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Probably familiar to many in the audience:

Peakon solutions of the Camassa—Holm equation

And in particular:

Peakon-antipeakon collisions
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In this talk:
* Background material about Camassa—Holm peakons and
antipeakons (and a little bit about Degasperis—Procesi).
* Analogous results for Novikov’s equation.
(Old, but still not quite finished, work with Marcus Kardell.)

Compared to Camassa—Holm, there is a much greater variety of
possible behaviours for peakon—-antipeakon solutions.



The Camassa—Holm equation (1993)

m; + mu + 2mu, =0

The Degasperis—Procesi equation (1998)

my + m,u + 3mu, =0

Novikov’s equation (2008)

my + (myu + 3muy,)u =0

where

where

where

m:u_uxx

m:u_uxx

m:u_uxx




Multipeakon (weak) solutions | u(x,t) =
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ODEs governing multipeakon solutions

Camassa—Holm
my +mu + 2mu, =0

Degasperis—Procesi
m; + myu + 3mu, =0

Novikov
my + (myu + 3muy)u =0

J'Ck = u(xk) mk = —My <ux(xk)>
5Ck = u(xk) mk = —ka <le(xk)>
B = u(xg)® | | e = —my (uy (k) ) u(xx)
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(fork=1,...,N)



For Camassa—Holm:

| X = u(xk)

Velocity of peakon at x; equals elevation of the total wave at xy.

So antipeakons (m < 0) want to move leftwards.

° %ln |mk’ = Z_i = —<ux(xk)> (OI‘ mk(t) = 0)

Slope (uy(xi)) positive/negative = |my| decreasing/increasing.

(And similarly for Degasperis-Procesi with £ In |m;| = —2{u.(x)).)
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> X2

> X1

Finite-time blowup of u,(x, t) due to peakon—antipeakon collision:

X3(t> = JCQ(t> — 0 mz(t> — +00 M3(t) — —00
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Novikov peakons are different:

® Xk — u(xk)2

Velocity of peakon at x; equals squared wave elevation at x.

So everything moves to the right (antipeakons too).

] = ) nx)) | orml) =0

Slope and elevation have equal/opposite signs
—> |my| decreasing/increasing.
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Will there be a collision after finite time here too, as in the CH case?
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The peakon ODEs for CH/DP /Novikov are explicitly solvable for any N,
via Lax pairs and inverse spectral methods.

* Richard Beals, David Sattinger, Jacek Szmigielski. “Multipeakons and the classical
moment problem.” Adv. Math. (2000).

* Hans Lundmark, Jacek Szmigielski. “Degasperis—Procesi peakons and the discrete
cubic string.” IMRP (2005).

* Andrew Hone, Hans Lundmark, Jacek Szmigielski. “Explicit multipeakon solu-
tions of Novikov’s cubically nonlinear integrable Camassa—Holm type equation.”
Dynamics of PDE (2009).
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Example. Camassa—Holm peakon ODEs for N = 3:

X1 =u(xy) =my  +myEp + m3Eq;

Xo = u(x2) = mEp+my 4+ m3zEps

X3 = u(x3) = myEqz + myEos + m3

rin = —my{uy(x1)) = —my( mpEqp + m3Eq3)
ity = —mp(uy(x2) ) = —mo(—mi1E1p + mzEn3)
tity = —mz(uy(x3)) = —mz(—myEq3 — mpEps)
—[xi—xj| — Qi

where E;j =e¢ e’ i fori < j(assuming x; < xp < X3).

If the peakons are far apart:
El‘]‘ ~ 0 — X =~ my, ny =~ 0.
So then each peakon acts nearly like a solitary travelling wave (X, = m; = constant).
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(Ex. cont.) Constants of motion

Lax pair provides time-invariant polynomial 1 — MjA + MpA? — M3A® with real nonzero
distinct roots Ay, Ay, A3 (eigenvalues of a discrete string).

Number of positive /negative eigenvalues Ay = number of peakons/antipeakons.

_ _ 1, 1 4 1
My = my +my +m3 = -+ 3+ + 3

M, = mymy(1 — Exp) + mamz(1 — Exg) + mamz(1 — Exz) = 5=+ 1 + oo

M3 = m1m2m3(1 - E12)<1 — E23) - )tl/\lz/\g;

(H = 3M} - M

— %(m% + m% + m% + 2E1omymy + 2E13myms + 2E23m2m3) — %(/\L% + /\l% + /\lg))

For pure peakon solutions (all 7 positive) finite-time blowup is impossible, and ordering x; < xp < x3
holds for all t € R, due to the existence of the constants of motion M; and M3.

