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Abstract

 

—The Neumann problem for second-order elliptic quasi-linear equations on a planar domain
whose boundary contains the vertex of an outward or inward peak. Under certain conditions, the solv-
ability problem for the Neumann problem is reduced to a description of the space dual to the boundary

trace space 

 

T

 

(

 

Ω

 

) for functions from the Sobolev class (

 

Ω

 

), where 1 < 

 

p

 

 < 

 

∞

 

. This dual space is
characterized in terms of Sobolev classes on Lipschitz curves with negative smoothness exponents and
in terms of function spaces on the interval (0, 1) of the real line. The proofs of the main results are essen-

tially based on an explicit description of the space 

 

T

 

(

 

Ω

 

) for a planar domain with a peak due to the
author. Necessary and sufficient conditions for 

 

q

 

 to be such that the Neumann problem is solvable pro-
vided that the boundary function belongs to 

 

L

 

q

 

(

 

∂

 

Ω

 

) are given.
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INTRODUCTION

In a domain 

 

Ω

 

 

 

⊂

 

 

 

R

 

n

 

 whose boundary contains the vertex of an outward or inward peak, consider the Neu-
mann problem for a second-order quasilinear elliptic equation. Under certain conditions, studying the solv-

ability of this problem reduces to describing the space 

 

T

 

(

 

Ω

 

)* (

 

p

 

 

 

∈

 

 (1, 

 

∞

 

) dual to the space 

 

T

 

(

 

Ω

 

) of

boundary traces of functions from the Sobolev class (

 

Ω

 

). For 

 

n

 

 > 2, the space 

 

T

 

(

 

Ω

 

)* was character-

ized in [1]. In this paper, we continue its study. We explicitly describe the space 

 

T

 

(

 

Ω

 

)*, where 

 

p

 

 

 

∈

 

 (1, 

 

∞

 

),
for a planar domain whose boundary contains the vertex of a peak.

This paper includes four sections. The first is essentially a detailed introduction, in which the Neumann
problem is stated and the relationship between its solvability and a characterization of the dual space men-
tioned above is specified. In Section 2, we describe the class of domains under consideration and prove aux-
iliary assertions used in what follows. Section 3 is devoted to the proof of Theorem 1, which characterizes

the space 

 

T

 

(

 

Ω

 

)* for a planar domain with an outer peak in terms of the spaces  for Lipschitz
curves, and to applications of Theorem 1 to the Neumann problem. Section 4 considers planar domains with

inward peaks. It contains Theorem 2, which describes the space 

 

T

 

(

 

Ω

 

)* for a planar domain with an
inward peak.

Theorems 1 and 2 are the main results of this paper.

1. PRELIMINARIES

Let 

 

Ω

 

 be a domain in 

 

R

 

2

 

, and let 

 

p

 

 

 

∈

 

 (1, 

 

∞

 

). By (

 

Ω

 

) we denote the space of functions on 

 

Ω

 

 for which
the norm

is finite. Suppose also that 

 

T

 

(

 

Ω

 

) is the space of traces 

 

u

 

|

 

∂

 

Ω

 

 of functions from (

 

Ω

 

) endowed with the
norm
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For domains with “sufficiently good” boundary, the space 

 

T

 

(

 

Ω

 

) admits an explicit description. Thus,
according to a theorem of Gagliardo [2], for planar domains of class 

 

C

 

0, 1

 

 (i.e., for domains with compact

closure whose boundaries locally coincide with graphs of Lipschitz functions), the space 

 

T

 

(

 

Ω

 

) coincides

with the space (

 

S

 

), where 

 

S

 

 = 

 

∂

 

Ω

 

, of functions on the curve 

 

S

 

 with finite norm

where

(1)

 

|

 

S

 

|

 

 is the length of 

 

S

 

, and 

 

ds

 

Q

 

 and 

 

ds

 

M

 

 are length elements on 

 

S

 

. In the general case, for 

 

T

 

(

 

Ω

 

) we can take

the quotient space (

 

Ω

 

)/ (

 

Ω

 

), where (

 

Ω

 

) denotes the closure of the set of (

 

Ω

 

)-smooth com-

pactly supported functions on 

 

Ω

 

 in the norm of (

 

Ω

 

).

