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We present a class of time-dependent potentialR"rthat can be integrated by
separation of variables: by embedding them into so-called cofactor pair systems of
higher dimension, we are led to a time-dependent change of coordinates that allows
the time variable to be separated off, leaving the remaining part in separable
Stackel form. © 2002 American Institute of Physic§DOI: 10.1063/1.1514833

[. INTRODUCTION

Newton’s law of force in mechanics leads to second order ordinary differential equétions
=M(q,g.t), whereq=(q?,...,q") are coordinates on some manif@ the configuration space of
the system. Often the fordd is derived from a potentia¥(q,t) and the equations can be written
in Lagrangian form

or, via the Legendre transformation, in Hamiltonian form

g, ooH 9H H _1ij v

G=g5 Pi="5g H@pU=30%pipi V(g
Hereg; is the metric tensor o@, with inverseg'/, and (qi,pj) are (adaptedl coordinates on the
cotangent bundlg* Q.

Powerful techniques have been developed for solving such equations; in particular the well-
known Hamilton—Jacobi method, where one tries to find new coordinateg q) on Q, in terms
of which the Hamilton—Jacobi equation correspondingdtcan be solved by separation of vari-
ables. If this succeeds, the mechanical system can be integrated by quadratures.

We will restrict ourselves to Euclideamspace, i.e.Q=R" andg;;=&;; . The coordinates
will be written with lower indices in this case, and regarded as a column vegtor
=(Qy,....9,)", the T denoting matrix transposition.

Consider a Newton system which does not contain tiroe velocity q explicitly,

g=M(q).

If there is a potential, the system takes the form

4= — V() V_a_(a a)T
a @ 99 1dq," aqn/
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and then the energy = 47¢+V(q) is conserved E=0). The separability theory for such time-
independent potentials in Euclidean space is highly developed. It is known that separation of the
corresponding Hamilton—Jacobi equation can only take place in so-called generalized elliptic
coordinates or some degeneration thefebiiere even exists an effective algorithm for determin-

ing whether or not a given potentisl{q), expressed in Cartesian coordinates, is separable, and if
S0, in which coordinate systetfi.

Less is known in the time-dependent case. One of the aims of this paper is to show how
certain Newton systems iR" with time-dependent potential can be integrated by viewing them as
driven systems iR", with N>n, as the following example illustrates.

Example 1:Consider the time-dependent potential

V(Xy,X2,t) = XXt (1)
and the corresponding Newton systenRift
. oV Xo
= Xy (XX~ 1)
2
. Vv X1
X2: -

(7_)(2: (XaXp—1)?"

In order to integrate this system, we introduce the following auxiliary Newton systeR?F,in
where the first equation drives the other two:

4.=0,

= €
2 (d203—09)°"

o= a2
3 (0203~ 01)°

We think of theq coordinates as partitioned intlriving coordinatesy anddriven coordinates:

LAY
qG2 | =| X1
ds X2

The particular solutiory(t)=q;(t) =t clearly gives rise to the syste(8) under the identification
X1=0,, X,=03. The Newton systeni3) in R® is what we call acofactor systentsee Sec. )|
which means that it has the form

4=—A(q) 'VW(q)= - G(aq)VW(a),

detG(q)

whereA=cof G=(detG)G ! is the cofactor matrix of a symmetric matri(q) of the form
Gij(9)=aq;q;+ Biq;+ B;di + vij -

Equivalently, 3¢ "A(q) g+ W(q) is an integral of motior(of cofactor typé for the system.

In this specific case, as is easily verified, the systéB) can be written asg
= —GVW/(detG) with
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2ql QZ q3 2 2
gz+d3
Ga=| 92 0 1], Wao=-——-.
0203—01

g3 1 O

According to the general theory to be developed in this paper, such a driven cofactor system can
be integrated using a time-dependent change of coordinates

ulz)\l(tvxllxz)y
u2: )\Z(tvxl 1X2)1

where);(q) andX,(q) are the roots of the equation d&ff)—\G)=0, with G=diag(0,1,1).

It turns out that by defining corresponding momesitands, appropriately, the equations of
motion for (u;,u,) can be put in Hamiltonian form with a time-dependseparableHamiltonian.
Consequentlyu;(t) and u,(t) can be found using a variant of the Hamilton—Jacobi method.
Changing back to old coordinates, we firg(t) andx,(t), and the problem is solved.

We will fill in the details of this example in Sec. V, after explaining the method in general.

II. QUASIPOTENTIAL NEWTON SYSTEMS OF COFACTOR TYPE

The general framework in which we are working was developed in Refs. 9, 6, and 7. It has
been extendédo cover also the case of Riemannian manifolds, but here we will restrict ourselves
to Euclidean space. We will now quote the definitions and results needed here, some of which
have already been hinted at above.

We use the shorthangl = d/Jq; . The notation coK means the cofactor matrix of a square
matrix X. If X is nonsingular, then cof= (detX)X 1.

Proposition 2: The' energy-liké function

n

1 » 1.
E(.)=5 2 Aj(@ud+Wa)=58a"A@a+Wa), @

with A(g) a symmetric iX n matrix is an integral of motion of the Newton systém & (q) in R"
if and only if
(1) The matrix entries #\(q) satisfy the cyclic conditions

aiAjk+(9jAki+(9kAij:0! i,j,k:].,...,n. (5)

[The general solution of these equations is a subspace, of dimegigiom+ 1)%(n+2), of
the vector space of symmetric matrices whose entries are polynomials of degree at most two

indq,...,0n-]
(2) The force Mq) satisfies Aq)M(q) + VW(q) =0.

Definition 3 (quasipotential system): Newton system of the form

4=—A(q) 'VW(a),

where the matrixA satisfies the cyclic condition&), is called aquasipotentialsystem. By the
proposition aboveE = 3qTAg+ W is an integral of motion for the system, and it is said to generate
the system, since the system is completely determined\(m) and W(q), and hence byE.
(Special case: iR=1 is the identity matrix, thelV is a potential for the system aiitlis the usual
energy)

Definition 4 (elliptic coordinates matrix G)A symmetric matrix of the form
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Gij(d)=aqiq;+ Big;+ Bidi+ v, 1,j=1,...n, (6)

is called arelliptic coordinates matrixUsing matrix multiplicationG(q) can be written

G(g)=aqq'+Bq"+qB +7, 7

with « a scalarg and 8 column vectors, ang a symmetric matrix.

Set briefly, the eigenvalues;(q),...,u,(q) of G(q) give the change of coordinates from
Cartesian coordinates to elliptic coordinatesi=u(q). See Ref. 6 for a more detailed explana-
tion.

Definition 5 (associated vector NTo a given elliptic coordinate matrigs we associate the
column vectoN=aq+ =3V trG.

Proposition 6: If G is an elliptic coordinates matrix, N the associated vector, and A
=cofG, then

V detG=2AN. (8)
The preceding proposition is frequently useful. It implies, for example Akatof G satisfies
(detG) g, Ajj = 2[ AN] Ai; —[AN] A —[AN]; A, 9

from which the following remarkable property of elliptic coordinates matrices follows.
Proposition 7: If 4(q) is an elliptic coordinates matrix, then(8)=cofG(q) satisfies the
cyclic conditions (5).
Corollary 8: If G(q) and G(q) are elliptic coordinates matrices, then the matrices
A©)(q),... A"Y)(q) defined by the generating function

n-1
cof(G+uB)= >, AWy (10)
k=0
all satisfy the cyclic conditions (5).

