instead of the Fourier 
oe�
ients wk of 1/G(λ), we will determine the Fourier
oe�
ients of 1/g(λ) in the following subse
tions.8.6.2. Error of repla
ing G(λ) by g(λ). Let us estimate the error whi
h ismade by this simpli�
ation. The Fourier 
oe�
ients ak of 1/g generate a fun
tiondenoted by(8.49) χD(x) =

∑

m∈Z

amψD(· −m)and a linear operator A : L2 →W0 de�ned by(8.50) Af =
∑

m∈Z

(f, χD(· −m))2 ψD(· −m) .Owing to (7.39), the Fourier transform of R1/2f , f ∈ L2(R), is given by
F(R1/2f)(λ) =

[Ff,FψD](λ)

G(λ)
FψD(λ) ,



8.6. PROOF OF THEOREM 8.6 185whereas by (8.50), the Fourier transform of Af equals
F(Af)(λ) =

[Ff,FψD](λ)

g(λ)
FψD(λ) .Hen
e,

‖(R1/2 −A)f‖2
L2

=

∫

R

∣∣∣ 1

G(λ)
− 1

g(λ)

∣∣∣
2

|FψD(λ)|2|[Ff,FψD](λ)|2 dλ

≤
∫

R

∣∣∣ 1

G(λ)
− 1

g(λ)

∣∣∣
2

|FψD|2[Ff,Ff ][FψD,FψD] dλ

=
∑

k∈Z

1∫

0

∣∣∣ 1

G(λ)
− 1

g(λ)

∣∣∣
2

|FψD(λ+ k)|2[Ff,Ff ][FψD,FψD] dλ

=

1∫

0

∣∣∣ 1

G(λ)
− 1

g(λ)

∣∣∣
2

[FψD,FψD]2 [Ff,Ff ] dλ

=

1∫

0

∣∣∣ 1

G(λ)
− 1

g(λ)

∣∣∣
2

G(λ)2 [Ff,Ff ] dλ ,where we use (8.45). Thus, by (8.48),
‖(R1/2 −A)f‖2

L2
≤

1∫

0

∣∣∣1 − G(λ)

g(λ)

∣∣∣
2

[Ff,Ff ] dλ ≤ e−4π2D
∫

R

|Ff |2 dλand therefore, the operator A, based on the Fourier 
oe�
ients of 1/g, di�ers fromthe ortho-proje
tion onto W0 by(8.51) ‖R1/2 − A‖ ≤ e−2π2D .8.6.3. Equations for the Fourier 
oe�
ients of 1/g. To �nd the Fourier
oe�
ients
ak =

1∫

0

e−2πikλ

g(λ)
dλ ,we apply some elementary methods of 
omplex fun
tion theory. The fun
tion g(z),

z ∈ C, is analyti
 and quasi doubly-periodi
 with(8.52) g(z + 1) = g(z) , g
(
z +

i

πD
)

= − e3/D e−6πiz g(z) .Hen
e, if we take a re
tangle R = (z, z + 1) × (z, z + i/πD), su
h that g(z) 6= 0on ∂R, then the 
hange in arg g(z) equals 6π, if z traverses the boundary ∂R in a
ounter
lo
kwise dire
tion. Then by the Argument Prin
iple, g(z) has three zerosin R. By the symmetry of g(z) the points with Re z = j or Re z = j + 1/2,
j ∈ Z, are 
andidates for zeros. Therefore, we 
hoose the re
tangular domain
R = (−1/4, 3/4)× (0, i/(πD)) as periodi
 
ell.



186 8. APPROXIMATE WAVELETSIt is easy to �nd the zero with Re z = 0, sin
e for z0 = i/(2πD)

g(z0) =
3πD κ2

D e3/4D

8

∑

m∈Z

(
e−3π2D(m+1/6)2 e−3πi(m+1/6)

+ e−3π2D(m+1/6)2 e3πi(m+1/6)
)

=
3πD κ2

D e3/4D

8

∑

m∈Z

(−1)m e−3π2D(m+1/6)2(e−πi/2 + eπi/2) = 0 .Next, we 
onsider
g̃(y) := g

(1

2
+ iy

)
=

3πDκ2
D

8

∑

m∈Z

(
e−3π2D(m+2/3+iy)2 + e−3π2D(m−1/3−iy)2

)

=
3πDκ2

D
8

e 3π2Dy2 ∑

m∈Z

e−3π2D(m+2/3)2(e−6π2Di(m+2/3)y + e6π2Di(m+2/3)y)

=
3πDκ2

D
4

e 3π2Dy2
∞∑

m=−∞
e−π2D(3m+2)2/3 cos 2π2D(3m+ 2)y

=
3πDκ2

D
4

e 3π2Dy2
( ∞∑

m=1

e−π2Dm2/3 cos 2π2Dmy −
∞∑

m=1

e−3π2Dm2

cos 6π2Dmy
)
.The trigonometri
 series has the period 1/(πD) and

g̃
( 1

πD − y
)

= e 3/D e−6πy g̃(y) .Moreover, at least for D ≥ 1, g̃ is a small perturbation of
3πDκ2

D
4

e−π2D/3 e 3π2Dy2

cos 2π2Dy ,su
h that its zeros y1, y2 are 
lose to the zeros of cos 2π2Dy. In other words, wehave g(z) = 0 at the points
zj =

1

2
+ iyj , j = 1, 2 ,with(8.53) y1 =

1 − ǫ

4πD and y2 =
3 + ǫ

4πD with small ǫ .More pre
isely, ǫ has to satisfy the equation
∞∑

m=1

(
e−π2Dm2/3 cos

πm(1 − ǫ)

2
− e−3π2Dm2

cos
πm(1 + 3ǫ)

2

)
= 0 ,i.e.,

sin
πǫ

2
= e−π2D cosπǫ+ O(e−5π2D) ,whi
h shows that 0 < ǫ < e−π2D.Knowing the poles of 1/g(z), we 
an apply the Residue Theorem and obtain

∫

∂R

e−2πikz

g(z)
dz = r0 + r1 + r2
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rj = 2πi Res

z=zj

e−2πikz

g(z)
= 2πi

e−2πikz

g′(z)

∣∣∣
z=zj

.Hen
e, the Fourier 
oe�
ients satisfy
ak =

3/4∫

−1/4

e−2πikλ

g(λ)
dλ =

3/4+i/(πD)∫

−1/4+i/(πD)

e−2πikz

g(z)
dz + r0 + r1 + r2 ,whi
h, together with (8.52), leads to the relation(8.54) ak = − e(2k−3)/D ak−3 + r0 + r1 + r2 for all k ∈ Z .Sin
e

g′(z0) =
9π3iD2κ2

D
2

e 3/4D
∑

m∈Z

(−1)m
(
m+

1

6

)
e−3π2D(m+1/6)2 ,we derive

r0 =
4πi e k/D

9π3iD2κ2
D e 3/4D

(∑

m∈Z

(−1)m
(
m+

1

6

)
e−3π2D(m+1/6)2

)−1

= C0 e k/Dwith the 
onstant(8.55) C0 =
8 e−3/4D

3π2D2κ2
D

( ∑

m∈Z

(−1)m(6m+ 1) e−π2D(6m+1)2/12
)−1

.To 
ompute the residues r1 and r2, we note that
g′(zj) = −i g̃′(yj) , j = 1, 2 ,and that

g̃′(yj) = −3π3D2κ2
D

2
e 3π2Dy2

j

∞∑

m=1

m
(

e−π2Dm2/3 sin 2π2Dmyj

− 3 e−3π2Dm2

sin 6π2Dmyj

)

= (−1)j−1 e 3π2Dy2
j bǫ ,where we denote

bǫ =
3π3D2κ2

D
2

×
∞∑

m=1

m
(

e−π2Dm2/3 sin
πm(1 − ǫ)

2
+ 3 e−3π2Dm2

sin
πm(1 + 3ǫ)

2

)
.

(8.56)Therefore, we derive
r1 + r2 = −2π

(e−2πikz1

g̃′(y1)
+

e−2πikz2

g̃′(y2)

)

= 2π
(e−πik e (3+ǫ)k/2D e−3(3+ǫ)2/16D

bǫ
− e−πik e (1−ǫ)k/2D e−3(1−ǫ)2/16D

bǫ

)

= (−1)k cǫ e k/D
(

e (2k−3)(1+ǫ)/4D − e−(2k−3)(1+ǫ)/4D
)



188 8. APPROXIMATE WAVELETSwith the abbreviation(8.57) cǫ =
2π e−3/4D e−3(1+ǫ)2/16D

bǫ
.Finally, (8.54) takes the form

ak = − e (2k−3)/D ak−3 + C0 e k/D

+ (−1)kcǫ e k/D
(

e (2k−3)(1+ǫ)/4D − e−(2k−3)(1+ǫ)/4D
)
,leading to the re
urren
e equations for the Fourier 
oe�
ients

e−k/D ak = − e (k−3)/D ak−3 + C0

+ (−1)kcǫ

(
e (2k−3)(1+ǫ)/4D − e−(2k−3)(1+ǫ)/4D

)(8.58)whi
h are to be solved.8.6.4. Solution of (8.58). Sin
e g(λ) is an even fun
tion, it su�
es to deter-mine the Fourier 
oe�
ients ak for k ≥ 0. After some 
al
ulations, whi
h are basedon the representation of a3k+j by aj , j = 0, 1, 2, and whi
h involve some tedioustransformations, we obtain the series expansion
ak = e k2/3D

(
e 3/4D C0

∞∑

j=0

(−1)j e−(3(j+1/2)+k)2/3D

+ (−1)k C1(ǫ)
∞∑

j=0

(
e−(3(j+(1−ǫ)/4)+k)2/3D − e−(3(j+(3+ǫ)/4)+k)2/3D

))(8.59)for k ≥ 0, with a new 
onstant C1(ǫ) = 2π/bǫ, whi
h, in view of (8.56), is given as
C1(ǫ) =

4

3π2D2κ2
D

×
( ∞∑

m=1

m
(

e−π2Dm2/3 sin
πm(1 − ǫ)

2
+ 3 e−3π2Dm2

sin
πm(1 + 3ǫ)

2

))−1

.

(8.60)The exa
t value of ǫ is not known but we know that ǫ < e−π2D. Therefore,in the following, we will use the formula for ak with ǫ set to 0. We introdu
e the
oe�
ients
ãk = e k2/3D

(
e 3/4D C0

∞∑

j=0

(−1)j e−(3(j+1/2)+k)2/3D

+ (−1)k C1

∞∑

j=0

(
e−(3(j+1/4)+k)2/3D − e−(3(j+3/4)+k)2/3D

))
,where C1 = C1(0). Taking into a

ount (8.55) and (8.60), the 
oe�
ients transformto

ãk =S0

∞∑

j=0

(−1)j e−3(j+1/2)2/D e−2k(j+1/2)/D(8.61)
+(−1)kS1

∞∑

j=0

(
e−3(j+1/4)2/D e−2k(j+1/4)/D − e−3(j+3/4)2/D e−2k(j+3/4)/D

)
,
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S0 =

8

3π2D2κ2
D

(∑

m∈Z

(−1)m(6m+ 1) e−π2D(6m+1)2/12
)−1

,

S1 =
4

3π2D2κ2
D

(∑

m∈Z

(−1)m(6m+ 1) e−π2D(6m+1)2/3
)−1

.With the value of κD (see (8.25)), the expressions (8.39) and (8.40) of S0 and S1follow. Noting that
∞∑

j=0

(
e−3(j+1/4)2/D e−2k(j+1/4)/D − e−3(j+3/4)2/D e−2k(j+3/4)/D

)

=

∞∑

j=0

(
e−3(2j+1/2)2/4D e−k(2j+1/2)/D − e−3(2j+1+1/2)2/4D e−k(2j+1+1/2)/D

)

=

∞∑

j=0

(−1)j e−3(j+1/2)2/4D e−k(j+1/2)/D ,one 
an transform (8.61) to
ãk =S0

∞∑

j=0

(−1)j e−3(j+1/2)2/D e−2k(j+1/2)/D

+ (−1)kS1

∞∑

j=0

(−1)j e−3(j+1/2)2/4D e−k(j+1/2)/D ,whi
h gives all formulas mentioned in the formulation of Theorem 8.6.8.6.5. Error of repla
ing ak by ãk. It remains to estimate the di�eren
ebetween the operators A (see (8.50)) and R̃1/2. The di�eren
e of the Fourier trans-forms of R̃1/2f and Af , f ∈ L2(R), 
an be written as
F(R̃1/2f)(λ) −F(Af)(λ) = [Ff,FψD](λ)FψD(λ)

(
τ(λ) − 1

g(λ)

)with the periodi
 fun
tion
τ(λ) =

∑

k∈Z

ãk e 2πikλ .Similarly to the estimation of ‖R1/2 −A‖, we have to �nd an upper bound to
∣∣∣τ(λ) − 1

g(λ)

∣∣∣G(λ) .Sin
e
1

g(λ)
=
∑

k∈Z

ak e 2πikλ ,one obtains from (8.59), after some elementary transformations,
1

g(λ)
− τ(λ) = F (λ, ǫ) − F (λ, 0) ,
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tion F (λ, ǫ) is given by
F (λ, ǫ) = C1(ǫ)

∞∑

j=−∞

(
e 2(j+(1−ǫ)/4)/D − e−2(j+(1−ǫ)/4)/D ) e−3(j+(1−ǫ)/4)2/D

e 2(j+(1−ǫ)/4)/D + e−2(j+(1−ǫ)/4)/D +2 cos 2πλ
.Hen
e, ∣∣∣τ(λ) − 1

g(λ)

∣∣∣G(λ) ≤ cǫ ,whi
h 
ompletes the proof of Theorem 8.6.8.7. Potentials of wavelet basis fun
tionsThis se
tion is devoted to the 
ubature of various potentials of wavelet basisfun
tions. We show that for any spa
e dimension these potentials 
an be expressedas one-dimensional integrals with smooth integrands, whi
h 
an be 
omputed verye�
iently. So, it is possible to 
ombine the advantages of well-established waveletmethods in numeri
al analysis with the e�
ient 
omputation of important integraloperators. Indeed, let the fun
tion u be approximated by a quasi-interpolant (2.23)with η(x) = e−|x|2 and h = 2−k, i.e., with an element M2−k,Du ∈ Vk. We takethe ortho-proje
tion ϕk = P (M2−k,Du) ∈ Xk and, in this way, we obtain a multi-variate wavelet expansion of u, i.e.,(8.62) ϕk(x) =
∑

m∈Zn

amΦ0(x − m) +
k−1∑

j=0

∑

m∈Zn

∑

v∈V′

avj,mΦv(2jx− m) ∈ Xk ,whereΦv are the wavelet basis fun
tions for the spa
es spanned by the n-dimensionalGaussian.In Subse
tion 8.7.1, we rewrite the wavelet basis fun
tions as anisotropi
 Gaus-sians of 
omplex arguments. In Subse
tion 8.7.2, the results of Se
tion 6.3 areextended in order to treat the a
tion of integral operators on those fun
tions. Asan appli
ation, we obtain formulas for harmoni
, di�ra
tion, and elasti
 potentialsof these fun
tions.8.7.1. Representation of wavelet basis fun
tions. We re
all from Se
-tion 8.5 that the 2n wavelet basis fun
tions are given as produ
ts
Φv(x) = wv1(x1) · · ·wvn(xn) , v = (v1, . . . , vn) ∈ Vwith

w0(x) = φD(x) = ρ e−x2/D ,

w1/2(x) = ψD(x) = κ e−(2x−1)2/6D cos
5π

6
(2x− 1)and the two norming fa
tors(8.63) ρ = ρD =

( 2

πD
)1/4

, κ = κD =
2

(3πD)1/4
√

1 − e−25π2D/12
.Here, V denotes the set of verti
es of the 
ube [0, 1/2]n (see (8.35)). For the following
omputation of potentials, we write the wavelet basis fun
tions Φv as anisotropi
Gaussians.Let us denote the unit ve
tors in Rn by ej = (δjk)n

k=1, j = 1, . . . , n, and set
e = e1 + . . . + en = (1, . . . , 1). For given v ∈ V , we denote the proje
tion matrix
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Qv = 2 diag(v) having the rank m, the number of non-zero 
omponents of v. Let
Pv = I −Qv. Then de�nitions (8.16) and (8.25) of φD and ψD imply(8.64) Φv(x) = ρn−mκm e−|Pvx|2/D e−|Qv(2x−e)|2/6D

n∏

j=1

cos
5π

6
〈Qv(2x − e), ej〉 .Using the relation(8.65) n∏

j=1

cos〈Qvy, ej〉 = 2−m
∑

u∈U
cos〈Qvy,u〉,where U denotes the set of the 2n ve
tors u ∈ Rn with 
omponents ±1, we 
anwrite Φv as the sum

Φv(x) =
ρn−mκm

2m
e−|Pvx|2/D e−|Qv(2x−e)|2/6D

∑

u∈U
cos

5π

6
〈Qv(2x− e),u〉.Note that

e−|Qv(2x−e)|2/6D cos
5π

6
〈Qv(2x − e),u〉

=
e−|Qv(2x−e)|2/6D

2

(
e 5πi〈Qv(2x−e),u〉/6 + e−5πi〈Qv(2x−e),u〉/6

)

=
e−25π2D|Qvu|2/24

2

(
e−|Qv(2x−e+5πiDu/2)|2/6D + e−|Qv(2x+e+5πiDu/2)|2/6D ),where, as in Se
tion 5.2, we put(8.66) 〈y, z〉 =

n∑

j=1

yjzj and |z|2 = 〈z, z〉 ,for 
omplex ve
tors y, z ∈ Cn.Using the abbreviation
fu(x) := e−|Pvx|2/D e−|Qv(2x−e+5πiDu/2)|2/6D(8.67)and noting that rank Qv = m, we obtain(8.68) Φv(x) =

ρn−mκm e−25π2Dm/24

2m

∑

u∈U
fu(x) .Now, we note that the fun
tion fu 
an be written as an anisotropi
 Gaussianfun
tion whi
h was de�ned in Subse
tion 3.3.5. Introdu
ing the matrix and theve
tor(8.69) A = DPv +

3D
2
Qv , z = Qv

(e

2
− 5πiDu

4

)
∈ Cn ,we 
an write fu in the form

fu(x) = e−〈A−1(x−z),x−z〉 ,i.e., as an anisotropi
 Gaussian with 
omplex ve
tor-valued arguments.
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 Gaussians of a 
omplex argument.Here, we 
ompute potentials of shifts of the anisotropi
 Gaussians of the form(8.70) e−〈A−1(x−z),x−z〉 ,where the matrix A has the same properties as in Se
tion 6.3 and z ∈ Cn is anarbitrary 
onstant ve
tor.First, we remark that for z = u + iv, u,v ∈ Rn, and A = AR + iAI with realsymmetri
 matri
es AR > 0 and AI , we have
Re〈A(x + z),x + z〉 =〈AR(x + u −A−1

R AIv),x + u −A−1
R AIv〉

− 〈(AR +AIA
−1
R AI)v,v〉 .Hen
e, for any given z ∈ Cn, the fun
tion (8.70) belongs to L2(Rn). Thus, one 
an
onsider partial di�erential equations with the right-hand side (8.70), similarly toSe
tion 6.3,We note that in view of (8.66), the fun
tion e−〈A−1z,z〉 is the analyti
 extensionof the general Gaussian onto Cn. Sin
e the di�erential operators, o

urring inTheorems 6.2, 6.4 and 6.5, have 
onstant 
oe�
ients, the assertion of these theoremsremains valid if the real ve
tor x ∈ Rn is repla
ed by z ∈ Cn. In parti
ular, weobtain the following result.Corollary 8.8. Under the assumptions on the matri
es A and B in Theo-rem 6.2, the following assertions are valid for any 
onstant ve
tor z ∈ Cn:(i) If n ≥ 3, then the fun
tion

u(x) =
1

4

∞∫

0

e−〈(A+tB)−1(x+z),x+z〉
√

det(A+ tB)
dtis a bounded solution of the equation

−〈B∇,∇〉u(x) =
e−〈A−1(x+z),x+z〉

√
detA

, x ∈ Rn .(ii) For a ∈ C, Rea > 0 and n ≥ 1 or Re a = 0 and n ≥ 3, the fun
tion
u(x) =

1

4

∞∫

0

e−〈(A+tB)−1(x+z),x+z〉
√

det(A+ tB)
e−at/4 dtis a bounded solution of the ellipti
 equation

−〈B∇,∇〉u(x) + au(x) =
e−〈A−1(x+z),x+z〉

√
detA

, x ∈ Rn .(iii) If n ≥ 3, then the fun
tion
wkl(x) = − 1

16

∞∫

0

t
∂2

∂xk∂xl

e−〈(A+tI)−1(x+z),x+z〉
√

det(A+ tI)
dtis a solution of the bi-Lapla
e equation

−∆2w (x) =
∂2

∂xk∂xl

e−〈A−1(x+z),x+z〉
√

detA
, x ∈ Rn ,satisfying w (x) → 0 as |x| → ∞.



8.7. POTENTIALS OF WAVELET BASIS FUNCTIONS 1938.7.3. Harmoni
 potentials of approximate wavelets. Let n ≥ 3. By(8.69), the matrix A has the form
A = DPv +

3D
2
Qv .Thus, by Corollary 8.8(i), the harmoni
 potential of the fun
tion fu de�ned by(8.67) equals

Lnfu(x) =
D
4

∞∫

0

e−|Pvx|2/D(1+t) e−|Qv(2x−e+5πiDu/2)|2/D(6+4t)

(1 + t)(n−m)/2(1 + 2t/3)m/2
dt ,whi
h gives the following formula for the harmoni
 potential of the basis waveletfun
tions

LnΦv(x) =
Dρn−mκm e−25π2Dm/24

2m+2

×
∑

u∈U

∞∫

0

e−|Pvx|2/D(1+t) e−|Qv(2x−e+5πiDu/2)|2/D(6+4t)

(1 + t)(n−m)/2(1 + 2t/3)m/2
dt.Now we use that

e−25π2Dm/24
(
e−|Qv(2x−e+5πiDu/2)|2/D(6+4t) + e−|Qv(2x−e−5πiDu/2)|2/D(6+4t)

)

= 2 e−25π2Dmt/6(6+4t) e−|Qv(2x−e|2/D(6+4t) cos
5π〈Qv(2x− e),u〉

6 + 4t
,whi
h gives, together with (8.65),

LnΦv(x) =
Dρn−mκm

4

×
∞∫

0

e−|Pvx|2/D(1+t) e−|Qv(2x−e)|2/D(6+4t)

(1 + t)(n−m)/2(1 + 2t/3)m/2

n∏

j=1

cos
5π〈Qv(2x − e), ej〉

6 + 4t
dt .Introdu
ing the two fun
tions

g0(x, t) = ρ
e−x2/D(1+t)

√
1 + t

,

g1/2(x, t) = τ
e−25π2Dt/6(6+4t)

√
1 + 2t/3

e−(2x−1)2/D(6+4t) cos
5π(2x− 1)

6 + 4t
,

(8.71)we 
an write the harmoni
 potential of the wavelet basis fun
tion in the form
LnΦv(x) =

D
4

∞∫

0

gv1(x1, t) . . . gvn(xn, t) dt .(8.72)



194 8. APPROXIMATE WAVELETSWe 
on
lude that the harmoni
 potential of a fun
tion u with the waveletexpansion (8.62) is approximated by
Ln,hu(x) =

∑

m∈Zn

am
Dn/2

4|x − m|n−2

|x−m|2/D∫

0

tn/2−2 e−t dt

+

k−1∑

j=0

D
22j+2

∑

m∈Zn

∑

v∈V′

avj,m

∞∫

0

gv1(2
jx1 −m1, t) . . . gvn(2jxn −mn, t) dt .

(8.73)8.7.4. Di�ra
tion potentials of approximate wavelets. Analogously tothe previous subse
tion, one 
an determine the di�ra
tion potential of the waveletbasis fun
tions
SnΦv(x) =

∫

Rn

Ek(x − y)Φv(y) dywith the fundamental solution Ek given by (5.2). By Corollary 8.8(ii), and usingthe arguments of Subse
tion 6.3.1, we derive
Snfu(x) =

iρn−mκmD
4

∞∫

0

e ik2t/4 e−|Pvx|2/D(1+it) e−|Qv(2x−e+5πiDu/2)|2/D(6+4it)

(1 + it)(n−m)/2(1 + 2it/3)m/2
dt.Be
ause

e−25π2Dm/24
(
e−|Qv(2x−e+5πiDu/2)|2/D(6+4it) + e−|Qv(2x−e−5πiDu/2)|2/D(6+4it)

)

= e−25π2iDmt/6(6+4it) e−|Qv(2x−e)|2/D(6+4it) cos
5π〈Qv(2x − e),u〉

6 + 4it
,one obtains the 
ompa
t form of the di�ra
tion potentials

SnΦv(x) =
iD
4

∞∫

0

e ik2t/4 gv1(x1, it) . . . gvn(xn, it) dtwith g0, g1 de�ned by (8.71).8.7.5. Elasti
 and hydrodynami
 potentials of approximate wavelets.Here, we provide the formulas for the elasti
 and hydrodynami
 potentials of thewavelet basis fun
tions Φv in R3. It follows from Corollary 8.8(iii) that the integrals
wkl(x) :=

1

8π

∂2

∂xk∂xl

∫

R3

|x− y| fu(y) dy =
1

8π

∫

R3

|x − y| ∂2

∂yk∂yl
fu(y) dywith fu de�ned by (8.67) 
an be written in the form

wkl(x) = − ρn−mκmD2

16

×
∞∫

0

t
∂2

∂xk∂xl

e−|Pvx|2/D(1+t) e−|Qv(2x−e+5πiDu/2)|2/D(6+4t)

(1 + t)(3−m)/2(1 + 2t/3)m/2
dt .



8.8. NUMERICAL EXAMPLE 195Then, together with formula (8.72), the one-dimensional integral representations ofthe elasti
 and hydrodynami
 potentials of Φv follow immediately. Sin
e by (5.50)
Γkl(x) =

λ+ µ

8πµ(λ+ 2µ)

∂2

∂xk∂xl
|x| − δkl

4πµ|x| ,the elasti
 potential of Φv 
an be obtained from
∫

R3

Γkl(x − y)Φv(y) dy

= − δkl

µ
L3(Φv)(x) +

λ+ µ

8πµ(λ+ 2µ)

∫

R3

|x − y| ∂2

∂yk∂yl
Φv(y) dy

= − D
4µ

∞∫

0

(
δkl +

tD(λ + µ)

4(λ+ 2µ)

∂2

∂xk∂xl

)
gv1(x1, t)gv2(x2, t)gv3(x3, t) dt ,

(8.74)
with the fun
tions g0, g1 de�ned by (8.71).Furthermore, by (5.49)

Ψkl(x) =
1

8πν

∂2

∂xk∂xl
|x| − δkl

4πν|x| ,whi
h together with (5.50) leads to the hydrodynami
 potential of the wavelet basisfun
tion
∫

R3

Ψkl(x − y)Φv(y) dy

= − δkl

ν
L3(Φv)(x) +

1

8πν

∫

R3

|x − y| ∂2

∂yk∂yl
Φv(y) dy

= − D
4ν

∞∫

0

(
δkl +

tD
4

∂2

∂xk∂xl

)
gv1(x1, t) . . . gvn(xn, t) dt ,

− 1

4π

∫

R3

xk − yk

|x − y|3 Φv(y) dy =
D
4

∂

∂xk

∞∫

0

gv1(x1, t)gv2(x2, t)gv3(x3, t) dt.

(8.75)
8.8. Numeri
al exampleThe de
omposition des
ribed in Theorem 8.7 was implemented in the one-dimensional 
ase to obtain 
ompressed representations for density fun
tions and itwas applied to the 
omputation of one-dimensional integral operators. Table 2 pro-vides some numeri
al results 
on
erning the evaluation of the Hilbert transform ofdi�erent fun
tions given on (−500, 500). Originally, the fun
tions are approximated



196 8. APPROXIMATE WAVELETSby the quasi-interpolant(8.76) uh(x) := D−n/2
32000∑

m=−32000

u(hm) exp
(
− (x− hm)2

Dh2

)
∈ V6with h = 1/64, i.e., they are determined by 64001 point values. Table 8.2 lists thenumber of all basis fun
tions in V0 and Wj , j = 0, . . . , 5, ne
essary to 
ompute theHilbert transform at all grid points {mh} with the pres
ribed a

ura
y εD.fun
tion D = 2 D = 3 D = 4

1 2563 3509 4689
|500 − x| 2290 3174 4286
sin(πx) 7624 7897 8116

e−x2/1000 811 897 1085
e−x2/1000 sin(πx) 3826 4140 4354Table 8.2. Number of basis fun
tions required to 
ompute theHilbert transform at all grid points with pres
ribed a

ura
y εDEx
ept for exp(−x2/1000), the density fun
tions u under 
onsideration areeither non-smooth or os
illating, su
h that the support of the proje
tions onto thespa
es V0 and Wj , Qju, is larger than the interval (−500, 500). Nevertheless thetable shows that it is possible to obtain signi�
ant 
ompression rates for data ifthe density fun
tion behaves su�
iently well. The same applies to the 
omputingtime. For example, to evaluate one point value of the integral besides the Hilberttransform of all Gaussians exp(−(x−m)2/D), whi
h form Q−1u ∈ V0, one has to
ompute only the Hilbert transform of the wavelets with essential support near thispoint. Therefore, the number of the summands, required to 
ompute the Hilberttransform at one given point is essentially smaller than 64001, ne
essary if therepresentation (8.76) is used, and even mu
h smaller than the number given inTable 8.2. 8.9. NotesApproximate multi-resolution analysis and approximate wavelets were proposedby the authors in [69℄.There is a large bibliography on wavelet theory. The basi
 material 
an befound, for example, in the books of Daube
hies [22℄, Meyer [74℄, and Chui [18℄.The theory of prewavelets is developed in [74℄ and by de Boor, DeVore, and Ron in[10℄. Many interesting examples of s
aling fun
tions, whi
h are used in numeri
alanalysis and satisfy 
ertain smoothness and vanishing moment 
onditions, 
an befound in [21℄, [22℄, [74℄, [19℄, [21℄. There exists a series of papers on the appli
ationof wavelet methods to the 
omputation of integral operators and the solution ofintegral equations, where di�erent types of s
aling fun
tions and wavelets are used(see [2℄, [9℄, [21℄, and [78℄ the referen
es therein).



CHAPTER 9Cubature over bounded domains9.1. Introdu
tionIn this 
hapter we extend the 
lasses of 
ubature formulas introdu
ed in Chap-ter 4 to integral operators over bounded domains.It was mentioned there that the exa
t 
omputation of volume potentials is an es-sential resour
e for the solution of boundary value problems with boundary integralmethods. Even more important appli
ations appear when one 
ombines boundaryintegral methods with iteration pro
edures for linear problems with variable 
oef-�
ients or for non-linear problems. Essentially, the approa
h for solving boundaryproblems for non-linear equations lumps the non-linearity into body for
es andthen solves the problem iteratively. This introdu
es domain integrals or volumepotentials to the 
orresponding boundary integral equations.If one wants to 
ompute the integral(9.1) Ku(x) =

∫

Ω

g(x− y)u(y) dyby using known values of the integral Kη applied to a generating fun
tion η, theapproximation of the density u by a linear 
ombination of dilated shifts of η has totake into a

ount the following 
ir
umstan
es:- The approximant should have a simple quasi-interpolation stru
ture.- Sin
e one has to approximate u extended by zero outside Ω, the approxi-mant must nearly vanish in Ωc = Rn \ Ω.- The error should be small in some integral norm over Rn sin
e we areinterested in the approximation of integral operators.- Dis
ontinuous fun
tions 
an be approximated with smooth η 
enteredon uniformly distributed nodes only with large errors; therefore meshre�nement near the boundary of the domain may prove useful.Here, we develop an iteration s
heme whi
h satis�es these requirements. We obtainan approximation formula(9.2) BMu(x) = D−n/2
∑

m∈Q0

u(hm)η
(x − hm

h
√
D
)

+
M∑

j=1

∑

m∈Qj

cj,m η
(x − hjm

hj

√
D
)
,with hj = µjh, 0 < µ < 1 and 
oe�
ients cj,m, depending on point values of u nearthe nodes hjm.The sets Qj ⊂ Zn are su
h that hQ0 
onsists of all nodes hm ∈ Ω lo
ated ata 
ertain distan
e to the boundary ∂Ω and su
h that hjQj ⊂ Ω, j = 1, . . . ,M , liein boundary layers of a width de
reasing with j. We show that BMu(x) approx-imates u on the whole Rn ex
ept for a small boundary layer of width de
reasing197



198 9. CUBATURE OVER BOUNDED DOMAINSexponentially with M , the number of iteration steps. This guarantees that BMprovides a similar approximation error in the Lp-norms as the quasi-interpolant
Mh,D generated by η, given in Theorem 2.28.The operator BM is the sum of the usual quasi-interpolation operator Mh,Dapplied to the restri
tion of u to some interior subdomain of Ω and multi-resolution
orre
tion terms near the boundary. The 
onstru
tion, whi
h will be dis
ussed inSe
tion 9.4, grants an easy 
omputation of the 
oe�
ients cj,m, and the introdu
-tion of new higher-frequen
y terms in (9.2) does not require re-
omputation of the
oe�
ients cj,m.The a

ura
y provided by BM for fun
tions on domains gives high-order 
uba-ture formulas for (9.1) by setting(9.3) Khu(x) = KBMu(x) =

M∑

j=0

∑

m∈Qk

cj,m Kη
( · − hjm

hj

√
D
)

(x) .with c0,m = D−n/2u(hm). This will be dis
ussed in Se
tion 9.5.In Se
tion 9.6, we spe
ialize this method for polyhedral domains and generatingfun
tions having tensor produ
t stru
ture. At the boundary layers, approximantson uniform meshes are 
onstru
ted, but the meshes are re�ned only in the dire
tionto the boundary. The anisotropi
 mesh re�nement leads to a 
onsiderable redu
tionof data points and, whi
h is most important, of the number of summands in KBMurequired for the 
ubature of Ku. In Se
tion 9.7, we 
onsider an example showinghow potentials of spe
ial anisotropi
 tensor produ
t generating fun
tions 
an be
omputed. 9.2. Simple approa
hWe start with a naive approa
h. By the lo
al 
hara
ter of quasi-interpolation,whi
h is des
ribed in Subse
tion 2.3.3, some of the above-mentioned requirements
an be satis�ed.Re
all that for arbitrarily small ε, there exist D and κ, su
h that for all x ∈
Ωκh ⊂ Ω the quasi-interpolant to any smooth fun
tion u ∈ WN

∞(Ω) provides theestimate
|u(x) −Mh,Du(x)| ≤ c(

√
Dh)N‖∇Nu‖L∞(Ω)

+ ε
(
‖u‖L∞(Ω) +

N−1∑

k=1

(
√
Dh)k|∇ku(x)|

)
,

(9.4)if η ∈ S(Rn) is subje
t to the moment Condition 2.15 of order N (
f. Corollary2.24). The subdomain Ωκh is de�ned by (2.67) and the 
onstant c depends on thegenerating fun
tion η. Note further that by Lemma 2.22(9.5) |Mh,D(χ0u)(x)| ≤ gD(h−1 dist(x,Ω) + κ, η) sup
Ω

|u| ≤ ε sup
Ωκh

|u| ,where χ0 is the 
hara
teristi
 fun
tion of Ωκh and x ∈ Ωc = Rn \ Ω.Consequently, the fun
tion Mh,D(χ0u) is su�
iently small on Ωc, and it appro-ximates u in the subdomain Ω2κh, in view of Corollary 2.24, with the estimate (9.4).So, we are left with the boundary layer S0 = Ω \ Ω2κh, where the error
u1(x) := u(x) −Mh,D(χ0u)(x)



9.2. SIMPLE APPROACH 199is large. In order to retain the simpli
ity of the approximation method, one 
ouldtry to approximate this dis
repan
y by the quasi-interpolation operatorMh1,D on a�ner mesh with step size h1 = µh, µ < 1. Sin
e the approximant must be su�
ientlysmall outside Ω, we introdu
e the 
hara
teristi
 fun
tion χ1 of the boundary layer
S1 = Ωκh1 \ Ω2κh+κh1 and 
onsider(9.6) Mh1,D(χ1u1)(x) = D−n/2

∑

h1m∈S1

u1(h1m)η
(x − h1m√

Dh1

)
,whi
h provides, in view of Corollary 2.24, the estimate

|u1(x) −Mh1,D(χ1u1)(x)| ≤ c(
√
Dh1)

N‖∇Nu1‖L∞(S1)

+ ε
(
‖u‖L∞(Ω) +

N−1∑

k=1

(
√
Dh1)

k|∇ku(x)|
)for x ∈ Ω2κh1 \ Ω2κh. However, sin
e Mh,D(χ0u) nearly vanishes at ∂Ω, one has

max
S1

|∇NMh,D(χ0u)| = O((
√
Dh)−N ) max

∂Ω2κh

|u| ,so that
|u1(x) −Mh1,D(χ1u1)(x)| ≤ c

(
(
√
Dh1)

N‖∇Nu‖L∞(Ω) + µN‖u‖L∞(Ω)

)

+ ε
(
‖u‖L∞(Ω) +

N−1∑

k=1

(
√
Dh1)

k|∇ku(x)|
)
.

(9.7)Hen
e, the approximation error depends on the quotient µ = h1/h. Of 
ourse, inorder to get approximation order O(hN ), one 
ould 
hoose µ = h, but this is notpra
ti
al be
ause of the large number of summands in (9.6).This pro
edure 
an be repeated iteratively as long as the remaining boundarylayer is su�
iently small, but for ea
h step the approximation error behaves like(9.7). This is 
on�rmed in Fig. 9.1(a), where the Heaviside fun
tion is approximatedwith the above pro
edure, using 5 iteration steps, µ = 1/2, and η is the Gaussian.Fortunately, there exists another approa
h to represent 
oarsely s
aled generating
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(b)Figure 9.1. Multis
ale approximation of the Heaviside fun
tionwith Gaussians, based on (a) quasi-interpolation of the dis
rep-an
y and (b) the approximate re�nement equation.



200 9. CUBATURE OVER BOUNDED DOMAINSfun
tions by linear 
ombinations of �ner s
aled versions, whi
h is based on theapproximate re�nement equation studied in Se
tion 8.2. Using this idea, insteadof the quasi-interpolation of the dis
repan
y, yields 
onsiderably better results, asshown in Fig. 9.1(b). In what follows, we utilize approximate re�nement equationsto 
onstru
t multi-resolution approximants for fun
tions given on domains.9.3. Appli
ation of the approximate re�nement equations9.3.1. Approximate fa
torization of the quasi-interpolant. Theorem8.1 states that identities of the form(9.8) η
( x√

D
)

= D−n/2
∑

m∈Zn

η̃
(µm√

D
)
η
(x − µm

µ
√
D
)

+Rη,µ,D(x)with a small remainder term Rη,µ,D are valid if η and the mask fun
tion
η̃ = F−1(Fη/Fη(µ·))belong to the S
hwartz 
lass S(Rn) and

Fη 6= 0 ,whi
h is supposed throughout.Theorem 9.1. If µ−1 ∈ N, then the approximate re�nement equation (9.8)implies the approximate fa
torization of the quasi-interpolation operator (2.23)(9.9) Mh,D = Mµh,D M̃h,D + Rh,Dwith the quasi-interpolant(9.10) M̃h,Du(x) := D−n/2
∑

m∈Zn

u(hm) η̃
(x− hm√

Dh
)and the remainder(9.11) Rh,Du(x) = D−n/2

∑

m∈Zn

u(hm)Rη,µ,D
(x

h
− m

)
.Proof. Using (9.8), one obtains

D−n/2
∑

m∈Zn

u(hm) η
(x − hm√

D h

)

= D−n
∑

ν,m∈Zn

u(hm) η̃
(µm√

D
)
η
(x/(µh) − m/µ− ν√

D
)

+ D−n/2
∑

m∈Zn

u(hm)Rη,µ,D(x/h− m).



9.3. APPLICATION OF THE APPROXIMATE REFINEMENT EQUATIONS 201Sin
e µ−1 is an integer, k = ν + µ−1m ∈ Zn. Thus, after re-indexing, one arrivesat the representation
Mh,Du(x) = D−n

∑

k,m∈Zn

u(hm) η̃
(µk − m√

D
)
η
(x− µhk

µh
√
D
)

+ Rh,Du(x)

= D−n
∑

k,m∈Zn

u(hm) η̃
(µhk − hm

h
√
D

)
η
(x − µhk

µh
√
D
)

+ Rh,Du(x)

= D−n/2
∑

k∈Zn

M̃h,Du(µhk) η
(x− µhk

µh
√
D
)

+ Rh,Du(x) . �9.3.2. Properties of the mask fun
tion η̃. In Se
tion 8.2, some analyti
examples of mask fun
tions η̃ were given. Here, we dis
uss some further propertiesof these fun
tions. Let us note that for the 
omputations in the algorithms des
ribedbelow, we do not need the analyti
 expression of the fun
tions η̃. In the followingse
tion, we will show that for our purposes it su�
es to pre
ompute the values of
η̃ just at several points, whi
h is simple if η is a radial fun
tion. Otherwise, it 
anbe done with some numeri
al method for 
omputing the inverse Fourier transform.Suppose that in addition to the requirements of Theorem 8.1, η is subje
t alsoto the moment Condition 2.15 of order N . Then, in view of (2.48), η̃ satis�es these
onditions as well. Then, by Theorem 2.17 the quasi-interpolant M̃h,D de�nedby (9.10) features the same rate of approximate 
onvergen
e as Mh,D (whi
h isgenerated by η). Note that the terms of the saturation error 
an be estimated by

‖εα(·, η̃,D)‖L∞
≤

∑

ν∈Zn\{0}

∣∣∣∣∂
α
λ

Fη(λ)

Fη(µλ)

∣∣∣
λ=

√
Dν

∣∣∣∣ .For example, the quasi-interpolation operator M̃h,D generated by the mask fun
tion
η̃2M to

η2M (x) = π−n/2 L
(n/2)
M−1 (|x|2) e−|x|2(
f. (3.18)) provides the estimate

|u− M̃h,Du| = O((
√
Dh)2M ) + ‖ε0( · , η̃2M ,D)‖L∞

,where
‖ε0( · , η̃2M ,D)‖L∞

≤
∑

ν∈Zn\{0}

PM−1(|ν|2π2D)

PM−1(µ2|ν|2π2D)
e−(1−µ2)|ν|2π2Dwith the polynomials

PM−1(t) =

M−1∑

j=0

tj

j!(
f. (2.39), (3.19), (8.12)). Consequently
‖ε0( · , η̃2M ,D)‖L∞

= O(nµ2−2M e−(1−µ2)π2D) .Similarly to (2.63), one 
an introdu
e the parameter κ̃ so that(9.12) κ̃[α]+1−N rD(κ̃, η̃) ≤ D[α]/2‖εα( · , η̃,D)‖L∞
, [α] < N ,
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tion rD(t, η̃) is de�ned as in (2.61). Note that by (2.64)
gD(κ̃, η̃) = sup

x∈Rn

D−n/2
∑

|x−m|>κ̃

∣∣∣η̃
(x − m√

D
)∣∣∣ ≤ ‖ε0( · , η̃,D)‖L∞

.9.3.3. Convolutions based on the remainder term. In the following, wehave to estimate semi-dis
rete 
onvolutionsRh,Du of the form (9.11) whi
h are gen-erated by the remainder term Rη,µ,D(x) in Theorem 8.1. These sums are properlyde�ned, sin
e we have rapid de
ay in x. Moreover, sin
e (1 + |x|k)|Rη,µ,D(x)| 
anbe made arbitrarily small by 
hoosing D large enough, one 
an always �nd D su
hthat(9.13) ‖Rh,Du‖L∞
≤ ε‖u‖L∞for any pres
ribed ε > 0.Let us 
onsider some examples. If η is the Gaussian (η = η2), then by (8.11),the 
orresponding fun
tion η̃2 is the s
aled Gaussian

η̃2(
x√
D

) = η2(
x√

D(1 − µ2)
) = η2(

x√
D̃

), D̃ = D(1 − µ2) .Re
all the approximate re�nement equation (8.9) for this 
ase
e−|x|2/D =(πD̃)−n/2

∑

m∈Zn

e−µ2|m|2/D̃ e−|x−µm|2/Dµ2

− e−|x|2/D
∑

ν∈Zn\{0}
e 2πi(1−µ2)〈x,ν〉/µ e−π2D̃|ν|2 .Hen
e, the generating fun
tion of (9.11) is given by

Rη2,µ,D(x) = η2

( x√
D
)[

(I − M̃µ,D)1 (xµ)
]

= η2

( x√
D
)[

(I −M
µ,D̃)1 (xµ)

]
,whereM

µ,D̃1 is the quasi-interpolantM
µ,D̃u for u(x) ≡ 1 and xµ = (1−µ2)x. Thusby Theorem 2.17, |Rη2,µ,D(x)| ≤ ‖ε0(· , η2, D̃)‖L∞

and the semi-dis
rete 
onvolution
Rη2,hu has the uniform bound

|Rη2,hu(x)| ≤ ‖ε0(· , η2, D̃)‖L∞
‖u‖L∞

= ‖ε0(· , η2,D(1 − µ2))‖L∞
‖u‖L∞

.The following lemma, whi
h will be stated without proof, shows that the remain-der terms Rη2M ,µ,D in the re�nement equations, 
orresponding to the generatingfun
tions η2M de�ned by (3.18), exhibit similar behavior as the remainder in the
ase of the Gaussian η2:Lemma 9.2. Suppose that the parameter µ ∈ (0, 1) is �xed. Then there ex-ist positive univariate polynomials Q1 and Q2 of degree M − 1 su
h that for anysu�
iently large D

|Rη2M ,µ,D(x)| ≤ Q1(|x|2/D) e−|x|2/D
∑

ν∈Zn\{0}
Q2(D|ν|2) e−π2D(1−µ2)|ν|2 .As a 
onsequen
e, we obtain that the generating fun
tion of the 
onvolution

Rη2M ,h has the amplitude of the same order as the saturation error.



