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Àííîòàöèÿ. Â ðàáîòå ðàññìàòðèâàåòñÿ ïðîáëåìà ñóùåñòâîâàíèÿ
öåëûõ ðåøåíèé êâàçèëèíåéíîãî ýëëèïòè÷åñêîãî óðàâíåíèÿ ñïåöè-
àëüíîãî âèäà. Áèáëèîãð. 11.

Êëþ÷åâûå ñëîâà è ôðàçû. Êâàçèëèíåéíûå óðàâíåíèÿ ýëëèïòè÷å-
ñêîãî òèïà, öåëûå ðåøåíèÿ, ñâîéñòâî Áåðíøòåéíà.

Entire solutions to Simon's equation.

V.G. Tkachev, I.A. Zorina

Abstract. We consider a problem of existence of entire solutions to
special quasilinear elliptic PDE.
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1. Ââåäåíèå

1.1. Â ñâîåé íåäàâíåé ðàáîòå [9, ñ. 350] Ë. Ñàéìîí ïîñòàâèë çàäà÷ó î
ñóùåñòâîâàíèè öåëûõ ðåøåíèé ñëåäóþùåãî êâàçèëèíåéíîãî óðàâíåíèÿ
ýëëèïòè÷åñêîãî òèïà

uxx(1 + u2
x) + 2uxyuxuy + uyy(1 + u2

y) = 0. (1)

Äàííîå óðàâíåíèå ìîæíî ðàññìàòðèâàòü êàê ñîïðÿæåííîå â íåêîòîðîì
ñìûñëå ê óðàâíåíèþ ìèíèìàëüíûõ ïîâåðõíîñòåé

uxx(1 + u2
y)− 2uxyuxuy + uyy(1 + u2

x) = 0. (2)

Êàê èçâåñòíî, äëÿ (2) ñïðàâåäëèâî ñâîéñòâî Áåðíøòåéíà: öåëûìè C2-
ãëàäêèìè ðåøåíèÿìè (2) ÿâëÿþòñÿ òîëüêî ëèíåéíûå ôóíêöèè. Âîïðîñ
î âûïîëíåíèè òåîðåìû Áåðíøòåéíà äëÿ ðàçëè÷íûõ êëàññîâ êâàçèëèíåé-
íûõ óðàâíåíèé, îáîáùàþùèõ óðàâíåíèå ìèíèìàëüíûõ ïîâåðõíîñòåé,
ðàññìàòðèâàëñÿ ðàíåå â ðàáîòàõ ìíîãèõ àâòîðîâ; ïîäðîáíóþ áèáëèîãðà-
ôèþ ìîæíî íàéòè â [8], [9]. Ñ äðóãîé ñòîðîíû, ïðîáëåìà ñóùåñòâîâàíèÿ
öåëûõ ðåøåíèé äëÿ êâàçèëèíåéíûõ óðàâíåíèé ýëëèïòè÷åñêîãî òèïà ÿâ-
ëÿåòñÿ ïî÷òè íåçàòðîíóòîé.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåí-
òàëüíûõ èññëåäîâàíèé (êîä ïðîåêòà 03-01-00304).
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Öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà î ñóùåñòâî-
âàíèè öåëîãî ñåìåéñòâà ðåøåíèé óðàâíåíèÿ (1), äàþùàÿ îòâåò íà âîï-
ðîñ, ïîñòàâëåííûé â [9].

Òåîðåìà 1. Äëÿ ëþáîãî íàòóðàëüíîãî N ≥ 2 ñóùåñòâóåò öåëîå
C2-ãëàäêîå ðåøåíèå uN (x, y) óðàâíåíèÿ (1), êîòîðîå èìååò íà áåñêî-
íå÷íîñòè ïîëèíîìèàëüíûé ðîñò:

lim sup
(x,y)→∞

uN (x, y)
(x2 + y2)αN/2

= C, αN = N2/(2N − 1), C 6= 0. (3)

Ïðè ýòîì äëÿ óêàçàííûõ ðåøåíèé èìååò ìåñòî ñëåäóþùåå ïàðàìåò-
ðè÷åñêîå ïðåäñòàâëåíèå

x = A(ρ) cos(2N − 1)θ +B(ρ) cos θ,

y = A(ρ) sin(2N − 1)θ −B(ρ) sin θ,

uN = F (ρ) cosNθ,
(4)

ãäå A(ρ) = 1
2 (f ′ − k

ρf), B(ρ) = 1
2 (f ′ + k

ρf), F (ρ) = ρf ′ − f ,

f(ρ) = ρk · Φ(
k − k2

2
, 1 + k;−ρ

2

2
),

è îáëàñòü èçìåíåíèÿ ïàðàìåòðîâ: ρ ≥ 0, θ ∈ R/2πZ, ÷åðåç Φ(a, c; t)
îáîçíà÷åíà âûðîæäåííàÿ ãèïåðãåîìåòðè÷åñêàÿ ôóíêöèÿ Êóììåðà è k =
N/(N − 1).

Çàìå÷àíèå 1. Óäîáíî òàêæå èñïîëüçîâàòü ñëåäóþùåå êîìïëåêñíîå
ïðåäñòàâëåíèå äëÿ íàéäåííûõ öåëûõ ðåøåíèé:

z = x+ iy = A(ρ)e(2N−1)iθ +B(ρ)e−iθ,

uN (z) = F (ρ) Re eiNθ.
(5)

1.2. Ìû íàçûâàåì ðåøåíèÿ â ôîðìå (4) ñòàíäàðòíûìè N -ðåøåíè-
ÿìè óðàâíåíèÿ (1). Îòìåòèì, ÷òî ïðîèçâîëüíàÿ ãîìîòåòèÿ âèäà

uN,a(x, y) :=
1
a
uN (ax, ay),

à òàêæå ôóíêöèÿ ïîëó÷åííàÿ ñäâèãîì è ïîâîðîòîì â ïëîñêîñòè íåçàâè-
ñèìûõ ïåðåìåííûõ òàêæå áóäåò öåëûì ðåøåíèåì (1). Âñå òàêèå ðåøåíèÿ
áóäåì íàçûâàòü ïðîñòî N -ðåøåíèÿìè óðàâíåíèÿ (1). Ïîëåçíî îòìåòèòü,
÷òî ñòàíäàðòíûå N -ðåøåíèÿ îáëàäàþò ñëåäóþùèì ñâîéñòâîì ñèììåò-
ðèè

uN (eπin/Nz) = −uN (z), n ∈ Z.
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Íàéäåííûé êëàññ N -ðåøåíèé íàõîäèòñÿ â åñòåñòâåííîì ñîîòâåò-
ñòâèè ñ êëàññîì ãàðìîíè÷åñêèõ ïîëèíîìîâ ñòåïåíè N . Ïîëüçóÿñü ïðåä-
ñòàâëåíèåì (4) íåñëîæíî ïðîâåðèòü âûïîëíåíèå ñëåäóþùåãî ñâîéñòâà

lim
a→0

uN,a = Re(x+ iy)N .

