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1. INTRODUCTION

We characterize the class of measurable functions (or, more generally, real- or
complex-valued distributions) V' such that the Schrédinger operator H = —A +V

maps the energy space Li(R™) to its dual L;*(R"). Similar results are obtained
for the inhomogeneous Sobolev space W3 (R™). In other words, we give a complete
solution to the problem of the relative form-boundedness of the potential energy
operator V' with respect to the Laplacian —A, which is fundamental to quantum
mechanics. Relative compactness criteria for the corresponding quadratic forms are
established as well. We also give analogous boundedness and compactness criteria
for Sobolev spaces on domains 2 C R™ under mild restrictions on 0f).

One of the main goals of the present paper is to give necessary and sufficient
conditions for the classical inequality

(1.1)

/n ()2 V () da

< const/ |Vu(x)|*dz, ue C§°(R™),

to hold. Here the “indefinite weight” V' may change sign, or even be a complex-
valued distribution on R™, n > 3. (In the latter case, the left-hand side of (1.1) is
understood as | < Vu,u > |, where < V -, - > is the quadratic form associated with
the corresponding multiplication operator V.) We also characterize an analogous
inequality for the inhomogeneous Sobolev space Wy (R™), n > 1:

(1.2)

/n lu(z)]? V(x)dx| < Const/"[|Vu(a:)|2 + |u(z)|*dz, ue C°(R™).

Such inequalities are used extensively in spectral and scattering theory of the
Schrodinger operator H = Hy + V, where Hy = —A is the Laplacian on R",
and its higher-order analogues, especially in questions of self-adjointness, resolvent
convergence, estimates for the number of bound states, Schrodinger semigroups,
etc. (See [Bir], [BS1], [BS2|, [ChZh]|, [Davl], [Far], [Fef], [RS2], [Schl], [Sim], and
the literature cited there.) In particular, (1.2) is equivalent to the fundamental
concept of the relative boundedness of V' (potential energy operator) with respect
to Hy = —A in the sense of quadratic forms. Its abstract version appears in the
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so-called KLMN Theorem, which is discussed in detail, together with applications
to quantum-mechanical Hamiltonian operators, in [RS2], Sec. X.2.

It follows from the polarization identity that (1.1) can be restated equivalently
in terms of the corresponding sesquilinear form:

| < Vu,v > | < const||Vul|r, ||Vv]|L,,

for all u,v € C§°(R™). In other words, it is equivalent to the boundedness of the
operator H = Hy + V,

o

(1.3) H: LyR") — Ly'(R"),  n>3.

Here the energy space L(R") is defined as the completion of C5°(R™) with respect

to the Dirichlet norm ||Vu||z,, and Ly ' (R") is the dual of L(R™). Similarly, (1.2)
means that H is a bounded operator which maps W (R") to W5 *(R"), n > 1.

The idea of considering H as a bounded operator acting from the energy space
to its dual goes back at least to E. Nelson’s way to prove that densely defined closed
quadratic forms bounded from below on a Hilbert space H are uniquely associated
with a self-adjoint operator on H [Nel], pp. 98-101 (see also [RS1], pp. 278-279,
and Notes to Sec. VIIL.6). Moreover, Nelson also used this technique to prove
the existence of the Friedrichs extension for densely defined, symmetric operators
bounded from below ([Nel], pp. 101-102; [RS2], pp. 177-179, and Notes to Sec.
X.2). A proof of the KLMN theorem using this approach (i.e., scales of Hilbert
spaces) can be found, for instance, in [RS2], pp. 167-168.

Thus, from the point of view of perturbation theory, we distinguish a natural
class of admissible potentials V' such that the mapping properties of Hy = —A
are preserved for H = Hy + V. It is well-known that, in the opposite situation
where Hj is dominated by V', the properties of the perturbed operator may change
in a spectacular way. For instance, under the growth conditions on V' > 0 at
infinity prescribed by the classical A. Molchanov’s criterion [Mol], H has a purely
discrete spectrum. (Another proof of the discreteness of spectrum criterion was
found in [Maz2]; see also [EAEv], [Maz3]. Generalizations to Schrodinger operators
on manifolds and magnetic Schrédinger operators are given in [KoSh], [KMS].)

Previously, the case of nonnegative V in (1.1) and (1.2) has been studied in a
comprehensive way. We refer to [ChWW], [Fef], [KeS|, [Maz3], [MV], [RS2], [Sch3]
where different analytic conditions for the so-called trace inequalities of this type
can be found. (A recent survey of the vast literature on this subject is given in
[Ver|.) For general V', only sufficient conditions have been known.

It is worthwhile to observe that the usual “naive” approach is to decompose V
into its positive and negative parts: V =V, —V_, and to apply the just mentioned
results to both V. and V_. However, this procedure drastically diminishes the class
of admissible weights V' by ignoring a possible cancellation between V, and V_.
This cancellation phenomenon is evident for strongly oscillating weights considered
below. Examples of this type are known, mostly in relation to quantum mechanics
problems [AiS], [CoG], [NS], [Stu].

In Sec. 2, we establish a general principle which enables us to solve the prob-
lems stated above for arbitrary V. Before stating our main results, we reiterate
that we do not impose any a priori assumptions on V', and hence throughout the

2



introduction the left-hand sides of (1.1) and other similar inequalities are defined
in terms of the corresponding quadratic forms. Also, we use some expressions in-
volving pseudodifferential operators, e.g. VA~V or (—A)_l/ 2V, which will be
carefully defined in the main body of the paper.

Theorem 1. Let V' be a complex-valued distribution on R™, n > 3. Then (1.1)
holds if and only if V is the divergence of a vector-field I' : R™ — C" such that

(1.4) /n lu(z)|? |T(x)|? dz < const /Rn |Vu(x)|? dr,

where the constant is independent of u € C§°(R™). The vector-field e L2 10c(R™)
can be chosen as T = VA~V

Equivalently, the Schrédinger operator H = Hg + V acting from L3(R™) to
LyY(R™) is bounded if and only if (1.4) holds. Furthermore, the corresponding

multiplication operator V : L3(R™) — Ly *(R™) is compact if and only if the em-
bedding

LYR™) C Ly(R", |T|? dx)
18 compact.

We remark that once V is written as V = div[, the implication (1.4)=(1.1)
becomes trivial: It follows using integration by parts and the Schwarz inequality.
This idea has been known for a long time in mathematical physics (see, e.g., [CoG])
and theory of Sobolev spaces [MSh].

On the other hand, the converse statement (1.1)=(1.4) where I' = VA~V is
quite striking, and its proof is rather delicate. It is based on a special factorization of

functions in L}(R™) involving powers Py of the equilibrium potential Py associated
with an arbitrary compact set K C R™ of positive capacity. New sharp estimates
for PI‘;{, where ultimately ¢ is picked so that 1 < 20 < 5, are established in a
series of lemmas and propositions in Sec. 2. We also make use of the fact that
standard Calderon-Zygmund operators are bounded on Lo(R™) with a weight PI‘S{,
and the corresponding operator norm bounds do not depend on K [MV].

Thus, Theorem I makes it possible to reduce the problems of boundedness and
compactness for general “indefinite” V to the case of nonnegative weights |f|2,
which is by now well understood. In particular, combining Theorem I and the
known criteria in the case V' > 0 (see Theorems 2.1 and 4.1 below) we arrive at the
following theorem.

Theorem II. Under the assumptions of Theorem I, let ['=VA-lV ¢ Lo 1oc(R™).
Then the following statements are equivalent:

(a) Inequality (1.1) holds.

(b) For every compact set e C R™,

/ IT(x)|? dz < const cap (e),

where cap (e) is the Wiener capacity of e, and the constant does not depend on e.
(c) The function g(x) = (—=A)~Y2|T(z)|? is finite a.e., and

(—=A)"Y2 ¢%(z) < const g(z) a.e.
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(d) For every dyadic cube Py in R",

2

|P| < const IT(2)|? da,
Py

fP |f(x)|2dx
|P|1—1/n

D

PCP,

where the sum is taken over all dyadic cubes P contained in Py, and the constant
does not depend on Py.

As a corollary, we obtain a necessary condition for (1.1) in terms of Morrey
spaces of negative order.

Corollary 1. If (1.1) holds, then, for every ball B,.(xo) of radius r,
/ VATV (2)|* dx < const r™ 2,
B (z0)

where the constant does not depend on xg € R™ and r > 0.

Corollary 2. In the statements of Theorem I, Theorem II, and Corollary 1, one
can put the scalar function (—A)_%V in place of I' = VATV In particular, (1.4)
18 equivalent to the inequality:

(1.5) / ()2 |(=A) V(@) de < const /R V()2 de,

for all u € C§°(R™).

The proof of Corollary 2 uses the boundedness of standard singular integral
operators in the space of functions f € Lg o.(R™) such that

/n lu(z)|? | f(z)|? do < Const/ (Vu(z)|? dz,

n

for all u € C5°(R™); this fact was established earlier in [MV].

Corollary 2 indicates that an appropriate decomposition into a positive and
negative part for (1.1) should involve expressions like (—A)~2V rather than V
itself. Another important consequence is that the class of weights V' satisfying
(1.1) is invariant under standard singular integral and maximal operators.

