Sharp pointwise estimates for solutions of strongly elliptic second
order systems with boundary data from L?
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Abstract

The strongly elliptic system A;;0%u/dz;0x; = 0 with constant m x m matrix valued coefficients
A;ij = Aj; for a vector valued function w = (u1,...,um) in the half-space R} = {z = (z1,...,25) : Tn >

0} as well as in a domain Q@ C R™ with smooth boundary 92 and compact closure 2 is considered. A
representation for the sharp constant C, in the inequality

u(@)] < Cp 2™ ||ulo, ol

is obtained, where | - | is the length of a vector in the m-dimensional Euclidean space, € R}, and || ||,
is the LP-norm of the modulus of an m-component vector valued function, 1 < p < co.
It is shown that

. n—1
Jim o — 0" sup {lu(@)] : [luloall, < 1} = C,(0),
where O, is a point at 92 nearest to x € 2, u is the solution of Dirichlet problem in € for the strongly
elliptic system A;;0%u/0z;0x; = 0 with boundary data from [LP(8Q)]™, and C,(Oy) is the sharp constant
in the above mentioned inequality for w in the tangent space R} (O;) to 92 at O,. As examples, Lamé
and Stokes systems are considered. For instance, in the case of the Stokes system, the explicit formula

(p—1)/p
2 -1
Lo [T
P 7'('("744’1’*1)/(217) T ( n+1 )
2p—2

is derived, where 1 < p < oo.
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0. Introduction

In this paper we consider solutions w = (u1, ..., u;) of the strongly elliptic second order system
n
0*u
Aij —— =0 0.1
2 A G, .
7,7=1
with constant real m x m matrix valued coefficients A;; = Aj; in the half-space R} = {z = (z1,...,2y :

2y, > 0} as well as in a domain Q C R™ with smooth boundary 92 and compact closure {2.
We find a representation for the sharp constant C, in the inequality

Ju(2)] < Cp 2l /P fJu

In:0||p7 (02)



where x is an arbitrary point in R’} , u is the solution of the system (0.1) with boundary data from [L? (OR";)]™
(see [20]), | - | is the length of a vector in m-dimensional Euclidean space, and || - ||, is the LP-norm of the
modulus of an m-component vector valued function, 1 < p < co.

The value C, is connected with the asymptotic behaviour of solutions to system (0.1) near the boundary
0. In particular, we show that

Jim o= 0" sup {fu(@)] < ulaall, < 1} = €,(02), (0.3)
where O, is a point at 02 nearest to x € §2, u is solution of the Dirichlet problem in € for strongly elliptic
system (0.1) with boundary data from [LP(9€)]™, and C,(O;) is the sharp constant in the inequality (0.2)
for the tangent space R’} (O,) to 00 at O,.

The derivation of the explicit formulas for the sharp constant in the inequality (0.2) for solutions of the
Lamé and Stokes systems is reduced to an optimization problem on the unit sphere S*~!. This problem can
be explicitly solved for any p € [1,00] in the case of the Stokes system. We obtain also the estimates with
sharp constants for the modulus of solutions to the Stokes and Lamé systems in the center of a ball by the
integral means of order p of the modulus of boundary values on the sphere.

The first section is auxiliary. We consider the operator
1) = [ G f@uto)

acting from the space [LP(X, A, u)]™ ([LP (X, A, u)]™) of real (complex) vector-valued n-component functions
into the m-dimensional Euclidean space R™ (the unitary space C™). Here (X, A, n) is the space with a
measure, G = ((g;;)) is the m x n matrix-valued function with real (complex) components g;; € LI(X, A, 1)
(g9ij € LY(X, A, ), 1 <p<oo,1/p+1/qg=1and the norm in [LP(X, A, pn)]" ([LP(X, A, )]") is defined by

it ={ [ If(x)l”du(w)}l/p,

for 1 <p < oo and ||f]|ec = ess sup{|f(z)| : @ € X}, where | - | is the length of a vector in R™ (C™). We
derive a representation for the norm

Tl = sup [|G"2l[g, (0-4)

|z|=1
where G* stands for the transposed (adjoint) matrix of G and z € R™ (z € C™).

In Section 2, applying (0.4), we obtain a representation for the constant C, in the inequality (0.2) for
solutions of Dirichlet problem for the system (0.1) in the half-space R’}. A representation of the sharp
constant in (0.2) for the system (0.1) in case p = oo was derived earlier in [13]. Sharp pointwise estimates of
solutions to elliptic systems with boundary data subject to some algebraic conditions are obtained in [9].

In Section 3 it is shown, that for any solution u of the Dirichlet problem in €2 for the system (0.1) with
boundary data from [L,(09)]™ and all = € Q the relation

sup {u(@)] : [[uloally < 1} = Co(O2)|z = Oa "7/ 1 O(Jz = 0,5 (-1/7) (0.5)

holds for some € > 0. Here O, is a point at JQ nearest to x € Q, and C,(O,) is the best constant in (0.2)
for the half-space R’} (O,). Equality (0.3) is an immediate consequence of (0.5).

