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Driven Newton equations and separable time-dependent
potentials
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We present a class of time-dependent potentials inRn that can be integrated by
separation of variables: by embedding them into so-called cofactor pair systems of
higher dimension, we are led to a time-dependent change of coordinates that allows
the time variable to be separated off, leaving the remaining part in separable
Stäckel form. © 2002 American Institute of Physics.@DOI: 10.1063/1.1514833#

I. INTRODUCTION

Newton’s law of force in mechanics leads to second order ordinary differential equatioq̈
5M(q,q̇,t), whereq5(q1,...,qn) are coordinates on some manifoldQ, the configuration space o
the system. Often the forceM is derived from a potentialV(q,t) and the equations can be writte
in Lagrangian form

]L

]qi 2
d

dt

]L

]q̇i 50, L~q,q̇,t !5
1

2
gi j q̇

i q̇ j2V~q,t !,

or, via the Legendre transformation, in Hamiltonian form

q̇i5
]H

]pi
, ṗi52

]H

]qi , H~q,p,t !5
1

2
gi j pipj1V~q,t !.

Heregi j is the metric tensor onQ, with inversegi j , and (qi ,pj ) are~adapted! coordinates on the
cotangent bundleT* Q.

Powerful techniques have been developed for solving such equations; in particular the
known Hamilton–Jacobi method, where one tries to find new coordinatesu5u(q) on Q, in terms
of which the Hamilton–Jacobi equation corresponding toH can be solved by separation of var
ables. If this succeeds, the mechanical system can be integrated by quadratures.

We will restrict ourselves to Euclideann-space, i.e.,Q5Rn and gi j 5d i j . The coordinates
will be written with lower indices in this case, and regarded as a column vectoq
5(q1 ,...,qn)T, theT denoting matrix transposition.

Consider a Newton system which does not contain timet or velocity q̇ explicitly,

q̈5M ~q!.

If there is a potential, the system takes the form

q̈52¹V~q!, ¹5
]

]q
5S ]

]q1
,...,

]

]qn
D T

,
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and then the energyE5 1
2q̇

Tq̇1V(q) is conserved (Ė50). The separability theory for such time
independent potentials in Euclidean space is highly developed. It is known that separation
corresponding Hamilton–Jacobi equation can only take place in so-called generalized e
coordinates or some degeneration thereof.4 There even exists an effective algorithm for determ
ing whether or not a given potentialV(q), expressed in Cartesian coordinates, is separable, a
so, in which coordinate system.10

Less is known in the time-dependent case. One of the aims of this paper is to show
certain Newton systems inRn with time-dependent potential can be integrated by viewing them
driven systems inRN, with N.n, as the following example illustrates.

Example 1:Consider the time-dependent potential

V~x1 ,x2 ,t !5
1

x1x22t
~1!

and the corresponding Newton system inR2:

ẍ152
]V

]x1
5

x2

~x1x22t !2 ,

~2!

ẍ252
]V

]x2
5

x1

~x1x22t !2 .

In order to integrate this system, we introduce the following auxiliary Newton system inR3,
where the first equation drives the other two:

q̈150,

q̈25
q3

~q2q32q1!2 , ~3!

q̈35
q2

~q2q32q1!2 .

We think of theq coordinates as partitioned intodriving coordinatesy anddriven coordinatesx:

S q1

q2

q3

D [S y
x1

x2

D .

The particular solutiony(t)[q1(t)5t clearly gives rise to the system~2! under the identification
x15q2 , x25q3 . The Newton system~3! in R3 is what we call acofactor system~see Sec. II!,
which means that it has the form

q̈52A~q!21¹W~q!52
1

detG~q!
G~q!¹W~q!,

whereA5cofG5(detG)G21 is the cofactor matrix of a symmetric matrixG(q) of the form

Gi j ~q!5aqiqj1b iqj1b jqi1g i j .

Equivalently, 1
2q̇

TA(q)q̇1W(q) is an integral of motion~of cofactor type! for the system.
In this specific case, as is easily verified, the system~3! can be written asq̈

52G¹W/(detG) with
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G~q!5S 2q1 q2 q3

q2 0 1

q3 1 0
D , W~q!52

q2
21q3

2

q2q32q1
.

According to the general theory to be developed in this paper, such a driven cofactor syste
be integrated using a time-dependent change of coordinates

u15l1~ t,x1 ,x2!,

u25l2~ t,x1 ,x2!,

wherel1(q) andl2(q) are the roots of the equation det(G(q)2lG̃)50, with G̃5diag(0,1,1).
It turns out that by defining corresponding momentas1 ands2 appropriately, the equations o

motion for (u1 ,u2) can be put in Hamiltonian form with a time-dependentseparableHamiltonian.
Consequently,u1(t) and u2(t) can be found using a variant of the Hamilton–Jacobi meth
Changing back to old coordinates, we findx1(t) andx2(t), and the problem is solved.

We will fill in the details of this example in Sec. V, after explaining the method in gene

II. QUASIPOTENTIAL NEWTON SYSTEMS OF COFACTOR TYPE

The general framework in which we are working was developed in Refs. 9, 6, and 7.
been extended2 to cover also the case of Riemannian manifolds, but here we will restrict ours
to Euclidean space. We will now quote the definitions and results needed here, some of
have already been hinted at above.

We use the shorthand] i5]/]qi . The notation cofX means the cofactor matrix of a squa
matrix X. If X is nonsingular, then cofX5(detX)X21.

Proposition 2: The‘‘ energy-like’’ function

E~q,q̇!5
1

2 (
i , j 51

n

Ai j ~q!q̇i q̇ j1W~q!5
1

2
q̇TA~q!q̇1W~q!, ~4!

with A(q) a symmetric n3n matrix, is an integral of motion of the Newton system q¨ 5M (q) in Rn

if and only if

(1) The matrix entries Ai j (q) satisfy the cyclic conditions

] iAjk1] jAki1]kAi j 50, i , j ,k51,...,n. ~5!

@The general solution of these equations is a subspace, of dimension1
12n(n11)2(n12), of

the vector space of symmetric matrices whose entries are polynomials of degree at mo
in q1 ,...,qn .]

(2) The force M(q) satisfies A(q)M (q)1¹W(q)50.

Definition 3 (quasipotential system):A Newton system of the form

q̈52A~q!21¹W~q!,

where the matrixA satisfies the cyclic conditions~5!, is called aquasipotentialsystem. By the
proposition above,E5 1

2q̇
TAq̇1W is an integral of motion for the system, and it is said to gene

the system, since the system is completely determined byA(q) and W(q), and hence byE.
~Special case: ifA5I is the identity matrix, thenW is a potential for the system andE is the usual
energy.!

Definition 4 (elliptic coordinates matrix G):A symmetric matrix of the form
 26 Apr 2003 to 128.233.10.21. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jmp/jmpcr.jsp
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Gi j ~q!5aqiqj1b iqj1b jqi1g i j , i , j 51,...,n, ~6!

is called anelliptic coordinates matrix. Using matrix multiplication,G(q) can be written

G~q!5aqqT1bqT1qbT1g, ~7!

with a a scalar,q andb column vectors, andg a symmetric matrix.
Set briefly, the eigenvaluesu1(q),...,un(q) of G(q) give the change of coordinates from

Cartesian coordinatesq to elliptic coordinatesu5u(q). See Ref. 6 for a more detailed explan
tion.

Definition 5 (associated vector N):To a given elliptic coordinate matrixG we associate the
column vectorN5aq1b5 1

2¹ tr G.
Proposition 6: If G is an elliptic coordinates matrix, N the associated vector, and

5cofG, then

¹ detG52AN. ~8!

The preceding proposition is frequently useful. It implies, for example, thatA5cofG satisfies

~detG!]kAi j 52@AN#kAi j 2@AN# iAk j2@AN# jAik , ~9!

from which the following remarkable property of elliptic coordinates matrices follows.
Proposition 7: If G(q) is an elliptic coordinates matrix, then A(q)5cofG(q) satisfies the

cyclic conditions (5).

Corollary 8: If G(q) and G̃(q) are elliptic coordinates matrices, then the matric
A(0)(q),...,A(n21)(q) defined by the generating function

cof~G1mG̃!5 (
k50

n21

A(k)m i ~10!

all satisfy the cyclic conditions (5).

Remark 9:Note thatA(0)5cofG andA(n21)5cof G̃.
We will also need a proposition that does not occur in Ref. 6.
Proposition 10: With G, N, and A5cofG as above,

¹~NTAN!52aAN. ~11!