Remark 1. Similar results are valid for inequality (1.2); one only has to replace
the operator (—A)~'/2 by (1 — A)~Y2, and the Wiener capacity cap (e) with the
corresponding Bessel capacity. In statement (d) of Theorem II and Corollary 1,
it suffices to restrict oneself to cubes or balls whose volumes are less than 1 (see
details in Sec. 4).

Before proceeding to further results and corollaries of Theorem I and Theorem
II, it is instructive to demonstrate the cancellation phenomenon mentioned above
by considering an example of a strongly oscillating weight.

Example 1. Let us set

(1.6) V(z) = |2[" =2 sin (J2|"),
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where N > 3 is an integer, which may be arbitrarily large. Obviously, both V. and
V_ fail to satisfy (1.1) due to the growth of the amplitude at infinity. However,
-1 z

(L.7) V(z) = divT(z)+O(|z|72), where T(z)= N a2

cos (|z|).
By Hardy’s inequality in R™, n > 3 (see, e.g., [Dav2]),

18) [ WP < o [ Vu@Rds ue GERY),

2 = (n

and hence the term O (|z|2) in (1.7) is harmless, whereas T clearly satisfies (1.4)
since |T'(z)|? < |z/72. This shows that V is admissible for (1.1), while |V] is
obviously not. Similar examples of weights with strong local singularities can easily
be constructed.

We now discuss some related results in terms of more conventional classes of
admissible weights V. The following corollary, which is an immediate consequence
of Theorem I and Corollary 2, gives a simpler sufficient condition for (1.1) in terms
of Lorentz-Sobolev spaces of negative order.

Corollary 3. Suppose that n > 3, and V s a distribution on R™ such that
(=A)"2V € Ly, o (R"), where L, o denotes the usual Lorentz (weak L,) space.
Then (1.1) holds.

For the definition and basic properties of Lorentz spaces L, ,(R™) we refer to
[StW]. In particular, it follows that (—A)_%V € L, ~ is equivalent to the estimate

(1.9) /|(—A)—%V(x)|2dq; < const |e|' "7,

where |e| is the Lebesgue measure of a measurable set e C R™.

Remark 2. Using duality and the Sobolev embedding theorem for L, 1(R™) spaces

one can show that the class of potentials V such that (—A)~2V & L, o (R™) is
wider than the well-known class V € Ln (R").

Remark 3. Corollary 3 demonstrates that (—A)~2V € L, R"), n > 3, is
sufficient for V' to be relatively form-bounded with respect to —A. For n > 5, this
condition is enough for V to be even —A-bounded, according to the terminology of
Reed and Simon; see [RS2], pp. 162-172.

A sharper version of Corollary 3 can be stated in terms of Morrey spaces of neg-
ative order. We recall that a measurable function W lies in the Fefferman—Phong
class, introduced in [Fef], if for every ball B,.(xg) of radius r in R", the inequality

(1.10) / W (2)|P dz < const r"™ 2P,
BT(.’E())

holds for some p > 1, where the constant does not depend on zy and 7.

It is easy to see that (1.10) holds for every 1 <p < 5 if W € Lz (R"). As was
shown in [Fef], (1.10) with p > 1 is sufficient for W to be relatively form-bounded
with respect to —A.

The following corollary of Theorem I is applicable to distributions V', and en-
compasses a class of weights which is broader than the Fefferman—Phong class even
in the case where V is a nonnegative measurable function.
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Corollary 4. Let V' be a distribution on R™ which satisfies, for some p > 1, the
nequality

(1.11) / |(=A)~ 2V (2)[* da < const 7"~ 2P,
By (o)

for every ball B,(xzg) in R™. Then (1.1) holds.

Note that by Corollary 1 the preceding inequality with p = 1 is necessary in
order that (1.1) hold.

Remark 4. A refinement of (1.11) in terms of the Dini-type conditions established
by Chang, Wilson, and Wolff [ChWW] is readily available by combining them with
our Theorem I.

To clarify the multi-dimensional characterizations for “indefinite weights” V pre-
sented above, we state an elementary analogue of Theorem I for the Sturm-Liouville

operator H = —j—; + V on the half-line.
Theorem III. The inequality

(1.12)

/R @) Vi) do

gconst/ v/ (z)|* dz,
Ry

holds for all u € C§°(R4) if and only if

(1.13) sup a/aoo /:OV(t)dt

a>0
where I'(x) = / V(t) dt is understood in terms of distributions.

2
dx < 00,

Equivalently, H : L}(Ry) — Ly'(R,) is bounded if and only if (1.13) holds.
Moreover, the corresponding multiplication operator V' is compact if and only if

(1.14) a/ IT(z)|*dz =o0(1), where a— 0" and a— +oo.

For nonnegative V', condition (1.13) is easily seen to be equivalent to the standard
Hille condition [Hil]:

(1.15) sup a/ |V (x)| de < oo.
a>0 a

A similar statement is true for the compactness criterion (1.14).

The gap between (1.13) and (1.15) is evident from the following example which
is of interest to spectral and scattering theory.

Example 2. Let V(z) = 222 p > 0, where 2 > 1 and V(z) =0 for 0 < z < 1.

P

Then the operator H = —j—; +V: LyR,) — Ly'(R,) is bounded if and only if
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p > 1. Moreover, by (1.14), V is compact for p > 1. However, (1.15) is applicable
only when p > 2.

We observe that Theorem III, in spite of its simplicity, seems to be new for
experts in spectral theory. Its proof will be given elsewhere in a more general
framework.

We now briefly outline the contents of the paper. In Sec. 2, we define the

Schrodinger operator on the energy space L(R™), and characterize the basic in-
equality (1.1). The compactness problem is treated in Sec. 3. Analogous results
for the Sobolev space W3 (R™) are obtained in Sec. 4, while Sec. 5 is devoted to
similar problems on a domain 2 C R™ for a broad class of €, including those with
Lipschitz boundaries.

In this paper, we restrict ourselves to the Hilbert case p = 2, and the second
order operator Hy = —A. However, our boundedness and compactness criteria

can be carried over to Sobolev spaces L;*(R"), and W*(R"), where 1 < p < o0
and m > 0, and higher-order operators like H = (—A)"™ + V. The proofs of the
necessity statements for p # 2 and m # 1 are technically more complicated, and
will be presented separately. The corresponding L,-inequalities have applications
to certain nonlinear problems (see, e.g., [HMV], [KV]).

The main results of this paper were established at the Mittag-Leffler Institute
in October, 1999. It is a pleasure to thank Fritz Gesztesy, Ari Laptev, Yehuda
Pinchover, Michael Solomyak, and Timo Weidl for the discussions of our work from
the mathematical physics viewpoint, and references to the literature.

o
2. THE SCHRODINGER OPERATOR ON Li(R")

We start with some prerequisites for our main results. Let D(R™) = C§°(R")
be the class of all infinitely differentiable, compactly supported complex-valued
functions, and let D’'(R™) denote the corresponding space of (complex-valued) dis-
tributions. In this section, we assume that n > 3, since for the homogeneous

space Li(R™) our results become vacuous if n = 1 and n = 2: they hold only for
Schrodinger operators with zero potential. (Analogous results for inhomogeneous
Sobolev spaces W4 (R™) are valid for all n > 1; see Sec. 4 and Sec. 5 below.)

For V € D'(R™), consider the multiplication operator on D(R™) defined by

(2.1) <Vu,v>:=<Vav >, u, v € D(R"),
where < -, - > represents the usual pairing between D(R™) and D'(R"™).

The space ZOL%(]R”) is defined as the completion of D(R™) in the Dirichlet norm
[Vul|L,@®n. Elements of 2; (R™), for n > 3, are weakly differentiable functions u €

L 2 (R™) whose first order weak derivatives lie in Lo(R™). By Hardy’s inequality,

n—2
o
an equivalent norm on Li(R") is given by
1
2

lullgy oy = | [ Qo )P + V) ) d

L% (Rn)

If the sesquilinear form < V -, - > is bounded on L(R") x L}(R"):
(22) | < VU, v > | < C||VU||L2(R”) ||vv||L2(R”)7 u, v € D(Rn)7
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where the constant ¢ is independent of u, v, then V u € Ly '(R™), and the multipli-

cation operator can be extended by continuity to all of the energy space Li(R™).
As usual, this extension is also denoted by V.
We denote the class of multipliers V' such that the corresponding operator from

LL(R™) to Ly (R") is bounded by

M(Ly(R") — Ly (R™)).
Note that the least constant ¢ in (2.2) is equal to the multiplier norm:

IVl =sup {|[Vaul[p1gny + lulle, <1, weDR")}

M(LL(R™)—L3 " (Rn)) Li(Rn) =

For V € M(L}(R") — Ly '(R")), we will extend the form < V, @ > defined by

the right-hand side of (2.1) to the case where both u and v are in L(R™). This
can be done by letting

<Vu,v>:= lim <Vuy, vy >,

N—o0

where © = limy o un, and v = limy_o vy in LI(R"), with uyn, vy € D(R"). It
is known that this extension is independent of the choice of uy and vy.
We now define the Schrodinger operator H = Hy + V, where Hy = —A, on

the energy space L(R™). Since Hy : Li(R") — Ly '(R") is bounded, it follows
that H is a bounded operator acting from L3(R") to L, *(R") if and only if V €

