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Abstract. In this paper we propose fast solution methods for the Cauchy problem for
the multi-dimensional Schriodinger equation. Our approach is based on the approximation of
the data by the basis functions introduced in the theory of approximate approximations. We
obtain high order approximations also in higher dimensions up to a small saturation error,
which is negligible in computations, and we prove error estimates in mixed Lebesgue spaces
for the inhomogeneous equation. The proposed method is very efficient in high dimensions if
the densities allow separated representations. We illustrate the efficiency of the procedure on
different examples, up to approximation order 6 and space dimension 200.
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1 Introduction

The evolution of the wave function u(x,t) of a free particle in quantum mechanics is described

by the Schrodinger equation
ou

ot
Equation (1.1) has also important applications in optics, underwater acoustics, electromagnetic
wave propagation (cf. e.g. [1] and the reference therein).

+ Agu =0. (1.1)
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In this paper we propose fast solution methods for the Cauchy problem of (1.1)

u(x,0) =g(x), x=(x1,,...,2,) € R", (1.2)



and for the inhomogeneous Schrédinger equation
i— + Axu = f(x,t), (x,t) € R" xR, (1.3)

Under suitable integrability or decay conditions on g and f the solution of (1.1) - (1.2) can be
written as

u(x, £) = Sg(x, 1) = / K(x -y, gly)dy, (1.4)
R’ﬂ

and the solution of (1.3) - (1.2) is given by
u(x,t) = Sg(x,t) + I1f (x, t)

with
t

Tf(x, 1) = —i/ds/lC(x—y,t—s)f(y,s) dy ds = —z'/(Sf(-,s))(x,t—s) ds. (1.5
0 R»

0
Here K(x,t) denotes the fundamental solution of (1.1) [7, p.193]

o Ix[2/(4t)

K(x,t) = ity 2

In terms of the Fourier transform
Fu(€) = /u(x) e~ 2mix) gx
R’ﬂ
the integral operators & and II can be written as follows:

Sg(x,t) = / o 2mix8) oA itlE” 7o (£ de (1.6)
]Rn

t
IIf(x,t) = —i/ds/eQm(x’Qe“zi(t5)|§|2]-"f(£,s) d§ .
0 Re

For fixed ¢ > 0 the integral operator S is bounded in LP = LP(R") spaces. From (1.4) and (1.6)
it follows immediately that

1
1Sg(- D)z~ < WIIQIIL1 o 1S9 D)z = llgllz>

hence by interpolation the LP dispersive estimate
ISg(, )| e < Cle| "2 P g, £ £ 0, (L.7)

holds for 2 < p < oo and p’ is the adjoint exponent, 1/p+ 1/p’ = 1.



Estimates of norms of solutions u(x,¢) on R” x R are known for example in mixed Lebesgue
spaces. For an interval I and r,q > 1, L™9(I) denotes the Banach space of L"(R™)-valued
g-summable functions over I with the norm

. \UT 1/a
fallzrey = lalla = [ ([ ltx o) ar) =
R’?’L

T
The exponent pair (q,r) is called Schrédinger-admissible if ¢,r > 2, (¢,7) # (2,00) and

2 n n

For any Schrodinger-admissible pairs (g, r) Strichartz type estimates

1Sgllzra@s) < Cllgllez s T llraey) < Clfllpre @,) (1.9)
are valid with constants C' independent of g € L*(R™) and f € L7 (Ry), [8, (11) |. Moreover,

u = Sg+IIf is continuous in ¢ in the space L? and

sup [|lu(,t)|[z2 < C(llglirz + 1 fll o =, ) -
teRy

Note that for ¢ = r = 2 + 4/n we derive the classical Strichartz estimate [16]

oimis n/(2(n+2))
fullzirnsn = ([ [ lutx 02 axat) ™ < Oflgli + 1 eanioen).
R, Rn

The goal of this paper is to derive semi-analytic cubature formulas for S¢ in (1.4) and IIf
in (1.5) of an arbitrary high order which are fast and accurate also if the space dimension
n > 3. We follow the philosophy introduced in [9] and [10] for the cubature of high-dimensional
Newton potential over the full space and over half-spaces. The idea is to approximate the density
functions by the basis functions introduced in the theory of approzimate approzimations (cf. [14]
and the references therein). This approach, combined with separated representations (cf. [4] and
[5]) makes the method fast and successful in high dimensions. In [11] and [12] we applied this
procedure to obtain cubature formulas for advection-diffusion operators over rectangular boxes
in R™. In [13] our approach was extended to parabolic problems. For the Schrodinger equation
the situation is different because the fundamental solution does not decay exponentially and
standard cubature methods are very expansive due to the oscillations of the kernel, especially in
multi-dimensional case. The application of approximate approximations to this equation reduces
these problems and provides new very efficient semi-analytic cubature formulas.

The article is organized as follows. In section 2, after an introduction into simple cubature
formulas for the operators § and II based on approzimate quasi-interpolants, we prove estimates
of the cubature error for general generating functions. Similar to other integral operators of
potential theory, we obtain high order approximations also in higher dimensions up to a small
saturation error, which is negligible in computations. In section 3 we describe algorithms for
high-order approximations of (1.4) and (1.5). Using the tensor product structure of cubature
formulas, these algorithms are very efficient in high dimensions, if g and f allow separate rep-
resentations. The approach is extended in section 4 to the case that ¢ and f are supported
with respect to x in a hyper-rectangle on R™. In Section 5 we illustrate the efficiency of the
method on several examples, up to approximation order 6 and space dimension 200. For the
two-dimensional initial value problem (1.1) we provide graphics of the evolution of u(x,t).