In Section 4 we consider the Stokes system
vAu —grad p =0, divu =0,
in the half-space R’} , n > 2, with the boundary condition

ul, =1

T,=0



where v is the kinematic coefficient of viscosity, u = (u1,...,u,) is the velocity vector of a fluid, p is the
pressure in the fluid, and f € [LP(OR" )]". Despite the fact that the Stokes system is not strongly elliptic,
the representation for the velocity vector w in the half-space is of the same nature as in the case of strongly
elliptic systems. Hence, the result obtained in Section 2 applies to the Stokes system. It is shown, that for
any = € R’ the sharp coefficient C, in the inequality (0.2) for the velocity vector w defined by a solution
(u,p) of the Stokes system is given by

o = 2r(?) o= ()
o TVAD ()
d
o optn—1) ) PP
L) [T(%E)
P p(n+p-1)/(2p) n
s p P F(thlzp)

for 1 < p < oo. In particular, Co, = 4/7 for n = 2 and Co, = 3/2 for n = 3.

In Section 5 we find a representation of the sharp constant in the inequality
[w(0)] < H, Mp(u; 0B,),

where w is the velocity vector, and M,(u;dB,) is the integral mean of order p for the modulus of w on the
sphere OB, = {x € R™ : |z| = r}. In particular, it is shown that

n(n+1) nyn+3
Ty =T

Hy =
Section 6 concerns the Lamé system
pAu 4+ (A4 p)grad divu =0
in the half-space R} with the boundary condition

u|zn:0 = ‘f’

where A and p are the Lamé constants, w = (uq,...,u,) is the displacement vector of an elastic medium,
and f € [LP(OR")]". We find a representation for the sharp constant C, in (0.2). In particular, we show
that

. 1/2
Cie = L+ %(nw—n/lz)]l“ (n/2)7 Cooe = {21;7(;1/)2 [1 +(n—1)+ 1+ (n— 1)%)2} } ;

where s = (A + p)(A + 3p) L.
The sharp constants in (0.2) for the Lamé and Stokes systems in the case p = oo were found in [13].

The concluding Section 7 is dedicated to the sharp constant in
[w(0)] < By, My(u; OBy)
where wu is a solution of the three-dimensional Lamé system in a ball. We show, in particular, that

3(1+3 3
B, = SL+3%) Bo, = —— (1752 — 2:c+ 3)'/%.
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1. The norm of a linear bounded operator defined on the LP-space of
m~component vector valued functions and acting into R™

By | -] and (+,-) we denote the length of a vector and the inner product in the unitary finite dimensional
space C™ and in the Euclidean space R™, i.e. for z = (z1,...,2m) and ¢ = ((1,...,(m) € C™ we put
(2,$) =210+ -+ 4 ZmCm and |z| = (2, 2)'/2. Let (X, A, 1) be a measure space, let p satisfy 1 < p < oo,
and let ¢ be defined by 1/p+1/q = 1.

Tt is known (see, f.e., [4], Proposition 3.5.2 and Ex. 2, p. 153), that each element g € L1(X, A, ;1) induces
a bounded linear functional &, on LP(X, A, 1) by means of the formula

%mzfj@mmW@,

and that the operator ® mapping g to ®, is an isometry of LI(X, A, n) into (LP(X, A, p))*. A similar
assertion holds for functionals on LP(X, A, 1) (see Sect. 3.3, 3.5 v [4]).
Moreover, the following statement is known ([4], Theorem 4.5.1).

Theorem 1. If p = 1 and pu is o-finite, or if 1 < p < oo and p is arbitrary, then the operator @ :
LI(X, A ) — (LP(X, A, p))* in the real case, and the operator ® : LY(X, A, p) — (LP(X, A, p))* in the
complex case, defined above is an isometric isomorphism.

We introduce the spaces [LP(X A, u)]™ and [LP(X, A, u)]™ of real and complex vector-valued functions
f=(f1,..., fn) with components in L?(X, A, ) and LP(X, A, u), respectively, endowed with the norm

|fM—{LV@wwuﬁw, (1)

for 1 <p < oo, and ||f||ec = ess sup{|f(z)|: z € X}.

The next assertion follows directly from the above theorem on the representation of a linear functional
on the spaces LP(X, A, n) and LP(X, A, ).

Corollary 1. If p = 1 and p is o-finite, or if 1 < p < oo and p is arbitrary, then any linear bounded
operator T : [LP(X, A, p)|" — R™ (T : [LP(X, A, pn)]* — C™) admits the representation

1) = [ G@f@uto)
where G = ((gi;)) is the m x n matriz valued function with elements g;; € LY(X, A, u) (respectively, g;; €
LI(X, A ).

