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Abstract

We develop an asymptotic theory of nonlinear operator differential equations of an

arbitrary order in Banach spaces. The nonlinear part of the equation is written in a divergent

form. It is shown that the main term in an asymptotic representation of solutions at infinity

satisfies a finite-dimensional dynamical system perturbed by a small nonlocal operator.

r 2004 Elsevier Inc. All rights reserved.

1. Introduction

The asymptotic theory of infinite-dimensional differential equations ([AN,
Bre,DK,KM1,P] et al.) got a new impetus during the last three decades in
connection with important applications to nonlinear problems of hydrodynamics,
structural mechanics, chemistry, biology, etc. (see, in particular, the books
[BV,ChV,EFNT,T,V] and the extensive bibliography cited there). In the present
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paper, we study solutions to the equation

AðDtÞuðtÞ ¼
Xn

j¼0
D

n�j
t Njðt; uðtÞ;y;Dc�n

t uðtÞÞ ð1Þ

on the real axis R; where c4n; Dt ¼ �id=dt; AðDtÞ is an ordinary differential
operator of order c with operator coefficients and with nonlinear operators
N0;y;Nn defined on functions in a locally convex Sobolev space

W c�n
p;locðR; fBkgc�n

k¼0Þ; where B0;y;Bc�n are Banach spaces (see Section 2.1). We write

the right-hand side in the divergence form in order to cover a wider class of
equations. The operators Nj; described in Section 2.5, are not assumed to be

differentiable with respect to their arguments.
Our main concern is with the asymptotic behavior of solutions as t-þN: We

show that for a certain class of equations (1) the question of asymptotics can be
reduced to that for a finite-dimensional dynamical system perturbed by a nonlocal
operator. Our result is new also for the linear case and, apparently, even for linear
ordinary differential equations with scalar variable coefficients.
Our conditions for the operators A and Nj include elliptic and parabolic partial

differential operators, so that the theory developed in this paper can be applied
directly to the study of local and boundary singularities of solutions to nonlinear
elliptic and parabolic equations in the spirit of our works
[KM2,KM3,KM4,KM5,KM6]. Note that our assumptions about Nj do not

exclude fully nonlinear equations.
Let us describe a corollary of our main result concerning a solution uðtÞ to (1) (see

Theorem 2). Let u be subject to the growth requirement

jjujjW c�n
p ðt;tþ1;fBkgc�n

k¼0Þ
pMðtÞ; ð2Þ

where the majorantM is subject to conditions stated in Section 2.5. Estimates of this
type are usually available in applications to partial differential equations, where one
can use monotonicity properties of differential operators, the maximum modulus
principle, differential inequalities, etc.
Under some natural assumptions on the nonlinearity we obtain the representation

colðuðtÞ;y;Dc�n�1
t uðtÞÞ ¼

Xk
s¼1

hsðtÞ colðUsðtÞ;y;Dc�n�1
t UsðtÞÞ þ wðtÞ; ð3Þ

which is a far-reaching generalization of the variation of arbitrary constants formula
in the elementary theory of ordinary differential equations. The vector functions Us

are solutions to AðDtÞUðtÞ ¼ 0 of the form expðilntÞj with ln being eigenvalues of
the operator pencil AðlÞ on a certain line Il ¼ k0 and with j denoting eigenvalues
corresponding to ln: We assume here that there are no generalized eigenvectors

corresponding to ln: The vector ~hh¼ ðh1;y; hkÞ satisfies a finite-dimensional
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perturbed dynamical system of the form

d

dt
hðtÞ þNðt; hðtÞÞ þK½h�ðtÞ ¼ 0; ð4Þ

where K is a nonlocal nonlinear operator and the components of N are given by

Nkðt; hðtÞÞ ¼
Xn

j¼0
Nj t;

XK
s¼1

hsðtÞUsðtÞ;y;
XK
s¼1

hsðtÞDc�n
t UsðtÞ

 ! �����D
n�j
t VkðtÞ

 !
:

Here Vk are exponential solutions of the adjoint equationA�ðDtÞVðtÞ ¼ 0 which are
connected with Us by a biorthogonality condition and ð� j �Þ is the inner product.
The vector function w in (3) can be regarded as a remainder term. We give

estimates which show that K and w are weak in a certain sense. In fact, Section 5.7
contains a general result with generalized eigenvectors permitted, where the vector
functions Us and Vs are polynomial exponential solutions of equations AðDtÞU ¼ 0
and A�ðDtÞV ¼ 0; respectively.
System (4) is the corner stone of our asymptotic theory. On one hand, it can be

applied to construct solutions of (1) with the vector hðtÞ asymptotically close to a
solution of the dynamical system

d

dt
~wwðtÞ þNðt;~wwðtÞÞ ¼ 0: ð5Þ

On the other hand, one can try to show that solutions of (1) subject to the growth
restriction (2) have the asymptotic representation (3), where the vector h is
asymptotically equivalent to a solution of (5).
In general, the dynamical system (5) is a very complicated object containing an

arbitrary nonlinear term, so that even the appearance of a chaotic attractor is not
excluded. Therefore, in order to deduce explicit asymptotic formulae for solutions of
(1), one must restrict classes of nonlinearities.
If the line Il ¼ k0 contains a single simple eigenvalue l0 of the pencilAðlÞ; then h

becomes a scalar function h and system (5) turns into one equation with

Nðt; hðtÞÞ ¼ �ie�il0t
Xn

s¼0
ln�s
0 ðNsðt; hðtÞeil0tj;y; hðtÞlc�n

0 eil0tjÞ j cÞ;

where j and c are the eigenvectors corresponding to the eigenvalues l0 and %l0 of
AðlÞ and A�ðlÞ respectively, subject to

dA

dl
ðl0Þj

���� c� �
¼ 1:

This situation appears, for example, in the problem of asymptotic behavior of
solutions to the nonlinear elliptic differential equation of order 2m

LðDxÞuðxÞ ¼
X
jajpm

Da
xðNaðx; fDg

xuðxÞgjgjpmÞ; ð6Þ
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in a neighborhood of the origin of Rd : Here L is homogeneous polynomial of degree
2m with constant coefficients. In the case 2mod the dynamical system (5), which
describes the behavior of solutions to Eq. (6) with a finite Dirichlet integral, reduces
to one equation

dw
dt

þ e�td
X
jajpm

ð�1Þjaj
Z
jyj¼1

Naðe�ty; wðtÞ; 0ÞðDa
xGÞðe�tyÞ dSy ¼ 0;

where G is the fundamental solution of LðDxÞ in Rd and zero value of an argument
of Na stands in place of derivatives of the orders 1;y;m:
This and other applications of our asymptotic theory to partial differential

equations will be discussed elsewhere.
Here is a plan of the paper. Definitions of function spaces and conditions for the

operators involved are collected in Section 2, where basic properties of AðDtÞ are
reviewed as well. In Section 3 we use a new construction to reduce (1) to the
equivalent first-order evolution system

ðIDt þ AÞUðtÞ � Nðt; #UðtÞÞ ¼ 0 on R; ð7Þ

where U ¼ ðU1;y;UcÞ; #U ¼ ðU1;y;Uc�nþ1Þ; A is a linear operator in-
dependent of t; and N is, in general, a nonlinear operator. The next Section 4
is devoted to the spectral analysis of the operator A: The results obtained are
used in the last Section 5 to split system (7) into a finite- and infinite-
dimensional parts. Resolving the infinite-dimensional part, we arrive at
system (4). The paper is finished with derivation of asymptotic representations of
solutions to (7) and (1).

2. Preliminaries on function spaces and operators

2.1. Local vector Sobolev spaces

Let c and n be integers, 0pnoc; and let fBjg j¼c�n
j¼�n be a collection of reflexive

Banach spaces such that Bj is densely imbedded in Bj�1 and

jjujjBj�1
pcjjjujjBj

for j ¼ 1� n;y; c� n:

Let B�j
0 be the dual space of Bj : We denote by ð� j �Þ the duality between B0 and B0

0

which can be extended by continuity onto Bj � B�j
0 for j ¼ �n;y; c� n:

We introduce the space Lpða; b;BÞ endowed with the norm

jjujjLpða;b;BÞ ¼
Z b

a

jjuðtÞjjpB dt

� �1=p

;
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where B is a Banach space and 1opoN: We need the Sobolev space

W j
p ða; b; fBkg j

k¼0Þ with the norm

jjujjW j
p ða;b;fBkg j

k¼0Þ
¼

Z b

a

X
0pkpj

jjDk
t uðtÞjjpBj�k

dt

 !1=p

:

Let Lp;locðR;BÞ and W
j

p;locðR; fBkg j
k¼0Þ be the space of functions belonging to

Lpðt; t þ 1;BÞ and W j
p ðt; t þ 1; fBkg j

k¼0Þ for all real t: We equip these spaces with the

seminorms

jjujjLpðt;tþ1;BÞ and jjujjW j
p ðt;tþ1;fBkg j

k¼0Þ
;

respectively.

We define W
j

p0;compðR; fBk
0g j

k¼0Þ to be the set of all uAW
j

p0 ðR; fBk
0g j

k¼0Þ with

compact supports, p0 ¼ p=ðp � 1Þ: A sequence fukgkX1 of elements in

W
j

p0;compðR; fBk
0g j

k¼0Þ converges to uAW
j

p0;compðR; fBk
0g j

k¼0Þ if the supports of uk

are uniformly bounded and uk-u in W
j

p0 ðR; fBk
0g j

k¼0Þ: By W
�j
p;locðR; fB�kg j

k¼0Þ we
denote the spaces of sesquilinear bounded functionals on W

j
p0;compðR; fBk

0g j
k¼0Þ

endowed with the seminorms

jj f jjW j
p ðt;tþ1;fB�kg j

k¼0Þ
¼ sup

v

Z
R

ð f ðtÞ j vðtÞÞ dt

���� ����;
where supremum is taken over all vAW

j
p0;compðR; fBk

0g j
k¼0Þ such that

supp vC½t; t þ 1�; jjvjjW j

p0 ðR;fBk
0g j

k¼0Þ
¼ 1: ð8Þ

If fkALp;locðR;B�kÞ; k ¼ 0;y; j; then the sum

f ðtÞ ¼
Xj

k¼0
D

j�k
t fkðtÞ; ð9Þ

where D
j�k

t fk is the distribution derivative, belongs to W
�j
p;locðR; fB�kg j

k¼0Þ and

jj f jjW�j
p ðt;tþ1;fB�kg j

k¼0Þ
p

Xj

k¼0
jj fkjjpLpðt;tþ1;B�kÞ

 !1=p

:

One can show that every element of W
�j
p;locðR; fB�kg j

k¼0Þ can be represented in form

(9) so that

Xj

k¼0
jj fkjjpLpðt;tþ1;B�kÞ

 !1=p

pcjj f jjW�j
p ðt�1;tþ2;fB�kg j

k¼0Þ
;
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where c does not depend on f and t: The proof is analogous to that of Lemma 10.8.2
in [KM1].