2 Cubature of Sg and IIf

2.1 Approximate quasi-interpolants

To find an approximate solution of (1.1) - (1.2) we replace the function g in (1.4) by an approx-
imate quasi-interpolant

(M 59)(x) =D2 " g (Xh_\/%m>, (2.1)

mezmn

where 7 is a rapidly decaying function of the Schwarz space S(R™) satisfying for positive integer
N the moment condition

/n(x)dle, /Xo‘n(x)dx:(), Va,1<|a|<N. (2.2)
R Rn
Here and in the following we use multi-index notation, bold Greek letters denote multi-indices.
Then the function

Shg(x,t) = S(Mh\/ﬁg)(x, t)
1 , 2 — hm
N h ilx—y[2/(at), (¥ — Y (2.3)
Dn/2(4mit)n/2 m%ng( m)/e n( h\/D ) Y

Rn

can be considered as cubature of Sg, if 1 is chosen such that Sn(x,t) can be computed easily,
preferably as an analytic expression. The existence of those generating functions n has been
shown for various integral operators.

Then the cubature error follows immediately from the quasi-interpolation error due to

Sg('vt) *Shg('at) = S(I - Mh\/ﬁ) g(',t) :

Approximation properties of quasi-interpolants of the form (2.1) have been studied in the
framework of approximate approximations (cf. [14]). Let us recall the structure of the quasi-
interpolation error, which is proved in general form in [14, Thm 2.28]. Suppose that g has
generalized derivatives of order N. Using Taylor expansions of g(x) for the nodes hm, m € Z",
and Poisson’s summation formula the quasi-interpolant can be written as

N-1 a
My 0) () =D o) + S DT o) oaen D) (24)
|ax|=0 ’
with the function

1

gn(x) D"/2 Z Z (x—hm) (Xh\/hln)/ sV 1% (sx + (1 — s)hm) ds,

|a|= N : mezZn

containing the remainder of the Taylor expansions, and the fast oscillating functions

e (x,7,D) = DW %( )“ (Xh ff‘) 3 0 Fp(VDr)em M (2.5)

vezn




If g € WIfV(R") with N > n/p, 1 < p < oo, then gy can be estimated by

lgnllz, < Cn > 10%gllz, = Cnlglwy
|la|=N

with a constant Cy depending only on 7, n, and p. It follows from (2.5) that due to the moment
condition (2.2) the second sum in (2.4) transforms to

N-—1 h\/5|a|
Z( )

a!(2mi)lel

g(X) + aag(x) e (X7 n, D) ’

|ae|=0

where we denote

ca(x,7,D) = > *Fn(VDr) et ¥ = 04 (x,7, D) = dyja -
vez”
v#0
Hence (2.4) leads to the representation of the quasi-interpolation error

phly ja
(M5 9)(x) = 9(x) = (=hVD)Vgn(x) + > (VD)™ 0%g(x)ea(x, D, n),

rt a!(2mi)lel

which implies in particular the error estimate in LP(R™)

h\F T leal Dyn)|re=[|0%gllr

ol

lg = M,y 9llze < Cn(hWD)N|glyx + Z

(2.6)
k=0 (27 lat|=k

Thus the quasi-interpolation error consists of a term ensuring O(h")-convergence and of the
so-called saturation error, which, in general, does not converge to zero as h — 0. However, due
to the fast decay of 9% Fn, one can choose D large enough to ensure that

lea( D)L= < Y [0*Fn(VDr)| < e

vezZr\0

for given small € > 0. In the examples below the saturation error is of the order O(e_’rQD), which
in the cases D = 2 and D = 4 is comparable to the single and double precision arithmetics of
modern computers. Therefore, in numerical computations the saturation error can be neglected
for appropriately chosen D.

2.2 Approximation error for Sg

From (2.3) we see that

—hm ¢
Sng(x,t) =D "/? Z (hm) Sn o ) (2.7)
= ( WD ' h D)

Hence, if Sn(x,t) is known analytically, then (2.7) is a very simple semi-analytic cubature of Sg.
Of course, the cubature formula is computable only for a finite number of nonvanishing terms
n (2.7). Therefore we assume that g(x) and f(x,t) are compactly supported.



The mapping properties (1.7) and (1.9) of S and the quasi-interpolation error (2.6) lead to
estimates of the approximation error for Sg. In the following theorem we use the notation

6&
IVaolin = 3 1501

Theorem 2.1. Let g € WPN(R"), 1<p<2, N>n/p, be the initial value for the homogeneous
Schradinger equation (1.1). For any € > 0 there exists D > 0 such that for t > 0 the cubature
formula (2.7) approzimates the solution u(x,t) in 54 (R™), o' =p/(p—1), with

[ul,t) — Shg (- V)l o _t(l/zcl//)((h\ﬁ)NWMN"‘ Z h\/>) ”vk9||LP>

Moreover, if g € Wi¥ (R™), then the approzimation on R™ x R with up(x,t) = Spg(x,t) can be
estimated in the mized Lebesque spaces L™1(R..) for any Schrédinger-admissible pairs (q,r), cf.
(1.8), by

N— 1
lu = unllzragey) < C((VD) gl +e Z k DL 19l )-
k=0
Remark 2.1. The analysis of the application of the integral operator S on the saturation error

N-1 o
Ry(x) = |§_:0 (%;% 0%g(x) ea(x,n, D)

shows, that |SRy(x,t)| = 0 for fized (x,t) as h — 0. For ezample if (1+ [x]2)NV-D/2¢g(x) €
W= 1(]R”), then |SRy(x,t)| = Ct—™2(vDh)N||(1 +| - |>)V /29H WA= for all |x| < 27t /h.

