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SOLVING ILL-POSED LINEAR SYSTEMS WITH GMRES AND A
SINGULAR PRECONDITIONER∗

LARS ELDÉN† AND VALERIA SIMONCINI‡

Abstract. Almost singular linear systems arise in discrete ill-posed problems. Either because of
the intrinsic structure of the problem or because of preconditioning, the spectrum of the coefficient
matrix is often characterized by a sizable gap between a large group of numerically zero eigenvalues
and the rest of the spectrum. Correspondingly, the right-hand side has leading eigencomponents
associated with the eigenvalues away from zero. In this paper the effect of this setting in the
convergence of the generalized minimal residual (GMRES) method is considered. It is shown that
in the initial phase of the iterative algorithm, the residual components corresponding to the large
eigenvalues are reduced in norm, and these can be monitored without extra computation. The
analysis is supported by numerical experiments. In particular, ill-posed Cauchy problems for partial
differential equations with variable coefficients are considered, where the preconditioner is a fast,
low-rank solver for the corresponding problem with constant coefficients.
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1. Introduction. Large, sparse nonsymmetric and singular linear systems arise
when certain partial differential equations (PDEs) are discretized. In [7] conditions
are given for the convergence without breakdown of the generalized minimum residual
algorithm (GMRES) [38] applied to singular problems. Since the appearance of [7]
many papers have been devoted to the analysis and application of GMRES for exactly
singular problems; see [25] for a rather extensive account of the relevant literature.

In this paper we are concerned with almost singular (or numerically singular)
linear systems,

(1.1) Ax = b,

where A ∈ Cn×n. Such systems occur in connection with ill-posed problems, and for
some problems GMRES works well, while for others it performs badly; see, e.g., [29,
Examples 5.3 and 5.1], respectively. Recently it has been demonstrated that GMRES
gives a good approximate solution in few iterations for certain ill-posed problems for
PDEs when a singular preconditioner is used [34, Part III]. However, so far a deeper
analysis of the properties of GMRES applied to almost singular systems is lacking.

The purpose of the present paper is to analyze and explain the convergence be-
havior of GMRES for linear systems that are almost singular, i.e., the way they occur
in ill-posed problems Ax = b, where the matrix A is a discretization of a compact
operator [14]. In this case, A is extremely ill-conditioned, typically with a gradual
decay of singular values and a cluster of singular values at zero. Because of this pe-
culiarity, previous attempts toward the understanding of GMRES convergence have
often focused on information associated with the singular value decomposition (SVD)
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of the matrix; see, e.g., [29, 20, 6]. Instead, in agreement with, e.g., [8, 9], we will rely
on spectral information of the problem, with the Schur decomposition of the coefficient
matrix as the core theoretical tool. In some cases, especially in connection with sin-
gular preconditioners, the matrix has a cluster of eigenvalues of magnitude O(1) that
is well separated from another cluster of eigenvalues of small magnitude. Correspond-
ingly, the right-hand side has large and leading components onto the eigendirections
associated with the cluster away from the origin. Assuming that the linear system
(1.1) is a perturbation of an exactly singular system of rank m, we will show the
following:

(i) In the first iterations GMRES mainly reduces the norm of the residual as if
solving the unperturbed system.

(ii) After at most m iterations, but often much earlier, the norm of the residual is
of the order of magnitude of the perturbation, and if the GMRES procedure is then
stopped, it gives a good approximation of the minimum norm solution of the exactly
singular system.

Our theoretical findings generalize and are in agreement with the results discussed
in [7, 25] for exactly singular systems. In particular, our analysis specifically explores
the case when the condition for obtaining a minimum norm solution is not met, which
is the setting usually encountered in ill-posed problems.

We will also consider the case when the eigenvalues are not clustered (when the
numerical rank is ill-determined, which is often the case in ill-posed problems; see,
e.g., the discussion in [2, 9]), and show theoretically and by examples that GMRES
will give a good approximate solution if the iterations are stopped when the residual
is of the order of the perturbation.