Íà ñàìîì äåëå ñïðàâåäëèâî ñëåäóþùåå ñâîéñòâî

Òåîðåìà 2. Äëÿ ëþáîãî íàòóðàëüíîãî N ≥ 2 èìååò ìåñòî ðàçëî-
æåíèå

uN (z) = UN (z) Re zN , (6)

ãäå UN (z) ïîëîæèòåëüíàÿ íåïðåðûâíàÿ è îãðàíè÷åííàÿ â C ôóíêöèÿ,
ïðè÷åì

0 < UN (z) ≤ UN (0) =
(N − 1)N−1

NN
.

Îñîáûé èíòåðåñ ïðåäñòàâëÿåò âîïðîñ î ïîëíîòå êëàññà íàéäåííûõ
öåëûõ ðåøåíèé. Îòìåòèì ëèøü, ÷òî â íåäàâíåé ðàáîòå îäíîãî èç àâòî-
ðîâ [11] áûëî ïîëó÷åíî îïèñàíèå âñåõ êâàçèðàäèàëüíûõ ðåøåíèé óðàâ-
íåíèÿ p-Ëàïëàñà. Â ÷àñòíîñòè, ñëó÷àé p =∞ ñîîòâåòñòâóåò óðàâíåíèþ
Àðîíññîíà [1]

uxxu
2
x + 2uxyuxuy + uyyu

2
y = 0, (7)

êâàçèðàäèàëüíûå ðåøåíèÿ êîòîðîãî ÿâëÿþòñÿ àñèìïòîòè÷åñêèìè êîíó-
ñàì íàä N -ðåøåíèÿìè óðàâíåíèÿ Ñàéìîíà (1). Â ýòîì ñìûñëå, åñòå-
ñòâåííî âûñêàçàòü ïðåäïîëîæåíèå, ÷òî íàéäåííûå âûøå N -ðåøåíèÿ (ñ
òî÷íîñòüþ äî ñäâèãà è ïîâîðîòà â ïëîñêîñòè íåçàâèñèìûõ ïåðåìåííûõ)
îïèñûâàþò ïîëíûé çàïàñ öåëûõ ðåøåíèé (1), îäíàêî â äàííûé ìîìåíò
ìû íå ðàñïîëàãàþò äîêàçàòåëüñòâîì äàííîãî ñâîéñòâà.

Ñ äðóãîé ñòîðîíû, êàê ïîêàçàíî â [11], âñå êâàçèðàäèàëüíûå ðåøå-
íèÿ (7) ÿâëÿþòñÿ àëãåáðàè÷åñêèìè ôóíêöèÿìè. Èñïîëüçóÿ ÿâíîå ïðåä-
ñòàâëåíèå ôóíêöèè Êóììåðà (15), íåñëîæíî óáåäèòüñÿ, ÷òî ïðè N = 2,
ñòàíäàðòíîå 2-ðåøåíèå ìîæåò áûòü çàäàíî ñëåäóþùåé ïîëèíîìèàëüíîé
ïàðàìåòðèçàöèåé

x = 2ξ +
2ξ3

3
, y = 2η +

2η3

3

u2 = η2 − ξ2 +
η4 − ξ4

2
.

ãäå ξ = ρ cos θ, η = ρ sin θ (ñì. òàêæå [10]). Èç ïîñëåäíåãî ïðåäñòàâ-
ëåíèÿ ñëåäóåò, ÷òî 2-ðåøåíèÿ ÿâëÿþòñÿ àëãåáðàè÷åñêèìè ôóíêöèÿìè.
Îñòàåòñÿ, îäíàêî, íåÿñíûì, âûïîëíÿåòñÿ ëè ýòî ñâîéñòâî äëÿ îñòàëüíûõ
N ≥ 3.
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Àâòîðû âûðàæàþò áëàãîäàðíîñòü Â.Ì. Ìèêëþêîâó è Ã. Àðîíññîíó
çà ïîëåçíûå îáñóæäåíèÿ ïî òåìå äàííîé ñòàòüè.

2. Ïðåäâàðèòåëüíûå çàìå÷àíèÿ

2.1. Ðàññìîòðèì íåêîòîðóþ ôóíêöèþ v(ξ, η), óäîâëåòâîðÿþùóþ ñëå-
äóþùåìó ëèíåéíîìó óðàâíåíèþ

v′′ξξ(1 + η2)− 2v′′ξηξη + v′′ηη(1 + ξ2) = 0. (8)

Èñïîëüçóÿ ñòàíäàðòíîå ïðåîáðàçîâàíèå Ëåæàíäðà [7, ñòð. 39], ëåãêî óáå-
äèòñÿ, ÷òî â ñëó÷àå, êîãäà ãåññèàí v′′ξξv

′′
ηη − v′′2ξη îòëè÷åí îò íóëÿ, ïðåîá-

ðàçîâàíèå

x = v′ξ(ξ, η), y = v′η(ξ, η), u = xξ + yη − v(ξ, η) (9)

îñóùåñòâëÿåò ïàðàìåòðèçàöèþ íåêîòîðîãî, âîîáùå ãîâîðÿ, ìíîãîçíà÷-
íîãî, ðåøåíèÿ óðàâíåíèÿ Ñàéìîíà (1).

Äàëåå â ðàáîòå äîêàçûâàåòñÿ, ÷òî äëÿ êàæäîãî íàòóðàëüíîãî N ≥
2 ñóùåñòâóþò ðåøåíèÿ v(ξ, η) óðàâíåíèÿ (8) îáëàäàþùèå ñëåäóþùèìè
ñâîéñòâàìè:

(i) ãðàäèåíòíîå îòîáðàæåíèå

W (ξ, η) = ∇v(ξ, η) := (x(ξ, η), y(ξ, η)) (10)

ÿâëÿåòñÿ âåùåñòâåííî àíàëèòè÷åñêèì è ãîìåîìîðôíî îòîáðàæàåò
ïëîñêîñòü R2 íà ñåáÿ, ïðè÷åì åãî ÿêîáèàí v′′ξξv

′′
ηη − v′′2ξη îòëè÷åí îò

íóëÿ âñþäó âíå íà÷àëà êîîðäèíàò.
(ii) â îêðåñòíîñòè íà÷àëà êîîðäèíàò ñîîòâåòñòâóþùàÿ ôóíêöèÿ

u(x, y), çàäàâàåìàÿ ïàðàìåòðèçàöèåé (9), âåùåñòâåííî àíàëèòè÷åñêîé.
ßñíî, ÷òî ïîëó÷åííîå òàêèì îáðàçîì ðåøåíèå u(x, y) óðàâíåíèÿ (1)

áóäåò îòâå÷àòü ñâîéñòâàì òåîðåìû 1. Äîêàçàòåëüñòâî äàííûõ ôàêòîâ
óòâåðæäåíèé ðàçáèòî íà íåñêîëüêî øàãîâ è îïèðàåòñÿ íà èññëåäîâà-
íèå âñïîìîãàòåëüíûõ ñâîéñòâ ãèïåðãåîìåòðè÷åñêîé ôóíêöèè Êóììåðà,
êîòîðûå ïðèâåäåíû â ïàðàãðàôå 3. Â ïàðàãðàôàõ 4 è 5 äîêàçûâàþòñÿ
ñâîéñòâà (i) è (ii) óêàçàííûå âûøå. Äîêàçàòåëüñòâî îöåíêè àñèìïòîòè-
÷åñêîãî ðîñòà (3) ïðèâîäèòñÿ îòäåëüíî â ïàðàãðàôå 6. Îñòàâøàÿñÿ ÷àñòü
äàííîãî ïàðàãðàôà ïîñâÿùåíà îïèñàíèþ êëàññà ôóíêöèé v, ñîñòàâëÿþ-
ùåãî îñíîâó äëÿ íàøåãî äàëüíåéøåãî èçó÷åíèÿ.