Proof: Equation~9! implies that( i , j (]kAi j )NiNj50, from which the statement follows eas
ily. h

Definition 11 (cofactor system):A cofactor systemis a quasipotential Newton system of th
special form

q̈52A~q!21¹W~q!52
1

detG~q!
G~q!21¹W~q!,

whereA5cofG, and G is a nonsingular elliptic coordinates matrix. The integral of motionE
5 1

2q̇
TAq̇1W5 1

2q̇
T(cofG)q̇1W is said to be of cofactor type.

Definition 12 (cofactor pair system):A cofactor pair systemis a Newton system which ha
two independent integrals of motion of cofactor type,

E5 1
2q̇

T~cofG!q̇1W and Ẽ5 1
2q̇

T~cof G̃!q̇1W̃.

Equivalently, it is a system which can be written as

q̈52A21¹W52Ã21¹W̃, ~12!
 26 Apr 2003 to 128.233.10.21. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jmp/jmpcr.jsp



ating

ry
asi-
er-

d to

t if

W

6170 J. Math. Phys., Vol. 43, No. 12, December 2002 H. Lundmark and S. Rauch-Wojciechowski

Downloaded
whereA5cofG and Ã5cof G̃.
Theorem 13 „two implies n…: A cofactor pair system q¨ 5M (q) in Rn has n integrals of

motion

E(k)5 1
2q̇

TA(k)q̇1W(k), k50,...,n21, ~13!

where the matrices A(k) are given by (10) and the quasipotentials W(k) are determined (up to
irrelevant additive constants) by¹W(k)52A(k)M .

Remark 14:Note that the original integrals of motionE5E(0) andẼ5E(n21) of cofactor type
sit at either end of this ‘‘cofactor chain’’ of integrals.

Remark 15:It is sometimes convenient to handle the integrals of motion using a gener
function

Em5 (
k50

n21

E(k)mk5
1

2
q̇T cof~G1mG̃!q̇1Wm , ~14!

whereWm5(k50
n21W(k)mk.

Remark 16: For W to be well defined by¹W52AM, the compatibility conditions
] i@AM# j5] j@AM# i have to be satisfied for alli and j . This, of course, is the reason that not eve
Newton systemq̈5M (q) has a potentialV, and also that not every Newton system has a qu
potentialW, even though by allowingA(q)ÞI we enlarge the class of systems under consid
ation.

Now, for q̈5M (q) to be a cofactor pair system, two sets of compatibility conditions nee
be satisfied simultaneously;] i@AM# j5] j@AM# i and ] i@ÃM # j5] j@ÃM # i . For givenG and G̃,
this is a rather strong restriction onM . In fact, according to the theorem, it is so strong tha
] i@A(k)M # j5] j@A(k)M # i holds forA(0)5A5cofG andA(n21)5Ã5cof G̃, then it must hold for
all the matricesA(k).

Definition 17 (fundamental equations):The fundamental equationsassociated to a pair (G,G̃)
of elliptic coordinates matrices is the following set of (2

n) second order linear PDEs:

05 (
r ,s51

n

~Gir G̃js2Gjr G̃is!] rsK13(
r 51

n

~Gir Ñj1G̃jr Ni2Gjr Ñi2G̃ir Nj !] rK

16~NiÑj2NjÑi !K, i , j 51,...,n. ~15!

Here N5aq1b is the vector associated toG, with the same parametersa and b as in G

5aqqT1bqT1qbT1g, and similarly forÑ.
Theorem 18: Let

q̈52~cofG!21¹W52~cof G̃!21¹W̃ ~16!

be a cofactor pair system. Then the functions K15W/detG and K25W̃/detG̃, while in general

different, both satisfy the fundamental equations (15) associated to the pair(G,G̃).
Conversely, if K satisfies (15) and we set W5K detG, then there is a function W˜ such that

(16) holds. And if we set W˜ 5K detG̃, then there is a function W such that (16) holds (but these

and W̃are in general not the same as those in the previous sentence!.
Remark 19:Once again, this is all about compatibility conditions. IfG, G̃, andW are given,

thenW̃ is well defined by~16! if and only if

] i@~cof G̃!~cofG!21¹W# j5] j@~cof G̃!~cofG!21¹W# i
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for all i and j . This is a system of (2
n) second order linear PDEs forW, with coefficients depending

in a complicated way onG andG̃. SubstitutingK5W/detG and forming suitable linear combi
nations of the equations simplifies this system to precisely the fundamental equations~15!. These
being completely antisymmetric with respect to coefficients with and without the tilde, the r
is the same if we go the other way around, interchanging the roles ofW andW̃.

Remark 20:This theorem leads to a recursive procedure for explicitly constructing infi
families of cofactor pair systems. See Ref. 6 for details.

In Ref. 6 it was shown, using the theory of bi-Hamiltonian systems, that cofactor pair sys
generically are completely integrable, but it was not clear if they admit some kind of separat
variables. The special caseG̃5I corresponds to conservative systems with an extra integra
motion of cofactor type. Such systems are precisely those with potentials separable in the
~or parabolic! coordinates given by the eigenvalues ofG(q), so in that case we have a concre
method of integration. Reference 8, which appeared recently, deals with separation of variab
generic cofactor pair systems, with bothG andG̃ nonsingular~and nonconstant, in general!. Here,
we study the very degenerate case of cofactor pair systems withG̃5diag(0,...,0,1,...,1). As we
will see in the next section, these systems admit a somewhat nonstandard integration by se
of variables, and there is a surprising connection with time-dependent potentials.

III. DRIVEN SYSTEMS

From now on we fix positive integersm andn, and letN5m1n. Hopefully there is no risk
of confusing this integerN with the vectorN(q) associated to an elliptic coordinates matrixG(q).
Let us begin by defining some notation.

Definition 21 (block notation):If X is an N3N matrix, with N5m1n, then we use arrow
subscripts to denote blocks inX, as follows:

X5S X↖ X↗
X↙ X↘

D with sizes Fm3m m3n

n3m n3n G . ~17!

Similarly, if Y is a column vector inRN, then

Y5S Y↑
Y↓

D with sizes Fmn G . ~18!

So, for instance,@X↗# i j 5Xi ,m1 j .
We will considerdriven Newton systems inRN, whereN5m1n. By this we mean that the

first m equations depend only on the firstm variables, so that they form a Newton system inRm

on their own:

q̈15M1~q1 ,...,qm!,

A

q̈m5Mm~q1 ,...,qm!,
~19!

q̈m115Mm11~q1 ,...,qm ;qm11 ,...,qm1n!,

A

q̈m1n5Mm1n~q1 ,...,qm ;qm11 ,...,qm1n!.
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This notion is not new; for example Kossowski and Thompson5 use tangent bundle geometry
study submersivesystems, which are second order ODEs on manifolds, containing a subs
depending on fewer variables~possibly after a change of coordinates!.

Here, however, our purpose is to investigate what happens when a system is at the sam
a driven system and a cofactor system. In this initial stage of investigation we have res
ourselves to Euclidean space and assume that the systems splits as above in Cartesian coo
We hope that further research will clarify the relation between our present results and the
metric picture of Refs. 5 and 2.

Definition 22 (vectors x and y): Since we will consider the time evolution of q↑ and q↓
separately, we write y5q↑ and x5q↓ to simplify the notation.

With this definition, the system~19! can be written as

ÿ5M ↑~y!,
~20!

ẍ5M ↓~y,x!.

As in example 1, (y1 ,...,ym) are calleddriving variables and (x1 ,...,xn) are calleddriven vari-
ables. The systemÿ5M ↑(y) is called thedriving system, since its solutiony5y(t), when fed into
ẍ5M ↓(y(t),x), drives the evolution of thex variables.

An important observation is that if

G5aqqT1bqT1qbT1g

is anN3N elliptic coordinates matrix, then

G↖5ayyT1b↑yT1y~b↑!T1g↖ ,

so thatG↖(y) is anm3m elliptic coordinates matrix in they variables.@Similarly for G↘(x), but
we will not use that here.#

The major part of this paper is devoted to proving the following theorem.
Theorem 23„driven cofactor systems…: Suppose that a driven Newton system in Rm1n is of

cofactor type

q̈5S M ↑~y!

M ↓~y,x! D52~cofG~q!!21
]W

]q
~q!. ~21a!

Suppose also that G is not constant (i.e., thata andb are not both zero), thatdetG↖Þ0, and that
there is a potential V(y,x), with y occuring parametrically, such that

M ↓~y,x!52
]V

]x
~y,x!. ~21b!

Then the driving system is a cofactor system in Rm. Namely, there is a function w(y) such that

ÿ52~cofG↖~y!!21
]w

]y
~y!. ~22!

