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David Rule BCAM Mini-Course

1 Introduction and Background

These notes formed the basis of a mini-course I gave at the Basque Centre for Applied Mathematics
in July 2016. The aim of the course was to give a faily self-contained introduction to the study of
pseudodifferential operators, starting from an introductory doctoral student level and ending with the
study of fairly recent results. Much of the material follows [5] quite closely (in particular Chapters VI
and VII) and that text is an excellent first port of call for further reading. I would like to thank the
Basque Centre for Applied Mathematics for inviting me to give the mini-course and for the accompa-
nying financial support. I have done my best to eliminate errors, but certainly many remain, for which
I apologise in advance. Any feedback is welcome and feel free to email me about mistakes you find, as
I can then correct them.

1.1 Function Spaces and the Fourier transform

We begin by introducing various function spaces we will make use of. Although we will assume the
reader has a working knowledge of measure theory, it will not be crucial to understanding the material.
For a measurable subset € of R” we denote by L'(Q) the space of measurable functions f: Q — C
which are absolutely integrable. A measurable function f is said to be absolutely integrable if

1l = /Q (@) dz

is finite. The mapping f ~ || f|[11(q) defines a norm on the space L'(Q) which makes it a Banach
space. For p > 1 we define LP(Q2) similarly by replacing the norm || f|[1(q) with

1/p
1 loney = ( /Q | f(ac)\pd:c> |

These spaces are also Banach spaces and L?(f2) is even a Hilbert space with inner product

(o) = [ faa@d.
We can even extend our definition of the space LP(2) to the case p = co. In this case we define

[ fll oo () := inf{M € R[|f(z)] < M for almost all x € Q}.

It is often convenient to calculate with functions which are better behaved than simply p-integrable.!
Schwarz functions are smooth functions ¢: R™ — C such that

sup 070 p(x)| (1.1)
rzeR?

is finite for each pair of multi-indices o and 5. We denote the space of Schwarz functions by S. They
are dense in LP(R"™) when p < oo but not for p = co. The expressions in (1.1) define semi-norms
which turn S into a locally convex topological vector space. Convergence in such a space is define as
convergence in each of the semi-norms: that is we say that ¢; — ¢ in S as j — oo if ¢, € § and

sup |270%(¢; — @) ()] = 0
zeR™

as j — oo for each a and S.
For f € L'(R") we define the Fourier transform of f to be the function

~

§= F()IE) = f(8) = (z)e 2" dy.

Rn

!That is to say functions in LP(R").
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It is easy to see that we have the estimate

£l ooy < £l 22 ey

The Fourier transform is useful not least because it turns differentiation into multiplication and via
verse. The following theorem states precisely what we mean by this.

Theorem 1.1. Assume ¢ € S.
1. The Fourier transform of x — 0;p(x) is & — 2mi&;p(§), and
2. the Fourier transform of x — —2mixzjo(x) is & — 0;p(§).

Proof. The Fourier transform of x — 0j¢(x) is

/ ajap(m’)e%m{dicz/ <,0(J?)27Ti§jeZﬂm'édw:?ﬂ'ifj/ QO(JZ)@fZM‘”{dx,
n n Rn

as can be seen by integration by parts. Equally, the Fourier transform of x — —2miz;p(x) is

/ —2mizjp(z)e” e dr = / ()0, (efm'g) dx = &, </ so(x)emfdﬂf>

Theorem 1.2. The Fourier transform F: S — S is continuous and invertible with inverse
FUH@) = | fe)e*m=ede.
RTL
For two functions f,g € L'(R™) we define their convolution to be

(fxg)(=)= [ flz—y)g(y)dy.

R'IL

The Fourier transform interacts nicely with convolutions.

Theorem 1.3. Let p,yp € S. Then

~

1. () = BE)D(E)
2. o(€) = (B )(©)
3. (0, 9) 2@ny = (B, 9) 2@y
Theorem 1.4 (Plancherel). Let f € L2(R™). Then f € L2(R") and
171 22 gy = I f1l2memy-

Moreover for all f,g € L>(R") R
(f7 g)L2(R") = <f7 /g)LQ(R")
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1.2 Pseudodifferential Operators: Motivation

In order to motivate the definition of pseudodifferential operators we begin with an informal discussion
of the kinds of questions we might want to answer. Given a differential operator L and a function
f: R™ = R we are very often interested in solving the equation

Lu=f

for a function u in an appropriate function space. In practice it is often impossible to find an explicit
formula for v = L™ f and even when it is possible, the formula obtained may not be terribly useful.
What can be useful, however, is to compare the smoothness of f with that of u. To what extend does
the equation propagate or mask the singularities of f in the solution u? With such a question in mind,
we no longer need to find an inverse to L. It would be sufficient to find an operator P which, for

example, was such that
PL=1+EF,

where E is an smoothing operator. That is, is suffices to invert the differential operator up to smooth
functions.
Consider the example of a second-order elliptic equation

Zau ——(2) = f(x) (1.2)
0:61896]

where the matrix {a;j(x)}i; is real, symmetric and positive definite. To simplify our calculations we
consider the constant coefficient operator with z in the coeflicient matrix frozen at x = xy:

9%u
Lag(u)(z) =) aij(xﬁ)ia (z) = f(z)
]

xiamj

Assuming this equation is somewhat similar to (1.2) at least near z¢ perhaps, we can take the Fourier
transform to obtain

—4r® " agj(w0)&i&;(8) = f(6).
]
From here it would be easy to find a formula for u by dividing by —4? Z -aij(x0)&:€; and then taking
the inverse Fourier transform. However, the singular behaviour in £ near the origin leads our conscience
to introduce a smooth cut-off function n which is zero in a neighbourhood of the origin and n(§) = 1
for large £. This yields

-1
Pxo (f)(CU) = / — 472 Z a;j (xo)&g] n(f) A(g)CZﬂ'im-gdg
ij
as a candidate for a near-inverse. Observe then that

PyLy, =1+ Ey,

where E,, is convolution with 7~!(n — 1) and hence smoothing.
Our hope is then that the operator

-1

P(f)(x) = / 4 Zaw neg | n©FE)meda

with unfrozen = will act as a reasonable inverse to L modulo a smoothing operator. We will see later
that this is the case although the smoothing operator will only gain one derivative.
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1.3 Pseudodifferential Operators: Definition

We consider smooth functions a: R™ x R™ — C which, for a given m € R, satitisfy the estimates
0508 a(x,€)] < Cop(1+[¢))" 1 (1.3)

for each pair of multi-indices « and 5. We denote the set of such functions S™, the set of symbols of
order m. The pseudodifferential operator T, associated to a symbol a € S™ is defined to be

L)@ = [ aleOF <t

for f € S. It is clear that T,(f) is well-defined for f € S, but we can also show that 7,: S — S.
Indeed, first observe that ' 4
(I . Ag)N62mxf — (1 + 47T2‘x|2)N62mx-£

for each N € N, so

(1 + 47?2 )N T (f) (2) = / a(z, ) F(€)(I — Ag)N e 8dg =
e

~

(1= A¢)¥a(z, &) f(e)] e*mitae.