Numerically singular systems with clustered eigenvalues occur when singular pre-
conditioners are applied to discrete ill-posed linear systems Ax = b [34, Part III]. For
such a problem, arising from the discretization of a linear equation with a compact op-
erator, the ill-posedness manifests itself in the blow-up of high frequency components
in the numerical solution. In order for the problem to be approximately solvable, the
solution must be well represented in terms of the low frequency part of the operator.
If the preconditioner M gives a good approximation of the low frequency part of the
operator but suppresses the high frequency part completely, then the preconditioned
problem AM †

my = b has the properties above.1 Thus AM †
m is numerically singular

but with a well-conditioned low rank part. Computing the minimum norm solution
of the preconditioned problem will yield a good approximation to the solution of the
ill-posed problem. A similar strategy was explored in [5].

It is well known (see, e.g., [17, 31]) that unpreconditioned iterative methods ap-
plied to ill-posed problems exhibit semiconvergence: initially the approximate solution
converges towards the “true solution,” then it deteriorates and finally blows up. Such
convergence behavior also occurs in the preconditioned case, and we give a theoretical
explanation. However, in the case of singular preconditioners semiconvergence does
not apply to the final solution approximation but only to an intermediate quantity. A
stopping criterion based on the discrepancy principle will give a solution that is close
to optimal.

The purpose of the paper is twofold:

• to give a theoretical foundation for the use of singular preconditioners for
ill-posed problems;

1The notation M†
m is explained at the end of the introduction.
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• to demonstrate the effectiveness of singular preconditioners for GMR applied
to Cauchy problems for parabolic and elliptic PDEs with variable coefficients.

The outline of the paper is as follows. In section 2 we introduce the GMRES
algorithm and its properties for exactly singular systems. The concept of singular
preconditioners is motivated in section 3. The Schur decomposition of the matrix is
used in section 4 to analyze GMRES for nearly singular systems, and residual esti-
mates are given. In section 5 we derive error estimates, which explain the regularizing
properties of the method and the influence of the fact that the iterative solver is not
pursued to convergence. Finally, in section 6 we give numerical examples in one to
three dimensions.

We will use the following notation. The conjugate transpose of a matrix A is A∗.
The Euclidean vector norm is denoted ‖x‖ = (x∗x)1/2, and the induced matrix (oper-
ator) norm is ‖A‖ = max‖x‖=1 ‖Ax‖. The Frobenius norm is ‖A‖F = (

∑
i,j |aij |2)1/2.

The singular values of B ∈ Cp×n, where p ≤ n, are denoted σi, i = 1, 2, . . . , p, and are
ordered as σ1 ≥ σ2 ≥ · · ·σp ≥ 0; if σp �= 0, its condition number is κ2(B) = σ1/σp.
A+ denotes the Moore-Penrose pseudoinverse of A. For a singular preconditioner M
of rank m we will use M †

m to denote a low-rank approximation of a matrix A−1. Even
if M †

m may be a generalized inverse (not necessarily a Moore-Penrose pseudoinverse)
of M , we are not particularly interested in that relation in this paper.

2. The GMRES algorithm for exactly singular systems. In this section we
recall some known facts about the iterative solver GMRES and its convergence prop-
erties for singular systems that will be our background throughout the manuscript.

We start by defining the subspace under consideration: given a square matrix A
and a vector r0, a Krylov subspace of dimension k is defined as

Kk(A, r0) = span{r0, Ar0, . . . , Ak−1r0}.
In the context of solving (1.1), given a starting guess x0 and the associated residual
r0 = b − Ax0, GMRES determines an approximate solution xk to (1.1) as xk ∈ x0 +
Kk(A, r0) by requiring that the corresponding residual rk = b − Axk have minimum
norm, namely

xk = arg min
x∈x0+Kk(A,r0)

‖b−Axk‖.(2.1)

The algorithm is a popular implementation of a minimal residual method that
fully exploits the properties of the approximation space. For a sound implementation
of GMRES we refer the reader to [37, Chap. 6.5].

A key feature of the algorithm is the computation of an orthonormal basis w1, . . . ,
wk by the Arnoldi iterative method. After k iterations, this process can be conve-
niently summarized by the Arnoldi relation

AWk = Wk+1Hk,

with Wk = [w1, . . . , wk], W
∗
kWk = Ik, and Hk ∈ C(k+1)×k upper Hessenberg.

The problem of solving a singular linear system Ax = b using GMRES is treated
in [7, 25], where the following result is proved.