2.3 Approximation error for IIf

We construct an approximation for ITf in (1.5) using the approximate quasi-interpolant

1 t— 1/ x — hm
Nivpayms 1060) = s Z% f(hm,ﬁ)ib(Tm)n( 5 ) (2.8)
mezZm™

Here 7, h, are the step sizes, Dy and D are positive fixed parameters; 1) € S(R) and n € S(R™) are
the generating functions, which belong to the Schwartz space S of smooth and rapidly decaying
functions. If the generating functions ¢ and 7 fulfills the moment condition (2.2) of order N,
then ./\/'h\/ﬁﬂ/ﬁf approximates f with the order O((hv/D+7v/Dg)N) up to the saturation error
in LP(R"*1) if N > (n + 1)/p. This is also true for mixed Lebesgue spaces, which are used for
the mapping properties (1.9) of II.

More precisely, using the previously mentioned approach one can expand

(Nh\/’T),T\/’lTOfoﬂt) = fN(Xﬂt) + RNf(X7 t) ;



where

N
|a| k ‘%U_Tg) <t\_/7l)(x\/hinyn(Xh_\;%n)U’““(x’hm’t’T@

mezZ"

with the notation
1
Uka(x,y,t,2) = /sN_lQ‘f@ff(sx +(1—=s)y,st+(1— s)z) ds,
0

and the function

N—-1-k

~1 1o
7Dy t, v, D (hv/D loe oa(x,m,D)
Ryf(x,t) = ( k)! (QW(Z)IC 0 Z c)v! (2ri)led !

OFOFf(x.t).
k=0 |ox|=0
The moment conditions for ¢ and 1 obviously imply, that for ¢, € [1,00] and f such that the
partial derivatives 020F f € L™4(R) for all indices || + &k < N,

N—-1
7vDo
IRovS = Slure < ool Dol S VDO et Pas o 10
k=0
N (WD) = Jealu Do)l | oo
+HO-O DOJ ||Loo Z (27_‘_)]C Z a' ”8)( fHLT’q
|oe|=k )

+Zl (rvDo)"lex(-, Do, ¥l _Z_k(h\/@)'a'Hea(-,D,n)HLoo

e g .
k' 27'(') a|(2ﬂ_)|a‘ ||axatf”[ﬂy

,_\

la|=1

Moreover, if N > (n+ 1)/ min(g,r), then one can show similar to [14, Lemma 2.29] that

HfN||L“1<CZ >« (VDY E|FOX f e -

k=0 |a|=N—Fk

Now we are in the position to study the approximation of IIf defined by

My £ ) = TIN5, /e ) () = / s / K(x =yt = 5) Ny 2 oo (v,5) dy

Then the difference between I1f and ITj, - f can be estimated by (1.9) and the quasi-interpolation
error || f—N, WD,/ Dy [l .- However, the corresponding error estimate is proved for sufficiently
smooth functions on R™*!, whereas the right-hand side f of (1.3) is given only on R” x R..
Therefore we extend f(-,t) : Ry — WN(R") with preserved smoothness to a function f(-,t) :
R — WX (R"). This can be done, for example, by using Hestenes reflection principle (cf. [6]



and (5.3)). The extended function, again denoted by f, is compactly supported and retains the
smoothness of f|rnxr .- Then we get

t

gt sy [eiP¥EG8) o pm
- f(x,t) = \/W EEZZ f(hm, 70) /1/1( 7vDo >/ (47is)n/2 77( h/D >dyd8
Rn

mezZ" 0
/ 14 h
t—71l—s XxX—hm s
(h ?) S , d 2.9
\/WZEEZJC‘“TO/WT\/E)”(;L\/T) 75) & (29)
mezm"

where f(hm, 7¢) for £ < 0 in (2.9) are understood as values of the extended function.

Theorem 2.2. Let (q,r) be an Schridinger-admissible pair and N > (n+ 1)/ min(¢’,7’), ¢’ =
q/(q—1), " =r/(r—1). Suppose that the right-hand side f of the inhomogeneous Schrédinger
equation (1.3) satisfies OFOXf € L™ (Ry) for all 0 < k+|a| < N. Then there exist a constant
C and for any € > 0 parameters Dy, D > 0, not depending on f, such that the cubature formula
(2.9) provides the approzimation estimate

0~ T Flire) <O S (r/Bo (/D) 08O N ot

k=0 |a|=N—Fk
N—-1N-1-k
(TV ) k ga
rey Y LR S otan sl
k=0 j=0 |ac|=7

3 Cubature formulas

3.1 Approximation of Sg

For different basis functions 7 the integrals on the right in (2.3) allow analytic representations.
For example, let for N = 2M

n(x) = nv(x) = 72 L0 (1x)?) e

with the generalized Laguerre polynomials
My = YT (ANF g iy
Ly (y) = —; (dfy) (e y ) y>-1.
By using the relation ([14, Theorem 3.5])