Rn
Since f € S, the integrand on the right is bounded by (1 + [£]?)™™ !, for example. A similar argument

applies to derivatives of Ty (f), proving T,(f) € S and the mapping T, is continuous.
Observe that formally by writing out the Fourier transform of f we can rewrite the operator T, as

// x€ 27r7,x y)fdydé-
R2n

This integral does not necessarily converge, even for f € S, but does if we also assume that a(z, ) has
compact £-support.

1.4 The Hardy-Littlewood Maximal Function

In the section we take what appears to be a detour and study the maximal operators. Loosely speaking
a maximal operator of a function takes the "maximal average” of that function at each point. It’s not
immediately obvious that such operators would be of use to us, but in fact they are ubiquitous in the
study of PDEs and Harmonic Analysis. Given that the Fourier transform of a function is a description
of the oscillations of which the function is composed, it is not surprising averages also should appear,
as the role of cancellation is fundamental albeit subtle.

For a locally integrable function f: R™ — C we define the centred Hardy-Littlewood maximal
function by

M) = sup e [ 1wy

r>0

where B, (z) = {y € R" ||y — z| < r} is a Euclidean ball of radlus r centred at x. We also define the
(uncentred) Hardy-Littlewood maximal function to be

M) = sz [ 17y

where the supremum is taken over all Euclidean balls B which contain x. Clearly

M(f)(x) < M(f)(z) S M(f)(z)

for all x € R™, where the implicit constant only depends on n.

Theorem 1.5. If f € LP(R") for 1 < p < oo then M(f) is finite almost everywhere. If f € L'(R™),
then for every a > 0

o e R M(P@) >l <2 [ |5y (14)
Rn
If f e LP(R™) for 1 <p < oo then M(f) € LP(R") and
3nor—1
1M (f)| oy < pp 1£ 1l o (- (1.5)
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To prove the theorem we need a geometric lemma.

Lemma 1.6. Given a finite collection of balls { By, Ba, ..., B} in R", there exists a finite subcollection
{Bj,,Bj,,...,Bj,,} of pairwise disjoint balls such that

Proof. We re-index the collection {Bj, Ba, ..., Bi} so that
|Bi| > [Ba| > -+ > |By.

and describe how the subcollection is selected from this re-indexed collection: First select B; to be in
the subcollection; Then for ¢ ranging from 2 to k select the ball By to be in the subcollection precisely
when By is disjoint from Uf;ll B;,.

As we started with a finite number of balls, will will have chosen a finite number for the subcollection,
{Bj,,Bj,,...,Bj, } for some m < k say. If a ball By was not selected it must intersect some previously
selected ball Bj, and, since we ordered the balls in descending radii, B, C 3B;,. Therefore the union
of the triples of selected balls contains all non-selected balls in addition, of course, to containing all
selected balls. Therefore

k m m m m
UBi|<|Us3B| <UBBl=3"{JIB;l=3" | B
i=1 i=1 i=1 i=1 i=1
where the last equality follows as {Bj,, Bj,, ..., Bj,, } were chosen to be disjoint. O

We are now ready to prove Theorem 1.5.

Proof of Theorem 1.5. We first prove (1.4). As a supremum of continuous functions M (f) is lower
semicontinuous and therefore E, := {x € R"|M(f)(z) > a} is an open set. Let K be a compact
subset of E,. For each x € K there exists a ball B, such that

/'u@ww>aWA

By

Clearly {Bg}zex covers K and by compactness there exists a finite subcover {Bg,, By,, ..., By, }-
Applying Lemma 1.6 we can find a subcollection {B;; , B .., By, } such that

k
oL
i=1

Taking the supremum over all compact sets K we obtain (1.4).
In order to prove (1.5) we assume the equality

Tjg?*

m

U iji

i=1

n

L 3" 3
S N R L
=1 zj

K| <
a Jrn

<3"

i

nm;mwzpﬁ o |{z € R" [|g(x)| > a}|da (1.6)

whose proof we leave as an exercise. Define fi: R” — R" as equal to f(x) if f(z) > /2 and 0
otherwise. Then M (f) < M(f1) + /2 and so

{z e R"|M(f)(z) > a} € {x € R"[M(f1)(z) > o/2}.

Therefore by (1.4)

o e R M) >al <2 [ 7o)y
{zeR™[|f(z)[>/2}

6
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and so by (1.6)

Mgy = [ oz € R 1M (H)@)] > a}da

o0 3774 _
Sp/ “—a? 1/ | f(y)|dyda
0o «@ {zeR" | |f(x)|>a/2}

2| f(y)l
Sp/ /’ 3maP2dal f () |dy
nJ0

nop—1
= [ rway

p—1
which proves (1.5). That M (f) is finite almost everywhere follows easily from (1.4) and (1.5). O

Theorem 1.7. Suppose that ¢: R™ — R is integrable non-increasing and radial. Then, for f € L',
we have

/¢@V@—yﬁ@§HMhJﬂﬁ@)
for all x € R™.

1.5 Exercises

1. Prove Theorem 1.3.

2. Prove that if {ax} is a pointwise convergent sequence of symbols (converging to some a € S™)
that satisfy (1.3) uniformly in k, then 75, (f) = To(f) in S as k — oo.

3. Under the assumption that a(z, &) € S™ has compact {-support compute a formula for the adjoint
Ty and show that T;: § — S.

4. Prove (1.6) for 0 < p < oc.

2 Calculus and L?-boundedness

2.1 Pseudo-local Behaviour of Pseudodifferential Operators

We begin this section with a theorem regarding symbols which have compact support in the xz-variable.
Although this assumption is very strong, the theorem will prove to be a useful tool in understanding
general operators.

Theorem 2.1. Suppose that a(x,&) € S has compact z-support uniformly in €. Then there exists a
constant C such that

1Tl 2wy < Clfll2mm

for all f € S and the operator T, initially defined on S extends to a bounded operator from L*(R™) to
itself.

Proof. The assumption of compact xz-support allows us to take the Fourier transform in x, so we can
write

a(x, &) = / a(\, £)e2m A TN

where

a(\ &) = /a(m,{)e_%m')‘dm.
Since x — a(x,§) is compactly supported, we can integrate by parts to show
(2miN)*a(\, &) = / (0%a(x, £))e TGN,
7
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for each multi-index a and hence prove

sup [ax 1 < (L + AP~ (2.1)

Now define the symbol by (z,&) = a(, £)e?>™* and compute

~

T,(f)(x) = / oz, €) F()e 2w Ed
_ // a()H 5)eQwiA'xf(g)e—Qm'xfdgd)\
- / Ty, (f)()dA

But the operator Tj, is clearly bounded on L*(R™) uniformly in A: This is because it is the composition
of multiplier operator and a modulation. By Plancherel’s Theorem (Theorem 1.4), the bound (2.1)
shows the L? operator norm of the multiplier is bounded by (1 + |A|?)™". The modulation, that is
multiplication by the unitary complex number e2™*%  is of course an L? operator bounded in uniformly

in A. Therefore

1T o) = H [ 1 (hix

< / 1T, () 22y @A
L2(R")

< / 1Ly (1 A2 NN < 117 e

completing the proof. O
The following theorem demostrates the pseudo-local nature of pseudodifferential operators.
Theorem 2.2. Suppose that a € S°. For each N € N there exists a constant Cy > 0 such that for all
o € R"
|f(@)]?
re (1+ [z — z0])

/ To(f)(2)2dz < Cy dz.
lz—zo|<1
Proof. We prove the theorem only in the special case g = 0. Using a partition of unity we can split
the function f into two parts: f = fi1 + f2, such that f; is supported in the ball centred at the origin
of radius 3 and f, is supported outside the ball of radius 2. Since T,(f) = To(f1) + Tu(f2) is sufficies
to estimate the two terms of the right.