9.4. BOUNDARY LAYER QUASI-INTERPOLANTS 2039.4. Boundary layer quasi-interpolantsIn this se
tion, we use the approximate fa
torization (9.9) to 
onstru
t a bo-undary layer quasi-interpolation operator BM . For a given sequen
e of step sizes
{hj}M

j=0 with
hj = µjh, 0 < h, µ < 1, µ−1 ∈ Z ,we obtain an approximate multi-resolution de
omposition of the quasi-interpolanton the highest resolution MhM ,D, from whi
h the desired boundary layer quasi-in-terpolation is derived after an appropriate trun
ation of the summation.9.4.1. Multi-resolution de
omposition. We use the notation(9.14) Aj = Mµjh,D, Ãj = M̃µjh,D, Rj = Rµjh,D, j = 0, 1, 2 . . . ,where Rh,D is the semi-dis
rete 
onvolution (9.11). By Theorem 9.1, we have(9.15) Aj = Aj+1Ãj + Rj , j = 0, 1, 2 . . . .Theorem 9.3. Let {χj}M

j=0 be a set of linear operators. Then(9.16) AMχM = A0χ0 +

M∑

j=1

Aj(χj − Ãj−1χj−1) −
M−1∑

j=0

Rjχj .Proof. By the approximate fa
torization identity (9.15), one has
Ajχj = Aj−1χj−1 + Ajχj −Aj−1χj−1

= Aj−1χj−1 + Ajχj −AjÃ−1χj−1 −Rj−1χj−1

= Aj−1χj−1 + Aj(χj − Ãj−1χj−1) −Rj−1χj−1 ,and the assertion follows by indu
tion. �For the following we denote the distan
e of x ∈ Ω to ∂Ω by(9.17) d(x) := dist(x,Ωc)and we de�ne the set {χj}M
j=0 as the 
olle
tion of operators of multipli
ation by
hara
teristi
 fun
tions of the domains Ωτhj , where τ ≥ 0 is a free parameter, i.e.,(9.18) χju(x) =

{
u(x), d(x) > τhj ,

0 , otherwise.Denoting(9.19) B⋆
M := A0χ0 +

M∑

j=1

Aj(χj − Ãj−1χj−1) ,one 
an write
B⋆

Mu =
M∑

j=0

Aj ũj with ũj :=

{
χ0u, j = 0,

χju− Ãj−1(χj−1u), j ≥ 1.Hen
e the fun
tion B⋆
Mu is the sum of quasi-interpolants applied to χ0u and to thedis
repan
y fun
tions ũj, j = 1, . . . ,M , 
omputed on grids with di�erent step sizes.Note that by (9.16)(9.20) u− B⋆

Mu = u−A0(χ0u) −
M∑

j=1

Aj ũj = u−AM (χMu) −
M−1∑

j=0

Rj(χju) .
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Mu approximates u like the quasi-interpolant on the �nest grid modulo thesmall remainder term ∑M−1

j=0 Rj(χju).9.4.2. Restri
tion of Aj. Note that by properties of M̃hj−1,D, the fun
tion
ũj = χju− M̃hj−1,D(χj−1u) , j ≥ 1 ,is small in an inner subdomain of Ω. This is used to restri
t the appli
ation of

Ãj = M̃hj,D in (9.19) to a small boundary layer.More pre
isely, in view of Lemma 2.23 and (9.4), one 
an 
hoose D su
h thatfor any x ∈ Ω(τ+κ̃)hj−1
, where κ̃ is determined from (9.12), the estimate

|ũj(x)| ≤ cη̃(
√
Dhj−1)

N‖∇Nu‖L∞(Ω)

+ ε
(
‖u‖L∞(Ω) +

N−1∑

k=1

(
√
Dhj−1)

k|∇ku(x)|
)(9.21)holds. Hen
e one 
an ignore the 
ontribution of Aj ũj(x) to the sum B⋆

Mu(x)if d(x) > (τ + κ̃)hj−1. Therefore, in the following de�nition, we introdu
e theoperator BM in whi
h the summation is performed layer by layer with only minimaloverlapping:Definition 9.4. Let {χ̃j}M
j=1 be the operator sequen
e

χ̃ju(x) =

{
u(x), τhj ≤ d(x) ≤ (τ + κ̃)hj−1,

0, otherwise.We de�ne the boundary layer approximation operator by(9.22) BM := A0χ0 +

M∑

j=1

Ajχ̃j(χj − Ãj−1χj−1).Alternatively, as we indi
ated in the beginning of this 
hapter, we 
an rewrite(9.22) in the form(9.23) BMu(x) =

M∑

j=0

∑

m∈Qj

cj,m η
(x − hjm

hj

√
D
)
,with the 
oe�
ients(9.24) cj,m =

{
u(h0m), j = 0 ,

u(hjm) − M̃hj−1,D(χj−1u)(hjm), j ≥ 1 ,and the set of indi
es
Qj =

{
{m ∈ Zn : τh0 ≤ d(h0m)}, j = 0,

{m ∈ Zn : τhj ≤ d(hjm) ≤ (τ + κ̃)hj−1}, j ≥ 1.Note that in view of the trun
ation, the values of M̃hj−1,D(χj−1u)(hjm)for m ∈ Qj require only the point values u(hj−1m) for τhj−1 ≤ d(hj−1m) ≤
(τ + 2κ̃)hj−1.
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ti
al implementation of Theorem 9.3 does not requirean expli
it formula for η̃. Indeed, in order to 
al
ulate BMu(x) by (9.23), one hasto 
ompute the 
oe�
ients cj,m, i.e., tabulate (χj −Ãj−1χj−1)u at the points hjm(
f. (9.24)). By Remark 2.21, the 
omputation of Ãj−1χj−1u(hjm) requires onlythe summation over the indi
es ν, for whi
h
|hjm/hj−1 − ν| = |µm − ν| ≤ κ̃,where κ̃ is su
h that (2.63) holds. These (µ−1(2κ+1))n values (or just µ−1(2κ+1),if η̃ is a radial fun
tion) 
an be pre
omputed using the numeri
al Fourier inversionof (8.12).9.4.3. Pointwise estimates. For a su�
iently smooth fun
tion u on Ω, we
onsider the approximation error for x ∈ Ω. Using (9.19), (9.20), and (9.22), onederives(9.25) u− BMu = u−AM (χMu) −

M−1∑

j=0

Rj(χju) + (B⋆
M − BM )u .Sin
e the 
hara
teristi
 fun
tions satisfy(9.26) (I − χ̃j)χj = (I − χ̃j)χj−1 ,it follows from (9.19) and (9.22) that(9.27) B⋆

M−BM =

M∑

j=1

Aj(I−χ̃j)(χj−Ãj−1χj−1) =

M∑

j=1

Aj(I−χ̃j)(I−Ãj−1)χj−1 .Lemma 9.6. Let κ and κ̃ be su
h that (9.4) and (9.21), respe
tively, hold andlet τ ≥ 0 satisfy τ > µκ− κ̃. If d(x) ≥ (τ + κ̃)hj−1 − κhj. Then
|Aj(I − χ̃j)(I − Ãj−1)(χj−1u)(x)| ≤ ‖ρ0(·, η,D)‖L∞

(
c(
√
Dhj−1)

N‖∇Nu‖L∞(Ω)

+ 2 ε

N−1∑

k=0

(
√
Dhj−1)

k‖∇ku‖L∞(Ω)

)with a 
onstant c, depending only on η̃, whereas for d(x) < (τ + κ̃)hj−1 − κhj

|Aj(I − χ̃j)(I − Ãj−1)(χj−1u)(x)|
≤ ε (1 + ‖ρ0(·, η,D)‖L∞

+ ‖ρ0(·, η̃,D)‖L∞
)‖u‖L∞(Ω).Proof. Split (I − χ̃j)(I − Ãj−1)(χj−1u)(x) = v1(x) + v2(x) with

v1(x) :=

{
(I − Ãj−1)(χj−1u)(x) ,

0 ,

d(x) ≥ (τ + κ̃)hj−1,

otherwise,

v2(x) :=

{
−Ãj−1(χj−1u)(x) ,

0 ,

d(x) < τhj ,

otherwise.In view of (9.5), we have
|Ajv1(x)| ≤

{
‖ρ0(·, η,D)‖L∞

sup |v1| , d(x) ≥ (τ + κ̃)hj−1 ,

gD(h−1
j ((τ + κ̃)hj−1 − d(x)), η) sup |v1|, d(x) < (τ + κ̃)hj−1 .



206 9. CUBATURE OVER BOUNDED DOMAINSBy de�nition, gD(κ, η) ≤ ε, so that for d(x) ≤ (τ + κ̃)hj−1 − κhj

|Ajv1(x)| ≤ ε(1 + ‖ρ0(·, η̃,D)‖L∞
)‖u‖L∞(Ω) .Furthermore, by (9.21)

|v1(x)| ≤ cη̃(
√
Dhj−1)

N‖∇Nu‖L∞(Ω) + ε
(
‖u‖L∞(Ω) +

N−1∑

k=1

(
√
Dhj−1)

k|∇ku(x)|
)whi
h implies obviously for the 
ase d(x) > (τ + κ̃)hj−1 − κhj

|Ajv1(x)|

≤ ‖ρ0(·, η,D)‖L∞

(
cη̃(

√
Dhj−1)

N‖∇Nu‖L∞(Ω) + ε

N−1∑

k=0

(
√
Dhj−1)

k‖∇ku‖L∞(Ω)

)
.To estimate v2(x) in the 
ase d(x) < τhj , we note that dist(x, suppχj−1) ≥

(τ + κ̃)hj−1 − τhj . Hen
e by Lemma 2.22
|v2(x)| ≤ gD(τ(1 − µ) + κ̃, η̃) sup

Ω
|u| ,whi
h leads to

|Ajv2(x)| ≤ ε‖ρ0(·, η,D)‖L∞
‖u‖L∞(Ω) . �Theorem 9.7. Suppose the generating fun
tion η ∈ S(Rn) satis�es the assump-tions of Theorem 8.1 and the moment Condition 2.15 of order N . Let u ∈ CN (Ω)and let ε > 0 be given. There exist positive D > 0, κ, and κ̃ su
h that for any non-negative τ > κµ− κ̃, the boundary layer quasi-interpolation operator BM de�ned by(9.22) satis�es the estimate

|(I − BM )u(x)| ≤ c(
√
Dhj)

N‖∇Nu‖L∞(Ω) + ε
N−1∑

k=0

(
√
Dhj)

k‖∇ku‖L∞(Ω) ,where the index j 
an be determined by
j = 0, if d(x) > (τ + κ̃− κµ)h0 ,

j = 1, . . . ,M − 1, if (τ + κ̃− κµ)hj < d(x) ≤ (τ + κ̃− κµ)hj−1 ,

j = M, if (τ + max(κ̃− κµ, κ))hM < d(x) ≤ (τ + κ̃− κµ)hM−1 ,where d(x) is the distan
e from x to ∂Ω.Proof. First, we 
hoose D large enough and su
h that the saturation errorsof the quasi-interpolants Mh,D and M̃h,D are less than a su�
iently small δ. Alsolet the sum of the remainders satisfy
∣∣∣

M−1∑

j=0

Rj(χju)(x)
∣∣∣ ≤ δ‖u‖L∞(Ω)whi
h is possible, in view of (9.13). Then we 
hoose values of the parameters κand κ̃ su
h that 
orresponding quasi-interpolants satisfy the estimate (9.4) with thegiven δ.



9.4. BOUNDARY LAYER QUASI-INTERPOLANTS 207It remains to estimate the terms of the de
omposition (9.25). Sin
e by Corollary2.24,
|u−AM (χMu)(x)| ≤ cη(

√
DhM )N ‖∇Nu‖L∞(Ω) + ε

N−1∑

k=0

(
√
DhM )k|∇ku(x)|if d(x) ≥ (τ + κ)hM , the appli
ation of Lemma 9.6 
ompletes the proof. �Thus, the behavior of BMu(x) is a
tually very 
lose to that of Aju(x) forsome positive j ≤ M , where j in
reases as the distan
e from x to the boundaryde
reases. This leads to the e�e
t that the approximation be
omes better in thepoints x ∈ Ω(τ+κ)hM

whi
h lie nearer the boundary ∂Ω.9.4.4. Numeri
al examples. We give some numeri
al examples to illustratethe overall approximation properties of the operator BM de�ned by (9.22), andespe
ially the behavior of the error near the boundary. We shall use the boundarylayer quasi-interpolation (9.23) generated by the fun
tions η2, η4, η6 based on theGaussian (see (3.12)), providing the se
ond-, fourth-, and sixth-order of approxi-mate 
onvergen
e. The 
orresponding mask fun
tions η̃2, η̃4, η̃6 are given by (8.14).In all 
ases, we useD = 3, whi
h assures saturation levels of magnitude 10−12, 10−11and 10−10 for quasi-interpolants Mh,D based on η2, η4, η6, respe
tively. The stepre�nement ratio in all examples is µ−1 = 3.We re
all that by Theorem 9.7, BM performs approximately as Aj on the j-thboundary strip (τ + κ̃ − κµ)hj < d(x) ≤ (τ + κ̃ − κµ)hj−1, i.e., the nearer theboundary, the better the approximation. The approximation results are plottedover the boundary layer
{x ∈ Ω : (τ + κ)hM+1 ≤ d(x) ≤ (τ + κ̃− κµ)h0}in order to illustrate the interplay between the di�erent quasi-interpolants buildingthe operator BM . Sin
e the step-size used by BM is proportional to the distan
efrom the boundary, one 
an determine the order of the formula used by the slopeof the error plot |(I − BM )u| against the distan
e to the boundary in logarithmi
s
ales.Consider the plot in Fig. 9.2 showing the error from the approximation of

cos(1000x) near the boundary using the se
ond-order formula based on the Gauss-ian. One 
an 
learly see the stepwise in
rease of the a

ura
y towards the boundaryuntil a saturation is rea
hed. The error remains un
hanged within a boundary strip,sin
e the step does not 
hange there. Observe also the slope of the �stair
ase� � itis approximately two.In Fig. 9.3 the same fun
tion is approximated using the sixth-order formulabased on η6. Here, the slope is approximately 6 : 1, but the saturation error ishigher.The plot in Fig. 9.4 shows the results for the approximation of the fun
tion
log(x) near the origin again using the formulas of O(h2)-, O(h4)- and O(h6)-ordersof approximate 
onvergen
e. Note that in 
ontrast to the previous examples theabsolute error |(I − BM ) log(x)| does not de
rease as the mesh size be
omes �nernear the origin. This is due to the fa
t that the se
ond, fourth and sixth derivativesof the logarithmi
 fun
tion grow as x−2, x−4, and x−6 as x→ 0.
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Figure 9.2. Error plot for (I − BM ) cos(1000x) using boundarylayer approximations of order O(h2).
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u(x) = cos(1000 x); D = 3; µ-1 = 3;

Figure 9.3. Error plot for (I − BM ) cos(1000x) using boundarylayer approximations of order O(h6).The se
ond example represents boundary error plots for the approximation ofthe fun
tion
u(x1, x2) =

{
cos
(
100 |x|2

)
, x1 > 0, x2 > 0,

0 , otherwise,as an illustration for the a
tion of a two-dimensional operator built as the tensorprodu
t of two one-dimensional operators BM a
ting on the arguments of x =
(x1, x2). These one-dimensional operators are based on the generating fun
tions η2
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Figure 9.4. Boundary layer error plots using se
ond-, fourth, andsixth-order formulas for (I − BM ) log x.
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Figure 9.5. Boundary layer error plot for the fun
tion
cos(100 |x|2) with support on the �rst quadrant of R2. We usethe tensor produ
t of one-dimensional multi-resolution operatorsproviding the order O(h2).and η6, whi
h provide the approximate order of 
onvergen
e of O(h2) and O(h6),respe
tively. Similarily to the previous examples, we use D = 3 and the stepre�nement ratio in all examples is µ−1 = 3 in both the x1- and x2-dire
tions. Again,the approximation results are plotted in logarithmi
 s
ales only in the interestingarea near the vertex of the angle.
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Figure 9.6. Boundary layer error plot for the fun
tion
cos(100 |x|2) with support on the �rst quadrant of R2. The tensorprodu
t of one-dimensional multi-resolution operators providingthe order O(h6) is used.Pre
isely as in the one-dimensional examples, one 
an see the gradual in
reaseof a

ura
y in the dire
tion towards the boundary when the se
ond-order formulais used (Fig. 9.5). The plot in Fig. 9.6 shows the approximation results, when thesixth-order formula is used. In this 
ase, the saturation level is rea
hed alreadyafter two iterations.9.4.5. Lp-estimates for quasi-interpolants of fun
tions in domains. Weestimate the error of the boundary layer quasi-interpolation (9.22) in the Lp-norm.These estimates are the basis for the 
onvergen
e studies of the 
ubature formulas(9.3); therefore we will need them on subdomains and on the whole spa
e.We start with some simple estimates:Lemma 9.8. The multipli
ation operator with the 
hara
teristi
 fun
tion XShof the boundary layer Sh := {x ∈ Ω : dist(x, ∂Ω) < h} 
an be estimated by
‖XSh

u‖Lp(Ω) ≤ ch(q−p)/pq‖u‖Lq(Ω), 1 ≤ p ≤ q ≤ ∞ ,(9.28)
‖XSh

u‖Lp(Ω) ≤ chr‖u‖W s
p (Ω), 1 ≤ p <∞, 0 < r < s/n, r ≤ 1/p ,(9.29)

‖XSh
u‖(W s

p (Ω))′ ≤ chr‖u‖Lp/(p−1)(Ω), 1 ≤ p <∞, 0 < r < s/n, r ≤ 1/p ,(9.30)with 
onstants depending only on Ω.Here, (W s
p (Ω))′ denotes the dual spa
e of W s

p (Ω) with respe
t to the L2 innerprodu
t.



9.4. BOUNDARY LAYER QUASI-INTERPOLANTS 211Proof. The �rst inequality follows with q = pt, t ≥ 1, from
∫

Ω

|XSh
u|p dx ≤

(
measSh

)(t−1)/t ‖u‖p
Lpt(Ω).To prove (9.29), we note that u ∈ W t

p(Ω), t > n/p, implies u ∈ C(Ω) by Sobolev'simbedding theorem. Hen
e,
∫

Ω

|XSh
u|p dx ≤ max

x∈Sh

|u(x)|p measSh ≤ c measSh ‖u‖p
W t

p(Ω) ,so that
‖XSh

u‖Lp(Ω) ≤ ch1/p ‖u‖W t
p(Ω) ,and by interpolation

‖XSh
u‖Lp(Ω) ≤ chθ/p ‖u‖W θt

p (Ω), 0 ≤ θ ≤ 1, t > n/p.Setting r = θ/p and s = prt yields (9.29). Finally, sin
e the operator XSh
issymmetri
, the estimate

‖XSh
‖Lp/(p−1)(Ω)→(W s

p (Ω))′ = ‖XSh
‖W s

p (Ω) 7→Lp(Ω)holds, whi
h proves (9.30) and the lemma. �Next, we 
onsider the quasi-interpolant Mh,Du where the fun
tion u is givenin a domain Ω. In Lemma 2.30, we have 
onsidered the Lp-error in subdomains, soit remains to 
onsider the behavior of Mh,Du outside Ω and in the boundary layer.To 
hara
terize the behavior of Mh,Du outside suppu, we use the fun
tions
Hη(t) :=

∫

|x|>t

|η(x)| dxand gD(t, η), whi
h was de�ned in (2.55). Sin
e η ∈ S(Rn), both fun
tions de
ayto zero faster than any negative power of t.Lemma 9.9. Consider two disjoint domains in Ω1, Ω2 ⊂ Rn and let u be abounded fun
tion with suppu ⊆ Ω2. Then(9.31) ‖Mh,Du‖Lp(Ω1) ≤ gD(h−1τ, η)1/q Hη((
√
Dh)−1τ)1/p ‖u‖p,hwhere τ := dist(Ω1,Ω2) and q = p/(p− 1). If Ω2 is bounded, then(9.32) ‖Mh,Du‖Lp(Ω1) ≤ c gD(h−1τ, η)1/q Hη((

√
Dh)−1τ)1/p sup

hm∈Ω2

|u(hm)|with a 
onstant c depending on Ω2.Proof. By Hölder's inequality,
|Mh,Du(x)|p ≤ D−np/2

( ∑

hm∈Ω2

∣∣∣η
(x − hm√

D h

)∣∣∣
)p/q ∑

hm∈Ω2

∣∣∣η
(x − hm√

D h

)∣∣∣ |u(hm)|p ,
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Ω1

|Mh,Du(x)|p

≤ D−np/2 sup
x∈Ω1

( ∑

hm∈Ω2

∣∣∣η
(x − hm√

D h

)∣∣∣
)p/q

∫

Ω1

∑

hm∈Ω2

∣∣∣η
(x − hm√

D h

)∣∣∣ |u(hm)|p dx

≤ D−np(1−1/q)/2gD(h−1τ, η)p/q
∑

hm∈Ω2

|u(hm)|p
∫

Ω1

∣∣∣η
(x − hm√

D h

)∣∣∣ dx .Sin
e∫
Ω1

∣∣∣η
(x − hm√

D h

)∣∣∣ dx ≤
∫

|x|>dist(hm,Ω1)

∣∣∣η
( x√

D h

)∣∣∣ dx ≤ (
√
D h)nHη((

√
Dh)−1τ) ,(9.31) follows. Note further that for bounded Ω2

hn
∑

hm∈Ω2

−→ measΩ2 as h→ 0 .Hen
e,
‖u‖p,h =

(
hn

∑

hm∈Ω2

|u(hm)|p
)1/p

≤ c measΩ2 sup
hm∈Ω2

|u(hm)| ,whi
h proves (9.32). �Corollary 9.10. Let τ > 0 and let χτh be the 
hara
teristi
 fun
tion of
Ωτh ⊂ Ω. Then

‖Mh,D(χτhu)‖Lp(Rn\Ω) ≤ cΩ gD(τ, η)1/q Hη(D−1/2τ)1/p‖u‖L∞(Ω) .Lemma 9.11. For a bounded domain Ω

‖(I −Mh,D)u‖Lp(Ω\Ωτh) ≤ cΩ(τh)1/p
(
1 + ‖ρ0(·, η,D)‖L∞(Rn)

)
‖u‖L∞(Ω) ,where the 
onstant cΩ depends only on the domain Ω.Proof. With the notation Sh = Ω \ Ωκh,

‖(I −Mh,D)u‖Lp(Sh) ≤ ‖(I −Mh,D)u‖L∞(Sh)(measSh)1/p

≤
(
1 + ‖ρ0(·, η,D)‖L∞(Rn)

)
(measSh)1/p sup

Ω
|u| . �Lemmas 2.30 and 9.11 and Corollary 9.10 give Lp-estimates for the quasi-inter-polation error on the whole of Rn. Corollary 9.10 assesses the error a

umulatedoutside Ω of the quasi-interpolant applied to the restri
tion of u to Ωτh ⊂ Ω. Sin
e

η is in the S
hwartz 
lass S(Rn), the produ
t gD(τ, η)1/q Hη(D−1/2τ)1/p 
an bemade of the same order of magnitude as the saturation error ε, by 
hoosing τlarger. Note that ε is 
ontrolled by the parameter D.Then by Lemma 2.30, the quasi-interpolant Mh,D(χτhu) is a good approxi-mation of u at internal points, lying at a distan
e larger than (τ + κ)h from theboundary. The error is then of order O((√Dh)N
)

+ ε and 
an be 
ontrolled e�e
-tively by a proper 
hoi
e of the step size h.Thus, the main 
ontribution to the overall error 
omes from the boundarystrip Ω \ Ω(τ+κ)h, where, by Lemma 9.11, the error is of order O(h1/p) if u does
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e it will be numeri
ally very expensive to make this termsmall by 
hoosing h smaller, espe
ially in higher spa
e dimensions, we again use theboundary layer quasi-interpolation operator BM to redu
e the size of the boundarystrip.9.4.6. Lp-estimates for boundary layer quasi-interpolation. We esti-mate ‖(I−BM )u‖Lp(Rn), where BM is de�ned by (9.22). Similarly to Theorem 9.7,one 
an prove that
‖(I − BM )u(x)‖Lp(ΩM ) ≤ c (

√
Dh)N ‖∇Nu‖Lp(Ω) + ε

N−1∑

k=0

(
√
Dh)k‖∇ku‖Lp(Ω) ,where ΩM = {x ∈ Ω : d(x) > (τ + max(κ̃ − κµ, κ))hM}. So it remains to es-timate ‖BMu(x)‖Lp(Ωc) and ‖(I − BM )u(x)‖Lp(Ω\ΩM ). From Corollary 9.10, therepresentation

BMu = A0(χ0u) +

M∑

j=1

Ajχ̃j(χj − Ãj−1χj−1)uand the de�nitions of χ0 and χ̃j we obtain dire
tly that
‖BMu‖Lp(Ωc) ≤ cΩM gD(τ, η)1/q Hη(D−1/2τ)1/p‖u‖L∞(Ω) .Furthermore, by (9.25), the di�eren
e (I − BM )u(x) at Ω\ΩM is the sum of

(I −AM )(χMu)(x) and terms whi
h are less than the saturation error hen
e fromLemma 9.11, we 
on
lude that
‖(I − BM )u(x)‖Lp(Ω\ΩM )

≤ cΩ(τ + max(κ̃− κµ, κ)hM )1/p
(
1 + ‖ρ0(·, η,D)‖L∞(Rn)

)
‖u‖L∞(Ω) .Theorem 9.12. Let the generating fun
tion η ∈ S(Rn) satisfy the assumptionsof Theorem 8.1 and the moment Condition 2.15 of order N . Suppose that Ω ⊂ Rnis bounded with Lips
hitz boundary and let u ∈ WN

p (Ω) with N > n/p. For any
ε > 0, there exist D > 0 and a boundary layer approximation BM su
h that
‖u− BMu‖Lp(Rn) ≤ c1(Dh)N‖∇Nu‖Lp(Ω) + c2(µ

Mh)1/p‖u‖L∞(Ω) + ε‖u‖W N−1
p (Ω) .Therefore, for a given µ, the 
hoi
e

M ≈ (Np− 1)
log h

logµguarantees that ‖u−BMu‖Lp(Rn) behaves as the usual quasi-interpolant generatedby η.9.4.7. Estimates in weak norms. We saw in Subse
tion 4.4.2 that thequasi-interpolation on uniform meshes 
onverges in weak norms be
ause the satu-ration error, whi
h is 
aused by fast os
illating fun
tions, 
onverges weakly to zero.The same property holds for the 
ase of non-uniform meshes 
onsidered here. Forthe proof of Theorem 9.7, the approximation error (I − BM )u is de
omposed asfollows:
(I − BM )u = (I −AMχM )u−

M−1∑

j=0

Rj(χju) + (B⋆
M − BM )u .



214 9. CUBATURE OVER BOUNDED DOMAINSThe se
ond term 
onsists of 
onvolutions with small os
illating fun
tions, whereas
(B⋆

M − BM )u, by Lemma 9.6, 
onsists of fun
tions with Lp-norms whi
h do notex
eed c(Dh)N‖∇Nu‖Lp(Ω), plus small os
illating fun
tions.Therefore one 
an show similarly to Theorem 4.6, by using the results of Sub-se
tion 9.4.6, that for s > 0 the norm in the Bessel potential spa
e H−s
p is boundedby

∥∥∥
M−1∑

j=0

Rj(χju) − (B⋆
M − BM )u

∥∥∥
H−s

p

≤ cη(
√
Dh)N‖∇Nu‖Lp(Ω)

+ cs h
s

N−1∑

[α]=0

(
√
Dh)[α] εα(η,D)

α!
‖∂αu‖Lp(Ω) .Thus, it remains to estimate ‖(I −AMχM )u‖H−s

p
. For integer s > 0, we have

‖(I −AMχM )u‖H−s
p

≤ c
(
‖AMχMu‖Lp(Ωc) + ‖(I −AMχM )u‖(W s

q (Ω))′
)with q = p/(p− 1). Denoting by χM+1 the 
hara
teristi
 fun
tion of the boundarylayer Ω \ Ω(τ+κ)hM

, one gets from Lemma 9.8 that for 0 < r < s/n, r ≤ 1/q,
‖χM+1(I −AMχM )u‖(W s

q (Ω))′ ≤ chr
M‖χ

M+1
(I −AMχM )u‖Lp(Ω)

≤ ch
r+1/p
M ‖u‖W N

p (Ω) .Furthermore,
‖(I − χM+1)(I −AMχM )u‖(W s

q (Ω))′ = sup
‖ϕ‖Ws

q (Ω)=1

∣∣∣
∫

Ω\SM+1

(I −AMχM )uϕdx
∣∣∣

≤ cη(
√
DhM )N‖∇Nu‖Lp(Ω) + cs h

s
M

N−1∑

[α]=0

(
√
DhM )[α] εα(η,D)

α!
‖∂αu‖Lp(Ω) ,so that the following approximation result is valid.Theorem 9.13. Under the assumptions of Theorem 9.12 for any ε > 0, thereexist D > 0 and a boundary layer quasi-interpolant BM su
h that

‖u− BMu‖H−s
p (Rn) ≤ (c1(

√
Dh)N + c2(µ

Mh)1/p+r)‖u‖W N
p (Ω) + ε hs ‖u‖W N−1

p (Ω) ,where 0 < r < s/n and r ≤ (p− 1)/p.9.5. Cubature of potentials in domainsIn this se
tion, we derive some estimates for the 
ubature of integral opera-tors that often appear in problems of mathemati
al physi
s. As mentioned in thebeginning of this 
hapter, the 
ubature formula Khu for the integral operator
Ku(x) =

∫

Ω

k(x − y)u(y)dyis easily obtained from the boundary layer quasi-interpolation of the density(9.33) Khu(x) = KBMu(x) =

M∑

k=0

∑

hkm∈Qk

ck,m

∫

Rn

k(x − y)η

(
y − hkm

hk

√
D

)
dy ,
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hosen su
h that the integrals 
an be obtained analyti
ally or by simpleone-dimensional quadrature.Many interesting operators are bounded mappings(9.34) K : Lp(Ω) →Wm
p (Ω1) ,with some domains Ω, Ω1 ⊂ Rn, i.e., K ∈ L
(
Lp(Ω),Wm

p (Ω1)
). Note that the 
ase

m = 0 
orresponds to singular integral operators, whereas the volume potentialsasso
iated with ellipti
 partial di�erential equations satisfy relation (9.34) with
m > 0. If the operatorK is su
h that (9.34) holds with Ω = Ω1 = Rn, Theorems 9.12and 9.13 implyTheorem 9.14. Suppose that η ∈ S(Rn) satis�es the assumptions of Theo-rem 8.1 and the moment Condition 2.15 of order N . Let u ∈WN

p (Ω) with N > n/pand K ∈ L(Lp(Rn), Hm
p (Rn)). For any ε > 0 there exists D > 0 su
h that

‖Ku−Khu‖Hm
p (Rn) ≤ c1(

√
Dh)N‖∇Nu‖Lp(Ω)

+ c2(µ
Mh)1/p‖u‖L∞(Ω) + ε‖u‖W N−1

p (Ω) .If additionally K ∈ L(H−m
p (Rn), Lp(Rn)), then

‖Ku−Khu‖Lp(Rn) ≤ (c1(
√
Dh)N

+ c2(µ
Mh)1/p+r)‖u‖W N

p (Ω) + ε hm ‖u‖W N−1
p (Ω) ,where 0 < r < m/n, r ≤ (p− 1)/p.However, very often, the integral operator K satis�es (9.34) only for boundeddomains Ω, Ω1 ⊂ Rn. Important examples are the harmoni
 or elasti
 potentials.In this 
ase, we are interested in the estimation of Ku − Khu on some boundeddomain Ω1. Sin
e, in general, suppBMu = Rn, we have to 
onsider integrals of theform ∫

Ω
 k(x − y)BMu(y)dy , x ∈ Ω1 .To this end, we 
hoose a ball BR with radius R 
entered at the origin, whi
h
ontains Ω and Ω1. We suppose that the kernel satis�es the estimate(9.35) |∂αk(x − y)| ≤ rα(|y|) , x ∈ Ω1 , y ∈ Rn \BR ,for all multi-indexes 0 ≤ [α] ≤ m and some fun
tions rα(x) of at most polynomialgrowth.Lemma 9.15. For any N > 0, there exist 
onstants cN,α,R su
h that
∥∥∥
∫

Rn\BR

∂αk(· − y)BMu(y) dy
∥∥∥

Lp(Ω1)
≤ cN,α,R h

N (measΩ1)
1/p‖u‖L∞(Ω) .If R→ ∞, then cN,α,R → 0.
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∣∣∣
∫

Rn\BR

∂αk(x − y)
∑

hkm∈Qk

ck,m η

(
y − hkm

hk

√
D

)
dy
∣∣∣
p

≤ c‖u‖p
L∞(Ω)

( ∫

Rn\BR

rα(|y|)
∑

hkm∈Qk

∣∣∣η
(

y − hkm

hk

√
D

) ∣∣∣ dy
)p

≤ c‖u‖p
L∞(Ω)

( ∫

Rn\BR

rα(|y|) gD(hk
−1 dist(y,Qk), η) dy

)p

.Let rα(y) ≤ cjy
j for y → ∞. The rapid de
ay of gD implies

gD(hk
−1 dist(y,Qk), η) = gD(τ + h−1

k dist(y,Ω), η) ≤ cNh
N
k dist(y,Ω)−Nfor any N , so that the inequality

∫

Rn\BR

rα(|y|) gD(dist(hk
−1 dist(y,Qk), η)) dy ≤ chN

k

∫

Rn\BR

|y|j
dist(y,Ω)N

dywith N > n+ j proves the assertion. �Theorem 9.16. Let u ∈ WN
p (Ω) with N > n/p and K ∈ L(Lp(Ω),Wm

p (Ω1))satisfying (9.35). Then for any ε > 0, there exists D > 0 su
h that
‖Ku−Khu‖W m

p (Ω1) ≤ c1(
√
Dh)N‖u‖W N

p (Ω)

+ c2(µ
Mh)1/p‖u‖L∞(Ω) + ε‖u‖W N−1

p (Ω) .If, additionally, K ∈ L((Wm
p/(p−1)(Ω))′, Lp(Ω1)), then

‖Ku− Khu‖Lp(Ω1) ≤ (c1(
√
Dh)N + c2(µ

Mh)1/p+r)‖u‖W N
p (Ω)

+ ε hm ‖u‖W N−1
p (Ω) ,

(9.36)where 0 < r < m/n, r ≤ (p− 1)/p.Proof. Fix the ball BR and split
Khu(x) = KBMu(x) = KχBRBMu(x) + K(1 − χBR)BMu(x) .The Wm

p (Ω1)-norm of the di�eren
e
‖Ku−KχBRBMu‖W m

p (Ω1) = ‖KχBR(u − BMu)‖W m
p (Ω1) ≤ cR‖u− BMu‖Lp(BR)
an be estimated using Theorem 9.12. It follows from Lemma 9.15 and Sobolev'simbedding theorem that the Wm

p (Ω1)-norm of the se
ond term is bounded by
‖K(1 − χBR)BMu‖W m

p (Ω1) ≤ c0h
N‖u‖L∞(Ω) ≤ c hN‖u‖W N

p (Ω) .The same arguments also apply for (9.36) by using the inequality
‖Ku−KχBRBMu‖Lp(Ω1) ≤ cR‖u− BMu‖(W m

p/(p−1)
(BR))′ ≤ c‖u− BMu‖H−m

p (Rn)and Theorem 9.13. �Summarizing, for a large 
lass of domain integral operators with singular ker-nels, one 
an de�ne 
ubature formulas retaining the order O(hN ) plus some smallsaturation error, if the boundary layer quasi-interpolation of the density is usedwith appropriate parameters µ and M .



9.5. CUBATURE OF POTENTIALS IN DOMAINS 217Remark 9.17. Note that the previous 
onstru
tion and results are appli
ableif instead of the integer points {m ∈ Zn}, the set of latti
e points {Am : m ∈
Zn} with a non-singular n × n matrix A is taken as basis grid. This 
ase 
an betransformed to that 
onsidered above by introdu
ing the 
oordinates y = Ax andthe new generating fun
tion ηA := | detA|−1η(A·), whi
h satis�es the 
onditions ofTheorem 9.14.Let us 
onsider two simple 
ubature examples:Example 9.18. Consider the logarithmi
 potential

L2u(x) =
1

2π

∫

Ω

log
1

|x − y| u(y) dy .Note that the mapping
L : Lp(Ω) 7→W 2

p (Ω), 1 < p <∞,is bounded, if Ω is a bounded domain. Thus, Theorem 9.16 yields the estimate
‖L2u− L2,hu‖W 2

p (Ω) ≤ c1(
√
Dh)N‖∇Nu‖Lp(Ω)

+ c2(µ
Mh)1/p‖u‖L∞(Ω) + ε‖u‖W N−1

p (Ω) .Consequently, if the boundary layer approximations are su
h that µM is of thesame order of magnitude as hNp−1, we get the approximation order O(hN ) moduloa small saturation error. If we measure the error in a weaker norm than W 2
p , thesaturation error tends to zero together with h. For example, if u ∈ WN

2 (Ω) with
N > 1, then we obtain

‖L2u− L2,hu‖L2(Ω) ≤ (c1(
√
Dh)N + c2µ

Mh)‖u‖W N
2 (Ω) + ε h2 ‖u‖W N−1

2 (Ω) ,so that even the 
hoi
e µM ≍ hN−1 leads to the orderO(hN ) plus a small error term
onverging to zero with the rate O(h2). Note that Sobolev's imbedding theorem 
anbe used to prove the 
onvergen
e of the 
ubature L2,h with respe
t to the uniformnorm.Example 9.19. The Poisson integral (6.12), i.e.,
Ptϕ(x) = (4πat)−n/2

∫

Ω

e−|x−y|2/4at ϕ(y) dy ,provides a solution of the homogeneous heat equation with initial value u(x, 0) =
ϕ(x), x ∈ Ω. In Subse
tion 6.2.1, we pointed out that the Poisson integral of theGaussian or related fun
tions have simple analyti
 expressions. Sin
e the kernelfun
tion is smooth for any �xed t > 0, the Poisson integral generates a boundedmapping from Sobolev or Bessel potential spa
es of arbitrary negative order into
Lp-spa
es. Therefore, from Theorem 9.16, it follows that

‖Ptϕ− Pt,hϕ‖L2(Rn) ≤ (c1(
√
Dh)N + c2µ

Mh)‖ϕ‖W N
2 (Ω) ,with 
onstants depending on t > 0 but not on ϕ and h. Hen
e, Pt,hϕ = Pt(BMϕ)represents a semi-analyti
 
ubature of order O(hN ) without saturation errors.



218 9. CUBATURE OVER BOUNDED DOMAINSRemark 9.20. Theorem 9.16 shows that for p < ∞ and D large enough,an N -th order approximation of the integral Ku up to a pres
ribed a

ura
y 
anbe obtained by �xing µ−1 ∈ N and 
hoosing M large enough, for example, M =
O((pN−1) log h/ logµ). The 
omputational 
osts are, of 
ourse, proportional to thenumber of grid points used for the 
onstru
tion of BM . The thi
kness of the layers
Qk, k = 1, . . . ,M , is proportional to the size µkh of the mesh 
hosen there; hen
ethe number of grid points at Qk is O((µkh)−(n−1)). Therefore, the 
omputational
osts for evaluating the sum over all nodes of the layers Qk, k = 1, . . . ,M , are ofthe order

O
((

(µ− µM )h

1 − µ

)−(n−1)
)
.Thus, the boundary layer approximation with isotropi
 meshes redu
es the order ofthe 
omputational 
osts by 1. In the next se
tion, we 
onsider the use of anisotropi
meshes for spe
ial domains leading to a further redu
tion of the 
omplexity of the
ubature. Note that a more detailed analysis performed in [35℄ indi
ates that anoptimal 
hoi
e for s
aling subsequent meshes is µ = 1/3, if the generating fun
tions(3.12) are used.9.6. Anisotropi
 boundary layer approximate approximationThe method developed in the previous se
tions uses re�ned isotropi
 meshes onea
h boundary layer. This is the reason why it 
an be applied to arbitrary boundeddomains. But a 
loser look shows that, in fa
t, only mesh re�nement towards thedire
tion of the boundary is ne
essary in order to a
hieve the same approximationresults.Here, we 
onsider this modi�
ation of the boundary layer quasi-interpolationfor the 
ase of three-dimensional polyhedral domains. This leads to formulas ofredu
ed 
omplexity but having the same a

ura
y as before.Consider a three-dimensional bounded polyhedral domain Ω. To approximatethe integral operator (9.1), we divide the domain into simpler parts and pro
essthem separately. Using a partition of unity, the fun
tion u is de
omposed into thesum(9.37) u =

(
ϕint +

∑

corners

ϕck
+
∑

edges

ϕek
+
∑

faces

ϕfk

)
uwhere the 
ut-o� fun
tions ϕ ∈ C∞

0 , 0 ≤ ϕ ≤ 1, are di�erent from zero only onspe
ial parts of Ω. So, ϕck
= 1 at a neighborhood of the k-th 
orner point andvanishes outside a larger neighborhood. Correspondingly, ϕek

= 1 at a neighbor-hood of the interior of the k-th edge, ϕfk
= 1 at some interior part of the k-thfa
e and ϕint = 1 on some interior part of Ω. The approximation of ϕint u 
an beperformed by the usual quasi-interpolant (2.23) with a suitable generating fun
tion,whereas the fun
tions ϕck

u are approximated on the domain supp ϕck
by applyingthe multi-s
ale quasi-interpolation operator BM 
onsidered in Se
tion 9.4.We study the approximation of the fun
tions ϕek

u and ϕfk
u by using meshre�nement only in the dire
tion normal to the boundary side.To start with the approximation near the fa
es of Ω, we 
onsider a su�
ientlysmooth fun
tion u given in R3

+ = {x = (x′, x3) ∈ R3 : x3 ≥ 0}, with boundedsupport and u(x′, 0) 6≡ 0. More pre
isely, suppose that G ⊂ R3
+ is a boundeddomain whose boundary 
ontains a two-dimensional domain Γ ⊂ {(x′, 0) : x′ ∈ R2}.
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p (G) denotes the subspa
e of all fun
tions from WN

p (G), whi
h
an be smoothly extended by zero through ∂G\Γ.We are interested in 
onstru
ting approximants to u ∈ W̊N
p (G) with respe
t tothe sequen
e of anisotropi
ally distributed mesh points {(hm′, µkhm3) : (m′,m3) ∈

Z3 , m3 > 0}. Therefore, we 
onsider generating fun
tions of tensor produ
t form(9.38) η3(x) = η3(x
′, x3) = η2(x

′) η1(x3) ,where η2 and η1 are generating fun
tions of the S
hwartz 
lass of two or one vari-ables, respe
tively, with positive Fourier transform.The following assertion 
an be proved analogously to Lemma 2.30.Lemma 9.21. Suppose that both η2 ∈ S(R2) and η1 ∈ S(R) satisfy the momentCondition 2.15 for some given N and let µ ∈ (0, 1). There exists κ > 0 su
h thatthe quasi-interpolant(9.39) Nh,µu(x) := D−3/2
∑

(hm′,µhm3)∈G

u(hm′, µhm3) η3

(x′ − hm′

h
√
D

,
x3 − µhm3

µh
√
D

)approximates u ∈ W̊N
p (G) , N > n/p, in the subdomain Gκµh = {x ∈ G : x3 >

κµh} with the estimate
‖Nh,µu− u‖Lp(Gκµh) ≤ c (

√
Dh)N‖∇Nu‖Lp(G) + ε

N−1∑

k=0

(
√
Dh)k‖∇ku‖Lp(G) .Thus, one obtains approximations of order O((

√
Dh)N ) modulo saturationterms, for all x ∈ G with the ex
eption of the strip 0 < x3 < δ for arbitrarilysmall δ > 0, if µ is 
hosen su�
iently small. Therefore, it su�
es to re�ne the meshonly in the x3-dire
tion, i.e., to use the re�nement equation for the one-dimensionalgenerating fun
tion η1. If we denote the 
orresponding mask fun
tion de�ned by(8.12) by η̃1, then, obviously, the assertion of Theorem 9.1 remains true for Nh,µand

Ñh,µu(x) := D−3/2
∑

m∈Z3

u(hm′, µhm3) η2

(x′ − hm′

h
√
D

)
η̃1

(x3 − µhm3

µh
√
D

)
,i.e.,

Nh,µ = Nh,µ2 Ñh,µ + Rh,µ , ‖Rh,µ‖ < ε .Analogously to the isotropi
 
ase, we may de�ne the fa
e approximant as(9.40) BM,fu(x) = D−3/2
M∑

j=0

∑

(hm′,µjhm3)∈Qj

cj,m η3

(x′ − hm′

h
√
D

,
x3 − µkhm3

µjh
√
D

)with the 
oe�
ients
cj,m =

{
u(hm′, hm3), j = 0,

u(hm′, µjhm3) − (Ñh,µj−1χj−1u)(hm
′, µjhm3), j ≥ 1,where

Qj = {x ∈ G : τhµj ≤ x3 ≤ (τ + κ̃)hµj−1} ,
χj(x) = 1 for x3 > τµj and zero otherwise, and the parameters τ , κ̃ are obtainedfrom the one-dimensional fun
tions η1 and η̃1.Obviously, for the approximant on the anisotropi
 mesh (9.40), the assertions ofTheorems 9.12 and 9.13 remain true. In 
ontrast to the approximation (9.2), whi
h



220 9. CUBATURE OVER BOUNDED DOMAINSuses isotropi
 mesh re�nement, the pointwise estimate on the layer (τ+ κ̃−κµ)hj ≤
x3 ≤ (τ + κ̃−κµ)hj−1 is O((

√
Dh)N ), whi
h is worse than O((

√
Dhj)

N ). However,this does not in�uen
e the estimate in integral norms and, whi
h is more important,the approximation quality of the resulting 
ubature formula. But most importantly,anisotropi
 mesh re�nement leads to a 
onsiderable redu
tion of the number ofmesh points and, therefore, of terms in (9.40), required to derive the N -th orderapproximation of integral operators. Sin
e any Qj 
ontains O(h−2) mesh points,the numeri
al 
osts to obtain the sum over these nodes are of the order O(Mh−2).Quite similarly the approximation of edge fun
tions uϕek

an be performed withthe order O((

√
Dh)N ) plus small saturation, by using anisotropi
 mesh re�nement.Consider the bounded domain G obtained after interse
ting some wedge W =

{(x1, x2, x3) ∈ R3 : x2 > a |x1|}, 0 < a < ∞, with another domain. The 
ommonpart of ∂G and the boundary of the wedge ∂W is denoted by Γ and again we denoteby W̊N
p (G) the subspa
e of all fun
tions from WN

p (G), whi
h 
an be smoothlyextended by zero through ∂G\Γ.Now, we are interested in 
onstru
ting approximants to u ∈ W̊N
p (G) withrespe
t to the sequen
e of meshes, whi
h are re�ned in the two dire
tions normal to

Γ. As basi
 mesh points, we 
hoose the latti
e {(hAm′, hm3) : m′ ∈ Z2
++,m3 ∈ Z},where A is a 2×2 matrix, transforming the quarter plane R2

++ onto {x ∈W : x3 =
0} with detA = 1.In view of Remark 9.17, the following assertion for the tensor produ
t generat-ing fun
tion (9.38) is valid.Lemma 9.22. Suppose that both η2(x′) and η1(x3) satisfy the moment Condition2.15 for some given N > n/p and let µ ∈ (0, 1). There exists κ > 0 su
h that thequasi-interpolant
Nµ,hu(x) := D−3/2

∑

(µhAm′,hm3)∈G

u(µhAm′, hm3) η3

(x′ − µhAm′

µh
√
D

,
x3 − hm3

h
√
D

)approximates u ∈ W̊N
p (G) in the subdomain Gκµh = {x ∈ G : dist(x,Γ) > κµh}with the estimate

‖Nµ,hu− u‖Lp(Gκµh) ≤ c (
√
Dh)N‖∇Nu‖Lp(G) + ε

N−1∑

k=0

(
√
Dh)k‖∇ku‖Lp(G) .The mesh re�nement towards Γ without loss of approximation order is possibleowing to the fa
torization

Nµ,h = Nµ2,h Ñµ,h + Rh,µ , ‖Rh,µ‖ < ε ,where again µ−1 ∈ N,
Ñµ,hu(x) := D−3/2

∑

m∈Z3

u(µhAm′, hm3) η̃2

(x′ − µhAm′

µh′
√
D

)
η1

(x3 − hm3

h
√
D

)
,and η̃2 is the mask fun
tion of η2 de�ned by (8.12). This follows immediately fromthe fa
t that the quasi-interpolant with η2,A := η2(A ·) is based on the nodes hZ2and that Fη2,A = Fη2(A−1 ·).



9.7. POTENTIALS OF TENSOR PRODUCT GENERATING FUNCTIONS 221Now the edge approximant to u ∈ W̊N
p (G) is de�ned as(9.41) BM,eu(x) = D−3/2

M∑

j=0

∑

(µjhAm′,hm3)∈Qj

ck,m η3

(x′ − µjhAm′

µjh
√
D

,
x3 − hm3

h
√
D

)with the 
oe�
ients
cj,m =

{
u(hAm′, hm3), j = 0 ,

u(µjhAm′, hm3) − (Ñµj−1,hχj−1u)(µ
jhAm′, hm3), j ≥ 1 ,where

Qj = {x ∈ G : τhµj ≤ dist(x,Γ) ≤ (τ + κ̃)hµj−1} ,
χj(x) = 1 for dist(x,Γ) > τµj and zero otherwise, and the parameters τ , κ̃ areobtained from the fun
tions η2 and η̃2. Again, for (9.41), the assertions of Theorems9.12 and 9.13 remain true. We note that the numeri
al 
osts to evaluate BM,eu areof the order O(M2h−2).After these preparations, we 
an de�ne the anisotropi
 boundary layer approxi-mant to the fun
tion u given in the polyhedral domain Ω. Turning to the de
ompo-sition (9.37) and using the di�erent types of approximants de�ned in (2.23), (9.2),(9.40), and (9.41), we introdu
e
B̃Mu = Mκ

h(uϕint) +
∑

corners

BM (uϕck
) +

∑

edges

BM,e(uϕek
) +

∑

faces

BM,f (uϕfk
) .Theorem 9.23. For any ε > 0 there exist D > 0 and a boundary layer appro-ximation B̃M , whi
h is anisotropi
 near fa
es and edges of the polyhedral domain

Ω ∈ R3, su
h that for any u ∈ WN
p (Ω), N > 3/p,

‖u− B̃Mu‖Lp(R3) ≤ c1(
√
Dh)N‖∇Nu‖Lp(Ω) + c2(µ

Mh)1/p‖u‖L∞(Ω) + ε‖u‖W N−1
p (Ω)and

‖u− B̃Mu‖H−s
p (R3) ≤ (c1(

√
Dh)N + c2(µ

Mh)1/p+r + ε hs)‖u‖W N−1
p (Ω) ,where 0 < r < s/3 and r ≤ (p− 1)/p.9.7. Potentials of tensor produ
t generating fun
tionsFrom the results of Se
tion 9.5 and Theorem 9.23, it follows that the assertionsof Theorem 9.16 are valid also for the approximation KB̃M of the integral operator

K over a polyhedral domain Ω ⊂ R3. For the pra
ti
al appli
ation, it remains tostudy the e�
ient 
omputation of integrals of generating fun
tions o

urring in theapproximant B̃Mu. Here, we 
onsider the tensor produ
t fun
tion η3 with fa
torsof the 
lass η2M de�ned in (3.12), i.e., we set
η3(x) = π−3/2L

(1)
M−1(|x′|2)L(1/2)

M−1(x
2
3) e−|x′|2−x2

3

= π−3/2
M−1∑

j,k=0

(−1)j+k

j! k! 4j+k
∆j

x′

∂2k

∂x2k
3

e−|x|2 ,where ∆x′ = (∂/∂x1)
2 + (∂/∂x2)

2. Therefore, the anisotropi
 generating fun
tions
an be written in the form
η3(x

′, ax3) = π−3/2
M−1∑

j,k=0

(−1)j+k

j! k! 4j+ka2k
∆j

x′ e−|x′|2 ∂2k

∂x2k
3

e−a2x2
3 .



