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Abstract

Asymptotic approximations for Green’s function for the operator —A in a long rod
are derived. These approximations are uniformly valid over the whole domain includ-
ing the end regions of the rod. Connections are established between the asymptotic
approximations in a long rod and the asymptotics in thin domains. Comparison
between the structures of asymptotic approximations in a long rod and a domain

with a small hole is also given.
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The interest to the asymptotic analysis of Green’s functions for domains with
perturbed boundaries was initiated by the classical work of Hadamard [1].
The question of uniform asymptotic approximations of Green’s functions for
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boundary value problems in singularly and regularly perturbed domains was
addressed in [2], and the detailed analysis for the Dirichlet problems in do-
mains with small holes was presented in [3]. Although some types of asymp-
totic approximations for Green’s functions in singularly perturbed domains
(for example, domains with small holes) have already been used in the exist-
ing literature (see, for example, [4], [5]), the question of uniformity of such
approximations remained open until recently.

Fig. 1. A domain with a small hole.

To illustrate a concept of uniform asymptotic approximations for Green’s func-
tions, we suggest an example of a domain with a small hole. Let €2 and w be
bounded domains in R", n > 2. Assume that {2 and w contain the origin O
and introduce the domain w, = {x : e7'x € w}, as shown in Fig. 1. Without
loss of generality, we can also assume that the minimum distance between
the origin and the points of 0Q2 as well as the maximum distance between
the origin and the points of dw are equal to 1. Let G. be Green’s function
of the Dirichlet problem for the Laplace operator in . = Q \ w.. We use
the notation |S™7!| for the (n — 1)-dimensional measure of the unit sphere.
By GG and & we denote Green’s functions of the Dirichelt problems in €2 and
R™ \ @, respectively. Also the notation H is used for the regular part of G,
that is H(x,y) = ((n —2)|5" ) 'x —y|*™" — G(x,y), and P stands for the
harmonic capacitary potential of @. The following asymptotic formula holds
(see [2]):

Ge(x,y) = G(x,y) +" "8(e 'x,e7y) — ((n = 2)[S" ) T x —y[* "
+H(0,y)P(s'x) + H(x,0)P(s'y) — H(0,0)P(c"'x)P(s"y)

gn—l

(ming|x], [y[})"

—&"? cap @ H(x,0)H(0,y) + O( ) (1)

uniformly with respect to x and y in .. (Note that the remainder term in
(1) is O(g) on Ow. and O(g"~ ') on 0. )



Although the above formula is uniformly valid in the whole domain €., it
can be simplified if additional constraints are imposed on the positions of the
points x and y. Namely, if min{|x|, |y|} > 2¢, then

Ge(x,y) — G(x,y)

gn—l

(elly )=t min|x], |y}

+&"2cap @ G(x,0)G(0,y) = O( ). (2)

On the other hand, if max{|x|,|y|} < 1/2, then

g XY
Ge(x,y) —¢ 6(5’5)

+H(0,0)(P(e™'x) = 1)(P(e”'y) — 1) = O(max{[x|, [y[}). (3)

The asymptotic approximations above employ solutions of model problems
defined in © and R™\ @, independent of the small parameter ¢, and such solu-
tions can be efficiently implemented in the numerical algorithms incorporating
the asymptotic formulae for Green’s functions.

In the present paper we extend the idea of uniform asymptotic approximations
of Green’s functions to a mixed boundary value problem for the Laplacian in a
long (or thin) domain. Dirichlet boundary conditions are set at the end regions
of this domain, whereas the Neumann boundary condition are prescribed on
the lateral surface.

We use a version of the method of compound asymptotic expansions of solu-
tions to boundary value problems in singularly perturbed domains, developed
in [6], in order to construct uniform asymptotic approximations of Green’s
kernels in elongated domains.

The structure of the paper can be described is as follows. Section 2 presents
formulation of the problem and description of the model domains. Section
3 introduces the capacitary potential and its asymptotic approximation in
the elongated domain. Asymptotic approximation of Green’s function in the
long rod is discussed in Sections 4 and 5. Finally, Sections 6 and 7 present
the asymptotic formula for Green’s function in a thin domain and concluding
remarks related to the structures of asymptotic expansions in long (or thin)
domains and domains with small holes.