Proposition 2.1. GMRES determines a least squares solution x∗ of a singular
system Ax = b, for all b and starting approximations x0, without breakdown, if and
only if N (A) = N (A∗). Furthermore, if the system is consistent and x0 ∈ R(A),
then x∗ is a minimum norm solution.
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Assume that the rank of A is equal to m. For the analysis it is no restriction to
assume that the matrix of the linear system has the structure2

(2.2)

[
A11 A12

0 0

] [
x(1)

x(2)

]
=

[
c(1)

c(2)

]
, A11 ∈ C

m×m.

Throughout we will use the notational convention that c(1) is the upper part of the
vector c, according to the splitting of the coefficient matrix, and analogously for other
involved matrices. It is easy to see (cf. [25]) that the condition N (A) = N (A∗) is
equivalent to A12 = 0. Similarly, the consistency condition is equivalent to c(2) = 0.

Obviously, applying GMRES to the linear system

(2.3)

[
A11 0
0 0

] [
x(1)

x(2)

]
=

[
c(1)

0

]

is mathematically equivalent to applying GMRES to A11x
(1) = c(1). Due to the finite

termination property of Krylov methods it will never take more than m steps to
obtain the solution of this problem (in exact arithmetic). Finally, in this section,
the properties of the Krylov subspace ensure that applying GMRES to (2.2) with
c(2) = 0 and zero starting approximation is also mathematically equivalent to applying
GMRES to A11x

(1) = c(1). A more common situation occurs when the (2,2) block of
(2.2) is almost zero, i.e., it has small but nonzero entries, and in addition c(2) �= 0. In
this case, the rank of A is of course larger than m, and the role of A12 becomes more
relevant. We analyze such a setting in section 4 for a general A by first performing a
Schur decomposition.

3. Singular preconditioners for ill-posed problems. In this section we mo-
tivate the use of singular preconditioners, having in mind large and sparse ill-posed
linear systems that occur, e.g., when inverse problems for PDEs are discretized.

Preconditioners are routinely used for solving linear systems Ax = b using Krylov
methods. For this discussion we first assume that the matrix A corresponds to a well-
posed problem, by which we mean that its condition number is of moderate magnitude.
With right preconditioning one derives and computes a nonsingular approximationM
of A and then solves the equivalent linear system

AM−1y = b, x = M−1y,

using a Krylov subspace method. The reason why we use a right preconditioner is
that we will apply the discrepancy principle [14, p. 83], [22, p. 179], which means that
we are not interested in solving the linear system Ax = b exactly, but only determine
an approximation x̂ with residual ‖Ax̂ − b‖ ≈ δ, where δ is prespecified3 and is a
measure of the noise level of the data. In particular, the monotonicity of the (original
system) residual norm provides the proper setting for which the discrepancy principle
is most meaningful.

The matrix M may represent, e.g., the discretization of a related but simpli-
fied operator, or a structure-capturing matrix with an inexpensive-to-apply inverse.
Now assume that the linear system of equations Ax = b represents a discrete, ill-posed
problem. The problem with a preconditioner as described above is that if M is a good
approximation of A, then also M is ill-conditioned, with M−1 very large in norm. For
concreteness, let M be a circulant matrix [20], written as

2In [25] a transformation of the system is done by decomposing the space Cn into R(A) and
R(A)⊥ .

3In some cases δ can be estimated from the data; see [27].
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(3.1) M = FΛF ∗,

where F is the Fourier matrix and Λ is a diagonal matrix of eigenvalues. In or-
der to “regularize” the preconditioner, the small eigenvalues, corresponding to high
frequencies, are replaced by ones; i.e., the preconditioner is chosen as

(3.2) MI = F

[
Λ1 0
0 I

]
F ∗,

which has an inverse with a norm that is not too large. This approach is investigated
in several papers [20, 18, 19, 31, 32, 24]. In the current paper, motivated by the appli-
cation to Cauchy problems for elliptic and parabolic PDEs in two space dimensions
(see [34, Part III] and sections 6.3 and 6.4), we instead choose to use another type
of regularized, singular preconditioner, defined using a low-rank approximation of the
solution operator. If we were to use the analogue of this idea in the case of a circulant
preconditioner, we would take

(3.3) M †
m = F

[
Λ−1
1 0
0 0

]
F ∗.

Thus we solve the singular linear system (AM †
m)y = b, with the GMRES method,

and then compute x = M †
my. A somehow related approach was proposed in [2],

where, however, the singular preconditioner was generated by means of a projection
argument instead of a generalized inverse strategy.