M(L3(R™) — Ly'(R™)). By the polarization identity, (2.2) is equivalent to the
boundedness of the corresponding quadratic form:

(2.2)) |<Vu,u>|=|<V, |[uf>|< c||Vu||2L2(Rn), u € D(R™),

where the constant c is independent of u. If V' is a (complex-valued) Borel measure
on R”, then (2.2") can be recast in the form (see the Introduction):

[ @ av)

For positive distributions (measures) V', this inequality is well studied. We collect
several equivalent characterizations of (2.3) for this case in Theorem 2.1 below.
For a compact set e C R™, define the Wiener capacity by

(2.4) cap (e) = inf { ||Vu||%2(Rn) : uweDR"), wu(x)>1 on e}

(2.3)

< cl|Vull}, @), € DR,

Let V be a positive Borel measure on R”. By 1V = (—A)~2V, we denote the
Riesz potential of order 1:

V(@) =an) [ T

where ¢(n) = T'((n—1)/2)/(2x(™*+1/2). More generally, the Riesz potential of order
a € (0,n) is defined by

I,V(z) = c(n, a) /Rn %,

where ¢(n,a) = T((n — «)/2)/(2%7™/?T'(a/2)). In particular, for @ = 2 we get the
Newtonian potential I, = (—A)~1.
8



Theorem 2.1. Let V be a locally finite positive measure on R™. Then the following
statements are equivalent.
(i) The trace inequality

(2.5) / (@) P AV (2) < &1 |[Vul2gny, 1 € D(RT),

holds, where ¢ does not depend on u.
(i) For every compact set e C R™,

(2.6) Ve) < cocap (e),

where co does not depend on e.
(1ii) For every ball B in R™,

(2.7) /B(IlvB)2 dr < c3 V(B),

where dVg = xp dV, and c3 does not depend on B.
(iv) The pointwise inequality

(2.8) L(LV)(2) <y [IV(x) <00 ae.

holds, where c4 does not depend on x € R".
(v) For every compact set e C R™,

(2.9) /(11V)2 dx < c2 cap (e),

e

where c5 does not depend on e.
(vi) For every dyadic cube Py in R™,

(2.10) > [M} |P| < ¢ V(Py),

|P|1—1/n
PCPy

where the sum is taken over all dyadic cubes P contained in Py, and cg does not
depend on P,.

The equivalence (i)<(ii) is due to Maz’ya [Mazl|, and (i)<(iii) to Kerman and
Sawyer [KeS]; (i)<(iv)<(v) was obtained in [MV]; (i)<(vi) is discussed in [Ver],
where a survey of trace inequalities of this type in L, spaces is given.

Remark 1. The least constants in the inequalities (2.5)—(2.10) are equivalent in
the sense that the quotients ¢;/c; (i,j =1,...,6) are bounded from above and below
by positive constants which may depend only on n. Moreover,

co < ¢ < ey,

where both the lower and the upper estimates are sharp (see [Mazl], [Maz3]).

We now state our main result for arbitrary (complex-valued) distributions V.

By L21oc(R") = Lajoc(R™) ® C* we denote the space of vector-functions [ =
(I'1,...,Ty) such that I'; € Ly joc(R™), i =1,... ,n.
9
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Theorem 2.2. Let V € D'(R"). Then V € M(L}(R") — L;*(R")), i.e., the
mequality

(2.11) | < Vu,v>|<cllullo

sy 21
Ly (R™)

L3(R™)

holds for all u,v € D(R™), if and only if there is a vector-field T € Lo 10c(R™) such
that V = div f, and

(2.12) / ()2 |F ()2 dz < C /R V()| dz,

for all u € D(R™). The vector-field T' can be chosen in the form T =V A~V

Remark 2. For T' = VA~V the least constant C in the inequality (2.12) is

equivalent to ||V||? .
M(LLEM) - L3 @)

Proof of Theorem 2.2. Suppose that V = div T', where [ satisfies (2.12). Then
using integration by parts and the Schwarz inequality we obtain:
|<Vuv>|=|<V,av>|=|<T,oVa>+<T, aVo> |
< L[y @) IVl Ly @e) + [[Tul[L, @y VO] Ly )
< 2VC||Vull £, @) |1V LyRn),s
where C' is the constant in (2.12). This completes the proof of the “if” part of
Theorem 2.2.

The proof of the “only if” part of Theorem 2.2 is based on several lemmas and
propositions.

In the next lemma, we show that [ =VA-lV ¢ L2 10c(R™), and give a crude
preliminary estimate of the rate of its decay at co. Denote by Br = Br(zo) a
Euclidean ball of radius R centered at xy € R™.

Lemma 2.3. Suppose that

[e]

(2.13) Ve M(LA(R™) — Ly *(R™)).

Then T = VA~V ¢ L2 10c(R™), and V = divl in D'. Moreover, for any ball
Br(zp) (R>0) and € > 0,

(2.14) / F(@)2de < Cln, e) RP2+[V]]® . -
Br(zo) M(L3(R™)—L,  (R™))

where R > max{1, |zo|}.

Proof of Lemma 2.3. Suppose that V € M(L}(R™) — Ly *(R")). Define the vector-
field T € D’ by

(2.15) <T,¢g>=— <V, A Udiveg >,
10



for every qg € D ® C". In particular,
(2.15) <T,Vip>= —<V,p>, €D,

ie.,V=divlin D.

We first have to check that the right-hand side of (2.15) is well-defined, which a
priori is not obvious. For 5 € D®C", let w = A~ldiv (E, where —A7 f = I, f is
the Newtonian potential of f € D. Clearly,

w(@) =O0(lz['™") and [Vuw(z)| =0 (|z]™") as |z — oo,

and hence .
w = A""divg € LE(R™) N C®(R™).
We will show below that w = wwv, where u is real-valued, and both u and v
are in LI(R™) N C(R™). Then, since V€ M(L}(R™) — L;*(R™)), it follows
that < V, w >=< V u, v > is defined through the extension of the multiplication

operator V as explained above.
For our purposes, it is important to note that this extension of < V, w > to

the case where w = v, and u,v € L3(R™) N C>°(R"), is independent of the choice
of factors u and v. To demonstrate this, we define a real-valued cut-off function
ny(x) = n(N~=tx|), where n € C*®°(Ry), so that n(t) = 1 for 0 < ¢t < 1 and
n(t) =0 for t > 2. Note that Vny is supported in the annulus N < |z| < 2N, and
|Vnn (z)] < c|z|~L. Tt follows easily (for instance, from Hardy’s inequality) that

: _ o1 n
Jdim v u =l =0, e L")
Then letting uy = nyu and vy = nyv, so that uy vy = 77]2\, w, we define <V, w >
explicitly by setting:

<V,w>:= lim <Vun, vy >= l1m <V77Nw>

N—oo

This definition is independent of the choice of n, and the factors u, v. Moreover,

<V, w>|< Cinf{|[ul|. w=av; u, v e LYRMNC®(RM),

LI(®R") Li(Rm)

where C' = [|[V]|| o . .
MLy~ L5 (&) )
Now we fix € > 0 and factorize: w(z) = A~ dive(z) = u(x) v(z), where

24¢

(2.16)  w(@) = (1+]z[)""F and v(z)=(1+z>)" 5

A~ div ¢(x).
Obviously, u € 2; (R™) N C*°(R™), and

Ll(R" = ¢(n,€) < oo.

It is easy to see that v € LI(R™) N C*°(R") as well. Furthermore, the following
statement holds.
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Proposition 2.4. Suppose that ¢ € C(R"), and supp¢ C Br(zo). Let v be
defined by (2.16) where 0 < € < 2. Then

n— 2+e

(2.17) lolle, . Scln e R

T | La@n)s

for R > max{1, |zol|}.

Proof of Proposition 2.4. Since (5 is compactly supported, it follows:
A~ div ¢(z)| < e(n) I1|$|(z), z € R™

Hence

“Hdiv ¢(a) || o )

|<5\ ($)||L2(Rn)~

Note that V A ldiv is a Calderon-Zygmund operator, and that the weight w(z) =

(14 |z|?)* = belongs to the Muckenhoupt class A3(R™) if 0 < € < 2 (see [CF]).
Applylng the corresponding weighted norm inequality, we have:

(s €) lellz, ) <N+ e |?) =

n—4+
I+ |=f?)

~Hdiv ¢()]] £y )
< en, ) [|(1+ |2|?) T

2) =2+
(2.18) (1 + [=]7)

¢(x)| || L, mn).-

The other term is estimated by the weighted Hardy inequality (see, e.g., [Maz3]):

219) [ (013l 1+ o) F do < clne) [ ()P (14 fo)

Clearly,

n— 2-1—5 —* 2+e

O(2)|| Lyn) < c(n, €) R

Hence, combining (2.18), (2.19), and the preceding estimate, we obtain the desired
inequality (2.17). The proof of Proposition 2.4 is complete.

11+ |f?)