Suppose that 

 

Ω

 

 has compact boundary and a normal to 

 

∂

 

Ω

 

 exists almost everywhere on ∂Ω (with respect
to length). Let ν = ν(x), where x ∈ ∂Ω, denote the unit outer normal vector. Consider the Neumann problem1

(2)

(3)

where p ∈ (1, ∞), a ∈ L∞(Ω), a(x) ≥ const > 0 almost everywhere on Ω, and f is a homogeneous additive

functional on � = (Ω) ∩ L∞(Ω) ∩ C∞(Ω) vanishing on the set of functions from (Ω).

By a solution of problem (2), (3) we mean a function u ∈ (Ω) such that, for all v ∈ �, it satisfies the
identity

(4)

where 〈·, v〉 is the functional value at v and

For fixed u ∈ (Ω), the mapping (Ω) � v � L(u, v) is a continuous linear functional, and the set �

is dense in (Ω) [4, 3.1.2]; therefore, a necessary condition for the solvability of problem (2), (3) is that

the functional on the right-hand side of (3) must have a (unique) extension to a functional from (Ω)*

vanishing at the elements of (Ω). According to the following lemma, this functional belongs to the space

T (Ω)* dual to T (Ω).

Lemma 1. Suppose that X is a Banach space and X0 is its subspace. Let  denote the quotient space
X/X0 with norm

1 We consider the model problem (2), (3) for simplicity. In fact, what is said below is valid for more general elliptic equations [3].

v
TW p
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(i) If f ∈ X*, i.e., f is a continuous linear functional on X, and  = 0, then the functional  �  �

( ) = f(x) belongs to the space ( )*, and || || = || f ||.

(ii) If  ∈ ( )*, then the functional X � x � f(x) = ( ) belongs to X* and  = 0.

The proof of this assertion follows easily from the definition of a quotient space.

Now, let us show that if F ∈ (Ω)* (the inclusion Ker F ⊃ (Ω) is not required), then there exists a

unique function u ∈ (Ω) satisfying the equality

(5)

for all v ∈ (Ω). Calculating the variation of the functional

(6)

we see that identity (5) is equivalent to the problem of minimizing functional (6) on (Ω). Consider a

minimizing sequence {vk} for G(v). Since the functional (Ω) � v � 〈F, v〉 is continuous, it follows
that, for some constants c1, c2 > 0, we have

and since p > 1, it follows that G(v)  +∞ as   ∞. This implies the boundedness of the min-

imizing sequence; hence, this sequence has a subsequence (which we denote by the same symbol {vk})

weakly convergent in (Ω). Suppose that u is its limit. Let us show that

(7)

Consider the norm

(8)

on (Ω), which is equivalent to . For any ε > 0, there exists a functional f0 ∈ (Ω)* such that

its norm (8) equals 1 and

Thus, [vk]p > [u]p for all sufficiently large k. For the same k, we have

and the convergence 〈F, vk〉  〈F, u〉 implies

The arbitrariness in the choice of ε implies (7).

Thus, if the functional on the right-hand side of (5) is continuous on (Ω) (in particular, F ∈

(T (Ω))*), then problem (2), (3) is solvable. Note also that the uniqueness of its solution follows from the

strict convexity of functional (6). Indeed, assuming the existence of two different functions u1, u2 ∈ (Ω)
minimizing functional (6) and setting u = (u1 + u2)/2, we obtain the contradictory inequality

f X0
Ẋ ẋ

f˙ ẋ Ẋ f˙
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Thus, studying the solvability of problem (2), (3) (or, equivalently, of problem (4) in which the kernel of

the functional f contains (Ω)) reduces to describing the space T (Ω)*.

In what follows, for a Lipschitz curve S, we write (S) (where p' = p/(p – 1)) instead of ( (S))*
and set

Below, we characterize the space T (Ω)* for a planar domain with a peak in terms of the spaces 
on Lipschitz curves and some function spaces on the interval (0, 1) of the real line.