Proof. We consider the space of real valued functions. The case of complex valued functions is treated in
the same way. Let T be an arbitrary linear bounded operator [LP (X, A, u)]™ — R™,

T:(f)
= | (1.2)
T (f)
where T1,...,T,, are functionals on [LP(X, A, 1)]". Clearly, the functionals T7y,...,T,, are linear and, in
view of
m 1/2
T5(f) < ZlTi(f)d = TN < Tl [1F1]p:
i=1

they are bounded, where ||T'||, is the norm of the operator T : [LP(X, A, u)]™ — R™.



Further, for any function f = (f1,..., fn) € [LP(X, A, u)]™ there holds

T;(f) = Ti(f1,0,...,0) + T;(0, f2,...,0) + - + T3(0, ..., 0, fp). (1.3)
We introduce the notation
Ti(f1) =Ti(f1,0,...,0),......... s Tin(fn) = T3(0,...,0, fn). (1.4)

Clearly, each of the functionals Tj1,...,T;, is linear and bounded on LP(X, A, ). Hence, by Theorem 1,
T;;(f;) admits the representation

T5(5) = [ @y (@)dute). (1.5
1<i<m,1<j<n,where g;; € LY(X, A, ). Thus, (1.3)-(1.5) imply
L) = 3 Tith) = Y [ Sl (a)duta). (1.6)
j=1 j=17%
Combining (1.2), (1.6) and the notation G = ((gs5)), 1 <i <m, 1 <j <n, we complete the proof. O

The following assertion contains a representation of the norm ||T'||, of the integral operator T' defined on
[LP (X, A, )™ ([LP (X, A, 1)), 1 < p < oo, and acting into R™ (C™).

Proposition 1. Let (X, A, 1) be a measure space, let p satisfy 1 < p < oo, and let q be defined by 1/p+1/q =
1. Let, further, G = ((gi;)) be an m x n matriz valued function with the elements g;; € LI(X, A, p)
(gs5 € LUX, A, 1)) whose values gi; (|gi;|) are everywhere finite. The norm of the linear continuous operator

T:[LP(X, A p))™ — R™ (T : [Ly(X, A, pn)™ — C™) defined by

- | G f@auta) (1.7)
is equal to
Il = st 16"l (1.8)

where G* stands for the transposed (adjoint) matriz of G and z € R™ (z € C™).

Proof. We deduce (1.8) for the operator T': [LP(X, A, u)]™ — C™ defined by (1.7). The case of the operator
T:[LP(X, A, u)]™ — R™ is treated in the same way.
1. Upper estimate for ||T||,. For any vector z € C™,

T().2) = [ (C@f@).2aua) = [ (F@).6@)2dn). (1.9
where we denote by G* the adjoint matrix of G. Hence by Holder’s inequality
1.2 < [ 105@). G @2)ldu(o) < [ 16" @211 @)ldu(o) < 162111
Therefore, taking into account that |T'(f)| = sup{|(T'(f), z)| : |z| = 1} we arrive at the estimate
Tl < Sup, 1G]]y (1.10)

2. Lower estimate for ||T||,. Let us fix z € S™ ' = {z € C™ : |z| = 1}. We introduce the vector-valued
function with n components

h:(z) = g.(x)h(z), (1.11)



where h € L,(X, A, 1), ||h||, <1, and
G*(2)z|G*(z)z| 71 for |G*(z)z| #0,
9:(z) =
0 for |G*(z)z] =0.

Note that h, € [LP(X, A, )" and ||h;||, < 1. Setting (1.11) as f in (1.9) we find

(T(hz),Z)=(T(gzh),Z)=/X(gz(x),G*(JJ)Z)h(x)du(x)=/X|G*(x)Z|h($)du(w)-

Hence
ITll, = sup [T(f)[= sup [T(g.h)[= sup [(T(g.h),z)
<1 Ihllp<1 [IAllp<1
— s / G (2) 2 (@) ()| = 167 2.

[Ihllp<1 1/ X

By the arbitrariness of z € S™ 1,
1T, = sup [|G"z][g,
|z|=1

which together with (1.10) leads to (1.8). O

2. Elliptic systems in a half-space

We introduce some notation used henceforth. Let z € R} = {z = (2/,z,) : 2/ = (#1,...,2,-1) €
R* 1z, > 0} and S"~! = {z € R" : |z| = 1}. By [C®(R7)]™ we denote the space of m—g)nmponent
vector valued functions with continuous derivatives up to the second order in R7". Further, [C(R, )]" and

[C(OR")]™ will stand for the spaces of continuous and bounded m-component vector valued functions on

RZ and OR"}, respectively.
We introduce the strongly elliptic operator

AD,) = Y Ay 0°/0x;0u;, (2.1)
i,j=1

where D, = (0/0x1,...,0/0z,) and A;; = A;; are constant real m x m matrices. The strong ellipticity of
A(D;) means that the inequality

Z -AijUinC7C >0

ij=1

is valid for all ¢ = (¢1,...,¢m) € R™\{0} and o = (01,...,0,) € R"\{0}.
According to [12, 20], there exists a bounded solution of the problem

ADy)u=0 in R}, w=f on JR], (2.2)

where f € [C(OR")]™, which is continuous up to OR’, and this solution can be represented in the form

w(z) = /BF(y‘I) Tn £y )y (23)

ly —x|) |y —z|"

Here y = (v/,0),4" = (y1,..-,Yn—1), and F is a m x m matrix valued function with continuous components
on the closure of the hemisphere S” ! = {zeR": |z|=1, z, <0}.