To estimate the first term we introduce a compactly supported smooth cut-off function 7 which is
equal to 1 on the ball of radius 1. Then, using Theorem 2.1,

/|x|<1 | Tu(f1) () Pda < /\Tna(fl)(a?)Ide < C/!fl(x)]Zd;c

: (@)
: /|x<3 F@)fde < O | Gt V™

To estimate the second term Ty (f2) we must first consider the kernel of the operator T,. Formally
we can write the operator as

T,(f)(@) = / / a(z, €)@V £ () dyde = / Kz, x— ) (y)dy (2.2)

so k(z,-) is the distribution whose Fourier transform is a(z,-). Since § — Oga(z,§) is integrable when
|a] > n, we can identify its inverse Fourier transform as the function z — (—2miz)*k(x,z). This
integrability also provides the estimate

2|V k(x, 2)| < A (2.3)
8
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for |z| # 0 and each N > n. Furthermore it ensures we can indeed write

T.(f)(@) = / k(e z— ) (y)dy

for & not contained in the support of f. Since f> is supported away from the unit ball, we can use this
representation together with (2.3) to estimate

/ He = D@y

< AN/ o~y ™V £ )| dy < Cy
ly|>2

Ta(f2)(2)| =

< /w (@, — )| | fa(y)] dy

/()]
re (14 |y))Y

Using Schwarz’s inequality then completes the estimate for T,(f2) and with it the proof of the theorem.
O

Corollary 2.3. Suppose a € SO, then the operator T, initially defined on S extends to a bounded
operator from L? to L? and satisfies the estimate

1Tl z2®ny < Clfll2@m
for some C' > 0 independent of f.

Proof. Integrate the inequality in Theorem 2.2 with respect to xg. O

2.2 Symbolic Calculus

Theorem 2.4. Suppose a € S™ and b € S™2. Then there exists a symbol ¢ € S™ T2 such that
Te=Ty0Ty

and
Ia\

e(w,€) ~ S I e, ) (0200, €))

[e7

in the sense that

i)~ led
w6~ Y T (dpa(e,€)(@b(r,€)) € SN

laj<N
for each N € N.

Proof. To simplify the proof we assume that both a and b are compactly supported in the £-variable
and b is also compactly supported in the z-variable and leave the general case as an exercise for the
interested reader. Writing

T(f)(y) = / / by, )T E0 f(2)dzde and To(f)(x) = / / a(, m)2T ) f(y)dydn

we can compute

T // a(z, n)e*™mrY) // y, )€™ W) f(2)dzddydn

(// alz Qﬂin,(x_y)eQWig.(y—z)e—27ri§-(x—z)dyd77> 627ri§~(x—2)f(z)dzd£
/ ( / / by, £)e2mi0-€ o y)dydn> C2WE (2 £ dade
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so we hope to prove that

c(x,§) = // a(z,n)b(y, &)™ = @=Y) qydn

is a symbol satisfying the properties claimed in the statement of the theorem. Carrying out the
integration in the y-variable we obtain

c(a,€) = / az, n)b(n — &, €)™ =2 gy = / a(z,n + €)b(n, €)™ dy (2.4)

where n — /5(77, €) is the Fourier transform of y — b(y,§).
Now we wish to replace a(x,n + £) with its Taylor expansion about &:

1
a(w,n+8) =Y, —0fal " + By (& ).
laj<N

Substituting this into (2.4) and using the Fourier inversion formula, it is easy to see that the a-th term

is
(2mi)~led

/ L 0gale, )" h(n, )¢y = (9¢alz, €))(O2b(x,€),

so we want to show the remainder contributes a term in S 2N We use the well-known estimate
that bounds Ry by |n|"V times the maximum of &-derivatives of order N along the line segment from
& to £ +n. This gives

[R (2, &m) S [N (L +[n))™ =N for €] > 2]n]

and
|Rn(z,&,m)| S [nf™ for all € and 7.

Thus

/ Ry (,&,m)b(n, €)™ dn = / Ry (x, &, )b(n, €)X ™ dn 4 / Ry (x,&,m)b(n, )X dy.
|£1>2]n| |€]<2|n]

Because b € S™2 is assumed to have compact support in the z-variable, we have the estimate

(0, &) < (1 + )M (1 + [¢))™

for each M € N and so

/ R (, &, n)b(n, ©)e*™ " dn| < / Y (14 )™ =N M1 gy dn S (14 Jglymme N
1€1>2]n] |€1>2(n]

if M is chosen sufficiently large. Similarly

/ Ry, €, m)b(n, €)% dy
[€]<2]n|

S [ M ) S (1 ey
1€1<2]n|
again for sufficiently large M. -

2.3 Compound Symbols

A better understanding of pseudodifferential operators and, for example, their adjoints can be obtained
by studying compond symbols. They are symbols similar to the class S™ but also depend on the y-
variable as in (2.2). More precisely, we consider symbols ¢(z,y,£) which satisfy the analogue of (1.3):

0070 c(x,y,€)| < Capa(1+ €)™ (2.5)

10
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for each triple of multi-indices a, § and «y. To this symbol we can associate (at least formally) the
operator

To(f)(@) = / / (. €)*T V€ f () dyde

As we have seen earlier, to make sense of the operator in a rigorous way, we can assume compact
support in the symbol and carefully take limits in S, for example. A repeat of the proof of Theorem
2.4 shows us that the class of operators arising from compound symbols is in fact no bigger than the
class arising from S™.

Theorem 2.5. Suppose that ¢ is a compound symbol of order m (that is, satisfies (2.5)). Then there
exists a symbol a € S™ such that
Tig = Ta

and

i)l
a(,6)— Y B opoger.y.0)

la|<N

m—N
y—a) €5

for each N € N.

What at first sight might appear disappointing, has an immediate and useful corollary: The class
of pseudodifferential operators arising from symbols in S™ is closed under taking adjoints. This is easy
to see, at least formally, by calculating

1130 = (100.0) = [ ( [[ a9 pavac ) gt

= [ s [[ atwgemo-asgtayisac ) ay

so Ty = T}, where c(z,y,€) = a(y,§). Thus Theorem 2.5 says that, given a € S™, there exists a symbol
a* € S™ such that T] = T,~ which satisfies

N~ lal -
(.9~ Y B aporale g e s
la|<N ’

for each V € N.

2.4 Exercises

1. Use the special case of Theorem 2.2 when zy = 0 to help you prove the case xg # 0.

2. Remove the additional assumption in the proof of Theorem 2.4 that b is compactly supported
in the x-variable. Hint: Use a cut-off function to split b = by + by where by is supported near a
arbitrary zo. Then show that the symbol of T o T, belongs to Smitma=N for all N € N.

3. Using the proof of Theorem 2.4 as a guide, proof Theorem 2.5.

3 Singular Integrals and L’-Boundedness

3.1 General Singular Integral Theory

Pseudodifferential operators arising from symbols in S° turn out to be examples of singular integrals,
which are important operators that naturally appear in many situations. As such it is worth studying
them in their own right. Our brief study here will provide us with a generalisation of Corollary 2.3 to
LP(R™) for 1 < p < o0.