2. A CLASS OF DOMAINS AND AUXILIARY ASSERTIONS

In this section, we describe a planar domain with boundary containing the vertex of a peak. Let Ω be a
domain with compact boundary in R2. Suppose that O ∈ ∂Ω and the curve ∂Ω\{O} can locally be repre-
sented as the graph of a Lipschitz function. Consider Cartesian coordinates (x, y) with origin at O. Let ϕ–

and ϕ+ be functions from C0, 1[0, 1] such that ϕ±(0) = 0, (t)  0 as t  +0, and the function ϕ = ϕ– +
ϕ+ increases on the interval [0, 1].

Definition. A point O is said to be the vertex of an outward peak with respect to Ω if this point has a
neighborhood U for which

A point O is said to be the vertex of a peak inward with respect to Ω if, for some neighborhood U of O,

For simplicity, we assume in what follows that ∂Ω ∩ U = {O} ∪ Γ– ∪ Γ+, where Γ± = {(x, ϕ±(x)): x ∈
(0, 1)}.

Below, we use the following notation. Let Γ = Γ– ∪ Γ+. For a function v defined on Γ, we set

We write v = (v–, v+). By  we denote the function defined on Γ by the condition

For f ∈ T (Ω)* and a Lipschitz function λ on ∂Ω, we set

We say that a functional f ∈ T (Ω) is supported on a curve γ ⊂ ∂Ω (and write suppf ⊂ γ) if v |γ = 0 implies
〈f, v〉 = 0.

We say that positive quantities a and b are equivalent (and write a ~ b) if c1 ≤ a/b ≤ c2 for positive con-
stants c1 and c2 not depending on a and b. By c we denote positive constants which do not depend on the
factors which they multiply and may take different values in the same chain of inequalities.

Throughout the rest of this section, Ω denotes a planar domain with an outward peak. Below, we define
a special partition of unity on ∂Ω\{O}, which plays an important role in what follows. Consider the
sequence {xk} defined by

x0 ∈ (0, 1) and xk + 1 + ϕ(xk + 1) = xk for k = 0, 1, ….

Clearly, {xk} decreases; moreover,

C0
∞ W p

1

W p
1/ p '– W p '

1/ p '–

f
W p '

1/ p '– sup f v,〈 〉 : v W p
1 1/ p– S( )∈ v, 1={ }.=

W p
1 W p '

1/ p '–

ϕ±'

U Ω∩ x y,( ): x 0 1,( )∈ ϕ– x( ), y ϕ+ x( )< <{ }.=

U\Ω x y,( ): x 0 1,( )∈ ϕ– x( ), y ϕ+ x( )< <{ }.=

v – x( ) v x ϕ– x( ),( ) and v + x( ) v x ϕ+ x( ),( ), where x 0 1,( ).∈= =

ṽ

ṽ( )– ṽ( )+ v + v –+( )/2.= =

W p
1

λf v,〈 〉 f λv,〈 〉 , where v TW p
1 Ω( ).∈=

W p
1

xk 0, xk 1+
1– xk 1, and ϕ xk 1+( ) 1– ϕ xk( ) 1.
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Let {µk}k ≥ 1 be a smooth partition of unity on the interval (0, x1] subordinate to the cover by the intervals

∆k = (xk + 1, xk – 1), i.e., a set of functions µk ∈ (∆k) satisfying the conditions

This partition can be constructed so that, first,

(9)

where the constants depend only on ϕ, and, secondly, the equality (x) = 1 holds at x ∈ (0, δ] for
some δ > x1.

We set µ0(x) = 0 for x < x1 and µ0(x) = 1 – µ1(x) for x ≥ x1. Obviously, (x) = 1 for all x ∈ (0, 1].
The partition of unity thus defined depends only on x0 and the function ϕ. In what follows, we assume it to
be fixed. We also set

Note that the partition of unity on (0, 1] induces a partition of unity on ∂Ω\{O}, whose elements defined by
µ0 = 1 on Γ0\Γ, µk(x, y) = µk(x) for (x, y) ∈ Γ and x ∈ ∆k, where k ≥ 0; for k ≥ 1, µk = 0 on ∂Ω\Γ.