2.2. Ðàññìîòðèì ðåøåíèÿ óðàâíåíèÿ (8), êîòîðûå èìåþò âèä

v = f(ρ) cos kθ, (11)

ãäå ξ = ρ cos θ, η = ρ sin θ � ïîëÿðíûå êîîðäèíàòû, è k íåêîòîðûé âåùå-
ñòâåííûé ïàðàìåòð. Ðàçäåëåíèå ïåðåìåííûõ ïðèâîäèò ê ñëåäóþùåìó
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õàðàêòåðèñòè÷åñêîìó óðàâíåíèþ

ρ2 f ′′ + ρ(1 + ρ2)f ′ − k2(1 + ρ2)f = 0,

êîòîðîå, â ñâîþ î÷åðåäü, çàìåíîé t = −ρ
2

2 è

f(ρ) = ρkϕ(−ρ
2

2
),

ñâîäèòñÿ ê óðàâíåíèþ ãèïåðãåîìåòðè÷åñêîãî âèäà

tϕ′′ + [(k + 1)− t]ϕ′ − k − k2

2
ϕ = 0. (12)

Õîðîøî èçâåñòíî [4, ãë. 6], ÷òî îãðàíè÷åííûå â îêðåñòíîñòè íóëÿ ðåøå-
íèÿ óðàâíåíèÿ (12) ïðîïîðöèîíàëüíû âûðîæäåííîé ãèïåðãåîìåòðè÷å-
ñêîé ôóíêöèè Êóììåðà:

Φ(
k − k2

2
, k + 1; t), (13)

ãäå Φ = Φ(a, c;x) îçíà÷àåò åäèíñòâåííîå ðåøåíèå óðàâíåíèÿ

xΦ′′ + (c− x)Φ′ − aΦ = 0, (14)

óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì

Φ(0) = 1, Φ′(0) =
a

c
,

Òàêèì îáðàçîì, ñðàâíèâàÿ íàéäåííûå âûðàæåíèÿ, ïîëó÷àåì, ÷òî
ôóíêöèÿ

v = ρkΦ(
k − k2

2
, k + 1;−ρ

2

2
) cos kθ

ÿâëÿåòñÿ îãðàíè÷åííûì â îêðåñòíîñòè íóëÿ ðåøåíèåì óðàâíåíèÿ (8).
Îòìåòèì ñðàçó, ÷òî (4) ÿâëÿåòñÿ ñëåäñòâèåì (9).

3. Âñïîìîãàòåëüíûå ñâîéñòâà ôóíêöèè Êóììåðà

Ñíà÷àëà êðàòêî îòìåòèì íåîáõîäèìûå íàì â äàëüíåéøåì ñâîéñòâà
ôóíêöèè Êóììåðà [5]. Èçâåñòíî, ÷òî Φ ïðîäîëæàåòñÿ â êîìïëåêñíóþ
ïëîñêîñòü êàê öåëàÿ ôóíêöèÿ ïåðåìåííîãî z â âèäå ñëåäóþùåãî ãèïåð-
ãåîìåòðè÷åñêîãî ðÿäà

Φ(a, c; z) =
∞∑
n=0

(a)n
(c)n

zn

n!
, (15)

ãäå

(a)0 = 1, (a)n = a(a+ 1) . . . (a+ n− 1) =
Γ(n+ a)

Γ(a)
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îçíà÷àåò ñèìâîë Ïîõãàììåðà. Â ÷àñòíîñòè, ïðè âñåõ îòðèöàòåëüíûõ öå-
ëûõ çíà÷åíèÿõ ïàðàìåòðà a, ôóíêöèÿ Êóììåðà ÿâëÿåòñÿ ìíîãî÷ëåíîì
ñïåöèàëüíîãî âèäà.

Ïðè c > a > 0 èìååò ìåñòî ñëåäóþùåå èíòåãðàëüíîå ïðåäñòàâëåíèå
[4, ãë. 6]

Φ(a, c;x) =
Γ(c)

Γ(a)Γ(c− a)

1∫
0

exuua−1(1− u)c−a−1du. (16)

Áîëåå òîãî, äëÿ ïðîèçâîäíûõ ôóíêöèè Êóììåðà ñïðàâåäëèâû ñîîòíî-
øåíèÿ

d

dx
Φ(a, c;x) =

a

x

[
Φ(a+ 1, c;x)− Φ(a, c;x)

]
, (17)

è
dn

dxn
Φ(a, c;x) =

(a)n
(c)n

Φ(a+ n, c+ n;x). (18)

Âñþäó äàëåå, ÷òîáû èçáåæàòü ãðîìîçäêèõ âûðàæåíèé, ïðèíÿòî ñëå-
äóþùåå îáîçíà÷åíèå:

Φi,j ≡ Φi,j(x) := Φ(a+ i, c+ j;x).

Ëåììà 1. Åñëè c > a > 0, òî ïðè âñåõ x ∈ R

Φ0,0 > 0, Φ′0,0 > 0, Φ′′0,0 > 0.

Åñëè ïàðàìåòðû a è c òàêîâû, ÷òî c > 0 , −1 < a < 0, òî ïðè âñåõ
x ≤ 0

Φ0,0 > 1, Φ′0,0 < 0, Φ′′0,0(x) < 0. (19)

Äîêàçàòåëüñòâî. Ïåðâîå ñâîéñòâî ñëåäóåò ñðàçó èç ïðåäñòàâëå-
íèÿ (16) è ñîîòíîøåíèé (18) äëÿ n = 1, 2.

Ïðè a < 0 èíòåãðàëüíîå ïðåäñòàâëåíèå íåïðèìåíèìî äëÿ ñàìîé
ôóíêöèè Φ0,0, íî ââèäó (18) îíî ñïðàâåäëèâî äëÿ ïðîèçâîäíîé Φ′0,0(x),
îòêóäà

Φ′0,0(x) =
a

c
Φ1,1(x) =

=
aΓ(c+ 1)

cΓ(a+ 1)Γ(c− a)

1∫
0

exuua(1− u)c−a−1du < 0.