Moreover, for any given solution y5y(t) of the driving system y¨ 5M ↑(y), the system

ẍ5M ↓~y~ t !,x!52
]V

]x
~y~ t !,x!, ~23!

given by the time-dependent potential V(y(t),x), has n (time-dependent) integrals of motio
Under some technical assumptions, stated in definition 28, its solution x(t) can be found by
quadratures.
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The proof is quite lengthy, so we have divided it into subsections labeled A through F. Fir
show that a driven cofactor system can be viewed as a degenerate form of cofactor pair s
with G̃5diag(0,...,0,1,...,1). The integrals of motion are given by a cofactor chain that termin
prematurely. We introduce a new system of coordinates, which is given by them driving Cartesian
coordinates together with then roots of the equation det(G(q)2uG̃)50. This is similar to defining
elliptic coordinates implicitly as the eigenvalues ofG. When the integrals of motion are tran
formed into these new coordinates, which is the most technical part of this paper, it turns o
they take a form similar to that known from classical separability theory~Stäckel systems!. This
suggests that the system should be solvable by separation of variables. We show that this is
the case, since the equations of motion are Hamiltonian and the variables can be separate
time-dependent Hamilton–Jacobi equation. Perhaps surprisingly, the Hamiltonian does not i
the potentialV(y,x) in any direct way, but is instead given by one of the integrals of motion in
cofactor chain, divided by the determinant detG, all expressed in new coordinates.

A. Driven cofactor systems as cofactor pair systems

Definition 24 (matrix J): Let J denote the N3N diagonal matrix

J5diag~0,...,0,1,...,1!, ~24!

with m zeros andn ones along the diagonal (N5m1n).
Proposition 25: A system of the form (21) is a cofactor pair system with

G̃~q!5lG~q!1J5..G̃l~q!, ~25!

for any l such thatdetG̃lÞ0. Conversely, any such cofactor pair system has the form (21).
We note that sinceG is assumed nonsingular by the definition of cofactor syst

det(lG(q)1J) cannot vanish identically, so there arel such that detG̃lÞ0. The reason for taking
G̃5G̃l instead of justG̃5J is that the theorems we use about cofactor pair systems require
G and G̃ to be nonsingular. However, many of the results will be the same as if applying
theorems formally withG̃5J directly, so we will regard such systems as cofactor pair syst
associated with the pair (G,J).

The proof of proposition 25 uses the following lemma, which follows from the algeb
properties of an elliptic coordinates matrixG.

Lemma 26: If M52(detG)21G¹W, then

2] jM i5(
r 51

N

Gir ] r j K13Ni] jK ~ iÞ j !,

where K(q)5W(q)/detG(q).
Proof: Proposition 6 implies that2M5G¹(K detG)/detG52KN1G¹K. Differentiating

2Mi52KNi1( r 51
N Gir ] rK we obtain the result immediately, since forj Þ i we have] jGir

5d j r Ni and] jNi50. h

Proof of proposition 25:By construction, the given cofactor system

q̈5M ~q!52~cofG!21¹W52~detG!21G¹W,

has an integral of motion of cofactor typeE5 1
2q̇

T(cofG)q̇1W. Now fix some constantl such
that detG̃lÞ0. Theorem 18 says that the system is a cofactorpair system withG̃5G̃l , i.e., admits
an additional integral of motion of cofactor type

Ẽl5 1
2q̇

T~cof G̃l!q̇1W̃l ,
 26 Apr 2003 to 128.233.10.21. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jmp/jmpcr.jsp



early
ls

ls

6174 J. Math. Phys., Vol. 43, No. 12, December 2002 H. Lundmark and S. Rauch-Wojciechowski

Downloaded
if and only if K5W/detG satisfies the fundamental equations~15! associated to the pair (G,G̃l).
The antisymmetry of the fundamental equations shows that any pair (G,lG1J) gives rise to

the same fundamental equations as the pair (G,J), so we simply plugG̃5J into the fundamental
equations~15! ~with n replaced bym1n). To begin with, sinceJ is diagonal and constant~so that
Ñ50), we obtain

05 (
r 51

m1n

Gir Jj j ] r j K2 (
r 51

m1n

Gjr Jii ] ri K13~Jj j Ni] jK2Jii Nj] iK !, i , j 51,...,m1n. ~26!

Now Jii 50 or 1 asi<m andi .m, respectively. From this it is immediate that~26! is identically
satisfied if i , j <m. Using lemma 26 to express the remaining equations~26! for K in terms of
M52(detG)21G¹(K detG) gives 05] jM i for i<m, j , and 05] iM j2] jM i for m, i , j .
Clearly, these equations are equivalent toM having the block structure

M ~q!5S M ↑~y!

M ↓~y,x! D
and ~at least locally! a ‘‘partial potential’’ V such thatM ↓52]V/]x. h

B. Integrals of motion

Proposition 27: The system (21) has n11 integrals of motion E(0),...,E(n) given by the
generating function

Em5 (
k50

n

E(k)mk5 (
k50

n S 1

2
q̇TA(k)q̇1W(k)Dmk5

1

2
q̇T cof~G1mJ!q̇1Wm ~27!

for some functions W(k). The integral E(n) has the form

E(n)~y,ẏ!5 1
2ẏ

T cofG↖~y!ẏ1w~y!, ~28!

and is an integral of motion of the driving system y¨ 5M ↑(y), of cofactor type in the y variables.
Proof: According to theorem 13, our cofactor pair system should have a chain ofN5m1n

integrals of motion. Here, however, that number is reduced since some of them will be lin
dependent. More specifically, for arbitraryl such that detG̃lÞ0, theorem 13 gives us integra
El

(0) ,...,El
(N21) which we write using a generating function

El,m5 (
k50

m1n21

El
(k)mk5

1

2
q̇T cof~G1mG̃l!q̇1Wl,m ~29!

as in ~14!. By construction,Ėl,m50 for all values ofm and alll such that detG̃lÞ0. But El,m

depends polynomially onl and m, since cof(G1mG̃l)5cof(G1m(lG1J))5cof((11ml)G
1mJ)) does. Hence,Ėl,m50 identically. In particular, if we setl50 we extract the constant term
with respect tol, which is just theEm of ~27!, a polynomial inm whose coefficients are integra
of motion.

The reason whyEm is only of degreen ~instead ofm1n21) is that the matrixJ has so few
nonzero elements that the expansion of cof(G1mJ) in powers ofm terminates ‘‘prematurely’’~the
details in this expansion are explained below, after the proof!:
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cof~G1mJ!5cofG

1¯1S A↖
(n21) 2~cofG↖!G↗

2~~cofG↖!G↗!T ~detG↖!I n3n
Dmn211S cofG↖ 0m3n

0n3m 0n3n
Dmn

5..(
k50

n

A(k)mk. ~30!

All the coefficients in the generating functionEl,m in ~29! are linear combinations of thesen
11 basic integralsE(0),...,E(n), so even though one can obtain a seemingly longer chain~with
N5m1n integrals! by takinglÞ0, it would not contain any essentially new integrals of motio
~Note also that the polynomialEm is what we would have obtained by applying theorem
formally with the singular matrixG̃5J instead ofG̃l .)

The integralE(n) has the form

E(n)5
1

2
~ ẏT ẋT!S cofG↖~y! 0m3n

0n3m 0n3n
D S ẏ

ẋD1W(n)~y,x!5
1

2
ẏT cofG↖~y!ẏ1w~y!, ~31!

where clearlyW(n)5w(y) cannot depend onx if E(n) is to be an integral of motion. Consequent
E(n)(y,ẏ) must be an integral of motion of the driving systemÿ5M ↑(y), and it is of cofactor type
in the y variables. h

In ~30! we have written out some blocks in the matricesA(n21) andA(n) for future reference
~in the proof of proposition 36!. These can be found either by analyzing the cofactor expan
directly or by writing the identity

~G1mJ!cof~G1mJ!5det~G1mJ!I N3N

as

JA(n)mn111~JA(n21)1GA(n)!mn1¯5~0mn111~detG↖!mn1...!I N3N

and identifying coefficients block-wise atmn11 andmn, using that the matricesA( i ) are symmet-
ric. The blockA↖

(n21) does not enter into this identity until at the powermn21, and depends onG
in a more complicated way. Fortunately, the only information aboutA↖

(n21) that we will need is
thatA(n21) satisfies the cyclic conditions~5! which connect derivatives ofA↖

(n21) to derivatives of
the other blocks, which are known explicitly.

We have now completed the proof of the first statement of theorem 23, namely, tha
driving system is a cofactor system in they variables.

Moreover, for any given solutiony5y(t) of the driving system, we can conside
E(0),...,E(n21) as functions of (x,ẋ,t), and these constituten time-dependent integrals of motio
of the driven system~23! given by the time-dependent potentialV(y(t),x). These are the integral
referred to at the end of theorem 23.