The uniqueness of a solution to the Dirichlet problem (2.2) in the class [C(2)(R7}r)]m with boundary data
from [LP(OR’)]™ can be derived by means of a standard argument, from (2.3) and from local estimates for
derivatives of solutions to elliptic systems (see [3, 17]).

By || - ||, we denote the norm in the space [LP(OR"})]™, that is

Hﬂp={éw

+

1/p
|f(33')|pd$'} 7
if 1 <p<oo,and ||f||ec = ess sup{|f(a')| : 2’ € OR" }.

Proposition 2. Let x be an arbitrary point in R" and let z € R™. The sharp coefficient Kpy(x) in the
inequality

lu(z)| < Kp(@)|uls,=ollp (2.4)
is given by
K,(z) =C, zl=™/P, (2.5)
where
Ci=sup sup |F*(e,)z|(es,—en)", (2.6)
|z|=1 gesn1
Cow = sup / F* (e,)2|do, 2.7)
|z|=1Js" !
and
(p—1)/p
Cp, = sup {/ F*(eg)z|p/(”_1)(ea,—en)”/(p_l)da} (2.8)
|z[=1 [ Js2~!

or 1 < p < co. Here e, is the n-dimensional unit vector joining the origin to a point ¢ € S"™ 1, and
[ p J g g p )
denotes the transposition of a matrix.

Proof. By Proposition 1 and (2.3), the sharp constant K,(x) in (2.4) is given by

- 1 xd Ha
Kp(x) = sup / F* < 4 ) z m—dy’ ,
lzl=1 | Jorn ly — | ly — x|

where 1 < p < co. Putting p = |y — 2’|, we write the last equality as follows

q 1/q
> * pe; — Tp€n x% n—
Kp(z) = sup {/ do/ F ( 1/2> z a7z P 2dp} , (2.9)
lzl=1 |Jsm=2@)  Jo [ p? + 22] [ % +22]

where e = (y — /)|y’ — 2'|7%, and S"~2(2’) is the (n — 2)-dimensional unit sphere with the center at the
point z’.

Now we make the change of variable p = z, tanp in (2.9) with ¢ standing for the angle between the
vectors pel — x,e, and —e,, and obtain

lz|=1

/2 1/q
Kp(z) = z{t=ma=D/a gy {/ da/ |F* (€], sing — e, cos @) z|? cos™ ™D o sin" 2 dgp} .
sn—2 (') 0

Using the independence of the integral on 2’ and the notation

/.
e, = e, siny — e, cos p,



we arrive at (2.5) with C, defined by (2.8). In particular, (2.8) becomes (2.7) for p = cc.
Next note that by Proposition 1 and (2.3), the sharp constant in (2.4) with p = 1 can be written as

()
ly — 2| ly — x|

Setting here |y’ — 2'| = x5, tang, 0 < ¢ < 7/2, we find

Ki(z) = sup sup
|z|=1 y€ORY

Ki(z) =2, ™ sup sup |F*(el sinp —e,cosp)z|cos™ ¢ =z.7P sup sup |F*(e,)z|(€y, —€n)",

n
|21=1 0<p<r/2 |z|=1 gn

which implies (2.5) with p = 1 and with C; defined by (2.6). O

3. Asymptotic formula involving the Poisson matrix in a domain

In what follows, by smoothness we mean the membership in C*°. Suppose 2 is a domain in R™ with
smooth boundary 99 and compact closure Q. By v(y) we denote the unit interior normal to 92 at a point
y € 00. Let R (y) = {z € R": (z,v(y)) > 0}, R(y) = {z € R": (z,v(y)) <0} and R""!(y) = OR% (y).

We consider the Dirichlet problem

A(Dg)ug =0 in Q, u9|89 =g (3.1)
for the strongly elliptic operator 2(D,,), defined by (2.1), with g € [L,(9Q)]™.

Theorem 2. For all x € Q)

sup {Jug(2)] : llglly < 1} = (Ol = Ou =D/ 10| — Oy~ w1/

with some € > 0. Here Oy is a point at OQ nearest to x € Q, and C,(O,) is the best constant in (2.5) for
the half-space R’ (O).

Before giving a proof of this theorem, we formulate its obvious corollary.

Corollary 2. The equality

lim [z = 0, sup {Jug (@) : lglly < 1} = €,(O.)

x—0,
holds.