Èñïîëüçóÿ òåïåðü a > −1, íàõîäèì, ÷òî Φ′′0,0(x) < 0 ïðè âñåõ x ∈ R.
Ñ äðóãîé ñòîðîíû, ââèäó îòðèöàòåëüíîñòè ïðîèçâîäíîé Φ′0,0(x) < 0 è
Φ0,0(0) = 1 çàêëþ÷àåì, ÷òî Φ0,0(x) > 1 äëÿ âñåõ x ≤ 0, ÷òî äîêàçûâàåò
âòîðóþ ÷àñòü óòâåðæäåíèÿ. �
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Äàëåå íàì ïîíàäîáèòñÿ âñïîìîãàòåëüíàÿ ôóíêöèÿ

g(x) :=
xΦ′0,0
Φ0,0

, (20)

ãäå âñþäó äàëåå ïðèíÿòî ñîãëàøåíèå Φ0,0 = Φ(a, c;x). Èìååò ìåñòî

Ëåììà 2. Ïðîèçâîäíàÿ ôóíêöèè g(x) âû÷èñëÿåòñÿ ïî ôîðìóëå

dg

dx
=

a

Φ2
0,0

[
Φ0,0Φ′1,0(x)− Φ′0,0(x)Φ1,0(x)

]
. (21)

Äîêàçàòåëüñòâî. Ïðèìåíÿÿ (17), ïîëó÷èì

Φ2
0,0 g

′(x) = xΦ′′0,0Φ0,0 + Φ′0,0Φ0,0 − xΦ′20,0 =

= xΦ′′0,0Φ0,0 + Φ′0,0Φ0,0 − aΦ′0,0[Φ1,0 − Φ0,0].

Àíàëîãè÷íî íàõîäèì

xΦ′′0,0 = x
d

dx

(
a

x
(Φ1,0 − Φ0,0)

)
= −a

x
(Φ1,0 − Φ0,0) + a(Φ′1,0 − Φ′0,0) =

= −Φ′0,0 + a(Φ′1,0 − Φ′0,0).

Òàêèì îáðàçîì, Φ2
0,0 g

′(x) = a(Φ′1,0Φ0,0 − Φ1,0Φ′0,0), ÷òî è òðåáîâàëîñü
äîêàçàòü. �

Ëåììà 3. Ïóñòü −1 < a < 0, c > 0. Òîãäà ôóíêöèÿ g(x) ìîíîòîííî
óáûâàåò, íåîòðèöàòåëüíà ïðè âñåõ x ≤ 0 è èìååò ìåñòî ïðåäåëüíîå
ñîîòíîøåíèå

lim
x→−∞

g(x) = −a.

Äîêàçàòåëüñòâî. Â ñèëó ëåììû 1 ôóíêöèè Φ0,0, Φ′1,0 è Φ1,0 ïî-
ëîæèòåëüíû, à Φ′0,0 îòðèöàòåëüíà íà èíòåðâàëå x ≤ 0. Òàêèì îáðàçîì,
ââèäó (21), g′(x) < 0 ïðè íåïîëîæèòåëüíûõ çíà÷åíèé x. Íåîòðèöàòåëü-
íîñòü g(x) íà îòðèöàòåëüíîé ïîëóîñè òîãäà âûòåêàåò èç åå óáûâàíèÿ è
òîãî ôàêòà, ÷òî g(0) = 0.

Äëÿ âû÷èñëåíèÿ ïðåäåëà âîñïîëüçóåìñÿ ñëåäóþùèì àñèìïòîòè÷å-
ñêèì ïðåäñòàâëåíèåì [4, ñòð. 266]

Φ0,0(x) =
Γ(c)

Γ(c− a)
|x|−a

(
1 +O(

1
|x|

)
)
, x→ −∞, (22)

îòêóäà ïîëó÷àåì

lim
x→−∞

Φ1,0(x)
Φ0,0(x)

= 0.
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Òàêèì îáðàçîì, èñïîëüçóÿ (17), ïðèõîäèì ê òðåáóåìîìó ñîîòíîøåíèþ

lim
x→−∞

xΦ′0,0(x)
Φ0,0(x)

= lim
x→−∞

a(Φ1,0(x)− Φ0,0(x))
Φ0,0(x)

= −a.

�

4. Ñâîéñòâà ãðàäèåíòíîãî îòîáðàæåíèÿ

4.1. Âñþäó äàëåå çàôèêñèðîâàíû ñëåäóþùèå îáîçíà÷åíèÿ

A(ρ) :=
1
2

(f ′ − k

ρ
f), B(ρ) :=

1
2

(f ′ +
k

ρ
f), (23)

ãäå f(ρ) = ρk ·Φ(a, c;−ρ
2

2 ). Ïðè ýòîì, ìû ïðåäïîëàãàåì, ÷òî âûïîëíåíî

a =
k − k2

2
, c = 1 + k, (24)

ãäå ïàðàìåòð k ïðèíèìàåò ñëåäóþùèå çíà÷åíèÿ

k =
N

N − 1
, (25)

äëÿ íåêîòîðîãî öåëîãî N ≥ 2. Â ÷àñòíîñòè, ïðè òàêîì âûáîðå k: c > 0
è a < 0.

Òîãäà ãðàäèåíòíîå îòîáðàæåíèå (10) â ïîëÿðíûõ êîîðäèíàòàõ ïðè-
íèìàåò ñëåäóþùèé âèä

W :
{
x(ρ, θ) = A(ρ) cos(2N − 1)θ +B(ρ) cos θ,
y(ρ, θ) = A(ρ) sin(2N − 1)θ −B(ρ) sin θ, (26)

Íàðÿäó ñ ýòèì îòîáðàæåíèåì, ìû èñïîëüçóåì åãî êîìïëåêñèôèêàöèþ,
ïîëàãàÿ ζ = ξ + iη = ρeiθ:

W (ζ) = A(|ζ|) ζ
2N−1

|ζ|2N−1
+B(|ζ|) |ζ|

ζ
,

è îòîæäåñòâëÿÿ W (ξ + iη) è W (ξ, η).

Ëåììà 4. Ïóñòü a è c óäîâëåòâîðÿþò (24). Òîãäà ôóíêöèÿ A(ρ)
B(ρ)

íåîòðèöàòåëüíàÿ ìîíîòîííî âîçðàñòàþùàÿ, è èìååò ìåñòî ñîîòíî-
øåíèå

lim
ρ→+∞

A(ρ)
B(ρ)

=
1

2N − 1
.

Ïðè ýòîì ôóíêöèè A(ρ) è B(ρ) ñòðîãî ïîëîæèòåëüíûå ïðè âñåõ ρ > 0.
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Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî

A(ρ)
B(ρ)

=

(
1− 2kΦ0,0(−ρ2/2)

ρ2Φ′0,0(−ρ2/2)

)−1

èëè, ïîëàãàÿ t = −ρ
2

2 , ïîëó÷èì

A(ρ)
B(ρ)

=
g(t)

k + g(t)
,

ãäå g � ôóíêöèÿ, îïðåäåëåííàÿ ðàíåå â (20). Â ñèëó ëåììû 3 è ïî-
ëîæèòåëüíîñòè k, äðîáü â ïðàâîé ÷àñòè íåîòðèöàòåëüíà è ìîíîòîííî
âîçðàñòàåò ïî ρ. Áîëåå òîãî, äëÿ ïðåäåëüíîãî ñîîòíîøåíèÿ èìååì

lim
ρ→+∞

A(ρ)
B(ρ)

= lim
t→−∞

g(t)
k + g(t)

=
a

k − a
=

1
2N − 1

.