222 9. CUBATURE OVER BOUNDED DOMAINSThen the 
onvolution integrals with η3(x′, ax3), a > 0, have the form
∫

R3

g(x − y) η3(y
′, ay3) dy

= π−3/2
M−1∑

j,k=0

(−1)j+k

j! k! 4j+ka2k

∫

R3

g(x − y)∆j
y′ e−|y′|2 ∂2k

∂y2k
3

e−a2y2
3 dy

= π−3/2
M−1∑

j,k=0

(−1)j+k

j! k! 4j+ka2k
∆j

x′

∂2k

∂x2k
3

∫

R3

g(x − y) e−|y′|2−a2y2
3 dy .

(9.42)
We see that higher-order 
ubature formulas are easily derived from the integrals(9.43) ∫

R3

g(x − y) e−|y′|2−a2y2
3 dy ,whi
h have been 
onsidered in Se
tion 6.3. For integral kernels g, often o

urring inappli
ations, the integral (9.43) 
an be redu
ed to a one-dimensional integral witha smooth integrand. In Se
tion 6.4, this approa
h was extended to higher-ordergenerating fun
tions, whi
h are not tensor produ
ts. Here we apply this approa
hto potentials of η3(x′, ax3). Note that the 
ase a 6= 1 
overs both types (9.40) forthe fa
e fun
tion and (9.41) for the edge fun
tion approximation.Consider, for example, the harmoni
 potential of η3(x′, ax3). In Subse
tion6.3.1, we treated the harmoni
 potential of anisotropi
 Gaussians in the general
ase. In parti
ular, applying formula (6.38), we obtain the Newton potential of theanisotropi
 Gaussian e−|x′|2−a2x2

3 as the one-dimensional integral
1

4π

∫

R3

e−|y′|2−a2y2
3

|x − y| dy =
1

4

∞∫

0

e−|x′|2/(1+t)

1 + t

e−a2x2
3/(1+a2t)

√
1 + a2t

dt ,su
h that, in view of (9.42),
1

4π

∫

R3

η3(y
′, ay3)

|x− y| dy

=
1

4π3/2

M−1∑

j,k=0

(−1)j+k

j! k! 4j+ka2k
∆j

x′

∂2k

∂x2k
3

∞∫

0

e−|x′|2/(1+t)

1 + t

e−a2x2
3/(1+a2t)

√
1 + a2t

dt .From (3.15), we 
on
lude that
∆j

x′

e−|x′|2/(1+t)

1 + t
= (−1)jj!4j e−|x′|2/(1+t)

(1 + t)j+1
L

(0)
j

( |x′|2
1 + t

)and
∂2k

∂x2k
3

e−a2x2
3/(1+a2t)

√
1 + a2t

= (−1)kk!4k a
2k e−a2x2

3/(1+a2t)

(1 + a2t)k+1/2
L

(−1/2)
k

( a2x2
3

1 + a2t

)
.Thus, the Newton potential of η3(x′, ax3) is given by the one-dimensional in-tegral
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1

4π

∫

R3

η3(y
′, ay3)

|x − y| dy

=
1

4π3/2

∞∫

0

e−|x′|2/(1+t)

1 + t

e−a2x2
3/(1+a2t)

√
1 + a2t

M−1∑

j,k=0

L
(0)
j

( |x′|2
1+t

)

(1 + t)j

L
(−1/2)
k

( a2x2
3

1+a2t

)

(1 + a2t)k
dt .Obviously, an analogous formula 
an be derived for the other potentials 
on-sidered in Se
tion 6.3. 9.8. NotesThe poor performan
e of the simple quasi-interpolation method des
ribed inSe
tion 9.2 was observed by Ivanov. He proposed in [35℄ the approximate fa
toriza-tion of the quasi-interpolation operator and the boundary layer quasi-interpolationbased on the multi-resolution de
omposition dis
ussed in Se
tions 9.3 and 9.4. Rig-orous results on the approximation error in Lp were obtained in [36℄. In the present
hapter, we presented a modi�
ation of the proofs given there. The results of Se
-tion 9.6 on the anisotropi
 boundary layer approximation are taken from [37℄.





CHAPTER 10More general gridsIn this 
hapter, we show that the 
onstru
tion of approximate quasi-interpolants(2.23) is not restri
ted to uniform 
ubi
 grids.It is required sometimes to approximate fun
tions on the nodes of orthotropi
partitions or on uniform non-orthogonal grids. In Se
tion 10.1, we 
onsider somevariants for the 
onstru
tion of approximate quasi-interpolants on those uniformgrids, among them two-dimensional regular triangular and hexagonal grids. Thenwe study the more interesting 
ase to approximate a fun
tion by its values onnon-uniformly distributed nodes.For the 
ase when the grid 
an be interpreted as a perturbation of a uniformgrid, in Se
tion 10.2, we 
onstru
t quasi-interpolants whi
h involve the fun
tionvalues on the non-uniform grid, but the generating fun
tions are 
entered at thenodes of the uniform grid. Therefore the quasi-interpolants have the well-knownsimple stru
ture.For other distributions of nodes, we require that the approximate quasi-inter-polant have a similar semi-dis
rete 
onvolutional form in order to obtain 
ubatureformulas as in the uniform 
ase. This 
an be a
hieved if the nodes are obtained bya smooth transformation of a uniform grid. In Se
tion 10.3, we derive formulas forquasi-interpolants whi
h approximate fun
tions given either on an n-dimensionaldomain or a manifold. We show that the approximants exhibit the same propertiesas the approximate quasi-interpolants on uniform grids.10.1. Uniform grids10.1.1. Orthotropi
 grid. If the fun
tion data are given on a re
tangulargrid
{(h1m1, . . . , hnmn) : m ∈ Zn} ,then it is useful to 
onsider the more general quasi-interpolation formula

1√D1 . . .Dn

∑

m∈Zn

u(h1m1, . . . , hnmn) η
(x1 − h1m1√D1h1

, . . . ,
xn − hnmn√Dnhn

)
.Applying the one-dimensional Poisson summation formula (1.3) in ea
h variable toa su�
iently smooth and rapidly de
aying fun
tion η, one obtains the formula

√
D1 . . .Dn

∑

m∈Zn

(x1−h1m1√D1h1

)α1

. . .
(xn−hnmn√Dnhn

)αn

η
(x1−h1m1√D1h1

, . . . ,
xn−hnmn√Dnhn

)

=
( i

2π

)[α] ∑

ν∈Zn

∂αFη(
√
D1ν1, . . . ,

√
Dnνn)

n∏

j=1

e 2πixjνj/hj ,whi
h is valid if both series 
onverge absolutely. Then error estimations, similar tothose of Chapter 1, 
an be obtained. 225



226 10. MORE GENERAL GRIDSA further generalization of the quasi-interpolation formula is the "tensor prod-u
t" 
ase, whi
h means that the generating fun
tion has the form
η(x) = η1(x1) . . . ηn(xn) ,where it is possible that the one-dimensional generating fun
tions ηj have zeromoments of di�erent order in di�erent dire
tions.10.1.2. Non-orthogonal grid. The quasi-interpolation formulas 
an be eas-ily generalized to the 
ase when the values of u are given on a latti
e
Λh := {hAm , m ∈ Zn}with a real nonsingular n × n matrix A. We want to use the same generatingfun
tions as before, for example, radial fun
tions η. This situation 
an o

ur,for instan
e, in 
ubature formulas for pseudodi�erential operators, where analyti
expressions are available only after a�ne transformations.We de�ne the quasi-interpolant(10.1) MΛh

u(x) =
detA

Dn/2

∑

m∈Zn

u(hAm) η
(x − hAm√

Dh
)
.Using the notation uA = u(A·), ηA = detAη(A·), t = A−1x, the sum (10.1)transforms to

MΛh
u(x) =

detA

Dn/2

∑

m∈Zn

uA(hm) η
(
A
A−1x − hm√

Dh
)

= D−n/2
∑

m∈Zn

uA(hm)ηA

(t− hm√
Dh

)
= Mh,DuA(t) .This is exa
tly the quasi-interpolation formula (2.23) with the transformed gener-ating fun
tion ηA applied to the fun
tion uA. Sin
e∫

Rn

xαηA(x) dx = detA

∫

Rn

xαη(Ax) dx =

∫

Rn

(A−1x)αη(x) dx ,the generating fun
tion ηA satis�es the de
ay and the moment Conditions 2.12 and2.15 together with η. Therefore one 
an apply all estimates obtained in Se
tions 2.3and 2.4 to the quasi-interpolation formula (10.1).Denoting the j-th 
omponent of the ve
torA∇ by (A∇)j and using the notation
(A∇)α = (A∇)α1

1 . . . (A∇)αn
n ,we have

∂αuA(t) = (At∇)αu(At) , ∂αFηA(λ) = ((At)−1∇)αFη((At)−1λ) ,where At denotes the transpose of the matrix A. If, for example, u ∈ WN
∞(Rn),then representation (2.50) takes the form

MΛh
u(x) = u(x) + RN,h(x)

+

N−1∑

[α]=0

(At∇)αu(x)

α!

(√Dh
2πi

)[α] ∑

ν∈Zn\{0}
((At)−1∇)αFη(

√
D(At)−1ν) e

2πi
h 〈A−1x,ν〉,with a remainder RN,h, whi
h is bounded by

|RN,h(x)| ≤ cA,η (h
√
D)N‖∇Nu‖L∞

,



10.1. UNIFORM GRIDS 227and the 
onstant cA,η is independent of u, h, and D.We see that it is always possible to 
hoose D su
h that the quasi-interpolant
MΛh

satis�es an estimate of the form (2.49) or a lo
al estimate similar to (2.58)for any ε > 0.Let us note that by (2.22), Poisson's summation formula on the a�ne latti
e
Λ = {Am}m∈Zn has the form(10.2) detA

Dn/2

∑

m∈Zn

η
(x−Am√

D
)

=
∑

ν∈Zn

Fη(
√
D(At)−1ν) e 2πi〈x,Aν〉 .10.1.3. Examples. We 
onsider approximate partitions of unity and quasi-interpolants based on two regular grids in R2. For the �rst, the triangular grid, we
an dire
tly apply the results 
on
erning non-orthogonal grids. The se
ond exampleis a hexagonal grid, whi
h 
annot be represented as an a�ne latti
e.First, we 
onsider quasi-interpolants on a regular triangular grid.

Figure 10.1. Tridiagonal gridIt is easy to 
he
k that the matrix
A =

(
1 1/2

0
√

3/2

)maps the integer ve
tors m ∈ Z2 onto the verti
es y△
m = Am of a partition of R2into equilateral triangles of side length 1 indi
ated in Fig. 10.1. From (10.1), we seethat a quasi-interpolant on the nodes {hy△

m = hAm}m∈Z2 of a regular tridiagonalpartition of R2 
an be given as
M△

hu(x) :=

√
3

2D
∑

m∈Z2

u(hAm) η
(x − hy△

m√
Dh

)
,whi
h has the approximation properties des
ribed in Chapter 1. In parti
ular, thefun
tion system {√

3

2D η
(x − y△

m√
D

)}

m∈Z2

forms an approximate partition of unityand
∣∣∣∣1 −

√
3

2D
∑

m∈Z2

η
(x − y△

m√
D

)∣∣∣∣ ≤
∑

ν∈Z2\{0}

∣∣∣
∫

R2

η(x) e−2πi
√
D〈A−1x,ν〉dx

∣∣∣ .From the relation
A−1 =




1 −1/
√

3

0 2/
√

3






228 10. MORE GENERAL GRIDSand from (10.2), we obtain Poisson's summation formula for η(x) = π−1 e−|x|2 ona triangular grid
√

3

2πD
∑

m∈Z2

e−|x−y△

m|2/D

=
1

π

∑

ν∈Z2

e2πi(x1ν1+x2(2ν2−ν1)/
√

3)

∫

R2

e−|y|2 e−2πi
√
D(y1ν1+y2(2ν2−ν1)/

√
3) dy

=
∑

ν∈Z2

e−4π2D(ν2
1−ν1ν2+ν2

2)/3 e 2πi(x1ν1+x2(2ν2−ν1)/
√

3) .

(10.3)Hen
e, the main saturation error whi
h 
orresponds to α = (0, 0) is bounded by
∣∣∣1 −

√
3

2πD
∑

m∈Z2

e−|x−Am|2/D
∣∣∣ ≤

∑

(ν1,ν2) 6=(0,0)

e−4π2D(ν2
1−ν1ν2+ν2

2 )/3

= 6 e−4π2D/3 +O(e−4π2D) .Note that this di�eren
e is less than the single and double pre
ision of �oating pointarithmeti
s of modern 
omputers, if D ≥ 1.5 and D ≥ 3.0, respe
tively.
Figure 10.2. Hexagonal gridNext, we 
onsider a regular hexagonal grid of side length 1, depi
ted in Fig. 10.2.It 
an be obtained when the nodes of a triangular grid of side length √

3 are removedfrom the nodes of a regular triangular grid of side length 1. This is indi
ated inFig. 10.3, where the eliminated triangular grid is depi
ted with dashed lines. The
Figure 10.3. Nodes of a hexagonal gridremoved nodes 
an be written in the form Bm, m ∈ Z2, with the matrix

B =

(
3/2 0

√
3/2

√
3

)
.



10.1. UNIFORM GRIDS 229Hen
e, the set of nodes X⋄ of the regular hexagonal grid are given by
X⋄ = {Am}m∈Z2 \ {Bm}m∈Z2 ,and the sum of the shifted basis fun
tions η(·/√D) 
entered at the nodes of X⋄ 
anbe written as

∑

y⋄∈X⋄

η
(x− y⋄

√
D
)

=
∑

m∈Z2

η
(x −Am√

D
)
−
∑

m∈Z2

η
(x −Bm√

D
)
.Under the 
ondition Fη(0) = 1, we have from (10.2) that

∑

m∈Z2

η
(x −Am√

D
)

=
D

detA

(
1 +

∑

ν∈Z2\{0}
Fη(

√
D(At)−1ν) e 2πi〈x,(At)−1ν〉

)
.Thus we obtain

∑

y⋄∈X⋄

η
(x− y⋄

√
D
)

=
2D√

3
+

2D√
3

∑

ν∈Z2\{0}
Fη(

√
D(At)−1ν) e 2πi〈x,(At)−1ν〉

− 2D
3
√

3
− 2D

3
√

3

∑

ν∈Z2\{0}
Fη(

√
D(Bt)−1ν) e 2πi〈x,(Bt)−1ν〉.Hen
e, an approximate partition of unity 
entered at the hexagonal grid is givenby

3
√

3

4D
∑

y⋄∈X⋄

η
(x − y⋄

√
D
)

= 1 +
3

2

∑

ν∈Z2\{0}
Fη(

√
D(At)−1ν) e 2πi〈x,(At)−1ν〉

− 1

2

∑

ν∈Z2\{0}
Fη(

√
D(Bt)−1ν) e 2πi〈x,(Bt)−1ν〉.Now we de�ne the quasi-interpolant on the h-s
aled hexagonal grid

hX⋄ = {hAm}m∈Z2 \ {hBm}m∈Z2as
M⋄

hu(x) :=
3
√

3

4D
∑

y⋄∈X⋄

u(hy⋄) η
(x − hy⋄

h
√
D
)
.(10.4)Sin
e it 
an be written in the form

M⋄
hu(x) =

3
√

3

4D
( ∑

m∈Z2

u(hAm)η
(x − hAm

h
√
D

)
−
∑

m∈Z2

u(hBm)η
(x − hBm

h
√
D

))
,we see that under 
onditions (2.45) and (2.47) the quasi-interpolant M⋄

h providesthe usual estimates (2.49), (2.58) and (2.60) for su�
iently large D.Be
ause
B−1 =

(
2/3 0

−1/3
√

3/3

)
,



230 10. MORE GENERAL GRIDSwe obtain, by using (10.3), Poisson's summation formula for Gaussians on thehexagonal grid
3
√

3

4πD
∑

y⋄∈X⋄

e−|x−y⋄|2/D =
3
√

3

4πD
( ∑

m∈Z2

e−|x−Am|2/D −
∑

m∈Z2

e−|x−Bm|2/D
)

=
3

2

∑

ν∈Z2

e−4π2D(ν2
1−ν1ν2+ν2

2 )/3 e 2πi(x1ν1+x2(2ν2−ν1)/
√

3)

− 1

2

∑

ν∈Z2

e−4π2D(ν2
1−ν1ν2+ν2

2 )/9 e 2πi(x1(2ν1−ν2)/3+x2ν2/
√

3) .Hen
e, the main saturation error for η(x) = π−1 e−|x|2 is bounded by
∣∣∣1 − 3

√
3

4πD
∑

y⋄∈X⋄

e−|x−y⋄|2/D
∣∣∣

≤ 1

2

∑

(ν1,ν2) 6=(0,0)

3 e−4π2D(ν2
1−ν1ν2+ν2

2 )/3 + e−4π2D(ν2
1−ν1ν2+ν2

2)/9

= 3 e−4π2D/9 +O(e−4π2D/3) .10.2. Quasi-interpolants for data on perturbed uniform gridsHere we give a simple extension of the quasi-interpolation operator on a uniformgrid, de�ned by (2.23), to a quasi-interpolant whi
h uses the values u(xj) on a setof s
attered nodes X = {xj}j∈J ⊂ Rn, 
lose to a uniform grid.10.2.1. Perturbed grid. Consider the following example. Let {xj} be asequen
e of points on R, 
lose to the uniform grid {hj}j∈Z and su
h that xj+1−xj ≥
c h > 0. Choose a rapidly de
aying fun
tion η satisfying the 
onditions

∣∣∣1 −
∑

j∈Z

η(x − j)
∣∣∣ < ε ,

∣∣∣
∑

j∈Z

(x− j)η(x − j)
∣∣∣ < ε.One 
an easily see (and it is a spe
ial 
ase of the results of this se
tion) that thequasi-interpolant

Mhu(x) =
∑

j∈Z

(
xj+1 − hj

xj+1 − xj
u(xj) +

hj − xj

xj+1 − xj
u(xj+1)

)
η
(x
h
− j
)satis�es the estimate

|Mhu(x) − u(x)| ≤ C h2 ‖u′′‖L∞(R) + ε(|u(x)| + h|u′(x)|) ,where the 
onstant C depends only on the fun
tion η.In the following, we supposeCondition 10.1. There exists a uniform grid Λ su
h that the quasi-interpolants(10.5) Mh,D u(x) = D−n/2
∑

yj∈Λ

u(hyj) η
(x − hyj

h
√
D
)approximate su�
iently smooth fun
tions u with the error(10.6) |u(x) −Mh,Du(x)| ≤ cη (

√
Dh)N ‖∇Nu‖L∞

+ ε

N−1∑

k=0

(
√
Dh)k|∇ku(x)| ,
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iently large D. Let Xh be a sequen
e of grids with the prop-erty that for κ1 > 0 not depending on h and for any yj ∈ Λ, the ball B(hyj , hκ1)
ontains nodes of Xh.10.2.2. Constru
tion.Definition 10.2. Let xj ∈ Xh. A 
olle
tion of mN =
(N − 1 + n)!

n!(N − 1)!
− 1 nodes

xk ∈ Xh will be 
alled a star of xj , denoted by st(xj), if the Vandermonde matrix(10.7) Vj,h =
{(xk − xj

h

)α}
, [α] = 1, ..., N − 1,is not singular.Condition 10.3. Let Xh be a sequen
e of grids satisfying Condition 10.1.Denote by x̃j ∈ Xh the node 
losest to hyj ∈ hΛ. There exists κ2 > 0 su
h thatfor any yj ∈ Λ there exists a star st(x̃j) ⊂ B(x̃j , hκ2) with | detVj,h| ≥ c > 0uniformly in h.To des
ribe a 
onstru
tion of the quasi-interpolants whi
h use the data at Xh,we denote the elements of the inverse matrix of Vj,h by {b(j)α,k}, [α] = 1, . . . , N − 1,

xk ∈ st(x̃j), and we de�ne the fun
tional
Fj,h(u) = u(x̃j)

(
1 −

N−1∑

[α]=1

(
yj −

x̃j

h

)α ∑

xk∈st(x̃j)

b
(j)
α,k

)

+
∑

xk∈st(x̃j)

u(xk)

N−1∑

[α]=1

b
(j)
α,k

(
yj −

x̃j

h

)α

.Then the quasi-interpolant is de�ned as the sum(10.8) Mh,Du(x) = D−n/2
∑

yj∈Λ

Fj,h(u)η
(x − hyj

h
√
D

)
,i.e., the generating fun
tions are 
entered at the nodes of the uniform grid hΛ. Asin the 
ase of uniform grids, this 
onstru
tion allows one to apply fast methods forthe 
ubature of integral operators.10.2.3. Error estimates.Theorem 10.4. Under Conditions 10.1 and 10.3, for any ε > 0, there exists

D su
h that the quasi-interpolant (10.8) approximates any u ∈ WN
∞(Rn) with theerror estimate(10.9) |Mh,Du(x) − u(x)| ≤ cN,η,D hN‖∇Nu‖L∞

+ ε

N−1∑

k=0

(
√
Dh)k|∇ku(x)| ,where cN,η,D does not depend on u and h.Proof. For a given u ∈ WN

∞(Rn) and the grid Xh, we 
onsider the quasi-interpolant (10.5) on the uniform grid {hΛ}

Mh,Du(x) = D−n/2
∑

yj∈Λ

u(hyj) η
(x − hyj

h
√
D
)
.
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ording to Condition 10.1, we 
an �nd D su
h thatMh,Du satis�es the inequality
|Mh,Du(x) − u(x)| ≤ cN,η (

√
Dh)N‖∇Nu‖L∞

+ ε

N−1∑

k=0

(
√
Dh)k|∇ku(x)| .(10.10)Hen
e, it remains to estimate |Mh,Du− Mh,Du|. From the Taylor expansion (2.1)of u around t ∈ Rn, we have(10.11) u(x) =

N−1∑

[α]=0

∂αu(t)

α!
(x − t)α +RN (x, t)with the remainder

RN (x, t) =
∑

[α]=N

(x − t)α

α!
Uα(t,x) ,whi
h obviously satis�es(10.12) |RN (x, t)| ≤ cN |x − t|N sup

B(t,|x−t|)
|∇Nu| .For yj ∈ Λ, we 
hoose x̃j ∈ X and use (10.11) with t = x̃j . We split

Mh,Du(x) = M (1)u(x) + D−n/2
∑

yj∈Λ

RN (hyj , x̃j) η
(x − hyj

h
√
D
)with(10.13) M (1)u(x) = D−n/2

∑

yj∈Λ

N−1∑

α=0

∂αu(x̃j)

α!
(hyj − x̃j)

α η
(x − hyj

h
√
D
)
.Be
ause |hyj − x̃j | ≤ κ1h for any yj , we derive from (10.12) that

|M (1)u(x) −Mh,Du(x)|

≤ cN (κ1h)
ND−n/2

∑

yj∈Λ

∣∣∣η
(x − hyj

h
√
D
)∣∣∣ sup

B(x,hκ1)

|∇Nu| .(10.14)The next step is to approximate ∂αu(x̃j), 1 ≤ [α] < N , by a linear 
ombination of
u(xk), xk ∈ st(x̃j). Consider the linear system with mN unknowns(10.15) N−1∑

[α]=1

a
(j)
α

α!
(xk − x̃j)

α = u(xk) − u(x̃j) , xk ∈ st(x̃j) ,whi
h, in view of Condition 10.3, has a unique solution {a(j)
α }1≤[α]≤N−1. It followsfrom (10.11) and (10.15) that

N−1∑

[α]=1

h[α]

α!
(a(j)

α − ∂αu(x̃j))
(xk − x̃j

h

)α

= RN (xk, x̃j) .Again by Condition 10.3, the norms of V −1
j,h are bounded uniformly for all j and h.This, together with (10.12), leads to the inequalities(10.16) |a(j)

α − ∂αu(x̃j)|
α!

≤ C2 h
N−[α] sup

B(x̃j ,hκ2)

|∇Nu| , 0 ≤ [α] < N .
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e the derivatives ∂αu(x̃j) in (10.13) by a(j)
α , then we get thesum

D−n/2
∑

yj∈Λ

(
u(x̃j) +

N−1∑

[α]=1

a
(j)
α

α!
(hyj − x̃j)

α
)
η
(x− hyj

h
√
D

)
,whi
h, in view of

a(j)
α =

α!

h[α]

∑

xk∈st(x̃j)

b
(j)
α,k (u(xk) − u(x̃j)) ,
oin
ides with the quasi-interpolant Mh,Du de�ned by (10.8). Moreover, by (10.13)and (10.16),

|Mu(x) −M (1)u(x)|

≤ C2h
N

N−1∑

[α]=1

κ
[α]
1 D−n/2

∑

yj∈Λ

∣∣∣η
(x − hyj

h
√
D

)∣∣∣ sup
B(x,hκ2)

|∇Nu| .
(10.17)Now, we use Lemma 2.6, whi
h implies the inequality

sup
x∈Rn

D−n/2
∑

yj∈Λ

∣∣∣η
(x − yj√

D
)∣∣∣ ≤ C3for all D ≥ D0 > 0. Hen
e, from (10.14) and (10.17), we obtain

|Mh,Du(x) − Mh,Du(x)| ≤ C4h
N sup

B(x,hκ2)

|∇Nu| ,whi
h, together with (10.10), establishes the estimate (10.9). �10.2.4. Numeri
al experiments with quasi-interpolants. The behaviorof the quasi-interpolant Mh,Du was tested by one- and two-dimensional experi-ments. In all 
ases, the s
attered grid is 
hosen su
h that any ball B(hj, h/2),
j ∈ Zn, n = 1 or n = 2, 
ontains one randomly 
hosen node, whi
h is denoted by
xj.
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(b)Figure 10.4. The graphs of Mh,Du − u with η(x) = π−1/2e−x2 ,
D = 2, st(xj) = {xj+1}, when (a) u(x) = x2 (on the left) and (b)
u(x) = (1 + x2)−1. Dashed and solid lines 
orrespond to h = 1/32and h = 1/64, respe
tively.



234 10. MORE GENERAL GRIDS
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-1 -0.5 0.5 1

-2e-6
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-1e-5

(b)Figure 10.5. The graphs of Mh,Du− u with η(x) = π−1/2(3/2−
x2)e−x2 , D = 4, st(xj) = {xj−2, xj−1, xj+1}, when (a) u(x) = x4and (b) u(x) = (1 + x2)−1. Dashed and solid lines 
orrespond to
h = 1/32 and h = 1/64.In the one-dimensional 
ase, Figs. 10.4 and 10.5 show the graphs of u−Mh,Dufor di�erent smooth fun
tions u for h = 1/32 (dashed line) and h = 1/64 (solid line).We use π−1/2e−x2 (Fig. 10.4) and π−1/2(3/2 − x2) e−x2 (Fig. 10.5) as generatingfun
tions.As two-dimensional examples, in Figs. 10.6 and 10.7, we depi
t the quasi-interpolation error Mh,Du − u for the fun
tion u(x) = (1 + |x|2)−1 and di�erent

h if generating fun
tions of se
ond- (with D = 2) and fourth- (with D = 4) or-ders of approximation are used. The h2- and respe
tively h4-
onvergen
e of the
orresponding two-dimensional quasi-interpolants are 
on�rmed by the L∞-errors,whi
h are given in Table 10.1.
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0.04Figure 10.6. The graph of Mh,Du − u with u(x) = (1 + |x|2)−1,
D = 2, N = 2, η(x) = π−1e−|x|2, (a) h = 2−6 and (b) h = 2−7.
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Figure 10.7. The graph of Mh,Du − u with u(x) = (1 + |x|2)−1,
D = 4, N = 4, η(x) = π−1(2 − |x|2)e−|x|2 ,(a) h = 2−6 and (b) h = 2−7.
h D = 2 D = 4

2−4 8.75 · 10−3 1.57 · 10−2

2−5 2.21 · 10−3 4.00 · 10−3

2−6 5.51 · 10−4 1.01 · 10−3

2−7 1.42 · 10−4 2.52 · 10−4

2−8 3.56 · 10−5 6.50 · 10−5

h D = 4 D = 6

2−4 4.42 · 10−4 9.59 · 10−4

2−5 2.95 · 10−5 6.61 · 10−5

2−6 1.92 · 10−6 4.24 · 10−6

2−7 1.24 · 10−7 2.68 · 10−7

2−8 7.80 · 10−9 1.71 · 10−8Table 10.1. L∞-approximation error for the fun
tion u(x) = (1+

|x|2)−1 using Mh,Du with η(x) = π−1e−|x|2 , N = 2 (on the left),and η(x) = π−1(2 − |x|2)e−|x|2 , N = 4 (on the right).10.3. Non-uniformly distributed nodesHere we study a 
ase of non-uniform grids. To be more pre
ise, we 
onsider ap-proximate quasi-interpolation for fun
tions with 
ompa
t support in some domain
Ω ⊂ Rn and for fun
tions given on an n-dimensional manifold in the 
ase whenthe nodes are images of a smooth mapping of uniformly distributed grid points.The approximant should have a simple semi-dis
rete 
onvolutional form, similar to(2.23), in order to get e�e
tive methods for 
omputing pseudodi�erential operators.10.3.1. Des
ription of 
onstru
tion and error estimate. Suppose that
ω ⊂ Rn is a bounded domain and that φ = (ϕ1, . . . , ϕs) : ω → Rs, n ≤ s, isa su�
iently smooth and non-singular mapping, de�ned in a neighborhood of ω.That means that

|φ′(y)| =
(∑

(i)

(κ(i)(y))2
)1/2

6= 0 , y ∈ ω ,(10.18)



236 10. MORE GENERAL GRIDSwhere κ(i) denotes the minor of order n of the matrix
φ′(y) =

∥∥∥∥∥∥∥

∂ϕ1/∂y1 · · · ∂ϕ1/∂yn... . . . ...
∂ϕs/∂y1 · · · ∂ϕs/∂yn

∥∥∥∥∥∥∥
,
orresponding to the rows with indi
es i1 < . . . < in. The sum is extended over alldistin
t (i) = (i1, . . . , in), 1 ≤ ip ≤ s, of this kind. Then φ generates a one-to-onemapping between ω and Ω = φ(ω) ∈ Rs.Let u be an N -times 
ontinuously di�erentiable fun
tion on Ω with 
ompa
tsupport, i.e., the 
omposition u◦φ ∈ CN

0 (ω). It the following, we study the appro-ximation of u by the quasi-interpolant(10.19) uh(x) = D−n/2
∑

hm∈ B

u(φ(hm)) η
( x − φ(hm)√

Dh |φ′(hm)|1/n

)
, x = φ(y) ∈ Ω ,where the summation extends over all hm belonging to some subset B ⊂ ω, whi
hdepends on the point x ∈ Ω.Note that formula (10.19) in the 
ase s = n 
orresponds to the quasi-interpola-tion on a domain Ω ∈ Rn with respe
t to a set of data points {xm}, whi
h 
anbe represented as a su�
iently smooth image of a uniform latti
e, xm = φ(hm),

hm ∈ ω. If s > n, then Ω = φ(ω) ∈ Rs 
an be 
onsidered as a part of an n-dimensional manifold parametrized by φ. The generating fun
tion η is given in Rs;hen
e (10.19) de�nes a fun
tion in Rs. We are interested in how the restri
tion ofthis linear 
ombination to Ω approximates the fun
tion u on Ω. In the sequel, wesuppose that in the 
ase s > n the generating fun
tion η is radial.The following theorem states that the di�eren
e uh − u has a similar behavioras in the 
ase of uniform grids provided that η satis�es the Moment Condition 2.15of order N and some additional smoothness and de
ay requirements.Theorem 10.5. Assume, besides the moment Condition 2.15 of order N , that
η is N+µ−1-times 
ontinuously di�erentiable in Rs with µ = [n/2]+1, the smallestinteger greater than n/2. Additionally, all the derivatives ∂βη, 0 ≤ [β] ≤ N+µ−1,have to satisfy the 
ondition(10.20) |∂βη(x)| ≤ Cβ

{
(1 + |x|)−K−[β] , 0 ≤ [β] ≤ N ,

(1 + |x|)−K−N , N < [β] ≤ N + µ− 1 ,for some number K > N + n. Furthermore, we assume that φ : ω → Ω is in the
lass CN+1 and we let u ∈ CN
0 (Ω). Then, for any ε > 0, there exists D > 0 su
hthat at any point x ∈ Ω(10.21) |uh(x) − u(x)| ≤ c (

√
Dh)N ‖u‖CN(Ω) + ε

N−1∑

k=0

ck (
√
Dh)k .Here c does not depend on u, h, and D and the numbers ck 
an be obtained fromthe values ∂αu(x), [α] ≤ k.Remark 10.6. For a given non-singular parametrization φ of Ω, the quasi-interpolant

D−n/2
∑

m∈Zn

u(φ(hm)) η
(φ−1(x) − hm√

Dh
)



10.3. NON-UNIFORMLY DISTRIBUTED NODES 237is an approximation formula for a uniform grid on ω. It provides approximationerrors similar to those established in Se
tion 2.3. However, we want to have approx-imations with the property that, for example, the a
tion of 
onvolution operators
an be determined e�
iently. These integral operators have di�eren
e kernels withrespe
t to the variable x ∈ Ω; therefore, formula (10.19) leads to semi-analyti
approximations as soon as the 
onvolution of η is known.10.3.2. Quasi-interpolation on domains. The 
onvergen
e proof is basedon several lemmas. Let us �x a point x ∈ Ω, denote y0 = φ−1(x) ∈ ω, and makethe substitution(10.22) ξ(y) =
x − φ(y)

|φ′(y)|1/n
=

φ(y0) − φ(y)

|φ′(y)|1/n
, y ∈ ω .Lemma 10.7. The mapping ξ : ω → Rs 
an be represented in the form(10.23) ξ(y) = A(y0 − y) + |y0 − y|2 ξ̃(y) , y ∈ ω ,where A : Rn → Rs is a linear mapping with |A| = 1 and ξ̃ ∈ CN−1(ω). Thereexist a 
losed ball B(y0, κ) ⊂ ω around y0 with radius κ > 0 and positive 
onstants

C1 and C2 su
h that for any y ∈ B(y0, κ) and all real s ∈ [0, 1](10.24) |ξ′(y)| ≥ C1 and ∣∣sA(y0 − y) + (1 − s) ξ(y)
∣∣ ≥ C2|y0 − y| .Proof. Sin
e

ξ′(y) = − φ′(y)

|φ′(y)|1/n
− ξ(y)(∇|φ′(y)|)T

n |φ′(y)|and ξ(y0) = 0, we obtain A = |φ′(y0)|−1/n φ′(y0) whi
h implies |A| = 1. Hen
e,the matrix A∗A is not singular and therefore |Ay| ≥ c|y| with some positive 
on-stant c. Now, Taylor's formula
ξ(y) = ξ(y0) + ξ′(y0)(y − y0) + O(|y − y0|2)

= − φ′(y)

|φ′(y)|1/n
(y − y0) + O(|y − y0|2)leads to (10.23) and to

∣∣sA(y0 − y) + (1 − s) ξ(y)
∣∣ =

∣∣A(y0 − y) + (1 − s) |y0 − y|2 ξ̃(y)
∣∣

≥
(
c− |y0 − y||ξ̃(y)|

)
|y0 − y| . �After having �xed the ball B(y0, κ), we will study the quasi-interpolant(10.25) uh(x) = D−n/2

∑

hm∈ B(y0,κ)

u(φ(hm)) η
(ξ(hm)√

Dh
)
.We give an asymptoti
 expansion of uh(x) for h → 0 up to terms of the order

O(hN ). By using (10.23) and the Taylor expansion of η, we split uh(x) into a�nite sum of semi-dis
rete 
onvolutions plus a remaining term. In the following,we denote the variables in Rs by x, whereas the symbol y denotes variables in
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ω ∈ Rn. Thus, the Taylor expansion (2.1) of the fun
tion η on Rs near the point
A(y0 − y)/

√
Dh yields, be
ause ξ(y) = A(y0 − y) + |y0 − y|2 ξ̃(y),

η
( ξ(y)√

Dh
)

=

N−1∑

[β]=0

(
|y0 − y|2ξ̃(y)

)β

β!(
√
Dh)[β]

∂βη
(A(y0 − y)√

Dh
)

+
N

(
√
Dh)N

∑

[β]=N

(
|y0 − y|2ξ̃(y)

)β

β!

1∫

0

sN−1 ∂βη
(sA(y0 − y) + (1 − s) ξ(y)√

Dh
)
ds ,where ∂β denotes the 
orresponding partial derivatives in Rs. Denoting

ũ(y) = u(φ(y)) and η̃A,β(y) = |y|2[β] ∂βη(Ay) ,we obtain the splitting of the quasi-interpolant (10.25)(10.26) uh(x) =
N−1∑

[β]=0

(
√
Dh)[β]

β!Dn/2

∑

hm∈B(y0,κ)

ũ(hm) ξ̃(hm)βη̃A,β

(y0 − hm√
Dh

)
+RN(y0) ,where the remainder is of the form

RN (y0) = N(
√
Dh)N

∑

[β]=N

D−n/2

β!

1∫

0

sN−1

×
∑

hm∈B(y0,κ)

ũ(hm) ξ̃(hm)β |y0 − hm|2N

(Dh2)N
∂βη

(sA(y0 − hm) + (1 − s) ξ(hm)√
Dh

)
ds .Lemma 10.8. Suppose that η satis�es the de
ay 
ondition (10.20). Then

|RN (y0)| ≤ c (
√
Dh)N‖ũ‖C(B(y0,κ))with a 
onstant c depending only on η and φ.Proof. If we use the abbreviation

cu = max
y∈B(y0,κ)

∣∣ũ(y)ξ̃(y)β
∣∣ ,then, in view of (10.20) and (10.24), we 
an estimate for [β] = N

∣∣∣∣D−n/2
∑

hm∈ B(y0,κ)

ũ(hm) ξ̃(hm)β |y0 − hm|2N

(Dh2)N
∂βη

(sA(y0 − hm) + (1 − s) ξ(hm)√
Dh

)∣∣∣∣

≤ cuCβ D−n/2
∑

hm∈B(y0,κ)

|y0 − hm|2N

(Dh2)N

(
1 +

|sA(y0 − hm) + (1 − s) ξ(hm)|√
Dh

)−N−K

≤ cuCβ D−n/2
∑

hm∈B(y0,κ)

|y0 − hm|2N

(Dh2)N

(
1 +

C2|y0 − hm|√
Dh

)−N−K

≤ cuCβ C
−2N
2 D−n/2

∑

hm∈B(y0,κ)

(
1 +

C2|y0 − hm|√
Dh

)N−K

.



10.3. NON-UNIFORMLY DISTRIBUTED NODES 239The last sum is uniformly bounded for D ≥ D0 > 0, sin
e
D−n/2

∑

hm∈ B(y0,κ)

(
1 +

C2|y0 − hm|√
Dh

)N−K

≤ sup
Rn

D−n/2
∑

m∈Zn

(
1 +

C2|x − m|√
D

)N−K

= C−n
2 φK−N−n(

√
D/C2)with the fun
tion φµ de�ned by (2.31), whi
h proves the assertion. �Next, we 
onsider the semi-dis
rete 
onvolutions in (10.26). It 
an be easily
he
ked that, in view of (10.20), the generating fun
tion η̃A,β satis�es

∣∣∂αη̃A,β(y)
∣∣ = |y|2[β]

∣∣∂βη(Ay)
∣∣ ≤ Cβ(1 + |y|)−K+[β]for any 0 ≤ [α] ≤ µ, i.e., it satis�es the extended de
ay Condition 2.12 with

K > N − [β] + n. Hen
e, we 
an expand the sum
D−n/2

∑

hm∈B(y0,κ)

ũ(hm) ξ̃(hm)β η̃A,β

(y0 − hm√
Dh

)for the fun
tion ũ ξ̃
β ∈ CN−[β], as in (2.36), up to the order N − [β] and we 
anapply Lemma 2.11 and Corollary 2.19. Then we obtainLemma 10.9. We have

(
√
Dh)[β]

Dn/2

∑

hm∈B(y0,κ)

ũ(hm) ξ̃(hm)β η̃A,β

(y0 − hm√
Dh

)

=

N−[β]−1∑

[α]=0

∂α
(
ũ ξ̃

β)
(y0)

α!

(
√
Dh)[α]+[β]

(2πi)[α]

∑

ν∈Zn

∂αF η̃A,β(
√
Dν) e

2πi
h 〈y0,ν〉

+RN−β(y0) ,with the remainder bounded by
|RN−β| ≤ c (

√
Dh)N

(
‖ũ ξ̃

β‖C(B(y0,κ)) + ‖∇N−[β]

(
ũ ξ̃

β)‖C(B(y0,κ))

)
.Now, (10.26) together with Lemma 10.9 leads to the representation of thequasi-interpolant (10.25)

uh(x) =

N−1∑

[β]=0

N−[β]−1∑

[α]=0

∂α
(
ũ ξ̃

β)
(y0)

α! β!

(
√
Dh)[α]+[β]

(2πi)[α]

∑

ν∈Zn

∂αF η̃A,β(
√
Dν) e

2πi
h 〈y0,ν〉

+ O((
√
Dh)N ) .Hen
e, the behavior of uh is determined by the values of the partial derivatives ofthe n-dimensional Fourier transforms(10.27) ∂αF η̃A,β(

√
Dν) , 0 ≤ [β] ≤ N − 1 , 0 ≤ [α] ≤ N − [β]− 1 ,for ν ∈ Zn, whi
h will be studied in the next lemmas.First, we 
onsider the 
ase s = n, where the Fourier transform of the fun
tion

η̃A,β(y) = |y|2[β] ∂βη(Ay) is easily found.



240 10. MORE GENERAL GRIDSLemma 10.10. Let s = n. Then
∂αF η̃A,β(λ) = (2πi)−[β]∆[β] ∂α

(
λβFη(A−1λ)

)
.If η satis�es the moment Condition 2.15 of order N , then, in parti
ular,

∂αF η̃A,β(0) =

{
1 , [α] = [β] = 0 ,

0 , 1 ≤ [β] + [α] ≤ N − 1 .Thus, the quasi-interpolant (10.25) de�ned in the domain Ω ⊂ Rn has therepresentation
uh(x) = u(x) +

N−1∑

[β]=0

N−[β]−1∑

[α]=0

(
√
Dh)[α]+[β]

α! β! (2πi)[α]+[β]
∂α
(
ũ ξ̃

β)
(y0)

×
∑

ν∈Zn\{0}
e

2πi
h 〈y0,ν〉 ∆[β] ∂α

(
λβFη(A−1λ)

)∣∣∣∣
λ=

√
Dν

+ O((
√
Dh)N ) ,whi
h proves Theorem 10.5 in the 
ase s = n.10.3.3. Quasi-interpolation on manifolds. Now, we study the values ofthe Fourier transforms (10.27) in the 
ase s > n, where the generating fun
tion ηis radial and depends smoothly on the norm |x|, x ∈ Rs.Lemma 10.11. Let A : Rn → Rs be a linear mapping of rank n and let η be asmooth radial fun
tion in Rs. Then, for any multi-indi
es α ∈ Zn

≥0 and β ∈ Zs
≥0with [α] = [β], there exist a 
olle
tion of multi-indi
es γ, δ ∈ Zn

≥0 and numbers
cγ,δ su
h that for all y ∈ Rn

yα ∂β
x η(Ay) =

[β]∑

[δ]=1

∑

[γ]=[δ]

cγ,δ yγ ∂δ
yη(Ay) .(10.28)Proof. Sin
e Ay = x with an s×nmatrix A of rank n, there exist an invertible

n×n matrix B and a subve
tor x′ of length n, su
h that y = Bx′. For de�nitenesssuppose the ordering x = (x′,x′′) and ∂β
x = ∂β′

x′ ∂
β′′

x′′ . For any [β′] = 1, the partialderivative ∂β′

x′ is a linear 
ombination of ∂δ
y with [δ] = 1. Hen
e, if the multi-index

β′′ ∈ Zs−n
≥0 satis�es β′′ = 0, then (10.28) is true with cγ,δ = 0 for all [δ] < [β].Let [β′′] > 0. Sin
e y = Bx′ implies

yα =
∑

[δ]=[α]

cδ x′ δ
,we have to transform x′ δ

∂β′

x′ ∂
β′′

x′′ η with [δ] = [β
′
]+ [β

′′
]. Suppose that the variable

xj belongs to the �rst group x′ with the 
orresponding multi-index e′j ∈ Zn
≥0 ofnorm 1. Similarly, a variable of x′′ will be denoted by xk with the 
orrespondingmulti-index e′′k ∈ Zs−n

≥0 of norm 1. Sin
e, for any radial fun
tion η, the identity
xj ∂xk

η = xk ∂xjη ,(10.29)holds, we have for β′ = 0(10.30) x′ δ
∂β′′

x′′ η = x′′ β′′

∂δ
x′η .
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≥0 and β′′ − e′′k ∈ Zs−n

≥0 , we obtain from (10.29)that
x′ δ

∂β′

x′ ∂
β′′

x′′ η = x′ δ−e′

jxj ∂
β′

x′ ∂
β′′

x′′ η

= x′ δ−e′

j∂β′

x′ ∂
β′′−e′′

k

x′′ xj ∂xk
η − x′ δ−e′

j∂
β′−e′

j

x′ ∂β′′

x′′ η

= x′ δ−e′

j∂β′

x′ ∂
β′′−e′′

k

x′′ xk ∂xjη − x′ δ−e′

j∂
β′−e′

j

x′ ∂β′′

x′′ η

= x′ δ−e′

jxk ∂
β′+e′

j

x′ ∂
β′′−e′′

k

x′′ η + x′ δ−e′

j∂
β′+e′

j

x′ ∂
β′′−2e′′

k

x′′ η − x′ δ−e′

j∂
β′−e′

j

x′ ∂β′′

x′′ η .If the ve
tors β′′−2e′′k or β′−e′j have negative 
omponents, then the 
orrespondingterms in the right-hand side are set to 0.Obviously, repeating the last equations and using (10.30), we obtain expressionsof the form
x′ γ′

x′′ γ′′

∂δ
x′η , 1 ≤ [γ

′
] + [γ

′′
] = [δ] ≤ [β] ,whi
h, in view of x = Ay and y = Bx′, 
ompletes the proof. �Hen
e, the proof of Theorem 10.5 results fromLemma 10.12. Let A : Rn → Rs, s > n, be a linear mapping of rank n and let

η be a smooth radial fun
tion in Rs. Using the notation of Lemma 10.11, we have
F η̃A,β(λ) =

∑

[α]=[β]

[β]∑

[δ]=1

∑

[γ]=[δ]

cγ,δ
(−1)[β]+[γ][β]!