A singular integral operator is an operator given by integration against a kernel K such that K is
not quite integrable, but does enjoy some smoothness properties. More precisely and specifically for

11
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our purposes we require that it is an operator T' which is continuous from S to &’ and which can be
represented in the form

T(f)(=) = . K(z,y)f(y)dy, (3.1)
for some measurable function K at least when z is not an element of the support of f, which is such
that

K(z,y)| <
\ ) P

and
/ |K(z,y) — K(x,2)|de <A for |z —y| <. (3.2)
lz—y[>26

The following theorem shows that if such an operator is bounded on L?(R™) then it is automatically
bounded on LP(R"™) for all 1 < p < q. We will outline how the proof goes later.

Theorem 3.1. Assume that the operator T is of the form (3.1) for some measurable function K which
satisfies (3.2). If there also exists a constant Cyq > 0 such that

IT(F)lLa@ry < Coll fllLarrm) (3.3)
for some q < oo then for each 1 < p < q there exists a constant C, > 0 such that
IT()lr@ny < Cpllfllrmny- (3.4)

If we can verify the hypotheses of the theorem for T}, where a € S° then Corollary 2.3 will imply that
T, is a bounded operator from LP(R™) to itself for all 1 < p < 2. As we saw in section 2.3 the adjoint
of T, is also a pseudodifferential operator of order zero. Consequently 7 will also be bounded from
LP(R™) to itself for all 1 < p < 2 and so T, will be bounded from LP(R") to itself for all 2 < p < oco.
In conclusion T;, will be a bounded operator from LP(R™) to itself for all 1 < p < co. The following
lemma suffices in order to apply Theorem 3.1, as we will explain below.

3.2 Pseudodifferential Operators as Singular Integrals
Lemma 3.2. Suppose a € S™. Then Ty, can be written as in (3.1) with
K(z,y) = k(z,y — )
where k(x, z) is smooth away from z = 0 and satisfies
0702 k(@, 2)| < Cap|z| 7 IoN
for all o, B and N >0 so that n + m + |a| + N > 0.

With this lemma at hand we can easily show that (3.2) is satified: If we set ( = (1 — ¢)y + ¢z for
t € [0, 1] we have

[C—al =M=ty +tz) 2| =y —2) +tz -y <y —z|+ [z —y[ < [y — 2|+ < (3/2)|y — =
if |x — y| > 2J. so applying Lemma 3.2 with |a| =1, |5] =0 and m = N = 0 we have that

sup |Vek(z, ¢ — )| < sup [¢(—z[" ' Sly—af "7,
CEly,2] CElY:2]

where [y, z] denotes the line segment from y to z. Thus

/ |k(x,y — ) — k(z,z — z)|dx < / sup |Vek(z,( — )|y — z|dx
|z—y[>26 |z—y|>26 C€[y,2]

< / ly— 2|y — 2lde <1
lz—y|=26

for |z —y| < 6, which is exactly (3.2) for Tj,.
Before we return to the proof of Theorem 3.1 we first prove Lemma 4.2.

12



David Rule BCAM Mini-Course

Proof of Lemma 3.2. This proof makes use of a very useful technique called a Littlewood-Paley decom-
position. In involves spliting up the symbol a onto parts a; supported where the frequency variable §
is of size 27, a so-called dyadic decomposition. Such a splitting is advantageous here, as each a; is also
a symbol in S™.

Consider a smooth function ¢: R™ — R which is compactly supported in the ball of radius 2 centred
at the origin and equal to 1 on the unit ball centred at the origin. Set ¢;(£) = ¢(277¢) — ¢(2177¢).
Then

&+ 0i(¢) = Jim. Pp(277¢) =1
=1

for all £ € R". Moreover, |9¢¢;(£)| < 27l < (1 4+ (€))7 s0 a;(x,€) = a(x,&)p;(€) € S™ for j > 1
with constants in (1.3) comparable to those of a, uniformly in j. We also set ag(z,§) := a(z,§)d(E).
We then obtain the operator identity

— ZTaJ

and that each operator T,; has the kernel

ki(x,z) = /aj(ac,f)e2m§'zd§
Just as in the proof of Theorem 2.2 we have that

(—2miz)1020%k;(x, 2) /87 (2mi€) 0P aj(x, €))e* 2 dE.

The integrand here has support of size 2" and the integrand itself is bounded by 27(+el=1) | thus we

can obtain the estimate
0802k (x, 2)| < |2|7Moi(ntm=M+|a) (3.5)

for each M > 0.
We can now complete the proof of the lemma. First, if |z| > 1, then
[o.¢]
|8,Bao< l‘ e ‘ <Z’858a (IJ P ‘ <Z|z’ sz(ner M+|al) < |z’ M< ’Z’ n—m—|a|—-N
7=0

provided M > n+ m + |a| + N. Secondly, if |z| < 1 it again suffices to estimate
1050%k(z, 2)| < Z\aﬂaa 2)|

but this time we split the sum
o0
S o|080tki(z, )l = > 1080%ki(x, )|+ Y 19708k (=, 2)].
Jj=0 20<|z|1 27>|z| 71

To the first sum we apply (3.5) with M = 0:

—n—m—|a| if 0)
Ié] L < Jj(n+m+|al) < |Z| (1 n+m+ ’O‘| > < | o|—n—m—|a|-N
_Z CLAVCRIESD D {1n(|zy D41 (fntmatlal<0) [ <

27 <|z|~1 27 <]z|~1

for N > 0 since |z| < 1. For the second sum we apply (3.5) with M >n +m + |a] + N:

Yo 1050t ki(wz)| < Y |a|MRItm Ml < P g el =N
27>|z| 1 27> |z| 71

since |z] > 1. O

13
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3.3 The Calderén-Zygmund Decomposition

Before we begin the proof of Theorem 3.1 we first draw a couple of parallels with the proof of Theorem
1.5. The first is that we again proof a weak-type estimate like (1.4). From this we will draw the
conclusion (3.4) by interpolating between the weak-type estimate and (3.3). As this argument is similar,
we leave it to the interested reader. Recall that this interpolation argument required a decomposition
of the function f into two pieces. Here we will also use a decomposition, although a more sophisticated
one this time, called the Calderon-Zygmund decomposition. We state it here, but refer the reader to
[0, p. 17] or [1, p. 284, p. 299], for example, for a proof.