We show in section 4 that the distribution of eigenvalues of AM †
m determines the

rate of convergence and the quality of the GMRES solution. In fact, the regularized
singular preconditioner also induces regularization on the solution; see section 5.

4. The GMRES algorithm for nearly singular systems. Consider a pre-
conditioned least squares problem

(4.1) min
y

‖(AM †
m)y − b‖,

where, in exact arithmetic, rank(M †
m) = m. For the purpose of analysis we will use

the Schur decomposition AM †
m = UBU∗ [15, p. 313], where B is upper triangular

with diagonal elements ordered by decreasing magnitude. By a change of variables
we get the equivalent linear least squares problem mind ‖Bd−c‖, with c = U∗b, which
we partition as

(4.2) min
d

∥∥∥∥
[
L1 G
0 L2

] [
d(1)

d(2)

]
−
[
c(1)

c(2)

]∥∥∥∥ ,
where L1 ∈ Cm×m is nonsingular. We emphasize that the use of the Schur decomposi-
tion in this context is due only to numerical convenience and to consistency with later
computational experiments. Any decomposition that provides a 2 × 2 block upper
triangular form by unitary transformation with the same spectral properties would
yield the same setting. In particular, we shall not use the fact that both L1, L2 are
upper triangular.

Since in many cases neither A nor M †
m will be explicitly available, but only as

operators acting on vectors, we cannot presuppose in our analysis that L2 = 0. Instead
we assume4 that

4The meaning of the “much larger than” symbol will depend on the context: in the case of
singular preconditioners it can be several orders of magnitude, while in the case when GMRES is
applied directly to an ill-posed problem, it may be only two orders of magnitude; see the numerical
examples.
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(4.3) |λmin(L1)| � |λmax(L2)|, ‖c(1)‖ � ‖c(2)‖ = δ.

By λmin(L1) we mean the eigenvalue of smallest modulus. We also assume that L1

is well conditioned; i.e., ‖L−1
1 ‖ is not large. The eigenvalue condition in (4.3) is

related to the assumption that B is almost singular. Thus L2 can be considered as
a perturbation of zero, corresponding to either floating point round-off or some other
type of “noise,” and the same applies to c(2). We shall also assume that ‖G‖ has
a small or moderate value, excluding the occurrence of nonnormality influencing the
two diagonal blocks.5 The assumptions in (4.3) also exclude the case, for instance,
where the given problem is a perturbation of a nonsymmetric matrix with all zero
eigenvalues and a single eigenvector; cf., e.g., [29, sect. 5.1, Example]. The eigenvalues
of such a perturbed matrix will tend to distribute in a small disk around the origin.
This last assumption is not restrictive, since it is already known that GMRES will
perform very badly in this setting; see, e.g., [30, Example R, p. 787].

Now, since (4.2) can be seen as a perturbation of

(4.4) min
d

∥∥∥∥
[
L1 0
0 0

] [
d(1)

d(2)

]
−
[
c(1)

c(2)

]∥∥∥∥ ,
we may ask whether it is possible to “solve” (4.2) as efficiently as we would do with
(4.4) (cf. the discussion around (2.3)). We will show in section 4.1 that in the first
few (fewer than m) steps of GMRES, a sufficiently small residual will be obtained,
whose size depends on ‖L2‖, ‖G‖, and ‖c(2)‖, as expected. Other quantities also
enter the picture. In section 4.2 we will use the approximation properties of Krylov
subspaces to derive more accurate bounds for the residual norm, which involve the
spectral distance between L1 and L2. We also remark that the model derived by
splitting the spectral domain into a “good” part and a “bad” part has been used; see,
e.g., [3] and [2]. In both cited cases, however, the aim is to computationally exploit
an approximate decomposition so as to accelerate the convergence of the employed
method. Here the exact splitting is a theoretical device used to explain the practical
behavior of GMRES in certain circumstances.

Example 4.1. In section 6.2 we consider an ill-posed “model problem”: the
Cauchy problem for a parabolic equation in one space dimension (referred to as
Cauchy-1D), which is solved using right-preconditioned GMRES. The preconditioner
is singular, which leads to an almost singular linear system, whose Schur decomposi-
tion has the structure (4.2)–(4.3). The relevant quantities are

|λmin(L1)| = 0.6768, |λmax(L2)| = 2.4 · 10−16,

‖G‖ = 0.0962, ‖c(1)‖ = 0.6753, ‖c(2)‖ = 0.006573.