(2πi)[β]α!
∂α+γ

(
λδFη((A∗A)−1/2λ)

)
.In parti
ular, under the moment Condition 2.15,

∂αF η̃A,β(0) =

{
1 , [α] = [β] = 0 ,

0 , 1 ≤ [β] + [α] ≤ N − 1 .10.3.4. Quasi-interpolant of general form. Now, we apply the estimatefor (10.25) to the quasi-interpolation formula(10.31) uh(x) = D−n/2
∑

u(xm) η
(x − xm√

D Vm

)
,
ontaining numbers Vm, whi
h should be determined by using only nodes near xm.Of 
ourse, Vm will be an approximation of h|φ′(hm)|1/n.Theorem 10.13. Under the 
onditions of Theorem 10.5, the quasi-interpolant

uh(x) = D−n/2
∑

xm∈φ(B(y0,κ))

u(xm) η
(x − xm√

D Vm

)
, x ∈ Ω ,approximates su�
iently smooth fun
tions u with the estimate (10.21), if the num-bers Vm satisfy ∣∣(Vm)n − hn|φ′(hm)|

∣∣ ≤ c hN+n .Proof. Evidently,
∑

xm∈ξ(B(y0,κ))

u(xm)

(
η
( x − xm√

Dh|φ′(hm)|1/n

)
− η
(x − xm√

D Vm

))

=
∑

[α]=1

∑

xm∈ξ(B(y0,κ))

u(xm)
Vm − h|φ′(hm)|1/n

Vm
ηα

( x − xm√
Dh|φ′(hm)|1/n

)
+R(x) ,



242 10. MORE GENERAL GRIDSwhere we use the notation ηα(x) = xα ∂αη(x) and the remainder satis�es
|R(x)| ≤ c

(Vm − h|φ′(hm)|1/n

Vm

)2

.Sin
e ∫

Rn

ηα(y) dy = −1 , [α] = 1 ,it is 
lear from Theorem 10.5 and Lemma 10.7 that
D−n/2

∑

xm∈ξ(B(y0,κ))

u(xm)

(
η
( x − xm√

Dh|φ′(hm)|1/n

)
− η
(x − xm√

D Vm

))is of the order O(hN ) if and only if
∣∣∣Vm − h|φ′(hm)|1/n

Vm

∣∣∣ ≤ c hNfor all data points xm in the neighborhood ξ(B(y0, κ)) of x. �There exist di�erent methods to �nd anN -th order approximations of |φ′(hm)| .The simplest way is to repla
e the partial derivatives ∂ϕj/∂yℓ by di�eren
e quotientapproximations ∆j
ℓ of the order hN whi
h involve only the j-th 
oordinates xj

k ofthe 
enters xk = φ(hk), k ∈ Zn, near xm. An example is given by
∆j

ℓ :=
2(xj

m+eℓ
− xj

m−eℓ
)

3h
− xj

m+2eℓ
− xj

m−2eℓ

12happroximating ∂ϕj/∂yℓ with the order h4. Obviously, the n-th root of
∣∣ ‖h∆j

ℓ‖
∣∣ , j = 1, . . . , s , ℓ = 1, . . . , n ,
an be taken as Vm if N = 4.Another method of de�ning Vm, whi
h uses the measure of grid pat
hes near

xm, 
onsists in the following. Consider a 
ube Q ⊂ Rn having all the 
orners atlatti
e points k ∈ Zn with 0 ∈ Q. We denote its volume by |Q| and introdu
e
Qm = hm + hQ. Then

1

|Q|

∫

Qm

|φ′(y)| dy

= hn|φ′(hm)| +
N−1∑

[α]=1

∂α|φ′(hm)|
α!

hn+[α]

|Q|

∫

Q

yα dy + O(hN+n) .

(10.32)Therefore, by 
hoosing di�erent 
ubesQj of the above-mentioned type, one 
an forma linear 
ombination of the equalities (10.32) su
h that the sum does not 
ontainterms with hn+[α], 1 < [α] < N − 1. Thus, hn|φ′(hm)| 
an be approximated withthe order O(hN+n) by linear 
ombinations of the integrals
∫

Qj
m

|φ′(y)| dy =

∫

φ(Qj
m)

dx = |φ(Qj
m)|over the �nite number of 
ubes Qj

m = hm + hQj.



10.4. NOTES 243Consider, for example, a surfa
e Γ in R3. We 
hoose the squares Q1 = [−1, 1]2and Q2 with 
orners at the points (±1, 0) and (0,±1). Then
∫

Q1
m

|φ′(y)| dy = 4h2|φ′(hm)| + 2h4

3

(
∂(2,0)|φ′(hm)| + ∂(0,2)|φ′(hm)|

)
+ O(h6) ,

∫

Q2
m

|φ′(y)| dy = 2h2|φ′(hm)| + h4

6

(
∂(2,0)|φ′(hm)| + ∂(0,2)|φ′(hm)|

)
+ O(h6) .Consequently the quasi-interpolation formula (10.31) on Γ with

η(|x|) = π−1 e−|x|2 and Vm =
√
|φ(Q1

m)|/2 or Vm =
√
|φ(Q2

m)|/2approximates with the order O(Dh2) plus some saturation error. Similarly, ap-proximate approximation with the order O(D2h4) on Γ 
an be obtained with thegenerating fun
tion
η(|x|) = π−1(2 − |x|) e−|x|2 and Vm =

√
|φ(Q2

m)| − |φ(Q1
m)|/4 .10.4. NotesIn Se
tions 10.1 and 10.2, we followed the paper [55℄. The approximation ofs
attered data by fun
tions 
entered on a uniform grid has been 
onsidered in [24℄as an auxiliary step for the 
onstru
tion of s
attered data approximants with radialbasis fun
tions, whi
h reprodu
e polynomials. It follows from the proof of Theo-rem 10.4 that if the quasi-interpolant Mh,Du from Condition 10.1 approximates uwithout saturation error, then Mh,Du has the same property.The results of Se
tion 10.3 are taken from [71℄. In a series of papers (
f., e.g.,[26℄, [27℄), Fasshauer performed numeri
al tests for the quasi-interpolant (10.31)on a non-uniform grid.





CHAPTER 11S
attered data approximate approximationsThe aim of this 
hapter is to study quasi-interpolation for fun
tions with valuesgiven on a rather general grid {xj}j∈J . In order to treat this 
ase, we will modifythe approximating fun
tions. More pre
isely, we 
onsider approximations of theform(11.1) Mu(x) =
∑

j∈J

∑

xk∈st(xj)

u(xk)Pj,k(x) η
(x − xj

hj

)
,with some polynomials Pj,k, where the set of nodes st(xj) is an extension of the star

st(xj) given in De�nition 10.2. With su
h a quasi-interpolation, one 
an a
hievehigh-order approximation of u(x) with respe
t to the lo
al mesh size, up to asmall saturation error. Moreover, by a suitable 
hoi
e of the basis fun
tions η,one 
an obtain e�
ient approximation formulas for integral and pseudodi�erentialoperators.We give a simple example of a quasi-interpolation formula (11.1). Let {xj} bea sequen
e of points on R su
h that 0 < κ ≤ xj+1 − xj ≤ 1. Consider a sequen
eof fun
tions ζj on R with support in a �xed neighborhood of the origin. Supposethat the sequen
e {ζj(x−xj)} forms an approximate partition of unity on R, whi
hmeans that
|1 −

∑

j

ζj(x − xj)| < εfor a 
ertain su�
iently small positive ε and for all x ∈ R. Then
∣∣∣u(x) −

∑

j

u(x)ζj

(x
h
− xj

)∣∣∣ < ε|u(x)| .Now, we note that for x ∈ xj + h supp ζj

∣∣∣u(x) − u(hxj)
xj+1 − x/h

xj+1 − xj
− u(hxj+1)

x/h− xj

xj+1 − xj

∣∣∣ ≤ ch2 max
t∈xj+h supp ζj

|u′′(t)|with a 
onstant depending on diam(supp ζj) and κ. Then, obviously, the quasi-interpolant
Mhu(x) =

∑

j

u(hxj)

(
xj+1 − x/h

xj+1 − xj
ζj

(x
h
− xj

)
+
x/h− xj−1

xj − xj−1
ζj−1

(x
h
− xj−1

))satis�es the estimate
|Mhu(x) − u(x)| ≤ c h2 ‖u′′‖L∞(R) + ε |u(x)| ,where the 
onstant c depends on the fun
tions ζj .245



246 11. SCATTERED DATA APPROXIMATE APPROXIMATIONS11.1. Approximate partition of unityWe show in this se
tion that an approximate partition of unity of Rn 
an beobtained from a given system of approximating fun
tions 
entered at s
atterednodes {xj}j∈J , if these fun
tions are multiplied by polynomials. Here, J denotesan in�nite index set. We are mainly interested in rapidly de
aying basis fun
tionswhi
h are supported on the whole spa
e, but we start with the simpler 
ase of
ompa
tly supported basis fun
tions.11.1.1. Basis fun
tions with 
ompa
t support.Lemma 11.1. Let {B(xj , hj)}j∈J be an open lo
ally �nite 
overing of Rn byballs 
entered in xj and with radii hj. Suppose that the multipli
ity of this 
overingdoes not ex
eed a positive 
onstant µn and that there are positive 
onstants c1 and
c2 satisfying(11.2) c1hm ≤ hj ≤ c2hmprovided the balls B(xj , hj) and B(xm, hm) have 
ommon points. Furthermore, let
{ηj} be a bounded sequen
e of 
ontinuous fun
tions on Rn su
h that supp ηj ⊂
B(xj , hj). We assume that the fun
tions Rn ∋ y → ηj(hj y) are 
ontinuous uni-formly with respe
t to j and(11.3) s(x) :=

∑

j∈J

ηj(x) ≥ c on Rnwhere c is a positive 
onstant. Then for any ε > 0 there exists a sequen
e ofpolynomials {Pj} with the following properties:(i) the fun
tion(11.4) Θ :=
∑

j∈J

Pj ηjsatis�es(11.5) |Θ(x) − 1| < ε for all x ∈ Rn ;(ii) the degrees of all Pj are bounded (they depend on the least majorant of the
ontinuity moduli of ηj and the 
onstants ε, c, c1, c2, µn);(iii) there is su
h a 
onstant c0 that
|Pj | < c0 on B(xj , ηj).Proof. Sin
e the fun
tions B(xj , 1) ∋ y → s(hj y) are 
ontinuous uniformlywith respe
t to j, there exist polynomials Pj subje
t to

∣∣∣Pj(x) − 1

s(x)

∣∣∣ < δ on B(xj , hj)for an arbitrary positive δ. The degrees degPj are independent of j. Letting
δ = ε (µn‖η‖L∞

)−1, we obtain
∣∣∣ηj(x)

(
Pj(x) − 1

s(x)

)∣∣∣ ≤ ε

µn
.Then(11.6) sup

Rn

∑

j∈J

∣∣∣ηj(x)
(
Pj(x) − 1

s(x)

)∣∣∣ ≤ ε ,
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e at most µn terms of this sum are di�erent from zero. Furthermore,
∑

j∈J

ηj(x)
(
Pj(x) − 1

s(x)

)
=
∑

j∈J

ηj(x)Pj(x) − 1

s(x)

∑

j∈J

ηj(x)

=
∑

j∈J

ηj(x)Pj(x) − 1 ,whi
h proves (11.5). �Remark 11.2. Let the fun
tions {ηj}j∈J in Lemma 11.1 satisfy the additionalhypothesis ηj ∈ Cr(Rn). Then one 
an �nd a sequen
e of polynomials {Pj} ofdegrees Lj su
h that
sup

B(xj,hj)

∣∣∣Pj(x) − 1

s(x)

∣∣∣ ≤ C(r)
hr

j

Lr
j

sup
B(xj ,hj)

|∇rs(x)|(see, e.g., [59℄). This shows that it su�
es to take polynomials Pj of degrees greaterthan c(r) ε−1/r in order to a
hieve the error ε in (11.6).11.1.2. Basis fun
tions with non-
ompa
t support. Now, we 
onsiderthe 
ase when the approximating fun
tions are supported on the whole Rn. As inthe previous 
hapters, we suppose that the fun
tions ηj are s
aled translates of asu�
iently smooth fun
tion η with rapid de
ay,
ηj(x) = η

(x − xj

hj

)
.First, we formulate a result on weighted polynomial approximation whi
h followsfrom [60, Thm. 4.2℄. If we denote by wδ,p, δ > 1, p > 0, the weight fun
tion(11.7) wδ,p(x) = exp

(
− p

n∑

k=1

|xk|δ
)
,then, for any g ∈ W r

∞(Rn), there exists a polynomial P ∈ Π2N−1 su
h that(11.8) ‖wδ,p(g − P)‖L∞
≤ cN (1−δ)r/δ

(
‖wδ,pg‖L∞

+

n∑

k=1

∥∥∥wδ,p
∂rg

∂xr
k

∥∥∥
L∞

)with a 
onstant c depending only on the weight fun
tion. Here, ΠN denotes the setof polynomials whi
h are of degree at most N in ea
h variable x1, . . . , xn.Lemma 11.3. Assume that the following assumptions on η, the nodes {xj}j∈J ,and the s
aling parameters {hj} are satis�ed:1. There exists K > 0 su
h that(11.9) cK :=
∥∥∥
∑

j∈J

(
1 + h−1

j | · − xj |
)−K

∥∥∥
L∞

<∞ .2. There exist δ > 1 and p > 0 su
h that(11.10) ∥∥∥ (1 + | · |)K

wδ,p
η
∥∥∥

L∞

,
∥∥∥ (1 + | · |)K

wδ,p
∇η
∥∥∥

L∞

≤ cδ,p <∞with the weight fun
tion wδ,p de�ned in (11.7).3. There exists C > 0 su
h that for all indi
es j,m ∈ J(11.11) hj

hm
wδ,p

(xj − xm

hj + hm

)
≤ C .



248 11. SCATTERED DATA APPROXIMATE APPROXIMATIONS4. The sum ∑

j∈J

ηj(x) ,whi
h, in view of (11.9) and (11.10), 
onverges absolutely to a smoothbounded fun
tion s, has a positive lower bound, i.e., ful�lls (11.3).Then, for any ε > 0, there exists Lε and polynomials {Pj} of degree degPj ≤ Lεsu
h that the fun
tion Θ de�ned by (11.4) satis�es
|Θ(x) − 1| < ε for all x ∈ Rn .Proof. Suppose we have shown that for any ε > 0 and all indi
es j there existpolynomials Pj su
h that(11.12) ∣∣∣∣η

(x − xj

hj

)(
Pj

(x − xj

hj

)
− 1

s(x)

)∣∣∣∣ ≤
ε

cK

(
1 +

|x− xj |
hj

)−K(cK is de�ned in (11.9)) and degPj ≤ Lε. Then
sup
Rn

∑

j∈J

∣∣∣ηj

(x − xj

hj

)(
Pj

(x− xj

hj

)
− 1

s(x)

)∣∣∣ ≤ ε ,and, as in the proof of Lemma 11.1, we 
on
lude
sup
Rn

∣∣∣
∑

j∈J

ηj

(x− xj

hj

)
Pj

(x− xj

hj

)
− 1
∣∣∣ ≤ ε .Let us �x an index j and make the 
hange of variables y = hj

−1(x − xj).Then (11.12) is proved if we show that there exists a polynomial Pj su
h that forall y ∈ Rn(11.13) ∣∣∣η(y)
(
Pj(y) − 1

s̃(y)

)∣∣∣ ≤ ε

cK

(
1 + |y|

)−Kwith s̃(y) = s(hjy + xj). Sin
e s̃−1 ∈ W 1
∞(Rn) a

ording to (11.8), we 
an �nd apolynomial Pj satisfying

sup
Rn

∣∣∣Pj(y) − 1

s̃(y)

∣∣∣wδ,p(y) <
ε

cδ,p cKwith the 
onstant cδ,p in the de
ay 
ondition (11.10). Now (11.13) follows dire
tlyfrom
|η(y)|

(
1 + |y|

)K ≤ cδ,pwδ,p(y) .By (11.8), the degree of Pj depends on the weighted norm
sup
Rn

wδ,p(y)
∣∣∣∇ 1

s̃(y)

∣∣∣ = hj sup
Rn

wδ,p

(x − xj

hj

)∣∣∣∇ 1

s(x)

∣∣∣

≤ sup
Rn

1

(s(x))2
wδ,p

(x − xj

hj

) ∑

m∈J

hj

hm

∣∣∣∇η
(x − xm

hm

)∣∣∣ .
(11.14)Sin
e by (11.10),

∣∣∣∇η
(x − xm

hm

)∣∣∣ ≤ cδ,pwδ,p

(x − xm

hm

)(
1 +

|x − xm|
hm

)−K

,a uniform bound of (11.14) with respe
t to j 
an be established, if the sums
∑

m∈J

hj

hm
wδ,p

(x − xj

hj

)
wδ,p

(x − xm

hm

)(
1 +

|x − xm|
hm

)−K



11.2. QUASI-INTERPOLANTS OF A GENERAL FORM 249are uniformly bounded for all j. Consider the fun
tion
f(x) =

∣∣∣x− a

σ

∣∣∣
δ

+
∣∣∣x− b

τ

∣∣∣
δfor a < b and σ, τ > 0, whi
h attains its minimum at the point

x0 =
aτδ/(δ−1) + bσδ/(δ−1)

σδ/(δ−1) + τδ/(δ−1)
∈ (a, b)with

f(x0) =
(b− a)δ

(σδ/(δ−1) + τδ/(δ−1))δ−1
.Sin
e for δ > 1

(σδ/(δ−1) + τδ/(δ−1)) ≤ (σ + τ)δ/(δ−1) ,we obtain the lower bound
f(x) ≥ |a− b|δ

(σδ/(δ−1) + τδ/(δ−1))δ−1
≥
∣∣∣ a− b

σ + τ

∣∣∣
δfor any x ∈ R and δ > 1. Hen
e, we derive

wδ,p

(x − xj

hj

)
wδ,p

(x− xm

hm

)
≤ wδ,p

(xj − xm

hj + hm

)from (11.7). Therefore, the 
ondition (11.11) on the nodes {xj} and the 
orre-sponding parameters {hj} guarantees that the degrees of the polynomials Pj 
anbe 
hosen independent of j. �11.2. Quasi-interpolants of a general formIn this se
tion, we study the approximation of fun
tions u ∈ WN
∞(Rn) by thequasi-interpolant (11.1). We will show that within the 
lass of generating fun
tionsof the form polynomial times 
ompa
tly supported or rapidly de
aying generatingfun
tion, it su�
es to have an approximate partition of unity in order to 
onstru
tapproximate quasi-interpolants of high-order a

ura
y up to some pres
ribed satu-ration error.Re
all the De�nition 10.2 of the star of a node xj ∈ X as a 
olle
tion of

mN =
(N − 1 + n)!

n!(N − 1)!
− 1 nodes xk ∈ X su
h that the Vandermonde matrix

{
(xk − xj)

α
}
, [α] = 1, . . . , N − 1 , xk ∈ st(xj) ,is not singular. In the following, the union of the node xj and its star st(xj) isdenoted by st(xj) = xj ∪ st(xj).Let us assume the following hypothesis 
on
erning the grid X = {xj}j∈J :Condition 11.4. For any xj , there exists a ball B(xj , hj) whi
h 
ontains mNnodes xk ∈ st(xj) with(11.15) | detVj,hj | =

∣∣∣det
{(xk − xj

hj

)α}N−1

[α]=1,xk∈st(xj)

∣∣∣∣ ≥ c ,where c is positive and does not depend on xj .



250 11. SCATTERED DATA APPROXIMATE APPROXIMATIONS11.2.1. Compa
tly supported basis fun
tions.Theorem 11.5. Suppose that the fun
tion system {ηj}j∈J satis�es the 
ondi-tions of Lemma 11.1 and let u ∈ WN
∞(Rn) and ε > 0 be arbitrary. There existpolynomials Pj,k, independent of u, whose degrees are uniformly bounded, su
h thatthe quasi-interpolant(11.16) Mu(x) =

∑

k∈J

u(xk)
∑

st(xj)∋xk

Pj,k(x)ηj(x)satis�es the estimate(11.17) |Mu(x) − u(x)| ≤ ChN
m sup

B(xm,κ hm)

|∇N u| + ε |u(x)|,where xm is an arbitrary node and x is any point of the ball B(xm, hm). By κ,we denote a 
onstant greater than 1 whi
h depends on c1 and c2 in (11.2). The
onstant C does not depend on hm, m, and ε.Proof. For a given ε, we 
hoose polynomials Pj(x) su
h that the fun
tion(11.4) satis�es
|Θ(x) − 1| < ε for all x ∈ Rnand we introdu
e the auxiliary quasi-interpolant(11.18) M (1)u(x) =

∑

j∈J

( N−1∑

[α]=1

∂αu(xj)

α!
(x − xj)

α
)
Pj(x)ηj(x) .Using the Taylor expansion (10.11) with y = xj , we write M (1)u(x) as

M (1)u(x) = u(x)Θ(x) −
∑

j∈J

RN (x,xj)Pj(x)ηj(x) ,whi
h gives
|M (1)u(x) − u(x)| ≤

∑

j∈J

|RN (x,xj)Pj(x)ηj(x)| + |u(x)| |Θ(x) − 1| .This, together with the estimate (10.12) for the remainder, shows that for x ∈
B(xm, hm),(11.19) |M (1)u(x) − u(x)| ≤ C1h

N
m sup

B(xm,κ hm)

|∇N u| + ε|u(x)| ,where the ball B(xm, κ hm) 
ontains all balls B(xj , hj) su
h that B(xj , hj) and
B(xm, hm) interse
t.Similarly to the proof of Theorem 10.4, we approximate the values of the deriva-tives ∂αu(xj) in M (1)u by a linear 
ombination of u(xk), where xk ∈ st(xj). Thesolution of the algebrai
 system(11.20) ∑

1≤[α]<N

a
(j)
α

α!
(xk − xj)

α = u(xk) − u(xj) , xk ∈ st(xj) ,is given by
a(j)

α =
α!

h
[α]
j

∑

xk∈st(xj)

b
(j)
α,k (u(xk) − u(xj)), 1 ≤ [α] < N ,



11.2. QUASI-INTERPOLANTS OF A GENERAL FORM 251where {b(j)α,k} are the elements of the inverse of Vj,hj . Repla
ing the derivatives
{∂αu(xj)} in (11.18) by {a(j)

α }, we derive
Mu(x) =

∑

j∈J

{
u(xj)

(
1 −

∑

xk∈st(xj)

N−1∑

[α]=1

b
(j)
α,k

(x − xj

hj

)α)

+
∑

xk∈st(xj)

u(xk)

N−1∑

[α]=1

b
(j)
α,k

(x − xj

hj

)α }
Pj(x)ηj(x)

=
∑

j∈J

∑

xk∈st(xj)

u(xk)Pj,k(x) ηj(x)whi
h 
an be rewritten in the form (11.16). Note that for k 6= j

Pj,k(x) =

N−1∑

[α]=1

b
(j)
α,k

(x− xj

hj

)α

Pj(x) , Pj,j(x) = Pj(x) −
∑

xk∈st(xj)

Pj,k(x) ;hen
e the degree of the polynomials Pj,k is not larger than degPj +N − 1.From (10.11) and (11.20), we obtain
N−1∑

[α]=1

h
[α]
j

α!
(a(j)

α − ∂αu(xj))
(xk − xj

hj

)α

= RN (xk,xj) .Hen
e the boundedness of ‖V −1
j,hj

‖ from Condition 11.4 and the estimate of theremainder (10.12) imply
|a(j)

α − ∂αu(xj)| ≤ α!C2 h
N−[α]
j sup

B(xj,hj)

|∇Nu|.Therefore, we have the inequality
|Mu(x) −M (1)u(x)| ≤ C2

∑

j∈J

hN
j sup

B(xj,hj)

|∇Nu|
N−1∑

[α]=1

∣∣∣x − xj

hj

∣∣∣
[α]

|Pj(x)ηj(x)|and, for any x ∈ B(xm, hm),
|Mu(x) −M (1)u(x)| ≤ C3h

N
m sup

B(xm,κ hm)

|∇Nu| .The last inequality and (11.19) lead to (11.17). �11.2.2. Quasi-interpolants with non-
ompa
tly supported basis fun
-tions.Theorem 11.6. Suppose that, in addition to the 
onditions of Lemma 11.3, theinequality(11.21) ∥∥∥
∑

j∈J

(
1 + h−1

j | · − xj |
)N−K

∥∥∥
L∞

<∞holds and let u ∈ WN
∞(Rn) and ε > 0 be arbitrary. There exist polynomials

Pj,k, independent on u, whose degrees are uniformly bounded, su
h that the quasi-interpolant(11.22) Mu(x) =
∑

k∈J

u(xk)
∑

st(xj)∋xk

Pj,k

(x − xj

hj

)
η
(x − xj

hj

)



252 11. SCATTERED DATA APPROXIMATE APPROXIMATIONSsatis�es the estimate(11.23) |Mu(x) − u(x)| ≤ C sup
m∈J

hN
m ‖∇N u‖L∞

+ ε |u(x)| .The 
onstant C does not depend on u and ε.Proof. Analogously to (11.18) in the proof of Theorem 11.5, we introdu
e thequasi-interpolant
M (1)u(x) =

∑

j∈J

( N−1∑

[α]=1

∂αu(xj)

α!
(x − xj)

α
)
Pj

(x − xj

hj

)
η
(x − xj

hj

)and we obtain the estimate
|M (1)u(x) − u(x)| ≤

∑

j∈J

∣∣∣RN (x,xj)Pj

(x − xj

hj

)
η
(x − xj

hj

)∣∣∣+ |u(x)| |Θ(x) − 1| .By (11.13), we have
∣∣∣Pj

(x − xj

hj

)
η
(x − xj

hj

)∣∣∣ ≤ 1

c

∣∣∣η
(x − xj

hj

)∣∣∣+ ε

cK

(
1 +

|x − xj |
hj

)−Kwith the lower bound c of s(x) (see (11.3)). Together with (11.10) and (10.12), thisleads to
∣∣∣RN (x,xj)Pj

(x − xj

hj

)
η
(x − xj

hj

)∣∣∣

≤ cNh
N
j ‖∇N u‖L∞

∣∣∣x− xj

hj

∣∣∣
N(cδ,p

c
wδ,p

(x − xj

hj

)
+

ε

cK

)(
1 +

∣∣∣x − xj

hj

∣∣∣
)−K

,resulting in
|M (1)u(x) − u(x)| ≤ |u(x)| |Θ(x) − 1| + cN sup

m∈J
hN

m‖∇N u‖L∞

×
(cδ,p
c

∥∥wδ,p| · |N
∥∥

L∞

∑

j∈J

(
1 +

∣∣∣x − xj

hj

∣∣∣
)−K

+
ε

cK

∑

j∈J

(
1 +

∣∣∣x − xj

hj

∣∣∣
)N−K)

.Now, we 
an pro
eed as in the proof of Theorem 11.5. �Remark 11.7. Let the parameter κx be 
hosen for �xed x so that
∑

|xj−x|>κx

wδ,p

(x − xj

hj

)∣∣∣x− xj

hj

∣∣∣
N(

1 +
∣∣∣x− xj

hj

∣∣∣
)−K

< ε .Then the estimate (11.23) 
an be sharpened to
|Mu(x) − u(x)| ≤ C max

|xj−x|≤κx

hN
j sup

B(x,κx)

|∇N u| + ε
(
|u(x)| + ‖∇N u‖L∞

)
.11.3. Computation of integral operatorsHere, we dis
uss a dire
t appli
ation of the s
attered data quasi-interpolant(11.22) for the Gaussian η(x) = e−|x|2 . Suppose that the density of the integraloperator with a radial kernel(11.24) Ku(x) =

∫

Rn

g(|x− y|)u(y) dy



11.3. COMPUTATION OF INTEGRAL OPERATORS 253is approximated by the quasi-interpolant(11.25) Mu(x) =
∑

j∈J

∑

xk∈st(xj)

u(xk)Pj,k

(x − xj

hj

)
e−|x−xj|2/h2

j .Using the following lemma, it is easy to derive 
ubature formulas for (11.24).Lemma 11.8. Any polynomial P(x) =

L∑

[β]=0

cβ xβ 
an be written as
P(x)e−|x|2 =

L∑

[β]=0

cβ Sβ(∇x) e−|x|2with the polynomials Sβ(t) being de�ned by(11.26) Sβ(t) =
( 1

2 i

)[β]

Hβ

( t

2 i

)
,where Hβ denotes the Hermite polynomial in n variables introdu
ed by (7.7).Here and in the following, by ∇x we denote the ve
tor of partial di�erentiationwith respe
t to x,

∇x =
( ∂

∂x1
, . . . ,

∂

∂xn

)
.Proof. We are looking for the polynomial Sβ(t) de�ned by the relation(11.27) xβe−|x|2 = Sβ(∇x)e−|x|2 , x ∈ Rn.Taking the Fourier transforms

F(Sβ(∇x)e−|x|2)(λ) = πn/2e−π2|λ|2Sβ(2πiλ)and
F(xβe−|x|2)(λ) = πn/2

(
− ∇λ

2πi

)β

e−π2|λ|2 ,we obtain (11.26). �Therefore, we 
an write Pj,k(x) e−|x|2 = Tj,k(∇x) e−|x|2 with some polynomials
Tj,k(x). Then (11.25) 
an be rewritten as

Mu(x) =
∑

j∈J

∑

xk∈st(xj)

u(xk) Tj,k(hj ∇x) e−|x−xj|2/h2
j .As in Chapter 4, the 
ubature formula for the integral Ku is obtained by repla
ing

u by its quasi-interpolant Mu, i.e.,
K̃u(x) = KMu(x)

=
∑

j∈J

∑

xk∈st(xj)

u(xk) Tj,k(hj ∇x)

∫

Rn

g(|x − y|) e−|y−xj |2/h2
j dy

=
∑

j∈J

hn
j

∑

xk∈st(xj)

u(xk) Tj,k(hj ∇x)

∫

Rn

g(hj |y|) e−|y−tj |2 dy ,

(11.28)



254 11. SCATTERED DATA APPROXIMATE APPROXIMATIONSwhere we set tj = (x − xj)/hj . Now we apply formula (5.15) for the 
onvolutionof radial kernels with Gaussians and derive
∫

Rn

g(hj |y|)e−|y−tj |2 dy =
2πn/2 e−|tj |2

|tj |n/2−1

∞∫

0

rn/2 e−r2

g(hjr)In/2−1(2|tj |r) dr .Using the notation
Lj(t) =

2 πn/2 e−t2

tn/2−1

∞∫

0

rn/2e−r2

g(hjr)In/2−1(2rt)dr ,relation (11.28) leads to the 
ubature formula
K̃u(x) =

∑

j∈J

hn
j

∑

xk∈st(xj)

u(xk) Tj,k(hj ∇x)Lj

( |x − xj |
hj

)for the integral Ku.11.4. Constru
tion of the Θ-fun
tion with GaussiansIn Lemma 11.3 we gave 
onditions on a basis fun
tion η with non-
ompa
tsupport, on the nodes {xj}, and on the s
alings hj whi
h ensure the existen
e ofpolynomials Pj su
h that the sum
∑

j∈J

Pj(x) η
(x − xj

hj

)is an approximate partition of unity. In this se
tion, we des
ribe a method for
onstru
ting this Θ-fun
tion if η is the Gaussian.We start with an approximate partition of unity with Gaussians whi
h are
entered on a pie
ewise uniform grid. Then we approximate ea
h of the Gaussianswith fun
tions of the form polynomial times Gaussian with s
attered 
enters bysolving some least squares problem. The advantage of this approa
h is its lo
al
hara
ter. The method does not require solving a large system of linear equations.Instead, in order to obtain a lo
al representation of the partition of unity, one hasto solve a small number of linear systems of moderate size.11.4.1. Approximate partition of unity on a pie
ewise uniform grid.We point out that shifted Gaussians with di�erent s
alings 
an form an approximatepartition of unity, provided that the 
enters gj and s
aling parametersDj are 
hosenappropriately. More pre
isely, for a given bounded domain Ω ⊂ Rn and any ε > 0,there exist a �nite sequen
e of nodes G = {gj} belonging to a pie
ewise uniformgrid, parameters Dj , and fa
tors aj > 0 su
h that
∣∣∣1 −

∑

gj∈G

aj e−|x−gj|2/Dj

∣∣∣ < ε for x ∈ Ω .Indeed, we start with a uniform grid {Hm + b,m ∈ Zn} with H > 0 and b ∈
Rn. Omitting the Gaussians with 
enters far from Ω, we obtain from Poisson'ssummation formula that for any D there exists a �nite subset Z1 ⊂ Zn su
h that

∣∣∣1 − 1

(πD)n/2

∑

m∈Z1

e−|x−Hm−b|2/(DH2)
∣∣∣ ≤ cn e−π2D , x ∈ Ω ,
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onstant cn depending only on the spa
e dimension. By using the approxi-mate re�nement equation (7.11), we 
an expand Gaussians in this sum as a linear
ombinations of �ner s
aled Gaussians. For a given µ < 1/2, we 
an �nd another�nite subset Z(µ) ⊂ Zn, depending on µ, so that
∣∣∣ e−|x−Hm−b|2/(DH2) −

∑

k∈Z(µ)

e−µ2|k|2/(D(1−µ2))

(πD(1 − µ2))n/2
e−|x−b−H(m+µk)|2/(DH2µ2)

∣∣∣

≤ cn e−3π2D/4 e−|x−Hm−b|2/(DH2) , x ∈ Ω .Hen
e, if we 
hoose Z2 ⊂ Z1 and expand e−|x−Hm−b|2/(DH2), m ∈ Z2, into s
aledGaussians with a s
aling fa
tor µm, then for x ∈ Ω∣∣∣∣1−
1

(πD)n/2

∑

m∈Z1\Z2

e−|x−Hm−b|2/(DH2)

− 1

(πD)n

∑

m∈Z2

∑

k∈Z(µm)

e−µ2
m|k|2/(D(1−µ2

m))

(1 − µ2
m)n/2

e−|x−b−H(m+µmk)|2/(DH2µ2
m)

∣∣∣∣

≤ cn e−3π2D/4
(

e−π2D/4 +
1

(πD)n/2

∑

m∈Z2

e−|x−Hm−b|2/(DH2)
)

≤ cn e−3π2D/4
(

e−π2D/4 +1 + cn e−π2D
)
.Choosing D large enough, we obtain the approximate partition of unity(11.29) {

aj e−|x−gj|2/Dj

}
gj∈Gon the pie
ewise uniform partition

G = {Hm + b,m ∈ Z1 \ Z2} ∪
⋃

m∈Z2

{H(m + µmk) + b,k ∈ Z(µm)}with the fa
tors
Dj = DH2 , aj =

1

(πD)n/2
if gj ∈ {Hm + b : m ∈ Z1 \ Z2} ,

Dj = D(Hµm)2 , aj =
e−µ2

m|k|2/(D(1−µ2
m))

(πD)n(1 − µ2
m)n/2if gj ∈ {H(m + µmk) + b : m ∈ Z2,k ∈ Z(µm)} .This partition satis�es∣∣∣1 −

∑

gj∈G

aj e−|x−gj|2/Dj

∣∣∣ < ε for x ∈ Ω .Obviously, one 
an omit the grid points outside Ω, whi
h appear during the re-�nement and have no in�uen
e on the value of the sum for x ∈ Ω. Moreover, there�nement pro
edure 
an be repeated for any of the Gaussian fun
tions in (11.29)without violating the above estimate if the s
aling fa
tors µ < 1/2. Then oneobtains a new pie
ewise uniform grid G and expli
itly given Dj and aj .We see that using only Poisson's summation formula and the approximate re-�nement equation, there is a great �exibility in 
onstru
ting approximate partitionsof unity with Gaussians, whi
h are 
entered on pie
ewise uniform grids and approx-imate the 
onstant fun
tion 1 with any given pre
ision.
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attered nodes 
lose to a pie
ewise uniform grid. The 
on-stru
tion of the approximate partition of unity(11.30) {
Pj(x) e−|x−xj|2/h2

j

}will be given for �nite sets of s
attered nodes X = {xj}j∈J whi
h are 
lose topie
ewise uniform grids, des
ribed in the previous subse
tion. To be more pre
ise,we supposeCondition 11.9. Given a set of s
attered nodes X = {xj}j∈J . For any ε > 0,there exist a pie
ewise uniform grid G and an approximate partition of unity withGaussians(11.31) {
ak e−|x−gk|2/Dk : gk ∈ G

}
,whi
h satis�es(11.32) ∣∣∣1 −

∑

gk∈G

ak e−|x−gk|2/Dk

∣∣∣ < ε for x ∈ Ω .For some �xed κ > 1 and for ea
h grid point gk ∈ G, there exists a subset ofs
attered nodes Σ(gk) ⊂ X with |xj − gk| ≤ κ
√Dk if xj ∈ Σ(gk) and

⋃

gk∈G

Σ(gk) = X .The main idea in 
onstru
ting (11.30) is the following: We take the 
orre-sponding approximate partition of unity with Gaussians on a pie
ewise uniformgrid (11.31). For given gk ∈ G we �x a s
aling parameter hj for any xj ∈ Σ(gk)and we determine, by using least squares approximation, a polynomial P(k)
j of 
er-tain degree L(k)

j su
h that(11.33) ∑

xj∈Σ(gk)

P(k)
j (x) e−|x−xj|2/h2

japproximates e−|x−gk|2/Dk . For example, we require that the dis
repan
ies(11.34) ωgk
(x) =

∑

xj∈Σ(gk)

P(k)
j (x) e−|x−xj|2/h2

j − e−|x−gk|2/Dkare subje
t to(11.35) max
x

∑

gk∈G

ak|ωgk
(x)| < δ .Then, obviously,

max
x

∣∣∣1 −
∑

gk∈G

ak

∑

xj∈Σ(gk)

P(k)
j (x) e−|x−xj|2/h2

j

∣∣∣ < δ + ε ,where ε is the a

ura
y (11.32) of the approximate partition of unity on G. Thus,if δ is su�
iently small, then the fun
tion system
{

e−|x−xj|2/h2
j

∑

Σ(gk)∋xj

akP(k)
j (x)

}is the required partition of unity for the s
attered nodes {xj}.
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aling pa-rameter hj has to take the same value in the approximations formulas (11.33) forthe di�erent Gaussians e−|x−gk|2/Dk . Of 
ourse, the 
hoi
e of the s
aling param-eters hj in (11.33) is 
ru
ial. They should re�e
t the density or 
loseness of thenodes xj ∈ Σ(gk) to preserve the lo
al 
hara
ter of the resulting quasi-interpolants.Therefore, it is natural to assume that(11.36) h2
j ≤ Dk for all xj ∈ Σ(gk) .The 
hoi
e of the s
aling parameters hj will be 
onsidered in Subse
tions 11.4.6and 11.4.7 in more detail.11.4.3. Dis
repan
y as 
onvolution. We 
onsider the prototype of the dis-
repan
ies ωgk

de�ned by (11.34)(11.37) ω(x) =
∑

xj∈Σ

Pj

(x − xj

h2
j

)
e−|x−xj|2/h2

j − e−|x|2/D ,where the form of the argument of the polynomials Pj is 
hosen for te
hni
al rea-sons. Note that ω(x) = a−1
k ωgk

(x − gk) with the set of nodes Σ = Σ(gk) − gk.By Condition 11.9, the nodes xj ∈ Σ satisfy |xj | ≤ κ
√
D. Re
all the assumption

h2
j ≤ D.We will use a least squares method for 
onstru
ting Pj ∈ ΠLj su
h that forsome τ > 0 the dis
repan
y satis�es

e τ |x|2 |ω(x)| < εfor su�
iently large Lj . By ΠLj , we denote the set of polynomials of degree Lj,and, in what follows, we use the representation
Pj(x) =

Lj∑

[β]=0

cj,β xβ .Then by Lemma 11.8,
Pj

(x − xj

h2
j

)
e−|x−xj|2/h2

j =

Lj∑

[β]=0

cj,β Sβ(hj ∇x) e−|x−xj|2/h2
j ,and ω 
an be written as(11.38) ω(x) =

∑

xj∈Σ

Lj∑

[β]=0

cj,β Sβ(hj ∇x) e−|x−xj|2/h2
j − e−|x|2/D .To estimate the L∞-norm of ω, we represent this fun
tion as a 
onvolution inthe following assertion.Lemma 11.10. Let P(t) be a polynomial and let 0 < D0 < D. Then

P(∇x) e−|x−y|2/D = c1 e−|x|2/(D−D0) ∗P(∇x) e−|x−y|2/D0with the 
onstant
c1 =

( D
πD0(D −D0)

)n/2and ∗ standing for the 
onvolution operator.



258 11. SCATTERED DATA APPROXIMATE APPROXIMATIONSProof. From
e−|x−y|2/D = c1

∫

Rn

e−|x−t|2/(D−D0) e−|t−y|2/D0 dt ,we obtain
P(∇x) e−|x−y|2/D = P(−∇y) e−|x−y|2/D

= c1

∫

Rn

e−|x−t|2/(D−D0) P(∇t) e−|t−y|2/D0 d t . �Now, we 
hoose positive numbers δj and D0 su
h that
σ := D −D0 = h2

j − δ2j > 0 for all xj ∈ Σ ,and we write, using Lemma 11.10,
Lj∑

[β]=0

cj,β Sβ(hj ∇x) e−|x−xj|2/h2
j

=
( h2

j

πδ2jσ

)n/2
∫

Rn

e−|x−t|2/σ
∑

xj∈Σ

Lj∑

[β]=0

cj,β Sβ(hj ∇t) e−|t−xj |2/δ2
j dtand

e−|x|2/D =
( D
πD0σ

)n/2
∫

Rn

e−|x−t|2/σ e−|t|2/D0 dt .Thus, by (11.38),
ω(x) =

( D
πD0σ

)n/2
∫

Rn

e−|x−t|2/σ

×
( ∑

xj∈Σ

(h2
jD0

δ2jD
)n/2

Lj∑

[β]=0

cj,β Sβ(hj ∇t) e−|t−xj |2/δ2
j − e−|t|2/D0

)
dt .To simplify notation, we introdu
e(11.39) χc(t) =

∑

xj∈Σ

(h2
jD0

δ2jD
)n/2

Lj∑

[β]=0

cj,β Sβ(hj ∇t) e−|t−xj|2/δ2
j − e−|t|2/D0with c = {cj,β} su
h that(11.40) ω(x) =

( D
πD0σ

)n/2
∫

Rn

e−|x−t|2/σ χc(t) dt .We obtain by Young's inequality (2.11) that
‖ω‖L∞

≤ Dn/2

Dn/2
0 (2πσ)n/4

‖χc‖L2 .An estimate for the sum ∑

gk∈G

|ωgk
(x)|
an be derived from the following.
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√
D, j ∈ Σ, let the positive numbers δj , D0 be
hosen su
h that D −D0 = h2

j − δ2j = σ > 0. Denote τ =
σ

σ2 + DD0
. Then(11.41) |ω(x)| ≤ c2 e−τ |x|2 √Q(c) ,with the 
onstant

c2 =
(D(σ2 + DD0)

2πD3
0σ

)n/4

.Here Q(c) is a quadrati
 form de�ned by(11.42) Q(c) =

∫

Rn

e 2σ|t|2/(DD0) |χc(t)|2 dtwith the fun
tion χc from (11.39).Proof. By using
|x− t|2 =

∣∣∣
√
ax − t√

a

∣∣∣
2

+ (1 − a)|x|2 +
a− 1

a
|t|2for any a > 0, we derive the representation

ω(x) e (1−a)|x|2/σ =
( D
πD0σ

)n/2
∫

Rn

e−|ax−t|2/(aσ) e (1−a)|t|2/(aσ) χc(t) dtfrom (11.40). Then Young's inequality leads to(11.43) ∣∣ω(x) e (1−a)|x|2/σ
∣∣ ≤

( D
πD0σ

)n/2 ∥∥ e−a| · |2/σ
∥∥

L2

∥∥ e (1−a)| · |2/(aσ) χc

∥∥
L2
.In view of (11.39), we have to 
hoose the parameter a su
h that the fun
tions

e (1−a)|t|2/(aσ) e−|t|2/D0 , e (1−a)|t|2/(aσ) e−|t−xj|2/δ2
j ∈ L2(R

n) .Sin
e D −D0 = h2
j − δ2j = σ and h2

j ≤ D, this 
an be a
hieved, for example, if a is
hosen su
h that
(1 − a)|t|2

aσ
− |t|2

D0
= −|t|2

D , i.e., a =
DD0

σ2 + DD0
.Then

(1 − a)

aσ
=

σ

DD0
, τ =

1 − a

σ
=

σ

σ2 + DD0and
∥∥ e−a| · |2/σ

∥∥
L2

=
(πσ

2a

)n/4

=
(πσ(σ2 + DD0)

2DD0

)n/4

.Hen
e, from (11.43), we derive
∣∣∣ω(x) e τ |x|2

∣∣∣ ≤
(D(σ2 + DD0)

2πD3
0σ

)n/4∥∥ e σ| · |2/(DD0) χc

∥∥
L2
. �Corollary 11.12. The following estimate holds:(11.44) min

Pj∈ΠLj

∣∣∣
∑

xj∈Σ

Pj e−| ·−xj|2/h2
j − e−| · |2/D

∣∣∣ ≤ c2 e−τ |x|2 min
c

√
Q(c) .
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tions, we des
ribe a 
onstru
tive method to �nd the ve
tor
c = {cj,β}, whi
h realizes

min
c
Q(c)and establish its uniqueness.11.4.4. Constru
tion of polynomials. Let us give an expli
it expression ofthe quadrati
 form Q(c). From (11.39) and (11.42), we obtain

Q(c) =

∫

Rn

e 2σ|t|2/(DD0) e−2|t|2/D0 dt

− 2
∑

xj∈Σ

(h2
jD0

δ2jD
)n/2

Lj∑

[β]=0

cj,β

∫

Rn

e 2σ|t|2/(DD0) e−|t|2/D0 Sβ(hj ∇t) e−|t−xj |2/δ2
j dt

+
∑

xj ,xk∈Σ

(hjhkD0

δjδkD
)n

Lj∑

|β|=0

Lk∑

|γ|=0

cj,β ck,γ

×
∫

Rn

e 2σ|t|2/(DD0) Sβ(hj ∇t) e−|t−xj |2/δ2
j Sγ(hk ∇t) e−|t−xk|2/δ2

k dt .Sin
e
Sβ(hj ∇x) e−|x−y|2/δ2

j = Sβ(−hj ∇y) e−|x−y|2/δ2
j ,we introdu
e the fun
tions

B(j)
β (x) =

(h2
jD0

δ2jD
)n/2

Sβ(−hj∇x)

∫

Rn

e 2σ|t|2/(DD0) e−|t|2/D0 e−|t−x|2/δ2
j dt ,

C(jk)
β,γ (x,y) =

(hjhkD0

δjδkD
)n

× Sβ(−hj∇x)Sγ(−hk∇y)

∫

Rn

e 2σ|t|2/(DD0) e−|t−x|2/δ2
j e−|t−x|2/δ2

k dt ,su
h that
Q(c) =

(πD
2

)n/2

− 2
∑

xj∈Σ

Lj∑

[β]=0

cj,βB(j)
β (xj)

+
∑

xj ,xk∈Σ

Lj∑

[β]=0

Lk∑

[γ]=0

cj,β ck,γ C(jk)
β,γ (xj ,xk).The minimum of the quadrati
 form Q(c) is attained for the solution c = {cj,β} ofthe linear system(11.45) ∑

xj∈Σ

Lj∑

[β]=0

cj,β C(jk)
β,γ (xj ,xk) = B(j)

γ (xk) , xk ∈ Σ , 0 ≤ [γ] ≤ Lk .
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(h2

jD0

δ2jD
)n/2

∫

Rn

e 2σ|t|2/(DD0) e−|t|2/D0 e−|t−x|2/δ2
j dt

=
( π h2

j D2
0

δ2j (D0D + D − 2σ)

)n/2

exp
(
− (D − 2σ)|x|2
δ2j (D0D + D − 2σ)

)and
(hjhkD0

δjδkD
)n
∫

Rn

e 2σ|t|2/(DD0) e−|t−x|2/δ2
j e−|t−y|2/δ2

k dt

=
πn/2hn

j h
n
kD

3n/2
0

Dn/2(D0D(δ2j + δ2k) − 2σδ2j δ
2
k)n/2

exp
(2σ(δ2k|x|2 + δ2j |y|2) −D0D|x − y|2

D0D(δ2j + δ2k) − 2σδ2j δ
2
k

)provide the expli
it formulas for 
omputing the 
oe�
ients C(jk)
β,γ (xj ,xk) and theright-hand side B(j)

γ (xk) of the system (11.45):
B(j)

γ (x) =
( π h2

j D2
0

δ2j (D0D + D − 2σ)

)n/2

Sβ(−hj∇x) exp
(
− (D − 2σ)|x|2
δ2j (D0D + D − 2σ)