C. Separation coordinates

Our remaining task~which is much more complicated! is to show how to integrate the drive
systemẍ52 (]V/]x) (y(t),x), given a solutiony(t) of the driving systemÿ5M ↑(y). This will
be accomplished using a change of variables (y,x)°(v,u) on Rm1n defined as follows:

Definition 28 (variables u and v, rootsl): Let v i5yi for i 51,...,m. Let uj5l j (y,x) for j
51,...,n, wherel1 ,...,ln are the roots of the nth degree polynomial equation

det~G~y,x!2l J!50. ~32!
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~We assume that this really defines a coordinate system. This requires, to begin with, that
roots l j are nonconstant as functions ofq. Moreover, the gradients of thev i and uj must be
linearly independent. Because of lemma 31 below, this holds at least in a neighborhood
point where alll j (q) are distinct.!

Definition 29 [polynomial U(m)]. Let

U~m!5~u12m!~u22m!¯~un2m!. ~33!

It follows from the definition of theuk as roots of the polynomial det(G2mJ), which has the
leading term (2m)n detG↖ , that

det~G2mJ!5U~m!detG↖ . ~34!

Our aim is to express the integrals of motionE(0),...,E(n) in terms of the new coordinatesv
andu, and likewise for the equations of motion for the system@although for that purpose we view
x°u5l(y(t),x), where y(t) is a given solution of the driving system, as a time-depend
change of variables inRn; more about that later#. The remainder of this subsection contai
technical preparations for these tasks.

Definition 30 (matrixC): Let C denote theN3N matrix of partial derivatives ofv andu with
respect toy andx, arranged so that the columns ofC are the gradients ofv andu with respect to
q5(x

y):

C5~¹v1¯¹vm ¹u1¯¹un!5~e1¯em ¹l1¯¹ln!, ~35!

whereei is the column vector with 1 in positioni and 0 elsewhere.@In the block notation of~17!,
C↖5I m3m andC↙50n3m .]

With this definition we have

S v̇
u̇D5CTq̇, q̇5

1

detC
~cofCT!S v̇

u̇D , ~36!

and also

¹5S ]/]y
]/]xD5CS ]/]v

]/]uD . ~37!

~Note that]/]yÞ]/]v even thoughy5v, hence the need for the different names.!
The following lemma will give us information about the lastn columns in the matrixC ~or,

equivalently, about the blocksC↗ andC↘).
Lemma 31 (eigenvalues and eigenvectors): Let G(q) and G̃(q) be elliptic coordinates matri-

ces. Ifl5l(q) is a simple root ofdet(G2lG̃)50, then¹l(q) is the corresponding ‘‘eigenvec
tor:’’

~G~q!2l~q!G̃~q!!¹l~q!50. ~38!

If l1 and l2 are two different such roots, then

~¹l1!TG̃¹l250. ~39!

Proof: Let Gr5G2rG̃ and p(r )5detGr . For eachr , Gr is an elliptic coordinates matrix
with associated vectorNr5N2rÑ, whereN5aq1b andÑ5ãq1b̃. If we apply proposition 6
to Gr we get¹p(r )52(cofGr) Nr . Now compute the gradient ofp(l(q))[0:

05~¹p! ~l~q!!1p8~l~q!! ¹l~q!52 cof~G2l~q! G̃! ~N2l~q! Ñ!1p8~l~q!! ¹l~q!.
~40!
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Multiplying this by G2l(q)G̃ yields, since det(G2l(q)G̃)50 by definition ofl,

05p8~l~q!! ~G2l~q!G̃!¹l~q!.

But p8(l(q))Þ0 sincel(q) is assumed to be a simple root ofp. The first statement follows.
The second statement comes from the simple observation that ifGX15l1G̃X1 and GX2

5l2G̃X2 , then, sinceG andG̃ are symmetric,

05~GX1!TX22X1
T~GX2!5~l12l2!X1

TG̃X2 .

h

Lemma 31, withG̃5J, says that

G¹uk5ukJ¹uk , ~41!

and that¹u1 ,...,¹un ~which are the lastn columns ofC! are ‘‘J-orthogonal,’’

~¹uj !
TJ ~¹uk!50, if j Þk. ~42!

Thus, the columns (¹uj )↓ of the lower rightn3n block C↘ in C are orthogonal inRn in the
ordinary Euclidean sense, with squared lengthsD1 ,...,Dn , where

Dk5~~¹uk!↓!T~¹uk!↓5(
i 51

n

~Cn1 i ,n1k!
2. ~43!

Consequently, since the firstm columns inC are juste1 ,...,em , the interpretation of ann3n
determinant as a volume inRn shows that

~detC!25D1D2¯Dn . ~44!

It also follows that, withD5diag(D1,...,Dn) andU5diag(u1,...,un),

CTJ C5S 0m3m 0m3n

0n3m D
D ~45!

and

CTG C5S G↖ 0m3n

0n3m UD
D . ~46!

D. Integrals of motion in separation coordinates

Now we will transform the integrals of motionE(0),...,E(n) given by ~27! to the new coor-
dinates (v,u).

Kinetic part: We begin with the ‘‘kinetic’’ part q̇T cof(G1mJ)q̇. Write Gm5G1mJ for
simplicity. Equation~36! gives

q̇T~cofGm!q̇5
1

~detC!2 ~ v̇T u̇T!cof~CTGmC!S v̇
u̇D .

Equations~45! and ~46! show that

CTGmC5S G↖ 0m3n

0n3m UmD
D ,
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where

Um5U1mI n3n5diag~u11m,...,un1m!. ~47!

This, together with~44!, gives

1

~detC!2 cof~CTGmC!5S detUm cofG↖ 0m3n

0n3m ~detG↖!D21 cofUm
D .

Sandwiching this between (v̇T u̇T) and (u̇
v̇), we finally obtain

q̇T~cofGm!q̇5~detUm!v̇T~cofG↖!v̇1~detG↖!u̇T~D21cofUm! u̇. ~48!

Note that detUm5)1
n(ui1m) is the generating function for the elementary symmetric polynom

in the n variables$u1 ,...,un%, while the kth entry in the diagonal matrix cofUm generates the
elementary symmetric polynomials in then21 variables$u1 ,...,un%\$uk%.

Structure of Dk : Next we prove a statement about howDk , defined by~43!, depends onu
andv. This result is important for showing separability later.

Proposition 32: The quantitiesD1 ,...,Dn satisfy

Dk~u,v ! U8~uk!detG↖~v !5 f k~uk!, k51,...,n, ~49!

where each of the functions f1 ,...,f n depends on one variable only, as indicated. [But U8(uk),
which is just the derivative of U(m)5)(ui2m) evaluated atm5uk , depends on all the variable
ui .]

Proof: Recall thatD5diag(D1,...,Dn)5(C↘)TC↘ , by ~45!. Since the columns¹uk make up
the blocksC↗ andC↘ , the ‘‘upper part’’ of ~41! shows that

G↖C↗1G↗C↘50m3n . ~50!

Recall from~34! that

det~G2mJ!5U~m!detG↖5detG↖S ~2m!n1~2m!n21S ( ui D1¯ D .

By proposition 6,

¹ det~G2mJ!52 cof~G2mJ! N52~~2m!nA(n)1~2m!n21A(n21)1¯ ! N.

~Note thatN is the vector associated toG2mJ as well as toG, sinceJ is constant.! Hence, in
particular,

2 A(n21)N5¹S ~detG↖!( ui D .

Now, (¹ detG↖)↓50 sinceG↖ depends only on they variables, and consequently

2 ~A(n21)N!↓5~detG↖!( ~¹ui !↓5~detG↖!C↘1n ,

where 1nPRn is the column vector with all ones. If we use what we know from~30! about the
block structure ofA(n21) and divide by detG↖ , this takes the form

2 S 2G↖
21G↗

I n3n
D T

N5C↘1n . ~51!
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Combining~50! and ~the transpose of! ~51!, we find

2 NTS C↗
C↘

D52 NTS 2G↖
21G↗C↘
C↘

D5~C↘1n!TC↘51n
TD5~D1 D2 ...Dn!.

In other words,

Dk52 NT¹uk , k51,...,n. ~52!

As a special case of~40!, with G̃5J, Ñ50, p(m)5det(G2mJ)5U(m)detG↖ , and l5uk , we
have

U8~uk! ~detG↖!¹uk522 cof~G2ukJ! N, ~53!

which, because of~52!, when multiplied from the left by 2NT yields

U8~uk! ~detG↖! Dk524 NT cof~G2ukJ! N, ~54!

The left-hand side here is what we claim depends onuk only, and we will prove this by showing
that the gradient of the right hand side is proportional to¹uk . @Clearly, a functionf (v,u) depends
on uk alone iff (] f /]uk) ¹uk is the only contribution when computing¹ f with the chain rule.#

Proposition 10, applied toG2mJ ~which has the samea andN asG), shows that

¹~NTcof~G2mJ! N!52 acof~G2mJ! N.