2.2. Conditions on the operator AðDtÞ

Here and elsewhere we use terminology of the spectral theory of operator pencils
following [KM1].
By Ajk we denote a linear continuous operator which maps Bk into B�j for k ¼

0;y; c� n; j ¼ 0;y; n: We introduce the operator pencil

AðlÞ ¼
Xn

j¼0

Xc�n

k¼0
Ajkl

c�j�k : Bc�n-B�n ð10Þ

and assume that AðlÞ is Fredholm for all lAC and invertible at least for one value
of l: Then the spectrum of AðlÞ consists of isolated eigenvalues of finite algebraic
multiplicity.
The operator pencil

A�ðlÞ : Bn
0-Bn�c

0 ð11Þ

is defined by ðx jA�ðlÞyÞ ¼ ðAð%lÞx j yÞ:
We deal with a variational form of the equation

AðDtÞu ¼ f in R; ð12Þ

where fAW�n
p;locðR; fB�kgn

k¼0Þ: By a solution of this equation we mean a function

uAW c�n
p;locðR; fBkgc�n

k¼0Þ satisfying

Xn

j¼0

Xc�n

k¼0

Z
R

ðAjkDc�n�k
t uðtÞ j D

n�j
t vðtÞÞ dt ¼

Z
R

ð f ðtÞ j vðtÞÞ dt ð13Þ

for all vAW n
p0;compðR; fBk

0gn
k¼0Þ: We suppose that the operator A00 has a bounded

inverse, which maps B0 into B0:
The left-hand side of (13) generates a bounded linear operator

AðDtÞ : W c�n
p;locðR; fBkgc�n

k¼0Þ-W�n
p;locðR; fB�kgn

k¼0Þ:

We assume that the local estimate

jjujjW c�n
p ð0;1;fBkgc�n

k¼0Þ

pCðjjAðDtÞujjW�n
p ð�1;2;fB�kgn

k¼0Þ þ jjujjW c�n�1
p ð�1;2;fBkgc�n�1

k¼0 ÞÞ ð14Þ
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holds for every uAW c�n
p ð�1; 2; fBkgc�n

k¼0Þ: Substituting uðtÞ ¼ eiltj; where lAR and

jABc�n; we conclude that for sufficiently large jlj

Xc�n

k¼0
jljkjjjjjBc�n�k

pC sup jðAðlÞj j vÞj; ð15Þ

where the supremum is taken over all vABn
0 subject to

Xn

k¼0
jljn�kjjvjjBk

0 ¼ 1:

It is straightforward that estimate (15) holds for all complex l with jargð7lÞjpy;
jR ljXr; where y is a positive number and r is sufficiently large. Hence, an arbitrary
strip k�oR lokþ contains at most a finite number of eigenvalues of the pencil
AðlÞ; which have finite algebraic multiplicities.

2.3. Basic properties of AðDtÞ

We state two propositions concerning existence, uniqueness and asymptotics of a
solution to Eq. (12). Their proofs are literally the same as those of Theorem 10.8.11
and Proposition 3.8.1 in [KM1].

Proposition 1. Let k�okþ and let the strip k�oIlokþ be free of eigenvalues of

AðlÞ: We introduce the function

mðtÞ ¼ ek�tð1þ tÞm��1 for tX0;

ekþtð1þ jtjÞmþ�1 for to0;

(
ð16Þ

where m7 is the maximal partial multiplicity of all eigenvalues of AðlÞ situated on the

line Il ¼ k7: In the case when there are no eigenvalues on the line Il ¼ k7 we set

m7 ¼ 1: Suppose that f belongs to W�n
p;locðR; fB�kgn

k¼0Þ and satisfies

Z
R

mðtÞjj f jjW�n
p ðt;tþ1;fB�kgn

k¼0ÞÞ dtoN: ð17Þ

Then Eq. (12) has a solution uAW c�n
p;locðR; fBkgc�n

k¼0Þ subject to

jjujjW c�n
p ðt;tþ1;fBkgc�n

k¼0Þ

pC

Z
R

mðt� tÞjj f jjW�n
p ðt;tþ1;fB�kgn

k¼0Þ dt; ð18Þ
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which implies

jjujjW c�n
p ðt;tþ1;fBkgc�n

k¼0Þ
¼ oðe�k8tÞ as t-7N: ð19Þ

The solution uAW c�n
p;locðR; fBkgc�n

k¼0Þ of (12) satisfying (19) is unique.

Let the eigenvalues of the operator pencil AðlÞ be indexed by integers. We denote
by Jn the geometric multiplicity of ln and by mnk; k ¼ 1;y; Jn its partial
multiplicities. Then the algebraic multiplicity of ln is equal to mn1 þ?þ mnJn :

The number %ln is an eigenvalue of A�ðlÞ if and only if ln is an eigenvalue of AðlÞ;
and its geometric, partial and algebraic multiplicities coincide with those of ln: We
fix canonical sets of Jordan chains

fjðnÞ
kj g and fcðnÞ

kj g;

k ¼ 1;y; Jn; j ¼ 0;y;mnk � 1; corresponding to the eigenvalues ln and %ln of the
operator pencils (10) and (11). We suppose that the vectors are subject to the
biorthogonality conditionXq

s¼0

Xmnkþs

s¼sþ1

1

s!
ðAðsÞðlnÞjðnÞ

k;mnkþs�s jc
ðnÞ
j;q�sÞ ¼ d j

kd
0
q ð20Þ

for k; j ¼ 1;y; Jn; q ¼ 0;y;mnj � 1: By AðsÞðlÞ we mean the derivative of AðlÞ of
order s:
We denote by ZðA; lnÞ the set of solutions of AðDtÞU ¼ 0 which have the form

UðtÞ ¼ eitln
Xm

s¼0

ðitÞs

s!
um�s; um�sABc�n: ð21Þ

Here ln is an eigenvalue of the pencil AðlÞ; u0 is an eigenvector corresponding to ln
and u1;y; um are generalized eigenvectors. The dimension of ZðA; lnÞ is equal to the
algebraic multiplicity Kn of ln: We put

FðnÞ
k ðzÞ ¼

Xmnk�1

s¼0

zs

s!
jðnÞ

k;mnk�1�s: ð22Þ

Then the vector functions

U
ðnÞ
ks ðtÞ ¼ eitlnDs

tF
ðnÞ
k ðitÞ; k ¼ 1;y; Jn; s ¼ 0;y;mnk � 1; ð23Þ

form a basis in ZðA; lnÞ:
Analogously, let ZðA�; %lnÞ be the set of all solutions of A�ðDtÞV ¼ 0 which have

the form

VðtÞ ¼ eit%ln
Xm

s¼0

ðitÞs

s!
vm�s; vm�sABn

0:
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Then the collection of the vector functions

V
ðnÞ
ks ðtÞ ¼ ieit%lnDmnk�1�s

t CðnÞ
k ðitÞ; k ¼ 1;y; Jn; s ¼ 0;y;mnk � 1; ð24Þ

where

CðnÞ
k ðzÞ ¼

Xmnk�1

s¼0

zs

s!
cðnÞ

k;mnk�1�s; ð25Þ

is a basis in ZðA�; %lnÞ: The equivalent formulation of the biorthogonality condition
(20) is

Z
R

Xn

j¼0

Xc�n

s¼0
ðAjsD

c�s�j
t ðZðtÞU ðnÞ

kp ðtÞÞ j V ðmÞ
mq ðtÞÞ dt ¼ dnmd

k
md

q
p; ð26Þ

where Z is a smooth function equal to 1 in a neighborhood of �N and to zero in a
neighborhood of þN (see [KM1, Section 1]).

Proposition 2. Let k�ok0okþ and let the strips k�oIlok0 and k0oIlokþ be free

of eigenvalues of AðlÞ: Suppose that f belongs to W�n
p;locðR; fB�kgn

k¼0Þ and satisfiesZ
N

�N

ek0tð1þ jtjÞm0�1jj f jjW�n
p ðt;tþ1;fB�kgn

k¼0Þ dtoN; ð27Þ

where m0 is the maximal partial multiplicity of all eigenvalues of AðlÞ situated on the

line Il ¼ k0: Then the solutions uþ and u� of Eq. (12) constructed in Proposition 1 for

the strips k�oIlok0 and k0oIlokþ satisfy

uþðtÞ � u�ðtÞ ¼
X

Iln¼k0

XJn
k¼1

Xmnk�1

p¼0
c
ðnÞ
kp U

ðnÞ
kp ðtÞ;

where

c
ðnÞ
kp ¼

Z
R

ð f ðtÞ j V
ðnÞ
kp ðtÞÞ dt:

2.4. Vector function spaces T0 and #T

By T0ða; bÞ we denote the space of vector-functions

U0 ¼ ðU1;y;Uc�nÞ;
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with values in Bc�n �?� B1 which is endowed with the norm

jjU0jjT0ða;bÞ ¼
Xc�n

j¼1

Z b

a

ðjjUjðtÞjjpBc�n�jþ1
þ jjDtUjðtÞjjpBc�n�j

Þ dt

 !1=p

:

Also let #Tða; bÞ be the product T0ða; bÞ � Lpða; b;B0Þ which consists of the vector

functions
#U ¼ ðU0;Uc�nþ1Þ

with the norm

jj #Ujj #Tða;bÞ ¼ ðjjU0jjp
T0ða;bÞ þ jjUc�nþ1jjpLpða;b;B0ÞÞ

1=p:

Furthermore, we use the spaces Tloc
0ðRÞ and #TlocðRÞ endowed with the seminorms

jjU0jjT0ðt;tþ1Þ and jj #Ujj #Tðt;tþ1Þ; tAR:

If uAW c�n
p;locðR; fBkgc�n

k¼0Þ then by setting Uj ¼ D
j�1

t u we see that

U0ATloc
0ðRÞ and #UA #TlocðRÞ

and

2�1=pjj #Ujj #Tðt;tþ1ÞpjjujjW c�n
p ðt;tþ1;fBkgc�n

k¼0Þ
pjjU0jjT0ðt;tþ1Þ: ð28Þ

2.5. Conditions for the operators Nj in Eq. (1) and the majorant MðtÞ

Let us fix two real numbers k7; k�okþ: By m7 we denote the maximal partial
multiplicities of the eigenvalues of the pencil AðlÞ situated on the line Il ¼ k7: In
the case when there are no eigenvalues on the line Il ¼ k7 we set m7 ¼ 1:
In what follows, by c and C; sometimes with indices, we mean possibly different

constants which depend on k7; p and the unperturbed operator AðDtÞ:
In this section and elsewhere, M is a locally bounded, positive and measurable

function on R; which has appeared already in Introduction. Let us consider the set of

the vector functions #U from #TlocðRÞ which satisfy

jj #Ujj #Tðt;tþ1Þp21=pMðtÞ on R: ð29Þ

We require that the operator Nj appearing in (1) maps the space R� Bc�n �?�
B0 into B�j: We assume additionally that Nj maps the vector functions subject to

(29) into Lp;locðR;B�jÞ: Also let the following Lipschitz-type condition hold for all

vector functions #U and #V from #TlocðRÞ subject to (29):

Xn

j¼0
jjNjðt; #UÞ �Njðt; #VÞjjp

Lpðt;tþ1;B�jÞ

 !1=p

prðtÞjj #U� #Vjj #Tðt;tþ1Þ; ð30Þ
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where r is a measurable, bounded function, which may depend on the majorant M:
We put

r0 ¼ sup rðtÞ

and assume that r0 does not exceed a certain constant c�:
From (30), we obtain

Xn

j¼0
jjNjð�; #UÞjjp

Lpðt;tþ1;B�jÞ

 !1=p

prðtÞjj #Ujj #Tðt;tþ1Þ þ sðtÞ; ð31Þ

where

sðtÞ ¼
Xn

j¼0
jjNjð�; 0ÞjjpLpðt;tþ1;B�jÞ

 !1=p

: ð32Þ

We suppose that Z
R

mðt� tÞsðtÞ dtpc}MðtÞ: ð33Þ

Note that (33) implies

sðtÞpCc}MðtÞ; ð34Þ

where C depends only on k7 and m7: In fact, for any fALp;locðRÞ

jj f jjLpðt;tþ1Þp
Z
jt�tjo1

jj f jjLpðt;tþ2Þ dtp
Z
jt�tjo1

jj f jjLpðt;tþ1Þ dt

þ
Z
jt�t�1jo1

jj f jjLpðt;tþ1Þ dtpC

Z
R

mðt� tÞjj f jjLpðt;tþ1Þ dt; ð35Þ

which implies (34).
Throughout the paper the majorant M fulfils the condition

eðk�þc�r
1=m�
0

ÞtMðtÞ decreases and eðkþ�cþr
1=mþ
0

ÞtMðtÞ increases: ð36Þ

Note that (36) leads to

c1p
MðtÞ
MðtÞpc2 for jt � tjp1:
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Remark. In what follows we require that the constants c� and c} are sufficiently
small whereas c7 are large enough. Their values depend on k7; p and the
unperturbed operator AðDtÞ:

3. First-order system corresponding to Eq. (1)

3.1. Reduction of Eq. (1) to a first-order system

Let u be an arbitrary function from W c�n
p;locðR; fBkgc�n

k¼0Þ subject to estimate (2),

which implies (29) owing to (28). By conditions for Nj imposed in Section 2.5, the

operators

u-Njðt; u;y;Dc�n
t uÞ; j ¼ 0;y; n;

map functions from W c�n
p;locðR; fBkgc�n

k¼0Þ satisfying (2) into Lp;locðR;B�jÞ: We say that

u is a solution of Eq. (1) if

Xn

j¼0

Xc�n

k¼0

Z
R

ðAjkDc�n�k
t uðtÞ j D

n�j
t vðtÞÞ dt

¼
Xn

j¼0

Z
R

ðNjðt; uðtÞ;y;Dc�n
t uðtÞÞ j D

n�j
t vðtÞÞ dt ð37Þ

for all vAW n
p0;compðR; fBk

0gn
k¼0Þ: We write Eq. (1) in the form

Xn

j¼0
D

n�j
t AjðDtÞuðtÞ ¼

Xn

j¼0
D

n�j
t Njðt; uðtÞ;y;Dc�n

t uðtÞÞ on R; ð38Þ

where

AjðDtÞ ¼
Xc�n

k¼0
AjkDc�n�k

t :

Let U ¼ colðU1;y;UcÞ; where

Uk ¼ Dk�1
t u; k ¼ 1;y; c� n; ð39Þ

Uc�nþ1 ¼ A0ðDtÞu �N0ðt; u;y;Dc�n
t uÞ ð40Þ

and

Uc�nþj ¼ DtUc�nþj�1 þAj�1ðDtÞu �Nj�1ðt; u;y;Dc�n
t uÞ ð41Þ
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for j ¼ 2;y; n: With this notation, (38) takes the form

DtUc þAnðDtÞu �Nnðt; u;y;Dc�n
t uÞ ¼ 0: ð42Þ

Using (39) and the notation Z ¼ Dc�n
t u we write (40) as

A00Z ¼ N0ðt;U0;ZÞ þUc�nþ1 �
Xc�n�1

k¼0
A0;c�n�kUkþ1; ð43Þ

where as before U0 ¼ colðU1;y;Uc�nÞ:

Lemma 1. There exist constants C1; C2 and C3 such that the following assertions hold:

(i) Let #U ¼ ðU0;Uc�nþ1Þ belong to #TlocðRÞ and satisfy

jj #Ujj #Tðt;tþ1ÞpC1MðtÞ on R; ð44Þ

where C1o1: Then Eq. (43) has a unique solution

Z ¼ Sðt; #UÞ

in Lp;locðR;B0Þ subject to

jjZjjLpðt;tþ1;B0ÞpC2ðjj #Ujj #Tðt;tþ1Þ þ sðtÞÞ ð45Þ

with s given by (32).
(ii) For all #U satisfying (44)

jjSðt; #UÞ �S0
#UjjLpðt;tþ1;B0ÞpC3ðrðtÞjj #Ujj #Tðt;tþ1Þ þ sðtÞÞ; ð46Þ

where S0 is a linear operator defined by

S0
#U ¼ A�1

00 Uc�nþ1 �
Xc�n�1

k¼0
A0;c�n�kUkþ1

 !
: ð47Þ

(iii) For all #U1; #U2AT̂locðRÞ subject to (44)

jjSðt; #U1Þ �Sðt; #U2ÞjjLpðt;tþ1;B0Þpcjj #U1 � #U2jj #Tðt;tþ1Þ: ð48Þ

Proof. (i) We write (43) as

Z ¼ Fðt; #U;ZÞ; ð49Þ
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where

Fðt; #U;ZÞ ¼ A�1
00 N0ðt;U0;ZÞ þUc�nþ1 �

Xc�n�1

k¼0
A0;c�n�kUkþ1

 !
:

We introduce the Banach space B of functions in Lp;locðR;B0Þ with the norm

sup
t

jjujjLpðt;tþ1;B0Þ

MðtÞ :

By BðrÞ we denote the ball in B with radius r centered at the origin. Let ZABðC2Þ:
By (31) we have

jjFð�; #U;ZÞjjLpðt;tþ1;B0Þ

pcðsðtÞ þ rðtÞðjjU0jjT0ðt;tþ1Þ þ jjZjjLpðt;tþ1;B0ÞÞ þ jj #Ujj #Tðt;tþ1ÞÞ: ð50Þ

Using (34) and (44), we obtain

jjFð�; #U;ZÞjjLpðt;tþ1;B0ÞpcðCc} þ r0ðC1 þ qÞ þ C1ÞMðtÞ:

We can choose C1; C2; c} and the upper bound c� for r0 so that

cðCc} þ c�ðC1 þ C2Þ þ C1ÞpC2;

which means that F maps BðC2Þ into itself. The Lipschitz condition (30) leads to

jjFð�; #U;Z1Þ �Fð�; #U;Z2ÞjjLpðt;tþ1;B0Þpcr0jjZ1 �Z2jjLpðt;tþ1;B0Þ

for all Z1;Z2ABðC2Þ: Hence there exists a unique solution of (49) from BðC2Þ:
Estimate (45) follows directly from (49) and (50).
(ii) Since

Sðt; #UÞ �S0
#U ¼ A�1

00 N0ðt;U0;Sðt; #UÞÞ;

we deduce (46) from (31) and (45).