(OI‘ in general M1 =mi+mp—+---+mN and MN = mimy - - - mN(l — Elz)(l — E23) 000 (1 — EN—l,N)-)
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(Ex. cont.) General solution
()H — /\2)2()&1 — )\3)2()\2 — Ag)zﬂlazag
2j<k /\?)\i()\] — )\k)zﬂ]ﬂk
()\1 — /\2)2611&2 + (/\1 — )\3)261103 + (/\2 — A3)2a2a3
/\%611 + )\%az + )\%(13

X1 (t) = In

x2(t) =1In
X3(t) = 111(&1 + ar + a3)

Zj<k /\]2-)\%()\]' — Ak)za]-ak

) =
ml( ) AAoAs Zj<k )\j/\k(/\j — /\k)Za]ﬂk
= (Alar + A3az + A3as) Tji (A — Ax)?aja
2 - ()\1611 + Aoap + /\3&3) 2j<k AjAk(Aj - Ak)zajak
a,+ap +as
ms(t)

- Aa1 + Aras + Asas

where A; = constant (as on prev. page) and ai(t) = ax(0) e/* (positive).

(The quantity ay is the residue at A, in the Weyl function for the discrete string.)
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(Ex. cont.) Graph of a pure 3-peakon solution u(x, t):
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. cont.) Peakon trajectories x = x(t) for solution on prev. page:

10
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(Ex. cont.) Asymptotics

Say 1/A1 > 1/Ay > 1/A3. Then a; > a, > az ast — +o0, since ay(t) = ax(0) e!/*,
(A1 = A2)2(A1 — A3)% (A2 — As)2ara0as
)\%)\%(Al — /\2>2ﬂ1612 AF oo

(A1 — A2)2a1as + (A1 — Az)?aras + (A2 — Az)%apas
~ B t.
A2a; + Aday + Aa; /A2 cons
x3(t) = In(ay +ax+az) =~ /A + const.

x1(t) =1In ~ t/A3+ const.

x2(t) = 1In

()&%A%(/\1 — )\2)261102 Fo )

t) = ~ 1/A
ml( ) AMAIA3 ()\1)\2()\1 = )\z)zalaz + ... ) /As
- (t) _ (/\%&ll “F )L%le == /\éag) (()\1 = /\z)zﬂlﬂlz =F oo ) ~ 1/A
2 ()\1&1 aF /\2&2 - )\3(13) (/\1)\2()\1 — )\2)20102 4+ ... ) 2
a1 +ax+a
m3(t) ! 2 3 ~ 1/)\1

a AMay + Axap + Azas

(And similarly, but in the opposite order, as t — —c0.)
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Peakon-antipeakon collisions in the CH equation

e Can be analyzed in detail using the explicit solution formulas.

e Always in pairs, xx_1 < X = Xj+1 < Xg42. No triple collisions.

e Ast /' teon we have, forsomea >0,8>0,71 €R, 12 € R:
X1 (t) — xk(t) = a(t — teon)” + O((t — teon)”)

mk(t) — IB =+ T + O( coll)
t— tcoll
My (t) = ; _'b; " + 72 + O(t — teon)
co

So my — +oo and my 1 — —oo, but my + me 1 — y1 + 7o
* u,(x,t) — —oo on the interval x € (my(t), my1(t)).

e u(x,t) for t < teon extends continuously to t = tq.
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Camassa-Holm 2-peakon solution formulas

()\1 — )\2)2(11612 /\%Lﬁ + /\%ﬂz

x1(t) = In my(t) =

1( ) /\%ﬂl —|—A%612 1( ) ()\1(11 —|—/\2(12) AAy
a1+ ap

X (t) =In(ay +a ma(t) =

2(t) (a1 + a2) 2(t) Aay + Asan

To obtain a peakon—-antipeakon solution with asymptotic velocities ¢; = Ail > 0 and

—Cp = %2 < 0 and the collision occuring at (x,f) = (0,0), take a1(0) =

(12(0) - C1‘262:

41

Cc1+Cp and

Cle—Clt +CzeC2t Cle_clt +C26C2f

x1(t) = —1 t) =
1( ) n c1 + ¢ ml( ) et — pcat
c1e1t + cpe— 2! c1e1t 4 cpe—C2!
X (t) =1 my(t) =
2( ) n c1 + ¢ 2( ) ec1t — p—cat
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Recall the solution illustrated in the “movie” earlier (with ¢; = 3, ¢, = 2):

How to continue after the collision?
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Two main scenarios H'-norm ||u|* = [ (u* + u3) dx

* Dissipative

]

—_ 0

r

tcoll t

e Conservative (given by the explicit formulas above, for  # t.,)

u
Ju

Q

1
Y

u(x,t)

':',, t
tcoll t
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Peakon trajectories x = xi(t) for the conservative continuation of the
CH peakon-antipeakon solution above:

cre— 1t 4 g2t cre—C1t 4 coplat
X1(t) = : c1+c : ml(t) - 1e—clt i-eizt
o 1 jt (fort € R) o Cop (fort#0)
x(t)—lnclel + cpe” 2 m(t)—clel + cpe” 2
g c1+ ¢ 2 o0t _ p—Cat
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Graph of a conservative CH solution with 2 peakons & 1 antipeakon:
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The same surface u(x, t), cut along the curves x = xi(t) and pulled apart:

(Source: Hans Lundmark, Jacek Szmigielski. “A view of the peakon world through the lens of approxi-
mation theory.” Physica D (2022).)
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Some references

Dissipative solutions

7

¢ Zhouping Xin, Ping Zhang. “On the weak solutions to a shallow water equation.’
CPAM (2000). “On the uniqueness and large time behavior of the weak solutions
to a shallow water equation.” Comm. PDE (2002).

* Alberto Bressan, Adrian Constantin. “Global dissipative solutions of the Camassa—
Holm equation.” Anal. Appl. (Singap.) (2007).

* Helge Holden, Xavier Raynaud. “Global dissipative multipeakon solutions of the
Camassa—-Holm equation.” Comm. PDE (2008). “Dissipative solutions for the
Camassa—Holm equation.” DCDS (2009).

* Wojciech Krynski. “Dissipative prolongations of the multipeakon solutions to the
Camassa—Holm equation.” JDE (2019).

* Hong Cai, Geng Chen, Hongwei Mei. “Uniqueness of dissipative solution for
Camassa-Holm equation with peakon—antipeakon initial data.” Appl. Math. Lett
(2021).
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Conservative solutions

e Alberto Bressan, Adrian Constantin. “Global conservative solutions of the Camassa—
Holm equation.” Arch. Rational Mech. Anal. (2007).

* Helge Holden, Xavier Raynaud. “Global conservative solutions of the Camassa-—
Holm equation — a Lagrangian point of view.” Comm. PDE (2007). “Global
conservative multipeakon solutions of the Camassa—Holm equation.” JHDE (2007).

* Alberto Bressan, Geng Chen, Qingtian Zhang. “Uniqueness of conservative solu-
tions to the Camassa—Holm equation via characteristics.” DCDS (2015).

a-dissipative solutions (0 < a < 1, with « = 0 conservative and o = 1 dissipative)

¢ Katrin Grunert, Helge Holden, Xavier Raynaud. “A continuous interpolation
between conservative and dissipative solutions for the two-component Camassa-—
Holm system.” Forum Math. Sigma (2015).

* Katrin Grunert, Helge Holden. “The general peakon—-antipeakon solution for the
Camassa—Holm equation.” JHDE (2016).
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Over to Novikov’s equation now!
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Some references (origins)

* Andrew Hone, Jing Ping Wang. “Integrable peakon equations with
cubic nonlinearity.” J. Phys. A (2008).

* Vladimir Novikov. “Generalisations of the Camassa—Holm equation.”
J. Phys. A (2009).
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Some references (explicit N-peakon solution formulas)

¢ Andrew Hone, Hans Lundmark, Jacek Szmigielski. “Explicit multi-
peakon solutions of Novikov’s cubically nonlinear integrable Camassa-
Holm type equation.” Dynamics of PDE (2009).

* Keivan Mohajer, Jacek Szmigielski. “On an inverse problem associ-
ated with an integrable equation of Camassa—Holm type: Explicit
formulas on the real axis.” Inverse Problems (2012).