Remark 9:Note thatA(®)=cofG and A"~ V=cofG.
We will also need a proposition that does not occur in Ref. 6.
Proposition 10: With G N, and A=cofG as above,

V(NTAN)=2aAN. (11
Proof: Equation(9) implies thatZ; ;(d,A;;)N;N;=0, from which the statement follows eas-
ily. O

Definition 11 (cofactor systemf cofactor systenis a quasipotential Newton system of the
special form

G(q) 'VW(q),

1
=~ A@) YW=~ Garaia)

where A=cofG, and G is a nonsingular elliptic coordinates matrix. The integral of motion
=1q"Ag+W=13g"(cofG)g+W is said to be of cofactor type.

Definition 12 (cofactor pair systemf cofactor pair systenis a Newton system which has
two independent integrals of motion of cofactor type,

E= 1q"(cofG)g+W and E= 3q"(cofG)g+W.
Equivalently, it is a system which can be written as

g=—-A"VW=-A"1vW, (12
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whereA=cof G andA=cofG.
Theorem 13 (two implies n): A cofactor pair systeni g M(q) in R" has n integrals of
motion

E®=1TAWg+W® — k=0,...n—1, (13

where the matrices ® are given by (10) and the quasipotentials'Ware determined (up to
irrelevant additive constants) byw® =—AMM.

Remark 14Note that the original integrals of motida= E(®) andE=E(~ 1 of cofactor type
sit at either end of this “cofactor chain” of integrals.

Remark 15:t is sometimes convenient to handle the integrals of motion using a generating
function

n-1

E,=> E® k=3'Tcof(c;+ G)g+WwW (14)
I Yo
2 Eui=310 1G4

whereW,, = SRZ5WH 1k,

Remark 16:For W to be well defined byVW=—AM, the compatibility conditions
di[AM]j= ;[ AM]; have to be satisfied for allandj. This, of course, is the reason that not every
Newton systentj=M(q) has a potential/, and also that not every Newton system has a quasi-
potential W, even though by allowind\(q) #1 we enlarge the class of systems under consider-
ation.

Now, for §=M(q) to be a cofactor pair system, two sets of compatibility conditions need to
be satisfied simultaneously;[AM];=g;[AM]; and 3[AM];=,[AM];. For givenG and G,
this is a rather strong restriction dvi. In fact, according to the theorem, it is so strong that if
G[AWM];= ;[ AYM]; holds forAD=A=cofG and A" Y=A=cofG, then it must hold for
all the matricesA™.

Definition 17 (fundamental equationd)he fundamental equatiorsssociated to a pai,G)
of elliptic coordinates matrices is the following set @j (econd order linear PDEs:

n

n
0= > (Giréjs_Gjréis)&rsK+3El (GirNj+éeri_Geri_éirNj)5rK

r,s=1
+6(N;N;—N;NDK, i,j=1,...0. (15)

Here N=aqg+ 8 is the vector associated 1@, with the same parameters and 8 as in G
=aqq"+B8q"+qB"+y, and similarly forN.
Theorem 18: Let

g=—(cofG) VW= —(cofG) VW (16)

be a cofactor pair system. Then the functions=K\V/detG and K,=W/detG, while in general
different, both satisfy the fundamental equations (15) associated to thé @#®).

Conversely, if K satisfies (15) and we set\W detG, then there is a function Vguch that
(16) holds. And if we set WK detG, then there is a function W such that (16) holds (but these W
and Ware in general not the same as those in the previous sentence

Remark 19:0nce again, this is all about compatibility conditionsGif G, andW are given,
thenW is well defined by(16) if and only if

di[ (cofG)(cofG) ~tVW];=g;[ (cof G)(cof G) ~ VW],
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for alli andj. This is a system of}) second order linear PDEs fv, with coefficients depending

in a complicated way o6 andG. Substitutingk =W/detG and forming suitable linear combi-
nations of the equations simplifies this system to precisely the fundamental equaBprEhese
being completely antisymmetric with respect to coefficients with and without the tilde, the result

is the same if we go the other way around, interchanging the rol& afid W.

Remark 20:This theorem leads to a recursive procedure for explicitly constructing infinite
families of cofactor pair systems. See Ref. 6 for details.

In Ref. 6 it was shown, using the theory of bi-Hamiltonian systems, that cofactor pair systems
generically are completely integrable, but it was not clear if they admit some kind of separation of
variables. The special caggé=1 corresponds to conservative systems with an extra integral of
motion of cofactor type. Such systems are precisely those with potentials separable in the elliptic
(or paraboli¢ coordinates given by the eigenvalues@fq), so in that case we have a concrete
method of integration. Reference 8, which appeared recently, deals with separation of variables for
generic cofactor pair systems, with bahandG nonsingularand nonconstant, in generatere,

we study the very degenerate case of cofactor pair systemsGwitdiag(0,..,0,1,..,1). As we
will see in the next section, these systems admit a somewhat nonstandard integration by separation
of variables, and there is a surprising connection with time-dependent potentials.

lll. DRIVEN SYSTEMS

From now on we fix positive integera andn, and letN=m+n. Hopefully there is no risk
of confusing this integeN with the vectoN(q) associated to an elliptic coordinates maté¥q).
Let us begin by defining some notation.

Definition 21 (block notation)if X is anNXN matrix, with N=m+n, then we use arrow
subscripts to denote blocks K, as follows:

X X, mxXm mXxXn
X= with sizes . a7
X, X nxXm nxn
Similarly, if Y is a column vector irRY, then
v=[Y1) withsizes | " 18
=lv, with sizes nl- (18

So, for instance[ X - ;= Xj m+j -

We will considerdriven Newton systems ifRN, whereN=m+n. By this we mean that the
first m equations depend only on the firstvariables, so that they form a Newton systenRifi
on their own:

Q1:M1(Q1'---vqm),

Um=Mn(d1,-.-.0m),
(19
Om+1=Mmi2(d1,---OmiAme1s-- - Amen)

Unen=Mmin(d1s--OmiAms1s-- - Amen)-
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This notion is not new; for example Kossowski and Thompasse tangent bundle geometry to
study submersivesystems, which are second order ODEs on manifolds, containing a subsystem
depending on fewer variablépossibly after a change of coordinates

Here, however, our purpose is to investigate what happens when a system is at the same time
a driven system and a cofactor system. In this initial stage of investigation we have restricted
ourselves to Euclidean space and assume that the systems splits as above in Cartesian coordinates.
We hope that further research will clarify the relation between our present results and the geo-
metric picture of Refs. 5 and 2.

Definition 22 (vectors x and y): Since we will consider the time evolution oértd g
separately, we write 3 q; and x=q, to simplify the notation.

With this definition, the systeril9) can be written as

y=M;(y),
(20)
X=M (y,X).

As in example 1, ¥;,...,yy) are calleddriving variables andX;,...,x,) are calleddriven vari-
ables. The systej=M;(y) is called thedriving system, since its solutioy=y(t), when fed into
x=M (y(t),x), drives the evolution of the variables.

An important observation is that if

G=aqq'+q"+qB +y

is anNX N elliptic coordinates matrix, then

G =ayy'+ By +y(B) T+ vy,

so thatG- (y) is anmxm elliptic coordinates matrix in thg variables[Similarly for G. (x), but
we will not use that heré.

The major part of this paper is devoted to proving the following theorem.