(iii) Replacing the pair ð #U;ZÞ in (43) by ð #U1;Z1Þ and ð #U2;Z2Þ; we obtain from
(30) that

jjZ1 �Z2jjLpðt;tþ1;B0Þp cr0ðjjZ1 �Z2jjLpðt;tþ1;B0Þ þ jj #U1 � #U2jj #Tðt;tþ1ÞÞ

þ cjj #U1 � #U2jj #Tðt;tþ1Þ;

which implies (48). &
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By (39) and (40)

Dc�n
t u ¼ Sðt; #UÞ; ð51Þ

It follows from (39) that

DtUk ¼ Ukþ1 for k ¼ 1;y; c� n � 1: ð52Þ

Hence

DtUc�n ¼ Sðt; #UÞ: ð53Þ

Using (51), we write (41) as

DtUc�nþj ¼Uc�nþjþ1 �
Xc�n�1

k¼0
Aj;c�n�kUkþ1 � Aj0Sðt; #UÞ

þ Njðt;U0;Sðt; #UÞÞ ð54Þ

for j ¼ 1;y; n � 1: Then (42) takes the form

DtUc þ
Xc�n�1

k¼0
An;c�n�kUkþ1 þ An0Sðt; #UÞ �Nnðt;U0;Sðt; #UÞÞ ¼ 0: ð55Þ

Relations (52)–(55) can be written as the evolution system

ðIDt þ AÞUðtÞ � Nðt; #UðtÞÞ ¼ 0 on R; ð56Þ

where the operator N is given by

Nðt; #UÞ ¼ colð0;y; 0;Nc�nðt; #UÞ;Nc�nþ1ðt; #UÞ;y;Ncðt; #UÞÞ; ð57Þ

with

Nc�nðt; #UÞ ¼ Sðt; #UÞ � A�1
00 Uc�nþ1 �

Xc�n�1

k¼0
A0;c�n�kUkþ1

 !

and

Nc�nþjðt; #UÞ

¼ Njðt;U0;Sðt; #UÞÞ � Aj0 Sðt; #UÞ � A�1
00 Uc�nþ1 �

Xc�n�1

k¼0
A0;c�n�kUkþ1

 ! !

for j ¼ 1;y; n: By (43) these relations can be written as

Nc�nðt; #UÞ ¼ A�1
00 N0ðt;U0;Sðt; #UÞÞ ð58Þ
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and

Nc�nþjðt; #UÞ ¼ Njðt;U0;Sðt; #UÞÞ � Aj0A
�1
00 N0ðt;U0;Sðt; #UÞÞ ð59Þ

for j ¼ 1;y; n:
In (56), we denote the identity operator by I: We also use the operator matrix

A ¼ �Jþ L ð60Þ

with J ¼ fJjkg
c
j;k¼1 given by

ðc� n þ 1Þ

ðc� nÞ

0 I 0 ? ? ? 0

0 0 I ? ^ ? 0

? ? ? & ^ ? ?

0 ? ? ? A�1
00 ? 0

? ? ? ? ? & ?

0 0 0 ? ? ? I

0 0 0 ? ? ? 0

0BBBBBBBBBBB@

1CCCCCCCCCCCA
and L ¼ fLjkgcj;k¼1 equal to

0 ? 0 0 ? 0

^ & ^ ? ^ ^

0 ? 0 0 ? 0

A�1
00 A0;c�n ? A�1

00 A0;1 0 ? 0

A1;c�n � A1;0A
�1
00 A0;c�n ? A1;1 � A1;0A

�1
00 A0;1 A10A

�1
00 ? 0

^ ? ^ ? & ^

An;c�n � An;0A
�1
00 A0;c�n ? An;1 � An;0A

�1
00 A0;1 An0A

�1
00 ? 0

0BBBBBBBBBBB@

1CCCCCCCCCCCA
with zeros in the last n � 1 columns.
We put

T ¼ Bc�n �?� B1 � B0 � ðB�nÞn�1 ð61Þ

and

R ¼ Bc�n�1 �?� B1 � B0 � ðB�nÞn: ð62Þ

By the continuity of Ajk : Bk-B�j; the operator A :T-R is continuous.
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3.2. Vector function spaces T and S

Here we collect definitions of some spaces which are used in the sequel. LetT and
R be the spaces defined by (61) and (62). We introduce the space Tða; bÞ of vector
functions U ¼ colðUjÞcj¼1 defined on ða; bÞ; taking values in T and supplied with the

norm

jjUjjTða;bÞ ¼
Z b

a

ðjjUðtÞjjpT þ jjDtUðtÞjjpRÞ dt
� �1=p

:

This definition is equivalent to

Tða; bÞ ¼ fU :UALpða; b;TÞ;DtUALpða; b;RÞg: ð63Þ

Note that UATða; bÞ implies U0 ¼ðU1;y;Uc�nÞAT0ða; bÞ and #U¼ðU0;Uc�nþ1ÞA #T

ða; bÞ (see Section 2.4).
By Sða; bÞ we denote the space of all vector functions UðtÞ represented in

the form

UðtÞ ¼ colðuðtÞ;y;Dc�n�1
t uðtÞ; uc�nþ1ðtÞ;y; ucðtÞÞ; ð64Þ

where uAW c�n
p ða; b; fBjgc�n

j¼0 Þ;

uc�nþ1ALpða; b;B0Þ; Dtuc�nþ1ALpða; b;B�nÞ ð65Þ

and

uc�nþj;Dtuc�nþjALpða; b;B�nÞ; j ¼ 2;y; n: ð66Þ

We equip the space Sða; bÞ with the norm

jjUjjSða;bÞ ¼ jjujjp
W c�n

p ða;b;fBjgc�n
j¼0 Þ

þ jjuc�nþ1jjpLpða;b;B0Þ

 

þ jjDtuc�nþ1jjpLpða;b;B�nÞ þ
Xn

j¼2
ðjjuc�nþj jjpLpða;b;B�nÞ þ jjDtuc�nþjjjpLpða;b;B�nÞÞ

!1=p

:

Clearly, Sða; bÞCTða; bÞ and

jjUjjTða;bÞpcjjUjjSða;bÞ ð67Þ

for all UASða; bÞ:
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We use the notation TlocðRÞ for the space of vector functions defined on R whose
restrictions to an arbitrary finite interval ða; bÞ belong to Tða; bÞ: In the same way,
the space SlocðRÞ is defined.

3.3. Equivalence of Eq. (1) and system (56)

Lemma 2. (i) If uAW c�n
p;locðR; fBgc�n

k¼0Þ is a solution of (1) subject to (2), then the vector

function U given by (39)–(41) belongs to SlocðRÞ and satisfies (56) as well as

jjUjjSðt;tþ1ÞpcMðtÞ for tAR: ð68Þ

(ii) If UATlocðRÞ is a solution of (56) subject to

jjUjjTðt;tþ1ÞpcMðtÞ for tAR; ð69Þ

then UASlocðRÞ and the function u ¼ U1 is a solution of (1) satisfying (2).

Proof. (i) In order to verify the inclusion UASlocðRÞ and estimate (68), it suffices to
show that

Uc�nþ1ALp;locðR;B0Þ; DtUc�nþ1ALp;locðR;B�nÞ; ð70Þ

Uc�nþj;Dtuc�nþjALp;locðR;B�nÞ; j ¼ 2;y; n; ð71Þ

and that

jjUc�nþ1jjpLpðt;tþ1;B0Þ þ jjDtUc�nþ1jjpLpðt;tþ1;B�nÞ

 

þ
Xn

j¼2
ðjjUc�nþjjjpLpðt;tþ1;B�nÞ þ jjDtUc�nþjjjpLpðt;tþ1;B�nÞÞ

!1=p

pcMðtÞ: ð72Þ

The first inclusion in (70) and estimate (72) for the norm of Uc�nþ1 follow from (40)
and (34).
Let ZACN

0 ð0; 1Þ and ZtðtÞ ¼ Zðt� tÞ: From (40) and (41) combined with (2) and

(34) we obtain

Z tþ1

t

Uc�nþjðtÞZðt� tÞ dt
���� ����pcMðtÞ; ð73Þ
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where j ¼ 1;y; n: Let the mean value of Z on ð0; 1Þ is equal to 1: By the identity

Uc�nþjðtÞ �
Z tþ1

t
Uc�nþjðsÞZðs � tÞ ds

¼ � i

Z tþ1

t
DsUc�n�jðsÞ ds

Z tþ1

s
Zðs � tÞ ds

and by (73), we arrive at

jjUc�nþjjjLpðt;tþ1;B�nÞpcðMðtÞ þ jjDtUc�nþj jjLpðt;tþ1;B�nÞÞ: ð74Þ

This inequality with j ¼ 0; along with (42), yield (71) with j ¼ n and the estimate

ðjjUcjjpLpðt;tþ1;B�nÞ þ jjDtUcjjpLpðt;tþ1;B�nÞÞ
1=ppcMðtÞ:

Estimates for the terms in (72) with j ¼ n � 1;y; 1 together with the remaining
inclusions in (70) and (71) result from (41) and (74).
It follows from the reduction of (1) to the first-order system (56) performed in

Section 3.1 that U satisfies (56). The result follows.

(ii) By (52) and (53) we obtain Uk ¼ Dk�1
t U1 for k ¼ 1;y; c� n and

Sðt; #UÞ ¼ Dc�n
t U1: These equalities along with (69) imply (2) for u ¼ U1: Equality

(43) becomes

Uc�nþ1 ¼ A0ðDtÞU1 �N0ðt;U1;y;Dc�n
t U1Þ;

whereas (54) takes the form

DtUc�nþj ¼ Uc�nþjþ1 �AjðDtÞU1 þNjðt;U1;y;Dc�n
t U1Þ

for j ¼ 1;y; n � 1; and (55) can be written as

DtUc þAnðDtÞU1 �Nnðt;U1;y;Dc�n
t U1Þ ¼ 0:

The last three equations imply (38) for u ¼ U1: &

4. Properties of the pencil ðkIþ AÞ

4.1. Correspondence between AðlÞ and the linear pencil lIþ A

Lemma 3. Let the row vector eðlÞ ¼ ðe1ðlÞ;y; ecðlÞÞ be given by

ec�jðlÞ ¼ l j; j ¼ 0;y; n � 1; ð75Þ
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ec�nðlÞ ¼
Xn

j¼0
ln�jAj0; ð76Þ

ec�n�kðlÞ ¼
Xk

s¼0

Xn

j¼0
lkþn�s�jAjs; k ¼ 1;y; c� n � 1: ð77Þ

Then for all lAC the equality

eðlÞðlIþ AÞ ¼ ðAðlÞ; 0;y; 0Þ ð78Þ

holds.