¢ Xiang-Ke Chang, Xing-Biao Hu, Shi-Hao Li, Jun-Xiao Zhao. “An
application of Pfaffians to multipeakons of the Novikov equation
and the finite Toda lattice of BKP type.” Adv. Math. (2018).

e Xiang-Ke Chang. “Hermite-Padé approximations with Pfaffian struc-

tures: Novikov peakon equation and integrable lattices.” Adv. Math.
(2022)
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Some references (misc.)

* Alex Himonas, Curtis Holliman, Carlos Kenig. “Construction of 2-

peakon solutions and ill-posedness for the Novikov equation.” SIAM
J. Math. Anal. (2018).

* Robin Ming Chen, Dmitry Pelinovsky. “W'* instability of H'-stable
peakons in the Novikov equation.” Dynamics of PDE (2021).

* Geng Chen, Robin Ming Chen, Yue Liu. “Existence and uniqueness
of the global conservative weak solutions for the integrable Novikov
equation.” Indiana Univ. Math. J. (2018).
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Novikov 2-peakon solution formulas

(M —A)* 5,

aia
1 2 12
x1(t) = = In (1 +12) /\Zfﬁ\z

/\1&%4—)\261%4-

1. (a} a5 4
xo(t) = Eln (A_1 + " + YR alaz)

— )4 a2a2 AAA 1/2
((/\1 2)* ajas ()\1 2+ A+ _il_ 2 ala2>>

(A1 4+ A2)%2A1A, M+ Ay
m1(t) = — )
()\1 /\2) ai1do
Mt A (a1 + 612)
<a§ a2 4 12
+ =+ amz)
A A AM+A
ma(t) = ~——— a —ll— a 2 (Where ar(t) = ax(0) et/Ak)
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The constants A; and A, are eigenvalues of a discrete dual cubic string (depending
parametrically on x3, xp, my, my).

They are the roots of the polynomial A(A) = 1 — HjA + HpA?, where
H; = m% + m% + 2E12m1m2
are constants of motion for the Novikov peakon ODEs.

(Recall the abbreviation Ejp = e~ \17%2| = x1—%2, assuming x; < x».)

The time-varying quantities a; are the residues in the Weyl function

. B()\) . ai ar
W) AN A A=,

where
B(A) = mye™ + mye™ — Amimye™?(1 — E3).
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Pure peakon case: A1 and A, positive, distinct.
a1 and a, positive.

1 1
Asymptotic velocities — and amplitudes {/ —.
Ak Ak

(Not very different from CH pure peakon solutions, qualitatively.)

Pure antipeakon case: A1 and A, positive, distinct.
a1 and a, negative.

1 1
Asymptotic velocities = and amplitudes — '
k k

(Simply upside-down pure peakon solutions. If u satisties the Novikov equation, then so does —1.)
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Peakon-antipeakon case:

Type 1.

Type 2.

Type 3.

A1 and A, positive and distinct.
a1 and a; real, nonzero, of opposite signs.

Ay = A1 with positive real part (and nonzero imaginary part).
>, = a1 NONZero.

A= Ay = U > 0.
Limiting case, described by other solution formulas (see below).

The Weyl function has a different form in this case:

W(A) = A"_ly + (AP‘_“;)z (a3 # 0)
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Classification in terms of 717 and m, (of opposite signs) and x; < x:

Type 2. Complex-conjugate pair of eigenvalues with positive real part

Epp = 1772 Type 3. Positive eigenvalue of multiplicity 2

Type 1. Pair of simple positive eigenvalues

(% — Elz)z + E%Z =1

41



Type 1. Real distinct eigenvalues

For asymptotic velocities ¢; = Ail >0and ¢, = /\iz > 0, and collision at (x,t) = (0,0),
take a1(0) = —az(O) = ‘C1+C22

€1—C

xl(t) = —XZ(—t)

1 4 cqcy elertea)t 1. (c1—c)?
t) = =In| c1 &2 + ¢ 22F — — —In— =2
XQ(> 211(1 Te C1+ Co 21’1 C1+ ¢
my (t) = ma(—t)
1/2
_ 1 2cqt 2cyt 4cic elerten)!
mz(t) = m (Cle +coe — .
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Limiting shape: u(x,0) = \/c; + c;e
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Peakon trajectories x = x(t) for the solution illustrated above:

() —x(t) =at* +O(°) ast—0  (a>0)
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Unlike for Camassa—Holm,
E= /(uz—l—uﬁ)dx
R
is conserved for all times ¢ (including the instant of collision).