—n/2 = (1) jo—|x[?
’I’]N(X) =T Z WA (§
=0
we obtain the formula
Mfl
]_ . 2 ]_ 1) . 2 2
ilx—yl[?/t — J ilx=yl|*/to—lyl
(mit)2 / © N = e Z o / ¢ e dy

Rn Rn

M- 1 ;
_ 1 (1) Njg—lxi2/(1it)

w/2(1 + it) ”/2 g4



In view of ([14, (3.15)])
_Ix? P i —|x|? 2-1
Ae~I* = (—1)7 jrade PP LD (1x]2)
an approximate solution of (1.1) is given by the analytic formula

X — hm 4t)

Sng(x,t) =D~ /2 Z (hm) <I>N< " 72D

mezZm

with

—|x i M—-1
AR 1 el x| )

Dy (x,t) = 16 _
N, 1) w212 e (Lt 1+it

Another approximation of order N = 2M of the initial function g can be derived by the

quasi-interpolant

— hm
—D 2 Y g(hm)iy (X )
mezZm h\/ﬁ
with a basis function in tensor product form

n 2
o . N (—1)M71 HQM_l(:Uj)e x5
- jlzll X2M(x])v XQM(J;]) - 22M—1ﬁ(M — 1)! x; :

Hj, are the Hermite polynomials

Then u(x,t) in (1.4) is approximated by

—hm 4t)

mEZ”

with

n

H¢2M zj.t) =[] it 1/2/ o= o (y) dy .t 0.

Jj= 1

From the representation [14, (3.9) and (3.6)]

1 R= (- -
xam (Y T e YA
NG — E 4 oy
we obtain
M— ]_ _ 2 M— _ 2
1 92t z3/(1+it) zi/(1+it)
Gant (5,t) = —= 2 g iz = Z i L 1/2)(
T 048 9 (1+it)Y —~ (1+it) (L+it)+1/2

which in view of

_1\¢
L0 = CW )

1+t

(3.1)

(3.2)

(3.3)



gives
o—|X[?/(1+it) an 1

O (x.t) = 7T"/2 +it)n/? EI;:: €'4Z l—i-zt) Hzé(lerz ) (3.4)

Note that the computation of the approximate solution with the summation (3.2) is very
efficient if the function g(x) allows a separated representation; that is, within a prescribed
accuracy, it can be represented as sum of products of univariate functions

P n
=5 o [T 9" () + Ole). (3.5)
p=1 j=1

Then the products of one-dimensional sums

hm; 4t
Shg(x,t) = Fn/QZapH Z gj hmj ¢2M< o j h2D>

p=1 Jj=1m,;€EZ

M- 1 zj—hm;)? /(K2 D+4it) z; — hm
- 7Tn/z ZO‘PH > 9 () Ez:; Mﬂ h2D+4it)”1/2 > (\/h2D+4z't)

j=1m;€EZ

provide the approximation of the n-dimensional initial value problem for the Schrodinger equa-
tion (1.1).

3.2 Approximation of IIf in (1.5)

Let us assume in (2.8)
w(t) =xom(®),  n00) =] xon(w):
j=1

Then IIf is approximated by
My 7 f(x,t) = N, /5, ps f) (X, 1)

t

S—TZ x—hm 4(t—s) (3.6)

= E (h 0) ) ds.
\/WeezfmT /X2M vDy N(h\/ﬁ’h%))s

0

mezZm

The approximation of IIf requires the computation of a certain number of one-dimensional
integrals where, for (3.4), the integrands allow separated representations. Suppose that also
f(x,t) allows a separated representation, that is

Zﬁpr (z;,t) + O(e), (3.7)

then, for (3.6) and (3.3),

P t
Iy - f(x,1) WZZBP/X”/[ <S\_/Z;f> HT(p) :1:],4(;2;)8),76)61 (3.8)

LeZ p=1 =1

10



where
r — hm

WD '’

An accurate quadrature rule of the one-dimensional integrals in (3.8) provides a separated
representation of ITj, , f (this is described in detail in section 4). Then the numerical computation
of Il - f does not require to perform n-dimensional integrals and sums but only one-dimensional
operations, which leads to a considerable reduction of computing resources, and gives the pos-
sibility to treat real world problems.

TP (x,t,70) = > £ (hm, 70)d(

meZ

).

4 Schrodinger equation over hyper-rectangles

Assume now that ¢ in (1.2) is supported in a hyper-rectangle [P, Q] = {x e R" : P; < z; <
Qj,j=1,...,n} and g € CY([P,Q]). Hence

1

/ Y/ gy x €R", teR (4.1)
[P.Q]
provides the solution of (1.1) with the data (1.2).