For a plane domain with an outward peak, the space T (Ω) can be described explicitly [5; 6, 6.4]: it
consists of all functions of class Lp, loc(∂Ω\{O}) with finite norm

(10)

where

(11)

M(t, τ) = max{ϕ(t), ϕ(τ)}, and χ is the characteristic function of the interval (0, 1). Note that norm (10) is
equivalent to the norm .

In what follows, we need the following auxiliary assertions.

Lemma 2. Any function v ∈ T (Ω) can be represented as the sum

of three terms, each of which is a continuous linear function of v belonging to T (Ω).

Proof. Let us show that, for the first term,

(12)

It is sufficient to show that

(13)

and

(14)

C0
∞

0 µk 1 and µk x( )
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∑≤ ≤ 1 for x 0 x1 ].,(∈=

dist suppµk R1\∆k,( ) constϕ xk( ) and µk' constϕ xk( ) 1– ,≤≥

µkk 1≥∑
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Γ0 ∂Ω\ x y,( ) Γ: x∈ x1≤{ }.=
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v +

p
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Inequality (13) follows from

and the Lipschitz continuity of the function µ0 on ∂Ω (recall that  denotes the seminorm (1)). Let us
prove (14) for the function v–. Definition (11) implies

The first term on the right-hand side does not exceed c , because  = 0. In the second

term, integration is essentially over t > τ > x1; therefore, this term does not exceed c , where

 denotes seminorm (1). A similar argument proves (14) for the function v+. Thus, (12) does hold.

Now, let us show that

(15)

Since the support of the function 1 – µ0 is at a positive distance from Γ0\Γ, it follows that

(16)

For the function w = (1 – µ0) , we also have

combining this relation with (16), we obtain

(17)

Next,

This, together with (17), implies
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Note that (16) and (18) yield, in particular,

(19)

To complete the verification of (15), it suffices to show that

(20)

where (x) = v–(x) + v+(x). Indeed, it follows from definition (11) that the left-hand side of (20) does not
exceed the sum

note that the first term of this sum does not exceed the first term on the right-hand side of (20), and the sec-
ond term does not exceed the second term on the right-hand side of (20). To complete the proof of the
lemma, it remains to note that (12) and (15) imply the estimate

The following lemma asserts that each functional f ∈ T (Ω)* generates a family of functionals from

(∆k) for k = 1, 2, ….

Lemma 3. The mapping (∆k) � u � (–µku, µku) ∈ T (Ω) is continuous for k = 1, 2, ….

Proof. Let Ωk = {(x, y) ∈ W: x ∈ ∆k}. Consider the function v on ∂Ωk defined by v(x, y) = 0 for x = xk ± 1,

v(x, ϕ–(x)) = –µk(x)u(x), and v(x, ϕ+(x)) = µk(x)u(x). Since µk ∈ (∆k) and ϕ± ∈ C0, 1([0, 1]), it follows that

v ∈ (∂Ωk), and

where the constant does not depend on u. By a theorem of Gagliardo [2], there exists a continuous extension

operator (∂Ωk) � v � V ∈ (Ωk). Setting  = 0, we obtain a continuous extension operator

(∂Ωk) � v � V ∈ (Ω); therefore,

It remains to note that V– = –µku and V+ = µku.

Lemma 4. If v ∈ Lp, loc(∂Ω\{O}) and v(x, y) = 0 outside the set {(x, y) ∈ Γ: x < x0}, then the norm
 is equivalent to norm (10) from which the first term is omitted.

Proof. It is sufficient to verify the estimate

(21)

Since the support of v is at a positive distance from Γ0\Γ, it follows that

(22)
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and

Moreover,

In the last integral, |Q – M | ≥ const > 0; hence, this integral does not exceed c  and, therefore,

the right-hand side of (22). It remains to estimate the quantities . Clearly,

Let us represent the last integral as the sum of two integrals, over the set |t – τ| < max{ϕ(t), ϕ(τ)} and over

the complementary set. The former integral is at most , and in the latter is at most |t – τ| ≥ const > 0;
therefore,

The estimate obtained by replacing v– by v+ in this inequality is derived in a similar way. This proves (21).
To prove the main result, we need one more lemma.
Lemma 5. Suppose that u ∈ Lp, loc(0, 1) and u(x) = 0 for x > x0. Then, for sufficiently small x0, seminorm

(11) is transformed into an equivalent norm when the factor χ(|t – τ|/M(t, τ)) in the integrand is replaced
by χ(|t – τ|/(2M(t, τ))).