2 The Dirichlet-Neumann problem in a long rod.

Let C be the infinite cylinder {(x',z,) : %X € w, z, € R}, where w is
a bounded domain in R"! with smooth boundary; here n > 2. Also let
C?* denote Lipschitz subdomains of C' separated from 4oo by surfaces v,
respectively.

Let us introduce a positive number M and the vector M = (O’, M), where O’
is the origin of R"!. It is assumed that the ratio (diam w)/M is small.

A long rod C)y is defined as follows
Cu={x:(x-M)eC", (x+M)eC},

the lateral surface of the rod is denoted by I', as shown in Fig. 2.

Cm

Fig. 2. A long rod C); and associated unbounded model domains.

Let Gp(x,y) denote the fundamental solution for —A in the domain C),
subject to zero Neumann condition on the lateral surface I' and zero Dirichlet
conditions on the end parts v* of the boundary of the long rod:

AJJGM(X7Y)+§(X_Y> :Oa XayGCM7

0G
on,
Gu(x,y) =0, xc~* yeCu.

(x,y) =0, xeTl', yeCOy,

In order to obtain an approximation of GGj; we also introduce several model
problems independent of the cylinder length M.



By G (x,y) we denote Green’s function of the Neumann problem in C
AsGoo(x,y) +0(x—y) =0, x,y €C,

0G
Ong,
Goo(x,y) = = 2lw]) T — ynl + Olexp(—alz, —yul)) as |a,] — oo,
where « is a positive constant, and |w| is the (n — 1)-dimensional measure of
w.

(x,y)=0, xel'yeC,

Similarly, GT and G~ stand for the fundamental solutions for —A in the
domains C*, with the homogeneous boundary conditions defined as follows

AGE (x5, yT) +6(x* —yT) =0, x¥,y* € CF,
GH(x*,y%) =0, x* eyt y* e,
OG*

on
and it is also assumed that G*(x*, y*) are bounded as ¥ — Foo.

(xF,y*) =0, xT el,y* € C*,

3 Capacitary potential.

The capacitary potential Py, is defined as a solution of the Dirichlet-Neumann
boundary value problem in C);:

APy (x) =0, x € Cy, (4)
=0, xer. 5)
Py(x)=1, x€v and Py(x)=0, xeq™. (6)

We shall also use the solutions (¥ of the homogeneous Dirichelt-Neumann
problems in semi-infinite domains C*, as follows:

ACE(xF) =0, xeCF, (7)

%ij(xi) =0, xTeT, (8)

F(x¥) =0, xeq, 9)
and

(F(xT) = Fa, + (& + Olexp(—ala, ) as |z, ] — oo, (10)



where « is a positive constant, x* = (x/,x, F M) are local coordinates at
the ends of the long rod C)y, and (£ are constant terms that depend on the
geometry of the cross-section w and the end parts ¥* of the boundary of the
long rod.

Theorem 1. The following asymptotic formula, uniform with respect to x €
C, for the capacitary potential Py(x) holds:

_ MAz 4 -+

Pur(x) 2M + Ct + (%

+ O(exp(—aM)). (11)

Here, the functions (=, variables x* and the constants (E are the same as in
(7)-(10), « is a positive constant.

The proof of this statement is achieved by the direct substitution of (11) into
(5)—(6) and applying the energy estimate to the function Ppy.

4 Asymptotic approximation of Green’s function.

Let H*(x*,y*) be functions defined in semi-infinite domains C*, and assume
that they also satisfy the Dirichlet-Neumann boundary value problems

AH* (xF,y*) =0, xF,y* € C*, (12)

OH* . . + + +

8nx(x y5) =0, x* eI, y= e C7, (13)

H*(x*,y7) = Goo(x,y) + 2w) '), xeq™, yTe s (14)
and

H*(x* y*) — 0 as 27 — Foo. (15)

The asymptotic approximation is given by the following statement.