¢||L2(R”

Now let us prove (2.14). Suppose that qg € C*°(R™)®C", and supp gzg C Bpgr(zo).
Then by (2.15) and Proposition 2.4,

|<T,é¢>|=|<V,uv>|<|[V] . [ulle
M(LY(R")—L; (R L1 R™) L1 R™)
(2.20) (L3(R™)—Ly " (R™)) ( (

2+4€

< Cln, ) R=||V]|

Taking the supremum over all ¢ supported in Br(xg) with unit Ly-norm, we arrive
at (2.14). The proof of Lemma 2.3 is complete.

It remains to prove the main estimate (2.12) of Theorem 2.2. By Theorem 2.1,
it suffices to establish the inequality

(2.21) / T(@)[2 dz < e(n) |[V]]® . cap (e),

M(EL(RM)— L5 (7))
2



for every compact set e C R™. Notice that in the special case e = Br(z¢), the
preceding estimate gives a sharper version of (2.14):
/ F(2)[2dz < C(n) B2 (V|2 . . zeR", R>0.
Br(zo) M(L3(R™)—Ly " (R™))

Without loss of generality we assume that cap (e) > 0; otherwise |e|] = 0, and
(2.21) holds. Denote by P(z) = P.(x) the equilibrium potential on e (see [AH],
[Maz3]). It is well known that P is the Newtonian potential of a positive measure
which gives a solution to several variational problems. This measure v, is called
the equilibrium measure for e.

We list some standard properties of v, and its potential P.(x) = Iov.(x) which
will be used below (essentially due to O. Frostman):

a
b

—~

supp ve C €;
P.(x)=1 dv,—ae,;
Ve(e) = cap (e) > 0;

—~

(2.22)
IV P2, mny = cap (e);

sup P.(x) <1.
zeR?

—~
SN
~— Y ~— ~— ~—

The rest of the proof of Theorem 2.2 is based on some inequalities involving the
powers P,(z)° which are established below.

Proposition 2.5. Let § > % and let P = P, be the equilibrium potential of a

compact set e of positive capacity. Then

)
(2.23) ||VP6||L2(RH) = \/ﬁ Vv cap (e).

Remark 3. For § < 1, it is easy to see that VP° ¢ Ly(R™).

Proof of Proposition 2.5. Clearly,
(2.24) / |VP(x)°|? do = 62 / IVP(x)|? P(2)%° 2 du.
R R

Using integration by parts, together with the properties —AP = v, (understood in
the distributional sense) and P(x) = 1 dv.-a.e., we have:

/n |VP(x)|2 P(gg>25_2 dr = - VP(z)-VP(x) P(x)25_2 da

:/ P(x)25—1dye—(25—2)/ |VP(x)|? P(x)®* 2dx

n

=cap(e) — (26 — 2) / |VP(z)|? P(x)* 2 dx.
The integration by parts above is easily justified for 6 > % by examiming the

behavior of the potential and its gradient at infinity:

(2.25) ¢c1|z]*™" < P(x) < e |z, IVP(z)| = O (|z|'™™), as |z| — ooc.
13



From these calculations it follows:
(26— 1) / VP(2)|? P(2)2 2 dz = cap (¢).

Combining this with (2.24) yields (2.23). The proof of Proposition 2.5 is complete.

In the next lemma we demonstrate that ||Vv||z,®n) is equivalent to the weighted
norm ||[P=0V (vP°)|| 1, &n)-

Lemma 2.6. Let § > 0, and let v € L3(R™). Then

dzx
(2.26)  ||Vvl[Z,@n < /Rn V(v P%)(2)]? ) < (04 1)(46 + 1) [|[Vol[Z,@n)-

In what follows only the lower estimate will be used, together with the fact that
||P_5V(UP5)||L2(Rn) < oo for every v € L (R™).

Proof of Lemma 2.6. Without loss of generality we may assume that v is real-
valued. We first prove (2.26) for v € D(R™). The general case will follow using an
approximation argument. Clearly,

/n |V (v P°)(x)|? Pjsx(a:) = /Rn |Vou(z) + 6 v(x) VP(z) P(x) !? de

:/n |Vou(z)|? dx + 62 /" v(z)? % dx + 25/n Vv - VP(z) ]1)3((3;)) dx.

Integration by parts and the equation —AP = v, (understood in the distributional
sense) gives:

. CEU({E> xr = szdl/e<$) i UIL'QW i
2 [ Vo VP@) Bk / (@) e d +/n R

Using this identity, we rewrite the preceding equation in the form:

[ 9@ s = [ Ve i

X 2 Vol
+ 605+ 1) /nv(x)z%d:ﬁ-i—d/nv(x)z%.

The lower estimate in (2.26) is now obvious provided the last two terms on the
right-hand side of the preceding equation are finite. They are estimated in the
following proposition, which holds for Newtonian potentials of arbitrary (not nec-
essarily equilibrium) positive measures.

)

(2.27)

Proposition 2.7. Let w be a positive Borel measure on R™ such that P(zx) =
Lw(x) # oo. Then the following inequalities hold:

VP(z)|? "
(2.28) / v(x)? % dx < 4 ||Vv||%2(Rn), v € D(R"),
and
dw(z "
(2.20) | P e < IVl ey, v DR

14



Remark 4. The constants 4 and 1 respectively in (2.28) and (2.29) are sharp.

Indeed, if w is a point mass at x = 0, it follows that P(x) = c(n) |z|>~™. Hence,
(2.28) boils down to the classical Hardy inequality (1.8) with the best constant
ﬁ. To show that the constant in (2.29) is sharp, it suffices to let w = v, for a
compact set e of positive capacity, so that P(z) = 1 dw-a.e. and v.(e) = cap (e),
and minimize the right-hand side over all v > 1 on e, where v € D(R™).

Remark 5. An inequality more general than (2.29), for Riesz potentials and L,
norms (with nonlinear Wolff’s potential in place of P(x)), but with a different
constant, is proved in [Ver].

Proof of Proposition 2.7. Suppose v € D(R™). Then A = suppwv is a compact set,
and obviously inf,c4 P(z) > 0. Without loss of generality we may assume that
VP € L jo.(R"), and hence the left-hand side of (2.28) is finite. (Otherwise we
replace w by its convolution with a compactly supported mollifier: w; = w % ¢;, and
complete the proof by applying the estimates given below to P(z) = Iow:(x), and
then passing to the limit as t — oc0.)

Using integration by parts together with the equation —AP = w as above, and
applying the Schwarz inequality, we get:

JVP@P el [ o el
/nv(x) el +/n @ et =2 [ Vol@) - VP) Bk d

<2 ([ o TEE L) ([ miepar)

for all v € D(R™). The preceding inequality obviously yields both (2.28) and (2.29).
This completes the proof of Proposition 2.7.

We now complete the proof of Lemma 2.6. Combining (2.27) with (2.28) and
(2.29) (with v, in place of w), we arrive at the estimate:

dx
190l eey < [ 190 PY@PE pis < (6+ D38+ 1) 1901, ey,

for all v € D(R™).

To verify this inequality for arbitrary v in Li(R™), let v = limy_, o vx both in
LY(R™) and dz-a.e. for vy € D(R™). Now put vy in place of v in (2.28) and let
N — oo. Using Fatou’s lemma we see that (2.28) holds for all v € L(R™). Hence

P 2

@, _,

. RN
Nlinoo Rn ‘UN(‘,E) ’U(IIJ)| P(.’L‘)Q T = U,

and consequently

| de . VP(z)
o 2 _ 2
Jim IRnW(“NP ) ()] P2 (1) = Jim Rn|WN($)+5UN($) e “da
VP(z) dx

:/n |Vo(x) + dv(x) Pl) ?dx

I
3
4
<
B
s
=
8
~—
e
g
[\
Sq]
—
8
~—
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Thus, the proof of the general case is completed by putting vy in place of v in

(2.26), and letting N — oo. The proof of Lemma 2.6 is complete.

In the next proposition, we extend the equation < V, w >= — < I', Vw > to

the case where w = uwv, where both u and v lie in L(R"), are locally bounded,

and have a certain decay at infinity.

Proposition 2.8. Suppose V € M(LL(R") — L;*(R")), and T = VA~V ¢
Lo 10c(R™) is defined as in Lemma 2.5. Suppose w = uv, where u, v € L3(R™), and

(2.30) u(@)] < C(L+[2[) P2, Jo(@)] < C 1+ [2*) P72,

for some 3 > ”7_2 Then T - Vi is summable, and

(2.31) <V,w>= —/ - Va(z)dz.

Proof of Proposition 2.8. Clearly,

x € R",

4 (/ \f(m)|2|v(aj)\2daj)% (/R |Vu(a:)\2da:)% .

To show that the right-hand side is finite, note that, for every ¢ > 0 and R > 1,

(2.32) / IT(z)|? dz < C R %t
2| <R

by Lemma 2.3. It is easy to see that the preceding estimate yields:

(2.33) / F@)R (1 + [2]2) 7 dz < oo,
for g > ”7_2 Indeed, pick € € (0, 28 — n + 2), and estimate:

| F@Pas ey < [

|z <1 |z|>1

T(2))? do + / () ?[2| 2 da

<c1+cy / (/ |f(x)|2 daj) r26=1 g
1 |z| <7

o
< ¢+ 02/ 3720 dr < o0.
1

From this and (2.30) it follows:

| F@Pu@l e <oo, [ F@)o) do < .