Proof. It follows from (78) that

lec�j � ec�j�1 ¼ 0 ð79Þ

for j ¼ 0;y; n � 2;

lec�nþ1 � ec�nA�1
00 þ

Xn

j¼1
ec�nþjAj0A

�1
00 ¼ 0; ð80Þ

lec�n�kþ1 � ec�n�k þ ec�nA�1
00 A0k þ

Xn

j¼1
ec�nþjðAjk � Aj0A

�1
00 A0kÞ ¼ 0 ð81Þ

for k ¼ 1;y; c� n � 1 and

le1 þ ec�nA�1
00 A0;c�n þ

Xn

j¼1
ec�nþjðAj;c�n � Aj0A

�1
00 A0;c�nÞ ¼ AðlÞ: ð82Þ

Putting ec ¼ 1 and using (79) we obtain (75). Equality (76) results from (80) and (75).
Now, using (81) together with (75) and (76), we arrive at

ec�n�k ¼ lec�n�kþ1 þ
Xn

j¼0
ln�jAjk ð83Þ

for k ¼ 1;y; c� n � 1 and (77) with k ¼ 1;y; c� n � 2 follows from (83) by
induction. Finally, using (75) and (76), we write (82) as

le1 þ
Xn

j¼0
ln�jAj;c�n ¼ AðlÞ;

which leads to (77) with k ¼ c� n � 1: The proof is complete. &
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We introduce the operator matrix EðlÞ ¼ fEpqðlÞgcp;q¼1 as

ðc� nÞ

ðc� n þ 1Þ

e1ðlÞ e2ðlÞ ? ec�nðlÞ ? ec�1ðlÞ ecðlÞ
�I 0 ? 0 ? 0 0

0 �I ? 0 ? 0 0

^ ^ ? ^ ? ^ ^

0 0 ? �A00 ? 0 0

^ ^ ? ^ ? ^ ^

0 0 ? 0 ? �I 0

0BBBBBBBBBBB@

1CCCCCCCCCCCA
:

ð84Þ

One can check directly that E�1ðlÞ is given by

ðc� n þ 1Þ

ðc� nÞ

0 �I ? 0 ? 0 0

0 0 ? 0 ? 0 0

^ ^ ? ^ ? ^ ^

0 0 ? �A�1
00 ? 0 0

^ ^ ? ^ ? ^ ^

0 0 ? 0 ? 0 �I

I e1ðlÞ ? ec�nðlÞ ? ec�2ðlÞ ec�1ðlÞ

0BBBBBBBBBBB@

1CCCCCCCCCCCA
:

We obtain the key result of the present section which describes an explicit
correspondence between the pencils AðlÞ and lIþ A:

Proposition 3. For all lAC

EðlÞðlIþ AÞ ¼ diagðAðlÞ; I ;y; IÞ
Jc�nðlÞ 0

�BðlÞ JnðlÞ � M

� �
; ð85Þ

where the d � d matrix JdðlÞ is defined by

JdðlÞ ¼

I 0 y 0 0

�l I y 0 0

^ ^ ^ ^

0 0 y I 0

0 0 y �l I

0BBBBBB@

1CCCCCCA:
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Here the n � n matrix M is defined by

M ¼

0 0 y 0 0

A10A
�1
00 0 y 0 0

A20A
�1
00 0 y 0 0

^ ^ ^ ^

An�1;0A
�1
00 0 y 0 0

0BBBBBB@

1CCCCCCA
and the n � ðc� nÞ matrix BðlÞ is given by

BðlÞ ¼

A0;c�n y A02 A01

A1;c�n y A12 A11

^ ^ ^ ^

An�1;c�n y An�1;2 An�1;1

0BBB@
1CCCA

�

0 y 0 �lA00

A10A
�1
00 A0;c�n y A10A

�1
00 A02 A10A

�1
00 A01

^ y ^ ^

An�1;0A
�1
00 A0;c�n y An�1;0A

�1
00 A02 An�1;0A

�1
00 A01

0BBB@
1CCCA:

Proof. By Lemma 3, the left-hand side in (85) is a triangular matrix with the
diagonal AðlÞ; I ;y; I : One can verify directly that this matrix is equal to the right-
hand side in (85).
Clearly, JdðlÞ has the inverse

JdðlÞ�1 ¼

I 0 0 y 0 0

l I 0 y ^ ^

l2 l I y ^ ^

^ ^ ^ y I 0

ld�1 ld�2 ld�3
y l I

0BBBBBB@

1CCCCCCA: ð86Þ

We recall that the matrix E�1ðlÞ is polynomial. In the next lemma we prove the same
for the last matrix in (85).

Lemma 4. The following formula is valid:

Jc�nðlÞ 0

�BðlÞ JnðlÞ � M

� ��1
¼

J�1
c�nðlÞ 0

QðlÞ J�1
n ðlÞðI þ MÞ

 !
; ð87Þ
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where the elements of the matrix QðlÞ ¼ fQjkðlÞg; j ¼ 1;y; n; k ¼ 1;y; c� n; are

given by

QjkðlÞ ¼
Xj�1
s¼0

Xc�n

q¼k�1
lqþsþ1�kAj�s�1;c�n�q: ð88Þ

Proof. Let us look for ðJnðlÞ � MÞ�1 in the form J�1
n ðlÞ þ SðlÞ; where SðlÞ has

nonzero elements only in the first column and S11ðlÞ ¼ 0: We have

ðJnðlÞ � MÞðJ�1
n ðlÞ þ SðlÞÞ ¼ I þ JnðlÞSðlÞ � MJ�1

n ðlÞ:

Hence,

SðlÞ ¼ J�1
n ðlÞM:

Therefore, we arrive at (87) with

QðlÞ ¼ ðJ�1
n ðlÞ þ SðlÞÞBðlÞJ�1

n ðlÞ:

One can check that the last equality gives (88). &

The next proposition is a straightforward application of (85).

Proposition 4. (i) The operator

lIþ A :T-R ð89Þ

is Fredholm for all lAC:
(ii) The spectra of the operator �A and the pencil AðlÞ coincide and consist of

eigenvalues of the same geometric, algebraic and partial multiplicities.

Proof. Let

B ¼ B�n � Bc�n�1 �?� B1 � B0 � ðB�nÞn�1:

The operator

EðlÞ :R-B

is an isomorphism for all lAC: Analogously, one verifies that the operator

JðlÞ 0

�BðlÞ JðlÞ � M

� �
:T-T

is isomorphic for all lAC: Hence and by (85) the polynomial operator functions

lIþ A :T-R
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and

diagðAðlÞ; I ;y; IÞ :T-B

are equivalent and therefore these functions have the same spectrum and the
geometric, partial and algebraic multiplicities of their eigenvalues coincide (see, for
example, [KM1, Appendix]). &

4.2. Spectral properties of the pencil lIþ A

We introduce the vector functions

U
ðnÞ
kj ðtÞ ¼ colðUðnÞ

kj;sðtÞÞ
c
s¼1

by the equality

U
ðnÞ
kj ðtÞ ¼

J�1
c�nðDtÞ 0

QðDtÞ J�1
n ðDtÞðI þ MÞ

 !
colðU ðnÞ

kj ðtÞ; 0;y; 0Þ:

Using the description of the operators given in the previous section, we get

U
ðnÞ
kj;sðtÞ ¼ Ds�1

t U
ðnÞ
kj ðtÞ; s ¼ 1;y; c� n; ð90Þ

and

U
ðnÞ
kj;c�nþsðtÞ ¼

Xs�1
p¼0

Xc�n

q¼0
As�p�1;c�n�qD

qþp
t U

ðnÞ
kj ðtÞ ð91Þ

for s ¼ 1;y; n:
We introduce the vector functions

V
ðnÞ
kj ðtÞ ¼ colðVðnÞ

kj;sðtÞÞ
c
s¼1;

which are given by

V
ðnÞ
kj ðtÞ ¼ E�ðDtÞ colðV ðnÞ

kj ðtÞ;y; 0Þ:

This is equivalent to the equalities

V
ðnÞ
kj;sðtÞ ¼

Xc�n�s

p¼0

Xn

q¼0
A�

qpD
c�s�q�p
t V

ðnÞ
kj ðtÞ

ARTICLE IN PRESS
V. Kozlov (Link .oping), V. Maz’ya (Link .oping) / Journal of Functional Analysis 217 (2004) 448–488 471



for s ¼ 1;y; c� n � 1;

V
ðnÞ
kj;c�nðtÞ ¼

Xn

q¼0
A�

q0D
n�q
t V

ðnÞ
kj ðtÞ ð92Þ

and

V
ðnÞ
kj;c�nþsðtÞ ¼ Dn�s

t V
ðnÞ
kj ðtÞ ð93Þ

for s ¼ 1;y; n: By the definitions of U
ðnÞ
kj and V

ðnÞ
kj for every tAR

U
ðnÞ
kj ðtÞAT and V

ðnÞ
kj ðtÞAR� ¼ ðBn

0Þn � B0
0 � B�1

0 �?� Bn�cþ1
0: ð94Þ

Using (85) and (87), we obtain

ðIDt þ AÞUðnÞ
kj ðtÞ ¼ 0;

ðIDt þ A�ÞVðnÞ
kj ðtÞ ¼ 0: ð95Þ

The next assertion contains analogs of Lemma 12.4.1, Proposition 12.4.2 and
Corollary 12.4.3 in [KM1]. Its proof follows the same lines as that in Section 12.4
[KM1].

Proposition 5. (i) Let Z be the same function as in (26). ThenZ
R

/ðIDt þ AÞðZðtÞUðnÞ
kj ðtÞÞ jV

ðmÞ
pq ðtÞS dt ¼ dnmd

k
pd

j
q ; ð96Þ

where we use the duality

/U jVS ¼
Xc
s¼1

ðUs jVsÞ ð97Þ

for all U ¼ ðU1;y;UcÞ and V ¼ ðV1;y;VcÞ:
(ii) For every tAR; the systems

fUðnÞ
kj ðtÞg; fV

ðnÞ
k;mmk�1�jðtÞg;

where k ¼ 1;y; Jn; j ¼ 0;y;mnk � 1; form canonical sets of Jordan chains

corresponding to the eigenvalues ln and %ln of the operator pencils lIþ A and lIþ
A�: The biorthogonality relation holds:

/U
ðmÞ
kj ðtÞ jV

ðnÞ
sq ðtÞS ¼ �idmn d

k
s d

j
q : ð98Þ

(iii) The equalities

ðIln þ AÞUðnÞ
k0 ðtÞ ¼ 0; ð99Þ
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ðIln þ AÞUðnÞ
kh ðtÞ þU

ðnÞ
k;h�1ðtÞ ¼ 0 ð100Þ

hold for h ¼ 1;y;mnk � 1:

(iv) The vectors V
ðnÞ
kh satisfy

ðI%ln þ A�ÞVðnÞ
k;mnk�1ðtÞ ¼ 0; ð101Þ

ðI%ln þ A�ÞVðnÞ
kh ðtÞ þV

ðnÞ
k;hþ1ðtÞ ¼ 0 ð102Þ

for h ¼ 0; 1;y;mnk � 2:

Let k7 and k0 be real numbers such that k�ok0okþ and all eigenvalues of AðlÞ
in the strip k�oIlokþ are situated on the line Il ¼ k0: We introduce the Riesz
projector P by

PF ¼ 1

2pi

Z
G
ðlIþ AÞ�1F dl; ð103Þ

where G is a smooth simple contour consisting of regular points of lI þ A and
having the eigenvalues ln with Iln ¼ k0 inside, F is an element of R: In the next
proposition we collect properties of the operator P which are proved in the same
way as Propositions 12.5.1–12.5.3 in [KM1].