Theorem 2. Green’s function Gy (x,y) is approzimated by the asymptotic
formula, uniform with respect to x,y € Cyy

Gu(xy)=Gu(x,y)—H ' (x",y") —H (x,y)

— o (g~ PuG(G = Puly)) + gy + O(—a), (16)



where Apy = 2M + (L + ¢, and « is a positive constant.

In the text below we present a formal argument that leads to the asymptotic
formula (16).

Let

Gu(x,y) = Guo(x,y) — Hy;(x,y) — Hy (x,y), (17)

where the functions H3; are defined as solutions of the boundary value prob-
lems
AIHJ\ZEI(XJ Y) = 07 X,y € OM7
OHY;
on
Hy;(x,y) = Guo(x,y), x €77,y € Cu,
Hi(x,y) =0, xeqT, yeCuy.

(x,y)=0, xeI'Jy € Cy,

We note that the sum Y, Hj; is symmetric, i.e.

Hi(x,y) + Hy(x,y) = Hy;(y,x) + Hy (y, x).

The functions H3; can be approximated by the formulae

b

Hy(x,y) = H"(x",y") o

Ct(y™)

—Py(x)(H*(x", =00,y ") — 2|1w|<+<y+>) +har,
and 1
Hy(x,y)=H (x",y") - m(‘(}f‘)

—Pu(x)(H™(x™,400,y7) - 2|1w| “(y7)) + hars

with exponentially small remainder terms hi,. Applying Green’s formula to
the functions H* and (% in the domains CF, respectively, we deduce that

1

H (x =

{C7) = (M +y.+¢)},

and
1

Ht(xt — T
(X ? OO,y ) 2|CU|

{C" ") = (M —yn+ ()}
The condition (10) yields

lim H_(y_/, +o0,y") =0,

Yn —+00



and
lim Ht(y", —oco,y") = 0.
v ——o0

If A = 2M + ¢ + ¢, then the following identity holds
Hy(x,y) + Hy(x,y) = H (x",y") + H (x",y")
2A0 /1
(5 Pu)(5 — Put) = i (18)

jwl

Combining the formulae (17) and (18) we deduce (16).

The direct substitution of (16) into (13), (14) and application of the energy
estimate completes the proof of the theorem.

Example of Green’s functions in model domains. In some cases, Green’s
functions for model problems required for the above asymptotic approximation
can be constructed in a simple form. As an illustration, we suggest an example
involving a long rectangular strip. In this case, the function G (x,y) is the
Neumann function for the Laplacian in the infinite strip IT = {(z1,25) : —0c0 <
x1 < 00, |re| < 1/2}, given in the form

1 7 - ,
Goo<xa y) = % / G(kax%yZ) eXp(_Zk($l - yl))dka

where

~ 1
Gk, xq,y2) = ~or cosh(kxs)/sinh(k/2)

Hzz —y2), T2 > Y2
—3(z2 — y2), T2 < Y.
Assuming that the end regions of the rectangular domain are "flat”, i.e. they

are located on the vertical straight lines x; = =M, we can construct Green’s
functions G4 for semi-infinite strips as follows:

Gi(xF,yT) = Goo (X5, 47, 157) — Goo (X5, =07, 13).

These model fields are readily applicable in the asymptotic formula of Theorem
2.

5 Connection between Green’s function G;; and Green’s functions
for unbounded domains.

The result of Section 4 together with definitions of functions G, and G* lead
to the following



Theorem 3. The Green’s function G (x,y) and the functions G, G, are
related by the asymptotic formula

= LGy — Gulxy) — o ,z(ci )+ CE(vh))

— Pu(y)) + 224 O(—al,) (19)

Ay /1
— (5~ P Ao

jwl

where a is a positive constant independent of M.

Corollary 1. The formula (19) allows for an equivalent representation in-
volving the model fields (* defined as solutions of the boundary value problems

(7)-(10):
Cha(x,y) = 3 GHx*,y%) = Gl ¥)+ 1 l{mM 22(& )+C(vh)}

(|w|mM) (30 = 2G5 — (o) + ¢ — ¢ (x)) (20)
X (yn = (¢ = )+ M) = C(y7) + Olexp(—aM)),

where a is a positive constant independent of M.