Theorem 3.3 (Calderén-Zygmund decomposition). Given a function f € L*(R™) and a > 0 there
exists a decomposition of f = g+ b with b= )", by and a sequence of balls { By} such that:

1. g(x) = f(x) for x & UpBy and |g(z)| < ca for almost every x € R™;

2. Each function by, is supported in By,
/|bk(x)\dx < ca|Bg| and /bk.(:c)d:z =0;

and

8 D 1Bel < S fllrmny-

Proof of Theorem 3.1. We only prove the theorem in the case ¢ < co. As discussed above it suffices to
prove

C
{2 [IT(F) (@)l > a}l < —lfllorn)-
We apply Theorem 3.3 to f and then it suffices to prove
C
Hz [IT(9)(@)] > a/2} + [{z [ IT(0)(2)] > a/2} < — [ fllr .- (3.6)

Applying properties 1 and 3 we see that

/ gl¢ = / 1919 + / 1917 < 3| Bela? + 1! / T ] < T fll g1 .
Uy, By, R\ (Ug By) & R"\(Ug By,)

Chebychef’s inequality and (3.3) then yields
{z [ IT(9) ()] > a/2}] < (a/2) T (9)|F0(mn) S (@/2) N9l amny S @ IF IS @ (3.7)

Turning to b = ), by, let B} denote the concentric double of the ball By. By (3.2) we have that
/ K (2,y) — K(z,2)ldz < A for y € By,
R™\(Ug Bf)
where zj, is the centre of By. Using 2 we can write
1)) = [ (K() - Ko 20)) )y
for x € R™ \ (U, B}) and so

/ () ()] < / K (2,y) — K (@, 2)\da / by < AcalBy).
R™\ (U B}) R™\ (U By)

By 3 we have

/ |T(b)(x)|dx < Z/ bi)(x)|dx < Acozz |Bi| < AC2HfHL1(Rn). (3.8)
R™\(UrBy) %

n\ UkBk)

14
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Finally

o [ITO@)] > a/2)] < [{x & UeBE [IT(0) )] > a/2}] + 3 187
k
1
< — T(b)(z)|dx B;
< Sy TOG L
S Il

by (3.8) and again 3. This together with (3.7) proves (3.6) and we leave the details of the interpolation
argument to obtain (3.4) to the reader. O

Corollary 3.4. Ifa € S then T, extends to a bounded operator from LP(R™) to LP(R™) for1 < p < oc.

3.4 Exercises

1. Use (3.6) and (3.3) to prove (3.4).
2. Go through the proof of Theorem 3.1 and modify the argument to prove (3.6) when ¢ = oo.
3. Prove Corollary 3.4.

4 Cancellation and 7'(1)-type Theorems

4.1 Good Kernel, Bad Operator

We now broaden our horizons a little by considering a wider range of symbols. We say that a: R™ x
R"” — C belongs to the class S;% when

1070¢ al(,€)] < Cayp(1 + [¢))m AP,

Therefore clearly 5™ = S7},. Just as in Section 1.3 we can make sense of Ty, for a € S’;r’% and show that
it maps S continuously to S.

Our next result shows that the kernel representation from Lemma 3.2 can be repeated under
the considerably weaker assumption that a € 5(1{0- However, this is not sufficient to obtain the LP-
boundedness of such operators, which can in general fail.

Lemma 4.1. Suppose a € S?’l. Then T, can be written as in (3.1) with
K(z,y) = k(z,y — )

where k(x, z) is smooth away from z = 0 and satisfies

0502 k(. 2)| < Caygn|z| 11717 (4.1)
for all a, B and N >0 so that n +m + || + N > 0.
Proof. The proof is a reprise of that of Lemma 3.2, the estimate (3.5) is replaced by

0702 kj(w, 2)| < ||~ M2Inrm Aol

since each differentiation with respect to # now worsens the estimate by a factor of 27. O

Despite this hopeful beginning, the following counter-example shows us that 5?71 is in fact worse
than SY .

Theorem 4.2. There exists a symbol a € S%l which is not bounded on L? and hence not bounded on
LP for any 1 <p < 2.

15
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Proof. Here we take n = 1. Consider the same Littlewood-Paley decomposition as we did in Section
3.2. Observe that each ¢;(£) is supported in the annulus 2971 < [¢] < 2971 50 by considering just even
J (that is, j = 2k for k € N), the supports of ¢; are mutually disjoint. We are also free to choose ¢;(§)
equal to 1 for 20-1/2 < |¢| < 20+1/2, Define the symbol

[e.e]

a(z,€) =Y e 000 (6).

k=1
It is easy to check that a € S?,r Next choose fj so that its Fourier transform is supported in |£| < 1/2

and define fy via the formula
N
1 ~
_ Z _ o2k

so the terms have mutually disjoint support. Thus,

N N

— 1 - 1
Iz @y = 1PN 2@y = D a2 1ol = 2| T2y = D @Hfo”%? & < Cllfoll72mny:

k=1 k=1

Now we can compute

N N
:L‘ § fN Ze 2m22kx¢ k ) f() 5 22k Ze 2mi22k g (5 22k)
k=1 k=1

and therefore

N 2mi22k g N
— ) ) 1
Ty x) = a(x, eriwtie =\ g2mizal xz) =Y —folx).
() = [ ol QT St =3 ORI 0
Clearly then
Y1
1 Ta(fN)l 2Ry Zik: | follzz@mny = cll foll2@ny In N,
k=1
which proves the theorem. ]

The following theorem bears even more bad news.

Theorem 4.3. Suppose that K(x,y) is a given function defined for x # y which satisfies the inequality
|K(x,y)| > c|lz —y|™ for some ¢ > 0. Then there does not exist an operator T that is bounded on
L*(R™) for which K is the kernel in the sense that

for x outside the support of f.

Proof. Assume that such an operator T is in fact a bounded operator — we wish to obtain a contra-
diction. Consider balls By of radius 1/4 centred at k € Z" and denote its concentric double by Bj..
Then define

J Bx and Si= ] Bi
[k|<2R k|<2R

We have the estimates

R" < |Spn{x : |z| < R} S R™
for R > 1.

16
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Take fr = xsz- Then, if & Jyczn By,

T = [ K ety = c 3

k|<2R

L
B [T —yl"

and thus, if we also have |z| < R, then

T(fr)(z)z Y |k[™"~WR

0<k|<R
and so
1Ty = [ T(fr) (@) 2dz 2 (In R)*R".
SEn{z:|z|<R}
However, || fR||%2(Rn) < R", which contradicts the boundedness of 7. O

4.2 Redeaming Features

In this section we investigate what possible additional properties could be sufficient to conclude L?(R")-
boundedness of operators with kernels which satisfy conditions such as (4.1). We will not prove the
main result in this section (Theorem 4.5) but instead just concentrate on motivating why the result is
reasonable.

Theorem 4.4. Suppose the distribution k agrees with a function away from the origin and satisfies
the estimate

k()| < Alz|™" (4.2)

for x # 0. If the operator T(f) = kx f initially defined on S extends to a bounded operator on L*(R"),
then there exists a constant C' so that

<C (4.3)

/ k(y)dy
e<|z|<N

forall0 <e < N < 0.

We might interpret Theorem 4.4 as follows. If we avoid technical details, we can formally take the
limits e — 0 and N — oo in (4.3) to obtain

T =| [ k| < c

Thus it appears that L?(R")-boundedness implies that when the operator T' maps constants to bounded
functions. Intresting this implication can in fact be reversed. That is, checking T behaves well on
a few specific functions can imply the L?(R™)-boundedness of T. Such results are powerful tools for
proving the L?(R")-boundedness of operators and there are now many different forms of such theorems.
Typically such theorems go under the name of T'(1) or T'(b) theorems, because the main condition to
check is that T(1), or more generally T'(b), is well-behaved for an appropriate b.2 Here, the correct
notion of well-behaved is not really L (R"™)-boundedness, as we might guess from the above discussion,
but that is beyond the scope of this course.