Ñ äðóãîé ñòîðîíû, èç (23), èñïîëüçóÿ ÿâíûé âèä ôóíêöèè f(ρ) íàõîäèì

B(ρ) = kρk−1Φ0,0 −
1
2
ρk+1Φ′0,0,

ãäå, ââèäó ëåììû 1, Φ′0,0 < 0, à, çíà÷èò, B(ρ) > 0. Ïîëîæèòåëüíîñòü A(ρ)
âûòåêàåò òåïåðü èç ïîëîæèòåëüíîñòè äðîáè A/B è ëåììà äîêàçàíà. �

Ñëåäñòâèå 1. Â ñäåëàííûõ âûøå ïðåäïîëîæåíèÿõ èìååò ìåñòî
îöåíêà

1 ≤
max|ζ|=ρ |W (ζ)|
min|ζ|=ρ |W (ζ)|

≤ k =
N

N − 1
. (27)

Äîêàçàòåëüñòâî. Â ñàìîì äåëå, èç (26) ñëåäóåò, ÷òî

|W (ζ)|2 = A2(ρ) + 2A(ρ)B(ρ) cos 2Nθ +B2(ρ),

îòêóäà

|B(ρ)−A(ρ)| ≤ |W (ζ)| ≤ |A(ρ) +B(ρ)|, (28)

è íåðàâåíñòâî ñëåäóåò ñðàçó èç óòâåðæäåíèé ëåììû 4.
�

4.2. Äàëåå íàì ïðèãîäÿòñÿ ñëåäóþùèå ðàçëîæåíèÿ àìïëèòóäíûõ
ôóíêöèé A(ρ) è B(ρ), ÿâëÿþùèåñÿ íåïîñðåäñòâåííûì îïðåäåëåíèé è
(15):

A(ρ) = −ρ
k+1

2
Φ′(a, c;−ρ

2

2
),

B(ρ) = ρk−1(kΦ(a, c;−ρ
2

2
)− ρ2

2
Φ′(a, c;−ρ

2

2
)),
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è ïðè k = N/(N − 1) ïîëó÷àåì

A(ρ) = ρ(2N−1)/(N−1)
∞∑
ν=0

ανρ
2ν

B(ρ) = ρ1/(N−1)
∞∑
ν=0

βνρ
2ν ,

(29)

ãäå óêàçàííûå ðÿäû ñõîäÿòñÿ ïðè âñåõ çíà÷åíèÿõ ρ è

αν =
(−1)νa(a+ 1)ν
2νcν!(c+ 1)ν

, βν =
(−1)ν(a)ν
2νν!(c)ν

(k + ν)

Çàìåòèì, òåïåðü ÷òî W (ζ) � íåïðåðûâíîå îòîáðàæåíèå |ζ| > 0.
Íåïðåðûâíîñòü â íóëå ñëåäóåò èç îöåíêè (28) è (29). Äëÿ äîêàçàòåëü-
ñòâà èíúåêòèâíîñòèW (ζ) ïðåäâàðèòåëüíî äîêàæåì ñëåäóþùåå óòâåðæ-
äåíèå.

Ëåììà 5. Â ñäåëàííûõ ðàíåå ïðåäïîëîæåíèÿõ îòîáðàæåíèå W
èíúåêòèâíî ïåðåâîäèò êàæäóþ îêðóæíîñòü ðàäèóñà ρ > 0 â æîðäàíî-
âó êðèâóþ, íå ïðîõîäÿùóþ ÷åðåç íà÷àëî êîîðäèíàò.

Äîêàçàòåëüñòâî. Äëÿ äîêàçàòåëüñòâà èíúåêòèâíîñòè ïðåäïîëî-
æèì ïðîòèâíîå. Ïóñòü ξ è η äâå òî÷êè íà îêðóæíîñòè |ζ| = ρ, îáðàçû
êîòîðûõ ñîâïàäàþò: w(ζ1) = w(ζ2). Òîãäà

B(ρ)
A(ρ)

= h1h2[h2N−2
1 + h2N−3

1 h2 + · · ·+ h2N−2
2 ],

ãäå hk = ζk/|ζk|, îòêóäà ñëåäóåò íåðàâåíñòâî |B(ρ)/A(ρ)| ≤ 2N − 1.
Îäíàêî, â ñèëó ëåììû 4, èìååì

0 ≤ A(ρ)
B(ρ)

<
1

2N − 1
. (30)

Ïîëó÷åííîå ïðîòèâîðå÷èå äîêàçûâàåò èíúåêòèâíîñòü îòîáðàæåíèÿW (ζ)
íà îêðóæíîñòè |ζ| ≡ ρ.

Âòîðîå óòâåðæäåíèå ëåììû âûòåêàåò èç (27). �

Ëåììà 6. ßêîáèàí îòîáðàæåíèÿ W (ζ), îïðåäåëåííîãî (26), îòðè-
öàòåëåí ïðè ζ 6= 0.

Äîêàçàòåëüñòâî. Íåïîñðåäñòâåííûå âû÷èñëåíèÿ äàþò

∂(x, y)
∂(ρ, θ)

= (2N − 1)A′A−B′B +
(

(2N − 1)AB′ −A′B
)

cos 2Nθ,
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Ïðîâåðèì ñëåäóþùåå íåðàâåíñòâî, ýêâèâàëåíòíîå íåîáðàùåíèþ â íîëü
ÿêîáèàíà

R :=
(

(2N − 1)A′A−B′B
)2

−
(

(2N − 1)AB′ −A′B
)2

> 0.

Çàìåòèì, ÷òî

R =
[
(2N − 1)2A2 −B2

]
· (A′ −B′) (A′ +B′) ,

Èç (30) ñëåäóåò, ÷òî ïåðâûé ìíîæèòåëü îòðèöàòåëåí. Ïîêàæåì, ÷òî
ïðîèçâåäåíèå äâóõ äðóãèõ ìíîæèòåëåé îòëè÷íî îò íóëÿ. Èìååì,

A′ +B′ = f ′′ = −2aρk−2Φ0,0 − (2c− 1)ρkΦ′0,0 + ρk+2Φ′′0,0.