Rn
16



Thus T - Vi is summable.

To prove (2.31), we first assume that both u and v lie in L}(R™) N C>°(R"), and
satisfy (2.30). Let ny(x) be a smooth cut-off function as in the proof of Lemma
2.3. Let uy = ny u and vy = ny v. Then by (2.15'),

<V, uyon > = —/ B V(ay ox)(z) do

n

= -/ T Viy(z) oy (z) do —/ T Viy(z)uy(z) da.
Note that 0 < ny(x) < 1, and |Vny(x)| < C |z|~1, which gives:

T Vay (2) ox ()] + |F - Vay (z) on (2)| < C|E(@)] (Ju(z)] [o()]J] !
+ [Vu(z)[[v(@)] + [Vo(z)[[u(z)]).

Since v € LL(R"), it follows from Hardy’s inequality (or directly from (2.30)) that
lv(z)||z|~t € La(R™). Applying (2.33) and the Schwarz inequality, we conclude that
the right-hand side of the preceding inequality is summable. Thus (2.31) follows
from the dominated convergence theorem in this case.

It remains to show that the C'*° restriction on u and v can be dropped. We set
Upr = UK Qp, Uy = VK ¢pp, Where ¢p.(x) = r~ " ¢(z/r). Here ¢ € C§°(R") is a C°-
mollifier supported in B(0,1) such that 0 < ¢(z) < 1. It is not difficult to verify
that w, and v, satisfy estimates (2.30). We use the Hardy-Littlewood maximal

operator

1
Mf(z)= sup =7 |f(y)|dy, =eR"
0<r<oco | Br(T) B, (z)

Obviously, |u,(x)| = |ux¢,-(x)| < Mu(x). We can suppose without loss of generality
that "T_Z < < nin (2.30). Notice that, for 0 < 8 < n,

M@ +|z>)™P2 <o+ 2772, zecR™
Hence,
(2.34) lu(z)| < Mu(z) < C(1 + |z[2)~5/2, z € R",

where C' does not depend on 7, and a similar estimate holds for v.
We will also need the estimate:

(2.35) [Vup(@)| = [Vux ér ()| < M[Vul(z).

As was shown above,

<V, upv, >= —/ T Vi, (z) v, (x) dz —/ - Vo, (x) () de.

n

Moreover, by (2.34) and (2.35) we have:

[E- Vi, (2)o, (2)|+|F- Vo, (2) 4 ()] < Clljéw|(1+lez)_ﬁ/z(MIVM(w)+M|Vv|($>)-



Since u, v € Li(R™), and M is a bounded operator on Ls(R™), it follows that
M|Vu| and M|Vv| lie in Ly(R™). Applying (2.33) again, we see that the right
hand-side of the preceding inequality is summable. Thus, letting » — 0, and using
the dominated convergenve theorem, we obtain:

<V,w>= lirr(l) <V, uyv, >= —/ r. Vw(zx)dx,

which completes the proof of Proposition 2.8.

We now continue the proof of (2.21). Suppose that V € M(LL(R") — Ly (R"™)),
i.e., the inequality

| <Vu, o> <||V]] [lullo

s ey 211
Ly (R™)

M(LL(R™)—L3 " (R)) Li(rm)

holds, where u,v € L}(R™).
Let ¢ = (¢1,...,¢n) be an arbitrary vector-field in D ® C™, and let

(2.36) w=A"tdivg = —I, div g,

so that

—

¢=Vw+5 divi=0.

Note that w € L(R™) N C>(R"), since

(2.37) w(z) =0(|z|'™") and |Vw(z)|=0(z|™™) as |z| — oo.
Now set
_ s _ w(z)
(2.38) u(z) = P(z)° and wv(z)= Pl)”

where P(z) is the equilibrium potential of a compact set e C R", and 1 < 2§ < 5.
By (2.22) and (2.25) we have 0 < P(x) < 1 for all z € R", and P(z) < c|z|*™
for |z large. Hence |P(z)[° < C (1 + |z|?)=°=2/2 Since # = §(n — 2) > 252, it
follows that u satisfies (2.30).
To verify that (2.30) holds for v = w P79, note that infx P(z) > 0 for every
compact set K, and hence by (2.25) P(z)~% < C (1 + |z|?)°(®=2)/2. Combining this
estimate with (2.37) we conclude:

[o(2)] < O (1+|z*)=772,

where 8 = —0(n —2) +n —1> 22

By Proposition 2.5 and Lemma 2.6 both u and v lie in L}(R™). Now applying
Proposition 2.8 we obtain:

<Vu,v>=<V,w>= —/ ' Vw(x)dx.
18



Hence,

< [|V]]

/n £ V() de

M(z%(R”)—)Lgl(R")) ||vu||L2(Rn) ||VU||L2(R”)-

By Lemma 2.6,

dz
2 < é 2 :/ 2 )
HVUHLQ(R ) = /l‘%” |V(UP )(.’13)‘ P({IJ)25 R ‘VU)(.’E)‘ P({IJ)25 <00

Applying this together with Proposition 2.5, we estimate:

[N

<) V]l ap (e)

/n £ V() d

o, . c
M(L3(R™)—L; " (R™))

To complete the proof of Theorem 2.1, we need one more estimate which involves
powers of equilibrium potentials.

(2.39)

Proposition 2.9. Let w be defined by (2.36) with ¢ € D®C™. Suppose that
1 <26 <25 Then

(2.40) / IV (z)[? Pdix

Proof of Proposition 2.9. Note that Vw is related to (E through the Riesz transforms
Rj,j=1,...,n ([St1]):

Vw={>_ RjRiér}, j=1,...,n
k=1

Since R; are bounded operators on Ly(R"™, p) with a weight p in the Muckenhoupt
class A3(R™) ([CF], [St2]), we have:

IVwllL,@n, p) < Cll9llLy@n, )

where the constant C' depends only on the Muckenhoupt constant of the weight.
Let p(z) = P(z)~%. It is easily seen that inf,c P(z) > 0 for every compact set
K, and hence P(1)72° € L; 1,.(R™). In our earlier work, it was proved that P(x)?
is an Ap-weight, provided 1 < 26 < —-"5. Moreover, its Muckenhoupt constant
depends only on n and §, but not on the compact set e. (See [MV], p. 95, the proof
of Lemma 2.1 in the case p = 2.) Clearly, the same is true for p(z) = P(x)~%.

This completes the proof of Proposition 2.9.

We are now in a position to complete the proof of Theorem 2.2. Recall that from
(2.15") and Proposition 2.8 it follows:

<V,w>:—/ f-Vu‘;(a:)da::—/ fg(aj)da:
19



Using (2.39) and Proposition 2.9 we obtain:

<O, 8)||V|| . cap (e)? @) )
- M(Ly(R™)—L; ' (R™)) rn P(x)% ’

for all ¢ € D(R™) ® C", and hence for all ¢ € Lo 10c(R™).
Now pick R > 0 so that e C B(0, R). Letting 5 = XB(0,R) P25 T in the preceding
inequality, we conclude:

Nl

N

(/ If(@lzP(w)%(w)dx) < C(n,d)[|V]] ap ().
B(0,R)

o, 1 C
M(L3(R™)—L,  (R"))

Since P(x) > 1 dz-a.e. on e (actually P(x) = 1 on e \ F where E is a polar set,
i.e., cap (F) = 0) it follows:
foda;gcn,52v2o cap (e).
[ @R < C@aIVIE ;e
Thus, (2.21) holds for every compact set e C R"™, and by Theorem 2.1 this yields
(2.12). The proof of Theorem 2.2 is complete.

We now prove an analogue of Theorem 2.2 formulated in terms of (—A)~1/2V,
which is stated as Corollary 2 in the Introduction.

Theorem 2.10. Under the assumptions of Theorem 2.2, it follows that
Ve M(Ly(R") — Ly ' (R™))

if and only if (—A)~Y/2V € M(LAR") — La(R™)).

Proof. By Theorem 2.2, VATV € Ly .(R") is well defined in terms of distribu-
tions. We now have to show that (—A)~1/2V is well defined as well.
Let M be the function space which consists of f € Lg joc(R™) such that

/n lu(z)|? | f(z)|? do < Const/ (Vu(z)|? dz,

n

for every u € D(R™). By Theorem 2.2, VA7V lies in M ® C". It follows from
Corollary 3.2 in [MV] that the Riesz transforms R; (j = 1,...,n) are bounded
operators on M. Hence (—A)™Y/2V = {R;}1<j<, is a bounded operator from M
to M ® C™. Then (—A)~/2V can be defined by

(=A)V2V = (A" Vv . v ATV
as an element of M. By Theorem 2.1, (—A)~1/2V ¢ M(E%(R") — Lo(R™)). The
proof of Theorem 2.10 is complete.

The following corollary is immediate from Theorem 2.10.

Corollary 2.11. Let V be a complez-valued distribution on R™, n > 3. Then the
Schradinger operator H = —A + V', originally defined on D(R™), can be extended

to a bounded operator from Li(R™) to Ly (R™) if and only if

(—A)"2V € M(LY(R") — Ly(R™)).