Proof. The proof relies on the fact that L?(R")-boundedness implies the Fourier transform k of k is
bounded. First choose a smooth function ¢ which is supported in the unit ball, equal to 1 for |z| < 1/2
and 0 < ¢(x) < 1. Then we can approximate

/ k(x)dz
e<|z|<N

2For example, a b which is uniformly bounded both from above and below.
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by
<6V = 6)(0) = [ K@)(éla/N) - d(o/)dz
where ¢f'(z) = ¢(x/R). Indeed, the difference

/ K(x)dz — kx (8" — ¢°)(0)
<lz|<N

is dominated by

/ |k(z)|dx —|—/ |k(z)|de <1
e/2<z|<e N/2<|z|<N

via the kernel estimate (4.2).
|k + o™ (0) |—'/ ¢(x/N)dx |/ Nm N"dz| S

However,
since ¢ is bounded and similarly |k« ¢°(0)] <1 O

We now set the context for our main theorem, which, as we said above, will roughly be a converse
to Theorem 4.4. Assume now that T is a continuous operator from S to &’ and associated to it is a
kernel K (z,y) defined for x # y in the sense that, for compactly supported f € S,

T(f)(x) = . K(z,y)f(y)dy (4.4)
when z is not contained in the support of f. The kernel is also assumed to satisfy the following
estimates: For some A > 0 and 0 < v <1 we have

K (z,y)] < Alx —y|™™;
lx — 2’|

/
K (z,y) — K(2',y)| < AW,

for |x — 2| < |z —y|/2; and (4.5)

ly =y’
K (z,y) — K(2,y)| < AW> for [y —y'| < |z —yl/2.

The proof of Theorem 4.4 suggests that it may be possible to replace a 'T'(1) condition’ with a
condition regarding how the operator acts on certain smooth bump functions. This is in fact possible
and allows us to state the theorem in a rather slick manner that avoids other technicalities. We define
normalised bump functions to be smooth functions supported in the unit ball which satisfy

0%¢(x)| <1, for 0 < |a] <N,
for some specific N — the precise value is not of any interest to us here. We then define the translate

and dilate of such a ¢ as
R,mo _ xr — fL‘O
o) =0 (T3

The condition we will impose on normalised bump functions is that

1T (%) || 2y + 1T (70 || 2y < AR™?, (4.6)

where A can only depend on N and T* is the adjoint of 7. Observe that if T'is bounded on L*(R™), then
(4.6) follows immediately. When (4.6) holds for all ¢**0, we say T and T* are restrictedly bounded.

Theorem 4.5. Assume T is a continuous linear mapping from S to 8’ associated to a kernel K in
the sense of (4.4) which satisfies (4.5). Then T extends to a bounded linear operator on L*(R™) if and
only if both T and T* are restrictedly bounded in the sense of (4.6).

18
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4.3 The Cauchy Integral

As an application of Theorem 4.5 we now give an outline of the proof of the boundedness of the Cauchy
integral operator on L?(R™) on Lipschitz curves, at least when the Lipschitz constant is sufficiently
small. You are probably familiar with the Cauchy integral from complex analysis, which, for f: C — C,

is given by . £
CLRE) = g [ o

and defined for z & =y, where 7 is a closed curve in the complex plane. If, instead of being closed, « is
assumed to be parametrised by a real variable, a closely related operator is the corresponding Hilbert

transform
o [T )
By (f)@) =p. '/oo ¥(x) —v(y)d

and many questions regarding the Cauchy integral operator are closely related to the same questions
regarding H,. Indeed, the question of L?(R)-boundedness was the original motivation for the devel-
opment of the singular integral theory discussed above.

If we assume = is the graph of a Lipschitz function A, then + is the image of  — = + iA(x) in the
complex plane and the kernel of H, may be written as

1+ A'(y)
z—y+i(A(x) — Ay))

Forgeting about the factor 1+ iA’(y), which is irrelevant to the L?*(R)-boundedness of the operator,
and expanding as a geometric series we obtain

1 _ L e (A) — A\
T IA@ —AG) =y 2 )< Y )

k=0

where the sum will converge at least when the Lipschitz constant of A (that is, M such that |A(z) —
A(y)| < M|z — y]) is less than one. Thus is it natural to consider the presumably related operators

00 ) — k
)= A0

Cu(Hw) = pv. |

— 00

called Calderén commutators. Clearly Cy is the usual Hilbert transform and therefore L?(R)-boundedness
is known. The boundedness of the other Calderén commutators can be obtained by induction as an
application of Theorem 4.5. Indeed, the kernel estimates (4.5) are straightforward to prove and we
can check (4.6) in the following way. Estimating the norm on the left-hand side of (4.6) outside the
ball Bag(zg) centred at zp, with radius R, can be done easily using the kernel estimates. To estimate
[Ck (™) || 2(Byp(x0) We compute

T — —k
@ = ¢ [ ) - Ao

) — k
=+ [ - 4 L -y ray - [LADAD T )0 sy

and can easily see the first term can be estimated appropriately, since ¢ is a normalised bump function.
The second term is equal to

/ (A(z) — A@W) LA W) F @) (@ — y)~*dy = (') (2),

which is L?(R)-bounded by the inductive hypothesis and the fact that A’ is bounded. Therefore we
have proved that each Cj is L?(R)-bounded and consequently H. is L?*(R)-bounded provided the
Lipschitz constant associated to « is sufficiently small.
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4.4 Exercises
1. Check carefully the proof of Lemma 4.1.

2. Estimate the norm Hck(¢R’x0)HL2(R\BQR(IO) in order to complete the proof of (4.6) as claimed in
Section 4.3

5 Almost Orthogonality

5.1 Cotlar-Stein Lemma

Here we return to the subject of pseudodifferential operators. Our main result here, Theorem 5.1,
provides an alternative condition for L?(R™)-boundedness based breaking up the operator into ‘almost
orthogonal’ pieces. Recall that the counter-example in Theorem 4.2 worked because the operator piled
up orthogonal parts of function on top of each other, thus producing a function with a large L?(R")-
norm. In this section we investigate the L?(R™)-boundedness of operators that do not permit such
behavior and will go on to apply Theorem 5.1 to symbols of type 5’27 o (p < 1) in the next section.

Theorem 5.1 (The Cotlar-Stein Lemma). Suppose that an operator T initially defined on S admits a
decomposition
T=>T, (5.1)
jeI

for some finite index set I. Furthermore, suppose there exists a non-negative sequence {y(j)}jer such
that

A= ny(j) < 00 (5.2)

jel
I Tl 22 < v(i—§)* and (5:3)
BT (|22 < v(E - )% (5-4)

Then T extends to a bounded operator on L?>(R™) with norm independent of the number of terms in
the decomposition (5.1). More precisely, we conclude ||T |22 < A.