But there is another conserved quantity
F= /R(u4 + 2utuf — Luy) dx

which jumps (upwards) at the collision, and then immediatedly returns to its previous
value.

* Geng Chen, Robin Ming Chen, Yue Liu. “Existence and uniqueness of the global conservative
weak solutions for the integrable Novikov equation.” Indiana Univ. Math. J. (2018).

Chen-Chen-Liu use the quantity F in order to define conservative solutions of Novikov’s equation, in
the style of the conservative CH solutions of Bressan—Constantin and Bressan-Chen-Zhang.

Reasonable hypothesis (yet to be rigorously verified): The N-peakon solutions given by our explicit
solution formulas are indeed conservative solutions in the sense of Chen—Chen-Liu.
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Type 2. Complex eigenvalues
L _ 1 060
o= ip Pt i («a>08>0)

Periodic oscillations of period 27t/ (two collisions per period) on top of an overall
drift with velocity a. For example, witha =2 and g = 7:

2 I

my neg.
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Type 3. Double real eigenvalue

Recall that for simple eigenvalues A1 and A, we had the partial fractions decomposition

o om as
W(A>_)\—)\1+)\—/\2 (611750,(12#0)

but for a double eigenvalue A; = A, = y it takes the form

:A?ij()\szy)z (a2 # 0)

W(r)

instead. So we need separate solution formulas for this case (see next page).

Note: The notation 4; and a; is being reused with a slightly different meaning.

We will have a,(t) = a2(0) e'/# like before, but

a1(t) = (a1(0) — ax(0) t/p)e'’¥

gets a different time-dependence.
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1 1
Let — = — = 0.
e)\1 1 c >

Solution formulas for this case:

x1(t) = 3InQy

x(t) = 31 Qs
where

ca;

4 (a3 + map + %a%)
Qx> = c(af — maz + 3a3)
—2(a% + a1a, + %a%)

aya5

48

a1(t) = (a1(0) — a»(0) ct)e
ay(t) = a(0) e
a1(0> eR



For collision at the origin, take 41(0) = 0 and a,(0) = —v/2/c:
x1(t) = ct — 2In(2(ct)> — 2ct + 1)
Xo(t) = ot + 2In(2(ct)* + 2ct + 1)

v 2(ct)? —2ct +1
—t \/27C
V2(ct)2 +2ct +1
tv/2c

Common asymptotic velocity ¢ as t — £oo, but logarithmic separation:

xo(t) — x1(t) = In(2(ct)?) + O(3)

my(t) =

mz(t) =

49



For example, with ¢ = 1:

0 ! ! ! ! ! ! ! ! ! ! !
-12-10 -8 -6 -4 -2 0 2 4 6 8 10 12
X
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Peakon-antipeakon solutions with N > 3

¢ The formulas for pure N-peakon solutions look similar those for the case N = 2
shown above, but more complicated (of course).

They involve positive and distinct eigenvalues Ay, ..., Ay of the discrete dual cubic
string, and positive residues 4y, ..., ay in the Weyl function, with a;(t) = a;(0) '/ *+.

(Pure antipeakon solutions if all a; are negative instead.)
* The same formulas also produce peakon-antipeakon solutions, provided that:

— The eigenvalues Ay are simple and have positive real parts.

— The residues a; are all nonzero.

— The residues have mixed signs (if all eigenvalues are real) or form complex-
conjugate pairs (if the corresponding eigenvalues do).

* Via limiting procedures we obtain separate solution formulas describing solutions
with eigenvalues of higher multiplicity and/or zero real part.
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Easiest case: Positive simple eigenvalues

1> >1>0
Aq AN

Asymptotic velocities & amplitudes:

, 1
K
ast — —oo

1
i~ 4[5 580 ax(0)

(And the same in opposite order as t — +00.)
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Example.

~15 10 -5
/M =2
/A =1
1/A3=1/6

a1(0) = +1/10 pos.
a,(0) = +5 pos.

a3(0)

53

—1/4 neg.

(£ = sign of my)



Example.

1/A3=1/6

11(0) = —1/10 neg.

112(0)
a3(0)
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+5 pos.
—1/4 neg.

(£ = sign of my)



Simple complex eigenvalues with positive real part

Consider the reciprocal eigenvalues 1/A; € C.