Hence, by the chain rule,

¹~NT cof~G2ukJ! N!52 a cof~G2ukJ! N1
d

dm
@NTcof~G2mJ! N#m5uk

¹uk .

It is manifest that the second term is proportional to¹uk , and so is in fact also the first term
because of~53!. This finishes the proof of proposition 32. h

Remark 33:In all the examples we have computed, it turns out thatf i(qi)5 f (qi) for a single
function f , but we have no proof that this is always true. In any case, it is not needed for pr
separability here.

Solution of the fundamental equations:We previously~in the proof of proposition 25!
investigated the fundamental equations associated to the pair (G,J):

05
]Mi

]qj
for i<m, j , ~55!

05
]Mi

]qj
2

]M j

]qi
for m, i , j , ~56!

where

M52
G ¹~K detG!

detG

is the right-hand side in the cofactor pair systemq̈5M (q) generated byE(0)5 1
2q̇

T(cofG)q̇
1K detG.

Proposition 34: In terms of the separations coordinates(v,u), the general solution of the
fundamental equations(55) and (56) is
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K~v,u!5
1

detG↖~v ! S w~v !1 (
k51

n
gk~uk!/uk

U8~uk!
D , ~57!

where g1(u1),...,gn(un) are arbitrary functions of one variable, and U8(uk) is as in proposition
32.

Proof: Recall from~37! that

¹[S ]y

]x
D5CS ]v

]u
D ,

while ~34! shows that detG5u1...un detG↖(v). Hence,

2M5GCS ]v~K detG!

]u~K detG! D /detG5

S G↖ 0

G↙ C↘UD S u1¯un ]v~K detG↖!

~detG↖!]u~u1¯unK ! D
u1 ...un detG↖

5S G↖]v~K detG↖!

detG↖

G↙]v~K detG↖!

detG↖
1C↘S ]u1

~u1K !

A
]un

~unK !
D D ,

whereGC was computed using~41!. Equation~55! says that the upper part

M ↑52
G↖]v~K detG↖!

detG↖

depends only on they ~or v) variables, which happens if and only if

K detG↖5w~v !1F~u!.

The functionw(y) here is the same as in theorem 23, since the driving systemÿ5M ↑ is generated
by E(n)5 1

2ẏ
T(cofG↖) ẏ1w(y).

The functionF(u) is then determined by~56!, which obviously is only interesting ifiÞ j . In
this case, if we seti 5m1k and j 5m1 l , the first term in

Mi5Mm1k52
@G↙# row k ]v~K detG↖!

detG↖
2@C↘# row kS ]u1

~u1K !

A
]un

~unK !
D

does not depend onqj5xl , since rowk of G↙ depends onxk and y only. Then, since by the
definition of C

@C↘# row k5S ]u1

]xk

]u2

]xk
¯

]un

]xk
D ,

we find

]Mi

]qj
52

]

]xl
(
s51

n
]us

]xk
]us

~usK !52(
s51

n
]2us

]xl]xk
]us

~usK !2@C↘# row k

]

]xl
S ]u1

~u1K !

]

]un
~unK !

D .
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In the second term we substituteK5(w(v)1F(u))/detG↖(v) and plug what we have into~56!.
The first term cancels out in the subtraction, leaving

05
]Mi

]qj
2

]M j

]qi
52

1

detG↖ S @C↘# row k

]

]xl
S ]u1

~u1F !

]

]un
~unF !

D 2@C↘# row l

]

]xk
S ]u1

~u1F !

]

]un
~unF !

D D .

Now, since]x5C↘]u , this shows that

05@C↘# row l V @C↘
T #column k2@C↘# row k V @C↘

T #column l ,

whereV ~temporarily! denotes then3n matrix with entriesVab5]ua
]ub

(ubF). In other words,

05C↘(V2VT)C↘
T , or, finally,

]2

]ua]ub
~~ua2ub!F~u!!50, a,b51,...,n. ~58!

This equation occurs in classical separability theory in connection with separation in ellipti
parabolic coordinates. It is known to have the general solution

F~u!5 (
k51

n
Fk~uk!

)
j 51
j Þk

n

~uk2uj !

,

with arbitrary functionsF1(u1),...,Fn(un) depending on one variable each~see Lemma 1 and
Lemma 2 in Ref. 3!. Hence, we have the general solution

K~v,u!5
1

detG↖~v ! S w~v !1(
k

Fk~uk!

) j Þk~uk2uj !
D . ~59!

For our purposes, it turns out to be most convenient to write this in the form~57!. h

Potential part: It remains to investigate the form of the ‘‘potential’’ partsW(0),...,W(n) in the
(v,u) coordinates.

Proposition 35: The functions W(0),...,W(n21) take the following form when expressed in t
(v,u) coordinates:

W(a)~v,u!5sn2a~u! w~v !1 (
k51

n
sn2a21~ ǔk! gk~uk!

U8~uk!
, ~60!

where sb(u) denotes the elementary symmetric polynomial of degree b in the n varia
$u1 ,...,un%, and sb(ǔk) denotes the elementary symmetric polynomial of degree b in the n21
variables $u1 ,...,un%\$uk%. As above, g1(u1),...,gn(un) are functions of one variable, and
U8(uk) is as in proposition 32.

In particular, the function W(n) depends on thev coordinates only:

W(n)5w~v !. ~61!

Proof: We have seen thatW(n)5w(y) depends only ony in the original coordinates, henc
alsoW(n)5w(v). We also know thatK5W(0)/detG is a solution of the fundamental equations,
according to~57!
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W(0)~v,u!5
detG~v,u!

detG↖~v ! S w~v !1 (
k51

n
gk~uk!/uk

U8~uk!
D 5u1¯un w~v !1 (

k51

n
sn21~ ǔk! gk~uk!

U8~uk!
.

~62!

With M determined byW(0), the remainingW(a) are determined~up to irrelevant additive
constants! by the relation¹W(a)52A(a)M , or

¹Wm5 (
a50

n

¹W(a)ma52S (
a50

n

A(a)maD M5cof~G1mJ!
G

detG
¹W(0).

We multiply by (detG)CT(G1mJ) from the left and use~37!, ~45!, and~46! to obtain the equiva-
lent condition

~detG!S G↖ 0

0 ~U1mI !D
D S ]vWm

]uWm
D5det~G1mJ!S G↖ 0

0 UD
D S ]vW(0)

]uW(0)D .

It is a tedious but fairly straightforward calculation, which we omit, to verify that this is satis
by

Wm5S )
i 51

n

~ui1m!D w~v !1 (
k51

n S )
j 51
j Þk

n

~uj1m!D gk~uk!

U8~uk!
,

from which W(a) can be read off as the coefficient ofma. h

Summary: We have now determined the form of the integrals of motion in separation c
dinates (v,u). We have seen that

E(n)5 1
2v̇

T~cofG↖~v !!v̇1w~v ! ~63!

depends only onv, while the form ofE(0),...,E(n21) is obtained from~48! and ~60!:

E(a)5sn2a~u! E(n)1 (
k51

n

sn2a21~ ǔk!S 1

2
~detG↖!

u̇k
2

Dk
1

gk~uk!

U8~uk!
D . ~64!

If we let sk5u̇k /Dk and use proposition 32, we can write this as

E(a)5sn2a~u! E(n)1 (
k51

n
sn2a21~ ǔk!

U8~uk!
S 1

2
f k~uk! sk

21gk~uk! D . ~65!

Note in particular that

E(n21)5S (
k51

n

ukDE(n)1 (
k51

n S f k~uk! sk
21gk~uk!

U8~uk!
D . ~66!

E. The equations of motion are Hamiltonian

Given some solutiony5y(t) @or v5v(t)] of the driving system, we now consideru
5u(y(t),x) as a time-dependent change of variables inRn. We want to express the driven syste
ẍ52 (]V/]x) (y(t),x) in terms of theu variables. Note that sinceE(n) is an integral of motion
for the driving system, it can from now on be treated as simply a constant, the value of wh
determined by which solutiony(t) is taken.

Proposition 36: The equations of motion for the u variables can be put into canonical Ha
tonian form
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u̇5
]h

]s
~u,s,t !,

ṡ52
]h

]u
~u,s,t !,

with momenta s1 ,...,sn defined by

sk5
u̇k

Dk
~67!

(D i as in proposition 32!, and with the time-dependent Hamiltonian

h~u,s,t !5
1

detG↖~y~ t !! S S (
k51

n

ukDE(n)1 (
k51

n S f k~uk! sk
21gk~uk!

U8~uk!
D D . ~68!