Theorem 23(driven cofactor system3: Suppose that a driven Newton system ' Ris of
cofactor type

M (y)

B _ W
M (y.| =~ (cofG(@) (@), (21a

aq

Suppose also that G is not constant (i.e., thand 3 are not both zero), thadetG- #0, and that
there is a potential Yy,x), with y occuring parametrically, such that

Vv
(y,X). (21b

Ml(ylx): - 5

Then the driving system is a cofactor system fh Ramely, there is a function ¢y) such that

J
y=—<cofG\<y>>*1£<y>. (22

Moreover, for any given solution=yy(t) of the driving systeniy M, (y), the system

v
K=M (y(),x) == —(y(t),%), (23

given by the time-dependent potentialy¥t),x), has n (time-dependent) integrals of motion.
Under some technical assumptions, stated in definition 28, its soluipncan be found by
quadratures
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The proof is quite lengthy, so we have divided it into subsections labeled A through F. First we
show that a driven cofactor system can be viewed as a degenerate form of cofactor pair system,
with G=diag(0,..,0,1,..,1). The integrals of motion are given by a cofactor chain that terminates
prematurely. We introduce a new system of coordinates, which is given g theving Cartesian
coordinates together with theroots of the equation de®(q)—uG)=0. This is similar to defining
elliptic coordinates implicitly as the eigenvalues ®f When the integrals of motion are trans-
formed into these new coordinates, which is the most technical part of this paper, it turns out that
they take a form similar to that known from classical separability théBtgckel systemg This
suggests that the system should be solvable by separation of variables. We show that this is indeed
the case, since the equations of motion are Hamiltonian and the variables can be separated in the
time-dependent Hamilton—Jacobi equation. Perhaps surprisingly, the Hamiltonian does not involve
the potentiaM(y,x) in any direct way, but is instead given by one of the integrals of motion in the
cofactor chain, divided by the determinant @gtall expressed in new coordinates.

A. Driven cofactor systems as cofactor pair systems
Definition 24 (matrix J): Let J denote theXNN diagonal matrix
J=diag0,...,0,1,..,1), (24

with m zeros anch ones along the diagonaNE m+n).
Proposition 25: A system of the form (21) is a cofactor pair system with

G(9)=\G(q)+I=:G,(q), (25

for any \ such thatdetG, #0. Conversely, any such cofactor pair system has the form (21).
We note that sinceG is assumed nonsingular by the definition of cofactor system,

det(\G(q)+J) cannot vanish identically, so there aresuch that de@kaﬁo. The reason for taking
G=G, instead of jusG=1J is that the theorems we use about cofactor pair systems require both
G and G to be nonsingular. However, many of the results will be the same as if applying the

theorems formally withG=J directly, so we will regard such systems as cofactor pair systems
associated with the paiQ,J).

The proof of proposition 25 uses the following lemma, which follows from the algebraic
properties of an elliptic coordinates mat@

Lemma 26: If M= — (detG) 'GVW, then

N
—&jMi:rgl Gi,&,jK+3Ni(9jK (l?ﬁj),

where K(q) =W(q)/detG(q).

Proof: Proposition 6 implies that-M =GV (K detG)/detG=2KN+GVK. Differentiating
—Mi=2KNi+EL\':1Gir&rK we obtain the result immediately, since fpri we haved;G;,
= 5eri and ‘9le:0 O

Proof of proposition 258y construction, the given cofactor system

§=M(q)=—(cofG) VW= —(detG) 'GVW,

has an integral of motion of cofactor tyfie=3¢"(cof G)g+W. Now fix some constanit such

that deG, #0. Theorem 18 says that the system is a cofguéirsystem withG=G, , i.e., admits
an additional integral of motion of cofactor type

E\=34"(cofG,)a+W,,
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if and only if K=W/detG satisfies the fundamental equatida$) associated to the paiy,G, ).

The antisymmetry of the fundamental equations shows that any @aiG + J) gives rise to
the same fundamental equations as the paid}, so we simply plugs=J into the fundamental
equationg15) (with n replaced bym+n). To begin with, sincd is diagonal and constafgo that
N=0), we obtain

m+n m+n

o=; Gi,J“aij—zl Gy i 0 K+3(J;Nid;K—J;N;aK), i,j=1,...m+n. (26

Now J;; =0 or 1 asi=m andi>m, respectively. From this it is immediate th@6) is identically
satisfied ifi,j<m. Using lemma 26 to express the remaining equati@ for K in terms of
M= —(detG) 'GV(K detG) gives 0=9;M; for i=sm<j, and 0=g;M;—;M; for m<i,j.
Clearly, these equations are equivalenMaohaving the block structure

[ My(y) )
M (OI)— Ml(y.X)
and (at least locally a “partial potential”V such thatM | = — gV/Jx. O

B. Integrals of motion

Proposition 27: The system (21) has+h integrals of motion ), ... EM™ given by the
generating function

n n
1 1
E,=> EMuk= ~g"ANg+WW | k= g7 cof( G+ ud)g+ W, (27)
k=0 k=0 \2 2

for some functions W. The integral E” has the form

EM(y,y)=3y" cof G- (y)y+w(y), (28)

and is an integral of motion of the driving systérs W (y), of cofactor type in the y variables

Proof: According to theorem 13, our cofactor pair system should have a chdih=gfi+n
integrals of motion. Here, however, that number is reduced since some of them will be linearly
dependent. More specifically, for arbitraxysuch that de®, #0, theorem 13 gives us integrals
E@, ... EN" which we write using a generating function

m+n—1

1 -
Ex,= 2 EFuf=ZgTcof(G+uG)g+W, , (29
k=0 2

as in(14). By constructionf, ,=0 for all values ofu and allx such that de,#0. ButE, ,
depends polynomially o and u, since cofG+ ,ué}\) =cof(G+ u(NG+J))=cof((1+ u\)G
+ uJ)) does. HenceEA,Mz 0 identically. In particular, if we set=0 we extract the constant term
with respect ta\, which is just theE , of (27), a polynomial inu whose coefficients are integrals
of motion.

The reason wh¥ , is only of degreen (instead ofm+n—1) is that the matrixJ has so few
nonzero elements that the expansion of €f(uJ) in powers ofu terminates “prematurely{the
details in this expansion are explained below, after the proof
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cof(G+ ud)=cofG
AD —(cof G- )G
—((cofG- )G )T (detG- )l nxn

n

et Iz

(cofG\ Omxn

On><m On><n
n
= > AWk (30)
k=0

All the coefficients in the generating functidg, , in (29) are linear combinations of these
+1 basic integral€©, ... E( so even though one can obtain a seemingly longer ofveith
N=m-+n integralg by takingA # 0, it would not contain any essentially new integrals of motion.
(Note also that the polynomidt, is what we would have obtained by applying theorem 13
formally with the singular matrixG=J instead ofG, .)

The integralE(™ has the form

COfG’\(y) 0m><n

On><m On><n

y

E(”)=%(YT XT)( ():()JrW(“)(y,X):;VTCOfG\(Y)SHW(Y), (31

where clearlyw(™=w(y) cannot depend oxif E( is to be an integral of motion. Consequently,
E(M(y,y) must be an integral of motion of the driving syst§m M 1(y), and itis of cofactor type
in they variables. O

In (30) we have written out some blocks in the matrie€8 ) and A" for future reference
(in the proof of proposition 36 These can be found either by analyzing the cofactor expansion
directly or by writing the identity

(G+ ud)cof(G+ ud)=de( G+ ud) yxn
as
JAM 14 (JAND L GAM) M- = (0" 1+ (detG ) "+ ...) I uxn

and identifying coefficients block-wise at"** andx", using that the matricea) are symmet-
ric. The bIockA(\”_l) does not enter into this identity until at the powet *, and depends 06
in a more complicated way. Fortunately, the only information alﬁd{]fl) that we will need is
that A("~1) satisfies the cyclic condition) which connect derivatives oﬁ(\”’l) to derivatives of
the other blocks, which are known explicitly.