Equivalently, any one of the conditions (ii)-(vi) of Theorem 2.1 holds with
[(=A)"Y2V |2 in place of V.
20



3. A COMPACTNESS CRITERION

In this section we give a compactness criterion for V' € M(L}(R") — Ly ' (R™)).

Denote by M(L3(R") — Ly '(R™)) the class of compact multiplication operators

(¢)

acting from L3 (R™) to Ly *(R"). Obviously,

[e] [e] o

M(Ly(R"™) — Ly ' (R™)) € M(L3(R") — Ly " (R™)),
where the latter class was characterized in the preceding section.

Theorem 3.1. Let V € D'(R™), n > 3. ThenV € ]\%(E);(R”) — Ly Y (R™)) if and
only if

(3.1) V =divT,

where T = (I'y,...,T,) is a vector-field such that T; € M(LA(R™) — Lo(R™))

(i=1,...,n). Moreover, T can be represented in the form VA~V as in Theorem
2.2.

Remark 1. The compactness of the multipliers T'; : L3(R™) — Lo(R™), where
1=1,...,n, is obviously equivalent to the compactness of the embedding:

(3.2) LYR") C Ly(R™, |T|? da).

Different characterizations of the compactness of such embeddings are known (see
[AH], [Maz3], [MSh]).

Proof. Let V be given by (3.1), and let u belong to the unit ball B in ZOL% (R™). Then
(3.3) Vu=div(@ul)-T-Vu

The set {div (uT) : u € B} is compact in Ly '(R™) because the set {uT : uwe B}
is compact in Ly *(R™). The set {T'- Vu : u € B} is also compact in L *(R")
since the set {|Vu| : v € B} is bounded in Ls(R™), and the multiplier operators
T, being adjoint to I'; (i = 1,...,n), are compact from Lo(R™) to Ly *(R™). This
completes the proof of the sufficiency of (3.2).

We now prove the necessity. Pick F' € C*°(R,), where F(t) = 1 for t < 1 and
F(t) =0 for t > 2. For zp € R", § > 0, and R > 0, define the cut-off functions

so.00(2) = F(07 o —0]), and &r(z) = 1 - F(R™'[z|).

Lemma 3.2. If f € L;*(R"), then

(3:4) sy sup 0 fllz gy = 0
and
(3.5) Rll_{noo 1€r f||L2*1(Rn) =0.
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Proof of Lemma 3.2. Let us prove (3.4). The distribution f has the form f = div qz?,
where ¢ = (¢1,...,0n) € Lo(R™). Hence,

5,0 f=div (%6,300 q;) - $V%57$0'
Clearly,
155,20 fll Lo ey < 2,20 10| La@n) + €O [IV3500 - OllLa@ny < ¢l O] ] L2(Bos (o))

This proves (3.4). Since (3.5) is derived in a similar way, the proof of Lemma 3.3
is complete.

Lemma 3.3. IfV € M (L}(R") — Ly*(R™)), then

(3.6) lim sup ||s.4, V||

—0 mQER" ]\%(z%(R")_)Lgl(Rn)) B ,
and
(3.7) Aim 1R VHI\%(E%(R")HLQI(R")) B

Proof of Lemma 3.3. Fix € > 0, and pick a finite number of f, € Ly *(R") such
that

[V u— fk||L2_1(Rn) <€

for k = 1,...,N(e), and for all u € B, where B is the unit ball in L3(R"). Note
that by Hardy’s inequality

oo ol Ly gy anyngr @y = €<
Next,
[5tt00 Vull gy < ot (Ve = Fi)ll o gy + 152520 fill ot ony
< ce+ |52, kaLgl(JR”)'
Hence,

1525, < cet [0 frll g mny:

M(EY R L7 (R™)

By Lemma 3.2, this gives (3.6), and the proof of (3.7) is quite similar. The proof
of Lemma 3.3 is complete.

We can now complete the proof of the necessity part of Theorem 3.1. Suppose
that V € M (L}(R") — Ly*(R™)). By Theorem 2.2,

VAT RV <cllér V||

M(LY(R)—La(R")) ~ M(EL(R")— Ly (7))’
By the preceding estimate and (3.7),

. —1 _
ngréo IVA™ (&R V)||M(E;(Rn)_>L2(Rn)) -
2



Hence we can assume without loss of generality that V is compactly supported,
e.g., supp V' C B1(0). To show that

F'— VA~V € M (LLY(R") — Lo(R™)),

consider a covering of the closed unit ball B1(0) by open balls By, (k=1,...,n) of
radius y/n ¢ centered at the nodes z of the lattice with mesh size §. We introduce
a partition of unity ¢ subordinate to this covering and satisfying the estimate
|V ¢| < 571, so that supp ¢ C Bj, where Bj is a ball of radius 2y/n § concentric
to By. Also, pick ¢y, € C5°(Bj), where ¢y ¥ = ¢, and |V g < c67 1

We have:

N(6) N(5)
VAV =3 VA@G:V)=) VAWbktV)
k=1 k=1
N(8) N(s)
=D G VA@GV)+ ) [VA 4]V,
k=1 k=1

where [A, B] = AB — B A is the commutator of the operators A and B. We
estimate:

N(6)

> U VA(GR V)

h=1 M(L}(R™)— Lo (R™))

< c(n su VAo,V ,
< )1§k§1137(5) I (9 )HM(Ll(R") —La(R™))

since the multiplicity of the covering Ug(? By, depends only on n. The last supre-

mum is bounded by ¢ ||¢r V|| o . , which is made smaller than any
M (Ly(Rr)—Ly " (Rn))
€ > 0 by choosing § = d(€) small enough
It remains to check that each function ®j := [V A, 9] ¢ V is a compact mul-

tiplier from zé(R”) to Lo(R™), k = 1,...,n. Indeed, the kernel of the operator
V — [V A, ¥ ] ¢r V is smooth, and hence,

k()| = |([VA, ] o V)(@)] < ek (L+ 2" || Vil @n

<ep (L4 |2 V]| lloulle, o < Cr(1+]a])™

M(Ll Rn) 1(Rn)) Ll Rn) -

where the constant C does not depend on z. Since n > 2, this means that the

multiplier operator @ : L2 (R™) — Lo(R™) is compact. The proof of Theorem 3.1
is complete.

4. THE SPACE M (W3 (R™) — W, 1(R™)).

In this section, we characterize the class of multipliers V : W3 (R") — W, ' (R")
for n > 1. Here W, ' (R™) = W) (R™)*, where W, (R") = H' is the classical Sobolev
space of weakly differentiable functions u € La(R™) such that Vu € Ly(R™) with
norm

(1) lulhwyeer = | [ (@) 4+ Fu)) o]
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Let Jo = (I — A)™% (0 < a < +00) denote the Bessel potential of order a. (Here
I stands for the identity operator.) Every u € W} (R™) can be represented in the
form u = Jyg where

cullgl] oy llullwg @ny < c2 ll9llLa@n)-

(See [St1].)

Let &’(R™) denote the space of tempered distributions on R™. We say that
V € S'(R") is a multiplier from W (R") to W, '(R™) if the sesquilinear form
defined by < V u, v >:=< V, % > is bounded on W3 (R") x W3 (R"):

(4.2) | <V, o> | <cllullwyen llllwggn,  wveSRY)

where the constant c¢ is independent of u and v in Schwartz space S(R™). As
in the case of homogeneous spaces, the preceding inequality is equivalent to the
boundedness of the corresponding quadratic form; i.e., it suffices to verify (4.2) for
u = .
If (4.2) holds, then V defines a bounded multiplier operator from W} (R™) to
5 '(R™). (Originally, it is defined on S(R™), but by continuity is extended to
( ™).) The corresponding class of multipliers is denoted by M (W} (R") —
Wy L(R™).

We observe that I — A : Wi (R") — W5 *(R") is a bounded operator (see [St1]).
Hence, V € M(W}(R") — W, '(R™)) if and only if the operator (I — A) 4+ V :
W3 (R™) — W, ' (R™) is bounded.

If V is a locally finite complex-valued measure on R™, then (4.2) can be rewritten
in the form:

(4.3)

[ @ o@av (@) < ellullween ol e

where u, v € S(R™).

For positive measures V', this inequality is characterized as above (cf. Theorem
2.1), with Bessel potentials J; in place of Riesz potentials 7, and with the Riesz
capacity cap replaced by the Bessel capacity

(4.4) cap (e, W) = inf { ||u||€V21(Rn) cueSMR"), wu(r)>1 on e}

For convenience, we state several equivalent characterizations below (see [KeS],
[Maz3|, [MSh], [MV]).

Theorem 4.1. LetV be a locally finite positive measure on R™. Then the following
statements are equivalent.
(i) The trace inequality

(4.5) | @ ave) < el o

holds, where ¢1 does not depend on u € S(R™).
(ii) For every compact set e C R™,

(4.6) V(e) < cacap (e, Wy),
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where co does not depend on e.
(iii) For every open ball B in R™,

(4.7) /B(J1VB)2 dz < cs V(B),

where dVg = xp dV, and c3 does not depend on B.
(iv) The pointwise inequality

(4.8) T (V)2 (x) <cq J1V(x) <00 ae.

holds, where cy does not depend on x € R".
(v) For every compact set e C R™,

(4.9) /(J1V)2 dx < c2 cap (e, Wy),

e

where c5 does not depend on e.
(vi) For every dyadic cube Py in R™ of side-length ((Py) < 1,

(4.10) > hvﬂ] |P| < sV (Fo),

P|1-1/n
PCP, |

where the sum is taken over all dyadic cubes P contained in Py, and cg does not
depend on P,.
The least constants c1, ... ,cg in the inequalities (4.5)—(4.10) are equivalent.