Proof. Here we write | - ||z2_.z2 = || - ||. Recall (or see exercise below) that | T*T| = ||T|?, so for
self-adjoint T, ||T?|| = ||T||?>. Therefore by induction ||[T™| = ||T||™ at least when m is a power of 2.
Applying this to the self-adjoint operator T*T, we see that

IT=Ty™| = 7)™
Making use of the decomposition (5.1), we can write
(T )" = Y (GGG - (T, Tian)
jlvj?r"vj?m
and easily estimate the norm of each term in the sum using (5.3):

(T3, T3) (T35 T50) -+ (T T < T3 T T3 T3l - W5y T

j2m—1

3 : g o ] . (5.5)
<01 —J2)"v0s —Ja)7 - v(2m—1 —Jm)”
Alternatively we can write
(T3, Ty (13, T54) - - - (T3, To) = T3, (T3, T3 )N(T3,T5,) - - - (T, 015, )T
and then estimate using (5.4) and then (5.2):
175, (T T3 ) (T3, T5) - - (T T, ) T
< T3 T3, T M T T M- M T2 T, 175 (5.6)

<A(G1)vG2 = 33)*v(Ga —35)2 - - vY([F2m—2 — Jom—1)*7(2m)
< A%(o —33)°v(Ga — 35)% - - Y(Gam—2 — jom-1)%
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Taking the geometric mean of (5.5) and (5.6), we obtain
(T*T)™[ <A > A1 —J2)v(2 —Js) - v(zm-1 — jom),
J1.j2s-d2m
We can then estimate the sum by successively taking the sum in ji, jo, until jo,:

A Z (1 —J2)v(@2 —J3) - - - v(am—1 — Jom)

Ji.d2sedom

<A ) G2 —Js) - v(Gamo1 — Jom)

J2.isydom

< <A N y(jamet —Jam) S AP 1< AP,

Jam—1,j2m Jom
assuming the size of the index set I is N. Thus ||T]|>™ < A?™N and so
]| < ANV,

Taking the limit m — oo gives | T|| < A as claimed. O

5.2 Calderén-Vaillancourt Theorem

The following theorem is an application of Theorem 5.1.

Theorem 5.2 (Calderén-Vaillancourt Theorem). Suppose that a € S/(J],p with 0 < p < 1. Then the
operator T, initially defined on S has a bounded extension from L*(R™) to L?(R™).

We give a proof only in the case p = 0.

Proof. By Plancherel’s Theorem its enough to prove the L2(R™)-boundedness of the operator
SUI@) = [ ale, 9= e)ds

Given the now symmetric roles of z and £ (in the context of a € 5870) we decompose both the z and
&-space in the same manner. To do this we choose a partition of unity {¢;};cz» such that each ¢; is
supported in the cube of unit radius centred at i € Z". Because it is a partition of unity ), ¢;(z) =1
for all z € R™ and, setting i = (i,4") (i,7 € Z") we can decompose

CL(CC,{) = Z ai(xvé)

where ai(z,§) = a(z,§)pi(x)pi (§) and thus T' = ), T,,.
In order to apply Theorem 5.1 we must prove the almost-orthogonality estimates

T ol S 1+ [i—3) 7Y (5.7)
and
ITo, ol S (L4 [i=3)~Y (5.8)

for N sufficiently large.
It is straightforward to compute that the kernel of 77 Tg, is
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First observe that if i = (¢,4) and j = (4, ') and |i — j| > 2, then the x-supports of a;(z,7n) and a;(x, &)
are disjoint, so a;;(£,7m7) = 0. In the case |i — j| < 2 we can calculate

(1+ 472 — ) Nai;(€,m) = / ai(z,n)a;(z, &)1 — AN 2w (=8 gy

R

- / (1— A [a(w mag(z, )| 27y

which can be estimated uniformly in 1 and £. Bearing in mind the & and n-support properties of
ai(z,n) and a;j(z, ), we see this proves (5.7). The proof of (5.8) follows the same method, due to the
symmetric roles of the variables. O
5.3 Exercises

1. Prove that for an bounded operator T on a Hilbert space ||[T*T|| = ||T||?.

2. Prove the following lemma.

Lemma 5.3. Suppose an operator S is given by

S(f)(x) = / s(z.y) f(y)dy

where the kernel s satisfies
sup [Isteldy <4 and sup [ [s(ep)lde < 4
T )

Then S is a L?*(R")-bounded operator and ||S| 22 < A.

6 Rough pseudodifferential operators

So far we have concerned ourselves with L?(R™)-boundedness of operators associated to smooth sym-
bols in the class ;’?5. It is also possible to prove the LP(R"™)-boundedness of such operators under
appropriate assumptions on the parameters m, p and §. We can explore these results and simultan-
eously greatly weaken the smoothness assumptions on our symbols. Although the results we can prove
under these weaker assumptions on our symbols are, as one would expect, weaker than the sharp results
for smooth symbols, they nevertheless are not so different. This approach also has the advantage of
simultaneously weakening our hypothesis on our symbols and generalising our boundedness results to
LP(R™) spaces.

6.1 Pseudo-pseudodifferential operators of Kenig-Staubach

Carlos Kenig and Wolfgang Staubach introduced the following symbol classes [2], which are sometimes
called pseudo-pseudodifferential operators.

Definition 6.1. Let m € R, p € [0,1] and 6 € [0,1]. A function a: R" x R™ — C is said to belong to
L>SP" when for each multi-index o there exists a constant C, such that

10ga(-, &)l < Ca(€)™ P10

Therefore, here only measurability in the z-variable needs to be assumed. Kenig-Staubach proved
the following LP(R)-boundedness result.

Theorem 6.2. Fiz p € [1,2] and let a € L>S) with 0 < p < 1 and m < %(p —1). Then Ty is a
bounded operator on LY(R™) for each q > p.
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However, it is possible to obtain pointwise control of such operators by the Hardy-Littlewood
maximal function [3]. This is what we shall investigate here.

Theorem 6.3. Fizp € [1,2] and let a € L=S]* with 0 < p <1 and m < %(p —1). Then there exists
a constant C, depending only on n, p, m, p and a finite number of the constants Cy, in Definition 6.1,
such that

T (f)(@)] < C (M £I7) ()7,
forall f €S and x € R™.

Theorem 6.2 is an immediate corollary of the pointwise bound in Theorem 6.3.

Proof. To prove the theorem we use the Littlewood-Paley partition of unity introduced in the proof of
Lemma 3.2, we decompose the symbol as

a(z,€) = ag(x,&) + > _ ax(x, &)
k=1
with ag(x, &) = a(z, &) pr(§), k> 0.

First we consider the operator T,,. We have

Too(F)() = / / ao(z, €) 2TEIE () dy de = / Kol 9)f(z — y) dy,

with
Ko(e,y) = / ao(z, €)@V e,

The same argument used to prove Lemma 3.2 gives us the estimate
[Ko(z,y)| S (1+]y) ™,

for each M > n. Theorem 1.7 yields

(@) S [+l ™17 =) dy S M (7)) S QLAFP)), (6.1

forall 1 <p<2. R
Now let us analyse Ty, (f)(x) = [ax(z,&)f(€)e*™@Ed¢ for k > 1. We note, just as before, that
T4, (f)(x) can be written as

T,(1)@) = [ Kilw.g)fla = iy
with
Kiwy) = [ e = ay(a),
where a; here denotes the inverse Fourier transform of ag(x, &) with respect to £&. One observes that

p

)

T (D@ = | [ Kien)ie =] = | [ Kieg)o) o -y

with functions oy (y) which will be chosen momentarily. Therefore, Holder’s inequality yields