)
,

C(jk)
β,γ (x,y) =

πn/2hn
j h

n
kD

3n/2
0

Dn/2(D0D(δ2j + δ2k) − 2σδ2j δ
2
k)n/2

× Sβ(−hj∇x)Sγ(−hk∇y) exp
(2σ(δ2k|x|2 + δ2j |y|2) −D0D|x − y|2

D0D(δ2j + δ2k) − 2σδ2j δ
2
k

)
.In the next subse
tion, we show that (11.45) has a unique solution {cj,β}. Thenby Corollary 11.12, the sum(11.46) ∑

xj∈Σ

Pj

(x− xj

hj

)
e−|x−xj|2/h2

j =
∑

xj∈Σ

Lj∑

[β]=0

cj,β

(x − xj

hj

)β

e−|x−xj|2/h2
japproximates e−|x|2/D with the error c2 e−τ |x|2√Q(c).11.4.5. Existen
e and uniqueness. To establish the uniqueness of the min-imizing ve
tor c = {cj,β}, we use another representation of the quadrati
 form Q(c)de�ned by (11.42). If we introdu
e polynomials T (j)

β of degree [β] by(11.47) T
(j)
β (x) =

(h2
jD0

δ2jD
)n/2

e |x|2/δ2
j Sβ(hj ∇) e−|x|2/δ2

j ,then by (11.39),
χc(t) = e−|t|2/D0 −

∑

xj∈Σ

Lj∑

[β]=0

cj,βT
(j)
β (t − xj)e

−|t−xj |2/δ2
j



262 11. SCATTERED DATA APPROXIMATE APPROXIMATIONSand from (11.42), we 
on
lude
Q(c) =

∫

Rn

e 2σ|t|2/(DD0)
(
e−|t|2/D0 −

∑

xj∈Σ

Lj∑

[β]=0

cj,βT
(j)
β (t − xj)e

−|t−xj |2/δ2
j

)2

dt

=

∫

Rn

(
e−|t|2/D −

∑

xj∈Σ

Lj∑

[β]=0

cj,βT
(j)
β (t− xj)e

−|t−xj |2/δ2
j e σ|t|2/(DD0)

)2

dt .Sin
e
σ|t|2
D0D

− |t − xj |2
δ2j

= −
D0D − δ2jσ

δ2jD0D
(
t− D0D

D0D − δ2jσ
xj

)2

+
σ |xj |2

D0D − δ2jσand
D0D − δ2jσ = D2

0 + σ(D0 − δ2j ) > 0 ,we 
an write
e−|t−xj |2/δ2

j e σ|t|2/(DD0) = eσ|xj |2/(D0D−δ2
j σ) e−|t−tj |2/djwith

dj :=
δ2jD0D

D0D − δ2jσ
> 0(11.48)and the transformed points

tj =
D0D

D0D − δ2jσ
xj =

dj

δ2j
xj , xj ∈ Σ .(11.49)Note that dj = D if h2

j = D and otherwise dj < D.Then Q(c) 
an be written as
Q(c) =

∫

Rn

(
e−|t|2/D −

∑

xj∈Σ

Lj∑

[β]=0

c̃j,βT
(j)
β (t − xj) e−|t−tj |2/dj

)2

dt(11.50)with the 
oe�
ients
c̃j,β = cj,β eσ|xj |2/(D0D−δ2

j σ) .Sin
e T (j)
β are polynomials of degree [β], the minimum problem for Q(c) is equiv-alent, in view of (11.50), to the problem of �nding the best L2-approximation

min
bj,β

∫

Rn

(
e−|t|2/D −

∑

xj∈Σ

Lj∑

[β]=0

bj,β(t − tj)
β e−|t−tj |2/dj

)2

dt .Lemma 11.13. Let Σ = {xj} be a �nite 
olle
tion of nodes and let dj > 0. Forany f ∈ L2 and all Lj ≥ 0, the polynomials Pj ∈ ΠLj , whi
h minimize
∥∥∥f −

∑

xj∈Σ

Pj( · − xj) e−| ·−xj |2/dj

∥∥∥
L2

,are uniquely determined.
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Pj(x) =

Lj∑

[β]=0

bj,β

( x√
dj

)β

.Then the appli
ation of Lemma 11.8 gives
∥∥∥∥f −

∑

xj∈Σ

Lj∑

[β]=0

bj,β

( · − xj√
dj

)β

e−| ·−xj |2/dj

∥∥∥∥
2

L2

= ‖f‖2
L2

− 2
∑

xj∈Σ

Lj∑

[β]=0

bj,β V(j)
β (xj) +

∑

xj,xk∈Σ

Lj∑

[β]=0

Lk∑

[γ]=0

bj,β bk,γ U (jk)
β,γ (xj ,yk) ,where the notation

V(j)
β (x) =

∫

Rn

f(t)Sβ(
√
dj ∇t) e−|t−x|2/dj dx

= Sβ(−
√
dj∇x)

∫

Rn

f(t) e−|t−x|2/dj dx ,

U (jk)
β,γ (x,y) =

∫

Rn

Sβ(
√
dj ∇t) e−|t−x|2/dj Sγ(

√
dk ∇t) e−|t−y|2/dk dt

=
( πdjdk

dj + dk

)n/2

Sβ(−
√
dj ∇x)Sγ(−

√
dk ∇y) e−|x−y|2/(dj+dk)

(11.51)is used. The norm is minimal if the 
oe�
ients {bj,β} satisfy the linear system(11.52) ∑

xj∈Σ

Lj∑

[β]=0

bj,β U (jk)
β,γ (xj ,xk) = V(k)

γ (xk) , xk ∈ Σ , 0 ≤ [γ] ≤ Lk .Hen
e, the uniqueness of the minimizing linear 
ombination
∑

xj∈Σ

Lj∑

[β]=0

bj,β

(x − xj√
dj

)β

e−|x−xj|2/djis equivalent to the invertibility of the matrix ‖U (jk)
β,γ (xj ,xk)‖ of the system (11.52).Thus, the assertion is proved by the following lemma. �Lemma 11.14. The matrix ‖U (jk)

β,γ (xj ,xk)‖ with the elements de�ned by (11.51)is positive de�nite, i.e., the sesquilinear form satis�es
∑

xj ,xk∈Σ

Lj∑

[β]=0

Lk∑

[γ]=0

U (jk)
β,γ (xj ,xk) vj,β vk,γ > 0(11.53)for any non-zero ve
tor {vj,β}.Here, as usual, vk,γ denotes the 
omplex 
onjugate of vk,γ .Proof. To establish (11.53), we use the representation

e−|x−y|2/(dj+dk) =
(dj + dk

π

)n/2
∫

Rn

e−(dj+dk)|t|2 e 2i〈t,x〉 e−2i〈t,y〉 dt ,(11.54)
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h implies, in view of (11.51),
U (jk)

β,γ (x,y) =(djdk)n/2 Sβ(−
√
dj∇x)Sγ(−

√
dk∇y)

∫

Rn

e−(dj+dk)|t|2+2i〈t,x−y〉 dt

=(djdk)n/2

∫

Rn

Sβ(−2i
√
djt)Sγ(−2i

√
dkt) e−(dj+dk)|t|2+2i〈t,x−y〉 dt .Then for an arbitrary 
onstant ve
tor {vj,β}, the form in (11.53) 
an be rewrittenas

∑

xj ,xk∈Σ

Lj∑

[β]=0

Lk∑

[γ]=0

U (jk)
β,γ (xj ,xk) vj,β vk,γ

=
∑

xj,xk∈Σ

(djdk)n/2

Lj∑

[β]=0

Lk∑

[γ]=0

vj,β vk,γ

×
∫

Rn

Sβ(−2i
√
djt)Sγ(−2i

√
dkt) e−(dj+dk)|t|2 e 2i〈t,xj−xk〉 dt

=

∫

Rn

∣∣∣
∑

xj∈Σ

d
n/2
j

Lj∑

[β]=0

vj,β Sβ(−2i
√
djt) e−dj|t|2+2i〈t,xj〉

∣∣∣
2

dt ,whi
h shows that
∑

xj,xk∈Σ

Lj∑

[β]=0

Lk∑

[γ]=0

U (jk)
β,γ (xj ,xk) vj,β vk,γ ≥ 0 .Here, the 
hange of integration and summation is justi�ed be
ause the integrand isabsolutely integrable and the sums are �nite.Next, we have to show that the inequality is stri
t, when {vj,β} 6= 0. This isequivalent to showing that

σ(t) =
∑

xj∈Σ

d
n/2
j

Lj∑

[β]=0

vj,β Sβ(−2i
√
djt) e−dj |t|2+2i〈t,xj〉 = 0 , t ∈ Rn ,(11.55)only if vj,β = 0 for all j and β.This will be established in the following way: Suppose that σ(t) = 0 for all

t ∈ Rn and denote the minimal value of the s
aling parameters dj for all xj ∈ Σby κ = min dj . Then the fun
tion
fε(x) =

∫

Rn

e (κ−ε2)|t|2 σ(t) e−2i〈t,x〉 dt
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ally zero for all x and ε > 0. Using the representation (11.55) of σ we have
fε(x) =

∑

xj∈Σ

d
n/2
j

Lj∑

[β]=0

vj,β

∫

Rn

e−(dj−κ+ε2)|t|2 Sβ(−2i
√
djt) e 2i〈t,xj−x〉 dt

=
∑

xj∈Σ

d
n/2
j

Lj∑

[β]=0

vj,β Sβ(
√
dj ∇x)

∫

Rn

e−(dj−κ+ε2)|t|2 e 2i〈t,xj−x〉 dt

=
∑

xj∈Σ

( πdj

dj − κ+ ε2

)n/2
Lj∑

[β]=0

vj,β Sβ(
√
dj ∇x) e−|x−xj|2/(dj−κ+ε2) .Let us denote the subset of nodes xj for whi
h dj = κ by Σ1. We will show that

fε(x) = 0 implies vj,β = 0 for all xj ∈ Σ1 and β with 0 ≤ [β] ≤ Lj.The sum over these nodes 
an be written as
f1,ε(x) =

∑

xj∈Σ1

( πdj

dj − κ+ ε2

)n/2
Lj∑

[β]=0

vj,β Sβ(
√
dj ∇x) e−|x−xj|2/(dj−κ+ε2)

=
(πκ
ε2

)n/2 ∑

xj∈Σ1

Lj∑

[β]=0

vj,β Sβ(
√
dj ∇x) e−|x−xj|2/ε2

.We note that
Sβ(
√
dj ∇x) e−|x−xj|2/ε2 → 0 as ε→ 0uniformly outside any ball 
entered at xj , i.e., uniformly in x ∈ Rn \ B(xj , ρ) forany radius ρ. Hen
e, for arbitrary ρ > 0

lim
ε→0

f1,ε(x) = 0 uniformly in x ∈ Xρ = Rn \
⋃

xj∈Σ1

B(xj , ρ) .Moreover, dj − κ > 0 for all xj ∈ Σ2 = Σ \ Σ1, and therefore
( πdj

dj − κ+ ε2

)n/2

Sβ(
√
dj ∇x) e−|x−xj|2/(dj−κ+ε2)
onverge uniformly to

( πdj

dj − κ

)n/2

Sβ(
√
dj ∇x) e−|x−xj|2/(dj−κ)if ε→ 0. Hen
e, fε(x) = 0 implies

∑

xj∈Σ2

( πdj

dj − κ

)n/2
Lk∑

[β]=0

vj,β Sβ(
√
dj ∇x) e−|x−xj|2/(dj−κ) = 0for all x ∈ Xρ. Sin
e this fun
tion is real analyti
, it vanishes for all x.We 
on
lude that f1,ε(x) → 0 uniformly for all x ∈ Rn if ε tends to zero.Applying the subsequent Lemma 11.15, we derive that vj,β = 0 for all xj ∈ Σ1 and

β with 0 ≤ [β] ≤ Lj .



266 11. SCATTERED DATA APPROXIMATE APPROXIMATIONSSo we are left with the problem to show that vj,β = 0 for all xj ∈ Σ2 and βwith 0 ≤ [β] ≤ Lj if
σ(t) =

∑

xj∈Σ2

d
n/2
j

Lj∑

[β]=0

vj,β Sβ(−2i
√
djt) e−dj |t|2+2i〈t,xj〉 = 0for all t, whi
h is solved by repeating the above pro
edure until all di�erent s
alingparameters dj and nodes xj are 
overed. �Lemma 11.15. Let Σ = {xj} be a �nite 
olle
tion of nodes. If

lim
ε→0

∥∥∥
∑

xj∈Σ

Lj∑

[β]=0

vj,β Sβ(∇x) e−|x−xj|2/ε2
∥∥∥

L∞

= 0 ,then vj,β = 0 for all xj ∈ Σ and β with 0 ≤ [β] < Lj .Proof. Let us �x a node xk ∈ Σ and 
onsider
gε(x) =

∑

xj∈Σ

Lj∑

[β]=0

vj,β Sβ(∇x) e−|x−xj|2/ε2on the ball B(xk, ε) for su�
iently small ε > 0. If there exists another node xj ∈ Σ,then obviously
Sβ(∇x) e−|x−xj|2/ε2 → 0 as ε→ 0uniformly on any su�
iently small ball around xk. Sin
e ‖gε‖L∞

→ 0, for any
δ > 0 there exists ε0 su
h that for all ε ∈ (0, ε0) and x ∈ B(xk, ε)(11.56) ∣∣∣

Lk∑

[β]=0

vk,β Sβ(∇x) e−|x−xk|2/e2
∣∣∣ < δ .Setting t = (x − xk)/ε, the last inequality transforms to

∣∣∣
Lk∑

[β]=0

vk,β Sβ(ε−1∇t) e−|t|2
∣∣∣ = e−|t|2

∣∣∣
Lk∑

[β]=0

ε−[β] pβ(t)
∣∣∣ < δfor all |t| ≤ 1 and ε ∈ (0, ε0), where pβ are 
ertain polynomials of degree Lk notdepending on ε. The inequality is valid for any δ > 0 only, if these polynomialsvanish, whi
h implies for ε = 1 that

Lk∑

[β]=0

vk,β Sβ(∇x) e−|x−xk|2/dj = 0 .Sin
e by (11.27)
Sβ(∇x) e−|x−xk|2 = (x − xk)β e−|x−xk|2 ,we dedu
e that vk,β = 0 for all β. �In the following two subse
tions, we show that under 
ertain assumptions onthe parameters dj ≤ D and the given �nite point set Σ in Rn, the approximationerror satis�es(11.57) min

Pj∈ΠLj

∥∥∥ e−| · |2/D −
∑

xj∈Σ

Pj e−| ·−xj |2/dj

∥∥∥
L2

→ 0if the degrees Lj tend to in�nity.
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ase dj = D.Theorem 11.16. Suppose that there exists xk ∈ Σ with dk = D. Then
min

Pj∈ΠLj

∥∥∥ e−| · |2/D −
∑

xj∈Σ

Pj e−| ·−xj |2/dj

∥∥∥
2

L2

≤
(πD

2

)n/2 |xk|2(Lk+1)

DLk+1(Lk + 1)!
.

(11.58)Proof. Sin
e
∑

xj∈Σ

Pj e−|x−xj|2/dj = Pk e−|x−xk|2/D +
∑

xj 6=xk

Pj e−|x−xj|2/dj ,we have, obviously,
min

Pj∈ΠLj

∥∥∥ e−| · |2/D −
∑

xj∈Σ

Pj e−| ·−xj |2/dj

∥∥∥
2

L2

≤ min
P∈ΠLk

∫

Rn

(
e−|x|2/D −P(x) e−|x−xk|2/D

)2

dx .The last integral 
an be transformed to
min

P∈ΠLk

∫

Rn

(
e−|x|2/D −P(x) e−|x−xk|2/D

)2

dt

=
(D

2

)n/2

min
P∈ΠLk

∫

Rn

(
e−|t|2/2 −P(t) e−|t−tk|2/2

)2

dt

=
(D

2

)n/2

min
P∈ΠLk

∫

Rn

e−|t|2
(
P(t) − e−|tk|2 e−

√
2〈t,tk〉

)2

dt

(11.59)
with tk = xk/

√
D. It is well known that the Hermite polynomials

{
Hβ(x), β ∈ Zn

≥0

}form a 
losed orthogonal system in the weighted spa
e L2(Rn, w1,2) with the norm
‖f‖2,w1,2 =

( ∫

Rn

e−|x|2 |f(x)|2 dx
)1/2(see (11.7)) and that

(Hα, Hβ)2,w1,2 =

∫

Rn

e−|x|2 Hα(x)Hβ(x) dx =

{
2[β] β!πn/2 , α = β ,

0 , otherwise .(See for example [93, Ch. 5.5℄.) Sin
e e−
√

2〈·,tk〉 ∈ L2(Rn, w1,2), the minimum of(11.59) is attained, when
P(t) =

Lk∑

[β]=0

aβ√
2[β] β!πn/2

Hβ(t)



268 11. SCATTERED DATA APPROXIMATE APPROXIMATIONSwith the 
oe�
ients
aβ =

e−|tk|2

√
2[β] β!πn/2

∫

Rn

e−|t|2Hβ(t) e−
√

2〈t,tk〉 dt

=
e−|tk|2

√
2[β] β!πn/2

∫

Rn

e−
√

2〈t,tk〉(−∇t)
β e−|t|2 dt .

(11.60)Integrating by parts, we obtain
aβ =

πn/4 (−tk)β

√
β!

e−|tk|2/2 ,whi
h together with
∞∑

[β]=Lk+1

t2β
k

β!
=

∞∑

ℓ=Lk+1

|tk|2ℓ

ℓ!
≤ |tk|2(Lk+1)

(Lk + 1)!
e |tk|2/2leads to the inequality(11.61) ∞∑

[β]=Lk+1

|aβ|2 ≤ πn/2 |tk|2(Lk+1)

(Lk + 1)!
.Sin
e tk = xk/

√
D, inequality (11.58) follows. Note that

P(t) =

Lk∑

[β]=0

(−tk)β

2[β]/2 β!
Hβ(t) . �11.4.7. Approximation error in the 
ase dj < D. Now we assume thatall s
aling fa
tors dj in (11.57) satisfy dj < D and we suppose �rst that dj = d forall xj ∈ Σ.Theorem 11.17. Let, for given ε > 0, the s
attered nodes {xj} satisfy thefollowing 
ondition: There exists 0 < d < D su
h that the ball BR with the minimalradius R given by(11.62) Γ

(n
2
,
R2

D − d

)
<
ε

2

( d
D
)n/2

Γ
(n

2

)
an be partitioned into subdomains Tj , whi
h 
ontain at least one node xj andsatisfy maxx∈Tj |x − xj | ≤ κ
√
d with some positive 
onstant κ. Then there existpolynomials of su�
iently large degree L su
h that the sum
∑

j

Pj(x) e−|x−xj|2/dapproximates the Gaussian e−|x|2/D with
∣∣∣ e−|x|2/D −

∑

j

Pj(x) e−|x−xj|2/d
∣∣∣ < min

(
ε, (1 + ε/2) e−|x|2/D )for all x ∈ Rn.
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omplete Gamma fun
tion(11.63) Γ(a, x) = Γ(a) − γ(a, x) =

∞∫

x

τa−1 e−τ dτwith γ(a, x) de�ned in (4.15).The proof of Theorem 11.17 
onsists of several steps. It is based on a simple
ubature formula for the integral
e−|x|2/D =

( D
πd(D − d)

)n/2
∫

Rn

e−|x−y|2/d e−|y|2/(D−d) dy .For a given ε > 0, we 
hoose R = R(D, h) su
h that
( ρ
π

)n/2
∫

|y|>R

e−|y|2/(D−h2) dy < ε/2 ,where we set
ρ =

D
d(D − d)

.Note that ∫

|y|>R

e−|y|2/(D−d) dy =
(π(D − d))n/2

Γ(n/2)
Γ
(n

2
,
R2

D − d

)
,so R has to be 
hosen su
h that

Γ
(n

2
,
R2

D − d

)
<
ε

2

( d
D
)n/2

Γ
(n

2

)
.Then the fun
tion

SR(x) =
( ρ
π

)n/2
∫

BR

e−|x−y|2/d e−|y|2/(D−d) dyis subje
t to
0 < e−|x|2/D −SR(x) < ε/2for all x ∈ Rn. Here, we set BR = B(0, R) = {|y| ≤ R}. Be
ause

e−|x−y|2/d e−|y|2/(D−d) = e−|x|2/D e−ρ (x/(ρd)−y)2 ,(11.64)we 
an write
SR(x) =

( ρ
π

)n/2

e−|x|2/D
∫

BR

e−ρ (x/(ρd)−y)2 dy ,(11.65)and therefore
e−|x|2/D −SR(x) =

( ρ
π

)n/2
∫

|y|>R

e−|x−y|2/d e−|y|2/(D−d) dy

= e−|x|2/D
( ρ
π

)n/2
∫

|y|>R

e−ρ (x/(ρd)−y)2 dy < e−|x|2/D .This implies the estimate
0 < e−|x|2/D −SR(x) < min

(
ε/2, e−|x|2/D ) .(11.66)



270 11. SCATTERED DATA APPROXIMATE APPROXIMATIONSWe subdivide the ball BR into the subdomains Tj with the property that ea
h
Tj 
ontains one node xj and

max
x∈Tj

|x − xj | ≤ κ
√
d .Then

SR(x) =
( ρ
π

)n/2∑

j

∫

Tj

e−|x−y|2/d e−|y|2/(D−d) dy

=
( ρ
π

)n/2

e−|x|2/D
∑

j

∫

Tj

e−ρ (x/(ρd)−y)2 dy .Lemma 11.18. There exists a polynomial pj of degree L su
h that
∣∣∣
∫

Tj

e−ρ (x/(ρd)−y)2 dy − pj(x) e−ρ (x/(ρd)−xj)
2
∣∣∣

≤ c measTj max
y∈Tj

e−ρ (x/(ρd)−y)2/2
( 2Dκ2

D − d

)(L+1)/2 ∑

[α]=L+1

1√
α!

(11.67)with a 
onstant c depending only on n.Proof. Put
fx(y) = e−ρ (x/(ρd)−y)2and expand this fun
tion into its Taylor series around y = xj , i.e.,

fx(y) =

L∑

[α]=0

∂α
y fx(xj)

α!
(y − xj)

α +RL+1(y,xj) ,with the remainder
RL+1(y,xj) :=

∑

[α]=L+1

(y − xj)
α

α!
∂α
y fx(z)for some z = xj + s(y − xj), s ∈ [0, 1] (
f. (2.3)). Then

∫

Tj

fx(y) dy =
L∑

[α]=0

∂α
y fx(xj)

α!

∫

Tj

(y − xj)
α dy +

∫

Tj

RL+1(y,xj) dy .(11.68)Note that by (7.7),
∂α
y fx(y) = ∂α

y e−ρ (x/(ρd)−y)2 = ρ[α]/2Hα

(√
ρ
( x

ρd
− y

))
e−ρ (x/(ρd)−y)2with the multi-variate Hermite polynomial Hα. Hen
e, we set in (11.68)

∂α
y fx(xj)

α!

∫

Tj

(y − xj)
α dy

=
ρ[α]/2

α!
Hα

(√
ρ
( x

ρd
− xj

))
e−ρ (x/(ρd)−xj)

2

∫

Tj

(y − xj)
α dy .
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|∂α

y fx(y)| = ρ(L+1)/2Hα

(√
ρ
( x

ρd
− y

))
e−ρ (x/(ρd)−y)2for y ∈ Tj. We apply Cramer's inequality for Hermite polynomials [1, 22.14.17℄

|Hj(t)| ≤ K 2j/2
√
j! e t2/2(11.69)with a 
onstant K ≈ 1.086435, whi
h gives

Hα

(√
ρ
( x

ρd
− y

))
≤ Kn2[α]/2

√
α! e ρ (x/(ρd)−y)2/2 .Thus, we obtain

|∂α
y fx(y)| ≤ (2ρ)(L+1)/2Kn

√
α! e−ρ (x/(ρd)−y)2/2 ,implying

∣∣RL+1(y,xj)
∣∣ ≤ (2ρ)(L+1)/2Kn max

y∈Tj

e−ρ (x/(ρd)−y)2/2
∑

[α]=L+1

∣∣(y − xj)
α
∣∣

√
α!and the estimate

∣∣∣
∫

Tj

fx(y) dy − pj(x) e−ρ (x/(ρd)−xj)
2
∣∣∣

≤ (2ρ)(L+1)/2Kn max
y∈Tj

e−ρ (x/(ρd)−y)2/2
∑

[α]=L+1

1√
α!

∫

Tj

∣∣(y − xj)
α
∣∣ dywith the polynomial

pj(x) :=

L∑

[α]=0

ρ[α]/2

α!
Hα

(√
ρ
( x

ρd
− xj

))∫

Tj

(y − xj)
α dy .Sin
e

(2ρ)L+1/2 = d−(L+1)/2
( 2D
D − d

)(L+1)/2

,the assumption max
x∈Tj

|x − xj | ≤ κ
√
d implies

(2ρ)(L+1)/2
∑

[α]=L+1

1√
α!

∫

Tj

∣∣(y − xj)
α
∣∣ dy

≤
( 2Dκ2

D − d

)(L+1)/2

measTj

∑

[α]=L+1

1√
α!

,and therefore, the estimate (11.67) is valid with the 
onstant c = Kn. �Lemma 11.19. For any c > 0, the sum
cN/2

∑

[α]=N

1√
α!

→ 0 as N → ∞ .
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e the number of multi-indi
es α ∈ Zn
≥0 of length [α] = N is

(
N + n− 1

N

)
=

(N + n− 1)!

N ! (n− 1)!
,from

(x1 + · · · + xn)N =
∑

[α]=N

N !

α!
xαand Cau
hy's inequality

∑

[α]=N

1√
α!

≤
√(

N + n− 1

N

)( ∑

[α]=N

1

α!

)1/2

=
nN/2

N !

√
(N + n− 1)!

(n− 1)!we obtain
cN/2

∑

[α]=N

1√
α!

≤
√
cN1 (N + n− 1)!

(N !)2(n− 1)!
= sNwith c1 = c n. From

sN+1

sN
=

√
c1 (N + n)

(N + 1)2
=

√
c1

N + 1

√
1 +

n− 1

N + 1
,we see that sN de
ays like √

cN1
(N + 1)!for large N . �Completion of the proof of Theorem 11.17. By Lemmas 11.18 and11.19, there exist polynomials pj of degree L su
h that

∣∣∣
∫

Tj

e−ρ (x/(ρd)−y)2 dy − pj(x) e−ρ (x/(ρd)−xj)
2
∣∣∣ < δL measTjwith a sequen
e δL → 0 if L→ ∞. Setting

PR(x) =
( ρ
π

)n/2

e−|x|2/D
∑

j

pj(x) e−ρ (x/(ρd)−xj)
2

,(11.70)we then obtain from (11.65) that
|SR(x) − PR(x)| ≤ e−|x|2/D δL

( ρ
π

)n/2∑

j

measTj

= e−|x|2/D δL
( ρ
π

)n/2

measBR .Thus, one 
an 
hoose the degree L of the polynomials pj su
h that
|SR(x) − PR(x)| < e−|x|2/D ε/2 .Note that, in view of (11.64), we 
an rewrite
PR(x) =

∑

j

Pj(x) e−|x−xj|2/d(11.71)
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Pj(x) =

( ρ
π

)n/2

e−|xj|2/(D−d) pj(x)

=
e−|xj|2/(D−d)

πn/2

L∑

[α]=0

ρ(n+[α])/2

α!
Hα

(√
ρ
( x

ρd
− xj

))∫

Tj

(y − xj)
α dy ,where ρ = D/d(D − d). This together with (11.66) 
ompletes the proof of Theo-rem 11.17. �Corollary 11.20. Suppose that, for a given ε > 0, the assumptions of The-orem 11.17 are satis�ed. There exist polynomials Pj of su�
iently large degree Ljsu
h that

‖ e−| · |2/D −
∑

j

Pj e−| ·−xj|2/d ‖Lp < εfor all p ∈ [1,∞].11.4.8. Summary. Theorem 11.16 and Corollary 11.20 provide su�
ient 
on-ditions under whi
h
min

c
Q(c) = min

Pj∈ΠLj

∥∥∥ e−| · |2/D −
∑

j

Pj e−| ·−tj |2/dj

∥∥∥
2

L2(see (11.50)) 
an be made arbitrary small if the degrees Lj of the polynomials arelarge enough. Applied to the dis
repan
y
ω(x) =

∑

xj∈Σ

Pj

(x − xj

h2
j

)
e−|x−xj|2/h2

j − e−|x|2/D ,we obtain the following 
onditions on the nodes xj and parameters hj .To apply Theorem 11.16, we require dk = D, whi
h is equivalent to h2
k = D.Then

min
c
Q(c) ≤

(πD
2

)n/2 |tk|2(Lk+1)

DLk+1(Lk + 1)!
.From (11.49) we have

tk =
D
D0

xkwith xk ∈ Σ. Hen
e,
min

c
Q(c) ≤

(πD
2

)n/2( D
D0

)Lk+1 |xk|2(Lk+1)

DLk+1
0 (Lk + 1)!

.Corollary 11.20 
an be applied if we assume that dj = d < D, whi
h meansthat hj = h. Moreover, by (11.48),
d =

(h2 − σ)D(D − σ)

D(D − σ) − (h2 − σ)σ
(11.72)with σ = D −D0 < h2, whi
h implies

h2 =
dD(D − σ)

dσ + D(D − σ)
= d− d2σ

dσ + D(D − σ)and, in parti
ular, h < √
D. Additionally, it is required that there exists a partitionof a su�
iently large ball BR into subdomains Tj, whi
h 
ontain at least one node
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tj and satisfy maxt∈Tj |t− tj | ≤ κ

√
d with some positive 
onstant κ. From (11.62)and (11.72), we derive that the radius R is given by the minimal value su
h that

Γ
(n

2
,
R2(D(D − σ) − (h2 − σ)σ)

D2(D − h2)

)
<
ε

2

( (h2 − σ)(D − σ)

D(D − σ) − (h2 − σ)σ

)n/2

Γ
(n

2

)
,whi
h is obviously satis�ed if R is 
hosen to satisfy(11.73) Γ

(n
2
,

R2

D − h2

)
<
ε

2

(h2

D
)n/2

Γ
(n

2

)
.Furthermore, by (11.49),

tj =
D(D − σ)

D(D − σ) − (h2 − σ)σ
xj = xj +

(h2 − σ)σ

D(D − σ) − (h2 − σ)σ
xjwhere xj ∈ Σ. Using (11.72), one 
an see that the 
ondition(11.74) xj ∈ Tj and max

x∈Tj

|x − xj | ≤ κhensures that the assumptions of Theorem 11.17 are ful�lled.Thus, we obtain the following result:Theorem 11.21. Let Σ be a �nite set of points xj in Rn, and let D and εbe given positive numbers. For the positive parameters hj ≤
√
D and σ < minh2

j ,there exist degrees Lj of the polynomials
Pj(x) =

Lj∑

[β]=0

cj,β

(x − xj

hj

)β

,where the 
oe�
ients cj,β satisfy the linear system (11.45), su
h that
∣∣∣
∑

xj∈Σ

Pj(x) e−|x−xj|2/h2
j − e−|x|2/D

∣∣∣ < ε e−τ |x|2with
τ =

σ

D(D − σ) + σ2
,if one of the following two 
onditions is satis�ed:(i) hj =

√
D for at least one of the parameters,(ii) there exists h < √

D and Σ′ ⊂ Σ with hj = h, xj ∈ Σ′, su
h that the ball BR,with the radius given by (11.73), 
an be subdivided into subsets Tj whi
h satisfy(11.74).Now, we are in a position to des
ribe the 
onstru
tion method for the approx-imate partition of unity {
Pj(x) e−|x−xj|2/h2

j

}for the set of s
attered nodes X = {xj}j∈J 
lose to a pie
ewise uniform grid G inthe sense of Condition 11.9.Assign a �nite set of nodes Σ(gk) to ea
h grid point gk ∈ G with |xj − gk| ≤
κ1

√Dk, xj ∈ Σ(gk). The s
aling parameters hj > 0 of the set of fun
tions(11.75) {
Pj(x) e−|x−xj|2/h2

j

}
xj∈Σ(gk)whi
h approximate e−|x−gk|2/Dk should be 
hosen in the following way:
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√Dk su
h that the ball B(gk, Rk) = {x : e−|x−gk|2/Dk > ε}
an be partitioned into subsets Tj su
h that(11.76) xj ∈ Tj and max

x∈Tj

|x − xj | ≤ κ2hkfor xj ∈ Σ′(gk) j Σ(gk), then take hj = hk if xj ∈ Σ′(gk).3. If (11.76) is not possible for hk <
√Dk, then 
hoose hj =

√Dk for at least onenode xj .4. If xj belongs to Σ(gk) for di�erent grid points gk, then hj has to be the samefor all sets (11.75).Then we �x positive σ < h2
j , denote D0 = Dk − σ and δ2j = h2

j − σ, and solve,for a 
ommon degree Lk of the polynomials Pj , the system(11.77) ∑

xj∈Σ(gk)

Lk∑

[β]=0

cj,β C(jl)
β,γ (xj ,xl) = B(j)

γ (xl) , xl ∈ Σ(gk) , 0 ≤ [γ] ≤ Lk ,where
B(j)

γ (x) =
( π h2

j D2
0

δ2j (D0Dk + Dk − 2σ)

)n/2

Sβ(−hj∇x) exp
(
− (Dk − 2σ)|x|2
δ2j (D0Dk + Dk − 2σ)

)
,

C(jl)
β,γ(x,y) =

πn/2hn
j h

n
l D

3n/2
0

Dn/2
k (D0Dk(δ2j + δ2l ) − 2σδ2j δ

2
l )n/2

× Sβ(−hj∇x)Sγ(−hl∇y) exp
(2σ(δ2l |x|2 + δ2j |y|2) −D0Dk|x − y|2

D0Dk(δ2j + δ2l ) − 2σδ2j δ
2
l

)
.Following (11.46), de�ne the polynomials(11.78) P(k)

j (x) =

Lk∑

[β]=0

cj,β

(x − xj

hj

)β

,and, by Theorem 11.21, we have
∣∣∣
∑

xj∈Σ

P(k)
j (x) e−|x−xj|2/h2

j − e−|x−gk|2/Dk

∣∣∣ < δ e−τk|x−gk|2with
τk =

σ

Dk(Dk − σ) + σ2
,if Lk is su�
iently large. Then

∣∣∣
∑

gk∈G

ak

(
e−|x−gk|2/Dk −

∑

xj∈Σ(gk)

P(k)
j (x) e−|x−xj|2/h2

j

)∣∣∣ < δ C ,where the 
onstant
C =

∑

gk∈G

ak e−τk|x−gk|2does not depend on the s
attered nodes xj and the degrees Lk of the polynomials.Hen
e, for su�
iently large Lk, the fun
tion(11.79) ∑

gk∈G

ak

∑

xj∈Σ(gk)

P(k)
j (x) e−|x−xj|2/h2

j



276 11. SCATTERED DATA APPROXIMATE APPROXIMATIONSis the required approximate partition of unity.11.4.9. Numeri
al experiments. We have tested the 
onstru
tion given by(11.77), (11.78) in the one- and two-dimensional 
ases for randomly 
hosen nodeswith the parameters D = 2, h = 1, κ1 = 1/2, and D0 = 1 and D0 = 3/2. Toshow the dependen
e of the approximation error on the number of nodes in Σ(m),
m ∈ Z, and the degree of polynomials, we provide graphs of the di�eren
e to 1 forthe following one-dimensional 
ases :

Σ(m) 
onsists of 1 point, L = 3 and L = 4 (Fig. 11.1);
Σ(m) 
onsists of 3 points, L = 3 and L = 4 (Fig. 11.2);
Σ(m) 
onsists of 5 points, L = 2 and L = 3 (Fig. 11.3).In all 
ases, the 
hoi
e D0 = 3/2 gives better results as 
an be seen from Fig. 11.1.All other �gures 
orrespond to D0 = 3/2.
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-0.001

0.001

(a)

-1 -0.5 0.5 1

-0.0001
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0.0004

(b)Figure 11.1. The graph of Θ(x) − 1 when Σ(m) 
onsists of 1point, D = 2, (a) L = 3 and (b) L = 4. Solid and dot-dashedlines 
orrespond to D0 = 3/2 and D0 = 1, respe
tively.As expe
ted, the approximation be
omes better with in
reasing degree L andmore points in the subsets Σ(m). The use of only one node in Σ(m) redu
es theapproximation error by a fa
tor 10−1 if L in
reases by 1. The 
ases of 3 and 5points indi
ate that enlarging the degree L of the polynomials by 1 gives a fa
tor
10−2 for the approximation error.Note that the plotted total error 
onsists of two parts. Using (11.77), (11.78),we approximate the Θ-fun
tion(11.80) (2π)−1/2

∑

m∈Z

e−(x−m)2/2 = 1 + 2

∞∑

j=1

e−2π2j2

cos 2πjx .Hen
e, the plotted total error is the sum of the di�eren
e between (11.79) and(11.80) and the fun
tion(11.81) 2

∞∑

j=1

e−2π2j2

cos 2πjx ,whi
h is the saturation term obtained for the uniform grid. The error plots in theright-hand side in Figs. 11.2 and 11.3 show that the total error is majorized by thesaturation term (11.81), whi
h is shown by dashed lines.
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(b)Figure 11.2. The graph of Θ(x) − 1 when Σ(m) 
onsists of 3points, D = 2, D0 = 3/2, (a) L = 3 and (b) L = 4. The saturationterm obtained on the uniform grid is depi
ted by dashed lines.
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(b)Figure 11.3. The graph of Θ(x) − 1 when Σ(m) 
onsists of 5points, D = 2, D0 = 3/2, (a) L = 2 and (b) L = 3. The saturationterm obtained on the uniform grid is depi
ted by dashed lines.In Figs. 11.4 and 11.5, we depi
t the di�eren
e Mu(x) − u(x) for the quasi-interpolation formula de�ned by (11.22) with Gaussian basis fun
tions 
onstru
tedvia (11.46), (11.45) with Σ(m) 
onsisting of 5 points, and the approximation orders
N = 2 and N = 4. For N = 2, we have used the parameters L = 4 (the degreeof the polynomials Pj), D = 2, D0 = 3/2, and for N = 4, we have 
hosen L = 6,
D = 4, D0 = 3.The hN -
onvergen
e of these one-dimensional quasi-interpolants is 
on�rmed inTable 11.1, whi
h 
ontains the uniform error of Mu−u on the interval (−1/2, 1/2)for the fun
tion u(x) = (1 + x2)−1 with di�erent values of h.Similar experiments have been performed for the two-dimensional 
ase. Herewe provide graphs of

1 −
∑

xj∈X

Pj(x) e−|x−xj|2/Dfor the following 
ases:
degPj = 1 and Σ(m) 
onsists of 1 or 5 points (Fig. 11.6);
degPj = 4 and Σ(m) 
onsists of 1 or 5 points (Fig. 11.7).
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(b)Figure 11.4. The graph of Mu(x) − u(x) with N = 2, u(x) =
(1+x2)−1. Dashed and solid lines 
orrespond to (a) h = 1/16 and
h = 1/32 and (b) h = 1/64 and h = 1/128.
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(b)Figure 11.5. The graph of Mu(x) − u(x) with N = 4, for(a) u(x) = (1 + x2)−1 and (b) u(x) = x4. Dashed and solid lines
orrespond to h = 1/32 and h = 1/64, respe
tively.
h N = 2 N = 4

2−3 1.89 · 10−2 1.81 · 10−3

2−4 5.72 · 10−3 1.38 · 10−4

2−5 1.51 · 10−3 1.01 · 10−5

2−6 3.81 · 10−4 6.65 · 10−7

2−7 9.65 · 10−5 4.20 · 10−8Table 11.1. L∞-approximation error for the fun
tion u(x) = (1+
x2)−1 in the interval (−1/2, 1/2) using Mu with N = 2 (on theleft) and N = 4 (on the right).11.5. NotesInterpolation and quasi-interpolation by radial basis fun
tions are promisingmethods for approximating multi-variate fun
tions from s
attered data. Variousaspe
ts of interpolation by radial fun
tions are well developed; see, for example,the monograph by Buhmann [15℄ and the numerous papers referred to therein.
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onsists of (a) 1 point and (b) 5 points.
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Figure 11.7. The graph of Θ(x) − 1 when L = 4 and Σ(m)
onsists of (a) 1 point and (b) 5 points.Sin
e the 
onstru
tion of interpolants requires solving large systems of linearequations, it is very interesting to go over to quasi-interpolation. S
attered dataquasi-interpolation by fun
tions, whi
h reprodu
e polynomials, has been studied byBuhmann, Dyn, Levin in [16℄ and Dyn, Ron in [24℄ (see also [15℄, [97℄ for furtherreferen
es).Other methods for s
attered data approximation in
lude Moving Least Squares(see [28℄, [57℄), whi
h have attra
ted attention in the 
ontext of approximate so-lutions of partial di�erential equations as so-
alled meshless methods (see [6℄ andthe referen
es therein). As a rule, the methods reprodu
e polynomials, at leastlo
ally, but the shape fun
tions ηj are not available analyti
ally in simple forms.The 
omputation of the approximant requires solving a linear algebrai
 system forea
h point x ∈ Rn.In this 
hapter we gave a detailed presentation of the re
ent paper [56℄; see alsothe preliminary version [54℄. The aim of the approa
h is an analyti
 representationof the quasi-interpolant, whi
h similarly to the 
ase of uniformly distributed nodes
an be used for the approximation of integral and pseudodi�erential operators.





CHAPTER 12Numeri
al algorithms based upon approximateapproximations � linear problemsThe real power of the approximate approximation is in the 
apability to treatmulti-dimensional integral operators very e�
iently. Therefore, it is natural touse it as an underlying approximation method in numeri
al algorithms for solvingproblems with integro-di�erential equations. Another very important appli
ationof approximate approximations is in the large �eld of integral equations methods forsolving initial and boundary value problems for partial di�erential equations. Forsu
h problems, the method should be applied not dire
tly to the partial di�erentialformulation but to equations whi
h involve potentials or other pseudodi�erentialoperators.In this 
hapter we des
ribe three appli
ations to the numeri
al solution of par-tial di�erential problems. Se
tion 12.1 is devoted to the solution of Lippmann-S
hwinger type equations, whi
h involve volume integral operators and o

ur ins
attering theory. We propose a 
ollo
ation method whi
h uses dilated shifts ofthe Gaussian as trial fun
tions. Sin
e the a
tion of the volume potential 
an begiven analyti
ally, the 
omputation time for the dis
rete system 
an be signi�
antlyredu
ed. We prove that the method provides spe
tral 
onvergen
e order up to sat-uration errors.As another example, in Se
tion 12.2 we 
onsider the boundary point method(BPM) as an appli
ation of approximate approximations to the solution of boundaryintegral equations, whi
h are solved by 
ollo
ation with dilated shifts of a rapidlyde
aying fun
tion. If the surfa
e integrals are approximated by the integrals overthe 
orresponding tangential plane, then the 
oe�
ients of the resulting dis
retesystems depend only on the 
oordinates of a �nite number of points at the boundaryand the dire
tion of the normal at these points.The a

ura
y of BPM is determined by the best approximation of the solutionand by the approximation error of the surfa
e integrals. The last problem is 
losely
onne
ted with 
ubature of integral operators over surfa
es. The main idea is to
ombine the approximate quasi-interpolation of the surfa
e density with the inte-gration of the basis fun
tions over the tangential plane by the use of appropriateasymptoti
 expansions. As an example, in Se
tion 12.3, we dis
uss the 
omputa-tion of multi-dimensional single layer harmoni
 potentials and prove O(h3| log h|)approximation rate if the values of the normal and of the 
urvature of Γ at thenodes are used.
281



282 12. NUMERICAL ALGORITHMS FOR LINEAR PROBLEMS12.1. Numeri
al solution of the Lippmann-S
hwinger equation byapproximate approximationsHere, we apply an approximation method to the numeri
al solution of an inte-gral equation of Lippmann-S
hwinger type in di�ra
tion theory(12.1) u(x) + q(x)

∫

Ω

Ek(x − y)u(y) dy = f(x) , Ω ⊂ Rn,where the kernel Ek is the fundamental solution of the Helmholtz equation de�nedin (5.2). Many s
attering problems in inhomogeneous media 
an be transformedto volume integral equations of this form. Their numeri
al solution with standard
ubature methods is very expensive be
ause of the singularity of the kernel Ek andits fast os
illations (for large k), espe
ially in the multi-dimensional 
ase.In our approa
h, the approximate solution is sought as a linear 
ombination ofs
aled and shifted Gaussians. We saw in Se
tion 5.1 that the di�ra
tion potentialof the Gaussian 
an be expressed by spe
ial fun
tions; hen
e the dis
rete system
an be 
omputed very e�
iently.It turns out that our method provides spe
tral 
onvergen
e up to some negli-gible saturation error. To be more pre
ise, under the assumption that the solution
u satis�es the smoothness 
ondition∫

Rn

|Fu(λ)| (1 + |λ|)N dλ <∞ ,we show that(12.2) |u(x) − uh(x)| ≤ cu h
N + c1εh

2with small ε, negligible in numeri
al 
omputations. This estimate does not dependon the wave number k, whi
h is 
on�rmed in numeri
al tests.12.1.1. Problem. Consider, for example, the s
attering problem(12.3) ∆w + (k2 − q)w = g , x ∈ Rn ,where k > 0 is a 
onstant and the potential q(x) and the right-hand side g(x) are
ompa
tly supported 
omplex-valued fun
tions. The radiated �eld w has to satisfySommerfeld's radiation 
ondition (5.4). The appli
ation of the di�ra
tion potential(12.4) Su(x) = Snu(x) =

∫

Rn

Ek(x − y)u(y) dy ,leads to the integral equation for the radiated �eld(12.5) w(x) + S(qw)(x) = −Sg(x) .In the following, we omit the index n, whi
h indi
ates the spa
e dimension of thedi�ra
tion potential Sn.In the spe
ial 
ase when an in
ident �eld wi, i.e., a given entire solution of theHelmholtz equation ∆wi + k2wi = 0, is s
attered by the potential q(x), the right-hand side of (12.3) is given by g = qwi, and equation (12.5) leads to the well-knownLippmann-S
hwinger equation for the total �eld wtot = w + wi(12.6) wtot(x) + S(q wtot)(x) = wi(x) , x ∈ Rn.We refer to [20℄ for more details 
on
erning this equation.