Proof: First we see from~66! thath is simplyE(n21)/detG↖ , expressed in terms ofu, s, and
t. Now, with p5 ẋ the systemẍ52 (]V/]x) (y(t),x) has a canonical Hamiltonian formulation

ẋ5
]H

]p
~x,p,t !,

ṗ52
]H

]x
~x,p,t !,

whereH(x,p,t)5 1
2p

Tp1V(y(t),x). Consider the extended phase spaceR2n11 with coordinates
(x,p,t). With T5t, the variables (u,s,T) constitute a different coordinate system on this spa
The vector field in extended phase space that corresponds to the canonical phase flow is e
in the 1-formpT dx2H dt ~by spanning the kernel of its exterior derivative!. It follows that the
equations of motion are canonical in the new coordinates, with Hamiltonianh, if the two 1-forms,

pT dx2H dt and sT du2h dT,

have the same exterior derivative~see Sec. 45 in Ref. 1!. Here we viewdx and du as column
vectors of 1-formsdxi anddui , in order to be consistent with our previous matrix notation. Sin
here we havedT5dt, the proof amounts to showing that

d~pT dx2sT du1~h2H ! dt!50. ~69!

The computations will be performed in the (x,p,t) coordinates, and whenever we writey we
mean the given functiony(t). Note also that sinceG↖ depends only on they variables, it too will
be a function oft only. In particular, detG↖ is a function oft only.

We need to expresssT du and h in terms of the (x,p,t) coordinates. Recall that by th
definition 30 of the matrixC we have

~¹u1 ,...,¹un!5S C↗
C↘

D .

Since

dui5 (
k51

m
]u

]yk
ẏk dt1 (

k51

n
]u

]xk
dxk

we obtain
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du5~C↗!Tẏ dt1~C↘!T dx,

that is,

u̇5~C↗!Tẏ1~C↘!Tẋ.

If we transpose and multiply from the right byD215diag(Dk
21), we get

sT5 ẏTC↗D211pTC↘D21.

Now we define anm3n matrix J by

J5C↗~C↘!21. ~70!

SinceD5(C↘)TC↘ , it follows that

C↘D21~C↗!T5JT,

C↗D21~C↗!T5J JT.

Consequently,

sT du5pT dx1~ ẏTJ JTẏ1 ẏTJp!dt1 ẏTJ dx. ~71!

Furthermore,~50! shows thatG↗52G↖J, so that the expression for the blockA↗
(n21) from

~30! can be written as

A↗
(n21)52~cofG↖!G↗5~detG↖!J. ~72!

Hence, since from~30! we also haveA↘
(n21)5(detG↖)I, we find the following expression forh:

h5
E(n21)

detG↖
5

1

detG↖
S 1

2
~ ẏT pT!A(n21)S ẏ

pD1W(n21)D5
1

2
pTp1 ẏTJp1

1
2ẏ

TA↖
(n21)ẏ1W(n21)

detG↖
.

~73!

So far we have

pT dx2sT du1~h2H ! dt5S 1
2ẏ

TA↖
(n21)ẏ1W(n21)

detG↖
2V2 ẏTJ JTẏD dt2 ẏTJ dx,

and the exterior derivative of this is zero iff

]

]x
S 1

2ẏ
TA↖

(n21)ẏ1W(n21)

detG↖
2V2 ẏTJ JTẏD 1

]

]t
~JTẏ!50.

Now (]/]t) (JTẏ)5 (]JT/]t) ẏ1JTÿ, and fromq̈52@A(n21)#21¹W(n21) it follows that

]W(n21)

]x
52@A(n21)q̈#↓52~A↗

(n21)!Tÿ1A↘
(n21) ]V

]x
5~detG↖!S 2JTÿ1

]V

]x D ,

so it remains to show that

]

]x
S 1

2ẏ
TA↖

(n21)ẏ

detG↖
2 ẏTJ JTẏD 1

]JT

]t
ẏ50.
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To simplify the notation for this final computation, write

detG↖5D, A↖
(n21)5~ai j !, and A↗

(n21)5~bi j !.

Then (bi j )52(cofG↖)G↗5DJ, by ~72!. In this notation, what we must show is

1

2D (
i , j 51

m
]ai j

]xk
ẏi ẏ j2

1

D2 (
i , j 51

m

(
l 51

n
]~bil bjl !

]xk
ẏi ẏ j1(

i 51

m
]

]t S bik

D D ẏi50. ~74!

To begin with, sinceG↖ is independent ofx andG↗ is linear inx, we see thatbi j is linear inx.
More precisely, since

]@G↗# r j

]xk
5

]Gr ,m1 j

]qm1k
5d jkNr ,

applying proposition 6 withy instead ofq gives

]bi j

]xk
52(

r 51

m

@cofG↖# ir ~d jkNr !52d jk@~cofG↖!N↑# i52
d jk

2

]D

]yi
.

Furthermore,

(
i 51

m
]

]t S bik

D D ẏi5 (
i , j 51

m
]

]yj
S bik

D D ẏi ẏ j .

Finally, sinceA(n21) satisfies the cyclic conditions,

]ai j

]xk
5

]Ai j
(n21)

]qm1k
52

]Aj ,m1k
(n21)

]qi
2

]Am1k,i
(n21)

]qj
52

]bjk

]yi
2

]bik

]yj
.

Plugging all this into~74!, it is easy to verify that everything cancels out, which completes
proof. h

F. Separation of the time-dependent Hamilton–Jacobi equation

The time-dependent Hamilton–Jacobi equation corresponding to the Hamiltonianh(u,s,t) of
proposition 36 is

hS u,
]F

]u
,t D1

]F

]t
50. ~75!

A complete solutionF(u,a,t) can be obtained by separation of variables, as we will now sh
We number the parametersa0 ,...,an21 since they will in fact be just the values of the integrals
motion E(0),...,E(n21), as will be clear by comparing~78! below with ~65!.

To begin with, since the time variablet appears inK only in the overall multiplicative factor
1/(detG↖), it can be separated off by assuming a solution forF of the form

F~u,a,t !5S~u,a!2an21E 1

detG↖~y~ t !!
dt. ~76!

With the explicit expression forh from proposition 36 we get the following equation forS(u,a):

S (
k51

n

ukDE(n)1 (
k51

n S 1
2 f k~uk!~]S/]uk!

21gk~uk!

U8~uk!
D 5an21 . ~77!
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In order to find a complete solution, depending on all the parametersa i , we will use Sta¨ckel’s
method. Consider then equations

(
k51

n
sn2a21~ ǔk!

U8~uk!
S 1

2
f k~uk!S ]S

]uk
D 2

1gk~uk! D5aa2sn2a~u!E(n), ~78!

wherea50,...,n21. If we can find a solution of this system, it will be a complete solution
~77!, since it will depend on alla i . @Of course it will solve~77! which is just the last equation o
the system, corresponding toa5n21.]

Now ~78! is a linear system of equations for the expression in parentheses, and the ma
coefficients is the inverse of a Sta¨ckel matrix ~similar to the one occuring when separating
elliptic or parabolic coordinates!. In fact, the matrix can be inverted using known properties
symmetric polynomials, resulting in

1

2
f k~uk!S ]S

]uk
D 2

1gk~uk!52P~2uk!, k51,...,n, ~79!

where the polynomialP is given by

P~z!5a01a1z1¯1an21zn211E(n)zn. ~80!

It is now clear that the additive Ansatz

S~u,a!5S1~u1 ,a!1...1Sn~un ,a!

yields a separated solution, provided that each functionSk satisfies the separation ODE

1

2 S dSk

duk
D 2

5
2gk~uk!2P~2uk!

f k~uk!
. ~81!

Consequently,

F~u,a,t !5 (
k51

n EA22
gk~uk!1P~2uk!

f k~uk!
duk2an21E 1

detG↖~y~ t !!
dt ~82!

is a complete solution, and in the usual way it generates a canonical transformation to va
~b,a!, whereb i5]F/]a i . These new variables will be constant during the motion, with val
determined by the initial condition. One can then~at least in principle! solve foru5u(b,a,t), and
hencex5x(b,a,t). This finishes the proof of theorem 23.

IV. THE CASE OF ONE DRIVEN EQUATION

The case when only the last equation is driven by the other ones is easier to handle, s
does not require the Hamilton–Jacobi method, as we shall soon see. Specializing our p
results to this case by settingn51, we find the following. If a system of the form

ÿ15M1~y1 ,...,ym!,

A
~83!

ÿm5Mm~y1 ,...,ym!,

ẍ52
]V

]x
~y1 ,...,ym ;x!
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has an integral of motionE(0) of cofactor type, then it must have an extra integral of mot
E(1)5 1

2ẏ
T cofG↖(y) ẏ1w(y) depending only on the variablesy. We change to new coordinate

(v1 ,...,vm ,u), wherev5y andu is the zero of the first degree polynomial det(G2lJ). HereJ
5diag(0,...,0,1), so det(G2lJ)5detG2l detG↖ , hence

u5
detG~y,x!

detG↖~y!
.