Remark 1. [t suffices to verify (4.6) and (4.9) for compact sets e C R™ such that
diame < 1. In this case, the capacity cap (e, W3) is equivalent to the Riesz capacity
cap (e) provided n > 3.

Remark 2. For n = 1, the Bessel capacity of a single point set is positive, and
hence cap (e, W3), for sets e such that diame < 1, can be replaced by a constant
independent of e. Thus, in this case (4.5) holds if and only if

(4.10) sgg V(Bi(z)) < o0.

We now characterize (4.3) in the general case of distributions V.

Theorem 4.2. Let V € S'(R"). Then V € M(W3(R™) — W5 (R™)) if and only
if there exist a vector-field [ = {T1,...,Tn} € Lajoc(R™) and T'y € La joc(R™) such
that

(4.11) V =divD + T,
and
(4.12) /n lu(x))? |Ty(z)|? da < C’Hu||%,V21(Rn), i=0,1,...,n,

where C' does not depend on u € S(R™).
In (4.11), one can set

(4.13) F=-V{I—-A)"YW, and To=({—-A)"'V.
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Remark 3. It is easy to see that in the sufficiency part of Theorem 4.2 the restric-
tion on the “lower order” term T'g in (4.12) can be relaxed. It is enough to assume
that Ty € Ly 1oc(R™) is such that

(4.14) / u(@)]? [Lo(@)] d < C[[ull -

Proof of Theorem 4.2. Suppose that V is represented in the form (4.11), and (4.12)
holds. Then using integration by parts and the Schwarz inequality, we have:

|<V,av>|=|<T,oVa>+<T,aVv>+<Tg, av>|
< ||y @y IVullpy@ey + [Tl @e) [Vl @) + [Toul|po@ny 0] 2, @)
< 3\/5||u||W21(R”) o]l @nys
where C is the constant in (4.11). This proves the “if” part of Theorem 4.2.
To prove the “only if” part, define I' = {I'y,... ,I';,} and 'y by (4.13). Then,

for every j = 0,1,...,n, it follows that I'; € Lo j,.(R"™), and the following crude
estimates hold:

2 n—2+e 2
419 [ @RS O ) B VIR sy
where R > max{1, |zo|}. The proof uses the same argument as in the proof of
Lemma 2.3 in the homogeneous case.
Now fix a compact set e C R™ such that diam (e) < 1, and cap (e, W) > 0.
Denote by P(z) = P.(z) the equilibrium potential of e which corresponds to the
Bessel capacity (4.4). Letting

u(z) = P(z)? and wv(z) =

where 1 < 26 < "5, and w € S(R"), we have:

| <Viw>|< ||VHM(W21(Rn)_>W2—1(Rn)) HP5||W21(IR{”) va||W21(R")~
Calculations analogous to those of Propositions 2.5—2.9 yield:
1
||P6||W21(R") < C(”? 5) cap (6, W21> )

and

Vol < Cnd) | [ () + 1V 0
Combining the preceding inequalities, we obtain:

1

| <V,w>|<C(n,d) ||V||M(W21(Rn)_>vv2*1(Rn)) cap (e, W21>2

X [/n(‘w(wﬂz—f—\vw(@‘z)%r

Set w = (1 — A)~Ldiv qg, where qg is an arbitrary vector-field with components in
S(R™). Then the preceding estimate can be restated in the form

(4.16) | <T, ¢ >|<C(n,d)cap (e, W3)? Uﬂ(lw(w)l” |Vw(w>|2)P$25 E

Unlike in the homogeneous case, for Bessel potentials, P(x)~2 is not a Muck-

enhoupt weight. To proceed, we will need a localized version of the estimates used
in Sec. 3.
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Lemma 4.3. Let P(x) = P.(z) be the equilibrium potential of a compact set e
of positive Bessel capacity, and such that e C B, where B = Bi(xzq) is a ball of
radius 1 centered at o € R™. Let w = (I — A)~t Vv, where p € C®°(R"™) and
supp ¥ C B. Suppose 1 < 20 < -25. Then

n—2

an) [ (@ + Vo)) i <o) [ 10 g

Proof. Let v = v, be the equilibrium measure of the compact set e in the sense
of Bessel capacities, so that P(x) = Jav(z) (see [AH], [Maz3]). Suppose first that
n > 3. Since both supp v and supp 1 are contained in B, it follows that

dv(y)

(4.18) P(z) = Jov(z) < Iov(x) = ¢(n) : W,

r € 2B,

where 2B is a concentric ball of radius 2.
We set p(z) = Iv(z)~2%. Then p(z) < P(x)~2° on 2B, and p(z) is an Ay-weight
(see the proof of Proposition 2.8). Note that Vw = V2 (I — A)~ 14, where

VPI-A)t'={-RReAI-AN)"}, 4 k=1,...,n.

Here R;, j = 1,...,n, are the Riesz transforms which are bounded operators on
Ly(R™, p) (see [St2]).

Since A (I — A)™' =1 — (I — A)~!, we have to show that Jo = (I — A)~ ! is
a bounded operator on Lo(R"™, p), and its norm is bounded by a constant which
depends only on the Muckenhoupt constant of p. It is not difficult to see that the
same is true for more general operators J, = (I — A)~%, where a > 0.

Indeed, denote by G, (x) the kernel of the Bessel potential J,. Then clearly,

2k <|t|<2k+1

| Jaf (@) = |Ga* f(z)] < c(n,a) M f(x) Z 2P max  Gal(t),
k=—oc0
where M f(x) is the Hardy-Littlewood maximal function defined by

Ma) =) swp [ |f)ld.
0<r<oo B, (z)

Standard estimates of Bessel kernels G (z) (see, e.g., [AH|, Sec. 1.2.4 and 1.2.5)

show that

oo

Z 2Fnmax  Gu(t) < oo,
I L E

for every a > 0. Since M is bounded on Ly (R™, p) (see [St2]), it follows that

(4.19) [ Jaf | Lo@n, p) < ClfllLa@n, o)

where C' depends only on n, «, and the Muckenhoupt constant of p.
Applying (4.19) with a = 2, we get:

/QB \W(az)\zp(iw)% < C(n, ) / ¥ (@) p(x) dz < C(n, 6) / e prym
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Similarly,
w(a)| = [V (I - A) ()| < CAlY|(z),

and by (4.19) with a = 1,

5 dzx )
/23 |w(z)] PP SC/zB(J1|¢|(3;>) o(z) de

dx

<) [ W@l ple)de < C0) [ @ 5l

n

Now suppose = € (2B)°. Then, by standard estimates of the Bessel kernel as
|z| — oo ( [AH], Sec. 1.2.4 and 1.2.5),

Vu(z)| = [V2Inp(z)] < CO(n) |22 e1# /B ()| dy,

and
w(z)] < C(n)| V()| < Cla] 7 e [Blw(y)ldy-
Also, for x € (2B)¢,
P(z) = Jov(z) < |z| = e u(e), |z — oo,
where v(e) = cap (e, W3) > 0.

Now pick ¢ so that 1 < 26 < min [2, -5]. Using the above estimates of w(x),
Vw(zx), and P(x), and the inequality 20 < 2, we get:

2 2 ~25 ?
/(QB)C(|w(:B)| + | Vw(z)| >P(:L-)25 < C(n,8)v(e) (/B |¢(y)|dy) '

By the Schwarz inequality,

</B W(y)'dy)Q = /B 2 P(dyy)za /BP(OS)Q‘Sd:r:.

Applying Minkowski’s integral inequality and the fact that 20 < —5, we obtain:

/ P(z)%° dx < / (Iyv)® dz < C(n, ) v(e)®.
B B

Thus,

2 2 2
o (R + V@) 5 < 000) | W@ s

This completes the proof of (4.17) for n > 3. The cases n = 1,2 are treated in a
similar way with obvious modifications. The proof of Lemma 4.3 is complete.
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Let w = (I — A)~tdiv ¢, where ¢ = {¢r} € S(R™). Applying Lemma 4.3 with
Y =¢r, k=1,...,n, we obtain:

/n(|w(x>|2 + |vw(x)|2>P(x)25 < C(n,d) /n |¢_§(1’)|2P($>25

This and (4.16) yields:

T8> |0t e ! [ e

By duality, the preceding inequality is equivalent to:

[ F@)P Py do < Ol 8) VI gy ey cap (€ W)

Since P(z) > 1 a.e. on e, we obtain the desired estimate

[ @) e < C0n0) VI 3y ey 20 (6 ).

The corresponding inequality with 'y in place of [ is verified in a similar way. By
Theorem 4.1 these inequalities are equivalent to (4.12). The proof of Theorem 4.2
is complete.

Finally, we state a compactness criterion in the case of the space W3 (R™) anal-
ogous to that of Theorem 3.1.