The direct application of the method described in Section 3 does not give good approximations

because the sum L
D2 Y g(hm)n (H)
hme[P,Q] h\/ﬁ

approximates g only in a subdomain of [P, Q]. To overcome this difficulty we extend g by using
the Hestenes reflection principle into a larger domain with preserved smoothness. If g is the
extension of g, since 7 is of rapid decay, one can fix > 0 such that the quasi-interpolant

D2 3" Glhm)n <Xh_\/%m>

hmeQ,.p,

approximates g in [P, Q] with the same error estimate of (2.1). Here Q. = [[[_ [, I; =
(Pj — ’I”h\/ﬁ, Qj + Th\/ﬁ)

In the following we consider the basis functions in tensor product form (3.1). Then the sum

[Pm,Qm] X — hm 4t

[P7Q] _ —n/2 -~ =
Sh g(x,t) =D / ; g(hm)(I)QM ( h\/T) 7%)7 t#0
m rh
with Py, = (P — hm)/(hv'D), Qm = (Q — hm)/(hy/D), and
1 - 1 <
5P.Ql _ ily—x|2/t —~— _ i(yi—w)2/t N
Q5 (x,t) = W / e Iyl /772M(Y)dy = HW/G (vi =) /X2M(yj)dij
[P.Q] i=1 P,

provides an approximation of (4.1) with the error estimate obtained in Theorem 2.1. 55\2@ (x,41)
gives the solution of the initial problem

10w + Axv = 0, v(x,0) = H I, 0. (i) xam (), x € R", teR. (4.2)
j=1

11



Here I(p, q,) is the characteristic function of the interval (Pj,Q;). In [12, Theorem 3.1] we prove

Theorem 4.1. The solution of the initial value problem (4.2) in R™ can be expressed by the

tensor product
n

v(x,t) = [[ (Wnlx;,4t, P)) — Uns(w;,4t,Q;)),
j=1

where
2y
e F (I,lt,y)

1
2/ VT

with the complementary error function erfc, the argument function

F(x,t,y):,/ttl(y—til), (4.4)

and Ppr, Qum are polynomials in x of degree 2M — 2 and 2M — 3, respectively:

W, y) = 5— e /10 (effc<F<x,u,y>>7>M<:c,m - QM@,z't,y)) (4.3)

M—-1

ey s 20
Pu(z,t) = ; Slds (1_|_t)s+1/2H28 <m> ;
Qi(z,t,y) =0,
Vel ok . (4.5)
Ou(z,t,y) =2 Z (k:'il)k Z (t£/12) <H2k—€(y)H£—1(y\/%)
k=1 =1

() M) e

From Theorem 4.1 we deduce the following semi-analytic cubature formula for (4.1) with the

error O((hv/D)?M)

S > g

meQ,.p, J

L z; —hm; 4t P; —hm;
(‘I’M( J J J J

)—\If (a:j—hmj 4t Qj—hmj)
WD hD’ /D M '

WD h*D’ h/D
If g allows a separated representation (3.5) we derive that, at the points of the uniform grid

{hk, s}, the n— dimensional integral (4.1) is approximated by the product of one-dimensional
sums

1

1
Z ap S](p)(hk, TS)

Dn/2p21 i
where
(p) _ (p) kji—m 4t Pj—hm, kj—m 4t Q= hm
S (e, t) = 3 g (hm) (W1 ( o e wp ) S )

mEIj

Suppose now that the source term f(x,t) in (1.3) is supported with respect to x in the hyper-
rectangle [P, Q] = {x e R": P; < 2; < Qj,j = 1,...,n} and f € CV([P,Q] x R). Then, from
(15),

. d i|x—y|? S
IIf(x,t) = —i W / eI/ f(y t — 5)dy (4.6)

P.Q]

o

12



provides the solution of (1.3) with null initial data. We extend f(-,t) outside [P,Q] with
preserved smoothness and denote by f its extension. Due to the rapid decay of the generating
function 77, one can fix r and rg, positive parameters, such that the quasi-interpolant

1 4 T; — hm
Nl t) = > F(hm, 75)X2M< )HX2M< ! ]>
\/77‘\/7 D(l]/QDn/Q hmGQ /D, =1 h\/i
TEEQTOT

approximates f for all x € [P, Q] and for all t € [-T,T], T > 0, with order O((hv'D+7v/Do)").
Here Qrm— =(-T- rorVD, T + T’QT\/>) Hence

Hhﬂ—f(x,t) 1/27/2 Z f hm TE)KQM(X t hm Tg)
D™= e, ),
TZE(NZTO.,—
where .
t—8—T0\=Pm.Qul /X —hm 4s
KQM(X,t, hm,TE) = /X2M<T\/ZT0)(I)[2M Q ]< h\/’]j 7h27'D>d8 (47)
0
and

n
~P.Q
eh Y, t) = [] (Warlaj t, P) — War(e),t.Q))).
j=1
The integrals in (4.7) cannot be taken analytically. Therefore we use an efficient quadrature
based on the classical trapezoidal rule, which is exponentially converging for rapidly decaying
smooth functions on the real line. Making the substitution introduced in [17]

s = tp(&), (&) = ;( + tanh (— smh§)> !

14e amsinh & ’
with certain positive constant a, Kops transforms to

T —o(€)) — Ty ~ —h
Kop(x,t, hm, 70) = %at X2M(t(1 f\ﬁ% T )@[zlj\/lfnqm}(xh\/ﬁm742(57()5))00(5)615

—0o0

where we denote
cosh &

w(&) = 1 + cosh(amrsinh§)
The trapezoidal rule with step size k gives for sufficiently large @) € N

Q
Tatk t(1 — o(Kq)) = T\ = [Pm,Qm] (X — hm 4tp(kg
KQM(thvhmv 7—6) ~ 2 E X2M( ( TE/IDii)) )(I)[QM ° }( h\/’ﬁ ) hQ(fD ))W(Q)