In the new variables,E(1) remains unchanged~with v instead ofy), while E(0) takes the form
given by ~64!,

E(0)5uE(1)1
1

2

detG↖~v !

D
u̇21g~u!,

where, according to~43! and proposition 32,

D5S ]u

]xD 2

5
f ~u!

detG↖~v !

for some functionf (u). Hence,

E(0)5uE(1)1
1

2

~detG↖~v !!2

f ~u!
u̇21g~u!. ~84!

Now, for a given solutionv(t)5y(t) of the driving system, we write this as

S detG↖~v~ t !!
du

dt D
2

52 f ~u!~E(0)2uE(1)2g~u!!,

or

du

A2 f ~u!~E(0)2uE(1)2g~u!!
5

dt

detG↖~v~ t !!
,

which can be integrated by quadrature, sinceu and t are separated.
This procedure can be applied recursively to ‘‘triangular’’ systems, as in the following pr

sition. Note that for an arbitrary triangular system all we can do in general is to solve the
equation forq1(t). It is quite surprising that the existence of an integral of motion of cofactor t
is enough to allow us to solve the system completely.

Proposition 37 (triangular cofactor systems): Suppose that the ‘‘triangular’’ Newton syst

q̈15M1~q1!,

q̈25M2~q1 ,q2!,

q̈35M3~q1 ,q2 ,q3!, ~85!

A

q̈N5MN~q1 ,q2 ,q3 ,...,qN!,

is of cofactor type. Suppose also that no upper left k3k block in G is constant or singular(k
51,...,N21). Then the system can be integrated by quadratures.
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Proof: The whole system is of the type considered above~driven, with n51), so it can be
integrated provided that the driving system, consisting of theN21 first equations, can be inte
grated. By what we said above, the driving system must have an integral of motion of co
type, so it is itself a triangular cofactor system, of one dimension less. Since the first equati
be integrated~being one dimensional!, the statement follows by induction. h

In each step of the integration procedure one new variableu5uk is introduced. Denoting the
determinant of the upper leftk3k block in G by Dk(q1 ,...,qk), we can write the separatio
variables (u1 ,...,uN) as

u15q1 and ui5
Di

Di 21
, i 52,...,N.

V. EXAMPLES

Example 38 (example 1 continued):We can now fill in the missing details in our first exampl
We had

M ~q!5
1

~q2q32q1!2 S 0
q3

q2

D .

With

G~q!5S 2q1 q2 q3

q2 0 1

q3 1 0
D , J5S 0 0 0

0 1 0

0 0 1
D ,

we find fromAm5cof(G1mJ) that

A(0)5cofG5S 21 q3 q2

q3 2q3
2 q2q322q1

q2 q2q322q1 2q2
2

D ,

A(1)5S 0 2q2 2q3

2q2 2q1 0

2q3 0 2q1

D , A(2)5S 1 0 0

0 0 0

0 0 0
D .

The relation¹W(k)52A(k)M then yields

W(0)52
q2

21q3
2

q2q32q1
, W(1)5

2q1

q2q32q1
, W(2)50.

We introduce new variables (v,u1 ,u2), wherev5q1 andu1,2 are the roots of

05det~G2uJ!52~q2q32q1!1~q2
21q3

2!u1~2q1!u2.

With (y,x1 ,x2) instead of (q1 ,q2 ,q3), we see thatu11u252(x1
21x2

2)/2y and u1u252(x1x2

2y)/2y, so that
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S x11x2

&
D 2

5v~12u1!~12u2!,

~86!

S x12x2

&
D 2

52v~11u1!~11u2!.

Except for the factorv, the new variables (u1 ,u2) are elliptic coordinates aligned along axes th
are rotatedp/4 relative to the Cartesian coordinates (x1 ,x2). With u1,21,u2,1, the coordi-
nate curves are ellipses~for u1) and hyperbolas~for u2). The example~2! is obtained by taking the
particular solutiony(t)5v(t)5q1(t)5t of the driving equationq̈150, and in this case we get
factor t with the effect of expanding the entire coordinate web as time increases, so these
dinates might be called ‘‘expanding elliptic coordinates.’’

We can express (u1 ,u2) in terms of (y,x1 ,x2) as

u1,25
21

4y
~x1

21x2
26A~x1

21x2
2!2216y~x1x22y!!,

and then a straightforward computation gives the quantities

D1,25S ]u1,2

]x1
D 2

1S ]u1,2

]x2
D 2

5
1

2y2 S x1
21x2

26
~x1

21x2
2!228yx1x2

A~x1
21x2

2!2216y~x1x22y!
D .

With U(m)5(u12m)(u22m) we find that (detG↖)U8(u1)D152y(u12u2)D154(12u1
2) and

(detG↖)U8(u2)D252y(u22u1)D154(12u2
2) depend only on one variable, as predicted by Prop

tion 32. So in this case we havef 15 f 25 f , where f (u)54(12u2).
The functionsW(k), expressed in the new variables, take the form

W(0)52
u11u2

u1u2
5u2

22/u1

U8~u1!
1u1

22/u2

U8~u2!
,

W(1)5
2

u1u2
5

22/u1

U8~u1!
1

22/u2

U8~u2!
,

W(2)50,

in accordance with proposition 35.
We can now write down the integrals of motionE(k)5 1

2q̇
TA(k)q̇1W(k) in terms of the vari-

ables (v,u1 ,u2). With si5u̇i /D i , we find

E(2)5
v̇2

2
,

E(1)5~u11u2!E(2)1

4~12u1
2!

s1
2

2
2

2

u1

U8~u1!
1

4~12u2
2!

s2
2

2
2

2

u2

U8~u2!
,

E(0)5u1u2E(2)1u2

4~12u1
2!

s1
2

2
2

2

u1

U8~u1!
1u1

4~12u2
2!

s2
2

2
2

2

u2

U8~u2!
.

The new Hamiltonian ish5E(1)/detG↖(v(t)), or, with v(t)5t,
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h~u,s,t !5
1

2t
S u11u2

2
1

4~12u1
2!

s1
2

2
2

2

u1

U8~u1!
1

4~12u2
2!

s2
2

2
2

2

u2

U8~u2!
D .

The time-dependent Hamilton–Jacobi equationh(u,]F/]u,t)1]F/]t50 admits a separate
complete solution of the form

F~u1 ,u2 ,a1 ,a2 ,t !5S1~u1 ,a0 ,a1!1S2~u2 ,a0 ,a1!2
a1

2
lnutu,

whereS1 andS2 satisfy the separation equations

1

2 S dS1

du1
D 2

5

2

u1
2a01a1u12

u1
2

2

4~12u1
2!

,

1

2 S dS2

du2
D 2

5

2

u2
2a01a1u22

u2
2

2

4~12u2
2!

.

From bk5]F/]ak we finally obtain

b1~u1 ,u2 ,t,a0 ,a1!5Eu1 x

2R
dx1Eu2 x

2R
dx2

1

2
lnutu,

b0~u1 ,u2 ,t,a0 ,a1!5Eu1 21

2R
dx1Eu2 21

2R
dx,

where

R~x,a1 ,a2!5A2~12x2!S 2

x
2a01a1x2

x2

2 D .

This gives the solutionu(b,a,t) in implicit form.
Example 39 (a triangular system):An interesting example of a triangular cofactor syste

appears when applying the recursive method for constructing cofactor pair systems given
6 to the matrices

G5S 0 21 q1

21 0 q2

q1 q2 2q3

D , G̃5S 0 0 1

0 1 0

1 0 0
D .

Starting withW(0)5W(1)50 andW(2)521, one obtains after four steps the system

q̈1524q1 ,

q̈256q1
224q2 , ~87!

q̈35210q1
3112q1q224q3 ,
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which is a cofactor pair system with respect to the given matricesG and G̃. Since the third
equation is driven by the first two, the system is also a cofactor pair system with respect toG and
J5diag(0,0,1). In fact, the most general matrixG for which the system has an integral of motio
of the form 1

2q̇
T(cofG)q̇1W(q) is

c1S 0 21 q1

21 0 q2

q1 q2 2q3

D 1c2S 0 0 1

0 1 0

1 0 0
D 1c3S 0 0 0

0 0 1

0 1 0
D 1c4S 0 0 0

0 0 0

0 0 1
D ,

so it might be called a ‘‘cofactor quadruple system.’’@The third matrix comes from the fact tha
there is a functionU(q) such thatM25]3U andM35]2U.] Anyway, we know from Sec. IV that
the driving system is a cofactor system with respect to

G↖5S 0 21

21 0 D .