Proposition 6. (i) For every tAR the formula

P ¼ i
X

Iln¼k0

XJn
k¼1

Xmnk�1

j¼0
/ � jVðnÞ

kj ðtÞSU
ðnÞ
kj ðtÞ ð104Þ

holds. (In particular, the right-hand side in (104) does not depend on t).
(ii) The operator P maps R into D and P2 ¼ P:
(iii) For an arbitrary UAT;

APU ¼ PAU: ð105Þ

(iv) The equalities

PU
ðnÞ
kj ðtÞ ¼ U

ðnÞ
kj ðtÞ; ð106Þ

P�V
ðnÞ
kj ðtÞ ¼ V

ðnÞ
kj ðtÞ ð107Þ

hold.
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(v) The operator function

ðt; tÞ-
XJn
k¼1

Xmnk�1

j¼0
/ � jVðnÞ

kj ðtÞSU
ðnÞ
kj ðtÞ ð108Þ

depends only on t � t:

In the following statement we use the space Tða; bÞ defined by (63).

Proposition 7. Let P be the Riesz projector (104). If UATða; bÞ then PUATða; bÞ and

jjPUjjTða;bÞpcjjUjjTða;bÞ; ð109Þ

where c does not depend on a; b:

Proof. By (104) with t ¼ 0;

PUðtÞ ¼ i
X

Iln¼k0

XJn
k¼1

Xmnk�1

j¼0
/UðtÞ jVðnÞ

kj ð0ÞSU
ðnÞ
kj ð0Þ:

It suffices to estimate

jjPUjjLpða;b;TÞ and jjDtPUjjLpða;b;RÞ;

which is achieved by using (94) with t ¼ 0: &

5. Asymptotic representation of solutions to Eq. (1)

5.1. Spaces X and Y

Here we add some new function spaces to spaces T and S defined in Section 3.2.
By Xða; bÞ we denote the space of all vector functions

UðtÞ ¼ ðI�PÞVðtÞ ð110Þ

with VASða; bÞ: We equip the space Xða; bÞ with the norm

jjUjjXða;bÞ ¼ inf jjVjjSða;bÞ;

where the infimum is taken over all V in (110).
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Lemma 5. The space Xða; bÞ is continuously embedded into Tða; bÞ and the estimate

jjUjjTða;bÞpcjjUjjXða;bÞ ð111Þ

holds, where c does not depend on a; b and U:

Proof. Let U be given by (110) where

VðtÞ ¼ colðuðtÞ;y;Dc�n�1
t uðtÞ; uc�nþ1;y; ucÞ

with uAW c�n
p ða; b; fBjgc�n

j¼0 Þ and other components subject to (65) and (66). Then

jjUjjTða;bÞpCjjVjjTða;bÞ

by (109). Using (67), we arrive at

jjUjjTða;bÞpCjjVjjSða;bÞ:

Since this is valid for all VASða; bÞ satisfying (110), we obtain (111). &

We define the space XlocðRÞ of all vector functions on R which are represented in
form (110) with a certain VASlocðRÞ:
We shall also use the space YlocðRÞ of vector functionsFðtÞ ¼ colðFjðtÞÞc�n

j¼1 given

as

FðtÞ ¼ colð0;y; 0; fc�nðtÞ;y; fcÞ ð112Þ

with some fc�nþjALp;locðR;B�jÞ; j ¼ 0;y; n:We equip this space with the seminorms

jjFjjYðt;tþ1Þ ¼
Xn

j¼0
jj fc�nþj jjpLpðt;tþ1;B�jÞ

 !1=p

:

5.2. Spectral splitting of the nonlinear system (56)

Applying P and I�P to system (56) we arrive at

ðIDt þ AÞu�PNðt; #uþ #vÞ ¼ 0 on R ð113Þ

and

ðIDt þ AÞv� ðI�PÞNðt; #uþ #vÞ ¼ 0 on R; ð114Þ

where #u ¼ colðu1;y; uc�nþ1Þ; #v ¼ colðv1;y; vc�nþ1Þ and

uðtÞ ¼ PUðtÞ; vðtÞ ¼ ðI�PÞUðtÞ: ð115Þ
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Thus we have split system (56) into the finite-dimensional system (113) and the
infinite-dimensional system (114). Clearly, UATlocðRÞ implies that u and Dtu belong
to ALp;locðR;TÞ:
The next proposition shows the equivalence of (56) and the split system (113),

(114).

Proposition 8. (i) Let UATlocðRÞ be a solution of (56) subject to (68). Then the pair

u; v given by (115) satisfies the inequalities

jjujjTðt;tþ1ÞpcMðtÞ; ð116Þ

jjvjjTðt;tþ1ÞpcMðtÞ ð117Þ

and systems (113), (114)
(ii) Let u and v belong to TlocðRÞ and be subject to (116) and (117). Also

let uðtÞ ¼ PuðtÞ and vðtÞ ¼ ðI�PÞvðtÞ on R: Then U ¼ uþ v satisfies (69) and

system (56).

Proof. The proof is obvious. &

This proposition, combined with Lemma 2, ensures the equivalence of equation
(1) and the split system (113), (114).

5.3. Solvability of the unperturbed infinite-dimensional part of the split system

In what follows, we fix numbers k�; kþ and k0 so that k�ok0okþ
and the eigenvalues of AðlÞ in the strip k�oIlokþ are situated on the
line Il ¼ k0: By m7 we denote the maximal partial multiplicity of all
eigenvalues of AðlÞ situated on the line Il ¼ k7: In the case when there
are no eigenvalues on the line Il ¼ k7; we set m7 ¼ 1: As before, by c we mean
possibly different positive constants depending on the operator AðDtÞ and the
numbers k7; k0:
Here, we deal with the system

ðIDt þ AÞw ¼ ðI�PÞF on R: ð118Þ

Proposition 9. (i) (Existence) Let FAYlocðRÞ: Suppose thatZ
R

mðtÞjjFjjYðt;tþ1Þ dtoN; ð119Þ

where m is defined by (16). Then Eq. (118) has a solution wAXlocðRÞ satisfying

jjwjjXðt;tþ1Þpc

Z
R

mðt� tÞjjFjjYðt;tþ1Þ dt: ð120Þ
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(ii) (Uniqueness) Let wAXlocðRÞ be a solution to (118) with F ¼ 0: Also let

jjwjjTðt;tþ1Þ ¼
oðe�k�tÞ if t-þN;

oðe�kþtÞ if t-�N

(
ð121Þ

be valid. Then w ¼ 0:

Proof. (i) It is the same as that of Theorem 12.7.1 in [KM1], and the proof of (ii)
follows the same lines as that of Lemma 12.8.1 in [KM1]. &

Remark. Obviously, (121) follows from (120).

5.4. The infinite-dimensional part of the perturbed split system

We start with a unique solvability result for system (114), where N is given by
(57)–(59). First, we obtain some properties of the operators N to be used in this

section and in the sequel. Combining (30), (46) and (48), we conclude that for all #U1

and #U2 subject to (44)

jjNð�; #U1Þ � Nð�; #U2ÞjjYðt;tþ1ÞpcrðtÞjj #U1 � #U2jj #Tðt;tþ1Þ: ð122Þ

This together with (31) implies

jjNð�; #UÞjjYðt;tþ1ÞpcðrðtÞjj #Ujj #Tðt;tþ1Þ þ sðtÞÞ: ð123Þ

Proposition 10. Let c� be a sufficiently small constant. For any #uA #TlocðRÞ such

that

jj#ujj #Tðt;tþ1Þpc�MðtÞ; ð124Þ

system (114) has a unique solution vATlocðRÞ subject to

jjvjjTðt;tþ1Þpc�MðtÞ: ð125Þ

Proof. We need the Banach space WðMÞ of vector functions from TlocðRÞ such
that

jjwjjWðMÞ ¼ sup
tAR

jjwjjTðt;tþ1Þ
MðtÞ oN:

The notation WrðMÞ will be used for the ball of radius r in WðMÞ centered at the
origin.

