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Abstract

Motivated by a question of Brezis and Marcus, we show that the LP—Hardy inequality involving the
distance to the boundary of a convex domain, can be improved by adding an L? norm ¢ > p, with a
constant depending on the interior diameter of ().

1 Introduction

Recently a lot of attention has been paid to the so called improved Hardy inequalities; see e.g. [BV],
[BM], [BFT], [DD], [HHL], [FT],[M], [VZ], [T], and references therein. By “improved” it is meant that one
considers a classical Hardy inequality with best constant and adds a positive term in the right hand side,
as for instance in (1.1) or (1.2) below. These inequalities play an essential role into some applications in
elliptic and parabolic equations, see e.g. [BV], [CM], [DD], [GP], [VZ].

Multidimensional inequalities of this kind first appeared in [M, sec. 2.1.6] where functions defined
in the whole space IR™ were considered. More recently, Brezis and Marcus [BM] showed that if Q is a
bounded convex domain in IR"™ and d(z) = dist(z, 9Q) then for u € C§°(Q2),

Vul?de — = [ —dx 2dz, 1.1
/ ufde /d2 ~ 4diam? (Q)/Qu v (1.1)

and they asked whether the constant in the right hand side can be replaced by one depending only on
the volume of . This question was answered in affirmative in [HHL] for p = 2 and later in [T] for any
p > 1. The constant obtained in these two papers has the form C' = ¢(p, n) (vol(Q)) /", where ¢(p,n) is
an explicitly given constant independent of the domain 2.

The main goal of the present work is to study the dependence of the best constant C(f2) in the

inequality
p—1\" [ |uf’ o)’
|\VulPde — | —— ——dx > C ]u|qd dzr | (1.2)
Q0 p o



u € C3°(Q2), on the domain Q. We establish that C(€Q) depends on Q through its interior diameter
Dint := 2sup,eqd(x).
In case a = 0, we have

Theorem 1.1 Suppose Q C IR"™ is a conver domain with Dy finite. For 1 <p <mn andp < q < £ let

n—p’
C(Q2) be the best constant in the inequality

/Q|Vu|pd:c <]%>p/9%dx > C(Q) (/Q my%m)g, we Wi (Q). (1.3)

Then, there exist positive constants ¢; = c¢i(p,q,n), i = 1,2 independent of 2, such that

n—p— "2

Cl(pqun)Dint / ZC(Q) > CQ(p7Q7n)D

= int

np
Py

(1.4)

This kind of dependence of the best constant appears for example when estimating the first eigenvalue
A1(Q) of the p—Laplacian under the Dirichlet boundary conditions,

/Q]Vu|pd:v > M(Q) /Q|uypda:. (1.5)

In particular if © is convex with D, finite, then (see [PS] section 5.11 for p = 2 and in [M] Theorem
11.4.1 on page 434 for the general case) there are positive constants ¢;(p,n), i = 1,2 independent of €2,
such that

Cl(p7n)DZ_7£ Z)\l(Q) > CQ(pan)D‘_p (16)
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For p = ¢ = 2 our lower bound for C(Q) in (1.4) is 3D, 2. Needless to say, it is better than the bound
1/4(diam(2))~2 in (1.1) of Brezis and Marcus [BM]. Moreover, since 3D; % > 3/4(v,/vol(Q))%™, where
vy, is the volume of the unit ball, it also gives estimates in terms of vol(£2) as in [HHL]. In particular our
bound is stronger than that in [HHL] in the three dimensional case. However these estimates do not imply
each other for n > 3.

The Sobolev exponent ¢ = n"—_’; is not allowed in (1.3) since our proof fails. For some results in this
case we refer to [FMT1,2].

We actually establish lower bounds of the best constant in inequality (1.2) for a suitable range of the
parameters p, g, «. These results are formulated in Theorems 3.1 and 3.2 of Section 3. Theorem 3.1 deals
with the special case p = ¢ = 2, which is particularly simple and allows for the calculation of an explicit
lower bound of the best constant in (1.2). In Theorem 3.2 then we consider the general case. In Section
3 we also have the proof of Theorem 1.1. An auxiliary estimate is presented in Section 2.

2 Preliminaries

Here we will present an auxiliary estimate. Let X (¢) = (1 —logt)~!, for ¢t € [0,1]. X(t) is an increasing
function with X (0) = 0 and X (1) = 1. In the sequel we will write X instead of X(g{(ii
SUp,ecq d(x) is the interior radius of €.

The Proposition that follows has been proved in [BFT], but we include its proof here for completeness.
The proof we present is slightly simpler than in [BFT].