We have now completed the proof of the first statement of theorem 23, namely, that the
driving system is a cofactor system in thevariables.

Moreover, for any given solutiony=y(t) of the driving system, we can consider
E©, ... E" D as functions of X,x,t), and these constitute time-dependent integrals of motion
of the driven systeni23) given by the time-dependent potenfifly(t),x). These are the integrals
referred to at the end of theorem 23.

C. Separation coordinates

Our remaining taskwhich is much more complicateds to show how to integrate the driven
systemx= — (dV/dx) (y(t),x), given a solutiory(t) of the driving systenyy=M(y). This will
be accomplished using a change of variablgsX— (v,u) on R™"" defined as follows:

Definition 28 (variables u and v, roots): Let vi=y; for i=1,...m. Let y=\;(y,x) for j
=1,...n, where\,...,\, are the roots of the th degree polynomial equation

dei(G(y,x)—N J)=0. (32
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(We assume that this really defines a coordinate system. This requires, to begin with, that all the
roots \; are nonconstant as functions g@f Moreover, the gradients of the and u; must be
linearly independent. Because of lemma 31 below, this holds at least in a neighborhood of any
point where all\;(q) are distinct)

Definition 29 [polynomial Ug)]. Let

U(u)=(uy—m) (U= ) +(Up— ). (33

It follows from the definition of theu, as roots of the polynomial d&( wJ), which has the
leading term ¢ u)" detG-_, that

de(G— pud)=U(u)detG- . (34)

Our aim is to express the integrals of motigf”,....E(™ in terms of the new coordinates
andu, and likewise for the equations of motion for the sys{afthough for that purpose we view
x—u=2\(y(t),x), wherey(t) is a given solution of the driving system, as a time-dependent
change of variables ifR"; more about that latér The remainder of this subsection contains
technical preparations for these tasks.

Definition 30 (matrix¥): Let ¥ denote theN X N matrix of partial derivatives o andu with
respect toy andx, arranged so that the columns‘¥fare the gradients af andu with respect to

q=0):
V=(Vvy Vo, Vupy--Vuy)=(e;--en VA V\,), (35
whereeg, is the column vector with 1 in positionand O elsewhergln the block notation of17),

\P\: I mxm and‘l’/=0n><m]
With this definition we have

v\ . [V
(U =r'q, q det\P(COf\P )(U), (36)
and also
al gy al dv
V=1 a1ax) =Y\ s1au)- (37)

(Note thatd/ 9y + dl dv even thoughy=v, hence the need for the different names.
The following lemma will give us information about the lasttolumns in the matrix¥ (or,
equivalently, about the block¥ ~ and ¥ ).

Lemma 31 (eigenvalues and eigenvectors): L&g)Gand G(q) be elliptic coordinates matri-

ces. IfA=X\(q) is a simple root ofletG—AG)=0, then VA (q) is the corresponding “eigenvec-
tor:”

(G(q)=Ma)G(a) VA (q)=0. (38)
If A\, and A, are two different such roots, then
(VA1)TGVA,=0. (39
Proof: Let G,=G—rG andp(r)=detG,. For eachr, G, is an elliptic coordinates matrix,

with associated vectdd, =N—rN, whereN=aq+ 8 andN=aq+ 3. If we apply proposition 6
to G, we getVp(r)=2(cofG,) N,. Now compute the gradient gf(A(q))=0:

0=(Vp) (\(@)+p"(\(@)) VA(@)=2 cof G-\ (q) G) (N=\(q) N)+p’(\(q)) VMQ)-(4O)
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Multiplying this by G—\(q)G vyields, since deG—\(g)G)=0 by definition ofx,

0=p’(A(Q)) (G—N\(q)G)VA(Q).

But p’ (N (qg))#0 since\(q) is assumed to be a simple root pf The first statement follows.
The second statement comes from the simple observation ti&Xjf=\,;GX,; and GX,
=\,GX,, then, sinceG andG are symmetric,

0=(GXy) ™Xz= X{(GXz) = (A1 = A2)X{GX,.

O
Lemma 31, withG=J, says that
GVu,=uJVuy, (41
and thatVuy,...,Vu, (which are the lash columns ofWV) are “J-orthogonal,”
(VupTI (Vup =0, if j#k. (42)

Thus, the columnsYu;), of the lower rightnxn block ¥._in ¥ are orthogonal irR" in the
ordinary Euclidean sense, with squared lengths...,A,,, where

A=((Vu) )T(Vuy) = ;1 (Vhsins0? (43

Consequently, since the firgt columns inW are justeq,...,e,, the interpretation of amxn
determinant as a volume R" shows that

(detW)2=A A, A, (44)

It also follows that, withA =diag@1,...,A,) andiU/=diagUy,...U,),

\IITJ \If— 0m><m 0m>< n) (45)
Onxm A
and
G Omxn
vG¥= . 46
Onxm UA (48)

D. Integrals of motion in separation coordinates

Now we will transform the integrals of motioB(®),....E™ given by (27) to the new coor-
dinates ¢,u).

Kinetic part: We begin with the “kinetic” partq” cof(G+ xJ)q. Write G,=G+ud for
simplicity. Equation(36) gives

q'(cofG,)g= _21 0" uNcof( PTG \If)(l:))
m (detW) w20l
Equations(45) and (46) show that

VG,V =

G\ Omxn)
Onxm  UA '
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where
U,=U+ plyxp=diagu;+u,....up+u). (47
This, together with44), gives
@ZCO“\PTG“\P): detzf):z:fe\ (detG\O)rZan cofid, )’
Sandwiching this betweerv{ u') and (ﬁ) we finally obtain
' (cofG,)g=(detld,)v"(cof G~ )v + (detG- )u' (A~ *coftd,,) U. (48

Note that det/,, = IT°(u; + w) is the generating function for the elementary symmetric polynomials
in the n variables{u,,...,u,}, while thekth entry in the diagonal matrix céf, generates the
elementary symmetric polynomials in time-1 variables{u,...,u,}\{uy}.

Structure of A,: Next we prove a statement about haw, defined by(43), depends o
andv. This result is important for showing separability later.

Proposition 32: The quantitied,,...,A,, satisfy

Ay(u,v) U'(updetG~ (v)="f(uy), k=1,..n, (49

where each of the functions f..,f, depends on one variable only, as indicated. [But(ll,),
which is just the derivative of (k) =1I(u;— «) evaluated aju=u,, depends on all the variables
uj .

Proof: Recall thatA=diag(A1,...An)=(\If\)T‘If\, by (45). Since the column¥ u, make up
the blocks¥ . and¥. , the “upper part” of (41) shows that

Recall from(34) that

de(G—uJd)=U(u)detG =detG~_ (—,u)n+(—,u)nl(2 ui) +)

By proposition 6,
V de(G—ud)=2cof(G—ud) N=2((— u)"AMW+ (= )" A" Dp.. )N,

(Note thatN is the vector associated ®— uJ as well as toG, sinceld is constan). Hence, in
particular,

2A<”1>N=V((dete\)§) u
Now, (V detG- ),=0 sinceG~_depends only on thg variables, and consequently
2 (A"IN) = (detG~ ) >, (Vuj),=(detG- )W 1,,

where 1, eR" is the column vector with all ones. If we use what we know fr(80) about the
block structure oA"Y and divide by deG-_, this takes the form

-GG A\T
2( N /) N=W. 1,. (51)

|n><n
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Combining(50) and (the transpose 9f51), we find

-1
LAY

N4
ZNT(«pﬁ:ZNT )=<‘P\1n)T‘P\=11A=(A1 Ay Ay).