ARTICLE IN PRESS
V. Kozlov (Link .oping), V. Maz’ya (Link .oping) / Journal of Functional Analysis 217 (2004) 448–488 477



We introduce the inverse operator S : ðI�PÞF-w; where wAXlocðRÞ
satisfies (118). The domain DðSÞ consists of all vector functions ðI�PÞF
with FAYlocðRÞ subject to (119). By Proposition 9, the solution w exists, is unique
and satisfies (120).
We look for a solution v to (114) subject to (125). Let us set F ¼ Nðt; #uþ #vÞ: By

(123),

jjFjjYðt;tþ1ÞpcðrðtÞjj#uþ #vjj #Tðt;tþ1Þ þ sðtÞÞ:

Making use of (34) combined with (124) and (125), we see that

jjFjjYðt;tþ1Þpcðr0c� þ c}ÞMðtÞ:

Therefore, ðI�PÞF belongs to DðSÞ and we can define the operator

Tð#vÞ ¼ SðI�PÞNðt; #uþ #vÞ:

We need to prove the existence and uniqueness of a fixed point of T : It follows from
(120) and (123) that

jjTð#vÞjjXðt;tþ1ÞpC

Z
R

mðt� tÞðrðtÞjj#vjj #Tðt;tþ1Þ þ s1ðtÞÞ dt; ð126Þ

where

s1ðtÞ ¼ rðtÞjj#ujj #Tðt;tþ1Þ þ sðtÞ:

Inequality (67) shows that T is a continuous map of Wc� ðMÞ into WðMÞ:
Continuing estimate (126) with help of (33), (124) and (125) we arrive at

jjTð#vÞjjXðt;tþ1Þpc2 r0c�

Z
R

mðt� tÞMðtÞ dtþ c}MðtÞ
� �

:

Using definition (16) and (36), we obtain

r0

Z
R

mðt� tÞMðtÞ dt

pr0MðtÞ
Z

N

t

e�c�r
1=m�
0

ðt�tÞð1þ t� tÞm��1 dt
�

þ
Z t

�N

ecþr
1=mþ
0

ðt�tÞð1þ t � tÞmþ�1 dt
�
pcðc�mþ

þ þ c�m�
� ÞMðtÞ: ð127Þ

We may assume that the constants c} and c7 satisfy the inequality

cðc�ðc�mþ
þ þ c�m�

� Þ þ c}Þo1: ð128Þ

Hence, the operator T maps Wc� ðMÞ into itself.
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We deduce from (122) that for all v1 and v2 in Wc� ðMÞ

jjTð#v1Þ � Tð#v2ÞjjTðt;tþ1ÞpC

Z
R

mðt� tÞrðtÞjj#v1 � #v2jj #Tðt;tþ1Þ dt: ð129Þ

Hence,

jjTð#v1Þ � Tð#v2ÞjjWðMÞpCr0 sup
t

r0
MðtÞ

Z
R

mðt� tÞMðtÞ dtjjv1 � v2jjWðMÞ:

Making use of (127) and (128) we derive

jjTð#v1Þ � Tð#v2ÞjjWðMÞpcjjv1 � v2jjWðMÞ

with co1 for all v1; v2 from Wc� ðMÞ: The result follows from the Banach fixed point
theorem. &

We shall use the function

m0ðtÞ ¼
ek�ðr0Þt for tX0;

ekþðr0Þt for to0;

(
ð130Þ

where

k8ðxÞ ¼ k87
1

2
c8x1=m8 ; xX0 ð131Þ

with c7 in (36).
In the following proposition, we show that estimate (125) can be improved.

Proposition 11. Let #u satisfy (124). Assume thatZ
R

m0ðtÞsðtÞ dtpc}MðtÞ; ð132Þ

where c} is the same as in (33). Then there exists a constant C� such that

jjvjjTðt;tþ1ÞpC�
Z
R

m0ðt� tÞðrðtÞjj#ujj #Tðt;tþ1Þ þ sðtÞÞ dt: ð133Þ

Before proving this proposition, we note that (132) implies (33) by mðtÞpm0ðtÞ:

Proof of Proposition. By (124) and (132), the integral on the right-hand side in (133)
has the majorant

r0

Z
R

m0ðt� tÞc�MðtÞ dtþ c}MðtÞ:
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The first term does not exceed

cc�
1

c�
þ 1

cþ

� �
MðtÞ

(compare with (127)), which shows that the right-hand side in (133) is less then

C� cc�
1

c�
þ 1

cþ

� �
þ c}

� �
MðtÞ: ð134Þ

Using the smallness of c�1� ; c�1þ and c} we estimate (134) by c�MðtÞ: Hence, (125)
follows from (133).
Let us prove (133). ByM1ðtÞ we denote the integral on the right-hand side in (133)

and we shall use the notation introduce in the proof of Proposition 10, now with M1

in place of M: Let us verify the inequality

jjTvjjTðt;tþ1ÞpC�M1ðtÞ

for all vAWC� ðM1Þ: Inserting estimate (133) into (126) we arrive at

jjTvjjTðt;tþ1ÞpC

Z
R

mðt� tÞs1ðtÞ dt
�

þ C�r0

Z
R

Z
R

mðt� tÞm0ðs � tÞs1ðsÞ ds dt
�
: ð135Þ

Let us find a majorant for the double integral in the right-hand side. Recalling the
definitions of m and m0; we see that for sXtZ

R

mðt� tÞm0ðs � tÞ dtp ek�ðr0Þðs�tÞ 1

k�ðr0Þ � k�
þ 1

kþ � k�ðr0Þ

� �
þ ek�ðs�tÞ

kþðr0Þ � k�
p c þ 2

r0c�

� �
ek�ðr0Þðs�tÞ:

Similarly, for tXs we haveZ
R

mðt� tÞm0ðs � tÞ dtp c þ 2

r0cþ

� �
ekþðr0Þðs�tÞ:

Hence, the double integral in (135) does not exceed

C þ 1

cþ
þ 1

c�

� �
2

r0

� �Z
R

m0ðs � tÞs1ðsÞ ds: ð136Þ

Therefore,

jjTvjjTðt;tþ1ÞpC 1þ C� cc� þ 2

c�
þ 2

cþ

� �� �
M1ðtÞ;
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where c� is the same as in Section 2.5. Since the constants 1=c�; c� and cþ are large
enough and C� can be chosen to satisfy 2CpC�; there holds

jjTvjjTðt;tþ1ÞpC�M1ðtÞ:

Thus, T maps WC� ðM1Þ:
We show that T is contractive. By (129)

jjTð#v1Þ � Tð#v2ÞjjWðM1ÞpCr0

Z
R

mðt� tÞM1ðtÞ dtjj#v1 � #v2jjWðM1Þ:

The last integral is equal to the double integral in (135), which has the majorant
(136). Hence,

jjTð#v1Þ � Tð#v2ÞjjWðM1ÞpC cc} þ 2

cþ
þ 2

c�

� �� �
jj#v1 � #v2jjWðM1Þ:

By smallness of c}; 1=cþ and 1=c� the constant factor on the right-hand side can be
made less than 1: The result follows by the Banach fixed point theorem.

5.5. The finite-dimensional system

By Propositions 10–11, for any #uA #TlocðRÞ subject to (124), one can define the
inverse operator M : #u-vAXlocðRÞ solving system (114). Proposition 11 guarantees
the estimate

jjM½#u�jjXðt;tþ1ÞpC

Z
m1ðt� tÞðrðtÞjj#ujj #Tðt;tþ1Þ þ sðtÞÞ dt: ð137Þ

Using the operator M; we write (113) in the form

ðIDt þ AÞu�PNðt; #uþ dM½#u�M½#u�Þ ¼ 0 on R: ð138Þ

We rewrite this system as

ðIDt þ AÞu�PNð0Þðt; #uÞ �PK½#u� ¼ 0 on R; ð139Þ

where

Nð0Þðt; #uÞ ¼ colð0;y; 0;N
ð0Þ
c�nðt; #uÞ;N

ð0Þ
c�nþ1ðt; #uÞ;y;N

ð0Þ
c ðt; #uÞÞ; ð140Þ

with

N
ð0Þ
c�nðt; #uÞ ¼ A�1

00 N0ðt;U0;S0 #uÞ ð141Þ
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and

N
ð0Þ
c�nþjðt; #uÞ ¼ Njðt; u0;S0 #uÞ � Aj0A

�1
00 N0ðt; u0;S0 #uÞ ð142Þ

for j ¼ 1;y; n: Here S0 is given by (47). The operator K in (139) is defined as

K½#u�ðtÞ ¼ Nðt; #uþ dM½#u�M½#u�Þ � Nð0Þðt; #uÞ: ð143Þ

We wish to obtain estimates for K to show that it plays the role of a weak
perturbation at infinity of the differential dynamical system

ðIDt þ AÞu�PNð0Þðt; #uÞ ¼ 0 on R:

Lemma 6. (i) For all #uA #TlocðRÞ subject to (124)

jjK½#u�jjYðt;tþ1ÞpcrðtÞ
Z
R

m0ðt� tÞðrðtÞjj#ujj #Tðt;tþ1Þ þ sðtÞÞ dt: ð144Þ

(See (130) for the definition of m0).

Proof. We represent K as the sum K1 þK2; where

K1½#u� ¼ Nðt; #uþ dM½#u�M½#u�Þ � Nðt; #uÞ

and

K2½#u� ¼ Nðt; #uÞ � Nð0Þðt; #uÞ:

Estimate (144) for K1 follows from (122) and (137).
By (122)

Xn

j¼0
jjNjð�; u0;Sð�; #uÞ �Njð�; u0;S0 #ujjpLpðt;tþ1;B�jÞ

 !1=p

pcrðtÞjjSð�; #uÞ �S0 #ujjLpðt;tþ1;B0Þ:

Combining this with (58), (59) and (141), (142), we arrive at

jjK2½#u�jjYðt;tþ1ÞpcrðtÞjjSð�; #uÞ �S0ð#uÞjjLpðt;tþ1;B0Þ:

We note that by (35) with m replaced by m0 the right-hand side does not exceed

crðtÞ
Z
R

m0ðt� tÞjjSð�; #uÞ �S0 #ujjLpðt;tþ1;B0Þ dt:

Using (46), we obtain (144) for K2: The proof is complete. &

ARTICLE IN PRESS
V. Kozlov (Link .oping), V. Maz’ya (Link .oping) / Journal of Functional Analysis 217 (2004) 448–488482



5.6. Asymptotic representation of solutions to Eq. (1)

We are in a position to formulate an asymptotic representation for solutions to
Eq. (1).

Theorem 1. Let as before k7 and k0 be real numbers such that k�ok0okþ and let all

eigenvalues of the operator pencil AðlÞ in the strip k�oIlokþ be situated on the line

Il ¼ k0: Suppose that the nonlinear operators Nj are subject to the conditions in

Section 2.5 and (132) is fulfilled.

(i) Denote by u a function in W c�n
p;locðR; fBkgc�n

k¼0ÞÞ satisfying Eq. (1) and estimate (2).

Then the vector U defined by (39)–(41) can be written as

U ¼ uþ v; ð145Þ

where u ¼ Pu belongs to TlocðRÞ; and satisfies (124) and (139). The vector vAXlocðRÞ
admits estimate (133).
(ii) Let u ¼ Pu be a solution to (139) subject to (116) with a sufficiently small c and

let v ¼ M½#u�: Then U given by (145) satisfies (69) and system (56) and u ¼ U1 belongs

to W c�n
p;locðR; fBkgc�n

k¼0Þ; is a solution of (1) and subject to (2).