Clearly, the assumptions of Proposition 2.1 are not satisfied. Figure 4.1 shows that
GMRES quickly reduces the relative residual norm to 10−2 and then stagnates. We
will see later that the approximate solution after 4 steps is acceptable (for an ill-
posed problem). In sections 4.1 and 4.2 we will show that in the first few steps of
the Arnoldi recursion the L1 block dominates, and, essentially, the well-conditioned
system L1d

(1) = c(1) is solved, before the small L2 block comes into play.
To proceed we need to introduce some notation and definitions. Under the eigen-

value assumption in (4.3) we can write

(4.5) B =

[
L1 G
0 L2

]
= XB0X

−1 = [X1, X2]

[
L1 0
0 L2

] [
Y ∗
1

Y ∗
2

]
,

5More precisely, we assume that G is small in the sense that the matrix P in (4.7) is not large.
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Fig. 4.1. Example 4.1 (Cauchy-1D). Relative residual as a function of iteration index.

where [Y1, Y2]
∗ = [X1, X2]

−1,

[X1, X2] =

[
I P
0 I

]
, [Y1, Y2] =

[
I 0

−P ∗ I

]
,(4.6)

and P is the unique solution of the Sylvester equation L1P − PL2 = −G. Note that

‖X2‖ ≤ 1 + ‖P‖, ‖Y1‖ ≤ 1 + ‖P‖, where ‖P‖ ≤ ‖G‖
sep(L1, L2)

,(4.7)

and sep(L1, L2) is the separation function.6 It is known (cf., e.g., [39, Thm. V.2.3])
that sep(L1, L2) ≤ mini,j |λi(L1)−λj(L2)|, where λi(X) denotes the ith eigenvalue of
X . It is also easy to show, using the definition of the matrix norm, that ‖X‖ ≤ 1+‖P‖.

Definition 4.2 (see [42, p. 36]). The grade of a matrix L with respect to a vector
v is the degree of the lowest degree monic polynomial p such that p(L)v = 0.

The polynomial giving the grade is unique and is referred to in the literature as
the minimum polynomial; see, e.g., [16, 28]. In this paper we shall adopt the term
grade polynomial to avoid confusion with the minimum residual GMRES polynomial.

4.1. Estimating the residual. We start by establishing a relation between
Arnoldi recursions for the block-triangular system Bd = c and the block-diagonal
system B0d0 = u, where u = X−1c. Assume that for any k ≥ 1 (with, of course,
k < n) we have generated a Krylov decomposition of B,

(4.8) BWk = Wk+1Hk, w1 =
ŵ

‖ŵ‖ , ŵ =

[
c(1)

c(2)

]
,

with Hk ∈ C(k+1)×k upper Hessenberg. Using the relation B = XB0X
−1, we get

XB0X
−1Wk = Wk+1Hk. Using the thin QR decompositions

(4.9) X−1Wi = ViSi, i = k, k + 1,

we obtain the Krylov decomposition of B0,

6The sep function is defined as sep(L1, L2) = inf‖P‖=1 ‖T (P )‖, where T : P �→ L1P − PL2 (cf.,
e.g., [39, sect. V.2.1]).
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(4.10) B0Vk = Vk+1

(
Sk+1HkS

−1
k

)
, v1 =

u

‖u‖ , u =

[
u(1)

u(2)

]
=

[
c(1) − Pc(2)

c(2)

]
,

where Sk+1HkS
−1
k is upper Hessenberg. Thus, the Arnoldi method applied to B with

starting vector c uniquely defines another sequence of vectors, which can be generated
by the Arnoldi method applied to B0 with starting vector v1 defined by (4.10).

We will now analyze GMRES for Bd = c in terms of the equivalent recursion for
B0d0 = u. Denote the grade of L1 with respect to u(1) by m∗. We will first show that

the upper block of Vm∗ , denoted by V
(1)
m∗ ∈ Cm×m∗ , has full column rank. Due to the

structure of B0, the Arnoldi method applied to the linear system B0d = u generates
a basis for the Krylov subspace

(4.11) Km∗(B0, u) = span

{[
u(1)

u(2)

]
,

[
L1u

(1)

L2u
(2)

]
, . . . ,

[
Lm∗−1
1 u(1)

Lm∗−1
2 u(2)

]}
.