For p = 2, this assertion is known (see Lemma 8.3/2 in [6]). The proof for p ≠ 2 is the same except in
minor details, and we omit it.

3. THE SPACE T (Ω)* FOR A PLANAR DOMAIN 
WITH AN OUTWARD PEAK

Let Wp(0, 1) denote the space of functions from Lp, loc(0, 1) that have finite norm

where |· |p is the seminorm defined by (11).

The space T (Ω)* for a planar domain with an outward peak is described by the following theorem.

Theorem 1. Let Ω ⊂ R2 be a domain with an outward peak, and let {µk} be the partition of unity on
∂Ω\{O} constructed above.

(i) If f ∈ T (Ω)*, then f = f (1) + f (2) + f (3), where
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The functionals f (j) have the following properties. First, f (j) ∈ T (Ω)* for j = 1, 2, 3. Moreover, f (1) ∈

(Γ0) and supp f (1) ⊂ Γ0. The functionals f (2) and f (3) are supported on the set {(x, y) ∈ U ∩ ∂Ω: x <
x0}. The functional f (2) belongs to the class Wp(0, 1)* in the sense that

(23)

where the constant does not depend on v. The functional f (3) has the representation

(24)

where the functionals fk are defined by

and belong to the class (∆k). Moreover,

(25)

where the constant depends only on p and Ω.

(ii) Suppose that, for k ≥ 1, the functionals fk ∈ (∆k) are supported inside ∆k and the sum on the

left-hand side of (25) is finite. Then, the functional T (Ω) { v � 〈 f (3), v〉 defined by (24) is continuous
and supported on {(x, y) ∈ U ∩ ∂Ω: x < x0}; moreover,

(26)

where c = c(p, Ω). Suppose that, in addition, h ∈ (Γ0) and g ∈ Wp(0, 1)*. Let f (1) = µ0h, and let

(27)

Then, f (1), f (2) ∈ T (Ω)* and f (1) ∈ (Γ0).

Proof. (i) The inclusions f (j) ∈ T (Ω)* follow from Lemma 2. In the proof of the same lemma, the

inclusion f (1) ∈ (Γ0) is established (see inequality (13)). Estimate (23) follows from the proof of
Lemma 2 as well (see (16), (18), (20)).

Let us prove (25). By Lemma 3, fk ∈ (∆k). We set αk =  and choose a function uk ∈

(∆k) for which

For any positive integer N, we have
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Obviously, µk = (1 – µ0)µk for k ≥ 2. We have µ1 = (1 – µ0)µ1 on the interval [x2, x1] and µ1 = 1 – µ0 on the

interval [x1, x0]. Consider the function ν1 ∈ (∆1) defined by ν1 = µ1 on [x2, x1], ν1(x) = 1 for x ∈ [x1, x0]
and x ∈ suppµ1, and ν1 = 0 in a neighborhood of x0. The function µ1 can be represented as (1 – µ0)ν1. Let
νk = µk for k ≥ 2. Then, µk = (1 – µ0)νk for all k ≥ 1, and inequality (28) can be rewritten as

(29)

where

(30)

(recall that the expression v = (u, w) means that v is a function on Γ for which v– = u and v+ = w). Setting
νkuk = 0 outside ∆k, we extend vk to ∂Ω. Thus, the function v in (29), (30) is defined on ∂Ω, and by virtue of

 = 0, (29) implies

(31)

Let us estimate . Since v(x, ϕ±(x)) = 0 for x > x0 and v+ = –v–, it follows from Lemma 4 that

(32)