12.1. SOLUTION OF LIPPMANN-SCHWINGER EQUATIONS 283In the following, we 
onsider the equation (12.5). Multiplying both sides withthe potential q, we derive an integral equation of the form(12.7) u(x) + q(x)Su(x) = −q(x)Sg(x)for the fun
tion u = qw. If a solution u of (12.7) is found, then from (12.5), oneobtains the solution w of the original problem by the formula(12.8) w(x) = −
∫

Rn

Ek(x − y) (g(y) + u(y)) dy .So the partial di�erential equation (12.3), given on the whole spa
e Rn, is trans-formed into an integral equation over a bounded domain Ω 
ontaining supp q.We propose a 
ollo
ation method for solving (12.1), whi
h is based on the dire
t
omputation of integrals of the basis fun
tions. To solve (12.1), we 
hoose as basisfun
tions the elements of the set(12.9) Xh :=
{

e−|x−hm|2/Dh2

, hm ∈ Ωh,m ∈ Zn
}
,where Ωh is some domain 
ontaining the support of the potential q, Ω ⊂ Ωh, theparameterD is a �xed positive number, and h is the dis
retization parameter. Thusthe approximating fun
tions are linear 
ombinations of s
aled Gaussians 
enteredat the grid points {hm ∈ Ωh}.It was shown in Se
tion 5.1 that in the one- and three-dimensional 
ases, wehave analyti
 formulas for the di�ra
tion potential of Gaussians (see (5.13) and(5.18)).Other basis fun
tions 
ommonly used for solving three-dimensional problems,�nite elements for example, do not give su
h simple formulas. Here spe
ial 
ubatureformulas have to be utilized. The use of the Gaussian redu
es the numeri
al ex-penses of dis
retizing the integral equation signi�
antly. Moreover, sin
e any pointvalue of the integral operator applied the approximating fun
tions 
an be 
omputedexa
tly (of 
ourse, within the 
omputer's pre
ision), no 
ubature errors o

ur.The integral equation (12.7) is solved by 
ollo
ation: Find uh ∈ Xh su
h that(12.10) uh(hm) + q(hm)Suh(hm) = −q(hm)

∫

Rn

Ek(hm − y) g(y) dyfor all grid points hm ∈ Ωh. Hen
e, the 
oe�
ients {um} of the dis
rete solution
uh(x) =

∑

hm∈Ωh

um e−|x−hm|2/Dh2are determined from the linear system(12.11) um + q(hm)
∑

hj∈Ωh

am−juj = −q(hm)

∫

Rn

Ek(hm − y) g(y) dy ,for hm ∈ Ωh, where(12.12) aj = χ(hj) with χ(x) =

∫

Rn

Ek(x − y) e−|y|2/Dh2

dy .In the one-dimensional 
ase, (5.20) gives for j ∈ Z

aj =

√
πDh
2k

(
e−j2/D L

(kh
√
D

2
+ i

|j|√
D
)
− i e−k2Dh2/4 eikh|j|

)
,
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aj =

√
πD3h2

4|j|

(
e−k2Dh2/4 eikh|j| − e−|j|2/DK

(kh
√
D

2
+ i

|j|√
D
))

a(0,0,0) =
Dh2

2
+
ik
√
πD3h3

4
w
(kh

√
D

2

)
.Here |j| denotes the Eu
lidean norm of j ∈ Z3.Note that, in general, the right-hand side of the system (12.11) 
annot bedetermined exa
tly. Hen
e, in order to obtain an estimate of the form (12.2), weuse the high-order 
ubature formulas dis
ussed in Se
tion 5.1. We approximate Sgby

Shg(x) = D−n/2
∑

hm∈Ω

g(hm)χM (x − hm)with
χM (x) = (

√
Dh)n

∫

Rn

Ek(x −
√
Dhy) η2M (y) dy .The following approximation theorem holds:Theorem 12.1. Assume that u ∈ WN

∞ , N = 2M , has 
ompa
t support and letthe mesh width satisfy hk ≤ κ < 2π with k the wave number in (12.3). Then forany ε > 0, there exists D > 0 su
h that
|Shu(x) − Su(x)| ≤ c (

√
Dh)N

∑

[α]=N

‖∂αu‖L∞

α!
+ h2ε‖u‖W N−1

∞
.Proof. We use the expansion (2.50) of the quasi-interpolant

D−n/2
∑

m∈Zn

u(hm) η2M

(x − hm√
Dh

)
,whi
h approximates the density u. Obviously, the remainder

RN,h(x) = (
√
Dh)N

∑

[α]=N

D−n/2
∑

hm∈suppu

(x−hm√
Dh

)α

η2M

(x−hm√
Dh

) Uα(x, hm)

α!satis�es
max

x
|SRN,h(x)| ≤ c (

√
Dh)N

∑

[α]=N

‖∂αu‖L∞

α!
.Sin
e the sums of the fast os
illating fun
tions in (2.50), whi
h represent the satu-ration error, 
onverge absolutely, it remains to estimate the value of the di�ra
tionpotential applied to fun
tions of the form v(x) e−2πi〈ν,x〉/h, ν ∈ Zn \ {0}, witha 
ompa
tly supported and su�
iently smooth fun
tion v. The pseudodi�erentialoperator S has the symbol (k2 − 4π2|λ|2)−1. Let us introdu
e the set

B = {λ ∈ Rn : |4π2|λ|2 − k2| ≤ ρ} with ρ =
(4π2 − κ2)k2

κ2
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tion a(λ) satisfying a(λ) = (k2 − 4π2|λ|2)−1 for λ /∈ B. Then
S
(
v e 2πi〈·,ν〉/h

)
(x) =

∫ ∫

RnRn

e2πi〈x−y,λ〉 a(λ) v(y) e−2πi〈y,ν〉/h dλ dy

+

∫∫

RnB

( 1

k2 − 4π2|λ|2 − a(λ)
)

e 2πi〈x,λ〉 e−2πi(y,ν/h−λ〉 v(y) dλ dy

=

∫ ∫

RnRn

e 2πi〈x−y,λ〉 a(λ) v(y) e−2πi〈y,ν〉/h dλ dy

+

∫

B

( 1

k2 − 4π2|λ|2 − a(λ)
)

e2πi〈x,λ〉 Fv(λ − ν/h) dλ .The integral
I1 :=

∫ ∫

RnRn

e 2πi〈x−y,λ〉 a(λ) v(y) e−2πi〈y,ν〉/h dλ dyis a pseudodi�erential operator with smooth symbol a ∈ S−2(Ω); hen
e the expan-sion
I1 = e2πi〈x,ν〉/h

∑

[α]<N

∂αa(ν/h)∂αv(y)

i[α]α!
+RN (x, h)holds (see [29, Se
t. 3.3.4℄), where

|RN (x, h)| ≤ CN,Ωh
2+N .Sin
e the number ρ is 
hosen so that ν/h /∈ B for all ν ∈ Zn \ {0}, we obtain

∂αa(ν/h) = ∂α
λ

1

k2 − 4π2|λ|2
∣∣∣
λ=ν/h

= h2+[α]∂α
ν

1

h2k2 − 4π2|ν|2 ,whi
h leads to the asymptoti
s
I1 = e 2πi〈x,ν〉/h h2

∑

[α]<N

h[α] ∂αv(y)

i[α]α!
∂α

ν

1

h2k2 − 4π2|ν|2 +RN (x, h) .To estimate the se
ond integral, we note that |λ|N |Fv(λ)| → 0 as |λ| → ∞. Usingspheri
al 
oordinates, one easily sees that the integral is a prin
ipal value integralof a 
ompa
tly supported smooth fun
tion. Therefore
∣∣∣
∫

B

( 1

k2 − 4π2|λ|2 − a(λ)
)

e 2πi〈x,λ〉 Fv(λ − ν/h) dλ
∣∣∣ ≤ cvh

N . �12.1.2. Error analysis for the 
ollo
ation method. To estimate the as-ymptoti
 error of the 
ollo
ation method, we introdu
e an interpolation proje
tion
Qh satisfying Qhf(hm) = f(hm) for all hm ∈ Ωh. Then the dis
retization (12.10)of the integral equation (12.5), whi
h has the form(12.13) u+ q Su = −qSg ,
an be written as(12.14) Qhuh +Qhq Suh = −QhqShg ,where Sh is an appropriately 
hosen 
ubature for S. The linear systems (12.14) areuniquely solvable for all su�
iently small h. This follows from the fa
t that S is a
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ompa
t operator in any reasonable fun
tion spa
e over bounded domains. Hen
e,under 
ertain smoothness assumptions on q, the operator q S remains 
ompa
t ifthe domain under 
onsideration 
ontains the support of q.Furthermore, the interpolation problem with Gaussian fun
tions is uniquelysolvable (see [79℄ and Se
tion 7.3). Moreover, by (11.54),
e−(j−k)2/D = (πD)n/2

∫

Rn

e−π2D|x|2 e2πi〈j−k,x〉 dx ,whi
h shows that
(Av, v) =

∑

hj,hk∈Ωh

e−|j−k|2/D vjvk = (πD)n/2

∫

Rn

e−π2D|x|2
∣∣∣
∑

hj∈Ωh

vj e2πi〈j,x〉
∣∣∣
2

dx ,for any ve
tor v = (vj)hj∈Ωh
, vj ∈ C. Therefore, we obtain the inequality

e−π2Dn/4 ‖v‖2
ℓ2 <

(Av, v)

(πD)n/2
< max

Rn

∣∣∣
∑

m∈Zn

e−π2D|x−m|2
∣∣∣ ‖v‖2

ℓ2with bounds not depending on the mesh size h and the number of unknowns of theinterpolating sum of s
aled and shifted Gaussians. Hen
e, the 
ondition number of
A 
an be estimated by (πD)−n/2 eπ2D n/4. This means that the numeri
al solutionof the interpolation problem 
an 
ause stability problems for large D. However,sin
e the s
aling of the trial fun
tions 
oin
ides with the mesh width h, the 
onditionnumber of A does not depend on the number of grid points and does not be
omeworse for �ner meshes. In pra
ti
al 
al
ulations for three-dimensional problems,dire
t solvers from LAPACK are stable up to the parameter D = 4.Sin
e the equations (12.14) are 
ompa
t perturbations of the uniquely solvableinterpolation problems, standard results for proje
tion methods imply that theseequations are solvable provided that (12.13) (or equivalently the original problem(12.3)) is uniquely solvable; see for example the monograph [80℄. The approximatesolution wh to (12.3) is obtained then from the relation(12.15) wh(x) = −Shg(x) − Suh(x) , x ∈ Rn ,where again the analyti
 formulas (5.13) or (5.18) for the di�ra
tion operator 
anbe used. Hen
e, by (12.14), one has

Qhuh −Qhq(Shg + wh) = −QhqShg ,and therefore,
Qhqwh = Qhuh .On the other hand, putting

Suh = SQhuh + S(I −Qh)uhinto (12.15), we see that wh solves the integral equation(12.16) wh + SQhqwh = −Shg − S(I −Qh)uh .Sin
e by (12.5)
w + S(qw) = −Sg ,



12.1. SOLUTION OF LIPPMANN-SCHWINGER EQUATIONS 287we obtain, under the assumption that the operator (I + SQhq)
−1 exists,

wh − w = −(I + SQhq)
−1
(
Shg + S(I −Qh)uh

)
− w

= −(I + SQhq)
−1
(
Shg + w + SQhqw + S(I −Qh)uh

)

= (I + SQhq)
−1
(
(S − Sh)g + S(I −Qh)qw − S(I −Qh)uh

)
.

(12.17)Therefore, to estimate the error, we have to show that (I + SQhq)
−1 exist andare uniformly bounded for su�
iently small h as well as �nding upper bounds forthe three terms inside the bra
kets. The �rst term (S − Sh)g does not dependon the 
hoi
e of the interpolation operator Qh and has been estimated alreadyin Theorem 12.1. The term S(I − Qh)uh vanishes if we 
hoose Qh to be theinterpolation proje
tion onto the spa
e of Gaussians Xh de�ned in (12.9).Before dealing with the se
ond term and the operators (I+SQhq)

−1, we brie�yre
all the result of Theorem 7.10. Roughly speaking, it was shown that the inter-polant from the set of Gaussians Xh at the latti
e {hm , m ∈ Zn} approximates
ontinuous fun
tions with optimal order up to some saturation error. The satura-tion error of the interpolation 
an be represented in the form
N∑

[α]=0

∂αu(x)

α!

(πDh
2

)[α]

aα(x)with smooth h-periodi
 fun
tions aα(x) given by (7.35). It was shown that thesaturation error 
an be made arbitrarily small for su�
iently large D (for the exa
tformulation see Theorem 7.10).Note that, obviously, these properties remain valid if we restri
t the interpola-tion nodes to the set {hm ∈ Ωh,m ∈ Zn}, where the domain Ωh ⊃ Ω ⊃ supp q is
hosen so that the basis fun
tions with 
enters at Ω are smaller than the saturationerror outside Ωh,
e−|x−hm|2/Dh2

< ε for x /∈ Ωh and hm ∈ Ω .Now, we are in a position to treat the remaining terms in (12.17). First, we showthat the operators I + SQhq have uniformly bounded inverses for all su�
ientlysmall h. Sin
e the set ‖Qhq‖ is bounded and S is 
ompa
t, the operators SQhq are
olle
tively 
ompa
t (
f., [4℄). Sin
e the saturation error of the interpolant 
onsistsof rapidly os
illating fun
tions, we 
on
lude as in the proof of Theorem 12.1 that
‖S(I −Qh)qu‖ → 0 as h→ 0for the dense subset of fun
tions u with ‖u‖′N+δ < ∞. Therefore, all 
onditionsof the 
olle
tively 
ompa
t operator theory are satis�ed and we obtain, under theassumption that I+Sq is invertible, that for su�
iently small h the inverse operators

(I + SQhq)
−1 exist and are uniformly bounded. On the other hand, if the solution

w satis�es the 
ondition(12.18) ‖qw‖′N =

∫

Rn

|F(qw)(λ)| (1 + |λ|)N dλ <∞ ,then the same arguments lead to the estimate
|S(I −Qh)q(x)w(x)| ≤ c (

√
Dh)N‖qw‖′N + c1 h

2ε‖qw‖CN−1 ,whi
h bounds the se
ond term inside the bra
kets in (12.17).



288 12. NUMERICAL ALGORITHMS FOR LINEAR PROBLEMSSummarizing all arguments above, we obtain the following 
onvergen
e result:Theorem 12.2. Suppose that the solution w of equation (12.3) satis�es thesmoothness 
ondition (12.18) with N = 2M and suppose the 
ubature formula forthe right-hand side of (12.7) is generated by the fun
tion η2M . Then the di�eren
ebetween w and the solutions wh of the system (12.11) 
an be estimated as follows:
|w(x) − wh(x)| ≤ cu (

√
Dh)N + c1εh

2 .12.1.3. Numeri
al example. As a simple test, we 
onsider the one-dimen-sional problem:(12.19) w′′ + (k2 + µ q(x))w = −δ(x) , x ∈ R .Here, µ is some 
onstant parameter and the potential q is given as
q(x) =

v(x)

µSv(x) + eik|x| /2ikwith some fun
tion v(x), |x| ≤ 1, whi
h is obviously a solution of the integralequation(12.20) u(x) − µ q(x)

2ik

1∫

−1

eik|x−y| u(y) dy =
q(x) eik|x|

2ik
.Then (12.19) has the solution

w(x) = µSv(x) +
eik|x|

2ik
.In Tables 12.1 and 12.2, we give 
onvergen
e rates for max |w(x) − wh(x)|, where

wh(x) = µSuh(x) +
eik|x|

2ik
,with the approximate solution uh of (12.20). In the tests, we tried di�erent valuesof the parameter µ and the wave number k. The obtained 
onvergen
e rates should
orrespond to the smoothness of v.

h−1 k = 1 k = 10 k = 20 k = 50

20 5.1519 6.5723 8.1984 7.8392
30 1.1945 1.0650 0.8227 2.2741
40 1.0463 1.0665 0.9640 0.6128
50 1.0244 1.0482 0.9853 1.1107
60 1.0186 1.0462 0.9894 0.9759
70 1.0155 1.0417 0.9912 1.0305
80 1.0134 1.0292 0.9925 0.9321
90 1.0118 1.0303 0.9934 0.9793
100 1.0106 1.0263 0.9941 1.0000Table 12.1. Convergen
e rates for v ∈ C1
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h−1 k = 1 k = 10 k = 20 k = 50

20 16.5432 17.1947 21.2600 17.3789
30 4.4344 3.8187 3.3097 2.9959
40 4.0306 3.9816 6.3844 3.2325
50 4.0015 3.9991 4.1470 4.0169
60 3.9999 4.0020 3.4357 3.6604
70 3.9998 4.0029 4.7079 3.8351
80 3.9998 4.0033 4.0115 3.9777
90 3.9999 4.0000 4.0088 4.1684
100 3.9999 3.9982 4.0069 4.0862Table 12.2. Convergen
e rates for v ∈ C4

0 [−1, 1]12.2. Appli
ations to the solution of boundary integral equationsThe possibility of obtaining expli
it formulas for values of various integral andpseudodi�erential operators of mathemati
al physi
s applied to the new 
lasses ofbasis fun
tions also makes approximate approximations attra
tive for the 
ubatureof those integral operators over surfa
es.One important example is multi-dimensional surfa
e potentials asso
iated withellipti
 di�erential operators. They are de�ned by surfa
e integrals involving fun-damental solutions of the di�erential operators whi
h be
ome singular when theobservation point approa
hes the surfa
e.The numeri
al treatment of these integrals with singular kernels is an essen-tial part of boundary integral methods, whi
h have been established as e�
ientnumeri
al pro
edures for solving boundary value problems for partial di�erentialequations, whi
h o

ur in me
hani
s, a
ousti
s, ele
tromagneti
s, and other �eldsof mathemati
al physi
s.In this se
tion, we apply ideas of approximate approximations to the numeri
alsolution of boundary integral equations. Owing to the rapid de
ay of the basis fun
-tions used in approximate approximations, the integration surfa
e of the boundaryintegral operators for a
ting on these fun
tions 
an be repla
ed by another surfa
e,more suitable to the approximation of the boundary integral operator. The method,dis
ussed below, repla
es the integration surfa
e by tangential planes, supportedat 
ertain boundary points. Therefore the 
oe�
ients of the resulting algebrai
system depend only on the 
oordinates of a �nite number of boundary points andthe dire
tion of the normal at these points; hen
e the name boundary point methodseems quite natural ([63℄).12.2.1. Boundary integral equations. The methods of boundary integralequations redu
e boundary value problems for partial di�erential equations withknown fundamental solutions to equations with boundary integral operators withkernels involving the fundamental solution. Consider, for example, the se
ond-orderpartial di�erential operator L = −∆+c in Rn, where ∆ is the Lapla
ian and c ∈ C,and denote by γ(x) its fundamental solution. Using Green's formulas the Diri
hletand Neumann boundary value problems for the equation(12.21) Lu(x) = 0



290 12. NUMERICAL ALGORITHMS FOR LINEAR PROBLEMSin a bounded domain Ω or in the exterior Rn \ Ω 
an be transformed to equationson the boundary Γ = ∂Ω with integral operators of the form
Vψ(x) =

∫

Γ

ψ(y) γ(x − y) dσy ,(12.22)
Kψ(x) =

∫

Γ

ψ(y) ∂n(y)γ(x − y) dσy ,(12.23)
K′ψ(x) =

∫

Γ

ψ(y) ∂n(x)γ(x − y) dσy ,(12.24)where x ∈ Γ. Here ∂n(x) denotes the derivative in dire
tion of the normal n(x) to
Γ whi
h points into the exterior of Ω.The operator V has a weakly singular kernel, whereas K exists as a prin
ipalvalue singular integral, in general. The operator K′ is the adjoint of (12.23) in
L2(Γ). These operators appear as limits of the well-known single and double layerpotentials ∫

Γ

ψ(y) γ(z − y) dσy ,

∫

Γ

ψ(y) ∂n(y)γ(z − y) dσy ,if z /∈ Γ approa
hes x ∈ Γ. Note that both integrals are solutions of the di�erentialequation outside Γ and the two-sided limits for z → x ∈ Γ satisfy well-known jumprelations, whi
h, for su�
iently smooth Γ, are as follows: If the density ψ ∈ C(Γ),then the single layer potential
u(z) =

∫

Γ

ψ(y) γ(z − y) dσy ,is 
ontinuous in Rn and on Γ it holds that(12.25) u(x) = Vψ(x)and(12.26) ∂nu
±(x) = K′ψ(x) ∓ 1

2
ψ(x0) ,where

∂nu
±(x) = lim

h→0+
〈n(x), gradu(x± hn(x))〉 .Sin
e h > 0, we have x + hn(x) ∈ Rn \ Ω and x − hn(x) ∈ Ω. The double layerpotential

v(x) =

∫

Γ

ψ(y) ∂n(y)γ(x − y) dσywith density ψ ∈ C(Γ) 
an be 
ontinuously extended from Ω to Ω and from Rn \Ωto Rn \ Ω with the limits(12.27) lim
h→0+

v(x ± hn(x)) = Kψ(x) ± 1

2
ψ(x)and the normal derivatives of v are 
ontinuous on Γ, i.e.,(12.28) ∂nv

+(x) = ∂nv
−(x) .
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onsider some boundary integral formulations of the Diri
hlet problem(12.29) Lu = 0 in Ω , u|Γ = g .The solution of the di�erential equation 
an be represented as
u(x) =

∫

Γ

ψ(y) ∂n(y)γ(x − y) dσy , x ∈ Ω ,with the density ψ whi
h satis�es be
ause of (12.27) the integral equation of these
ond kind(12.30) 1

2
ψ(x) −Kψ(x) = −g(x) , x ∈ Γ .One 
an also use the representation

u(x) =

∫

Γ

ψ(y) γ(x − y) dσy , x ∈ Ω ,whi
h leads, in view of (12.25), to the integral equation of the �rst kind(12.31) Vψ(x) = g(x) , x ∈ Γ .Moreover, from the representation formula
u(x) =

∫

Γ

(
γ(x− y) ∂nu(y) − u(y) ∂n(y)γ(x − y)

)
dσy

+

∫

Ω

Lu(y) γ(x − y) dy ,

(12.32)whi
h follows from Green's formula and is valid for all reasonable fun
tions u,domains Ω and all x ∈ Ω, one obtains the solution of (12.29) in the form
u(x) =

∫

Γ

(
ψ(y) γ(x − y) − g(y) ∂n(y)γ(x − y)

)
dσy .Here, ψ is a solution of the integral equation of the �rst kind(12.33) Vψ(x) =

1

2
g(x) + Kg(x) , x ∈ Γ ,whi
h is a 
onsequen
e of the jump relations for the potentials (12.25) and (12.27).Another 
lassi
al example is given by the exterior Neumann problem(12.34) Lu = 0 in Rn \ Ω , ∂nu|Γ = g ,with 
ertain pres
ribed behavior at in�nity. If the solution 
an be represented in theform of a single layer potential, then the density ψ 
an be found from the integralequation of the se
ond kind(12.35) 1

2
ψ(x) −K′ψ(x) = −g(x) , x ∈ Γ ,where the jump relation (12.26) is used.Finally, we mention boundary integral formulations for the mixed boundaryvalue problems

Lu = 0 ,

u|ΓD = g0 , ∂nu|ΓN = g1
(12.36)



292 12. NUMERICAL ALGORITHMS FOR LINEAR PROBLEMSin Ω or the exterior Rn\Ω and the boundary Γ is split into two parts, where Diri
hletor Neumann boundary 
onditions are imposed, ΓD ∪ ΓN = Γ. For example, if theproblem (12.36) is stated in Ω, then (12.32) together with the jump relations leadto the boundary integral equations for the unknown data u|ΓN and ∂nu|ΓD : for
x ∈ ΓN

1

2
u(x) +

∫

ΓN

u(y) ∂n(y)γ(x − y) dσy −
∫

ΓD

γ(x− y) ∂nu(y) dσy

= −
∫

ΓD

g0(y) ∂n(y)γ(x − y) dσy +

∫

ΓN

γ(x− y) g1(y) dσy ,

(12.37)and for x ∈ ΓD
∫

ΓD

γ(x − y) ∂nu(y) dσy −
∫

ΓN

u(y) ∂n(y)γ(x − y) dσy

=
1

2
g0(x) +

∫

ΓD

g0(y)∂n(y)γ(x − y) dσy −
∫

ΓN

γ(x − y) g1(y) dσy .

(12.38)If a solution of these integral equations is found, representation (12.32) 
an be usedto determine the solution to (12.36) at any point x ∈ Ω.We see that in using boundary integral equation te
hniques, di�erent ellipti
boundary value problems 
an be redu
ed to equations on the boundary of thedomain, whi
h involve integral operators with singular kernel fun
tions. Here wedo not 
onsider the mathemati
al problems of these te
hniques, whi
h in
lude theequivalen
e of the integral equations to the boundary value problem, the solvabilityand uniqueness of these equations, and similar questions. Instead, in the nextsubse
tion we will dis
uss a 
ertain appli
ation of approximate approximations tothe numeri
al solution of boundary integral equations.12.2.2. Boundary point method. Sin
e boundary integral equations meth-ods 
an treat both interior and exterior boundary value problems and redu
e thedimension of the original problem by one, the numeri
al solution of the 
orrespond-ing boundary integral equations be
ame popular sin
e the 1980s.The widely used boundary element method (BEM), for example, is based onthe appli
ation of �nite element te
hniques, developed originally for solving partialdi�erential equations. For the use of the BEM, the boundary surfa
e is dividedinto a �nite number of subareas and in every subarea the unknown fun
tions areapproximated by standard (as a rule polynomial) fun
tions. After applying a 
ol-lo
ation or Galerkin method, the boundary integral equations are redu
ed to thesolution of a �nite system of algebrai
 equations. Be
ause it requires 
al
ulatingonly boundary values, rather than values throughout the domain, where the boun-dary value problem is formulated, the BEM is signi�
antly more e�
ient in termsof 
omputational resour
es for problems where there is a small surfa
e/volume ra-tio. However, for many problems boundary element methods are less e�
ient thandomain-based methods. This is 
aused by the need to 
onstru
t a mesh of the sur-fa
e and to 
ompute the values of the integrals over the subareas at di�erent points,distributed on the whole surfa
e. In many 
ases, these integrals are singular andthe 
omplexity of their 
al
ulation depends on the type of approximating fun
tions.
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e, espe
ially in higher-dimensional problems, a great portion of 
omputertime is spent in 
al
ulating the matrix elements, there is ongoing resear
h to developnew e�e
tive algorithms. For example, 
ompression te
hniques (e.g., multipole orwavelet expansions, panel 
lustering) 
an help to a

elerate the BEM, though atthe 
ost of added 
omplexity.Now, we des
ribe an alternative approa
h for the dis
retization of boundaryintegral equations, whi
h is not based upon the de
omposition of the boundaryinto surfa
e elements. The approximation on surfa
es whi
h have been studied inSe
tion 10.3 and the possibility of obtaining expli
it formulas for 
lassi
al integraloperators a
ting on generating fun
tions of approximate approximations suggestusing these fun
tions also for the numeri
al solution of boundary integral equa-tions. Then the 
oe�
ients of the resulting dis
rete systems depend only on the
oordinates of a �nite number of points at the boundary, whi
h are the 
enters ofthe generating fun
tions, and some surfa
e 
hara
teristi
s near these points.Let {xk}N
k=1 be a 
olle
tion of boundary points and let {hk}N

k=1 be a 
olle
tionof positive 
onstants, having the dimension of length. For example, hk may be
hosen as the average distan
e from xk to the neighboring points of {xk}N
1 . Theapproximate solution of the boundary integral equation(12.39) Aφ(x) = f(x) , x ∈ Γ ,is sought as a linear 
ombination

φN (x) =

N∑

k=1

ckϕk(x), x ∈ Γ ,with basis fun
tions
ϕk(x) = η

( |x − xk|√
Dhk

)
,where η is a radial, rapidly de
aying fun
tion used in approximate approximationsand the parameter D > 0 
ontrols the saturation error.The 
oe�
ients {ck} 
an be determined in di�erent ways: for example, by the
ollo
ation method(12.40) AφN (xj) = f(xj) , j = 1, . . . , N ,or by Galerkin's method(12.41) (AφN , ϕj)L2(Γ) = (f, ϕj)L2(Γ) , j = 1, . . . , N ,with the s
alar produ
t

(f, g)L2(Γ) =

∫

Γ

f(x) g(x) dσ .For the evaluation of AφN , i.e., the a
tion of the integral operator on the basisfun
tions ϕk, we use the fa
t that ϕk de
reases rapidly with the distan
e fromthe 
enter xk. The simplest variant of the BPM repla
es surfa
e integration byintegration over the tangent plane Γk to Γ at xk.



294 12. NUMERICAL ALGORITHMS FOR LINEAR PROBLEMS12.2.3. BPM for single layer potentials. Let A be the single layer poten-tial V de�ned by (12.22). Then for the BPM dis
retization, we approximate
Vϕk(x) ≈

∫

Γk

γ(x − y)ϕk(y) dσy =

∫

Rn−1

γ(x− xk −Oy) η
( |y′|√

Dhk

)
dy′ ,(12.42)where y = (y′, 0) ∈ Rn and O is the matrix of an orthogonal transformation of Rnthat dire
ts the normal n(xk) into the dire
tion of the xn-axis,

On(xk) = (0, . . . , 0, 1) .Sin
e the fundamental solution γ is a radial fun
tion, we 
an write
γ(x − xk −Oy) = γ(O−1(x − xk) − y) = g(|z′ − y′|, zn)(12.43)with the ve
tor

(z′, zn) = O−1(x − xk) .Note that(12.44) zn = 〈n(xk),x − xk〉 and |z′|2 = |x − xk|2 − z2
n .For n ≥ 3, formula (2.15) applied to 
onvolutions in Rn−1 has the form

∫

Rn−1

g(|z′ − y′|, zn) η(y′) dy′

=
2π

|z′|(n−3)/2

∞∫

0

Fg(r, zn)Fη(r) r(n−1)/2 J(n−3)/2(2πr|z′|) dr ,
(12.45)where now F denotes the (n−1)-dimensional Fourier transform of radial fun
tions,i.e.,

Fg(r, zn) =
2π

r (n−3)/2

∞∫

0

g(t, zn)J(n−3)/2(2πrt) t
(n−1)/2 dt ,(see (2.12)). Thus, using (12.42) in the 
ase n ≥ 3, the value of Vϕk(x) is approxi-mated by the one-dimensional integral

Vϕk(x) ≈
∫

Rn−1

γ(x − xk −Oy) η
( |y′|√

Dhk

)
dy′

=
2π(

√
Dhk)n−1

|z′|(n−3)/2

∞∫

0

Fg(r, zn)Fη(
√
Dhkr)J(n−3)/2(2πr|z′|) r(n−1)/2 dr ,whereas for n = 2

Vϕk(x) ≈
√
Dhk

∞∫

−∞

g(z1 −
√
Dhkt, z2) η(t) dtwith (z1, z2) = O−1(x − xk).If the integral equation of the �rst kind (12.31) or (12.33) is solved by the
ollo
ation method (12.40), then the BPM approa
h approximates the elements ofthe 
ollo
ation matrix (

Vϕk(xj)
)N

j,k=1
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V̂jk =

2π(
√
Dhk)n−1

Z
(n−3)/2
jk

∞∫

0

Fg(r, zjk)Fη(
√
Dhkr)J(n−3)/2(2πrZjk) r(n−1)/2 drfor n ≥ 3 ,(12.46)

V̂jk =
√
Dhk

∞∫

−∞

g(Zjk −
√
Dhkt, zjk) η(t) dt , for n = 2 ,where we denote, in a

ordan
e with (12.44),(12.47) zjk = 〈n(xk),xj − xk〉 and Zjk =

√
|xj − xk|2 − z2

jk .12.2.4. BPM for double layer potentials. The BPM simpli�es the 
ollo-
ation equations
1

2
φN (xj) −KφN (xj) = −g(xj) , j = 1, . . . , N ,(12.48)for solving the integral equation of the se
ond kind (12.30) by repla
ing the surfa
eintegrals Kϕk(xj) by integrals over the tangent planes at xk. In view of the jumprelations (12.27) for the double layer potential, we make the substitution(12.49) Kϕk(xj) ≈
∫

Γk

ϕk(y) ∂n(y)γ(xj −y) dσy −
1

2
sgn(〈n(xk),xj −xk〉)ϕk(xj) ,where

sgn(t) =

{
t/|t| , t 6= 0 ,
0 , t = 0 ,whi
h 
an be obtained by the following plausible argument.Let v−(xj) and v+(xj) be the interior and exterior limit values of

v(xj) =

∫

Γ

ϕk(y) ∂n(y)γ(x − y) dσyas x → xj . By x−
j and x+

j we denote two points inside and outside Ω 
lose to xj ,pla
ed on the normal n(xj). Then in the 
ase 〈n(xk),xj − xk〉 < 0, we have
v−(xj) ≈ v(x−

j ) ≈
∫

Γk

ϕk(y) ∂n(y)γ(xj − y) dσywhi
h along with the identity (12.27)
v−(xj) = Kϕk(xj) −

1

2
ϕk(xj)leads to (12.49). If 〈n(xk),xj − xk〉 > 0, then

v+(xj) ≈ v(x+
j ) ≈

∫

Γk

ϕk(y) ∂n(y)γ(xj − y) dσy
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v+(xj) = Kϕk(xj) +

1

2
ϕk(xj)we arrive again at (12.49). In the third 
ase when 〈n(xk),xj − xk〉 = 0, we have

v−(xj) ≈ lim
h→0+

∫

Γk

ϕk(y) ∂n(y)γ(xj − hn(xj) − y) dσy

=

∫

Γk

ϕk(y) ∂n(y)γ(xj − y) dσy − 1

2
ϕk(xj) .Sin
e

v−(xj) = Kϕk(xj) −
1

2
ϕk(xj) ,we obtain relation (12.49) from

Kϕk(xj) ≈
∫

Γk

ϕk(y) ∂n(y)γ(xj − y) dσy .The same argument applies to the approximation for the integral
∫

Γ

ϕk(y) ∂n(y)γ(x − y) dσy

≈
∫

Γk

ϕk(y) ∂n(y)γ(x − y) dσy − 1

2

(
1 + sgn(〈n(xk),x − xk〉)

)
ϕk(x)

(12.50)if x ∈ Ω, whi
h is used to determine the approximate solution
uN(x) =

∫

Γ

φN (y) ∂n(y)γ(x − y) dσyof the Diri
hlet problem (12.29) in Ω if the solution φN of the dis
rete system(12.48) is found.We note that in view of (12.43)
∫

Γk

ϕk(y) ∂n(y)γ(x − y) dσy = −
∫

Rn−1

ϕk(z′) g2(|z′ − y′|, zn) dy′with
g2(t1, t2) =

∂g(t1, t2)

∂t2
.Hen
e, using (12.49) and (12.46), the BPM approximation of the elements

((1
2
−K

)
ϕk(xj)

)N

j,k=1of the linear system of the 
ollo
ation method (12.48) is given by
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K̂jk =

1 + sgn(〈n(xk),xj − xk〉)
2

ϕk(xj) −
∫

Γk

ϕk(y) ∂n(y)γ(xj − y) dσy

=
1 + sgn(zjk)

2
η
( |xj − xk|√

Dhk

)
+W (Zjk, zjk)

(12.51)with Zjk, zjk de�ned by (12.47) and for n ≥ 3 the fun
tion W (Z, z) is given by theone-dimensional integral
W (Z, z) =

2π(
√
Dhk)n−1

Z(n−3)/2

∞∫

0

Fg2(r, z)Fη(
√
Dhkr)J(n−3)/2(2πrZ) r(n−1)/2 dr .In the 
ase n = 2, we have

W (Z, z) =
√
Dhk

∞∫

−∞

η(t) g2((Z −
√
Dhkt), z) dt .For example, let η be the Gaussian and let L = −∆. Then

g2(r, z) =
Γ(n

2 )

2πn/2

z

(r2 + z2)n/2
.In the 
ase n = 2, we get from (5.12)(12.52) W (Zjk, zjk) =

1

2
K
( Zjk√

Dhk

,
zjk√
Dhk

)with the Voigt fun
tion K(x, y). For n = 3 we obtain(12.53) W (Zjk, zjk) = sgn(zjk)

∞∫

0

e−t2−2|zjk|t/(
√
Dhk)J0

( 2Zjkt√
Dhk

)
t dt ,where J0 is the Bessel fun
tion of the �rst kind and of order zero.Finally, by the same arguments, the values of K′ψk(xj), whi
h appear in the
ollo
ation method for solving the integral equation (12.35), 
an be approximatedby(12.54) K′ψk(xj) ≈

∫

Γk

ψk(y) ∂n(x)γ(xj −y) dσy +
1

2
sgn(〈n(xk),xj −xk〉)ψk(xj) .

12.2.5. Numeri
al experiments. Here, we provide the results of some nu-meri
al tests for solving the Diri
hlet problem for the Lapla
e equation in two-and three-dimensional 
ases via the boundary integral equation of the se
ond kind(12.30).Let Ω ⊂ R2 be an ellipti
 domain with the boundary
x(t) =

{
x1(t) = (1 + c) cos t ,
x2(t) = (1 + c) sin t ,

t ∈ [0, 2π] ,
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al
ulations show that (12.30) is given by
ψ(t) +

1 − c2

2π

2π∫

0

ψ(τ)

1 + c2 − 2c cos(t− τ)
dτ = −2g(t) .Letting

g1(t) = −1 , g2(t) = −1 + c

2
cos t , g3(t) = −1 + c

2
sin t ,the exa
t solutions are

ψ1(t) = 1 , ψ2(t) = cos t , ψ3(t) = sin t ,respe
tively.As a basis for the 
ollo
ation pro
edure the fun
tions
ϕk(x) = e−|x−xk|2/Dh2

k , k = 1, . . . , N ,have been 
hosen, where the 
enters xk are also the 
ollo
ation points, 
hosenthrough a uniform subdivision of the parameter interval xk = x(tk) with
tk =

2π(k − 1)

N
, k = 1, . . . , N .The parameter D = 2 and for ea
h k, hk is given as an approximation of thedistan
e between neighboring points:

hk =
2π

N

√
1 + c2 − 2c cos

2π(k − 1)

N
, k = 1, . . . , N .Table 12.3 provides the maximum errors between the exa
t solution ψi and thesolution of the BPM equation

N∑

k=1

ckϕk ,where {ck} is the solution of the linear system
N∑

k=1

K̂jkck = −gi(tj) , j = 1, . . . , N ,with the 
oe�
ients K̂jk given by (12.51) and (12.52).
c = 0 c = 1/3

N g1 g2 g3 g1 g2 g316 0.1493 0.3012 0.3012 0.4761 0.5543 0.162432 0.0411 0.0923 0.0923 0.1738 0.2177 0.081264 0.0107 0.0247 0.0247 0.0443 0.0581 0.0229128 0.0027 0.0063 0.0063 0.0109 0.0145 0.0059256 0.0007 0.0016 0.0016 0.0027 0.0036 0.0015Table 12.3. The maximum errors between the exa
t and theBPM solutions to (12.30)



12.2. SOLUTION OF BOUNDARY INTEGRAL EQUATIONS 299In Table 12.4, we give the maximum errors in Ω for the BPM solution of theinterior Diri
hlet problem with the exa
t solution u = x2
1 − x2

2. This approximatesolution is obtained, using the formula (12.50), in the form
uN (x) ≈ 1

2

N∑

k=1

ckK
( Zk√

Dhk

,
zk√
Dhk

)
, x ∈ Ω,where zk = 〈n(xk),x − xk〉, Zk =

√
|x− xk|2 − z2

k, and c1, . . . , cN solve the 
orre-sponding 
ollo
ation equations.
N c = 0 c = 1/316 1.45 · 10−3 1.25 · 10−232 8.83 · 10−5 6.72 · 10−464 3.61 · 10−6 4.01 · 10−5128 2.85 · 10−7 2.57 · 10−6256 5.33 · 10−8 2.71 · 10−7Table 12.4. The maximum error for the interior Diri
hlet prob-lem with e

entri
ity c using N 
ollo
ation pointsIn the present form, the BPM needs only the 
oordinates of boundary pointsand normal ve
tors asso
iated with these points, whi
h makes this method attra
-tive for higher-dimensional problems. As a model problem, we 
onsider ellipsoidaldomains Ω in R3 with the boundary

Γ =
{
x ∈ R3 :

x2
1

a
+
x2

2

b
+
x2

3

c
= 1
}
,

a, b, c > 0. The N = 6M2 
ollo
ation points are obtained by proje
ting the mid-points of the M2 re
tangles on ea
h side of the box with side lengths (2a, 2b, 2c)onto Γ. The error from the exa
t solution
u(x) = x2

1 + x2
2 − 2x2

3is 
al
ulated inside Ω. The parameters hk are determined as the average distan
eto the neighboring points and D = 2. In Table 12.5, numeri
al results are shownfor the 
ases a = b = c = 1 and a = 4/3, b = 2/3, c = 1.Remark 12.3. If η(x) = e−|x|2 , then by using formula (5.15), the integralsover the tangent planes 
an be transformed to the one-dimensional integrals
∫

Rn−1

g(|z′ − y′|, zn) e−|y′|2/(Dh2
k) dy′

= e−|z′|2/(Dh2
k) 2(

√
πDh2

k)n−1

|z′|(n−3)/2

∞∫

0

g(Dh2
kr, zn) e−Dh2

kr2

I(n−3)/2(2|z′|r) r(n−1)/2 dr .
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a = b = c = 1 a = 4/3, b = 2/3, c = 1

M N Error M N Error3 54 2.78 · 10−2 3 54 7.43 · 10−25 150 3.35 · 10−3 5 150 1.83 · 10−27 294 8.47 · 10−4 7 294 1.03 · 10−29 486 3.19 · 10−4 9 486 9.37 · 10−311 726 1.94 · 10−4 11 726 8.18 · 10−313 1014 9.73 · 10−5 13 1014 7.08 · 10−315 1350 1.12 · 10−4 15 1350 5.14 · 10−317 1734 4.51 · 10−5 17 1734 4.31 · 10−3Table 12.5. The maximum error for the interior Diri
hlet prob-lem inside the ellipsoid using N = 6M2 
ollo
ation points12.2.6. Stability analysis. We restri
t ourselves to some partial results ob-tained for the integral equations (12.31), (12.33), and (12.30) in the 
ase of a simply
onne
ted smooth boundary Γ. Even for this relatively simple situation the stabil-ity analysis of the BPM o�ers many unsolved problems. This is 
aused by the fa
t,that the standard dis
retization method is 
ollo
ation, whi
h is theoreti
ally lessunderstood 
ompared with the Galerkin method, espe
ially if n ≥ 3. Moreover,be
ause of the 
hoi
e of the approximating fun
tions, we 
annot expe
t the strong
onvergen
e of proje
tion operators, required in the standard theory of proje
tionmethods.The other pe
uliarity of BPM is the approximation of the integral operators.Whereas in the BEM the 
ollo
ation or 
ubature points lie at the integration surfa
e,either the boundary or some suitable approximation, in the BPM, the integrationdomain is approximated by a set of tangential planes supported at the 
ollo
ationpoints. This leads to the additional terms in the formulas (12.49) and (12.54) forthe approximation of K and K′.12.2.6.1. Integral equations of the se
ond kind. Let us 
onsider the equation(12.55) 1

2
u(x) −Ku(x) = f(x) , x ∈ Γ ,with the double layer potential K de�ned by (12.22),

Ku(x) =

∫

Γ

γ′(|x − y|) 〈n(y),y − x〉
|x − y| u(y) dy .If Γ is a 
losed smooth surfa
e, then this integral operator has a weakly singularkernel and therefore, it is 
ompa
t in the spa
e C(Γ) of 
ontinuous fun
tions on Γ.It is well known that the solutions uN ∈ XN of the 
ollo
ation equations(12.56) 1

2
uN (xj) −KuN (xj) = f(xj) , j = 1, . . . , N ,exist for all su�
iently largeN and 
onverge to a solution of (12.55), if this equationis uniquely solvable and theN -dimensional subspa
esXN ⊂ C(Γ) have the propertythat the interpolation proje
tions

QNf(xj) = f(xj) , j = 1, . . . , N ,



12.2. SOLUTION OF BOUNDARY INTEGRAL EQUATIONS 301with QNf ∈ XN exist and ‖(I −QN)K‖C(Γ) → 0 as N → ∞.As mentioned above, proje
tion operators onto the linear span of basis fun
tionsof the BPM do not 
onverge strongly. Instead, we make the following assumptionon the fun
tion η and on the parameters {xk}N
1 , {hk}N

1 , and D, whi
h de�ne the�nite-dimensional spa
es(12.57) SN (η,D) =
{
η
( |x − xk|√

Dhk

)
, k = 1, . . . , N

}
.Condition 12.4. For a given ε > 0, the parameters are 
hosen so that the in-terpolation operator QN : C(Γ) → SN(η,D) with QNf(xj) = f(xj), j = 1, . . . , N ,exists and(12.58) lim

N→∞
‖(I −QN)Ku‖C(Γ) < ε‖u‖C(Γ)for any u ∈ C(Γ).For a given parametrization of Γ, one 
an apply Theorems 10.5 or 10.13 to
hoose sequen
es of nodes {xk}N

k=1 and s
aling parameters {hk}N
k=1 su
h that thequasi-interpolants

uN (x) = D(1−n)/2
N∑

k=1

u(xk) η
( |x − xk|√

Dhk

)approximate Hölder 
ontinuous fun
tions u ∈ Cα(Γ) with
|u(x) − uN (x)| ≤ cN−α + ε|u(x)|and the saturation error ε is determined by D. Sin
e the operator K maps C(Γ)into Cα(Γ), we see that D 
an be 
hosen so that (12.58) holds.Theorem 12.5. Suppose that the operator 1

2I − K is invertible in C(Γ) andthat the spa
es SN (η,D) satisfy Condition 12.4 with ε < 1/‖(1
2I−K)−1‖. Then the
ollo
ation equations (12.56) have unique solutions uN ∈ SN (η,D) for su�
ientlylarge N , whi
h approa
h the solution u of (12.55) with(12.59) ‖u− uN‖C(Γ) ≤ c ‖(I −QN )u‖C(Γ) ,where the 
onstant c does not depend on f .Proof. We write the 
ollo
ation equations in the form

(1

2
I −QNK

)
uN = QNf .Be
ause

1

2
I −QNK =

(1

2
I −K

)(
I −

(1

2
I −K

)−1

(I −QN )K
)
,the 
ollo
ation equations are uniquely solvable if N is subje
t to

∥∥∥
(1

2
I −K

)−1

(I −QN )K
∥∥∥

C(Γ)
< 1 .Sin
e the solution of (12.55) satis�es

1

2
u−QNKu =

1

2
(I −QN )u+QNf ,we obtain (1

2
I −QNK

)
(u− uN ) =

1

2
(I −QN )u ,and the estimate (12.59) follows. �



302 12. NUMERICAL ALGORITHMS FOR LINEAR PROBLEMSRemark 12.6. A similar result is also valid for integral equations of the se
ondkind with the adjoint of the double layer potential K′.The error estimate (12.59) indi
ates that similarly to Theorem 12.2 the 
ol-lo
ation method 
an provide spe
tral 
onvergen
e up to some saturation error ifthe spa
es SN (η,D) are 
hosen properly. However, the interpolation with fun
tionsfrom SN (η,D) with parameters hk, proportional to the average distan
e from xkto the neighboring nodes of {xk}N
k=1, has not been 
onsidered yet. Therefore, theerror estimations of the BPM is still an open problem.This problem be
omes more di�
ult be
ause of the approximation of the inte-grals. If the 
oe�
ients

((1
2
−K

)
ϕk(xj)

)N

j,k=1in the 
ollo
ation matrix are repla
ed by K̂jk given in (12.51), then we make an ad-ditional error, whi
h has no in�uen
e on the solvability of the 
ollo
ation equations,but on the approximation error of the BPM. Up to now only pessimisti
 estimatesof the form O(h) 
an be proved, whi
h do not explain the O(h2) rate on the bo-undary and the order O(h3) in the interior, whi
h is obtained in the numeri
alexperiments.12.2.6.2. Integral equations of the �rst kind. For the stability analysis of theBPM for solving the equation
Vu(x) = f(x) , x ∈ Γ ,(12.60)we use the well-known representation

V = V0 +Kwith a bounded, symmetri
 operator V0 : W
−1/2
2 (Γ) → W

1/2
2 (Γ), whi
h is positivede�nite, i.e.,(12.61) (V0u, u)L2(Γ) ≥ c0‖u‖2

W
−1/2
2 (Γ)

,and a 
ompa
t operator K : W
−1/2
2 (Γ) → W

1/2
2 (Γ). The de�nition of the Sobolevspa
es W±1/2

2 (Γ) has been given in Subse
tion 4.5.1.It is a 
lassi
al result that by (12.61), the Galerkin approximation for equation(12.60) with invertible V 
onverges for any system of approximating fun
tions XNwith the property
lim

N→∞
dist

(
u,XN ;W

−1/2
2 (Γ)

)
= 0 for any u ∈ W

−1/2
2 (Γ) ,(
f., e.g., [80℄). Let us show that the Galerkin equation(12.62) (VuN , vN )L2(Γ) = (f, vN )L2(Γ) , ∀ vN ∈ SN (η,D) ,has a unique solution for all su�
iently large N and that the approximate solutionsprovide quasi-optimal errors, if the following 
ondition is satis�ed:Condition 12.7. For a given ε > 0, the parameters are 
hosen so that for any

u ∈ W
−1/2
2 (Γ), the best approximation by elements of SN (η,D) satis�es

lim
N→∞

dist
(
u, SN(η,D);W

−1/2
2 (Γ)

)
< ε‖u‖

W
−1/2
2 (Γ)

.