Lemma 4.3. Assume that the orthonormal columns of the matrix

Vm∗ =

[
V

(1)
m∗

V
(2)
m∗

]
∈ C

n×m∗

span the Krylov subspace (4.11). Then the upper m ×m∗ block V
(1)
m∗ has full column

rank. In addition, the overdetermined linear system L1V
(1)
m∗ z = u(1) is consistent.

Proof. Let K(i) = [u(i), Liu
(i), . . . , Lm∗−1

i u(i)], i = 1, 2, and

K =

[
K(1)

K(2)

]
.

The columns of K(1) are linearly independent; otherwise the zero linear combination
would imply the existence of a polynomial p of degree strictly less than m∗ such that
p(L(1))u(1) = 0, which is a contradiction to the definition of grade. Therefore, the
matrix K∗K = (K(1))∗K(1) +(K(2))∗K(2) is nonsingular, and the columns of Qm∗ =

K(K∗K)−
1
2 are orthonormal with first block Q

(1)
m∗ having full column rank. Any other

orthonormal basis spanning range(Qm∗) differs from Qm∗ in a right multiplication by
a unitary matrix, leaving the full rank property of the first block unchanged. The
consistency follows from the definition of grade.

The lemma shows that, since V
(1)
k has full rank for k ≤ m∗, GMRES “works on

reducing the significant part” of the residual of the linear system until m∗ steps have
been performed.

Theorem 4.4. Assume that m∗ is the grade of L1 with respect to u(1) = c(1) −
Pc(2). If the projection matrix Wm∗ is constructed using the Arnoldi method applied
to the system Bd = c, with starting vector w1 = c/‖c‖, then

‖rm∗‖ = min
f

‖BWm∗ f − c‖

≤ (1 + ‖P‖)
(
‖L2V

(2)
m∗ ‖ ‖(L1V

(1)
m∗ )

+‖(1 + ‖P‖)‖c(1)‖+ ‖c(2)‖
)
,(4.12)

where Wm∗ and Vm∗ are related by (4.9), and P is defined in (4.6).
Proof. Using B = XB0X

−1 and (4.9) we have, for any y,

‖BWm∗f − c‖2 = ‖XB0X
−1Wm∗f − c‖2 ≤ ‖X‖2 ‖B0Vm∗Sm∗f − u‖2

= ‖X‖2
(
‖L1V

(1)
m∗ z − u(1)‖2 + ‖L2V

(2)
m∗ z − c(2)‖2

)
,(4.13)
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where z = Sm∗f and u(2) = c(2). Since, by Lemma 4.3, the equation L1V
(1)
m∗ z = u(1)

is consistent, we can make the first term in (4.13) equal to zero by choosing z =

(L1V
(1)
m∗ )

+u(1). Thus, we have

‖rm∗‖ ≤ ‖X‖ ‖L2V
(2)
m∗ z − c(2)‖.

The result now follows by using the triangle inequality, ‖X‖ ≤ 1+ ‖P‖, and ‖u(1)‖ ≤
(1 + ‖P‖)‖c(1)‖.

The aim of Theorem 4.4 is to describe why in the first few steps of GMRES mainly
the residual of the “significant part” of the linear system is reduced in norm; a few

comments are in order. For k ≤ m∗, assume that L1V
(1)
k is well-conditioned. Then,

as in the above proof,

‖rk‖2 = min
y

‖BWk y − c‖2

≤ ‖X‖2
(
‖L1V

(1)
k z − u(1)‖2 + ‖L2V

(2)
k z − c(2)‖2

)
.(4.14)

Due to the assumption (4.3), the second term will be small for z of moderate norm.
Therefore, since almost nothing can be done in reducing the second term, GMRES
will give a solution that almost optimizes the first term; i.e., it will give a solution

ŷ ≈ S−1
k ẑ, with ẑ = (L1V

(1)
k )+u(1). After m∗ steps the first part of the residual

can be made equal to zero, and the norm of the overall residual is small due to the
assumption (4.3). Furthermore, since the Arnoldi recursion for B0 can be seen as a
perturbation of that for [

L1 0
0 0

]
,

in the first steps of the recursion the matrix V
(1)
k is close to orthogonal, and therefore

the assumption that L1V
(1)
k is well-conditioned is justified for small values of k.