In other words,
A=2N"Vu,, k=1,..n. (52

As a special case d#0), with G=J, N=0, p(u)=detG—uJ)=U(u)detG. , and\=u,, we
have

U’ (uy) (detG< )Vu,=—2cof( G—uJ) N, (53
which, because of52), when multiplied from the left by AT yields
U’ (uy) (detG< ) Ay=—4NTcof(G-uJ) N, (54)

The left-hand side here is what we claim dependsiponly, and we will prove this by showing

that the gradient of the right hand side is proportiond&Vtg, . [Clearly, a functiorf (v,u) depends

on uy alone iff (9f/du,) Vuy is the only contribution when computifgf with the chain rulg,
Proposition 10, applied t&— xJ (which has the sama andN asG), shows that

V(NTcof(G— uJd) N)=2 acof(G— uJ) N.

Hence, by the chain rule,
T cof = f d Nt f
V(N' cof(G—uJ)N)=2 a cof(G—u,J) N+ E[N cof(G—ud) N]M:ukVuk.

It is manifest that the second term is proportionaMo,, and so is in fact also the first term,
because 0f53). This finishes the proof of proposition 32. O
Remark 33in all the examples we have computed, it turns out th@;) = f(q;) for a single
function f, but we have no proof that this is always true. In any case, it is not needed for proving
separability here.
Solution of the fundamental equations:We previously(in the proof of proposition 25
investigated the fundamental equations associated to the Gal) :(

0= ™M o i=m<i (55)
=— for ism<j,
0= MM o m<i ] (56)
=——— for m<i,j,
Jaq;  dq; :
where
G V(K detG)

detG

is the right-hand side in the cofactor pair systémM(q) generated byE(®=14T(cofG)q
+K detG.

Proposition 34: In terms of the separations coordinatesu), the general solution of the
fundamental equations(55) and (56) is
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K(v,u)=

1 " g(u)/ug
detG\(v)(W(v)+|<21 U’ (uy) ) 57

where g(u,),...,g9,(u,) are arbitrary functions of one variable, and’(u}) is as in proposition

32
Proof: Recall from(37) that

v= (7=l

while (34) shows that deB=u;...u,detG- (v). Hence,

G. O ( Uy Uy d, (K detG- )
G/ ‘lf\u (detG\)au(ul'“unK)
Up...Uu,detG-

G d,(K detG- )
detG~_

d,(K detG)
dy(K detG)

—M=G\If( )/detG=

dy, (UK
G d,(K detG. ) 0, (42K

detG~_

9y, (UgK)
whereGW was computed usingd1). Equation(55) says that the upper part

G d,(K detG- )

M= - detG-_

depends only on thg (or v) variables, which happens if and only if
K detG< =w(v)+F(u).

The functionw(y) here is the same as in theorem 23, since the driving sygteM, is generated
by EM=3yT(cof G- )y +w(y).

The functionF(u) is then determined b{56), which obviously is only interesting if#j. In
this case, if we set=m+k andj=m+1, the first term in

dy. (U1K)
[G/]rowk&u(KdetG\) .

Mi:Mm+k:_ detG\ _[\P\]row k

aun(unK)

does not depend og;=x,, since rowk of G, depends orx, andy only. Then, since by the
definition of &

du; du, aun>

' = — —Z...
[ \]rowk (o"Xk 5Xk 07Xk’

we find
dy. (U1K
M __ 0 s E s (U)o o o
f:_ v u Nodrow koo :
dq; IX| $=1 8xk X IXk X, 3un(UnK)
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In the second term we substitute= (w(v) + F(u))/detG- (v) and plug what we have int®6).
The first term cancels out in the subtraction, leaving

dy (UF dy. (U F
_t?Mi an_ 1 ul(.l ) P ul(.l )

“9q, 99, detG. [V lrow G, [V _Jrow 1 e

34, (UnF) 3y (UnF)

Now, sinced,=W+ d,, this shows that

OZ[W\]row | Q [‘I’l]column k_[\l,\]row kQ [\I’T\]column I

where() (temporarily denotes thenrx n matrix with entries() = auaaub(ubF). In other words,
0=V (Q-QN¥ , or, finally

2

&uaaub((ua_ub)F(u))ZO, a,b=1,..n. (59)

This equation occurs in classical separability theory in connection with separation in elliptic and

parabolic coordinates. It is known to have the general solution

n

Fi(ug)

F(U)=k21 R —
IT (ue—uy)
j=1

j#k

with arbitrary functionsF4(u,),...,F,(u,) depending on one variable eatee Lemma 1 and

Lemma 2 in Ref. 3 Hence, we have the general solution

Fr(uy)
Kv,u)= —<——|wo)+ 2 =—F—|. 59
(0= Gt o7 | " F % T w1 9
For our purposes, it turns out to be most convenient to write this in the 67n ]

Potential part: It remains to investigate the form of the “potential” paM€®,... W™ in the
(v,u) coordinates.

Proposition 35: The functions #,... W("~1 take the following form when expressed in the
(v,u) coordinates:

n—a—l(uk) gk(uk)
U’ (uy) ’

WO (0,0) = o) w(v) + 3 z (60

where o,(u) denotes the elementary symmetric polynomial of degree b in the n variables
{uq,...,u,}, and o(0,) denotes the elementary symmetric polynomial of degree b in the n
variables {uq,...,u,}\{u,}. As above g;(u,),...,g,(u,) are functions of one variable, and
U’(uy) is as in proposition 32

In particular, the function W depends on the coordinates only:

W =w(v). (61)
Proof: We have seen that/(™W=w(y) depends only ory in the original coordinates, hence

alsoW™=w(v). We also know thak = W(%)/detG is a solution of the fundamental equations, so
according to(57)
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. - 1(Uy) Gi(Uy)

detG(v,u) " gr(u)/ug
—<W(U)+2 —) u W(v)+21 U’ (uy)

(0) =
WRW= et ) & Uy
(62)

With M determined bywW(®, the remainingW® are determinedup to irrelevant additive
constants by the relationVW® = —A®M, or

n

n
vwﬂ=a20 VW@ 2= —( > A@ 2

a=0

G
M =cof(G+ uJ) mvw@.

We multiply by (detG)¥(G+ wJ) from the left and us€37), (45), and(46) to obtain the equiva-
lent condition

detc)| 0 IW) v uny| S0 ° (a”W(O))
( 0 (ut+uhalaw, | TICTHI G W)
It is a tedious but fairly straightforward calculation, which we omit, to verify that this is satisfied
by
n n n g (u )
k\ Yk
W, = i+ + i+ e
p (Hl (Ui ) | W)+ 2, (JHl ©F ) | Gty
j#k
from which W(® can be read off as the coefficient af. O

Summary: We have now determined the form of the integrals of motion in separation coor-
dinates {,u). We have seen that

EM=30T(cof G~ (v))0+W(v) (63)

depends only om, while the form ofE(®,... E("1) is obtained from(48) and (60):

n
. gk(U)
E(a)za'n,a(U) E(n)+k21 On_a_1(0y) (detG\) A Tk)) (64)
If we let s,=u0,/A, and use proposition 32, we can write this as
. (Uy)
(@) — Q) In-a-1 k&
EW= 0y o(u) EM+ X —rs (2 () sk+gk<uk>) (65
Note in particular that
" U S gi(uy)
=] 1 U’ (uy)

E. The equations of motion are Hamiltonian

Given some solutiony=y(t) [or v=v(t)] of the driving system, we now consider
=u(y(t),x) as a time-dependent change of variableRTnWe want to express the driven system
%= — (aV/ax) (y(t),x) in terms of theu variables. Note that sindé™ is an integral of motion
for the driving system, it can from now on be treated as simply a constant, the value of which is
determined by which solutiogp(t) is taken.