We obtain that, at the points of the uniform grid {hk,7s}, the n—dimensional integral (4.6) is
approximated by

q=-

T, f(hk, T5) ~ 217;2@73“ S Flhm, 7o)
2D D’I’L/2 hmeQ,.p,

TLEQ T
@ Kkq)) — ¢ k—m 47lp(k
X Z X2M( \/(Di:)])) )‘P[Pm’qm]< ol h;pl() q))w(q).
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If fallows a separated representation (3.7) we get the efficient high order approximation

. Q
—iTaTSK
Iy, - f(Rk, Ts) R—F—— w(q)
2D,/ *Dr/? qzz

. (4.8)
s(1 —p(kq)) — ¢ (»)
X Z X2M( N )Z_:ﬁp L. ;7 (kj, 75,74, Kq)
T0EQ p=1 =1
where
() () kj —my; 47sp(kq) P — hm;
T (kj, 78,7, kq) = Z £ (hmg, 70) (‘IJM( >
i KT8, TL J g "TTep
hm]-GIj \/5 \/5 (49)

—\IIM<kj —m; 471sp(kq) Q; — hmj)> ‘

VD ' D ' Db

We obtain that, if f has the form (3.7), then the approximation of the potential (4.6) requires us
to compute 2Q) Pn one-dimensional sums. Thus, if n > 1, the computational time scales linearly
in the space dimension n.

For an efficient implementation of ¥y, we express erfc in (4.3) with the Faddeeva or scaled
complementary error function W (z) = e~ erfe(—iz) (cf. [3, 7.1.3]) and write

—22 /(1+it)—F?%(z,it,y) o) ( it )
e . . N XM Z,, Yy
Warlatog) = g (Wit Partait) - )
e_yz—l—i(y—x)?/t ‘ ‘ ) QM($a it, y)
— T (W(zF(w,zt, y))PM(x,zt) — 7\/% > ,

where F'(z,it,y) is defined by (4.4). Efficient implementations of double precision computations
of W (z) are available if the imaginary part of the argument is nonnegative. Otherwise, for Im z <
0 overflow problems can occur, which can be seen from the relation W(z) = 22" — W (—z) (cf.
[3, 7.1.11]). But this helps to derive a stable formula also for Im (i F'(x, it,y)) = Re F(z,it,y) < 0,
since

o2/ (1+it)—F?(z,it,y)

2

—a2 /(14it)— F2 (,it,y) )
W (iF (,it,y)) = > (2679 — W (= iF (it ) )

e~y Hily—x)?/t

2

—22/(1+it) _

=e W(—iF(z,it,y)).

Thus we get the efficient formula

eV HW=D/t Q) (it y)
_ NG NG
VD (iF (x, it y))

\IIM(xatay) =

Par(x,it)
AV
(2 e~/ (i) _ o=y ily—2)*/t W(—iF(z,it, y)))

Re F(x,it,y) >0,

+ PM(x, ’it)

N Re F(z,it,y) < 0.

(4.10)
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5 Numerical Tests

In this section we present some numerical results. First we verify numerically the accuracy and
the convergence order of the proposed method for the inhomogeneous Schrédinger equation (1.3)
with null initial data and then for the initial value problem (1.1)-(1.2). Finally, in Figures 2-6,

we depict the evolution of u(x,t) under the two-dimensional equation (1.1) for different initial
values.

5.1 Inhomogeneous Schrodinger equation

We consider the Cauchy problem
i— + Axu = f(x,t), u(x,00=0 xeR" (5.1)

for right hand sides
0 e
f(x,t) = (Zat + Ax> H w(z;)v(t) (5.2)

J
with suppw C [—1,1]. If w(£1) = w'(£1) = 0 and v(0) = 0, then the solution of (5.1) is
I (x, 1) = v(t) [T wlay).
j=1

If w € CN([p, q]), we construct a Hestenes extension of w(x) outside [p, q] as

N+1 q—p
Z csw(—as(z —q)+q), ¢<z<q+ A
s=1
w(z) = w(x), p<xz<gq (5.3)
N+1 g—p
> caw(—as(z—p)+p), p- — ST<p
s=1
where {aj,...,any41} are different positive constants, A = max as, and cy = {c1,...,cN41}
satisfy the system
N+1
Z cs(—a)¥ =1, k=0,..,N.
s=1

Hence an extension of f(x,t) with preserved smoothness is

n

Foet) = v(t) [T (=) -

J=1

We compare the values of the exact and the approximate solution for (5.1). In all the
experiments the approximations have been computed using (4.8)-(4.9) and the function ¥, in
(4.10). We choose the constants D = Dy = 4 to have the saturation error comparable with the
double precision rounding errors and the parameters in the quadrature rule & = 107>, Q = 3-10°,
a=1.
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In Tables 1 and 2 we report on the absolute errors and the approximation rates in the space
dimensions n = 1,3, 10, 20, 100, 200 for the solution of (5.1) with v(t) = ¢, w(x) = cos?(5mx/2)
and the Hestenes extension obtained by assuming as = 1/s (Table 1); w(z) = ¢*@ (22 — 1) and
w(z) = w(x) (Table 2). The results show that, for high dimensions, the second order fails but the
forth and sixth order formulas approximate the exact solution with the predicted approximation
rates.

5.2 Initial value problem

Consider the initial value problem

Ou & .
i+ Axu=0, u(x,0) 1:[ w(z;) =0 if z;¢[-1,1]. (5.4)

Thus suppg C [—1,1]" and denote by w the extension of w outside [—1,1] with preserved
smoothness. An approximate solution of (5.4) is given by

zi—hm 4t —1—hm zi—hm 4 1—hm
t J - J
Up, X ,Dn/le_[lhge:I ( ( h /*,D " h2D’ h /T) ) M( h /*,D " h2D’ h /*,D ))
(5.5)

with I = (-1 — r\/T), 1 —l—r\/T)).