The above formulae can be simplified if we introduce additional constraints
on the positions of the points x and y within C),.

When the points x and y are "far away” from the ends ¥* of the long rod
the quantities H* become exponentially small, and hence we arrive to the
following

Corollary 2. When min{(x £ M)/M,(x £ M)/M} > Const, the Green’s
function G is approximated by the formula

Gu(x,y) ~ Goo(x,y) = ([wI200) ™ (w0 — 3¢ = €2)) (w0 — (G — €2))
s

+m (21)

as M — oo.

Another simplified formula for the Green’s function can be written for the
case when the points x and y are sufficiently close to one of the ends of the
rod.

Corollary 3. Assume that the points X and y are close to the left end v~ of
the long rod Cyy, i.e. max{x+ M,y + M} < Const. Then the function Gy, is



approximated by the formula

P G~ (x', 400,y )G~ (x,y~', +00
Gurlxoy) ~ Gy ) — o ST SO DO 00) o)

as M — oo.

Similar approximation is valid near the other end v of the long rod.

6 The Dirichlet-Neumann problem in a thin rod.

By rescaling, the above results can be used to find an asymptotic approxima-
tion for Green’s function G*) in a thin rod rather than the long rod. Let a
thin domain be defined by

C.={x:e'(x—a)eCt, e (x+a)ecC},
where the notations C* are the same as in Section 2, 2a is the length of the
rod, and now ¢ is a positive small parameter. As above, it is assumed that
Green’s function is subject to zero Neumann condition on the cylindrical part

of C. and zero Dirichlet condition on the remaining part of C..

Theorem 4. The following asymptotic formula for G (x,y), uniform with
respect to x,y € ()., holds

GOxy) = {G e (x—a),e (y—a) + G (e (x+a),e (v +a))

—Go(e7'x,e7y)

{2l + (G G MG ) O )
I (AR LR Cee)

+i((€!w!)12a + oo+ Goo — 2 Zi: ((*e (xFa)+ ey Fa)

+0(exp(—B/2)) }, (23)
where 3 1s a positive constant independent of €.
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7 Concluding remarks and comparison of asymptotic formulae for
long domains and domains with small holes

Although the domains shown in Figures 1 and 2 are very different, we can note
a similarity in the structure of the asymptotic approximations of Green’s func-
tions (see, for example, simplified asymptotic formulae (2), (3) and (21), (22)).
This similarity becomes even more explicit if we consider the two-dimensional
cases of a long strip Cy; and a domain with a small hole (the latter case was
discussed in [3]).

In particular, the capacitary potential P. for a two-dimensional domain ),
with a small hole w, is defined as a solution of the boundary value problem:

AP.(x) =0, x€ Q. (24)
P.(x) =0, x €09, (25)
P.(x) =1, x€ Jw.. (26)

Its uniform asymptotic approximation, as ¢ — 0, is given by the formula

—G(x,0) +¢(%) — g log % — G

Pe ~ 5
() Lloge + H(0,0) — (o

(27)

where H(x,y) is the regular part of Green’s function G(x,y) in the limit
domain 2 without the hole, and the quantities ( and (., are defined as follows

C(n) = éfin 9(&,m), (28)
and
oo = ﬁiﬁ“@o{g(") — (2m) ' log n|}. (29)

Here g(&,n) stands for Green’s function in the unbounded model domain
R?\ w.

The structure of the asymptotic approximation (27) is similar to (11), with
the linear terms (growing at infinity) being replaced by the corresponding
logarithmic terms. Also, the uniform asymptotic approximation (as ¢ — 0)
of Green’s function GG, in the two-dimensional domain €2, with the small hole
has the form

G.(x,y) ~ G(x,y) + g(e'x, e y) + (27m) og(e 7 x — y|)

11



. ((27r)_1 loge + (%) — (o + H(x, 0)) ((27?)_1 loge + ((¥) — (oo + H (0, y))
(2m)~tloge + H(0,0) — (oo

—((e7'%) = ¢(e7hy) + Coos (30)

whose structure resembles the one of formula (19) (and formula (20)).
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