Proof of the Theorem. The Poisson matrix of problem (3.1) with singularity at the point y € 9Q will be
denoted by Po(z,y). In other words, P, satisfies the problem

A(Dz)Pa(z,y) =0 for x € Q,  Po(z,y) =0(y—x)I for z €9,

where 4 is the Dirac function and I is the m x m identity matrix. We put Po(z,y) = 0 for z € R*\Q.

The notation II(x,y) will be used for the Poisson matrix with singularity at y of the Dirichlet problem
for the operator (D) in the half-space R (y). The matrix-function & — II(z,y) is extended by zero to the
half-space R” (y). Clearly,

nGeg) = O 2 7 (00 v (32)
e (22 v - (L5 w0 | <cli- ol (33)



and || - || is the matrix norm induced by the Euclidean norm in R™. Tt is well-known (see Krasovskii [6, 7],
Solonnikov [18, 19]) that for z € 2 and y € 99

1Pa(z,y) — L(z, )l < c(eo) o —y[>" 7%, (3.4)
where &, is an arbitrary positive number. Therefore, for 2 € Q and any z € S~}
1P, )2 = T (2, 2]l oapm < e(eo) Il o — 27775 1 o0 < cx(e)la — O,/ (3.5)

with some € > 0. Using (3.2) and (3.3), we arrive at the estimate

5252 (25 w0 [EF25R2 (25 w00)

[ al”

[Lq (0] [Lq(O)]™

< cp(e)|r — Oy [f~ (= D/p, (3.6)

Since OR" (O,) is tangent to 0 at the point O, one can see that

' | e (= vion) - | (= veen)-

[ —al”

[Lq (O] [Lq (R~ (Oz))]™

< es(e)|r — Oy [f~ (= D/p, (3.7)

Using (3.2) and combining (3.5), (3.6) and (3.7), we obtain for any z € S"~1

‘ 1Po (2, )2l 1, 00 , V((’)x)> z

[Lg(R™=1(Ox))]™

< ey(e)|x — Oy s~ D/p, (3.8)

The second norm in (3.8) is equal to

—1
_ O, =1/p / F* o
[ = Ol o T \TT 02 4 o) 12

which, after taking the supremum over z € S*~!, becomes

g do 1/q
Z 1 L _9Nm /O b
(T +1oR)

Cp(oz”x - OZ|_(n_1)/p

by Proposition 2. Combining this with (3.8), we complete the proof of Theorem 2. O

4. The Stokes system in the half-space

Consider the Stokes system
vAu —gradp =0, divu=0 in R}, n>2, (4.1)

with the boundary condition
u|mn:0 =f, (4.2)



where v is the kinematic coefficient of viscosity, u = (u1,...,u,) is the velocity vector of a fluid, p is the
pressure in the fluid, and f = (f1,..., fn) is a continuous and bounded vector valued function on OR’}.

The solution u of the Dirichlet problem for the Stokes system in the half-space R’} which is bounded and
continuous up to OR’! admits the representation (see [11])

- T
u) = [ s (25 e rha (43)
orr \ly—=|/ |y — =l
where x € R, y = (¥/,0), ¥' = (Y1,.--,Yn—1), and S(e,) is the n x n matrix valued function on the unit
sphere S*~1 of R™ with the elements
2n
w—n(ea, e)(es, €ej), (4.4)

and w,, = 27"/2/T'(n/2) is the area of S*~ 1.

The uniqueness of solutions of the Dirichlet problem (4.1), (4.2) in the class [C® (R?)]" with boundary
data from [LP(OR’)]" can be derived by means of a standard argument from (4.3) and local estimates for
derivatives of solutions to elliptic systems (see [3, 17]).

Theorem 3. Let x be an arbitrary point in R;. The sharp coefficient Kp(x) in the inequality
u(z)] < Kp(@)| |z, —ollp (4.5)

for the velocity vector w defined by a solution (u,p) of the Stokes system is given by

Kp(z) =Cp zll =/, (4.6)
where QF(” 2) QF(” 2)
2 "2
= co — 5 4.
and (1),
p—1)/p
o (nt2 T 2p+f L
Cp ( 2 ) ( 2p—2 ) (48)

for 1 < p < oco. In particular,

2n—17rn/2

. {<+l>r<>}/ W)

Proof. Since the solution of the Dirichlet problem (4.1), (4.2) is given by (4.3), it obeys Proposition 2. Since
the elements of the matrix S are defined by (4.4), it follows that

5" (e0)z] = i—n|(emz)!, (4.10)

n

which together with (2.4), (2.5), and (2.8) implies

9 (p—1)/p
Cp = - sup {/ 1 ‘(eoaz)|p/(p_1)<em _en)n/(p_l)da} )
S

Wn, |z|=1

where 1 < p < co. Noting that the function |(e,, —e,)| is even on the sphere S"~!, we can write C, as

9l/p _ /(o (p—1)/p
Cp= n sup {/ ) |(ea,z)|p/(p 1)|(eg,en)| /e 1)dcr} . (4.11)
sn-