Âûðàæàÿ Φ′′0,0 èç óðàâíåíèÿ (14)

ρ2Φ′′0,0 = −2aΦ0,0 + 2(c+
ρ2

2
)Φ′0,0,

ïðèõîäèì ê ñëåäóþùåìó ðàâåíñòâó

A′+B′ = ρk−2(1+ρ2)
(
−2aΦ0,0 + ρ2Φ′0,0

)
= −2ρk−2(1+ρ2) (a+ g(t)) Φ0,0,

ãäå t = −ρ
2

2 , à ôóíêöèÿ g(t) îïðåäåëåíà (20). Èñïîëüçóÿ ëåììó 3 è
ïîëîæèòåëüíîñòü Φ0,0 (ëåììà 1), âûâîäèì, ÷òî

A′ +B′ > 0. (31)

Íàêîíåö, èññëåäóåì çíàê ìíîæèòåëÿ (A−B)′. Èìååì

(A−B)′ = (f − f ′ρ)
k

ρ2
= −kρk−2

(
(k − 1)Φ0,0 −

ρ2Φ′0,0
2

)
< 0, (32)

òàê êàê k > 1, è, â ñèëó íàøèõ ïðåäïîëîæåíèé, Φ′0,0 < 0, Φ0,0 > 0 ïðè
a < 0. Òàêèì îáðàçîì, R > 0, îòêóäà ñëåäóåò, ÷òî ÿêîáèàí îòîáðàæåíèÿ
W èìååò ïîñòîÿííûé çíàê.

Â ñèëó íåïðåðûâíîñòè ÿêîáèàíà, îí ñîõðàíÿåò ñâîé çíàê âñþäó â
C \ {0}. Íàéäåì çíà÷åíèå ÿêîáèàíà ïðè θ = 0 è ρ > 0:

∂(x, y)
∂(ρ, θ)

(ρ, 0) =
(

(2N − 1)
A

B
− 1
)

(A′ +B′)B.

Ïðîèçâåäåíèå ìíîæèòåëåé ââèäó (30), (31) è ëåììû 4 îòðèöàòåëåíî è
óòâåðæäåíèå äîêàçàíî ïîëíîñòüþ. �
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5. Äîêàçàòåëüñòâî òåîðåìû 1

5.1. Çàìåòèì ñíà÷àëà, ÷òî îòîáðàæåíèåW (ζ), èìåþùåãî âèä (26) â
ïîëÿðíûõ êîîðäèíàòàõ (ρ, θ), ÿâëÿåòñÿ ãîìåîìîðôèçìîì ïëîñêîñòè íà
ñåáÿ. Ñ ýòîé öåëüþ íàïîìíèì, ÷òî â ñèëó ëåììû 5, äàííîå îòîáðàæå-
íèå íåïðåðûâíî, èíúåêòèâíî íà îêðóæíîñòÿõ |ζ| = ρ è ïåðåâîäèò èõ â
çàìêíóòûå æîðäàíîâûå êðèâûå Cρ íå ïðîõîäÿùèå ÷åðåç íà÷àëî êîîð-
äèíàò.

Ïðèíèìàÿ âî âíèìàíèÿ, ÷òî ÿêîáèàí îòëè÷åí îò íóëÿ âî âñåõ òî÷êàõ
Cρ, çàêëþ÷àåì, ÷òî îòîáðàæåíèå W (ξ, η) ÿâëÿåòñÿ èíúåêòèâíûì è â
íåêîòîðîé îêðåñòíîñòè êðèâîé Cρ. Òàêèì îáðàçîì, äëÿ êàæäîãî ρ > 0
ñóùåñòâóåò ε = ε(ρ) > 0 òàêîå, ÷òî W (ξ, η) èíúåêòèâíî â êîëüöå

{ζ : ρ− ε < |ζ| < ρ+ ε},

÷òî äîêàçûâàåò èíúåêòèâíîñòü îòîáðàæåíèÿ W (ζ) íà C \ {0}. Íàêîíåö,
W (0) = 0, îòêóäà W (ζ) ãëîáàëüíî èíúåêòèâíî.

Ñþðúåêòèâíîñòü W (ζ) íà C ëåãêî ñëåäóåò èç òîãî, ÷òî W (0) = 0,
W (ζ) íåïðåðûâíî, è ñïðàâåäëèâîñòè ñëåäóþùåé îöåíêè

|W (ζ)| ≥ B(|ζ|)−A(|ζ|) =
kf(|ζ|)
|ζ|

= kρk−1Φ0,0(−|ζ|
2

2
) ≥ k|ζ|k−1,

ãäå â ïîñëåäíåì íåðàâåíñòâå èñïîëüçîâàëñÿ òîò ôàêò, ÷òî Φ0,0 ≥ 1 (ïå-
ðâîå íåðàâåíñòâî â (19)).

5.2. Òàêèì îáðàçîì, ïðåäñòàâëåíèå (4) çàäàåò âåùåñòâåííî àíàëè-
òè÷åñêîå, âîîáùå ãîâîðÿ, ïîêà âíå íà÷àëà êîîðäèíàò, îäíîçíà÷íîå ðå-
øåíèå uN (x, y) óðàâíåíèÿ (1).

Äîêàæåì ðåãóëÿðíîñòü ïîëó÷åííîãî ðåøåíèÿ â îêðåñòíîñòè íà÷àëà
êîîðäèíàò. Èñïîëüçóÿ êîìïëåêñíóþ ôîðìó (5), íàõîäèì ïðè N ≥ 2

zN ≡ (x+ iy)N = e−iNθ(B(ρ) +A(ρ)e2iNθ)N =

=
N∑
j=0

CjNB
N−j(ρ)Aj(ρ)e(2j−1)iNθ,

îòêóäà

Re zN = cosNθ
N∑
j=0

CjNB
N−jAjSj(cos2Nθ), (33)

ãäå

cos(2j − 1)τ = Sj(cos2 τ) cos τ, (34)

è Sj ìíîãî÷ëåí ñòåïåíè íå âûøå |j − 1|.



ENTIRE SOLUTIONS TO SIMON'S EQUATION 13

Ñ äðóãîé ñòîðîíû, èç (29) âûòåêàåò, ÷òî

BN−jAjSj(cos2Nθ) = ρN/(N−1)ρ2jSj(cos2Nθ)
∞∑
ν=0

γj,ν .ρ
2ν .

Òàêèì îáðàçîì, èç (33) ïîëó÷àåì

Re zN = ρN/(N−1) cosNθ
∞∑
ν=0

ρ2νTν ,

ãäå

Tν =
N∑
j=0

CjNγj,νρ
2jSj(cos2Nθ) = T̃ν(ξ, η)

íåêîòîðûé ìíîãî÷ëåí îòíîñèòåëüíî ñòåïåíè íå âûøå N − 1.
Àíàëîãè÷íî íàõîäèì

uN (z) = ρN/(N−1) cosNθ
∞∑
ν=0

λνρ
2ν ,

îòêóäà ñëåäóåò ñïðàâåäëèâîñòü ðàçëîæåíèÿ

uN (z) = Re zN ·
∞∑
ν=0

ρ2νPν(ξ, η), (35)

Íàêîíåö,

|z|2 = A2 + 2AB cos 2Nθ +B2 = ρ2/(N−1)(1 +O∗(ρ2)),

îòêóäà

|z| = ρ1/(N−1)(1 +O∗(ρ2)).

Òàêèì îáðàçîì, ïîëó÷àåì ïðè ìàëûõ çíà÷åíèÿõ ρ:

uN (z) = Re zN +O(|z|3N−1), z = x+ iy.