—

), where Ry =

BY

p—1

Proposition 2.1 Let Q C IR" be a convexr domain. For u € C§°(Q) we set u(x) =v(x)d » .



(i) If 1 < p < 2 then

_ p p
/]Vu|pda:— <p_1> /%daz
0 p o a

> c(p,n) [/ﬂ dp_le_p\Vv]pdm—i—/Q(—Ad)Mpdx . (2.1)

(ii) If p > 2 then

pge — (=LY [ P p—1|7y|P _ P ]
|VulPdz dx > ¢(p,n) AP~ VolPdz | (—Ad)|v|Pdz| . (2.2)
Q p o d? Q Q _

Proof: We first consider the case p > 2 which is easier. For p > 2 we will use the following pointwise
inequality valid for any a, b € IR™,

la+ b —[a’ > c(p,n)|b]” + plalP%a-b. (2.3)
We have that
—1 1 p-1 -1 -1, 1
Vu=2"lrbowa s dFvezars, PR _2o Ly (2.4)
P p d P

Using (2.3) we obtain

pg. (P~ 1" M p—1 p . p
|Vu|Pdz — dx > ¢(p,n) AP \VolPde + | Vd-VulPdz|. (2.5)
Q p o dv Q Q

For any domain €2, the distance function is a Lipschitz continuous function and therefore differentiable
. Moreover, if  is convex, then —d(z), z € Q is a convex function. It then follows that —Ad(z) is a
nonnegatlve Radon measure, see e.g., [EG, sec. 6.3]. That is

/ Vd - Vodr = / bd, b€ CH(Q), (2.6)

with dp > 0. For convenience we will write (—Ad(x)) dz in the place of du, and in this sense, integration
by parts is permissible in the left hand side of (2.6).

Integrating by parts the last term in (2.5) we obtain (2.2).

Next we consider the case 1 < p < 2. In this case, the following pointwise inequality is true for a,

be R,
b

S o I p=2,.
(al + fpes +PIel et >0

la+ 0" — |a]” > ¢(p, n)

In view of (2.4) we have that

_ p P
/|Vu|pd93— <p_1> Mdaz
Q P o dp

c(psn) [ /Q o f“gé’;)g_pdw /Q (—Ad)yvypdx}. (2.8)

To simplify the subsequent calculations we set

/ d|Vol?
A1 = 2 p
o (Jv| + [dVv])

dz, A ::/d—1X2|u\de,
Q



Az = / dPTLX2TP |\ VolPde, Ay = / (—Ad)|v|Pdz.
Q Q
Taking into account (2.8) we need to show that for some constant ¢ depending only on p,n there holds
(A3 + A4) < C(Al -+ A4) (29)
To this end, using elementary inequalities we have

y / dz |Volp
3 pr—
a ([v] + |dVu|)PEP)

, (2-p)/2
AY/ </ A1 X2 (|v] 4 |dVo))P dx)
Q

/2 (2-p)/2
c A} (/ d—1X2|v|de+/ dp—1X2—P|vU|Pd:c>
Q Q

CAI{/QA;Q*P)/Q + CAZ{/QAEJ)?*I’)/?
ce A1 +€As + A3+ c. A,

o5 - (o] + [dvo] PP 4" X2 Pdy

IN

IN
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where ¢ is small and the constant c. depends only on € and p. Hence,
(1 - E)Ag < 2c¢ A1+ €As. (210)

We will also use the estimate
Ay < Co(p, ’rl)(Ag + A4) (211)

If we accept this we get from (2.10) that
(1 —e—ecp)As < 2c.Ay 4 ecoAy,

from which (2.9) follows.
It remains to prove (2.11). Using the fact that Vd - Vd = 1 a.e. and noticing that Vd - VX =
d~'X?Vd-Vd = d ' X? we integrate by parts to get

Ay = — / Xdiv(Vd|o])dz
Q

IN

p/X|v|p_1|Vv|d:U+/(—Ad)X|v|p
Q Q

p—1

p—1 1
p</ d—1X2|v|de> ’ (/ d_1X2|Vv|pdx>p +/(—Ad)X|v|p
Q Q Q

p=1 1
pA,” A§’ + Ay
peAy + pCe Az + Ay,

IA

VARVAN

form which (2.11) follows. The proof of the Proposition is now complete. O

3 Main Theorems and proofs

We first consider the special case p = ¢ = 2. We have



Theorem 3.1 If Q C IR" is a convex domain then for any o > —2 and all u € H}(S),

/]Vu| dx — —/ —dr > Cy Dm(taH)/UQdada:, (3.1)
Q

with Cp = 2%(a+2)? if -2 < a < —1 and Cy = 2%(2a + 3) if a > —1.