In this part we provide results of some experiments which show accuracy and numerical
convergence orders. We assume w(z) = ¢+ which gives the exact solution of (5.4)

n M
H 1e 1-4it < " <4i(a+1)t+a:j—1> . <4i(a—1)t+xj+1>>
erfc — erfc
o1 2Vt —1 2V/tV/At + i VAt + 1
and we compare the calculated solution wu, with the exact solution u. In our experiments we
choose a = 0.32612. In Figure 1 we report on the absolute error at some grid points in dimensions

n =1,3,10,50,100. The approximations have been computed with D =4, M = 3 and h = 1/160

n (5.5), and the Hestenes extension with a; = 1/2°. If g allows the representation (3.5) that is
(»)

g has rank P then, denotmg by ;7 the 1-dimensional error for each function g(p ). then the total

error £, = O <Zp 12 j=1€] ) Results in Figure 1 confirm that, for P =1 and g in (5.4), the
n—dimensional error &, = O(ney).

In Table 3 we show that formula (5.5) approximates the exact solution with the predicted
approximate orders N = 2,4, 6 in the space dimensions n = 1, 3, 10, 20, 100, 200.

We conclude the paper illustrating the evolution of u(x, t) evolving under the two-dimensional
Schrodinger equation (5.4). First we consider the evolvement of the traveling Gaussian u(x,0) =
eci(@1=12)=601x* o)) the domain (—1.25,1.25) x (—1.25,1.25) at four consecutive time values.
Figures 2 and 3 show the evolution of Reu(x,?) and |u(x,t)| when ¢ = 30. At time ¢t = 0.04 the
solution has almost completely left the domain. The case ¢ = 10 is reported in Figures 4 and
5. Figures 6 and 7 concern the initial data g(zy, z2) = €30%1e60@1=1/4% ¢in (72,) . The figures
of the imaginary part of u(x,t) are virtually the same as for the real part, so we skipped that
plots. In all the figures we used the approximation formula of order N = 6, the extension of

w; = w; and the step h = 0.005. Similar tests with finite difference scheme can be found in [2]
and [15].
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M=1 M =2 M=3

At 7t error rate error rate error rate

40 80 | 0.146E+00 0.326E-01 0.296E-02
n=1 80 160 | 0.177E-01 3.04 | 0.106E-02 4.94 | 0.248E-04 6.89
160 320 | 0.222E-02 2.99 0.313E-04  5.08 | 0.176E-06 7.13

40 80 | 0.779E-01 0.135E-01 0.126E-02
n=3 80 160 | 0.194E-01 2.00 0.482E-03 4.80 | 0.103E-04 6.93
160 320 | 0.522E-02 1.89 0.240E-04 4.32 | 0.103E-04 6.93

40 80 | 0.243E+400 0.236E-01 0.122E-02
n =10 80 160 | 0.789E-01 1.62 0.163E-02 3.86 | 0.208E-04 5.87
160 320 | 0.212E-01 1.89 0.104E-03 3.97 | 0.356E-06 5.87

40 80 | 0.378E+00 0.486E-01 0.258E-02
n = 20 80 160 | 0.152E+00 1.31 0.343E-02 3.82 | 0.441E-04 5.87
160 320 | 0.436E-01 1.80 0.219E-03 3.97 | 0.771E-06 5.84

40 80 | 0.500E400 0.207E+00 0.133E-01
n = 100 80 160 | 0.424E+4+00 0.23 0.176E-01 3.55 | 0.230E-03 5.85
160 320 | 0.189E+00 1.16 0.114E-02 3.95 | 0.402E-05 5.84

40 80 | 0.500E+400 0.329E+00 0.264E-01
n = 200 80 160 | 0.489E+00 0.03 0.348E-01 3.24 | 0.462E-03 5.84
160 320 | 0.308E4+00 0.66 0.229E-02 3.92 | 0.778E-05 5.89

Table 1: Absolute errors and approximation rates for the solution of (5.1) with f(x,t) in (5.2) where w(x)

cos?(5mx/2) and v(t) = t, at the point x = (0.1,0.4,...,0.4); t = 1 using formula (4.8)-(4.9) with (4.10) and the
Hestenes extension corresponding to as = 1 / S .

M=1 M =2 M=3

ht error rate error rate error rate

20 40 0.638E-01 0.153E-02 0.724E-04
n=1 40 80 0.162E-01 1.98 | 0.986E-04 3.96 | 0.122E-05 5.89
80 160 0.407E-02 1.99 | 0.621E-05 3.99 | 0.199E-07 5.94

20 40 | 0.133E+00 0.550E-02 0.168E-03
n=3 40 80 0.354E-01 1.96 | 0.361E-03 3.93 | 0.277E-05 5.92
80 160 0.899E-02 1.97 | 0.228E-04 3.98 | 0.439E-07 5.98

20 40 | 0.321E400 0.161E-01 0.512E-03
n =10 40 80 0.968E-01 1.73 | 0.106E-02 3.92 | 0.843E-05 5.92
80 160 0.254E-01 1.92 | 0.672E-04 3.98 | 0.134E-06 5.98