Wn, |z|=1

10



This immediately implies the lower estimate

ol/p ")/ (o (r—1)/p
62 2 Jemen| o) (112)
Sn—l

Wn

Next we derive the upper estimate for C,. Setting

p+n p+n
l= , §= ,
n p

and noting that 1/s + 1/l = 1, we have by Holder’s inequality

/ | €y, 2 {p/p 1)| (e, en) ’n/(znfl)daS {/ | ey, 2 |p8/p 1)d } e {/ |(eme")|"l/(p1)do}l/l.
Sn—1 S§n—1 S§n—1

Taking into account that ps = nl = p+n and that the first integral in the right-hand side is independent on

z, we find
/ | €5, 2 ’p/(p 1)‘ €s,€ n)’n/(p_l)da S/ | emen |(p+n)/(l) 1)d
- Snfl

which together with (4.11) leads to

21/p ) /(o (p—1)/p
G {/ l(eq, €0)] 7T/ 1>d0} .
§n—1

Wn

Combining this with (4.12), we arrive at the equality

ol/p ")/ (o (r—1)/p
6= Nemen] ™00k (413)

Wn

where 1 < p < co. The formula (4.8) follows from (4.13) and

/2 it
/ ’(ef” €n) |(p+n)/(p 1)dU = 20%71/ Cosrtl 9sin™ "2 9dd
Sn—l 0

2ptn—1
_ 2p(nmD)/2 (219 +tn—1mn- 1) — 9p(n—1)/2 M
n—1 ’ - ’

I (%) -2 2 T (350)

where B(u,v) is the Beta-function. Passing to the limit in (4.8) as p — oo, we arrive at the second equality
n (4.7).
Combining (2.6) and (4.10), we obtain

2n 2 I'(n/2
Ci=sup sup |S*(e,)z|(e;,—e,)" = sup sup —| eg,z)](eg,—en)” = Ln/é),
|=1=1 gesm oest! |zl=1Wn Wn T
which proves the first equality in (4.7). O

5. The Stokes function in a ball

The Stokes function in a ball B, = {x € R" : |z| < r} is a solution uw € [C?(B,)]" N [C(B,)]" of the
system
vAu —grad p =0, divu =c,

11



where ¢ is a constant.

The value of the Stokes function u € [C(9B,.)]™ at the center of the ball B, satisfies (see Kratz [8])

n

u(0) = M(o)u(o)do,

2wnr™= Jop,
where M is n X n matrix valued function on 0B, with the elements
—0ij + (n+2)(es, ;) (s, ).

The estimate of |u(0)| given below contains the integral mean of order p

1 1/17
mywion) = { s [ pupas}

Proposition 3. The sharp constant 'H, in the inequality
[w(0)] < Hy, My(u; OBy)

is given by ( N
nn +
Hy = S

and
p—1
P

n rz /2 T L
Hp:Ql/p{fF((Q" >/ [1+n(n+2)cosq9 77 gin 219d19}

for 1 < p < oco. In particular,
nvn+3
—

Proof. By (5.1) and Proposition 1, the sharp constant in

Ho =

[w(0)] < H,p Mp(u; OB,)

can be written as
1/p

n(wpr™ !
(wnr ) ‘Slllp |[M*2]| L, 58,)-
z|=1

2wy rn—1

H, =

Hence, taking into account that

M (0)2] = [14 nln +2)(ep. 2]

for any |z| =1 and p € (1, 00], we obtain

n(wnrnfl)l/p 1/q

H, = ") b {/am (14 n(n+2)(e,. )Q}q/zda}

2(4)”7"” 1 |z]=1

n—1\1/p (n—1)/q /2 1/q
_ n((-dn"" ) _T Sup {/ |:1 +TL(’H, + 2)(60, )2:|q do—}
S§n—1

1
2‘*}717“" |z|=1

p—1

A ‘

/2
- n 2(p 1) n—=2
= 72%(1”*1)/17 {anl /0 [1 + n(n + 2) cos 19} sin™ ™= ¢ dﬂ}
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which implies (5.4).
To get (5.3) we combine (5.5) and (5.6)

wyrn~t 212 n(n+1)
= ot (0, [Tl 20 2?) = T ©3)
O
Remark 1. For instance,
6 2v/2
Hi=3, Ha=V5 HW=E<”f>
T 3
for n = 2, and
3 V15
Hi =6, ngiv%, Hw::3+4irbg@+wﬂ5)
for n = 3, where F is the complete elliptic integral of the second kind.
Note that the inequality
[u(0)] < Hoo sup |u(()]
¢€eoB1
with the sharp constant
T (2 /2 1/2
Hoo = ———2tr / [1 +n(n+2)cos’ 9| sin" 29 dv
VA () Jo
was obtained by Kratz [8].
6. The Lamé system in a half-space
Consider the Lamé system
pAu 4 (A + p)grad diveu =0 in R, n > 2, (6.1)
with the boundary condition
u|xn:0 = f’ (62)
where A and p are the Lamé constants, w = (uq,...,u,) is the displacement vector of an elastic medium,