Proposition 36: The equations of motion for the u variables can be put into canonical Hamil-
tonian form
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o dh .
u—g(u,s, ),

. dh
S= %(ulslt)l
with momenta g,...,s, defined by
e (67)
S —_—
k Ak
(A; as in proposition 32 and with the time-dependent Hamiltonian
1 : 5 flug) sﬁ+gk<uk>)
h(u,s,t)= —=—— ug | EM+ ( . 68
(us.t) detG-_(y(t)) ( ( = g‘l U’ (uy) (69

Proof: First we see fron{66) thath is simply E(”‘l)/detG\, expressed in terms of, s, and
t. Now, with p=X the systenk= — (dV/dx) (y(t),X) has a canonical Hamiltonian formulation

. JH
X—E(x,p,t),

L oH
p_ - W(X!pvt)i

whereH(x,p,t)=2p"p+V(y(t),x). Consider the extended phase spR2&"! with coordinates

(x,p,t). With T=t, the variables ({,s, T) constitute a different coordinate system on this space.

The vector field in extended phase space that corresponds to the canonical phase flow is encoded
in the 1-formp" dx—H dt (by spanning the kernel of its exterior derivativé follows that the
equations of motion are canonical in the new coordinates, with Hamiltdni#rthe two 1-forms,

p'dx—Hdt and s'du—hdT,

have the same exterior derivatiyeee Sec. 45 in Ref.)1Here we viewdx anddu as column
vectors of 1-formglx; anddy; , in order to be consistent with our previous matrix notation. Since
here we havel T=dt, the proof amounts to showing that

d(p"dx—s"du+(h—H) dt)=0. (69

The computations will be performed in the,p,t) coordinates, and whenever we wrigewe
mean the given functiog(t). Note also that sinc&~_depends only on thg variables, it too will
be a function oft only. In particular, deG-_is a function oft only.

We need to express’ du and h in terms of the %,p,t) coordinates. Recall that by the
definition 30 of the matrix}’ we have

AN
Since
m n
Ju
du,= —Vy, dt —dx
[ kzl &ykyk Z P k
we obtain
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du= (V¥ )Ty dt+(¥. )" dx,
that is,
u=(¥ )'y+(¥. ).
If we transpose and multiply from the right hyflzdiag(Alzl), we get
sT=y"W A t+pTw AL
Now we define aimXx n matrix = by
E=v (V)L (70
SinceA= (V. )W, it follows that
Vv ATY Y )T=ET,
VAT )T=EET
Consequently,
sTdu=pTdx+(y'E ETy+y Ep)dt+y'E dx. (71

Furthermore(50) shows thatG .= — G- _E, so that the expression for the bIoA@’l) from
(30) can be written as

Al"Y=—(cofG- )G = (detG- ) E. (72

Hence, since fronf30) we also haveA"~ Y= (detG- )I, we find the following expression fdr:

AU 1

. - %yTA({—l)y_’_W(n—l)
 detG._ detG~_

detG~_

1. Y _ 1 e
(E(yT pHAM 1)(p>+W(” 1))=Epr+yT:p+

(73
So far we have

%yTA(\nfl)y_i_W(nfl)
detG~_

pde—sTdqu(h—H)dt:( -V—y'= ETy>dt—yTE dx,

and the exterior derivative of this is zero iff

) J .
Y|+ —=(ETy)=0.

~V-y'EE o

J %yTA(\n_l)Y'i'W(n_l)
ax detG-_

Now (d/dt) (ETy)= (d2T/at)y+ETY, and fromg=—[A D]y w1 it follows that

own=1 Vv oV
— _1rAaN=1)x7 — _ (A(M=1I1Ty (n=1)_" " _ =Ty
ax [A al, (A )y +AL ax (dEtG\)( =yt )
so it remains to show that
1y Ta(N=1)¢ =T
SIYAN Yz a4 o
ax\ detG< - at
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To simplify the notation for this final computation, write
detG. =D, A" Y=(a;), and A0 Y=(b;).

Then (bj;)=—(cofG« )G ,=DE, by (72). In this notation, what we must show is

1 .. O dbyby) &9 by
35,2, ax T 57,2 &, It at( )y. 0. (74

To begin with, sincés-_is independent ok andG - is linear inx, we see thabj; is linear inx.
More precisely, since

MG Ny _ 0Geme;_

N
IX Im+k e

applying proposition 6 witly instead ofq gives

abjj _ zm: ‘G SN =8 N S 9D
19_)(k_ “ [co \]ir( ik )= jk[(CO \) T]i_ 2 oy
Furthermore,
m m
J a (b
2 (9_<_) -—izl ﬁ_)/j(ﬁ)ylyj

Finally, sinceA(" 1) satisfies the cyclic conditions,

-1 -1 -1
é’aij B 07A|(Jn ): B &A}T‘er?(_ &Agﬁrk'? _ (9ka B (Qbik

IXe  Wmek aq; a4 ay, ay;’

Plugging all this into(74), it is easy to verify that everything cancels out, which completes the
proof. O

F. Separation of the time-dependent Hamilton—Jacobi equation

The time-dependent Hamilton—Jacobi equation corresponding to the Hamiltofigst) of
proposition 36 is

h oF t +&F—0 75
U'E’ TS (79

A complete solutiorF(u,a,t) can be obtained by separation of variables, as we will now show.
We number the parameteds, . ..,a,_ 1 Since they will in fact be just the values of the integrals of
motion E©, ... E"™1, as will be clear by comparin(78) below with (65).

To begin with, since the time variabteappears irK only in the overall multiplicative factor
1/(detG. ), it can be separated off by assuming a solutionFaof the form

1
F(u,a,w:sw,a)—anlfmd‘

With the explicit expression fan from proposition 36 we get the following equation f8fu, «):

(76)

n

EM+ 2

(77

3 fi(uy) ((93/1“7Uk)2+9k(uk)) B
U’ (uy) -1

3
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In order to find a complete solution, depending on all the parametersve will use Stakel's
method. Consider the equations

n 2

On-a-1(Uy) (l ( aS
“ U,(Uk) Efk(uk) (9_

+gk(uk)):aa_0n—a(u)E(n)v (78

wherea=0,...n—1. If we can find a solution of this system, it will be a complete solution of
(77), since it will depend on all; . [Of course it will solve(77) which is just the last equation of
the system, corresponding é=n—1.]

Now (78) is a linear system of equations for the expression in parentheses, and the matrix of
coefficients is the inverse of a Btel matrix (similar to the one occuring when separating in
elliptic or parabolic coordinateésin fact, the matrix can be inverted using known properties of
symmetric polynomials, resulting in

1 9S\?
Efk(uk)(m Tok(u=—P(—uy, k=1...n, (79)

where the polynomiaP is given by
P(2)=ag+ ayz+- -+ ay_ 2" *+EMZ", (80)

It is now clear that the additive Ansatz
S(u,@)=S;(uqy,a)+...+S,(u,,a)

yields a separated solution, provided that each funcHpsatisfies the separation ODE

dsx) — k(U —P(—uy)
(dUk B fi(uy) (@)
Consequently,
gk(Uy) +P(=uy) 1
F(u,a,t)= f \/ k(Uk) duk—an_lf Wdt (82

is a complete solution, and in the usual way it generates a canonical transformation to variables
(B,@), whereB;=dF/da; . These new variables will be constant during the motion, with values
determined by the initial condition. One can tHahleast in principlgsolve foru=u(g, «,t), and
hencex=x(B,a,t). This finishes the proof of theorem 23.