Here, |· |p denotes the seminorm defined by (11). Each point x ∈ (0, 1) belongs to at most two supports of

functions from the set . Therefore,

where  is the characteristic function of the interval ∆k. Thus,

Since  ≤ 1, it follows that the integral over ∆k is uniformly bounded with respect to k, and the

second term on the right-hand side of (32) does not exceed c . To estimate |v+ |p, note that

which implies

Since suppνk ⊂ ∆k, it follows that 
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ṽ

αk
p '

k 1=

N

∑ 2 f 3( )
v,〈 〉 .≤

v
TW p

1 Ω( )

v
TW p

1 Ω( )
p c v + p

p c v + x( ) pϕ x( )1 p– x.d

0

1

∫+≤

νk{ }k 1=
N

v + x( ) p αk
p ' 1– νk x( )uk x( )

k 1=

N

∑
p

c αk
p ' uk x( ) pχ∆k

x( ),
k 1=

N

∑≤=

χ∆k

v + x( ) pϕ x( )1 p– xd

0

1

∫ c αk
p ' uk

pϕ x( )1 p– x.d

∆k

∫
k 1=

N

∑≤

uk W p
1 1/ p– ∆k( )

αk
p '

k 1=
N∑

v + t( ) v + τ( )– p c αk
p ' νk t( )uk t( ) νk τ( )uk τ( )– p,

k 1=

N

∑≤

v + p
p c αk

p ' νkuk p
p.

k 1=

N

∑≤

c νkuk p
p νkuk[ ]p ∆k,

p νk t( )uk t( ) p t χ t τ–
M t τ,( )
-----------------⎝ ⎠

⎛ ⎞ τd

t τ– p
---------------,

τ ∆k∉
∫d

∆k

∫+≤



VESTNIK ST. PETERSBURG UNIVERSITY. MATHEMATICS     Vol. 41      No. 2      2008

ON THE SOLVABILITY OF THE NEUMANN PROBLEM FOR A PLANAR DOMAIN 155

where  is the seminorm defined by (1). By virtue of (9), in the last integral, we have |t – τ| ≥ cϕ(xk).
Moreover, ϕ(t) ~ ϕ(τ) provided that |t – τ| < M(t, τ). It follows that the double integral in (33) is bounded
above by the quantity

(34)

which is at most c , that is, does not exceed c. For the first term on the right-hand side of (33),

we have

(35)

The first term on the right-hand side at most c  ≤ c. To estimate the second term, note that  ≤
cϕ−1(xk), and hence this term has majorant (34). Thus, we have shown that the right-hand side of (32) does

not exceed c . This, together with (31) and (32), implies

which gives (25).

(ii) Suppose that v ∈ T (Ω) and u = v+ – v–. Since suppfk ⊂ ∆k, it follows that

Applying Hölder’s inequality, we obtain

Thus, to prove estimate (26), it suffices to show that the last factor does not exceed c . For this pur-

pose, we first estimate the general term of the last sum over {k ≥ 1, |i – k | ≤ 1}. We have

where |∆k | is the length of ∆k and  is the seminorm defined by (1). It follows that
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Since |i – k | ≤ 1, we have | | ≤ cϕ(xk)–1, and the next to last term on the right-hand side of (36) is bounded
above by the last term. Summing (36) over k and i and noting that ∆k × ∆k ⊂ {t, τ ∈ (0, 1): |t – τ| < 2M(t, τ)},
we obtain the estimate

(37)

in which

(we use the same notation as in (11)). We have I ≤ cI1 + cI2, where I1 and I2 are the integrals obtained by
replacing the factor |u(t) – u(τ)|p in the integrand I by

respectively. By Lemma 5, we have I1 ≤ c|(1 – µ0) , whence

therefore, I1 ≤ c  + . For I2, we have I2 ≤ cI3 + cI4, where

Since µ0(t) = 0 for t < x1, it follows that I3 ≤ c  and I4 ≤ c . Combining (37) with these
inequalities, we obtain

where u = v+ – v–. The right-hand side of this inequality does not exceed a constant multiplied by norm (10)
to the power p. This proves estimate (26).

To complete the proof of the theorem, note that the inclusion f (1) = µ0h ∈ (Γ0) for h ∈ (Γ0)
follows from Lemma 2. The continuity of functional (27) follows from the inclusion g ∈ Wp(0, 1)* and the

continuity of the mapping T (Ω) � v � (1 – µ0) , which is also implied by the proof of Lemma 2. This
proves the theorem.