Proof. (i) Formula (145) follows from (115). Estimate (133) is established in
Proposition 11. Eq. (139) for u is derived in Section 5.5.
(ii) The assertion follows directly from Proposition 8(ii). &

Remark. Suppose that rðtÞ-0 as t-þN and that sðtÞ ¼ 0 for large positive t:
Then (133) shows that for large positive t

jjvjjXðt;tþ1ÞpC

Z
R

m0ðt� tÞrðtÞjj#ujj #Tðt;tþ1Þ dtþ e�kþðr0Þt
� �

:

One can check that the integral on the right-hand side is oðjj#ujj #Tðt;tþ1ÞÞ under mild
assumptions about jj#ujj #Tðt;tþ1Þ: This means that v plays the role of a remainder term
in the asymptotics UBu:
We give another plausible argument in favor of the relation UBu:

Under the assumptions rðtÞ ¼ oð1Þ and sðtÞ ¼ oðMðtÞÞ as t-þN; estimate (133)
implies

jjvjjXðt;tþ1Þ ¼ oðMðtÞÞ as t-þN: ð146Þ

So, if MðtÞ is an asymptotic majorant for jjujjW c�n
p ðt;tþ1;fBkgc�n

k¼0Þ
; then u is the leading

term in (145).
Let us justify (146). We have

rðtÞjj#ujj #Tðt;tþ1Þ þ sðtÞpeðtÞMðtÞ;

ARTICLE IN PRESS
V. Kozlov (Link .oping), V. Maz’ya (Link .oping) / Journal of Functional Analysis 217 (2004) 448–488 483



where e is a bounded nonincreasing function such that eðtÞ-0 as t-þN: Now we
majorize the right-hand side in (133) by

C

Z
N

t

ek�ðr0Þðt�tÞeðtÞMðtÞ dtþ
Z t

N

ekþðr0Þðt�tÞeðtÞMðtÞ dt
�

þ
Z N

�N

ekþðr0Þðt�tÞeðtÞMðtÞ dtþ
Z �N

�N

ekþðr0Þðt�tÞeðtÞMðtÞ dt
�
:

By the monotonicity condition (36), the last sum is dominated by

CðeðtÞMðtÞ þ eðNÞMðNÞekþðr0ÞðN�tÞ

þ e�kþðr0Þt
Z N

�N

eðtÞMðtÞ dtþ eð�NÞe�kþðr0ÞðtþNÞMð�NÞÞ;

which together with (36) gives (146).

5.7. Another form of system (139)

In the present section we write system (139) in a form, which does not
contain the operator A: This is achieved by the following change of the unknown
vector u:
Using Pu ¼ u and (104), we write

uðtÞ ¼
X

Iln¼k0

XJn
k¼1

Xmnk�1

j¼0
h
ðnÞ
kj ðtÞU

ðnÞ
kj ðtÞ ð147Þ

with the coefficients

h
ðnÞ
kj ðtÞ ¼ i/uðtÞ jVðnÞ

kj ðtÞS ð148Þ

Clearly, uATlocðRÞ implies h
ðnÞ
kj AW 1

p;locðRÞ:
For brevity, in the next formulae, we omit indices n; k and j in U

ðnÞ
kj and h

ðnÞ
kj :

According to (90) and (91),

UsðtÞ ¼ Ds�1
t UðtÞ; s ¼ 1;y; c� n; ð149Þ

and

Uc�nþsðtÞ ¼
Xs�1
p¼0

Xc�n

q¼0
As�p�1;c�n�qD

qþp
t UðtÞ for s ¼ 1;y; n;
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where the functions U (with indices) were defined by (23). Therefore,

usðtÞ ¼
X

hðtÞDs�1
t UðtÞ for s ¼ 1;y; c� n:

Also note that

S0
#U ¼ Dc�n

t U ; ð150Þ

where S0 is defined by (47).
Making use of (95), we rewrite system (138) asX

ðDthÞðtÞUðtÞ �PNð0Þðt; #uðtÞÞ �PK½#u�ðtÞ ¼ 0: ð151Þ

Hence,X
ðDthÞðtÞ/UðtÞ jVðtÞS�/PNð0Þðt; #uðtÞÞ jVðtÞS�/PK½#u�ðtÞ jVðtÞS ¼ 0;

where V ¼ VðmÞ
pq : By the biorthogonality condition (98) and by (107)

d

dt
hðtÞ þ/Nð0Þðt; #uðtÞÞ jVðtÞSþ/K½#u�ðtÞ jVðtÞS ¼ 0: ð152Þ

Using the coordinate notation as well as (141) and (142), we see that the last
functional is equal toXn

q¼0
ðNð0Þ

c�nþq jVc�nþsðtÞÞ ¼ ðA�1
00 N0ðt; u0;S0 #uÞ jVc�nÞ

þ
Xn

q¼1
ðNqðt; u0;S0 #uÞ

� Aq0A
�1
00 N0ðt; u0;S0 #uÞ jVc�nþqÞ: ð153Þ

According to (92) and (93), we may write this in the form

A�1
00 N0

Xn

q¼0
A�

q0

����� D
n�q
t V

 !
þ
Xn

q¼1
ðNq � Aq0A

�1
00 N0 j D

n�q
t VÞ:

Hence, Xn

q¼0
ðNð0Þ

c�nþq jVc�nþsðtÞÞ ¼
Xn

q¼0
ðNqðt; u0;S0 #uÞ j D

n�q
t VðtÞÞ ð154Þ

Let us introduce the K-dimensional vector

Nðt; hðtÞÞ ¼
Xn

q¼0
Nq t;

X
hðtÞUðtÞ;y;

X
hðtÞDc�n

t UðtÞ
� � ���D

n�q
t VðtÞ

� �
; ð155Þ
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where K is the number of components in h ¼ fh
ðnÞ
kj g; Iln ¼ k0; k ¼ 1;y; Jn; j ¼

0;y;mnk � 1: Combining (152), (154), (155) and (150) we arrive at the following
equivalent form of the K-dimensional system (152):

d

dt
hðtÞ þNðt; hðtÞÞ þK½h�ðtÞ ¼ 0; ð156Þ

where

K½h�ðtÞ ¼ /K½#u�ðtÞ jVðtÞS: ð157Þ

We are interested in solutions of (156) subject to the estimateX
hU

��� ������ ���
Tðt;tþ1Þ

pcMðtÞ: ð158Þ

where m0 is the maximal partial multiplicity of the eigenvalues on the line Il ¼ k0:
By (147), this restriction enables one to obtain solutions u of (138) satisfying (124).

5.8. The case of eigenvalues without generalized eigenfunctions

Let us consider the particular case mnk ¼ 1 for all n and k in (147). In other words
let there exist no generalized eigenfunctions corresponding to the eigenvalues
on the line Il ¼ k0: Let as before all eigenvalues of the operator pencil AðlÞ in the
strip k�oIlokþ be situated on the line Il ¼ k0: Here we deal with the eigenvalues
ln on the line Il ¼ k0: Let us denote the corresponding eigenfunctions of the

pencil AðlÞ by jðnÞ
k ; k ¼ 1;y; Jn: The eigenvectors of the pencil A

�ðlÞ correspond-
ing to the eigenvalue %ln will be denoted by cðnÞ

k : The biorthogonality relation (20)

becomes

dA

dl
ðlnÞjðnÞ

k j cðnÞ
j

� �
¼ d j

k :

Theorem 2. Suppose that the nonlinear operators Nj are subject to the conditions in

Section 2.5 and (132) is fulfilled.

(i) Denote by u a function in W c�n
p;locðR; fBkgc�n

k¼0ÞÞ satisfying Eq. (1) and estimate (2).

Then

colðuðtÞ;y;Dc�n�1
t uðtÞÞ

¼
X

Iln¼k0

XJn
k¼1

h
ðnÞ
k ðtÞeilntjðnÞ

k colð1; ln;y; lc�n�1
n Þ

þ colðv1ðtÞ;y; vc�nðtÞÞ; ð159Þ
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where the vector function h ¼ fh
ðnÞ
k g is subject to

jjhjjW 1
p ðt;tþ1Þ

Kpcek0tMðtÞ ð160Þ

and satisfies the system

d

dt
h
ðnÞ
k ðtÞ þN

ðnÞ
k ðt; hðtÞÞ þK

ðnÞ
k ½h�ðtÞ ¼ 0; ð161Þ

where

N
ðnÞ
k ðt; hðtÞÞ

¼ e�ilnt
Xn

j¼0
ln�j
n Nj t;

X
Ilmu¼k0

XJn
m¼1

hðmÞ
m ðtÞeilmtjðmÞ

m colð1;y; lc�n�1
m Þ

! ����� cðnÞ
k

 !

and the nonlocal operators K
ðnÞ
k satisfy the estimate

jjKðnÞ
k ½h�jjLpðt;tþ1ÞpCrðtÞ

Z
R

m0ðt� tÞðrðtÞjjhjjW 1
p ðt;tþ1Þ

K þ sðtÞÞ dt:

The remainder v0 ¼ ðv1;y; vc�nÞ satisfies

jjv0jjT0ðt;tþ1ÞpC

Z
R

m0ðt� tÞðrðtÞjjhjjW 1
p ðt;tþ1Þ

K þ sðtÞÞ dt: ð162Þ

(ii) Let hAW 1
p;locðRÞ

K
be a solution to (161) subject to (160) with a sufficiently small c

and let v ¼ M½#u�: Then

u ¼
X

eilnth
ðnÞ
k ðtÞjðnÞ

k þ v1

belongs to W c�n
p;locðR; fBkgc�n

k¼0Þ; is a solution of (1) and is subject to (2).

Proof. (i) In our case

u0ðtÞ ¼
X

Iln¼k0

XJn
k¼1

h
ðnÞ
k ðtÞeilntjðnÞ

k colð1; ln;y; lc�n�1
n Þ;

which makes (159) a direct consequence of (145). System (161) is another form of
(139). Estimate (160) follows from (116) and the estimates

c1jj#ujj #Tðt;tþ1ÞpjjhjjW 1
p ðt;tþ1Þ

Kpc2jj#ujj #Tðt;tþ1Þ:

The proof of (i) is completed by reference to Theorem 1(i).
The part (ii) is a direct corollary of Theorem 1(ii). &
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