Ïîñëåäíåå ñîîòíîøåíèå äîêàçûâàåò ÷òî uN ÿâëÿåòñÿ CN -ðåãóëÿðíîé â
îêðåñòíîñòè íà÷àëà êîîðäèíàò. Â ÷àñòíîñòè, ââèäó N ≥ 2, ïîëó÷åííîå
ðåøåíèå uN ïðèíàäëåæèò êëàññó C2.

Ëåììà 7. Ìíîãî÷ëåíû Sj(cos2τ), îïðåäåëÿåìûå (34), óäîâëåòâîðÿ-
þò ðåêêóðåíòíîé ôîðìóëå

Sj+1(t) = 2(2t− 1)Sj(t)− Sj−1(t),

è

Sj(0) = (−1)j−1(2j − 1).
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Äîêàçàòåëüñòâî. Ðàññìîòðèì ñîîòíîøåíèå

Sj+1 + Sj−1 =
cos(2j + 1)τ + cos(2j − 3)τ

cos τ
= 2 cos 2τ

cos(2j − 1)τ
cos τ

.

Ó÷èòûâàÿ, ÷òî cos 2τ = 2 cos2 τ − 1, è îáîçíà÷àÿ t = cos2 τ , ïðèõîäèì ê
òðåáóåìîìó.

Ñïðàâåäëèâîñòü âòîðîé ÷àñòè óòâåðæäåíèÿ ñëåäóåò èç ðåêêóðåíò-
íîãî ñîîòíîøåíèÿ. �

Äîêàçàòåëüñòâî òåîðåìû 2. Ñíà÷àëà äîêàæåì ïîëîæèòåëüíîñòü
ôóíêöèè

UN (z) :=
uN (z)
Re zN

=
(f ′ρ− f)

Q
=
ρ[B + (2N − 1)A]

NQ
. (36)

ãäå

Q =
N∑
j=0

CjNB
N−jAjSj(cos2Nθ)

ñóììà â ïðàâîé ÷àñòè (33). Èç (32) ñëåäóåò, ÷òî çíàê ÷èñëèòåëÿ ïîëî-
æèòåëåí ïðè ρ > 0. Ïðîâåðèì ïîëîæèòåëüíîñòü Q.

Ðàññìîòðèì îòäåëüíî ñëó÷àé, êîãäà cosNθ = 0, òî åñòü θ = π
2N (1 +

2m), m � öåëîå. Òîãäà

Q0 = Q |cosNθ=0 =
N∑
j=0

CjNB
N−jAjSj(0),

îòêóäà, ââèäó ëåììû 7

Q0 =
N∑
j=0

CjNB
N−jAj(−1)j−1(2j − 1) = (B + (2N − 1)A)(B −A)N−1.

Â ñèëó ëåììû 4 ñëåäóåò Q0 > 0.
Â ñëó÷àå cosNθ 6= 0 èìååò ìåñòî ïðåäñòàâëåíèå Q = Re Q̄, ãäå

Q̄ =
e−iτ

cos τ
(Ae2τi +B)N , τ = Nθ. (37)

Çàìåòèì, ÷òî â ñèëó ëåììû 4

Re(Ae2τi +B) = B +A cos 2τ > 0,

è, çíà÷èò, èìååò ìåñòî ïîëÿðíîå ðàçëîæåíèå

Ae2τi +B = |Ae2τi +B| eαi,
ãäå |α| < π/2, ïðè÷åì

tgα =
A sin 2τ

B +A cos 2τ
=

2A tg τ
(A+B) + (B −A) tg2 τ

,
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îòêóäà çàêëþ÷àåì, ÷òî tg τ è tgα èìåþò îäèí çíàê.
Ñ äðóãîé ñòîðîíû,

e−iτ

cos τ
=

1
| cos τ |

e−iτ
′
,

ãäå tg τ = tg τ ′, è, â ñèëó Re(e−iτ/ cos τ) = 1, |τ ′| < π/2. Òàêèì îáðà-
çîì, tgα è tg τ ′ èìåþò îäèí çíàê. Ñëåäîâàòåëüíî, ó α è τ ′ çíàêè òàêæå
îäèíàêîâû.

Èìååì èç (37)

Q̄ = |Q̄| e−i(τ
′−Nα).

Îòìåòèì,

|Q̄| = |Ae
2τi +B|N

| cos τ |
≥ (B −A)N

| cos τ |
> 0.

Ñ äðóãîé ñòîðîíû,

| tgα| =
∣∣∣∣ A sin 2τ
B + cos 2τ

∣∣∣∣ ≤ A

B −A
≤ 1

2(N − 1)
,

òî åñòü |α| ≤ | tgα| ≤ 1
2(N−1) , à, çíà÷èò, ââèäó ñäåëàííîãî âûøå çàìå÷à-

íèÿ î ñîâïàäåíèè çíàêîâ,

|τ ′ −Nα| = | |τ ′| −N |α| | ≤ max{|τ ′|, N |α|}.
Â ñèëó |τ ′| < π/2 èN |α| < N

2(N−1) ≤ 1 < π/2, âûïîëíåíî |τ ′−Nα| < π/2.
Îòêóäà ñëåäóåò Q = |Q̄| cos(τ ′ −Nα) > 0.

Îñòàëîñü ïðîâåðèòü ïîëîæèòåëüíîñòü äðîáè â (36) ïðè ρ = 0. Èìååì
èç (29) ïðè ρ→ +0

ρ[B + (2N − 1)A] =
N

N − 1
ρN/(N−1)(1 + o(ρ)),

è

lim
ρ→+0

Q

BN
= 1,

ãäå ïîñëåäíèé ïðåäåë ñóùåñòâóåò ðàâíîìåðíî ïî âñåì θ. Òåì ñàìûì, èç
(29) íàõîäèì

lim
ρ→+0

Q

ρN/(N−1)
=
(

N

N − 1

)N
,

îòêóäà ââèäó (36)

lim
ρ→+0

UN (z) = lim
ρ→+0

ρ[B + (2N − 1)A]
NQ

=
1
N

(
N

N − 1

)1−N

=
(N − 1)N−1

NN
.

Ðàññìîòðèì âñïîìîãàòåëüíóþ ôóíêöèþ

Ω := UN
−1 =

Q

ρf ′ − f
.
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Îòìåòèì, ÷òî ïðîèçâåäåíèå ïîëîæèòåëüíûõ âîçðàñòàþùèõ ôóíê-
öèé äàåò âîçðàñòàþùóþ ôóíêöèþ. Ïðåäñòàâèì Ω â ñëåäóþùåì âèäå

Ω =
N BN

ρ(B + (2N − 1)A)

N∑
j=0

CjN

(
A

B

)j
Sj(cos2Nθ),

ãäå ìíîæèòåëè Ω1 := BN

ρ(B+(2N−1)A) è
N∑
j=0

CjN
(
A
B

)j
Sj ïîëîæèòåëüíû, è

âòîðîé âîçðàñòàåò ïî ρ â ñèëó ëåììû 4 êàê ñóììà âîçðàñòàþùèõ ôóíê-
öèé. Òîãäà âîçðàñòàíèå ôóíêöèè Ω, à, ñëåäîâàòåëüíî, è óáûâàíèå UN ,
ýêâèâàëåíòíî âîçðàñòàíèþ ôóíêöèè Ω1.