Proof: We will prove the result for u € C§°(€2), the general case following by a density argument.
Using the change of variables u(x) = 2 (x)v(x) we have

/quadm:/UQdaHd:L‘, (3.2)
Q Q

1 2 1
/Q|Vu2dx—Z/Q%d:v:/Qd|Vv|2d:v+§/Q(—Ad)]v|2dx. (3.3)

Using the fact that |Vd(x)| = 1 a.e and integrating by parts we get

and

/ AT ?de = / Vdot? . Vd vidx = —
Q

s /Q d*T2div(Vd v?)da

a+2

2 1
= — /do‘+2\v\Vd-Vvdx+—/do‘+2(—Ad)v2dx.
O[+2 Q a+2 Q

Using elementary inequalities we have

1
2
(a+2)/do‘+1v2dx < 2</ do‘“vzd:v) (/ da+3|Vv|2> Rf;jt?/(—Ad)v?dx
Q Q Q Q

< 6/da+1v2daz+5_1/da+3|Vv|2 Rf‘ntz/(—Ad)ﬁda:
Q

5/da+1 2dr + 2RO H? ( ! /dyw? 1/(—Ad)v2da:> .
Q

1 1
(a+2—5)/ 2 dy < 2RO <_/ d|Vv|2~|——/(—Ad)v2dx) . (3.4)
Q 20 Jo 2 Jo

We next choose § = mln{ L C“4'2} and recall that D;;,; = 2R;¢. The result then follows taking into account
(3.2) and (3.3). ]
We next consider the general case.

IN

Hence, we have

Theorem 3.2 Let Q C IR" be a conver domain. Then for any u € W&’p(Q) we have

p

_1\P p _(platn) L
|Vu|Pdz — p-1 Mdar; > cD, ( I +p) d®|u|?dz ’ (3.5)
dp wnt )
Q p Q Q

with ¢ = ¢(p,q,n,a) > 0 a constant independent of Q2 and

n
l<p<qg< p’ n > p, a>g(n—p)—n. (3.6)
n—p p

If p = q then n = p is allowed.



Proof: By standard density arguments it is enough to prove (3.5) for u € C§°(12).

-1
We first consider the case 1 < p < 2. Using the change of variables u(z) = v(x)de we have by
Proposition 2.1 that

—1\P P
/ VulPdz — (p—> [l > (3.7)
Q p

o dr
> c(p,n) ( / dP I X |V Pda + / (—Ad)v|pdx).
Q Q

On the other hand

/ d®|u|%dz = / 4T |v|9da. (3.8)
Q Q
For simplicity we set

A:a+q—]%. (3.9)

Let {Qmn}, m =1,2,..., be a covering of Q2 by Whitney cubes (see [S, chapter VI, sec. 1]). In particular
each side of the cube @,, has length d,, such that cyd,, < d(x) < ¢1d,, and

d d(z) d
X (=) <X <X (=
“ (Rm> o < Rm > =4 <Rzn> ’

for any = € @, and any m = 1,2..., where co, c1, ¢, ¢; are universal constants. Then, for a universal
constant ¢ we have

4 g pA L
</ dA|v|qda:> ' <c (Z/ dfl|v|qu> < chnii </ |qua:> " (3.10)
Q m m m Qm

From now on we denote by ¢ a positive constant, not necessarily the same in each occurrence, that
may depend only on n, p, ¢ or a. Using Sobolev’s inequality in Q,, for functions defined in W'?(Q,,),

we have ,
q NPyt np_
c </ \v]qu> T<ap " p/ \Vo|Pdx + dy, n/ lv|Pdz.
Qm Qm Qm

3 n_,
c(/ yv\qcza;)q < dp xe (P‘z—m>/ P X 2P| Vo[Pdz
m int m

Ly X (d—m> / X2 P|y[Pda.
Rint m

Then it follows

Combining this with (3.10) we get

d*|v|4dz < ¢ dm ¢ xXp2 / dPT - X*7P|Vu|Pdx
(Lawrae)” < o5 (&) [, o

Atn)p d
+dpy T XPT? (R—’”)/ X2p|v\pda:] : (3.11)
int m

For the first term in the bracket in (3.11), noting that

(A+n)p
q

ROPR G )) J) (3.12)
q



we use the estimate

(A+n)p_n+1 d (A+n)p Atm)p 1 q
— ATn)p_ 1 _9 n+
dm xXr2 < max{t ¢« "TIXP2ZHVR, 9
m Rint — Ogtgl{ ( )} nt
(A+n)P_n+1
= ¢R,,’ : (3.13)