When m of these numbers have the same real part & > 0 we get a cluster
of m peakons and antipeakons travelling together.

e Common velocity a for the cluster as a whole.
* Periodic or quasi-periodic oscillations on top of this, with frequencies

determined by the imaginary parts of 1/ Ay.

1 .
ol +if =  m(t) = ar(0) &M = g, (0) e* P!
period T = 27t/ B
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Example. Three eigenvalues with « = Re(1/A) = 1.

Oscillation period T = 2

--- Xy = X3
Higher-order collision:
X3(t) — XZ(t) ~ Cf8
my(t) ~ Dt=2

ms(t) ~ —Dt 2

Cluster velocity & = 1

5
Im% 41
.‘%2:14—7'[1 3|
3 |
L1 1)
=1
* t 0f
1 Re%
| -1
1
01%321—7'[1‘ 3|
_4,
-5
—6
a1(0) = -2 112,3(0) =1

(These particular values give a higher-order collision at t = 0.)
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Example. Four eigenvalues with « = Re(1/A) = 1.

5
Im 1 af +Period Ty = 4
o /\% =1+m 3
| 2 Period T, = 2
1 _
| 1)
: t 0 = ~
‘ 1
| Re 1
[ 1 T -1
*a =t 2!
| =
et =1—mi _3
4 Cluster velocity & = 1
-5 L
—6 —4 =2 0 2 4 6
X
a12(0) =1 a34(0) =2 Commensurable imaginary parts = periodic (with period 4)
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Example. Four eigenvalues with « = Re(1/A) = 1.

Im

==

‘%:1%—711' 3| Period T; = 7

Period T, =2

Cluster velocity & = 1

a12(0) =1 a34(0) =2 Incommensurable imaginary parts = quasiperiodic
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Example. Interaction between a 3-cluster and a 4-cluster.

Imi

1+7Ti+ ;
8243

1+ie
L e2 : t

1 ie | Rex
62— I

1—m’+ 3

All 2,(0) = 1.

Merely describing the precise asymptotics for this 7-peakon solution requires the exact formulas for
3-peakon and 4-peakon solutions!
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Eigenvalues on the imaginary axis

All eigenvalues must satisfy Re(A) > 0and A # 0.
Some eigenvalues may actually have Re(A) = 0.

(But not all of them, so this can only happen when N > 3.)

The solution formulas used so far involve divisions by A; + A. But this gives division
by zero when (A, Ax) = (iL, —iL) is a complex-conjugate purely imaginary pair, so
those formulas only work for simple eigenvalues strictly in the right half-plane.

To obtain solution formulas for cases involving simple imaginary eigenvalues:

* Write down the (old) solution formulas for perturbed spectral data where the
imaginary eigenvalues A, have been replaced with e+ Ay (to give them a positive
real part) and their corresponding residues a; have been replaced with eay.

e Jete — 0.
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Example. A positive eigenvalue + a complex-conjugate imaginary pair.

Im%
1 _ .
Tz_+l"
A t
1 . %:2 Re%
A= —le u
8l

a1(0) = v2/5  ay3(0) =20"1/4

No oscillations (oscillatory terms from e!/423 = it

“ Asymptotic collisions”:

2

1.5

1

0.5

0

—0.5

-1

—1.5

-2 -15 -1 -05 0 0.5 1 1.5 2

cancel from the solution formulas).

Ast — +oo we have x15(t) — D, my,(t) = +Ce!/M + 0(1) and u(x15(t)) — 0.

Similarly as t — —oo for xp 3 and m; 3.
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Non-simple eigenvalues

Solution formulas for non-simple eigenvalues are obtained by limiting
procedures where simple eigenvalues are made to coalesce.

This makes it possible to have clusters together with the phenomenon of
logarithmic separation as t — +oo.
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Example. 3-cluster + oscillatory 4-cluster, both with logarithmic separation

—10

15
Im % |

} 10 |
¢1+Zi (double) 5l
. (triple)

—e t o 0f
.2 Re §

+ 1—7%i (double) -5

~15 - L
=25 -20 -15 10 -5 0 5 10 15 20 25
X
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Example. Single peakon + oscillatory 6-cluster with logarithmic separation

1 15
Im

T 1+ 7t 10!
¢1+Zi (double) 5l
— t 0}
.2 Re §

+ 1—7%i (double) -5
+1 — 7Tl —107

~15 —c e S
=25 -20 -15 10 -5 0 5 10 15 20 25
X
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THE END