@l < { [l It ay}? { [ (6.2

ok (y) [P

where 1/p+ 1/p’ = 1. Now for an [ > n/p, we define o) by

(y) { s ly| < 27h;
or\Y) = Ckp( ] _
27 Gl Jyl > 27k,
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By Hausdorff-Young’s theorem and the symbol estimates in Definition 6.1, first for « = 0 and then for

|a| =1, we have
[ 2 [ lastegppac}

ZL

5 2]‘2%”{/ 2pmkd€} p < 2k'p (mff(p 1))’
|€|~2F

[

()| dy < 27

and
o
/TW(p")lKk(x,y)lp'!ylp'ldykapp(p_l) /'Vléa’f(f”’@'pdg}p

< 9~ kpp’ (77l){ / 2kp(m pl) dg}l; < QkP (m**(P 1))

lg|~2*

Hence, splitting the integral into |y| < 27%° and , |y| > 27** yields
p
/ / v ko' (m—"(p—1 £ k —_ni,_1
{ [ 1Kzl o)l dy}” < 275070y gtniom),
Furthermore, once again using Theorem 1.7, we have

JUEEZ IR < a )

with a constant that only depends on the dimension n. Thus (6.2) yields
k(m—"2
To f@)P <22 DM (| f17) () (6.3)

Summing in k using (6.1) and (6.3), we obtain

Ta(f) (@) S [Tao () (@)IP + Z Ty, (f) ()P

M(fP)(x Q+§:2 )

Clearly the sum is convergent if m < %(p —1). O
1
tp
-1
B
D c A N
n(p—1) 3(p—1) m

Figure 1: Regions of LP-Boundedness
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The interior of the region C'U D in Figure 1 is the set of points (m,1/p) for which Theorem 6.3
ensures that T, is LP(R")-bounded when a € L*S]*. The set AUBUCUD is the set for which
smooth symbols in S7s (for § < p, 6 < 1) produce LP(R")-bounded operators. This can be seen,
except for the end-points, from the results we have proved here together with interpolation arguments.
Indeed, Corollary 3.4 and Theorem 5.2 provide the required L?(R")-boundedness, remembering that
Shs C S when 6 < p. Theorem 6.3 provides the point (m, 1/p) = (m,0) for m < n(p—1)/p (and thus
just missing the end-point (n(p —1)/p,1/p)) since S C L>S7*. The symbolic calculus we proved for
symbols in ST in Theorem 2.4 can be repeated for symbols in S;’fa provided § < p and so we have that
the class of operators T, with a € 5’% is closed under taking adjoints. This gives us the boundedness
for the point (m,1/p) = (m,1) for m < n(p — 1)/p. Interpolation then gives us boundedness on the
interior of the pencil-shaped region AU BUC U D.

6.2 Compound symbols revisited

In the context of pseudo-pseudodifferential operators, the symbolic calculus breaks down as we are not
able to differential in the spatial variable . This means if we consider symbols which also depend
on a variable y, as we did earlier — so called compound symbols — they may no longer be included
as alternative representations of operators which symbols in L>S}". Therefore we must study them
separately. The following theorem gives the sharp value of m for which a function a: R"xR"xR" — C
satisfying

|0¢'a(z,y,&)| < Co()™ Pl for each multi-index « (6.4)

gives rise to an LP(R™)-bounded operator Tj,.

Theorem 6.4. Suppose 0 < p <1, m < n(p—1) and the compound symbol a satisfies (6.4), then, for
each p > 1, we have

ITa(f) (@) S (M £1P) ()7,
and consequently
| Ta( ) Lamny S N fllagn)

foreach fe S and1 < q < .

The points (m, 1/p) for which we have boundedness are thus those in the interior of D shown in
Figure 1. To fully understand the proof one needs to know a little bit about Muckenhoupt weights,
which we will not have time to study here, although they are very interesting and beautiful. Never-
theless, the main ideas of the proof can still be understood if you are willing to take a few facts for
granted. (See [3, Thm 3.7] for a full proof.)

Proof. Let K(x,y,2) := [a(z,y,&)e? ¢ d¢, then we have
i@ = [ Kepe-gfd+ [ Koy -p)f)dy =1+
|lz—y|<1 lz—y[>1

The fact that m < n(p—1) allows us to use integration by parts (similarly to how we have done several
times above) to show the kernel decays sufficiently quickly when z — y is large. More precisely, it is
possible to prove that |K (z,y,z — y)| < C|z —y|~" for sufficiently large N and |z —y| > 1. So II can
be easily majorized by M (f)(x).

We again use the Littlewood-Paley partition of unity {¢x}x just as we did in Theorem 6.3. Using
that partition of unity and setting

Ki(e,y,2) = / ar (., €) 7S de

yields

I:Z/ Kk(x,y,ﬂf—y)f(y)dy:zlk’
k=0 7 lz=yI<1 h=0
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Now once again for k = 0 it is easy to check that |Ko(x,y,z — )| < (x —y)~ for all N > 0, hence

(Lol S M(f)(x).

If we consider an individual term with k£ > 1, we have
| = ‘/ Ky (z,y,2 —y) f(y) dy
lz—y|<1

)

= (/l KlKk(ar,y,x—y)!b(w—y)!’" ! |Tf(y)dy

b(z —y)

where b and r are parameters to be chosen later. Therefore, Holder’s inequality yields

=

w<{ [ K-l - o) dy}
lz—y|<1

ROt
g {/uym oy

By Theorem 1.7, for r < %, we have

WP < oy a1
{/x_ylg Byl S COT (AP @)

therefore )

L] < C{ / | K (z, 2 — z,z)\p’|bzv‘p’dz}p b= M, u(z). (6.5)
Considering the remaining integral, setting o7 (z,§) = ag(x,x — 2,£) we have
Ki(x,x — z,2) = /ak(x,x — 2,6)e*E de
= / oi(2,€)e'™* dg
N /‘71?(27 ) (Dr-1(&) + Dk(€) + Pry1 (€)™ dé
— [ ot B d = Ty (01) o)
where ¢, € S is defined via the identity

Dk(€) = Pro1(E) + D1 (E) + Prpr (€)-

Observe that due to the scaling implicit in how we defined the Littlewood-Paley decomposition {¢y},
we must have iy (z) = 2"¥)(2¥x) for some 1) € S. Therefore, taking b = 2,

=

{/ Kelanz — 29 ey} = [ T @l 127 )

Now we observe that since x is fixed, o} belongs to the symbol class L*°S]" with semi-norms that are
uniform in x. Therefore to understand the integral above it suffices to understand how an operator with
symbol in L>S7" acts on L? spaces where we replace Lebesgue measure dz with the measure |:E\Tp/dx.
It turns out that such measures are examples of Muckenhoupt weights (rather, the weight z — |z|?'
in the measure ]x\”p/dac is a Muckenhoupt weight). Moreover, such measures are precisely those for
which the Hardy-Littlewood maximal function is bounded, so our pointwise estimate in Theorem 6.1
is perfectly suited to answer this question.
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To simplify matters here, we will just assume that the Hardy-Littlewood maximal function M is
bounded on the space LP(|z|"? dz). Now since p’ > 2, we may apply (6.3) with the p in that estimate
taken equal to 1, and obtain

1
o

{ [ 1 tar az}?
1
< c2mD{ [ M) bl dz
/ / i/
e a2 O
— O9k(m—n(p=1)+n/p)
Combining this with (6.5) we obtain
|T,| < C2km=nle=D==n/P) N () ().
Therefore choosing r such that » —n/p = (m —n(p —1))/2 and summing in k proves the theorem. [

6.3 Exercises

1. Prove Theorem 1.7.

2. Further reading: Read about Muckenhoupts weights in [5, Ch. V]. Then you should easily fully
understand the proof of Theorem 6.4.
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