Below, we state several corollaries of the theorem proved above. The first of them follows from the def-
inition of a solution to the Neumann problem considered in Section 1.

Corollary 1. If Neumann problem (2), (3) is solvable on a planar domain with an outward peak, then
the functional f can be represented as the sum of three terms f (1), f (2), and f (3) with the properties specified
in assertion (i) of the theorem, and if the functional f is the sum of three terms with the properties specified
in assertion (ii) of the theorem, then problem Neumann (2), (3) is uniquely solvable.

Suppose that f is a function on ∂Ω integrable to some power. Let f (3) be the functional constructed for f
in Theorem 1. Then, the minimal integrability exponent of f ensuring the continuity of f (3) is continuous is
characterized as follows.
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Corollary 2. Let Ω ⊂ R2 be a domain with an outward peak. We set q = p/(2 – p) for p < 2, q ∈ [1, ∞)
for p = 2, and q = ∞ for p > 2. Let q–1 + q'–1 = 1. Then, for f ∈ Lq'(∂Ω), the functional

(38)

is continuous on T (Ω), and its norm is at most c . Moreover, for all v ∈ T (Ω),

(39)

Proof. According to the theorem, it suffices to show that the right-hand side of (26) does not exceed

c , where the functionals fk ∈ (∆k) have the form

Using Hölder’s inequality, we obtain

(40)

where Γk = {(x, y) ∈ Γ: x ∈ ∆k}. Setting ϕk = ϕ(xk) for short, we write the Sobolev embedding (∆k) ⊂
Lq(∆k) in the form

Since the quantity in parentheses is equivalent to , it follows from this inequality and (40) that

Applying the algebraic inequality

and taking into account the inequality q' ≤ p', we obtain

This proves the first of the required assertions. Consider estimate (39). For v ∈ T (Ω) and f ∈ Lq'(Γ),
let Fv( f ) denote the integral in (38). What is said above implies

It follows that the norm of the functional Lq'(Γ) � f � Fv( f ) is at most c  and, therefore,

To complete the proof of estimate (39), it remains to verify that
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which proves the required estimate.
In conclusion, we state one more assertion concerning the solvability of the Neumann problem with

boundary condition from Lq'(∂Ω).
Proposition 1. Suppose that Ω is a planar domain with an outward peak, 1 ≤ q ≤ p/(2 – p) for p < 2, q ∈

[1, ∞) for p = 2, 1 ≤ q ≤ ∞ for p > 2, and q–1 + q'–1 = 1. Then, the following assertions are equivalent.
(A) Neumann problem (2), (3) is solvable for all f ∈ Lq'(∂Ω);

(B) The space T (Ω) is continuously embedded in Lq(∂Ω);

(C) For all f ∈ Lq'(∂Ω), the functional T (Ω) � v � vdsx is continuous;

(D) The mapping T (Ω) � v �  ∈ Lq(Γ) is continuous;

(E) The space Wp(0, 1) is continuously embedded in Lq(0, 1).

Proof. (A)  (B) Let V be the unit ball of (Ω), and let � = (Ω) ∩ L∞(Ω) ∩ C∞(Ω). For all v ∈
V ∩ � and f ∈ Lq'(∂Ω), equality (4) holds, which implies the pointwise boundedness of the family of func-

tionals Lq'(∂Ω) � f � 〈Fv, f 〉 = vds for v ∈ V ∩ �. Therefore, the norms ||Fv || are uniformly bounded

with respect to v. Thus,  ≤ const for v ∈ V ∩ �. This implies (B), because the set � is dense in

(Ω).

(B)  (C) Take f ∈ Lq'(∂Ω) and v ∈ T (Ω). Since T (Ω) is embedded in Lq(∂Ω), we have

which implies the required assertion.

(C)  (A) As shown in Section 1, the continuity of the functional T (Ω) � v � vdsx implies

the solvability of the Neumann problem. The equivalence of assertions (B) and (D) follows from Corollary 2.