Theorem 4.4. Let V € S'(R"), n > 1. Then V € ]\%(W;(R”) — Wy H(R™)) if
and only if
V = leF + Fo,

where T' = (Iy,...,Ty), and T; € ]\04(W21(]R") — Lo(R™)) (i = 0,...,n). More-
over, one can set T = —V(I — A)™'V, and Ty = (I — A)"'V, as in Theorem
4.2.

The proof of Theorem 4.4 requires only minor modifications outlined in the proof
of Theorem 4.2, and is omitted here.

5. THE SPACE M(E%(Q) — LyH(Q)).

Using dilation and the description of the space M (W3 (R™) — W5 *(R")) given
in the preceding section, we arrive at the following auxiliary statement.

Corollary 5.1. Let V. € M(W3(R"™) — Wy Y(R"™)). Suppose that there exists a
number d > 0 such that

(5.1) | < Vi Jul? > | < c(IVullfe@ny +d7* [ull2 @),
where ¢ does not depend on u € C3°(R™). Then V' can be represented as:

(5.2) V =div[ +d ' Ty,
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where Ty and T = (Ty,..., Ty) are in M(WL(R™) — Lo(R™)), and

(5-3) / Tiu(z)? do < O (|[VullL@n) +d72 [|ullZ2@n),

foralli=0,1,...,n

Now let © be an open set in R™ such that, for all u € D(2), Hardy’s inequality
holds:

(5.4) /|u daQ doa (@) = const/Q|Vu(x)|2dx.

Here dpq(z) = dist (z,09). It is well-known that (5.4) holds for a wide class of
domains including those with Lipschitz and NTA boundaries. (See [Anc|, [Dav2],
[Lew|, [MMP] for a discussion of Hardy’s inequality and related questions, including
best constants, on domains 2 in R™.)

Let @; be the cubes with side-length d; forming Whitney’s covering of €2 (see
[St1], Sec. 5.1). Denote by @} the open cube obtained from @ by dilation with

coefficient %dj. The cubes Q7 form an open covering of 2 of finite multiplicity

which depends only on n. By {n;} (n; € C§°(Q})) we denote a smooth partition

of unity subordinate to the covering {Q;} and such that |Vn;(z)| < cdj_l. In the
proof of the following theorem we also will need the functions (; € C5°(Qj) such
that

(5.5) G @) (@) = i), and |V¢(@)| < cd; ™.

Now we give a characterization of the space M (Li(Q) — Ly (Q)).
Theorem 5.2. (i) Let dypq (x) = dist (x,09), and let

V =divT 4 dy5 To,

where T = {T'y,... Ty} and T; € M(E%(Q) — Lo(Q)) fori=0,1,...,n. Suppose
that (5.4) holds. Then V € M(LY(Q) — Ly*(Q)), and

5.6 Vil <c Lall 2 '
(5.6) Vil soyrrron <€ 22 Millugyo sy

(1i) Conversely, if V € M Ly(© 1(Q) — Ly1()), then there exist T = (I'y,...,Ty)

(
and Ty such that T'; € M(L %(Q) — Ly(Q)) fori=0,1,...,n, and V = divl +
dgglz I'y. Moreover,
57 FrL o < C V o
(5:7) Z I ||M(L%(Q)—>L2(Q)) <l HM(L%(Q)—>L51(Q))

0<i<n

Proof. The proof of statement (i) is straightforward (see, e.g., the proof of Theorem
4.2 above). To prove (ii), note that, for all u,v € C§°(€2), and the functions (;
satisfying the properties (5.5), we have:
| < Vg, uv>| =] <V, Guio> | <[Vl
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X (||Vul|L2@ny + di* [ull L2@ny) (IIV0l| L2y + d57 [[0]] 22 @m))-
Hence by Corollary 5.1,

(5.8) Vi = divi® 44571 1),
where I'¥) and F(()j ) satisfy the inequality

() 2 2 2 -2 2
5.9 I dr < C||Vn; o \Y% m+d ),
6.9 [ MOu@Fde <CIVaIE o (g )

for all i = 0,1,...,n. Multiplying (5.8) by ¢; we obtain
Vi = div (¢; TW) 4+ d; ' 1§ - TO v,

We set . o ' o
F=Y¢TY and Ty=) (41§ ~TV V).

J J

If u e C3°(£2), then
/Q|<|f|+|ro|>u|2dx

gcz(/ﬂ|f<ﬂ'>gju|24x+d;2L|(djrgf>gj-fmvgj)%juﬁdx),
J

where 3¢; € C5°(Q7), and »; = 1 on supp ;. By (5.9), the last sum does not exceed

sup |[|[Vn:l|? & / YV (siu)|? + d7? | sul?) da.
ij 773||M(L%(Q)HL21(Q))ZJ: Q(| (s¢ju)] j |52jul”)

By Hardy’s inequality (5.4), this is bounded by

c||lVIP? . ) /|Vu|2dx.
M(L3(Q)—Ly () Ja

The proof of Theorem 5.2 is complete.

Remark. In Theorem 5.2, one can replace

YOIl e
M(E3(@)L2()

0<i<n

with the equivalent norm

T+ T .
(5.10) Sup sup [T+ [ToD [ 2a(e)
1

JeCQ; (cap (e, z%(Q;k)))i

In the case n > 2, one can use Wiener’s capacity in place of cap (-, L5(Q%)) (see

[MSh], Sec. 5.7.2).

o

We now characterize the class of compact multipliers, M (L4(2) — L;(Q)). We
use the same notation as in the previous section.
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Theorem 5.3. Under the assumptions of Theorem 5.2, a distribution V is in
M (LY(Q) — Ly 1 (Q)) if and only if

(5.11) V =divT + dyg Do,

where T'; € M (L3(2) — La(Q)) fori=0,1,...,n.
Proof. Suppose that V is given by (5.11). Let u be an arbitrary function in the
unit ball B of L1(Q). Then

Vu=div(ul) - f#—dgéul“o.

The set {div(uT) : u € B} is compact in L7(Q) since the set {uT : u € B} is
compact in La(€). The sets {Vu T : u € B} and {dziTou : u € B} are also
compact in Ly ' (€2) since the sets {|Vu|: u € B} and {d;,u: u € B} are bounded
in Ly(2), and the multiplier operators I'; : Ly(Q) — Lz_l(Q), 1 =1,...,n are
compact, being adjoint to I';. This completes the proof of the “if” part of Theorem
5.3.

To prove the “only if” part let us assume that the origin O € R™ \ Q2. Then, for
any x € €, it follows that |z| > dgq(x), and the inequality

u(z)[” 2
(5.12) ; Wda: <c /Q |Vu(x)|* dx

follows from (5.4).
As in the previous section, we introduce the cut-off functions

)

|z]
=1—-F
gR(x) (R )
where F' € C*°(Ry) so that F'(t) =1 for t <1 and F(t) =0 for t > 2.

and

The proofs of the following two lemmas are similar to those of Lemma 3.2 and
Lemma 3.3.

Lemma 5.4. If f € L;%(Q), then

(5.13) 511_{% H%éfHLgl(Q) =0,
and
(5.14) Rh—{%o 1€r f||L;1(Q) =0.
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Lemma 5.5. IfV € M (2%(9) — L;1(9)), then

(5.15) glgg) H%V||A°4(E;(Q)%;1(Q)) v
and
(5.16) RIEEI;O ||§RV||AC;[([O/§(Q)—>L;1(Q)) B

We now complete the proof of the “only if” part of Theorem 5.3. Write V in the
form

V =55V +ERV + (1 — 55 — Eg) V.

By Theorem 5.2 (ii), there exist T'5 and I'®©) such that

25V = divDs + dy TV,

where @
% . < ° .
0<i<n
Analogously,
L= _11:(0
§RV = leF(R) + |«'L'| ! FER))’
where

(4) <
Z ||P(R)HM(2;(Q)—>L2(Q)) < Clign VHM(E%(Q)HL?(Q))'

0<i<n

Hence, by Lemma 5.5,

. (0 =
B D Ty ey taon = ©

0<i<n
and

lim NN =0
RHOOOSZZSH H (R)HM(L%(Q)—JQ(Q))

Now we estimate the multiplier
Vsri=(1—35—&r)V.

Note that Vs g € M (L(Q2) — Ly (). Since its support is separated from co and
from 012, it follows that

Vs.r € M (W3 (R") — W5 (R™)).
By Theorem 4.4,

(5.17) Vs,p = divIs g + Vs,

where each component of f& R, together with s g, are in M (W3 (R™) — Lo(R™)).
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Multiplying, if necessary, both sides of (5.17) by a cut-off function as before, we
may assume that the supports of |I's g| and ¥; i are in €, and are both separated
from oo, and from 0f2. Hence, the components of f‘:; R, as well as dogg ¥s g, are in

M (LY(Q) — Lo(Q)). Finally,
V =divl 4+ dpi T,

where
I'=Ts+Tr) +Tsr,

and

ro® = Fgo) + 2| dag FE% + daq PSS(,)I)%'

It remains to note that fg, f( R); Fgo), and |z| 7! dpn FE% are small in the corre-

sponding operator norms, while f(;, r and Fg?})% are compact. This completes the

proof of Theorem 5.3.
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