IV. THE CASE OF ONE DRIVEN EQUATION

The case when only the last equation is driven by the other ones is easier to handle, since it
does not require the Hamilton—Jacobi method, as we shall soon see. Specializing our previous
results to this case by settimg=1, we find the following. If a system of the form

y].: Ml(yla---me),

(83
- Mm(yly---aym),

. Vv
X== W(ylv"'iym;x)
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has an integral of motioE(®) of cofactor type, then it must have an extra integral of motion
EM=1yT cof G« (y)y+w(y) depending only on the variablgs We change to new coordinates
(v1,..-2vm,uU), wherev=y andu is the zero of the first degree polynomial d&t{\J). HereJ
=diag(0,..,0,1), so dee—\J)=detG—\ detG. , hence

_ detG(y,x)
"7 detG (y)

In the new variablesE™) remains unchange@With v instead ofy), while E© takes the form
given by (64),

EO@=yg®+ % detG- (v)

u?+g(u),

where, according t¢43) and proposition 32,

Ae gu\?  f(u)
“\ax)  detG (v)
for some functionf(u). Hence,
1 (detG 2
E(°)=uE(1)+—&'u2+g(u). (84)

2 f(u)

Now, for a given solutiorv (t) =y(t) of the driving system, we write this as

du\?
(detG\(v(t) H) =2 f(u)(E@—uE®—g(u)),

or

du B dt
V2 (U (EO—uE@—g(u)) detG (v(t))’

which can be integrated by quadrature, sincandt are separated.

This procedure can be applied recursively to “triangular” systems, as in the following propo-
sition. Note that for an arbitrary triangular system all we can do in general is to solve the first
equation forg,(t). It is quite surprising that the existence of an integral of motion of cofactor type
is enough to allow us to solve the system completely.

Proposition 37 (triangular cofactor systems): Suppose that the “triangular” Newton system

41=M1(94),
G2=M2(d1,02),

§3=M3(d;1,92,03), (85)

gn=Mn(d1,92,93,---,0N),

is of cofactor type. Suppose also that no upper leftkkblock in G is constant or singulatk
=1,...N—1). Then the system can be integrated by quadratures

Downloaded 26 Apr 2003 to 128.233.10.21. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jmp/jmpcr.jsp



6188 J. Math. Phys., Vol. 43, No. 12, December 2002 H. Lundmark and S. Rauch-Wojciechowski

Proof: The whole system is of the type considered ab@rmven, withn=1), so it can be
integrated provided that the driving system, consisting ofNkel first equations, can be inte-
grated. By what we said above, the driving system must have an integral of motion of cofactor
type, so it is itself a triangular cofactor system, of one dimension less. Since the first equation can
be integratedbeing one dimensionglthe statement follows by induction. |

In each step of the integration procedure one new variable, is introduced. Denoting the
determinant of the upper lekxk block in G by Dy(qy,...,0x), we can write the separation
variables (14,...,uy) as

D;

—, i=2,...N.
Di—1

u;=qg; and u;=

V. EXAMPLES
Example 38 (example 1 continuedlye can now fill in the missing details in our first example.
We had
0
M(g)=——1| 1
(D= (g5 a7 a
2
With
201 02 O3 0 00
G(q)=| 92 0 1], J={0 1 0],
g; 1 0 0 1
we find fromA ,=cof(G+ uJ) that
-1 ds a2
A@=cofG=| 93  —05  x0s—20 |,
0z 9293—29;  —0j
0 -0, —03 1 0 O
AD=| -g, 29, 0 |, A®=[0 0 O
-0z O 201 0O 0 O
The relationVW® = — AKM then yields
2 2
wo—_ %2t ey 20 ey

02030z’ 020303’

We introduce new variables (U, ,u,), wherev=q; andu, , are the roots of
0=de(G—ud)=2(0s—dy) +(a3+03)u+(2qy)u’

With (y,x;,X,) instead of (1;,9,,93), we see thati;+u,=— (x2+x5)/2y and u U, =2 (XX,
—Vy)/2y, so that
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2
(X1+X2 —u(1-up)(1-uy),

V2

(86)

X1—X 2
( l‘/z 2) :_U(1+U1)(1+U2).

Except for the factop, the new variablesy; ,u,) are elliptic coordinates aligned along axes that
are rotatedn/4 relative to the Cartesian coordinates (x,). With u;<—1<u,<1, the coordi-
nate curves are ellipséfor u;) and hyperbolagfor u,). The exampl€2) is obtained by taking the
particular solutiorny(t)=uv(t)=q,(t)=t of the driving equatiorg; =0, and in this case we get a
factort with the effect of expanding the entire coordinate web as time increases, so these coor-
dinates might be called “expanding elliptic coordinates.”

We can expressu,U,) in terms of {/,x4,X,) as

-1
U= (0G0 +G)* ~ 16y (XX~ ),

and then a straightforward computation gives the quantities

_(&—u1,2.>2+(a—u1'2) = X2+ X2+ (X4 X5~ Byxaxa
127 | Tox, o | 2y T T x2)2— 16y (XaXo—Y)

With U(u)=(u;—u)(u;—u) we find that (deG<)U’(up)A;=2y(u;—Uu)A;=4(1— ul) and
(detG- U’ (ux)Apr=2y(u—u)A=4(1— uz) depend only on one variable, as predicted by Proposi-
tion 32. So in this case we hafg="f,=f, wheref(u)=4(1—u?).

The functionsW(®, expressed in the new variables, take the form

u+u —2/u —2lu
W(O): 1 2 2 1 +U1 : 2 ,
Uy Uy U'(uy) U’(uy)
W= 2 -2y —2u,

= ! + ! L)
usu,  U'(ug)  U'(uyp)
W@ =0,

in accordance with proposition 35.
We can now write down the integrals of moti@ = 3g"A®Wg+W®X in terms of the vari-
ables ¢,uq,u,). With s;=0;/A;, we find

2

U
@Y
EY=7
2 2
S S 2
41— =- = a1-u)2- =
EM=(u;+u,) E@+ 2 2
U'(uy) U'(up)
2 2
S 2 S
41— =- = 4w 2-=
E@=u,u,E@+u 2 =y 2 U
W= ) SIVITTS

The new Hamiltonian isi=E®/detG- (v(t)), or, with v (t)=t,
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2 2

21— 22 qa-py 22
h(u st):i Uituz s My B R
" 2t 2 U’'(uy) U’ (uyp)

The time-dependent Hamilton—Jacobi equatiofu,dF/Ju,t) +JF/9t=0 admits a separated
complete solution of the form

ay
F(up,Up,ap,a,,1)=S,(Ug,aq,a1)+S,(Up,aq, 1) — 7In|t|,

whereS; andS, satisfy the separation equations

2 us
1/ds, 2 u—l—ao-l-alul—?
E(d_ul> T aa-u)

2 u3
1/dS,\2 u_z_ao+aluz_7
2 d_Uz) IR

From B,,= dF/da, we finally obtain

up X uz X 1
Ba(ug,Up tiag,ar)= | Spdx+ ﬁdx_flnm'

u —1

u —1
Bo(ul,uz,t,ao,al)zf ﬁdX‘FJ ﬁdx,

where

2 x?
R(X,al,az): 2(1_X2) ;—ao-i-alX—E .

This gives the solutiom (3, a,t) in implicit form.