(D)  (E) Let u ∈ Wp(0, 1), and let v ∈ T (Ω) be such that v+ = v– = (1 – µ0)u. Then, the continuity

of the mapping T (Ω) � v �  ∈ Lq(Γ) means that

Thus, the space Wp(0, 1) is embedded in Lq(0, 1).

(E)  (D) Let v ∈ T (Ω). Then,

whence

Remark. Using results of [7] (see also [6, 5.4]), we can supplement Proposition 1 as follows. It turns out
that each of assertions (A)–(E) is equivalent to the following assertion.
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Example. Consider the peak Ω = {(x, y) : x ∈ (0, 1), c1 < y/xλ < c2}, where λ > 1 and c2 > c1 > 0. Neumann
problem (2), (3) is solvable for all f ∈ Lq'(∂Ω) in the following cases:

(1) p ≥ 1 + λ and q ∈ [1, p);

(2) p < 1 + λ and 1 ≤ q < pmin{1, (1 + λ – p)–1};
(3) p > 1 + λ and p ≤ q ≤ ∞;
(4) p = 1 + λ and p ≤ q < ∞;
(5) 1 < p < 1 + λ and p ≤ q ≤ p/(1 + λ – p).

4. A PLANAR DOMAIN WITH AN INWARD PEAK

In this section, Ω denotes a planar domain with an inward peak vertex on the boundary in the sense of

the definition given at the beginning of Section 2. To describe the space T (Ω)*, we need a partition of
unity on ∂Ω\{O} different from that constructed in Section 2.

Let xk = 2–k – 1 for k = 0, 1, …. We set ∆k = (xk + 1, xk – 1) and take a smooth partition of unity {µk}k ≥ 1 on
the interval (0, x1] subordinate to the cover by the intervals ∆k. We require that

We set µ0(x) = 0 for x < x1, µ0(x) = 1 – µ1(x) for x ∈ [x1, 1], and µ0 = 1 on the curve ∂Ω\ . Suppose that

Then, the set of functions {µk}k ≥ 0 induces a partition of unity on ∂Ω\{O} subordinate to the cover {Γk}k ≥ 0
in the sense that µk = 0 on ∂Ω\Γk.

The space T (Ω) with p ∈ (1, ∞) can be described explicitly as follows [8; 6, 6.5]. It consists of func-
tions v ∈ Lp(∂Ω) with finite norm

(41)

Moreover, the norm  is equivalent to (41). Lemmas 2 and 3 carry over to domains with an inward

peak without any changes, and Lemma 4 becomes valid for such a domain when norm (10) is changed for
(41). An argument similar to (and even somewhat simpler than) that used in the proof of Theorem 1 gives

the following description of the space T (Ω)*.

Theorem 2. Let Ω ⊂ R2 be a domain with an inward peak, and let {µk} be the partition of unity on
∂Ω\{O} constructed in this section.

(i) If f ∈ T (Ω)*, then f = f (1) + f (2) + f (3), where the functionals f (j) are defined as in Theorem 1. The

functional f (2) belongs to the class (0, 1) in the sense that

where the constant does not depend on v ∈ T (Ω), and f (1) and f (3) have the properties specified in asser-
tion (i) of Theorem 1.

(ii) Suppose that fk ∈ (∆k) and suppfk ⊂ ∆k for k ≥ 1. If the sum on the left-hand side of (25) is finite,
then the functional f (3) defined by (24) is continuous and supported on the set {(x, y) ∈ U ∩ ∂Ω: x < x0}, and

estimate (26) holds. Moreover, if h ∈ (Γ0), g ∈ (0, 1), f (1) = µ0h, and f (2) is the functional

defined by (27), then f (1), f (2) ∈ T (Ω)*, and, moreover, f (1) ∈ (Γ0).

W p
1

dist suppµk R1\∆k,( ) c2 k– and µk' c2k for k≤≥ 1 2 …., ,=

Γ
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TW p

1 Ω( )

W p
1

W p
1

W p '
1/ p '–

f 2( )
v,〈 〉 c v – v ++

W p
1 1/ p+ 0 1,( )

,≤

W p
1
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1/ p '– W p '
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