12.2. SOLUTION OF BOUNDARY INTEGRAL EQUATIONS 303Lemma 12.8. Suppose that the single layer potential V : W
−1/2
2 (Γ) →W

1/2
2 (Γ)is invertible and suppose Condition 12.7 holds. There exist parameters for the spa
es

SN(η,D) su
h that for any su�
iently large N , the Galerkin equations (12.62) areuniquely solvable and the di�eren
e of the solutions uN ∈ SN (η,D) and u = V−1fis quasi-optimal, i.e.,
‖u− uN‖

W
−1/2
2 (Γ)

≤ c dist
(
u, SN (η,D);W

−1/2
2 (Γ)

)
.Proof. First, we show that for suitable parameters and N large enough(12.63) sup

vN∈SN(η,D)

∣∣(VuN , vN )L2(Γ)

∣∣
‖vN‖

W
−1/2
2 (Γ)

≥ c1‖uN‖
W

−1/2
2 (Γ)for any uN ∈ SN (η,D). Indeed, suppose the existen
e of a sequen
e uN ∈ SN (η,D),

‖uN‖
W

−1/2
2 (Γ)

= 1, with(12.64) sup
vN∈SN(η,D)

(VuN , vN )L2(Γ)

‖vN‖
W

−1/2
2 (Γ)

→ 0 .We 
hoose a subsequen
e, again denoted by {uN}, weakly 
onverging in W−1/2
2 (Γ)to some element u. There exists v ∈W

−1/2
2 (Γ) with ‖v‖

W
−1/2
2 (Γ)

= 1 su
h that
‖Vu‖

W
1/2
2 (Γ)

= (Vu, v)L2(Γ) ,and we 
hoose a sequen
e vN ∈ SN(η,D) with lim
N→∞

‖v−vN‖
W

−1/2
2 (Γ)

< ε. Be
ause
(VuN , v)L2(Γ) = (VuN , vN )L2(Γ) + (VuN , v − vN )L2(Γ)and

(VuN , v)L2(Γ) → (Vu, v)L2(Γ) ,we derive ‖u‖
W

−1/2
2 (Γ)

≤ εcV , where we denote
cV = ‖V‖

W
−1/2
2

(Γ)→W
1/2
2

(Γ)
‖V−1‖

W
1/2
2

(Γ)→W
−1/2
2

(Γ)
.On the other hand,

(V0uN , uN )L2(Γ) = (VuN , uN )L2(Γ) − (KuN , uN)L2(Γ)and, be
ause of K being a 
ompa
t operator,
(KuN , uN )L2(Γ) → (Ku, u)L2(Γ) .This implies, together with (12.64),

|(V0uN , uN )L2(Γ)| ≤ 2‖K‖
W

−1/2
2 (Γ)→W

1/2
2 (Γ)

‖u‖2

W
−1/2
2 (Γ)for all N large enough. Hen
e, if ε is 
hosen su
h that

2ε2‖K‖
W

−1/2
2 (Γ)→W

1/2
2 (Γ)

c2V < c0,we obtain the required 
ontradi
tion to the 
oer
iveness (12.61) of V0.Thus, for suitably 
hosen parameters,
∣∣(V(uN − wN ), vN )L2(Γ)

∣∣ ≥ c1‖uN − wN‖
W

−1/2
2 (Γ)

‖vN‖
W

−1/2
2 (Γ)for all uN , wN , vN ∈ SN (η,D) and N large enough. Sin
e the solutions u of (12.60)and uN ∈ SN (η,D) of (12.62) satisfy

(V(uN − wN ), vN )L2(Γ) = (V(u − wN ), vN )L2(Γ),
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c1‖uN − wN‖

W
−1/2
2 (Γ)

≤ ‖V‖
W

−1/2
2 (Γ)→W

1/2
2 (Γ)

‖u− wN‖
W

−1/2
2 (Γ)

,whi
h together with the triangle inequality
‖u− uN‖

W
−1/2
2 (Γ)

≤ ‖u− wN‖
W

−1/2
2 (Γ)

+ ‖uN − wN‖
W

−1/2
2 (Γ)establishes the error estimate. �A similar result for the 
ollo
ation method is not known in the general 
ase.However, in some spe
ial situations, the 
ollo
ation equations 
an be analyzed byusing Lemma 12.8.Let us 
onsider the following problem on the unit 
ir
le in R2. We use thestandard parametrization Γ = {x(t) = (cos 2πt, sin 2πt)}, 0 ≤ t ≤ 1, and theapproximating fun
tions

ϕk(x(t)) =
∑

m∈Z

e−(t−tk−m)2/Dh2

, k = 1, . . . , N ,where tk = (k − 1)/N and h = N−1. The approximation properties of the set
SN (D) =

{
ϕk(x) , k = 1, . . . , N

}
oin
ide obviously with those of the Gaussians on a uniform grid in R.The single layer potential of these fun
tions takes the form
Vϕk(x(t)) = 2π

1∫

0

γ
(
|x(t) − x(s)|

) ∑

m∈Z

e−(s−tk−m)2/Dh2

ds

= 2π

∞∫

−∞

γ
(
4 sin2 π(t− s)

)
e−(s−tk)2/Dh2

ds .The 
ollo
ation equations at the nodes xj = x(tj), i.e.,
VφN (xj) = f(xj) , j = 1, . . . , N ,(12.65)lead to a system of linear equations with the matrix

(
Vϕk(x(tj))

)N

j,k=1with the elements
Vϕk(x(tj)) = 2π

∞∫

−∞

γ
(
4 sin2 πs

)
e−(s+tj−tk)2/Dh2

ds .Sin
e
e−(s+tj−tk)2/Dh2

=
2√
πDh

∞∫

−∞

e−2(τ−s−tj)
2/Dh2

e−2(τ−tk)2/Dh2

dτ ,
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an write
Vϕk(xj) =

4
√
π√

Dh

∞∫∫

−∞

γ
(
4 sin2 πs

)
e−2(τ−s−tj)

2/Dh2

e−2(τ−tk)2/Dh2

dτ ds

=
4
√
π√

Dh

∞∫

−∞

e−2(τ−tk)2/Dh2

dτ

∞∫

−∞

γ
(
4 sin2 π(τ − s)

)
e−2(s−tj)

2/Dh2

ds

=
1

π3/2
√
Dh

∫

Γ

ϕ̃j(x)

∫

Γ

γ
(
|x − y|

)
ϕ̃k(y) dσy dσxwith the fun
tions̃

ϕk(x(t)) =
∑

m∈Z

e−2(t−tk−m)2/Dh2

, k = 1, . . . , N .Hen
e, ex
ept for a fa
tor, the 
ollo
ation matrix 
oin
ides with the matrix of theGalerkin method with the fun
tion system {ϕ̃k}N
k=1 for the same integral equationof the �rst kind on the unit 
ir
le, i.e.,(12.66) (

Vϕk(xj)
)N

j,k=1
=

1

π3/2
√
Dh
((

Vϕ̃k, ϕ̃j

)
L2(Γ)

)N

j,k=1
.In view of

∫

Γ

f(x) ϕ̃j(x) dσ = 2π

∞∫

−∞

f(x(t)) e−2(t−tj)
2/Dh2

dt ≈ π3/2
√

2Dh f(xj) ,it is not hard to see that the 
ollo
ation method with the set SN (D) of approxi-mating fun
tions has similar properties as the Galerkin method with SN (D/2).To this end, we introdu
e dis
rete Sobolev norms for z = (z1, . . . , zn) ∈ RN ,
‖z‖s,N = N−1

( N∑

j,k,l=1

(
1 + 4N2 sin2 πl

N

)s

e 2πil(j−k)/N zkzj

)1/2

.Sin
e the nodes xk are uniformly spa
ed, the dis
rete norm ‖z‖s,N is equivalent to
∥∥∥

N∑

k=1

zkϕk

∥∥∥
W s

2 (Γ)
.Moreover, the stability of the Galerkin method(12.67) sup

vN∈SN (D/2)

∣∣(VuN , vN )L2(Γ)

∣∣
‖vN‖

W
−1/2
2 (Γ)

≥ c ‖uN‖
W

−1/2
2 (Γ)

, uN ∈ SN (D/2) ,is equivalent to the two-sided inequality for the Galerkin matri
es
C1‖z‖−1/2,N ≤

∥∥∥N
( N∑

k=1

(
Vϕ̃k, ϕ̃j

)
L2(Γ)

zk

)N

j=1

∥∥∥
1/2,N

≤ C2‖z‖−1/2,Nwith 
onstants independent of N and z (see [80℄). Now, the 
ir
ulant stru
ture ofthe matri
es implies that the last relation holds for arbitrary s ∈ R; in parti
ular,
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ause of (12.66)
C1‖z‖0,N ≤

∥∥∥
( N∑

k=1

Vϕk(xj)zk

)N

j=1

∥∥∥
1,N

≤ C2‖z‖0,N .Thus, writing the 
ollo
ation equations (12.65) in the form
QNVφN = QNf , φN ∈ SN (D) ,with suitable interpolation operators QN onto SN (D), we see that the 
ollo
ationoperators QNV|SN (D) satisfy the stability estimate

‖QNVuN‖W 1
2 (Γ) ≥ c ‖uN‖L2(Γ) , uN ∈ SN (D) ,if and only if (12.67) holds.Sin
e the approximation properties of the set SN (D) are 
ontrolled by the pa-rameter D, we obtain from Lemma 12.8 the 
onvergen
e of the 
ollo
ation method.Lemma 12.9. Suppose that the single layer potential V is invertible. For any

ε > 0, there exists D su
h that 
ollo
ation equations (12.65) are uniquely solvablefor all su�
iently large N and the approximate solutions uN approa
h u = V−1fwith
‖u− uN‖L2(Γ) ≤ c inf

vN∈SN(D)
‖u− vN‖L2(Γ) .Similarly to the 
on
lusions of Theorem 12.5, the 
ollo
ation method for thesingle layer potential provides spe
tral 
onvergen
e up to some saturation error.However, repla
ing the value of Vϕk(xj) by

V̂jk =
√
Dh

∞∫

−∞

g(Zjk −
√
Dht, zjk) e−t2 dtgives an approximation of the dis
rete operator QNV|SN (D) of the order O(h2),whi
h 
an deteriorate high 
onvergen
e orders. Therefore, it is of interest to �ndhigher-order approximations of the dis
rete operators by using the 
urvature of theboundary, whi
h is 
onsidered in the next se
tion.12.3. Computation of multi-dimensional single layer harmoni
potentialsIn this se
tion, we study higher-order 
ubature formulas for the single layerharmoni
 potential as an example of surfa
e potentials. We 
ombine the approx-imate approximation of the surfa
e layer density with the integration of the basisfun
tions over the tangential spa
e by the use of appropriate asymptoti
 expan-sions. Our approa
h leads to 
ubature formulas involving only nodes of a regulargrid. These formulas turn out to be e�
ient provided the saturation error of theapproximate approximation is a priori 
hosen su�
iently small.Consider the 
omputation of multi-dimensional surfa
e potentials of the form∫

Γ

Q(x − y)f(y) dσy ,where Γ is a su�
iently smooth manifold in Rn. It is well known that owing tothe singularity of the kernel Q at x = y, the 
ase when x is lo
ated on or 
loseto the surfa
e Γ requires spe
ial attention. This problem is usually addressed by
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ated methods like spe
ial variable transformations or singularity subtra
-tion 
ombined with high order 
ubature formulas and mesh re�nement near to thesingularity (see [5℄, [31℄, [50℄, [84℄, [87℄, and the referen
es therein).Here we propose 
ubature formulas for these singular or nearly singular in-tegrals whi
h use only the density values at the nodes of a regular grid and the
orresponding surfa
e parametrization. The underlying ideas are the following:1. The density f is approximated by quasi-interpolation formulas using lo
allysupported smooth radial fun
tions whi
h are 
entered at regularly distributed nodeson the surfa
e. These approximations have been studied in Chapter 10, where wehave shown that it is possible to 
onstru
t formulas whi
h provide arbitrarily highorder approximations up to any pres
ribed a

ura
y.2. The potentials of lo
al basis fun
tions over 
urved surfa
es are approximatedby a linear 
ombination of integrals over the tangential spa
e. This approximationis obtained from an asymptoti
 expansion of the potential by the use of the lo
alparametrization of the surfa
e at the 
enter of the basis fun
tion. Again, arbitrarilyhigh approximation orders 
an be a
hieved by taking into a

ount the smoothnessof the surfa
e.3. Sin
e approximate approximations are very �exible 
on
erning the 
hoi
eof lo
al basis fun
tions, those are 
hosen so that the resulting integrals over the
(n− 1)-dimensional tangential spa
e 
an be transformed to e�
iently 
omputableone-dimensional integrals. Thus, the proposed formulas are parti
ularly well-suitedfor the 
ubature of integral operators on high-dimensional surfa
es.Sin
e, in prin
iple, both the approximation of the density and the approxima-tion of the potentials 
an be performed with arbitrarily high order, the proposed
ubature formulas 
an provide very a

urate approximations even for moderate gridsizes.Let us 
onsider this approa
h for the example of the single layer harmoni
potential(12.68) Vf(x) =

Γ(n
2 − 1)

4πn/2

∫

Γ

f(y)

|x − y|n−2
dσy = ωn

∫

Γ

f(y)

|x − y|n−2
dσy .We derive a 
ubature formula whi
h uses only the values of the normal and of the
urvature of Γ at the nodes {ym} of a regular grid. It is proved that this formulaapproximates the single layer potential uniformly with the orderO(h3| log h|), where

h denotes the grid size. It will be 
lear from the 
onstru
tions given below how thisapproa
h 
an be applied to other types of potential operators and how higher-orderformulas 
an be obtained by in
orporating more smoothness data of Γ.We may assume after applying a partition of the unity that the fun
tion f has
ompa
t support on Γ parametrized by xn = ϕ(x′), x′ = (x1, . . . , xn−1), with asu�
iently smooth fun
tion given on a bounded domain ϕ : γ ⊂ Rn−1 → R. Then(12.68) be
omes
Vf(x) = ωn

∫

γ

f(y′, ϕ(y))

(|x′ − y′|2 + (xn − ϕ(y′))2)n/2−1
(1 + |∇ϕ(y′)|2)1/2 dy′



308 12. NUMERICAL ALGORITHMS FOR LINEAR PROBLEMSwith x = (x′, xn). To approximate the value of Vf(x), we introdu
e a uniform grid
{hm′ ∈ γ : m′ ∈ Zn−1} and 
onsider the 
ubature by the midpoint rule(12.69) Vhf(x) = ωnh

n−1
∑

hm′∈γ

f(hm′, ϕ(hm′))(1 + |∇ϕ(hm′)|2)1/2

(|x′ − hm′|2 + (xn − ϕ(hm′))2)n/2−1
.Due to the well-known error estimate for the 
ubature of smooth integrands onuniform grids

∣∣∣∣∣∣

∫

γ

g(y′) dy′ − hn−1
∑

hm′∈γ

g(hm′)

∣∣∣∣∣∣
≤ cℓ h

ℓ

∫

γ

|∇ℓg(y
′)| dy′ , ℓ = 1, 2, . . .(see [23℄), we have(12.70) |Vf(x) − Vhf(x)| ≤ cℓ h

ℓ(dist(x,Γ))1−ℓif dist(x,Γ) > 0 for su�
iently smooth f and ϕ. In the 
ase when dist(x,Γ) issmall, formula (12.69) has to be modi�ed. Usually, the 
ubature of potentials isbased on spe
ial variable transformations or high-order 
ubature formulas and meshre�nement in the vi
inity of the point x.To retain the grid and the simple stru
ture of (12.69), we use the results ofSe
tion 10.3 on quasi-interpolation on surfa
es. More pre
isely, we 
hoose the quasi-interpolant (10.19) with a su�
iently smooth radial fun
tion η(x) = ψ(|x|2/2),(12.71)
fh(y) = fh(y′, φ(y′)) = D−n/2

∑

hm′∈γ

f(φ(hm′)) η
( y′ − φ(hm′)√

Dh |φ′(hm′)|1/(n−1)

)
,where, spe
i�ed to the above-
onsidered 
ase, the mapping φ is of the form φ(x′) =

(x′, ϕ(x′)) and thus |φ′(x′)| =
√

1 + |∇ϕ(x′)|2.By Theorem 10.5, we have the following approximation result:Lemma 12.10. Assume that the radial fun
tion η ∈ S(Rn−1) satis�es the mo-ment 
onditions (2.47) and that ϕ ∈ CN+1(γ). If f ∈ CN
0 (Γ), then for any ε > 0there exists D > 0 su
h that at any point y ∈ Γ(12.72) |fh(y) − f(y)| ≤ c (

√
Dh)N ‖f‖CN(Γ) + ε

N−1∑

k=0

ck (
√
Dh)k ,where c does not depend on f , h, and D, and the numbers ck depend on the values

∂αf(y) for [α] ≤ k.Let us use the quasi-interpolant (12.71) of the density to obtain a 
ubature ofthe single layer potentials (12.68),(12.73)
Vhf(x) =

ωn

D(n−1)/2

∑

hm′∈γ

f(φ(hm′))

∫

Γ

η
( y − φ(hm′)√

Dh |φ′(hm′)|1/(n−1)

) dσy

|x − y|n−2
.Sin
e V is a bounded mapping between suitable fun
tion spa
es, the di�eren
es

Vf(x)−Vhf(x) behave like estimate (12.72). To obtain e�
ient methods for 
om-puting the integrals appearing in the sums over Γ, whi
h, in general, has a smallbut 
urved integration domain, we approximate these by integrals over the tangen-tial spa
e at the points ym′ = φ(hm′). We are interested in the a

ura
y of thisapproximation if in addition to the �rst derivatives of φ, i.e., the dire
tion of the
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ond derivatives also, i.e., the 
urvatures of Γ, are used to determine theintegrals over the tangential spa
e.12.3.1. Asymptoti
 formulas. In the following, we derive asymptoti
 for-mulas of the single layer potential a
ting on lo
al basis fun
tions(12.74) Vhη(x) = ωn

∫

Γ

|x − y|2−n η
(y − y0

h

)
dσyas h→ 0. Given the normal n to Γ at y0, we 
hoose a new 
oordinate system su
hthat y0 be
omes the origin 0 and the normal 
oin
ides with en = (0, . . . , 0, 1).Multiplying with a suitable 
ut-o� fun
tion, we assume �rst that η is supportedin the ball Bδ = {|x| ≤ δ}, x ∈ Rn, y = (y′, yn) ∈ Γ. Without loss of generality we
an assume that in a neighborhood U of the origin 0, the boundary Γ is given by(12.75) yn = ϕ(y′) with ϕ(0) = 0 and ∇ϕ(0) = 0 .We 
hoose h su
h that Bhδ ∩Γ ⊂ U and we denote Uh = ϕ−1(U). Then (12.74)takes the form(12.76) Vhη(x) = ωn

∫

Uh

(1 + |∇ϕ(y′)|2)1/2

(|x′ − y′|2 + (xn − ϕ(y′))2)n/2−1
η
(y′

h
,
ϕ(y′)

h

)
dy′ .First, we show that Vhη(x) allows an asymptoti
 expansion in powers of h. Let theparametrization ϕ(y′) be a real analyti
 fun
tion and denote the 
urvature tensorby K = ‖∂jkϕ(0)‖n−1

j,k=1. Then, in view of (12.75),
ϕ(y′) =

1

2
(Ky′,y′) +

∑

[α]≥3

(y′)α

α!
∂αϕ(0) ,

|∇ϕ(y′)|2 = |Ky′|2 +
∑

[α]≥3

δα(y′)α .
(12.77)Therefore, near 0 the area element is of the form

(1 + |∇ϕ(y′)|2)1/2 = 1 +
1

2
|Ky′|2 +

∑

k≥3

πk(y′) ,where πk are homogeneous polynomials of degree k. Hen
e, for Y = h−1y′ ∈ Rn−1we have
dsy′ = hn−1

(
1 +

1

2
|KY|2h2 +

∑

k≥3

h3πk(Y)
)
dY .Analogously, for the radial basis fun
tion η(x) = ψ(|x|2/2), one obtains from Tay-lor's expansion

η
(y′

h
,
ϕ(y′)

h

)
=
∑

j≥0

(2j − 1)!!

(2j)!
ψ(j)(|Y|2/2)(h−1ϕ(hY))2j

= η(Y, 0) + h2 (KY,Y)2

8
ψ′(|Y|2/2) +

∑

j≥3

hjpj(Y,
d

dt
)ψ(|Y|2/2)
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ertain di�erential operators pj(Y,
d

dt
) of order j/2, having polynomial 
oef-�
ients of degree ≤ 2j. Thus,

η
(y′

h
,
ϕ(y′)

h

)
(1 + |∇ϕ(y′)|2)1/2

=ψ(|Y|2/2) +
h2

8

(
4ψ(|Y|2/2) |KY|2 + ψ′(|Y|2/2) (KY,Y)2

)

+
∑

j≥3

hjPj(Y,
d

dt
)ψ(|Y|2/2)

(12.78)with di�erential operators Pj(Y,
d

dt
) of order j/2, having polynomial 
oe�
ients.Similarly, the kernel fun
tion 
an be expanded in powers of h. We 
onsider twozones, the far �eld |x|2 > 4δ2h2 and the near �eld |x|2 < 9δ2h2, where the kernelfun
tion is singular. In the far �eld we use the Taylor expansion

(|x′ − y′|2 + (xn − ϕ(y′))2)1−n/2 =
∑

j≥0

(−ϕ(y′))j

j!
∂j

n

1

(|x′ − y′|2 + x2
n)n/2−1

.Sin
e |x − y| ≥ |x|/2, we obtain that
∣∣∣ϕ(y′)j ∂j

n

1

(|x′ − y′|2 + x2
n)n/2−1

∣∣∣ ≤ cj |y′|2j

(|x′|2 + x2
n)(n−2+j)/2

≤ cj h
2−n+j .If |x′|2 + |xn|2 < 9δ2h2, we expand the kernel with respe
t to ϕ(x′) − ϕ(y′):

(|x′ − y′|2+(xn − ϕ(y′))2)1−n/2

=
∑

j≥0

(ϕ(x′) − ϕ(y′))j

j!
∂j

n

1

(|x′ − y′|2 + (xn − ϕ(x′))2)n/2−1
.We denote x̃n := xn − ϕ(x′). Then

∣∣∣(ϕ(x′) − ϕ(y′))j ∂j
n

1

(|x′ − y′|2 + x̃2
n)n/2

∣∣∣ ≤ |x′ − y′|j max |∇ϕ|j
(|x′ − y′|2 + x̃2

n)(n−2+j)/2
,where the maximum of |∇ϕ| is taken for |x′| ≤ 3δh. Hen
e,

∣∣∣(ϕ(x′) − ϕ(y′))j ∂j
n

1

(|x′ − y′|2 + x̃2
n)n/2−1

∣∣∣ ≤ cj h
j

(|x′ − y′|2 + x̃2
n)n/2−1

.Thus, Vhη(x) 
an be expanded, at least formally, into a power series with respe
tto h. The 
oe�
ients are given as integral operators over domains in Rn−1.In what follows, we determine the approximations of Vhη(x) by using the 
ur-vature tensor K = ‖∂jkϕ(0)‖n−1
j,k=1 of Γ at 0. Due to (12.78), we obtain

(
1 +

1

2
|Ky′|2

)
η
(y′

h
,
ϕ(y′)

h

)
= σ

(y′

h
, h
)

+ O(h3)with the fun
tion(12.79) σ(y′, h) = ψ(|y′|2/2) +
h2

8

(
4ψ(|y′|2/2) |Ky′|2 + ψ′(|y′|2/2) (Ky′,y′)2

)
,and we have to analyze the integral(12.80) Ṽhη(x) = ωn

∫

Uh

(|x′ − y′|2 + (xn − ϕ(y′))2)1−n/2 σ(
y′

h
, h) dy′ ,
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h di�ers from the original one by(12.81) |Vhη(x) − Ṽhη(x)| ≤ c h3

∫

Uh

dy′

(|x′ − y′|2 + (xn − ϕ(y′))2)n/2−1
.12.3.1.1. Far �eld |x′|2 + |xn|2 > 4δ2h2. Sin
e in this area |x − y| ≥ |x|/2, weobtain(12.82) |Vhη(x) − Ṽhη(x)| ≤ c h2+n |x|2−n .The expansion of the kernel gives

1

(|x′ − y′|2 + (xn − ϕ(y′))2)n/2−1

=
1

(|x′ − y′|2 + x2
n)n/2−1

+
(n− 2)xn ϕ(y′)

(|x′ − y′|2 + x2
n)n/2

+R2(x,y)with
R2(x,y) =

1∫

0

(1 − t)µ′′(t) dt , where µ(t) =
1

(|x′ − y′|2 + (xn − tϕ(y′))2)n/2−1
.Note that

µ′′(t) = (2 − n)ϕ(y′)2
|x′ − y′|2 + (1 − n)(xn − tϕ(y′))2

(|x′ − y′|2 + (xn − tϕ(y′))2)n/2+1and therefore,
|µ′′(t)| ≤ |ϕ(y′)|2

|x|n ,whi
h implies in view of |y′| ≤ ch the estimate
∣∣∣∣∣∣
ωn

∫

Γ

R2(x,y)σ(
y′

h
, h) dσy

∣∣∣∣∣∣
≤ c

hn+3

|x|n .Thus, it remains to 
onsider the integrals
ωn

∫

Uh

1

(|x′ − y′|2 + x2
n)n/2−1

σ(
y′

h
, h) dy′

+
(n− 2)ωn xn

2

∫

Uh

(Ky′,y′)

(|x′ − y′|2 + x2
n)n/2

σ(
y′

h
, h) dy′

+ (n− 2)ωn xn

∫

Uh

ϕ3(y
′)

(|x′ − y′|2 + x2
n)n/2

σ(
y′

h
, h) dy′ ,with ϕ3(y

′) =
∑

[α]≥3 δα(y′)α. In the new variables X =
x′

h
, Xn =

xn

h
, Y =

y′

h
,the �rst two integrals transform to

ωnh

(∫

B′

δ

σ(Y, h)

(|X − Y|2 +X2
n)n/2−1

dY +
(n− 2)hXn

2

∫

B′

δ

(KY,Y)σ(Y, h)

(|X − Y|2 +X2
n)n/2

dY

)
,
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an be estimated by(12.83) ∣∣∣(n− 2)ωn xn

∫

Uh

ϕ3(y
′)

(|x′ − y′|2 + x2
n)n/2

σ(
y′

h
, h) dy′

∣∣∣ ≤ chn+2|x|1−n .Here B′
δ = Bδ ∩ Rn−1 denotes the support of the radial fun
tion η in Rn−1. From(12.79) we obtain as an approximation to Vhη(x) in the far �eld

V̂hη(x) = ωnh

∫

B′

δ

ψ(|Y|2/2)

(|X − Y|2 +X2
n)n/2−1

dY

+
ωn (n− 2)h2Xn

2

∫

B′

δ

(KY,Y)ψ(|Y|2/2)

(|X − Y|2 +X2
n)n/2

dY

+
ωnh

3

8

∫

B′

δ

4 |KY|2 ψ(|Y|2/2) + (KY,Y)2 ψ′(|Y|2/2)

(|X − Y|2 +X2
n)n/2−1

dY ,

(12.84)
whi
h, in view of (12.82), approximates uniformly the far �eld Vhη(x) with theorder O(hn+2|x|1−n). Note that the third integral in formula (12.84) is of the order
O(hn+1|x|2−n), whi
h for |x| = O(h) is the same as for the error term (12.83).12.3.1.2. Near �eld |x′|2 + |xn|2 < 9δ2h2. Now, (12.81) leads to(12.85) |Vhη(x) − Ṽhη(x)| ≤ c h3

∫

Uh

dy′

|x′ − y′|n−2
≤ c h4 .As mentioned before, we use the Taylor expansion of the kernel about the point

(x′ − y′, x̃n), where x̃n = xn − ϕ(x′). From (12.79), we obtain the integrals
ωn

∫

Uh

1

(|x′ − y′|2 + x̃2
n)n/2−1

σ(
y′

h
, h) dy′ = ωnh

∫

B′

δ

ψ(|Y|2/2) dy

(|X − hY|2 + X̃2
n)n/2−1

+
ωn h

3

8

∫

B′

δ

4|KY|2ψ(|Y|2/2) + (KY,Y)2ψ′(|Y|2/2)

(|X − hY|2 + X̃2
n)n/2−1

dY ,where X = h−1x′ , X̃n = h−1(xn − ϕ(x′)). The su

eeding term in Taylor'sexpansion gives
ωn(n− 2) x̃n

∫

Uh

ϕ(y′) − ϕ(x′)

(|x′ − y′|2 + x̃2
n)n/2

σ(
y′

h
, h) dy′ .If we repla
e ϕ(y′) by (Ky′,y′), the error satis�es

∣∣∣∣ωn(n− 2) x̃n

∫

Uh

ϕ3(y
′) − ϕ3(x

′)

(|x′ − y′|2 + x̃2
n)n/2

σ(
y′

h
, h) dy′

∣∣∣∣

≤ c

∫

Uh

(|y′|2 + |x′|2) dy′

(|x′ − y′|2 + x̃2
n)n/2−1

= O(h3) .Thus, for points x = (hX, hXn) in the near �eld we obtain the formula
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V̂hη(x) =ωnh

∫

B′

δ

ψ(|Y|2/2)

(|X − Y|2 + X̃2
n)n/2−1

dY

+
ωn(n− 2)h2 X̃n

2

∫

B′

δ

(KY,Y) − (KX,X))ψ(|Y|2/2)

(|X − Y|2 + X̃2
n)n/2

dY ,

(12.86)
whi
h, by (12.85), provides uniform approximations of Vhη(x) of order h3.Thus, the single layer potential of the Lapla
ian is approximated by (12.84)and (12.86) for all x ∈ Rn with the uniform error O(hn+2/(|x| + h)n−1).12.3.1.3. Mat
hing in the area 2δh ≤ |x| ≤ 3δh. A

ording to the remark at theend of Subse
tion 12.3.1.1, we have to show that the sum of the �rst two integralsin (12.84) di�ers from (12.86) by higher-order terms, if the point x = (hX, hXn)lies in the mat
hing area. Sin
e Xn = X̃n + ϕ(x′)/h and (|X − Y|2 +X2

n)1−n/2 issmooth for y = (hY, yn) ∈ Uh, we have
1

(|X − Y|2 +X2
n)n/2−1

=
1

(|X − Y|2 + X̃2
n)n/2−1

− ωn(n− 2)ϕ(hX)X̃n

h(|X − Y|2 + X̃2
n)−n/2

+ O
(ϕ(hX)2

h2

)
.

(12.87)Thus, repla
ing ϕ(hX) by h2(KX,X)/2 in (12.87), we see that formula (12.84)di�ers from (12.86) by terms of the order O(h3), i.e., in the overlapping regionboth formulas generate the same asymptoti
 error.12.3.2. Approximation error. The approximation of Vhf(x) is now givenby(12.88) Ṽhf(x) = D(1−n)/2
∑

hm′∈γ

f(φ(hm′))V̂hm′ η(x − φ(hm′)) ,where the parameter hm′ =
√
Dh |φ′(hm′)|1/(n−1) and the formulas for V̂hm′

η aredetermined by (12.84) or (12.86) in dependen
e on the value of |x − φ(hm′)|. Bythe uniform error estimate, the di�eren
e |Vhη(x) − V̂hη(x)| 
an be majorized by
ωn

D(n−1)/2

∑

hm′∈γ

|f(φ(hm′))| (
√
Dh |φ′(hm′)|1/(n−1))n+2

(|x − φ(hm′)| +
√
Dh |φ′(hm′)|1/(n−1))n−1

≤ c(
√
Dh)3

∫

γ

|f(φ(y′))| |φ′(y′)|(n+2)/(n−1)

(|x − φ(y′)| +
√
Dh |φ′(y′)|1/(n−1))n−1

dy′

≤ c(
√
Dh)3

∫

Γ

|f(y)|
(|x − y| +

√
Dh)n−1

dσy

≤ c‖f‖C(Γ)(
√
Dh)3| log(max(

√
Dh, dist(x,Γ)))| .

(12.89)
Note that the integrals appearing in the formulas (12.84) or (12.86) are re-stri
ted to the domain B′

δ, whi
h is the support of the basis fun
tion η in Rn−1after multipli
ation with a suitable 
ut-o� fun
tion. Owing to the rapid de
ay of
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η, one 
an obviously extend the integration domain to the whole of Rn−1, makingan error less than a pres
ribed toleran
e ε.Thus, let us �x δ′ > 0 su
h that

∫

Rn−1\Bδ′

|y′|2|η(y′)| dy′ ≤ ε,with ε the saturation error from Lemma 12.10. To 
ompute the approximation of(12.68), we 
hoose a lo
al 
oordinate system with the origin at the point φ(hm′)su
h that the xn-axis is dire
ted as the normal to Γ at this point. In the new
oordinate system, the surfa
e Γ is given lo
ally by the mapping xn = ϕ(x′),
x′ ∈ Rn−1. We denote the 
orresponding 
urvature tensor by K = ‖∂jkϕ(0)‖n−1

j,k=1.Let x−φ(hm′) = (x′, xn) = (hX, hXn), and 
onsider the approximations of Vhη(x−
φ(hm)):1. If |x − φ(hm)| ≥ hδ′, then

V̂hη(x − φ(hm′)) = ωnh

∫

Rn−1

ψ(|Y|2/2)

(|X − Y|2 +X2
n)n/2−1

dY

+
ωn (n− 2)h2Xn

2

∫

Rn−1

(KY,Y)ψ(|Y|2/2)

(|X − Y|2 +X2
n)n/2

dY

+
ωnh

3

8

∫

Rn−1

4 |KY|2 ψ(|Y|2/2) + (KY,Y)2 ψ′(|Y|2/2)

(|X− Y|2 +X2
n)n/2−1

dY .

(12.90)
2. If |x − φ(hm′)| < hδ′, then

V̂hη(x − φ(hm′)) = ωnh

∫

Rn−1

ψ(|Y|2/2)

(|X − Y|2 + X̃2
n)n/2−1

dY

+
ωn(n− 2)h2 X̃n

2

∫

Rn−1

((KY,Y) − (KX,X))ψ(|Y|2/2)

(|X − Y|2 + X̃2
n)n/2

dY ,

(12.91)where X̃n = Xn − h−1ϕ(hX). Then, from Lemma 12.10 and (12.89), we deriveTheorem 12.11. Suppose that the radial fun
tion η ∈ S(Rn) satis�es the mo-ment 
ondition (2.47) with N = 4. Then the single layer potential
Vf(x) = ωn

∫

Γ

f(y)

|x− y|n−2
dσy ,is approximated by the sum (12.88) with the order(12.92) |Vf(x) − Ṽhf(x)| = O

(
(
√
Dh)3

∣∣ log(max(
√
Dh, dist(x,Γ)))

∣∣ + ε
)provided the surfa
e Γ has C4-smoothness and f ∈ C3

0 (Γ). The saturation term ε
an be made negligibly small if D is large enough.12.3.3. Cubature formula. Let us note that we use formula (12.90) only if
|x− φ(hm′)| is small; otherwise, we 
an take the simple midpoint rule (12.69). Togive the 
orresponding bounds for |x−φ(hm′)|, we introdu
e a 
ut-o� fun
tion χhwith the property that χh(y) = 1 for |y| ≤ hβ and χh(y) = 0 for |y| ≥ (hβ + h1/4)
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i�ed later. We split the single layer potential intotwo integrals(12.93) ωn

∫

Γ

f(y)χh(x − y)

|x− y|n−2
dσy + ωn

∫

Γ

f(y)(1 − χh(x − y))

|x − y|n−2
dσyand we apply Theorem 12.11 to the �rst one. Note that f(y)χh(x−y) 6= 0, y ∈ Γ,only for dist(x,Γ) < (hβ + h1/4). Sin
e |∇χh| ≤ ch−1/4 , we have

‖f χh(x − ·)‖C4(Γ) ≤ ch−1‖f‖C4(Γ) .Thus, in view of Theorem 12.10, the fun
tion f(y)χh(x− y) 
an be approximatedon Γ by the quasi-interpolant(12.94)
D−(n−1)/2

∑

|x−φ(hm′)|<hβ−1/4

f(φ(hm′))χh(x − φ(hm′)) η
( y − φ(hm′)√

Dh |φ′(hm′)|1/(n−1)

)with the error
c (
√
Dh)3 ‖f‖C4(Γ) + ε

3∑

k=0

ck (
√
Dh)3k/4 .Consequently, if f ∈ C4

0 (Γ), then we 
an argue, as in Theorem 12.11, to derive theestimate∣∣∣∣∣D(1−n)/2
∑

|x−φ(hm′)|<hβ+h1/4

f(φ(hm′))χh(x − φ(hm′))Ṽhm′η(x − φ(hm′))

− ωn

∫

Γ

f(y)χh(x − y)

|x− y|n−2
dσy

∣∣∣∣∣ = O((
√
Dh)3

∣∣ log(
√
Dh)

∣∣+ ε) .Thus, it remains to 
hoose β su
h that the se
ond integral in (12.93) is approximatedwith the order O(h3) by
hn−1ωn

∑

hm′∈γ

f(φ(hm′))(1 − χh(x − φ(hm′)))

|x − φ(hm′)|n−2
|φ′(hm′)| .If dist(x,Γ) ≥ hβ + h1/4, then χh(x − φ(y′)) = 0 and

∫

γ

∣∣∣∣∇ℓ

(
f(φ(y′))

|x − φ(y′)|n−2

√
1 + |∇ϕ(y′)|2

)∣∣∣∣ dy
′

≤
ℓ∑

j=0

cj

∣∣∣∇ℓ−j(f(φ(y′))
√

1 + |∇ϕ(y′)|2)
∣∣∣
∫

γ

dy′

|x − φ(y′)|n+j−2

≤
ℓ∑

j=0

cj

∣∣∣∇ℓ−j(f(φ(y′))
√

1 + |∇ϕ(y′)|2)
∣∣∣

diamγ∫

0

rn−2 dr

|r + hβ + h1/4|n+j−2
.Therefore,

hℓ

∫

γ

∣∣∣∣∇ℓ

(
f(φ(y′))

|x − φ(y′)|n−2

√
1 + |∇ϕ(y′)|2

)∣∣∣∣ dy
′ ≤ c hℓ(hβ + h1/4)1−ℓ .
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∣∣∣∣∇ℓ−j

(
f(φ(y′))(1 − χh(x − φ(y′)))

√
1 + |∇ϕ(y′)|2

)∣∣∣∣ ≤ ch(j−ℓ)/4and ∫

|x−φ(y′)|≥hβ

dy′

|x − φ(y′)|n+j−2
≤ c hβ(1−j) ,so that

hℓ

∫

γ

∣∣∣∣∇ℓ

(
f(φ(y′))(1 − χh(x − φ(y′)))

|x − φ(y′)|n−2

√
1 + |∇ϕ(y′)|2

)∣∣∣∣ dy
′ ≤ c hℓ(1−β)hβ .Hen
e, depending on the smoothness f ∈ Cℓ

0(Γ) with ℓ ≥ 4, the value of theparameter
β = 1 − 2/(ℓ− 1)provides the following estimate of the 
ubature error:

∣∣∣∣∣h
n−1ωn

∑

hm′∈γ

f(φ(hm′))(1 − χh(x − φ(hm′)))

|x − φ(hm′)|n−2
|φ′(hm′)|

− ωn

∫

Γ

f(y)(1 − χh(x − y))

|x − y|n−2
dσy

∣∣∣∣∣ ≤ ch3‖f‖Cℓ(Γ) .Therefore, Theorem 12.11 remains valid if, for instan
e, f ∈ C5
0 (Γ) and χh(y) is
hosen su
h that χh(y) = 1 for |y| ≤ h1/2 and χh(y) = 0 for |y| ≤ h1/2 + h1/4.Then formula (12.90) is applied in the region hδ′ ≤ |x− φ(hm′)| ≤ (h1/2 + h1/4)δ′with the fun
tion values f(hm′)χh(x − hm′). The midpoint rule with the values

f(hm′)(1 − χh(x − hm′)) is applied in the region |x − φ(hm′)| ≥ h1/2δ′.Summarizing, we obtain the following result:Theorem 12.12. Suppose that the surfa
e Γ is Cℓ+1, f ∈ Cℓ
0(Γ), ℓ ≥ 4, andset β = 1 − 2/(ℓ− 1). Then the single layer potential

Vf(x) = ωn

∫

Γ

f(y)

|x − y|n−2
dσyis approximated by the sum of

D(1−n)/2
∑

|x−φ(hm′)|<hβ+h1/4

f(φ(hm′))χh(x − φ(hm′))Ṽhm′ (x − φ(hm′))and
hn−1ωn

∑

|x−φ(hm′)|>hβ

f(φ(hm′))(1 − χh(x − φ(hm′)))

|x − φ(hm′)|n−2
|φ′(hm′)|with the order

O
(
(
√
Dh)3

∣∣ log(max(
√
Dh, dist(x,Γ)))

∣∣ + ε
)
.Here, χh(y) is a su�
iently smooth 
ut-o� fun
tion in Rn, vanishing outside theball |y| > hβ +h1/4 and equal to 1 for |y| < hβ. The saturation term ε 
an be madenegligibly small if D is large enough.
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tions. We show here that the integrals appearing in theformulas (12.90) and (12.91) 
an be 
onverted into one-dimensional integrals. There-fore, the proposed integration pro
edure for surfa
e integration is well-suited forhigher-dimensional 
ases. Sin
e the basis fun
tion η is radial, one 
an use theformulas mentioned in Subse
tions 2.1.4 and 12.2.2 for the 
onvolution of radialfun
tions.In the following, we use (12.45) to give expli
it formulas for the integrals ap-proximating the single layer harmoni
 potential, if the Gaussian is 
hosen as thelo
al basis fun
tion. Sin
e this fun
tion satis�es the moment 
ondition (2.47) onlywith N = 2, one 
an take linear 
ombinations of Gaussians as des
ribed in Subse
-tion 3.4.1 in order to a
hieve the higher order for the quasi-interpolants as requiredin Theorem 12.11. In the numeri
al tests, we 
hose the generating fun
tion
η(x) =

2 e−|x|2

π(n−1)/2
− e−|x|2/2

(2π)(n−1)/2whi
h satis�es (2.47) in Rn−1 with N = 4.Next, we give the formulas based on (12.45) for the integrals appearing in(12.90) and (12.91) with ψ(y) = e−y. Sin
e
ωn

∫

Rn−1

e−2πi〈x′,λ′〉

(|x′|2 + x2
n)n/2−1

dx′ =
e−2π|λ′||xn|

4π|λ′| , λ′ ∈ Rn−1 ,formula (12.45) yields
I0(x

′, xn) = ωn

∫

Rn−1

e−|y′|2/2

(|x′ − y′|2 + x2
n)n/2−1

dy′

=
(2π)(n−1)/2

|x′|(n−3)/2

∞∫

0

e−2πr(πr+|xn|) r(n−3)/2 J(n−3)/2(2πr|x′|) dr .
(12.95)Then we 
onsider the integral

I1(x
′, xn) = ωn (n− 2)xn

∫

Rn−1

(Ky′,y′) e−|y′|2/2

(|x′ − y′|2 + x2
n)n/2

dy′ .Here, we use that
(Ky′,y′) e−|y′|2/2 = ((K∇,∇) + trK) e−|y′|2/2 ,where ∇ = (∂1, . . . , ∂n−1) and trK = ∆ϕ(0). Hen
e,

I1(x
′, xn) = ωn (n− 2)((K∇,∇) + trK)

∫

Rn−1

xn e−|y′|2/2

(|x′ − y′|2 + x2
n)n/2

dy′ .Sin
e
∫

Rn−1

xn e−2πi〈x′,λ′〉

(|x′|2 + x2
n)n/2

dx =
πn/2 sgn(xn) e−2π|λ′||xn|

Γ(n/2)
,
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I1(x

′, xn) =π(2π)(n−1)/2 sgn(xn)

× ((K∇,∇) + trK)

∞∫

0

e−2πr(πr+|xn|) r(n−1)/2 J(n−3)/2(2πr|x′|)
|x′|(n−3)/2

dr .The series expansion
Jn(2πr|x′|) = (πr|x′|)n

∞∑

j=0

(−1)j(πr|x′|)2j

j! Γ(j + n+ 1)shows that the fun
tion(12.96) (K∇,∇)
J(n−3)/2(2πr|x′|)

|x′|(n−3)/2is smooth. Let us 
onsider a radial fun
tion g(|x′|) and denote ω = x′/|x′|. Then
(K∇,∇)g(|x′|) = (Kω,ω)

(
g′′(|x′|) − g′(|x′|)

|x′|
)

+ trK
g′(|x′|)
|x′| .Therefore, (12.96) 
an be expressed by using the values of (Kω,ω), trK, and eithertrigonometri
 fun
tions (n even) or the Bessel fun
tions J0 and J1 (n odd) . Forexample, if n = 3, then

(K∇,∇)J0(2πr|x′|)

= 4πr(Kω,ω)
(
πrJ0(2πr|x′|) − J1(2πr|x′|)

|x′|
)

+ 2πr trK
J1(2πr|x′|)

|x′| ,whereas for n = 4

(K∇,∇)
J1/2(2πr|x′|)

|x′|1/2
= (K∇,∇)

sin(2πr|x′|)
πr1/2|x′|

=trK
2π|x′|r cos(2πr|x′|) − sin(2πr|x′|)

πr1/2|x′|3

− (Kω,ω)
(4π2r2|x′|2 − 3) sin(2πr|x′|) + 6πr|x′| cos(2πr|x′|)

πr1/2|x′|3 .Consider �nally the integral
ωn

∫

Rn−1

(4 |Ky′|2 − (Ky′,y′)2) e−|y′|2/2

(|x′ − y′|2 + x2
n)n/2−1

dy′appearing in formula (12.90). It is easy to see that
(
4 |Ky′|2 − (Ky′,y′)2

)
e−|y′|2/2

= −
(
(K∇,∇)2 + 2|K∇|2 − (trK)2 + 2 detK (∆ + 2)

)
e−|y′|2/2 .Therefore one has to determine

−
(
(K∇,∇)2 + 2|K∇|2 − (trK)2 + 2 detK (∆ + 2)

) J(n−3)/2(2πr|x′|)
|x′|(n−3)/2

.