f=(f1,..., fa) is a continuous and bounded vector valued function on OR’ .
The solution w of the Dirichlet problem for the Lamé system in the half-space R} which is bounded and
continuous up to OR’ admits the representation (see [10])

y—x Tn
m@:/ L( ) _ )y, (6.3)
orr \ly—=z|) ly—z
where z € R}, y = (¢/,0), ¥ = (y1,-..,Yn—1). Here L(e,) is the n x n matrix valued function on the sphere
S"~! of R™ with the elements 5
o (1 =)0 + nx(es, ei)(es, €5)], (6.4)

where 2 = (A + p)(A+ 3p) ™!, and w,, being the area of S*~!. From usual assumptions g > 0, 3\ +2u > 0
of elasticity theory, it follows that 0 < s < 1.

The uniqueness of solutions of the Dirichlet problem (6.1), (6.2) in the class [C® (R%)]" with boundary
data from [LP(OR’)]" can be derived by means of a standard argument from (6.3) and local estimates for
derivatives of solutions of elliptic systems (see [3, 17]).
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Theorem 4. Let x be an arbitrary point in R’ and let z € R™. The sharp coefficient KCp ,.(x) in the
inequality

[u(2)] < Kp,oo()][u]2, =0l (6.5)
for a solution w of the Lamé system is given by
Kpse(z) =Cp s z{1=m/p, (6.6)
where ) DT (n/2
¢ = DIr /) .
) n/2
2r' (2) /2 1/2
Coore = 2. / [(1 — 50)% 4 nse(nsx — 25 + 2) cos® 0} sin” 2 0do, (6.8)
val (251) Jo
and
91/p =T (»—1)/p
Cp, = —— sup {/ [(1 — 2)% 4 nxe(nzx — 20+ 2)(er, 2)*| 7| (€, en)|"/(p1)da} (6.9)
Wn |z]=1 (Jsn—1
for1 < p<oo.
In particular,
o2zl & 1/(2k)
Ca = {/ [(1 — 502 + nselnse — 25+ 2)(eq, en)z] (o, en)|(2k1)"dcf} . (6.10)
- Whn, sn—1

where k is a natural number.
As a particular case of (6.10) one has

ongn/2

" 1/2
CQ,%:{ r(3) {1+(n_1)%2+ (1+(n—1)%)2]} . (6.11)

Proof. Since the solution of the Dirichlet problem (6.1), (6.2) is given by (6.3), it follows that it obeys
Proposition 2. Taking into account that the elements of the matrix L are given by (6.4), we find

2 1/2
|L*(es)z| = — [(1 — 20)2 + nae(nzx — 2+ 2)(es, z)ﬂ ) (6.12)
Wn
which together with (2.4), (2.5) and 2.8) leads to

(p—1)/p
2 %
Cpx = — sup {/ {(1 — 20)? 4 nse(nz — 22 + 2)(eg,z)2} o=y (€s, —en)"/(Pl)dJ}

srt

Wn |z|=1

for 1 < p < co. The function |(e,, —e,)| is even on the sphere S"~1, therefore the last equality can be
written as (6.9).
Passing to the limit in (6.9) as p — oo, we find

1 1/2
Coo e = — SUD / [(1 — 30)% 4 nx(ns — 25+ 2) (e, z)ﬂ do,
Wn |z|=1Jsn—1
which implies by the independence of the last integral on z
20wy, — /2 1/2
Coo s = Wn—1 / [(1 — 50)% 4 nx(nse — 25¢ + 2) cos? 19} sin” 2 dy.
Wn, 0

14



Thus (6.8) follows.
By (2.6) and (6.12) we have

Ci = sup sup |L*(es)z|(es,—€n)"
|z|=1 gesn—!
2 2 2 1/2 n
= sup sup — {(1 — 2)* + nx(nx — 2+ 2)(es, 2) ] (s, —€n)
cestTt |z|=1 Wn,

2
= — {(1 — 20)% 4 nre(nse — 23+ 2)
Wn

)

}1/2 [1+ s¢(n — 1)]T(n/2)

- an/2

which results in (6.7).
Consider a particular case of (6.9) for p = 2k(2k — 1)~1. The lower estimate
-1

T . 1/(2k)
Coon . > {/ [(1 — 302 + nse(nse — 25+ 2)(eo, en)Z] (ew, en)|(2k1)"d0} (6.13)
Snfl

2h—1°
2k—1 wn

is a direct corollary of (6.9) for p = 2k(2k —1)~!. Now we derive an upper estimate for the constant Cae_ ..
By (6.9)

s (& 1/(2k)
2 _
Cotre < AT [ (en)l(enen)| ot (6.14)
2k—1° Wn = §n—1
where
T () = ( f ) (1 — 2)2*=D [nse(nse — 22 + 2))7. (6.15)
Adopting the notation
p. 2+ @k=1)n 0, 2+ (2k—1)n
ik = 2j ’ kT T 0k—1Dn
where j =1,2,...,k, we see that
I (6.16)
Py Qi ’ .
and
2j Pj, = (2k — 1)n Qjx = 2j + (2k — 1)n. (6.17)