Íåïîñðåäñòâåííîå âû÷èñëåíèå ïðîèçâîäíîé äàåò

Ω′1 =
BN

(k − 1)ρ2(B + (2N − 1)A)2

(
2k
k − 1

tΦ′′Φ[−a− g(t)]− k(k + 1)2

k − 1
tΦ′2

)
,

ãäå t = −ρ2/2, à ôóíêöèÿ g(t) îïðåäåëåíà ñîîòíîøåíèåì (20). Â ñèëó
ëåìì 1 è 3 çàêëþ÷àåì î ïîëîæèòåëüíîñòè ïðîèçâîäíîé Ω′1, ÷òî è çàâåð-
øàåò äîêàçàòåëüñòâî òåîðåìû 2. �

6. Îöåíêà ðîñòà íà áåñêîíå÷íîñòè

Ïîêàæåì, ÷òî äëÿ ðåøåíèÿ uN ñïðàâåäëèâà ïðèâåäåííàÿ â òåîðåìå
1 îöåíêà ðîñòà íà áåñêîíå÷íîñòè (3).

Äëÿ ýòîãî íàéäåì ýêñòðåìóìû ôóíêöèè uN íà îêðóæíîñòè ôèêñè-
ðîâàííîãî ðàäèóñà x2 + y2 = R2. Íàéäåì ñòàöèîíàðíûå òî÷êè ôóíêöèè
Ëàãðàíæà

L = (f − ρf ′) cosNθ − λ(A2 +B2 + 2AB cos 2Nθ −R2)

èç óñëîâèÿ∇L = 0. Îáðàùåíèå â íóëü ïîëíîãî äèôôåðåíöèàëà ñ ó÷åòîì
âèäà ôóíêöèè ýêâèâàëåíòíî ñèñòåìå

N sinNθ · [(f − ρf ′) + 8λAB cosNθ] = 0,

ρf ′′ cosNθ + 2λ[A′A+B′B + (A′B +AB′) cos 2Nθ] = 0,

A2 +B2 + 2AB cos 2Nθ = R2.

(38)

Äîêàæåì, ÷òî â ïåðâîì óðàâíåíèè ìíîæèòåëü [(f − ρf ′) + 8λAB cosNθ]
íå ðàâåí íóëþ. Ñ ýòîé öåëüþ ïðåäïîëîæèì ïðîòèâíîå è, âûðàæàÿ λ èç
ïîëó÷åííîãî ðàâåíñòâà, ïðèìåíÿÿ åãî ê âòîðîé ñòðîêå (38), ïðèõîäèì ê
óðàâíåíèþ

ρf ′′ cosNθ +
ρf ′ − f

4AB cosNθ
[A′A+B′B + (A′B +AB′) cos 2Nθ] = 0,

÷òî ðàâíîñèëüíî

−4ρAB cos2Nθ+ (f − ρf ′)[(B′−A′)(B−A)− 2(A′B+AB′) cos2Nθ] = 0.
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Äàëüíåéøèå ïðåîáðàçîâàíèÿ, ñ ó÷åòîì ñîîòíîøåíèé

A+B = f ′, A′ +B′ = f ′′, f =
ρ

k
(B −A),

ïðèâîäÿò ê ðàâåíñòâó

−ρ(B −A)
k

[(
k′B′A−A′B

)
2 cos2Nθ − (B′ −A′)

(
B + k′A

)]
= 0,

ãäå k′ = (k + 1)/(k − 1) = 2N − 1.
Ïîñêîëüêó (B′−A′)[(k− 1)B+ (1 + k)A] > 0, òî äëÿ äîêàçàòåëüñòâà

íåñîâìåñòíîñòè ñèñòåìû äîñòàòî÷íî ïîêàçàòü, ÷òî

(B′ −A′)
(

(k − 1)B + (1 + k)A
)
− 2
(

(1 + k)B′A− (k − 1)A′B
)
< 0.

Ïîñëåäíåå íåðàâåíñòâî ñëåäóåò èç ñëåäóþùåãî ïðåäñòàâëåíèÿ

(B′ −A′)
(

(k − 1)B + (1 + k)A
)
− 2
(

(1 + k)B′A− (k − 1)A′B
)

=

= (k + 1)B(A′ +B′)[AB −
1
k′ ],

òîãî ôàêòà, ÷òî k′ = 2N − 1 è ëåììû 4.
Íàïðîòèâ, îáðàùåíèå â íóëü sinNθ ïîçâîëÿåò îïðåäåëèòü êðèòè-

÷åñêèå çíà÷åíèÿ θ. Îòìåòèì, ÷òî, ñ îäíîé ñòîðîíû, äàëüíåéøåå îòûñ-
êàíèå èç ñèñòåìû (38) çíà÷åíèé ρ è λ âîçìîæíî, íî óïèðàåòñÿ â çà-
äà÷ó íàõîæäåíèÿ ôóíêöèè, îáðàòíîé ôóíêöèè Êóììåðà. À ñ äðóãîé
ñòîðîíû, ïðîîáðàçû îêðóæíîñòåé x2 + y2 = R2 ïðè îòîáðàæåíèè W
� êîìïàêòû è ìíîæåñòâî òî÷åê ýêñòðåìóìà ñîäåðæèòñÿ â ìíîæåñòâå
{(ρ, θ) òàêèõ, ÷òî θ = π

Nm, m ∈ Z}. Îòñþäà ñëåäóåò, ÷òî ðåøåíèå uN íà
ôèêñèðîâàííîé îêðóæíîñòè ìîæåò èìåòü ëèøü êîíå÷íîå ÷èñëî ìàêñè-
ìóìîâ è ìèíèìóìîâ.

Çàìåòèì, ÷òî íà ëó÷àõ θ = π
Nm ñïðàâåäëèâû ðàâåíñòâà

|uN (ρ, θ)| = |F (ρ)| è x2 + y2 = (A+B)2.

Èñïîëüçóÿ ïðåäñòàâëåíèå A(ρ), B(ρ), F (ρ) è àñèìïòîòè÷åñêîå ðàçëî-
æåíèå ôóíêöèè Êóììåðà íà áåñêîíå÷íîñòè (22), ïîëó÷èì ñëåäóþùèå
îöåíêè

A+B = k2 Γ(c)
Γ(c−a) · 2

a ρ
2N−1

(N−1)2 · (1 +O( 1
ρ2 )),

|F (ρ)| = (k2 − 1) 2a Γ(c)
Γ(c−a) ρ

N2

(N−1)2 (1 +O( 1
ρ2 )),

èç êîòîðûõ ñëåäóåò ñïðàâåäëèâîñòü (3). Ïðè÷åì,

lim
ρ→∞

|uN |
(x2 + y2)αN/2

=
1
αN

[
Γ[(k2 + k + 2)/2]

Γ[k + 1]
2(k2−k)/2

k2

]1−αN

6= 0.
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Òàêèì îáðàçîì, âñå óòâåðæäåíèÿ òåîðåìû 1 äîêàçàíû.
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