12.3. COMPUTATION OF MULTI-DIMENSIONAL LAYER POTENTIALS 319For the radial fun
tion g(|x′|), we get
−
(
(K∇,∇)2 + 2|K∇|2 − (trK)2 + 2 detK (∆ + 2)

)
g(|x′|)

= (Kω,ω)2
(
− g(4)(|x′|) + 6

g(3)(|x′|)
|x′| − 15

g′′(|x′|)
|x′|2 + 15

g′(|x′|)
|x′|3

)

+ |Kω|2
(
− 4

g(3)(|x′|)
|x′| + 12

g′′(|x′|)
|x′|2 − 12

g′(|x′|)
|x′|3 − 2g

′′

(|x′|) + 2
g

′

(|x′|)
|x′|

)

+ trK (Kω,ω)
(
− 2

g(3)(|x′|)
|x′| + 6

g′′(|x′|)
|x′|2 − 6

g′(|x′|)
|x′|3

)

+ (trK)2
(
− 3

g′′(|x′|)
|x′|2 + 3

g′(|x′|)
|x′|3 − 2

g′(|x′|)
|x′| + g(|x′|)

)

+ detK
(
4
g′′(|x′|)
|x′|2 − 4

g′(|x′|)
|x′|3 − 2g′′(|x′|) + 2

g′(|x′|)
|x′| − 4g(|x′|)

)
.The di�erential expressions 
an easily be 
al
ulated by using 
omputer programsfor symboli
 
al
ulations.12.3.5. Numeri
al examples. The proposed approa
h was tested numeri-
ally in the 
omputation of single layer potentials for the three-dimensional Lapla-
ian. We applied the 
ombined formulas to obtain the integral(12.97) 1

4π

∫

Γ

e−|y|2

|x − y| dσy ,for a paraboloid Γ given by x3 = k11x
2
1 + 2k12x1x2 + k11x

2
2. Using the quasi-interpolation formula (12.94) with the lo
al fun
tion

η(y) =
2 e−|y|2

π
− e−|y|2/2

2πthe approximation error of the density e−|y|2 is O((
√
Dh)4 + ε). The same rate isshown for the 
ubature of the potential for �at Γ, i.e. kij = 0. In Table 12.6, wegive the approximation order obtained by halving the step size h for a randomly
hosen point x with pres
ribed distan
e from Γ. We have taken the parameter

D = 3.0 in formula (12.71) in order to keep the saturation error less than 10−10.
dist(x,Γ) h = 0.4 h = 0.2 h = 0.1 h = 0.05

2.0 12.55 12.47 7.48 0.0000
0.1 3.66 3.91 3.87 3.92
0.01 3.70 4.09 3.99 3.85
0.001 3.71 4.25 3.85 3.84
0.0001 3.71 4.37 3.74 3.86
0.00001 3.33 3.71 3.85 3.97
0.0 3.33 3.70 4.04 3.86Table 12.6. Approximation order for di�erent distan
es and the�at surfa
e



320 12. NUMERICAL ALGORITHMS FOR LINEAR PROBLEMSThe high orders for dist(x,Γ) = 2.0 result from the fa
t that the simple mid-point is used for all mesh points. In the other 
ases, we approximate the densityby a fourth-order quasi-interpolant. Sin
e Γ is �at, the formulas (12.90), (12.91)provide the exa
t values of the potentials of the basis fun
tions. Therefore, thesingle layer potential is approximated with the same order as the density.In Table 12.7, we provide the approximation orders for the 
urved surfa
e
x3 = x2

1 + 2x1x2 + 2x2
2, whi
h are in agreement with the assertion O(h3| log h|) ofTheorem 12.12.

dist(x,Γ) h = 0.4 h = 0.2 h = 0.1 h = 0.05
2.0 4.04 17.96 1.84 0.00
0.1 3.42 3.09 2.90 2.92
0.01 3.38 3.23 3.05 2.71
0.001 3.11 2.51 2.85 2.98
0.0001 3.18 2.82 3.18 2.82
0.00001 2.80 2.55 3.09 2.88
0.0 4.85 3.10 2.64 2.84Table 12.7. Approximation order for di�erent distan
es in the
ase of the paraboloid x3 = x2

1 + 2x1x2 + 2x2
212.4. NotesThe material of Se
tion 12.1 is taken from [53℄. Two other approximationmethods for solving the Lippmann-S
hwinger equation were re
ently studied byVainikko in [95℄. The �rst one is a simple 
ubature method of se
ond order, whi
h
an be applied in the 
ase of pie
ewise smooth potentials. The se
ond methodis a sophisti
ated trigonometri
 
ollo
ation applied to periodized versions of theLippmann-S
hwinger equation. The values of the periodized di�ra
tion operator onthe trigonometri
 polynomials are 
omputed via Fourier te
hniques and it is shownthat this method provides optimal 
onvergen
e orders if q(x) is smooth on Rn.Utilizing the 
onvolution stru
ture of the problems, Vainikko showed that by usingFFT and two grid iterations, the dis
rete problems 
an be solved in O(Nn logN)operations. The same approa
h 
an also be applied to the Gaussian 
ollo
ationmethod 
onsidered in Se
tion 12.1.The BPM des
ribed in Se
tion 12.2 was proposed in [63℄ and [64℄ for thenumeri
al solution of the integral equations of the se
ond kind for two- and three-dimensional potential problems with smooth boundary. Here we provide some ofthe numeri
al results obtained in the thesis [3℄ of H. Åkermark. Let us note thatin a series of papers Kanaun and 
oworkers applied the BPM for solving problemsfrom elasti
ity (
f., e.g., [41℄, [42℄, [43℄).In Se
tion 12.3 we followed the paper [73℄. The more a

urate 
omputationof boundary integrals by using the values of the normal and of the 
urvature ofthe boundary, whi
h is 
onsidered here, improves the a

ura
y of the BPM. In [3℄this is demonstrated by numeri
al tests for two-dimensional examples, where thesurfa
e integral of the basis fun
tion is repla
ed by the integral over the spherewhi
h tou
hes smoothly the boundary at the 
enter of the basis fun
tion.



CHAPTER 13Numeri
al algorithms based upon approximateapproximations � non-linear problemsThis 
hapter surveys some appli
ations of the approximation method to thesolution of evolution equations. In Se
tion 13.1, we report on new semi-analyti
time-mar
hing algorithms for the numeri
al solution of quasi-linear paraboli
 equa-tions. In Se
tion 13.2 we extend these algorithms to obtain an expli
it methodfor solving non-stationary Navier-Stokes equations. Se
tion 13.3 gives an overviewon the solution of Cau
hy problems for non-linear evolution equations involvingpseudodi�erential operators.13.1. Time-mar
hing algorithms for non-linear paraboli
 equationsSome semi-analyti
 time-mar
hing algorithms for the numeri
al solution ofquasi-linear paraboli
 equations based upon approximate approximations are 
on-sidered in this se
tion. An important feature of the algorithms is that they are bothexpli
it and stable under mu
h milder restri
tions to the time step, depending onthe size of the grid, in 
omparison with the usual expli
it di�eren
e s
hemes (
f.,e.g., Ri
htmyer and Morton [83℄). The algorithms give the time step approxima-tion uh(x, iτ) in analyti
 form, whi
h enables one to di�erentiate the approximatesolution expli
itly with respe
t to x.13.1.1. One-step time-mar
hing algorithms. We start with the initialvalue problem for the semi-linear heat equation
ut − νuxx =

∂

∂x
f(x, t, u) for x ∈ R , t > 0 ,(13.1)

u(x, 0) = ϕ(x) .For any T > t ≥ 0, the equation (13.1) 
an be rewritten in the equivalent form
u(x, T ) = u(x, t) +

∫

R

P (x− ξ, T − t)(u(ξ, t) − u(x, t)) dξ

+
∂

∂x

T∫

t

∫

R

P (x− ξ, T − λ) f(ξ, λ, u(ξ, λ)) dξ dλ ,

(13.2)where P is the Poisson kernel
P (x, t) =

1√
4νπt

e−x2/4νt321



322 13. NUMERICAL ALGORITHMS FOR NONLINEAR PROBLEMS(
f., e.g., [75, Kapitel 25℄). To derive a time-mar
hing algorithm, we �x a time step
τ and note that the solution u(x, t) for t = iτ , i = 1, . . ., 
an be obtained from

u(x, 0) = ϕ(x) ,

u(x, iτ) = u(x, (i− 1)τ)

+

∫

R

P (x− ξ, τ) (u(ξ, (i − 1)τ) − u(x, (i− 1)τ)) dξ

+
∂

∂x

iτ∫

(i−1)τ

∫

R

P (x− ξ, iτ − λ)f(ξ, λ, u(ξ, λ)) dξ dλ .

(13.3)
Representing the fun
tion u(x, (i − 1)τ) by the simple Gaussian-based quasi-interpolant (1.7) and using (1.16), the �rst integral on the right-hand side 
an beapproximated by

h√
π (4ντ + Dh2)

∞∑

m=−∞
u(mh, (i− 1)τ) e−(x−mh)2/(4ντ+Dh2)

− 1√
πD

∞∑

m=−∞
u(mh, (i− 1)τ) e−(x−mh)2/Dh2

.

(13.4)Using again the quasi-interpolant (1.7), we approximate the third term on theright-hand side of (13.3) by
1√
πD

∂

∂x

iτ∫

(i−1)τ

∫

R

P(x− ξ, iτ − λ)

×
∞∑

m=−∞
f(mh, λ, u(mh, λ)) e−(ξ−mh)2/Dh2

dξ dλ ,

(13.5)making an error O(τh2) up to the saturation error. Here and in the following,we assume that the data and the solutions are su�
iently smooth. The one-stepexpli
it time-mar
hing pro
edure 
onsists in repla
ing (13.5) by
I =

1√
πD

∞∑

m=−∞
f(mh, (i− 1)τ, u(mh, (i− 1)τ))

× ∂

∂x

iτ∫

(i−1)τ

∫

R

P(x− ξ, iτ − λ) e−(ξ−mh)2/Dh2

dξ dλ ,

(13.6)whi
h provides an error of order τ2. The inner integral over R is equal to
h
√
D√

4ν(iτ − λ) + Dh2
e−(x−mh)2/(4ν(iτ−λ)+Dh2) ,
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h along with the identity
τ∫

0

(x−mh)e−(x−mh)2/(4νλ+Dh2)

(4νλ+ Dh2)3/2
dλ

=

√
π

4ν

(
erf
(x−mh√

Dh
)
− erf

( x−mh√
4ντ + Dh2

))leads to the expli
it form of (13.6)
I =

h

2ν

∞∑

m=−∞
f(mh, (i− 1)τ, u(mh, (i− 1)τ))

×
(

erf
( x−mh√

4ντ + Dh2

)
− erf

(x−mh√
Dh

))
.Thus we have arrived at the step-by-step formula for determining the approximatesolution uh(x, iτ), i = 1, 2, . . .,

uh(x, iτ) = uh(x, (i− 1)τ)

+
h√
π

∞∑

m=−∞
uh(mh, (i− 1)τ)

e−Ξ2
m(λ)

(4νλ+ Dh2)1/2

∣∣∣∣∣

λ=τ

λ=0

+
h

2ν

∞∑

m=−∞
f(mh, (i− 1)τ, uh(mh, (i− 1)τ)) erf (Ξm(λ))

∣∣∣∣∣

λ=τ

λ=0

,

(13.7)with uh(x, 0) = ϕ(x). Here and in the sequel, we use the notation
f(λ)

∣∣∣
λ=τ

λ=0
= f(τ) − f(0) , Ξm(λ) =

x−mh√
4νλ+ Dh2

.By summarizing what was said on error estimates, we 
on
lude that the algorithmjust 
onstru
ted gives the error O(τ2 + τh2) at ea
h time step.To obtain similar, but more pre
ise, pro
edures, one 
an use the quasi-interpo-lants of higher approximation order. For example, the generating fun
tion
η4(x) =

1√
π

(3

2
− x2

)
e−x2provides the expli
it time-mar
hing pro
edure

uh(x, iτ) = uh(x, (i− 1)τ)

+
h√
π

∞∑

m=−∞
uh(mh, (i− 1)τ)

(
4νλ+

Dh2(3 − 2 Ξ2
m(λ))

2

)
e−Ξ2

m(λ)

(4νλ+ Dh2)3/2

∣∣∣∣∣

λ=τ

λ=0

+
h

2ν

∞∑

m=−∞
f(mh, (i− 1)τ, uh(mh, (i− 1)τ))(13.8)

×
{
Dh2

√
π

Ξm(λ)
e−Ξ2

m(λ)

4νλ+ Dh2
+ erf (Ξm(λ))

}∣∣∣∣∣

λ=τ

λ=0with a

ura
y O(τ2 + τh4).



324 13. NUMERICAL ALGORITHMS FOR NONLINEAR PROBLEMSThe above algorithms 
an be modi�ed for the more general equation(13.9) ut − νuxx =
∂

∂x
f(x, t, u) + F (x, t, u) for x ∈ R , t > 0.The only di�eren
e in 
omparison with (13.7) is the appearan
e of the term

− h

2
√
πν

∞∑

m=−∞
F (mh, (i− 1)τ, uh(mh, (i− 1)τ))

×
√

4νλ+ Dh2
(
e−Ξ2

m(λ) +
√
π Ξm(λ) erf (Ξm(λ))

)∣∣∣
λ=τ

λ=0
.The analogous extra term for the algorithm (13.8) takes the form

− h

4
√
πν

∞∑

m=−∞
F (mh, (i− 1)τ, uh(mh, (i− 1)τ))

×
√

4νλ+ Dh2

(
8νλ+ Dh2

4νλ+ Dh2
e−Ξ2

m(λ) + 2
√
π Ξm(λ) erf (Ξm(λ))

)∣∣∣∣
λ=τ

λ=0

.13.1.2. Higher-dimensional 
ase. All the algorithms introdu
ed above havedire
t analogs to the initial value problem for multi-dimensional equations(13.10) ut − ν∆u = div f(x, t, u) , u(x, 0) = ϕ(x) , x ∈ Rn , t > 0 .We rewrite the heat equation as
u(x, T ) = u(x, t) +

∫

Rn

P(x − ξ, T − t)(u(ξ, t) − u(x, t)) dξ

+ divx

T∫

t

∫

Rn

P(x − ξ, T − λ) f(ξ, λ, u(ξ, λ)) dξ dλ ,

(13.11)
with the Poisson kernel P (see (6.12)) and we employ the approximate quasi-interpolation with Gaussians in Rn to evaluate the integrals. We approximate
f(ξ, λ, u(ξ, λ)) by

(πD)−n/2
∑

m∈Zn

f(mh, λ, u(mh, λ)) e−|ξ−mh|2/Dh2

,
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(πD)−n/2 divx

iτ∫

(i−1)τ

∫

Rn

P(x − ξ, iτ − λ) e−|ξ−mh|2/Dh2

dξ dλ

=
hn

πn/2
divx

τ∫

0

e−|x−mh|2/(Dh2+4νλ)

(Dh2 + 4νλ)n/2
dλ

= −h
n(x − mh)

2νπn/2

4ντ+Dh2∫

Dh2

e−|x−mh|2/λ

λ1+n/2
dλ

=
hn

2νπn/2

x − mh

|x − mh|n

zm(τ)∫

zm(0)

ξn/2−1 e−ξ dξwith(13.12) zm(λ) =
|x − hm|2
4νλ+ Dh2

.Using the upper in
omplete Gamma fun
tion de�ned by (11.63), we obtain
(πD)−n/2 divx

iτ∫

(i−1)τ

∫

Rn

P(x − ξ, T − λ) e−|ξ−mh|2/Dh2

dξ dλ

= − hn

2νπn/2

x − mh

|x − mh|n
(

Γ
(n

2
, zm(τ)

)
− Γ

(n
2
, zm(0)

))
.By the same arguments as in Subse
tion 13.1.1 and using formula (6.13) for theheat equation, we arrive at the 
omputational formula

uh(x, iτ) = uh(x, (i− 1)τ)

+
hn

πn/2

∑

m∈Zn

uh(hm, (i− 1)τ)
e−zm(λ)

(4νλ+ Dh2)n/2

∣∣∣∣
λ=τ

λ=0

(13.13)
− hn

2νπn/2

∑

m∈Zn

〈
f(hm, (i− 1)τ, uh(hm, (i− 1)τ)),

x − hm

|x − hm|n
〉

Γ
(n

2
, zm(λ)

)∣∣∣∣
λ=τ

λ=0where uh(x, 0) = ϕ(x). The a

ura
y is O(τ2 + τh2) modulo saturation errors atea
h time step.We note that in the 
ase of even n the 
omputational formulas (13.13) in
ludeonly elementary fun
tions, whereas for odd n the error fun
tion erf has to beevaluated (see Subse
tion 4.3.1).



326 13. NUMERICAL ALGORITHMS FOR NONLINEAR PROBLEMSFor example, be
ause Γ(1, x) = e−x, we obtain for n = 2

uh(x, iτ) = uh(x, (i− 1)τ) +
h2

π

∑

m∈Z2

uh(hm, (i− 1)τ)
e−zm(λ)

4νλ+ Dh2

∣∣∣∣
λ=τ

λ=0

− h2

2νπ

∑

m∈Z2

〈
f(hm, (i− 1)τ, uh(hm, (i− 1)τ)),

x − hm

|x− hm|2
〉

e−zm(λ)

∣∣∣∣
λ=τ

λ=0

.Sin
e
Γ
(3

2
, x
)

= e−x
√
x+

√
π

2
erfc(

√
x) ,in the 
ase of R3, we derive the 
omputational formula

uh(x, iτ) = uh(x, (i− 1)τ) +
h3

π3/2

∑

m∈Z3

uh(hm, (i− 1)τ)
e−zm(λ)

(4νλ+ Dh2)3/2

∣∣∣∣
λ=τ

λ=0

− h3

2νπ3/2

∑

m∈Z3

〈
f(hm, (i− 1)τ, uh(hm, (i− 1)τ)),

x − hm

|x − hm|3
〉

×
(

e−zm(λ) |x − hm|√
4νλ+ Dh2

+

√
π

2
erfc(

√
zm(λ))

)∣∣∣∣
λ=τ

λ=0

.The higher-order approximate quasi-interpolants
M(2M)

h,D u(x) := D−n/2
∑

m∈Zn

u(hm) η2M

(x − hm√
D h

)
, M = 2, 3 . . . ,with

η2M (x) = π−n/2 L
(n/2)
M−1 (|x|2) e−|x|2(
f. (3.18)) provide 
omputational formulas of the order O(τ2 + τh2M ).We know from (6.15) that

∫

Rn

P(x − ξ, λ) η2M

( |ξ − hm|√
Dh

)
dξ

=
hn e−|x−hm|2/(4νλ+Dh2)

πn/2(4νλ+ Dh2)n/2

M−1∑

j=0

( Dh2

4νλ+ Dh2

)j

L
(n/2−1)
j

( |x − hm|2
4νλ+ Dh2

)
.One has only to determine

IM :=
divx

(πD)n/2

iτ∫

(i−1)τ

∫

Rn

P(x− ξ, iτ − λ)L
(n/2)
M−1

( |ξ|2
Dh2

)
e−|ξ|2/Dh2

dξ dλ

=
hn

πn/2
divx

τ∫

0

e−|x|2/(Dh2+4νλ)

(Dh2 + 4νλ)n/2

M−1∑

j=0

( Dh2

4νλ+ Dh2

)j

L
(n/2−1)
j

( |x|2
4νλ+ Dh2

)
dλ

=
hn

4νπn/2
divx

4ντ+Dh2∫

Dh2

e−|x|2/λ

λn/2

M−1∑

j=0

(Dh2

λ

)j

L
(n/2−1)
j

( |x|2
λ

)
dλ .
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IM = − hnx

2νπn/2

4ντ+Dh2∫

Dh2

e−|x|2/λ

λ1+n/2

M−1∑

j=0

(Dh2

λ

)j

L
(n/2)
j

( |x|2
λ

)
dλ

=
hn

2νπn/2

x

|x|n
M−1∑

j=0

(Dh2)j

|x|2j

z(τ)∫

z(0)

e−ξ ξn/2−1+j L
(n/2)
j (ξ) dξ

=
hn

2νπn/2

x

|x|n
(
− Γ

(n
2
, z(λ)

)
+ e−z(λ)

M−1∑

j=1

(Dh2)j

j|x|2j
z(λ)j+n/2L

(n/2)
j−1 (z(λ))

)∣∣∣∣
λ=τ

λ=0with z(λ) = |x|2/(4νλ+ Dh2), where in the last step, the formula
∫
xj+α−1 e−x L

(α)
j (x) dx =

1

j
xj+α e−x L

(α)
j−1(x)(see [82, 1.14.2.9℄) is used. After elementary transformations we derive

IM = − hn

2νπn/2

x

|x|n Γ
(n

2
, z(λ)

)∣∣∣∣
λ=τ

λ=0

+
hn

2νπn/2

x e−z(λ)

(4νλ+ Dh2)n/2

M−1∑

j=1

(Dh2)j

j(4νλ+ Dh2)j
L

(n/2)
j−1 (z(λ))

∣∣∣∣
λ=τ

λ=0

.This leads to the time step algorithm
uh(x, iτ) = uh(x, (i− 1)τ)

+
hn

πn/2

∑

m∈Zn

{
uh(hm, (i− 1)τ)

M−1∑

j=0

(Dh2)j e−zm(λ)

(4νλ+ Dh2)n/2+j
L

(n/2−1)
j (zm(λ))

−
〈
f(hm, (i− 1)τ, uh(hm, (i− 1)τ)),x − hm

〉(13.14)
×
(
|x − hm|−n Γ

(n
2
, zm(λ)

)
−

M−1∑

j=1

(Dh2)j e−zm(λ)

j(4νλ+ Dh2)n/2+j
L

(n/2)
j−1 (zm(λ))

)}∣∣∣∣
λ=τ

λ=0with zm(λ) de�ned by (13.12). As mentioned above, this formula provides anapproximate solution of (13.10) and has the order O(τ2 + τh2M ) at ea
h time step.13.2. Appli
ation to the non-stationary Navier-Stokes equationsThe Navier-Stokes equations des
ribe the motion of a �uid in Rn (n = 2 or 3).They are to be solved for an unknown velo
ity ve
tor u(x, t) = (ul(x, t))1≤l≤n ∈ Rnand pressure p(x, t) ∈ R, de�ned at the point x ∈ Rn and time t ≥ 0. We restri
tour attention to in
ompressible �uids �lling all of Rn. Then the equations are given
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∂ul

∂t
+

n∑

k=1

uk
∂ul

∂xk
= ν∆ul −

∂p

∂xl
+ fl(x, t) , x ∈ Rn , t ≥ 0 ,(13.15)

div u = 0 , x ∈ Rn , t ≥ 0 ,(13.16)with the initial 
onditions
u(x, 0) = ϕ(x) , x ∈ Rn .(13.17)Here, ϕ = (ϕ1, . . . , ϕn) is a given smooth divergen
e-free ve
tor �eld in Rn, thevis
osity ν is a positive 
oe�
ient, fl(x, t) are the 
omponents of a given externallyapplied for
e.13.2.1. Integral equation formulation. In the following we des
ribe a time-mar
hing algorithm for the numeri
al solution of this Cau
hy problem for theNavier-Stokes equations. For simpli
ity, we assume that no external for
e is ap-plied, i.e., fi = 0. Using (13.16), whi
h just says that the �uid is in
ompressible,equation (13.15) 
an be written in the ve
tor form(13.18) ut − ν∆u = −∇p−

n∑

k=1

∂

∂xk
(uku) ,or, for any 0 ≤ t < T , analogously to (13.11), as

u(x, T ) = u(x, t) +

∫

Rn

P(x − ξ, T − t)(u(ξ, t) − u(x, t)) dξ

−∇
T∫

t

∫

Rn

P(x− ξ, T − λ) p(ξ, λ) dξ dλ

−
n∑

k=1

∂

∂xk

T∫

t

∫

Rn

P(x − ξ, T − λ) (uku)(ξ, λ) dξ dλ .

(13.19)
The se
ond and third integrals on the right-hand side 
an be 
ombined by thefollowing observation: If we apply the divergen
e operator to (13.18), then we �ndby the 
ontinuity equation (13.16) that

∆p = −
n∑

j,k=1

∂2

∂xj∂xk
(ujuk) .Hen
e the pressure is expressed by(13.20) p = −∆−1

n∑

j,k=1

∂2

∂xj∂xk
(ujuk) .
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omponent of the se
ond integral in (13.19) transforms to
∂

∂xl

T∫

t

∫

Rn

P(x − ξ, T − λ) p(ξ, λ) dξ dλ

= −∆−1
n∑

j=1

∂2

∂xj∂xl

n∑

k=1

∂

∂xk

T∫

t

∫

Rn

P(x − ξ, T − λ)(ujuk)(ξ, λ) dξ dλ

= −∆−1
n∑

j=1

∂2

∂xj∂xl
div

T∫

t

∫

Rn

P(x− ξ, T − λ)(uju)(ξ, λ) dξ dλ .Moreover, the l-th 
omponent of the ve
tor fun
tion
n∑

k=1

∂

∂xk

T∫

t

∫

Rn

P(x − ξ, T − λ) (uku)(ξ, λ) dξ dλ
an be written in the form
div

T∫

t

∫

Rn

P(x − ξ, T − λ)(ulu)(ξ, λ) dξ dλ .This leads to
div

T∫

t

∫

Rn

P(x − ξ, T − λ)(ulu)(ξ, λ) dξ dλ

+
∂

∂xl

T∫

t

∫

Rn

P(x − ξ, T − λ) p(ξ, λ) dξ dλ

=

n∑

j=1

(
δjl − ∆−1

x

∂2

∂xj∂xl

)
div

T∫

t

∫

Rn

P(x − ξ, T − λ)(uju)(ξ, λ) dξ dλ .Thus, by (13.19), the 
omponents ul, 1 ≤ l ≤ n, of the solution u(x, t) satisfy theequations
ul(x, T ) =ul(x, t) +

∫

Rn

P(x− ξ, T − t)(ul(ξ, t) − ul(x, t)) dξ

−
n∑

j=1

(
δjl − ∆−1

x

∂2

∂xj∂xl

)
Fj ,

(13.21)with the fun
tions
Fj(x) = div

T∫

t

∫

Rn

P(x − ξ, T − λ)(uju)(ξ, λ) dξ dλ , 1 ≤ j ≤ n.
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hing algorithm. As before, we split the timeinterval into the subintervals [(i− 1)τ, iτ ], i = 1, 2, . . . , and obtain
ul(x, iτ) = ul(x, (i− 1)τ) +

∫

Rn

P(x− ξ, τ)(ul(ξ, (i− 1)τ) − ul(x, (i− 1)τ)) dξ

−
n∑

j=1

(
δjl − ∆−1

x

∂2

∂xj∂xl

)
div

iτ∫

(i−1)τ

∫

Rn

P(x − ξ, iτ − λ)(uju)(ξ, λ) dξ dλ .Now, we use (13.13) to approximate the fun
tions
F

(i)
j (x) = div

iτ∫

(i−1)τ

∫

Rn

P(x − ξ, iτ − λ)(uju)(ξ, λ) dξ dλin the form
− hn

2νπn/2

∑

m∈Zn

〈
(uju)(hm, (i− 1)τ),

x− hm

|x − hm|n
〉

Γ
(n

2
,
|x − hm|2
κ(λ)

)∣∣∣∣
λ=τ

λ=0

,

(13.22)where κ(λ) = (4νλ+ Dh2) and Γ(a, x) is the in
omplete Gamma fun
tion (11.63).Hen
e, we obtain the approximation
(
δjl − ∆−1

x

∂2

∂xj∂xl

)
F

(i)
j

≈ hn

2νπn/2

∑

m∈Zn

n∑

k=1

(ujuk)(hm, (i− 1)τ)

×
(
Wjkl(λ,x − hm) − δjl

xk − hmk

|x− hm|n Γ
(n

2
,
|x − hm|2
κ(λ)

))∣∣∣∣
λ=τ

λ=0

,

(13.23)where the abbreviation
Wjkl(λ,x − hm) = ∆−1 ∂2

∂xj∂xl

(
xk − hmk

|x− hm|n Γ
(n

2
,
|x − hm|2
κ(λ)

))(13.24)is used. By setting y = x − hm and noting that
∂

∂yk

∞∫

|y|2/κ(λ)

Γ
(n

2
, t
) dt

tn/2
= −2κ(λ)n/2−1 yk

|y|n Γ
(n

2
,
|y|2
κ(λ)

)
,we get

Wjkl(λ,y) = − 1

2κ(λ)n/2−1
∆−1 ∂3

∂yj∂yk∂yl

∞∫

|y|2/κ(λ)

Γ
(n

2
, t
) dt

tn/2

=
1

2κ(λ)n/2−2

∂3

∂yj∂yk∂yl
v
( |y|2
κ(λ)

)
,with the fun
tion v de�ned by

v(|x|2) = −∆−1

∞∫

|x|2

Γ
(n

2
, t
) dt

tn/2
.
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al 
oordinates, we obtain
1

rn−1

d

dr

(
rn−1 d

dr
v(r2)

)
= −

∞∫

r2

Γ
(n

2
, t
) dt

tn/2
,whi
h leads to the equation

4τv′′(τ) + 2nv′(τ) = −
∞∫

τ

Γ
(n

2
, t
) dt

tn/2
,or, equivalently, to(13.25) 4(τn/2v′)′ = −τn/2−1

∞∫

τ

Γ
(n

2
, t
) dt

tn/2
.Note that the right-hand side of (13.25) 
an be given as

−
∞∫

τ

Γ
(n

2
, t
) dt

tn/2
=





−
∞∫

τ

e−t dt

t
= −Γ(0, x) , n = 2 ,

2

n− 2

(
τn/2−1 e−τ −Γ

(n
2
, τ
))

, n > 2 .Now we are in a position to derive analyti
 formulas for the fun
tions Wjkl. Sin
e
Wjkl(λ,y) =

1

2κ(λ)n/2−2

∂3

∂yj∂yk∂yl
v
( |y|2
κ(λ)

)

=
1

κ(λ)n/2−1

∂2

∂yj∂yk
v′
( |y|2
κ(λ)

)
yl

=
2

κ(λ)n/2
v′′
( |y|2
κ(λ)

)
(δklyj + δjlyk + δjkyl)

+
4

κ(λ)n/2+1
v′′′
( |y|2
κ(λ)

)
yjykyl ,

(13.26)
it su�
es to �nd the se
ond and third derivatives of the solution of (13.25).13.2.3. Formulas for the plane problem. Let us start with the 
ase n = 2.The derivative of the solution of the equation

4τv′′ + 4v′ = −
∞∫

τ

e−t dt

tis given by
4 v′(τ) =

e−τ −1

τ
−

∞∫

τ

e−t dt

t
.Hen
e one has only to insert

2

κ(λ)
v′′
( |y|2
κ(λ)

)
= κ(λ)

1 − e−|y|2/κ(λ)

2|y|4 ,

4

κ(λ)2
v′′′
( |y|2
κ(λ)

)
= 2κ(λ)

e−|y|2/κ(λ) −1

|y|6 +
e−|y|2/κ(λ)

|y|4
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h implies
Wikl(λ,y) = yiykyl

e−|y|2/κ(λ)

|y|4

+ κ(λ)
1 − e−|y|2/κ(λ)

2|y|4
(
δklyi + δilyk + δikyl −

4yiykyl

|y|2
)
.Re
all (13.23) and that we approximate

(
δjl − ∆−1 ∂2

∂xj∂xl

)
F

(i)
j

≈ h2

2νπ

∑

m∈Z2

2∑

k=1

(ujuk)(hm, (i− 1)τ)Z
(2)
jkl(λ,x − hm)

∣∣∣∣
λ=τ

λ=0

,where the 
oe�
ients Z(2)
jkl are given by

Z
(2)
jkl(λ,y) = Wjkl(λ,y) − δjl

yk

|y|2 Γ
(
1,

|y|2
κ(λ)

)

=
(yjyl

|y|2 − δjl

)yk e−|y|2/κ(λ)

|y|2

+ κ(λ)
1 − e−|y|2/κ(λ)

2|y|4
(
δklyj + δjlyk + δjkyl −

4yjykyl

|y|2
)
.It remains to noti
e that by (13.13) the �rst integral on the right-hand side of(13.19) 
an be approximated by the sum

h2

π

∑

m∈Z2

uh(hm, (n− 1)τ)
e−|x−hm|2/(4νλ+Dh2)

4πλ+ Dh2

∣∣∣∣∣

λ=τ

λ=0

.Combining this with (13.21), we arrive at the time-mar
hing algorithm for thevelo
ity 
omponents
uh,l(x, iτ) = uh,l(x, (i− 1)τ)

+
h2

π

∑

m∈Z2

uh,l(hm, (i− 1)τ)
e−|x−hm|2/(4νλ+Dh2)

4νλ+ Dh2

∣∣∣∣∣

τ

λ=0

− h2

2νπ

∑

m∈Z2

2∑

j,k=1

(uh,juh,k)(hm, (i− 1)τ)Z
(2)
jkl(λ,x − hm)

∣∣∣∣
λ=τ

λ=0

,

(13.27)
with uh,l(x, 0) = ϕl(x), l = 1, 2,
Z

(2)
jkl(λ,x − hm) =

(
(xj − hmj)(xl − hml)

|x − hm|2 − δjl

)
xk − hmk

|x− hm|2 e−zm(λ)

+

{
δkl

xj − hmj

|x − hm| + δjl
xk − hmk

|x− hm| + δjk
xl − hml

|x − hm|

− 4
(xj − hmj)(xk − hmk)(xl − hml)

|x − hm|3
}

1 − e−zm(λ)

2|x − hm| zm(λ)



13.2. NON-STATIONARY NAVIER-STOKES EQUATIONS 333and zm(λ) is given by (13.12).When the approximate velo
ity is found, we apply (13.20) to the quasi-interpolant
M2,h(uh,juh,k)(x, iτ) =

1

πD
∑

m∈Z2

(uh,iuh,k)(hm, iτ) e−|x−hm|2/Dh2

,i.e., the approximation of the pressure is 
omputed from
ph(x, iτ) = −

2∑

j,k=1

∂2

∂xj∂xk
∆−1M2,h(uh,juh,k)(x, iτ) .Now, we apply formula (6.4) stating that

∂2

∂xj∂xk
L2

(
e−| · |2 )(x) =

2xjxk − δjk|x|2
2|x|4 (1 − e−|x|2) − xjxk

|x|2 e−|x|2 ,whi
h leads to the approximation formula for the pressure
ph(x, iτ) =

1

πD
∑

m∈Z2

2∑

j,k=1

(uh,juh,k)(hm, iτ)

(
δjk

e−zm(0) −1

2zm(0)

+
(xj − hmj)(xk − hmk)

|x − hm|2
(1 − e−zm(0)

zm(0)
− e−zm(0)

))
.

(13.28)Sin
e uh approximates the solution u with the order O(τ2 + τh2), the pressure isapproximated by (13.28) with the same order.13.2.4. Numeri
al example. The two-dimensional algorithm (13.27), (13.28)was implemented and tested for di�erent values of the vis
osity ν, the dis
retizationparameters τ and h as well as for di�erent initial fun
tions ϕ.In the Figs. 13.1 � 13.4 we depi
t the velo
ities uk(x, t) and the pressure p(x, t)at the time stamps t = 0.0, 0.6, 1.2, 2.0 for the Navier-Stokes equation
ut − ν∆u = −∇p−

2∑

k=1

∂

∂xk
(uku) ,with ν = 0.1 and the initial 
onditions

u1(x, 0) = x1x2 e−|x|2/2 , u2(x, 0) =
(
1 − x2

1

)
e−|x|2/2 , x ∈ R2 .For this example, the time and spatial dis
retization parameters are τ = 0.01 and

h = 0.05.13.2.5. Formulas for Rn, n > 2. Using the relation(13.29) Γ(a+ 1, τ) = aΓ(a, τ) + τa e−τ ,one 
an easily 
he
k that the fun
tion
w(τ) =

1

τn/2

(
Γ
(n

2
+ 1, τ

)
− (1 + τ)Γ

(n
2
, τ
))is a solution of

(τn/2w)′ = −
(
τn/2−1 e−τ −Γ

(n
2
, τ
))
.
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Figure 13.1. Evolution of the velo
ity �eld for t = 0.0 (upperleft), t = 0.6 (upper right), t = 1.2 (lower left), and t = 2.0 (lowerright)Hen
e, the derivative of the solution of (13.25) is equal to
4v′(τ) =

2

(n− 2)τn/2

(
Γ
(n

2
+ 1, τ

)
− (1 + τ)Γ

(n
2
, τ
))
,whi
h gives after elementary transformations

4v′′(τ) =
1

τn/2
Γ
(n

2
, τ
)
− 1

τn/2+1
Γ
(n

2
+ 1, τ

)
,

4v′′′(τ) =
n+ 2

2τn/2+2
Γ
(n

2
+ 1, τ

)
− n

2τn/2+1
Γ
(n

2
, τ
)
.
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Figure 13.2. Evolution of u1 for t = 0.0 (upper left), t = 0.6(upper right), t = 1.2 (lower left), and t = 2.0 (lower right)Inserting
2

κ(λ)n/2
v′′
( |y|2
κ(λ)

)
=

1

2|y|n Γ
(n

2
,
|y|2
κ(λ)

)
− κ(λ)

2|y|n+2
Γ
(n

2
+ 1,

|y|2
κ(λ)

)
,

4

κ(λ)n/2+1
v′′′
( |y|2
κ(λ)

)
=

(n+ 2)κ(λ)

2|y|n+4
Γ
(n

2
+ 1,

|y|2
κ(λ)

)
− n

2|y|n+2
Γ
(n

2
,
|y|2
κ(λ)

)into (13.26), we derive
Wjkl(λ,y) =

κ(λ)

2|y|n+2
Γ
(n

2
+ 1,

|y|2
κ(λ)

)( (n+ 2)yjykyl

|y|2 − (δklyj + δjlyk + δjkyl)
)

− 1

2|y|n Γ
(n

2
,
|y|2
κ(λ)

)(n yjykyl

|y|2 − (δklyj + δjlyk + δjkyl)
)
.
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Figure 13.3. Evolution of u2 for t = 0.0 (upper left), t = 0.6(upper right), t = 1.2 (lower left), and t = 2.0 (lower right)Hen
e, in Rn we obtain the approximation
(
δjl − ∆−1 ∂2

∂xj∂xl

)
F

(i)
j

≈ hn

2νπn/2

∑

m∈Zn

n∑

k=1

(ujuk)(hm, (i− 1)τ)Z
(n)
jkl (λ,x − hm)

∣∣∣∣
λ=τ

λ=0

,where
Z

(n)
jkl (λ,y) = Wjkl(λ,y) − δjl

yk

|y|n Γ
(n

2
,
|y|2
κ(λ)

)

=
κ(λ)

2|y|n+2
Γ
(n

2
+ 1,

|y|2
κ(λ)

)((n+ 2)yjykyl

|y|2 − (δklyj + δjlyk + δjkyl)
)

− 1

2|y|n Γ
(n

2
,
|y|2
κ(λ)

)(n yjykyl

|y|2 − (δklyj + δjkyl − δjlyk)
)
.

(13.30)
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Figure 13.4. Evolution of pressure for t = 0.0 (upper left), t =
0.6 (upper right), t = 1.2 (lower left), and t = 2.0 (lower right)

In parti
ular, the formulas
Γ
(3

2
, x
)

=
√
x e−x +

√
π

2
erfc(

√
x) ,

Γ
(5

2
, x
)

= x3/2 e−x +
3

2

√
x e−x +

3
√
π

4
erfc(

√
x) ,



338 13. NUMERICAL ALGORITHMS FOR NONLINEAR PROBLEMSprovide the following expression in the 3-dimensional 
ase:
Z

(3)
jkl(λ,y) =

e−|y|2/κ(λ)

|y|2
((yjyl

|y|2 − δjl

) yk√
κ(λ)

+
3
√
κ(λ)

4|y|
(5yjykyl

|y|3 − δklyj + δjlyk + δjkyl

|y|
))

+

√
π

8|y|4 erfc
( |y|√

κ(λ)

)(
(15κ(λ) − 6|y|2)yjykyl

|y|3

+ (2|y|2 − 3κ(λ))
δklyj + δjkyl

|y| − (2|y|2 + 3κ(λ))
δjlyk

|y|

)
.By (13.13), the �rst integral on the right-hand side of (13.19) 
an be approxi-mated as

hn

πn/2

∑

m∈Zn

uh(hm, (i− 1)τ)
e−|x−hm|2/(4νλ+Dh2)

(4νλ+ Dh2)n/2

∣∣∣∣∣

λ=τ

λ=0

.Hen
e, we derive the time-mar
hing algorithm for the velo
ity 
omponents in Rn

uh,l(x, iτ) = uh,l(x, (i− 1)τ)

+
hn

πn/2

∑

m∈Zn

uh,l(hm, (i− 1)τ)
e−|x−hm|2/(4νλ+Dh2)

(4νλ+ Dh2)n/2

∣∣∣∣∣

τ

λ=0

− hn

2νπn/2

∑

m∈Zn

n∑

j,k=1

(uh,juh,k)(hm, (i− 1)τ)Z
(n)
jkl (λ,x − hm)

∣∣∣∣
λ=τ

λ=0

(13.31)
and the 
oe�
ients Z(n)

jkl given in (13.30).Finally, we give an approximation formula for the pressure p whi
h is obtainedin a

ordan
e with (13.20) from
ph(x, iτ) = − 1

(πD)n/2

n∑

j,k=1

∂2

∂xj∂xk
∆−1

∑

m∈Zn

(uh,juh,k)(hm, iτ)e−|x−hm|2/Dh2

.By (6.4) we have
∂2

∂xi∂xk
Ln

(
e−| · |2 )(x) =

nxixk − δik|x|2
2|x|n+2

γ
(n

2
, |x|2

)
− xixk

|x|2 e−|x|2 ,whi
h implies the formula
ph(x, iτ) =

1

2(πD)n/2

∑

m∈Zn

n∑

i,k=1

(uh,juh,k)(hm, iτ)

{(
n

(xj − hmj)(xk − hmk)

|x − hm|2 − δjk

) 1

(zm(0))n/2
γ
(n

2
, zm(0)

)

− 2
(xj − hmj)(xk − hmk)

|x − hm|2 e−zm(0)

}
,

(13.32)
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ura
y O(τ2 + τh2).13.3. Non-lo
al evolution equationsApproximate approximations 
an be su

essfully applied for solving non-lo
alevolution equations. Consider the Cau
hy problem for equations of the generalform
ut − P1(Dx)u = P2(Dx)F (x, t, u, P3(Dx)u) , t > 0 , x ∈ Rn ,

u(x, 0) = ϕ(x) ,where Dx = (−i∂/∂x1, . . . ,−i∂/∂xn). We suppose that the operators Pk(Dx)are 
onvolutions with the symbol Pk(2πξ), k = 1, 2, 3, and that F is a smoothfun
tion. The equation is dis
retized in time by a two-parameter �nite-di�eren
eapproximation with a time step τ . Then u(x, t) is approximated by a sequen
e offun
tions uj(x) = u(x, jτ), j = 0, 1, 2, . . ., satisfying
τ−1(uj − uj−1) − θ1P1(Dx)uj − (1 − θ1)P1(Dx)uj−1

= P2(Dx)
(
(1 + θ2)Fj−1(x) − θ2Fj−2(x)

)
,where Fj(x) = F (x, jτ, uj , P3(Dx)uj) and 0 < θi ≤ 1. With the notation

µ = τθ1 ,

y = uj + (θ−1
1 − 1)uj−1 ,

f = θ−1
1 uj−1 ,

g = τ
(
(1 + θ2)Fj−1 − θ2Fj−2

)
,we derive the linear problem

−µP1(Dx)y + y = f + P2(Dx)g , x ∈ Rn ,whi
h has the solution
y = f + (R − I)f + P2Rg with R = (I − µP1)

−1 .Repla
ing f and g by its approximate quasi-interpolants (2.23), one obtains theapproximate solution
yh = f + (R− I)Mh,Df + P2RMh,Dg

= f + D−n/2
∑

m∈Zn

f(hm)
{
(Rη)

(x − hm√
Dh

)
− η
(x− hm√

Dh
)}

+ D−n/2
∑

m∈Zn

g(hm)(P2Rη)
(x − hm√

Dh
)
.Thus, the values of yh at the grid points xk = hk are linear 
ombinations of

(Rη)
(k − m√

D
) and (P2Rη)

(k − m√
D
)
,whi
h may be e�e
tively 
omputed for a suitably 
hosen generating fun
tion η. Bythis way one derives the following expli
it s
heme for 
omputing the approximatesolution uj,h of the Cau
hy problem:

uj,h = uj−1,h + θ−1
1 (R − I)Mh,Duj−1,h + τP2RMh,D

(
(1 + θ2)Fj−1 − θ2Fj−2

)
.For θ1 = θ2 = 1/2 the s
heme is of se
ond-order a

ura
y.



340 13. NUMERICAL ALGORITHMS FOR NONLINEAR PROBLEMSCompared with other expli
it s
hemes for solving time-dependent problems,the proposed method is very robust with respe
t to variations of the ratio betweentime and spatial dis
retization. Numerous numeri
al tests for di�erent equationshave shown, that, of 
ourse, the non-linearity in the original equation imposesrestri
tions to the time step τ , but there exists no stri
t 
onne
tion between τand the mesh size h. In these tests the present method provides an a

ura
yof O(τ2 + τhN ) at ea
h time step, where N is the approximation order of theapproximate quasi-interpolation with the generating fun
tion η. For θ1 = θ2 = 1/2the numeri
al a

ura
y in
reases to O(τ3 + τhN ). However, the rigorous erroranalysis of this quite general method remains open. The estimation of the saturationerrors, whi
h o

ur at ea
h time step, is rather involved and is understood at presentonly for some spe
ial equations. Here again for D su�
iently large, the saturationerrors 
an be kept below a given error level, as expe
ted also from the numeri
alexperiments. In the following, we report on two examples of non-linear non-lo
alevolution equations, to whi
h the method was applied.13.3.1. Joseph equation. The Joseph equation(13.33) ut + δ−1ux + (2δ)−1

∞∫

−∞

uyy 
othπ(y − x)

2δ
dy = −(u2)xdes
ribes the unidire
tional propagation of small-amplitude, non-linear, dispersive,long waves in strati�ed �uids.Note that the shallow water approximation (δ << 1) of (13.33) is the Korteweg-de Vries equation, whereas the deep water approximation (δ >> 1) is the Benjamin-Ono equation

ut + Huxx = −(u2)xwith the Hilbert transform H. In Fig. 13.5 the 
omputational results for Joseph'sequation with the initial data ϕ(x) = δ exp(−x2) for δ = 0.1, 0.333, 1, and 10,
orresponding to shallow, intermediate, and deep water, are shown. In these 
om-putations η was the Gaussian fun
tion, D = 3, h = 0.1, and τ = 0.001.13.3.2. Sivashinsky equation. Another interesting example whi
h is dif-�
ult to solve by using �nite-di�eren
e or �nite-element methods represents thetwo-dimensional equation of �ame front propagation(13.34) ut + a∆2u+ ǫ∆u+ b∆

∫

R2

u(y, t)

|x − y| dy + cu = −1

2
(∇u)2 , t > 0 , x ∈ R2.Here

P1(ξ) = −a|ξ|4 + ǫ|ξ|2 + b|ξ| − c, P2(ξ) = 1, P3(ξ) = iξ, F (x, t, u,v) = −|v|2/2 .With the two-dimensional radial generating fun
tions, the o

urring integrals aretransformed to the zero-order Hankel transform with smooth and rapidly de
ayingintegrands and may be 
omputed using standard quadrature pro
edure.In Fig. 13.6, the results of the numeri
al solution of (13.34) with the initialdata
ϕ(x) = 1 +

1

2
sin 2x1 sin 2x2
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Figure 13.5. Solution of the Joseph equation for di�erent δand the parameters a = 10−4, ǫ = 0.05, b = 0.005, and c = 1/6 are given fordi�erent time values. The 2π-periodi
 solution was 
omputed for the dis
retizationparameters h = π/32 and τ = 10−3.The given parameters 
orrespond to a linear �ame instability and the 
ompu-tations result in a 
orrugated �ame front.13.4. NotesThe material of Se
tion 13.1 extends results from the papers [65℄, [64℄. Notethat we restri
t ourselves to the simplest �nite-di�eren
e approximation of the time
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Figure 13.6. Level lines of the surfa
e of the �ame front for t =
0.0 (upper left), t = 1.0 (upper right), t = 5.0 (lower left), and
t = 10.0 (lower right)derivative. In the papers mentioned, higher-order �nite-di�eren
e approximationsare 
onsidered as well, and numeri
al results for di�erent model equations are given.The approa
h presented in Subse
tion 13.1.1 is applied in [45℄ to the solutionof initial boundary value problems for semi-linear heat and wave equations

ut − uxx = F (x, t, u) , u(x, 0) = ϕ0(x) , u(±a, t) = ψ±(t) ,and
utt − uxx = F (x, t, u) , u(x, 0) = ϕ0(x) , ut(x, 0) = ϕ1(x) , u(±a, t) = ψ±(t) ,where x ∈ [−a, a], t > 0. Expli
it analyti
 formulas for the approximate solution atea
h time step are obtained for the 
ase of quasi-interpolation with the generating
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tion η4 and �rst- and se
ond-order �nite-di�eren
e time approximations. Nu-meri
al tests with smooth fun
tions F , ϕj , and ψ± 
on�rm that at ea
h time stepthe a

ura
y of the algorithms is O(τ3 + τh4).The solution method for Navier-Stokes equations des
ribed in Se
tion 13.2 wasproposed in [64℄ for the two-dimensional 
ase. The numeri
al tests were performedby V. Karlin.The material of Se
tion 13.3 is taken from [46℄. Algorithmi
 and numeri
alaspe
ts of solving the Sivashinsky equation, using approximate approximations,are dis
ussed in more detail in [48℄.In the dissertation [76℄ J. Niebs
h studied error estimates for the algorithms
onsidered in Se
tions 13.1 and 13.3. In parti
ular, it is shown that the algorithm(13.14) for solving the semi-linear heat equation (13.10) provides the error estimate
∥∥u(·, Nτ) − uh(·, Nτ)

∥∥
L2

≤ cT
(
τ + (

√
Dh)2M + ε

)
eTLf ,(13.35)where T = Nτ , f and ϕ are su�
iently smooth fun
tions, and Lf is the Lips
hitz
onstant ∥∥f(·, t, u) − f(·, t, v)

∥∥
L2

≤ Lf‖u− v‖L2 , t ∈ (0, T ) .The saturation error ε is su�
iently small if the parameterD is 
hosen large enough.In spe
ial 
ases, for example linear problems or right-hand sides of (13.10) whi
hensure the existen
e of a global solution u(x, t) → 0 if t → ∞, the fa
tor eTLf in(13.35) 
an be omitted.Further appli
ations of approximate approximations are given in [47℄, wherethe method is used to solve hypersingular integral equations of the Peierls type
∞∫

−∞

K(x− y)u(y) dy = F (u(x)) , K(x) = −x−2 + κ(x) ,with κ being smooth and the integral is de�ned as Hadamard �nite-part integral.Integral equations of this type o

ur in dislo
ation theory. By the e�
ient 
ubatureformulas, 
riti
al Peierls stresses were 
al
ulated with very high a

ura
y for avariety of dislo
ations.
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