To estimate the second term in the brackets in (3.11) we notice that, by (3.12) there exists an ¢ =
e(p,q,n,a) > 0 such that WT”)]) —mn —e > —1. Then we have

(Atn)p . d
dpm, ? Xr2 (—m>/ X2 PlyPdr <
R’int m

(Atn)
< cds, XP2 (g—m> / e p_”_sXQ_pMpdm
int m

int

(A+n)
<cR§ / da TVTEXEPyPda. (3.14)
Qm

Combining (3.11), (3.13) and (3.14) we get

g Atnie 1
( / dA|v|qd:c> < cR,,° / dPLX27P |V Pda
Q Q

(Atn)
—f—cR?nt/d a p_n_€X27p|v|pda:. (3.15)
Q

To continue we will estimate the last term in (3.15). For simplicity we set

0.— (A+n)p
q

—n—e+1>0. (3.16)
Using the fact that Vd - Vd = 1 a.e. and integrating by parts we have
/ X PplPde = 671 / Vd? - Vd X*PlyPdz
Q Q
=91 / d° div(Vd X27P |v|P)dz
Q
_ g / (= Ad)X2P[o[Pdz — (2 — )0~ / =L X3P |y Py
Q Q
—p9_1/ A X27PwP~ivd - Vv|dz
Q

<o / d’(=Ad)X*P|ofPdz + pf~! / d' X* Pl Vo da. (3.17)
Q Q

Using Holder’s inequality for the last term in (3.17) we have

p—1
/ & X2 PP Volds < ( / 49—1X2—p|v|pdx) ’ < / d9—1+px2—p|vu|pdx)”
Q Q Q

(5/ d01X2p|U|pd$+65/ dO=HP X 2P|V Pz,
Q Q

IN



Combining this with (3.17) we easily arrive at

c / dPIXEP|pPde < / dOHP X 2P|V Pdr + / d’(=Ad)X*P|v|Pdx
Q Q Q

IN

R? [ / L 2P|V Pdy + / (—Ad)]v|pd:c]
Q Q

This is the sought for estimate for the last term in (3.15); see (3.16) for the value of §. Using this estimate
in (3.15) we conclude

a (Atmp_, 1
(/ dﬂ@%) <cR,,,° U dp_lXZ_p]Vv]pdx—i—/(—Ad)\v[pdx}. (3.18)
Q Q Q

From this and (3.7)—(3.9) the result follows. The case 1 < p < 2 has been proved.

The case p > 2 is similar but simpler since no logarithmic corrections are involved in this case. We
will therefore sketch zi)t_.1

For u(z) = v(x)d » we have by Proposition 2.1 that

—1\P |u‘p
VulPdz — (p—> / Ll HPF AN 3.19
/Q v =) [ (3.19)

> e(p,n) < /Q P |VolPds + /Q (—Ad)v]pda:>.

The L9%-integral is again given by (3.8)—(3.9).
By the same covering argument as before and the fact that d(x) < R;, we obtain the analogue of
(3.15) which is

% (A4n)p 41 (A+n)
</ dA|v\qu> <cR,,,* i /dp_1]Vv|pdx+c/d 7 |ulPdz. (3.20)
Q Q Q

We note that (3.20) is trivially true in the case p = ¢ = n.
As before, we will estimate the last term in (3.20). For simplicity we now set

(A+n)p
q

0:= —-n+1>0. (3.21)
Using the identity d’~! = #~1Vd’ - Vd and integration by parts we have

/d9_1|vpdx = —9_1/d9div(Vd|v|p)dx
Q Q

IN

9—1/ d’(—Ad)|v[Pdz +p9_1/ d°|v|P~|Vvld. (3.22)
Q Q
The last term above is estimated using Holder’s inequality to get
/ P Volde < 5/ d*~w|Pdx + 05/ d* 1P|V u|Pda.
Q Q Q

Combining this with (3.22) we obtain

(Atn)p

(Atn)p —n+1 1
d a |v|Pdx < cR,,,,* AP VulPdz + [ (—Ad)|v|Pdx | . (3.23)
Q Q Q




The result follows by (3.8)—(3.9) and (3.19). O

Proof of Theorem 1.1: The lower bound of C'(£2) comes from Theorems 3.1, 3.2. The upper bound is
a consequence of the corresponding upper bound for the best constant ¢, 4(€2) in

/Q|Vupd:z: > ¢pq(Q) (/ﬂ|u!qdm‘>g, (3.24)

for u € I/VO1 P@Q)and 1 <p<gq< n"—_’;;. In particular if B;,; is the ball of maximum interior diameter, we
have that ¢, 4(2) < ¢, q(Bint) and then the result follows.
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