Taking into account (6.16), we obtain by Holder’s inequality

_ . 1/ Pjy, —1)nO. 1/Qji
/S 71(607z)2]|(ea7en)|(2kfl)nda' < {/s » ’(ea,z)|2jpjkd(7} {/S . |(en’en)|(2k 1) Q”"da} )

By (6.16), (6.17) as well as by the independence of the first integral in the right-hand side on z, we find

/ (ea,z)2j|(ea,en)|(2k71)”dcrg/ ‘(emen)|2j+(2k71)nda’
Sn—l Sn—l

which together with (6.14) leads to

_— A 1/(2k)
272w 2j+(2k—1)n
Coron € AT [ Hemen) a0
§=0

Combined with (6.15), this estimate can be written as

2% k 1/(2k)

Ca , < {/ {(1 — )% + nae(nse — 23 + 2)(e,, en)ﬂ l(es, en)|(2k_1)"da} ,
-1 W, gn-1

which by (6.13) results in (6.10). O
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Remark 2. In the case p = co we have the sharp constant in the inequality
|u(z)| < Coo,»e sup{|u(a’)|: 2" € IR} }

(see Agmon, Douglis and Nirenberg [1], Agmon [2], Fichera [5], Miranda [14]).
For instance, (6.8) implies the formulas, obtained in [13]:

&)

2
Co = 2(1 E(
, 7T( + ) T+

for n = 2, and

1
Coo,%:2<1+2%+

(1= | 142t Br(x+2) )

0g
3x(x +2) 1=

for n = 3, where F is the complete elliptic integral of the second kind.

Remark 3. The constant C, .. in the previous assertion is defined by solving an optimization problem
on the unit sphere S*~1.

In particular, in the proof of the Theorem 4 is shown that for p = 2k(2k — 1)~!, where k is a natural
number, the supremum of the integral in the representation for C, .. is attained on the vectors z = e,, and

z = —ey,. Note also that (6.10) can be written in the form
2% e 2 2 1% (k1  n—2 e
C% x = 2wn_1/ [(1 — 2%)* + nx(nx — 25+ 2) cos 19} cosPF=1m 9 sin" 2 9 dv
- n 0

1/(2k)
r(2) (9x(n-1/2 (/2 b
= (3) { T / {(1 — 50)% 4 nse(nsx — 25 + 2) cos® 19} cos®k=1m g sin" =29 do .
0

w2\ T

7. The Lamé system in a ball

The elastic displacement in the center of the ball B, = {x € R3 : |z| < r} is given by the formula due to
Natroshvili [15].

3

u(0) = 4m(3 — 2)r? Jom,

N(o)u(o)do, (7.1)

where A is 3 x 3 matrix valued function on B, with the elements

(1 - 2%)51‘7 + 5%(60, ei)(eg, ej), (72)

and
)=+ (A+3u)~", and u € [C(OB,)]>.

Proposition 4. The sharp constant By, .. in the inequality
[w(0)] < Bp e My(u; OBy)

s given by 301+ 359
+ 3x

Bi,. =
! 3—x

s

, (7.3)
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1— 2)2 1+3x+./5 2
B = 3 L+ 354 ( ) log + 33+ /br(3c + 2) 7
2(3 =) 5ac( + 2) 11— 25
and

P p—1

3 ! 9 9 D) P
By = —— [(1 — 250)% + B3e(se + 2)u } du (7.4)
3—x Jo

for1 < p<oo.
In particular,

3 1/2
B = m(n;{? —2x+3)"".

Proof. According to (7.1) and Proposition 1, the sharp constant in
[u(0)] < By,e My(u;0By)

can be written as )
3(471'1"2) /p

5 Sup HN*ZHLq(aBT)- (7.5)

Bp,=———"—
P 4 (3 — 2)r? 12124

Hence, taking into account that

1/2
IN*(0)z] = [(1 — 250)% + Bae(e + 2) (e, z)2] , (7.6)
for |z =1 and p € (1, 00] we find
3(4mr2) /7 w2 M
L o= ) 1— 2502 2)(eq,2)?|  d
e = st [, [0 29 4ot e 2] )
3(47r7“2) l/pr2/q a/2 Y
= -7 5 1—25)? 2 2
3 /2 oD o
_ T 47r/ [(1 — 25¢)% + B3e(¢ + 2) cos? ﬁ] sind dd s, (7.7)
(4m) PR3 — ) 0
which implies (7.4).
By (7.5) and (7.6)
172 3(1+ 3x)
_ ) _ 2 2 _ 2 Tox)
Bio= 53— sup [(1 250)2 + 53¢(3 + 2) (e, 2) ] T (7.8)
which proves (7.3). O
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