Example 39 (a triangular systemfn interesting example of a triangular cofactor system
appears when applying the recursive method for constructing cofactor pair systems given in Ref.
6 to the matrices

0o -1 o 0 0 1
G=|-1 0 qg,|, G=[(0 1 0
dp d2 203 1 00

Starting withW(@=W®=0 andW() = —1, one obtains after four steps the system
g1=—40qs,
(2=607—4d3, (87)

3= — 1003+ 129,0,— 4qs,
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which is a cofactor pair system with respect to the given matr@eand G. Since the third
equation is driven by the first two, the system is also a cofactor pair system with res@einis
J=diag(0,0,1). In fact, the most general mat@xfor which the system has an integral of motion
of the form 3q"(cof G)q+W(q) is

0o -1 q 0 0 1 0 0O 0 0 O
cil =1 0 gz |+cy[ 0 1 0O)+¢c5/ 0 O 1]+4¢,/ 0 O Of,
i 0J. 203 1 00 0O 1 0 0 0 1

so it might be called a “cofactor quadruple systerfiThe third matrix comes from the fact that
there is a functiotJ (q) such thatM,=d;U andM ;= d,U.] Anyway, we know from Sec. IV that
the driving system is a cofactor system with respect to

G:
“Nl-1 00

ool

Since this matrix is constant, we cannot use it for integrating the driving system, but it so happens
that the driving system is a cofactor system with respect to any matrix of the form

-1 q 0 1 0 0
cy +c, o 1l

q: 209, 10
So, forgetting abou(87) for the moment, we consider the two-dimensional driving system

) —4q; gVvw
q:

605—4d,) detg’ (©8)

+C3

where now
-1 q;
g=<ql 2q2)' w= 301+ 2070,~ 203

[In this example, we use lowercase letters for quantities referring to the two-dimensional system
(88).] In the new variables =q; anduzdetg/detg\:q§+2qa we have the integrals of motion

eM=3g7+2q7= 302+ 20v?

from the first equation, an¢hfter a short calculation

1 u?  u?
O="qT ' —ye—- —_—_
e 2q (cofg)gq+w(q)=ue 8 2

The functionov (t) = q4(t) is just a harmonic oscillation, whose amplitude determines the numeri-
cal value ofe™) (or the other way around

e 1
gq(t)= \ITSin 2(t—ty). (89

The value ofe(®) is determined by the initial conditions fay; andg,. Thenu(t), and hence
qo(t) = (u(t) —v(t)®/2, can be found from the separable ODE

du \/ u?
N (1) —_ _ a(0)
at 8(ue 5 e )
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This gives
u(t)=(e®)2—2e@ sin 2t —t,) + e,
so that
do(t) = 2 (V(eD)Z=2e@ sin 2(t—t,) + ed)(1— Lsir? 2(t—t,))). (90)
Having foundq(t) andg,(t), we return to the three-dimensional systés):
) S GVW
gq= 6(:]1_4'(:]2 =— M’
— 1003+ 120,09, 4q3
where
O -1 o
G=| -1 0 g |, W=6qiq5—4q7d,+4010,05:— 205~ 4030s.
d: J2 203

Here we take new variables =q;, v,=0Q,, andu=detG/detG. =2(q,0,10ds). The integrals of
motion turn out to be

1 0 -1
E(1)=§chof(_l 0 v+4vv,— 203
and
1 u?  u?
@®="gT . —yE@M - —_—_
E 2q(c:ofG)qﬂLW(q) uE s 2

so the equation fou(t) can again be separatéid exactly the same way as abgvAfter finding
u(t), we finally obtaings(t) =u(t)/2—q(t)q,(t), that is

qa(t) =3 (VED—2E@ sin 2(t—t5) + EM) — gy(1) qa(t). (9

By inserting the expressions far;(t) and qg,(t) into the expression foE") we find that it
depends on the previous integration constafts e, t;, t, through the equation

EM=2eM e —-2e® cos At,—t;).

On the other handE(®) andt; are independent of the previous integration constants.
Example 40 (construction of driven systenfS)ven a cofactor system

Jd
y:wy):—(cofg(y))*laij(y),

how can it be extended to a driven system

..:( M (y)
Ml(yix)

W
=—(cofG(q)) 1E(Q)

of the type considered in this paper? First of all, the restriction that the elliptic coordinates matrix
G(q) must haveg(y) =G~ (y) as its upper left block fixes, B, andy~_. The remaining entries
of B and y can be chosen at willas long asG is nonsingular. Then we want to find some
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extensionM | of the right-hand side which is compatible with the chosen magik.e., so that
W(q) existd. In separation coordinates, this amounts to specifying the functiphs,) in the
corresponding solution of the fundamental equati(preposition 34, the functionw(v)=w(y)
already being determined by the driving system. One can find a family of posibile Cartesian
coordinates directly by using the recursion formula from Ref. 6. As it stands, this formula requires
G to be nonsingular, but taking=J can be justified like in the proof of proposition Zlowever,

it only makes sense in the “downwards” recursion formub/e then find that if a driven system

has integrals of motion given by the generating functign= %qTAMq+Wﬂ as in(27), then we
obtain another driven system with integrals of mot&ﬁﬁA”QJr U, by setting

_L[detG+rd) )

= ~W,,|. (92)

n\  detG ~

It is clear thatU , is a polynomial inu of degreen—1, notn, which means that the new system
(and any system obtained by iterating this progéssdriven in the trivial way {=0). They
correspond to solution&7) of the fundamental equations witia(y) =0. Adding

de(G+ J)

detG~_ w(y)

to U, gives a system with any(y) desired.
As an example, consider the two-dimensional Garnier potenlial(q§+ qg)Z—(Mqi
+)\2q§). We will demonstrate how to fin@ and M5 such that the system

g1=—091V(d1,92),
G2=—3,V(d1,02), (93

43=M3(d1,92,03)

is of cofactor typef= — (G/detG) VW. With G\=((1)‘]’), corresponding tav=V, we havea
=B1=pB,=0, so we choose, for examplB8z=1 and extendy with zeros to get

1 0 o
G=(0 1 q
g1 Oz 2qs

Applying (92) with W,=1+0u andJ=diag(0,0,1) givesUM=(detG)*1, corresponding to the

trivially driven system
5 0
= 2_42\2 0].
(203—01—02)°\| 1

To keep things simple we stop the recursion after this first step, and let

de{( G+ uJd)
detG~

G o1
9=~ detG ' | detG

1. . -
E,=50" cof(G+pd)g+(detG) '+ V(a1.92),

which then generates an extended system of the desired form

-,V
V((detG)‘1+(detG)V)=( —dV . (94)

G=— =
detG _
© 2(205—- 0% —q3) 2-2V
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Since the Garnier potential is separable in elliptic coordinates it admits an extra integral of
motion of cofactor type. This gives us the possibility to instead take

N— 03 _Q1QZ)
G\_ il

—0102 \p—03

corresponding to

W= o0+ N+ (At o) aTa3— M ako(aF+ ).
Herea=—1 andB,;=0, and we can for example exte@, to
Ni=0f —Gid  —0is
G=| —Qif2 A\;—0; —00s
—0u03 —O20s As—03

In a similar way as above we get in this cdafter some computatiorihe extended system

G ( detG.  detG

97" detG ' | detc detG\W
— 9,V
— 9,V
= , (95
Ao\ 2w(Qq;,d2) 2 N 01(9:1V)/ A1+ 0a(d2V)/N,
1129 (detG. )2~ (detG)? detG..

where deG=A N\ A3(1—03/A;— 05\~ G3/\s) and deG =\ hy(1—G2/A;—G3IN).
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