Since this matrix is constant, we cannot use it for integrating the driving system, but it so ha
that the driving system is a cofactor system with respect to any matrix of the form

c1S 21 q1

q1 2q2
D 1c2S 0 1

1 0D 1c3S 0 0

0 1D .

So, forgetting about~87! for the moment, we consider the two-dimensional driving system

q̈5S 24q1

6q1
224q2

D52
g¹w

detg
, ~88!

where now

g5S 21 q1

q1 2q2
D , w5 3

2 q1
412q1

2q222q2
2 .

@In this example, we use lowercase letters for quantities referring to the two-dimensional s
~88!.# In the new variablesv5q1 andu5detg/detg↖5q1

212q2, we have the integrals of motion

e(1)5 1
2q̇1

212q1
25 1

2v̇
212v2

from the first equation, and~after a short calculation!

e(0)5
1

2
q̇T~cofg!q̇1w~q!5ue(1)2

u̇2

8
2

u2

2
.

The functionv(t)5q1(t) is just a harmonic oscillation, whose amplitude determines the num
cal value ofe(1) ~or the other way around!:

q1~ t !5Ae(1)

2
sin 2~ t2t1!. ~89!

The value ofe(0) is determined by the initial conditions forq1 and q2 . Then u(t), and hence
q2(t)5(u(t)2v(t)2)/2, can be found from the separable ODE

du

dt
5A8S ue(1)2

u2

2
2e(0)D .
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This gives

u~ t !5A~e(1)!222e(0) sin 2~ t2t2!1e(1),

so that

q2~ t !5 1
2 ~A~e(1)!222e(0) sin 2~ t2t2!1e(1)~12 1

2sin2 2~ t2t1!!!. ~90!

Having foundq1(t) andq2(t), we return to the three-dimensional system~87!:

q̈5S 24q1

6q1
224q2

210q1
3112q1q224q3

D 52
G¹W

detG
,

where

G5S 0 21 q1

21 0 q2

q1 q2 2q3

D , W56q1
2q2

224q1
4q214q1q2q322q3

224q1
3q3 .

Here we take new variablesv15q1 , v25q2 , andu5detG/detG↖52(q1q21q3). The integrals of
motion turn out to be

E(1)5
1

2
v̇T cofS 0 21

21 0 D v̇14v1v222v1
3

and

E(0)5
1

2
q̇T~cofG!q̇1W~q!5uE(1)2

u̇2

8
2

u2

2
,

so the equation foru(t) can again be separated~in exactly the same way as above!. After finding
u(t), we finally obtainq3(t)5u(t)/22q1(t)q2(t), that is

q3~ t !5 1
2 ~AE(1)22E(0) sin 2~ t2t3!1E(1)!2q1~ t !q2~ t !. ~91!

By inserting the expressions forq1(t) and q2(t) into the expression forE(1) we find that it
depends on the previous integration constantse(0), e(1), t1 , t2 through the equation

E(1)5A2e(1)Ae(1)22e(0) cos 2~ t22t1!.

On the other hand,E(0) and t3 are independent of the previous integration constants.
Example 40 (construction of driven systems):Given a cofactor system

ÿ5M ↑~y!52~cofg~y!!21
]w

]y
~y!,

how can it be extended to a driven system

q̈5S M ↑~y!

M ↓~y,x! D52~cofG~q!!21
]W

]q
~q!

of the type considered in this paper? First of all, the restriction that the elliptic coordinates m
G(q) must haveg(y)5G↖(y) as its upper left block fixesa, b↑ andg↖ . The remaining entries
of b and g can be chosen at will~as long asG is nonsingular!. Then we want to find some
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extensionM ↓ of the right-hand side which is compatible with the chosen matrixG @i.e., so that
W(q) exists#. In separation coordinates, this amounts to specifying the functionsgk(uk) in the
corresponding solution of the fundamental equations~proposition 34!, the functionw(v)5w(y)
already being determined by the driving system. One can find a family of possibleM ↓ in Cartesian
coordinates directly by using the recursion formula from Ref. 6. As it stands, this formula req
G̃ to be nonsingular, but takingG̃5J can be justified like in the proof of proposition 27~however,
it only makes sense in the ‘‘downwards’’ recursion formula!. We then find that if a driven system
has integrals of motion given by the generating functionEm5 1

2q̇
TAmq̇1Wm as in ~27!, then we

obtain another driven system with integrals of motion1
2q̇

TAmq̇1Um by setting

Um5
1

m S det~G1mJ!

detG
W(0)2WmD . ~92!

It is clear thatUm is a polynomial inm of degreen21, notn, which means that the new syste
~and any system obtained by iterating this process! is driven in the trivial way (ÿ50). They
correspond to solutions~57! of the fundamental equations withw(y)50. Adding

det~G1mJ!

detG↖
w~y!

to Um gives a system with anyw(y) desired.
As an example, consider the two-dimensional Garnier potentialV5(q1

21q2
2)22(l1q1

2

1l2q2
2). We will demonstrate how to findG andM3 such that the system

q̈152]1V~q1 ,q2!,

q̈252]2V~q1 ,q2!, ~93!

q̈35M3~q1 ,q2 ,q3!

is of cofactor typeq̈52 (G/detG) ¹W. With G↖5(0 1
1 0), corresponding tow5V, we havea

5b15b250, so we choose, for example,b351 and extendg with zeros to get

G5S 1 0 q1

0 1 q2

q1 q2 2q3

D .

Applying ~92! with Wm5110m and J5diag(0,0,1) givesUm5(detG)21, corresponding to the
trivially driven system

q̈52
G

detG
¹S 1

detGD5
2

~2q32q1
22q2

2!2 S 0
0
1
D .

To keep things simple we stop the recursion after this first step, and let

Em5
1

2
q̇T cof~G1mJ!q̇1~detG!211

det~G1mJ!

detG↖
V~q1 ,q2!,

which then generates an extended system of the desired form

q̈52
G

detG
¹~~detG!211~detG!V!5S 2]1V

2]2V
2~2q32q1

22q2
2!2222V

D . ~94!
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Since the Garnier potential is separable in elliptic coordinates it admits an extra integ
motion of cofactor type. This gives us the possibility to instead take

G↖5S l12q1
2 2q1q2

2q1q2 l22q2
2D ,

corresponding to

w5l2q1
41l1q2

41~l11l2!q1
2q2

22l1l2~q1
21q2

2!.

Herea521 andb↑50, and we can for example extendG↖ to

G5S l12q1
2 2q1q2 2q1q3

2q1q2 l22q2
2 2q2q3

2q1q3 2q2q3 l32q3
2
D .

In a similar way as above we get in this case~after some computation! the extended system

q̈52
G

detG
¹S detG↖

detG
1

detG

detG↖
wD

5S 2]1V

2]2V

l1l2q3S 2w~q1 ,q2!

~detG↖!2 2
2

~detG!2 1
q1~]1V!/l11q2~]2V!/l2

detG↖
D D , ~95!

where detG5l1l2l3(12q1
2/l12q2

2/l22q3
2/l3) and detG↖5l1l2(12q1

2/l12q2
2/l2).

ACKNOWLEDGMENTS

We thank Claes Waksjo¨ and Krzysztof Marciniak for interesting discussions. The researc
Stefan Rauch-Wojciechowski has been supported by NFR Grant No. M 5105-20005093
which he gratefully acknowledges here.

1Arnol’d, V. I., Mathematical Methods of Classical Mechanics, 2nd ed.~Springer-Verlag, 1989!.
2Crampin, M., and Sarlet, W., ‘‘A class of nonconservative Lagrangian systems on Riemannian manifolds,’’ J. Math
42, 4313–4326~2001!.

3Kalnins, E. G., and Miller, Jr., W., ‘‘Killing tensors and nonorthogonal variable separation for Hamilton-Jacobi
tions,’’ SIAM ~Soc. Ind. Appl. Math.! J. Math. Anal.12, 617–638~1981!.

4Kalnins, E. G., and Miller, Jr., W., ‘‘Separation of variables onn-dimensional Riemannian manifolds. I. Then-sphereSn

and Euclideann-spaceRn, ’’ J. Math. Phys.27, 1721–1736~1986!.
5Kossowski, M., and Thompson, G., ‘‘Submersive second order ordinary differential equations,’’ Math. Proc. Cam
Philos. Soc.110, 207–224~1991!.

6Lundmark, H., Higher-dimensional integrable Newton systems with quadratic integrals of motion~to appear!. Paper 1 in
Ref. 7.

7Lundmark, H., ‘‘Newton systems of cofactor type in Euclidean and Riemannian spaces,’’ Ph.D. thesis, Matem
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