20 40 | 0.423E400 0.260E-01 0.837E-03
n = 20 40 80 | 0.149E+00 1.50 | 0.174E-02 3.91 | 0.138E-04 5.92
80 160 0.409E-01 1.86 | 0.110E-03 3.98 | 0.219E-06 5.98

20 40 | 0.133E+00 0.242E-01 0.836E-03
n = 100 40 80 0.964E-01 0.46 | 0.173E-02 3.80 | 0.138E-04 5.92
80 160 0.363E-01 1.41 | 0.110E-03 3.97 | 0.219E-06 5.98

20 40 0.180E-01 0.590E-02 0.223E-03
n = 200 40 80 0.166E-01 0.11 | 0.461E-03 3.68 | 0.370E-05 5.91
80 160 0.843E-02 0.97 | 0.295E-04 3.97 | 0.587E-07 5.98

Table 2: Absolute errors and approximation rates for the solution of (5.1) with f(x,¢) in (5.2) where w(z) =

e4iz ( 2
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2% —1)? and v(t) = t, at the point x = (0.1,0.1, ...,0.1); t = 1 using formula (4.8)-(4.9) with (4.10) and the
extension w(z) = w(x) .
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Figure 1: Absolute errors, using log,, scale on the vertical axes, for the solution of (5.4) with w(z) = e(z+“)2,
a = 0.32612, the Hestenes extension corresponding to as = 1/2°, using (5.5) with h = 1/160, D = 4, x =

(2,0.1,...,0.1), t = 1.

M=1 M=2 M=3
ht error rate error rate error rate
40 | 3.069E-03 1.178E-05 4.522E-08

n=1 80 | 7.693E-04 1.99 | 7.438E-07 3.98 | 7.206E-10 5.97
160 | 1.924E-04 1.99 | 4.661E-08 3.99 | 1.151E-11 5.96
320 | 4.812E-05 1.99 | 2.915E-09 3.99 | 2.158E-13 5.73

40 | 9.246E-03 3.538E-05 1.357TE-07

n=3 80 | 2.312E-03 1.99 | 2.233E-06 3.98 | 2.163E-09 5.97
160 | 5.781E-04 1.99 | 1.399E-07 3.99 | 3.457E-11 5.96
320 | 1.445E-04 1.99 | 8.754E-09 3.99 | 6.455E-13 5.74

40 | 1.292E-01 1.184E-04 4.546E-07

n =10 80 | 7.764E-03 2.01 | 7.479E-06 3.98 | 7.246E-09 5.97
160 | 1.937E-03 2.00 | 4.687E-07 3.99 | 1.157E-10 5.96
320 | 4.840E-04 2.00 | 2.931E-08 3.99 | 2.159E-12 5.74

40 | 6.400E-02 2.385E-04 9.155E-07

n = 20 80 | 1.569E-02 2.02 | 1.505E-05 3.98 | 1.458E-08 5.97
160 | 3.904E-03 2.00 | 9.437E-07 3.99 | 2.331E-10 5.96
320 | 9.749E-04 2.00 | 5.902E-08 3.99 | 4.347E-12 5.74

40 | 3.832E-01 1.258E-03 4.831E-06

n = 100 80 | 8.542E-02 2.16 | 7.947E-05 3.98 | 7.700E-08 5.97
160 | 2.076E-02 2.04 | 4.980E-06 3.99 | 1.230E-09 5.96
320 | 5.155E-03 2.01 | 3.115E-07 3.99 | 2.294E-11 5.74

40 | 9.669E-01 2.691E-03 1.033E-05

n = 200 80 | 1.901E-01 2.34 | 1.700E-04 3.98 | 1.647E-07 5.97
160 | 4.486E-02 2.08 | 1.065E-05 3.99 | 2.632E-09 5.96
320 | 1.105E-02 2.02 | 6.665E-07 3.99 | 4.908E-11 5.74

Table 3: Absolute errors and approximation rates for the solution of (5.4) with w(z) = e<z+“)2, a = 0.32612, at
the point x = (0.2,0.1,...,0.1); ¢ = 1 using formula (5.5) and the Hestenes extension corresponding to as = 1/s .
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Figure 2: Real part of u when w;(z) = ¢%e " j =12, ¢; = 30, ¢z = —30, N = 6, h = 0.005.

Absolute value t=0.001 Absolute value t=0.005

Absolute value t=0.01 Absolute value t=0.04

Figure 3: Absolute value of u when w;(z) = eicizefaozz, ji=1,2,¢1 =30, co =-30, N =6, h =0.005.
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04 Real part t=0.01 02 Real part t=0.02

Figure 4: Real part of u when w;(z) = ¢%e %" j =12, ¢; = 10, ¢z = —10, N = 6, h = 0.005.

| Absolute value t=0.001 Absolute value t=0.005

0.4 Absolute value t=0.01 04 Absolute value t=0.02

Figure 5: Absolute value of u when w;(z) = eicfzefson, j=1,2,¢ =10, ca = —10, N =6, h = 0.005
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Figure 6: Real part of u when wi(z) = B0z =60(x=1/4) wa(z) = sin(nz), N =6, h = 0.005.

Absolute value t=0.001 Absolute value t=0.01

Absolute value t=0.02 Absolute value t=0.04

Figure 7: Absolute value of v when w;(z) = 630“6760@71/4)2, wa(z) = sin(nz), N =6, h = 0.005.
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