We expect that for general problems the grade m∗ will be close to m. However,
in the case of preconditioning of ill-posed equations, L1 may have extremely close or
even multiple eigenvalues (depending on the quality of the preconditioner), so that

the method will reduce ‖X‖ ‖L1V
(1)
k ẑ − u(1)‖ to a level below ‖c(2)‖ after only a few

steps. This is illustrated in the following example.
Example 4.5. The example presented in section 6.2 has numerical rank 20 (m =

20), and we solve it using GMRES. For this example ‖X‖ ≤ 1.08, ‖L−1
1 ‖ ≈ 1.58,

‖L2‖ ≈ 5.8 · 10−16. The convergence history is illustrated in the plots of Figure 4.2.

We see that ‖X‖ ‖L1V
(1)
k ẑ−u(1)‖ is reduced under the level ‖c(2)‖ already after three

steps. Furthermore, the grade m∗ is equal to 20 since the residual ‖L1V
(1)
k ẑ − u(1)‖

is zero after 20 steps. On the other hand, since in this example it is not necessary to
reduce the residual much below the level ‖c(2)‖, the method does not need to reach
the number of iterations corresponding to the grade.

We see that the residual estimate from Theorem 4.4 is realistic in Example 4.5, but
in many cases it may be a gross overestimate of the actual convergence. Indeed, the
result only exploits the Krylov decomposition (4.8), and therefore any approximation
space whose basis satisfies this type of equation for k = m∗ could be used to obtain
the bound in Theorem 4.4. A fundamental property of Krylov subspaces, which has
not been employed so far, is that there is an underlying polynomial approximation
taking place; this will be explored in the next section.
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Fig. 4.2. Example 4.5, residuals. First 7 steps (left), 25 steps (right). ‖X‖ ‖L1V
(1)
k ẑ − u(1)‖

(solid), ‖X‖ (‖L1V
(1)
k ẑ − u(1)‖2 + ‖c(2)‖2)1/2 (dashed), true residual (dashed with +), and the

estimate (4.12) (solid straight line).

4.2. An improved residual estimate. For any polynomial pm of degree not
greater than m, we can write

pm(B)c = [X1, X2]

[
pm(L1)Y

∗
1 c

pm(L2)Y
∗
2 c

]
= X1pm(L1)Y

∗
1 c+X2pm(L2)Y

∗
2 c,

where [Y1, Y2]
∗ = [X1, X2]

−1 (cf. (4.6)). Therefore, using X∗
1X1 = I and Y ∗

2 c = c(2),

‖pm(B)c‖ ≤ ‖pm(L1)Y
∗
1 c‖+ ‖X2pm(L2)c

(2)‖.(4.15)

We denote by Pk the set of polynomials p of degree not greater than k and such
that p(0) = 1. We also recall that k iterations of GMRES generate an approximate
solution dk for Bd = c with dk ∈ Kk(B, c) (for a zero initial guess) by minimizing
the residual rk = c−Bdk [37]. In terms of polynomials, this implies that rk = pk(B)c
where pk = argminp∈Pk

‖p(B)c‖; pk is called the GMRES residual polynomial.
The following theorem provides a bound of the GMRES residual when the spectra

of L1 and L2 are well separated and the magnitude of c(2) is small compared with
that of the whole vector c, as is the case in our setting. The proof is in the spirit of
that in [10].

Theorem 4.6. Let m∗ be the grade of L1 with respect to Y ∗
1 c. Assume k iterations

of GMRES have been performed on Bd = c, and let rk be the corresponding residual.
Let Δ2 be a circle centered at the origin and having radius ρ, enclosing all eigenvalues
of L2.

(i) If k < m∗, let s
(1)
k = φk(L1)Y

∗
1 c be the GMRES residual associated with

L1z = Y ∗
1 c, where φk ∈ Pk. Then

‖rk‖ ≤ ‖s(1)k ‖+ ‖X2‖γkτ, τ = ρmax
z∈Δ2

‖(zI − L2)
−1c(2)‖,(4.16)

where γk = maxz∈Δ2

∏k
i=1 |θi − z|/|θi| and θi are the roots of φk.

(ii) If k = m∗ + j, j ≥ 0, let s
(2)
j = ϕj(L2)c

(2) be the GMRES residual associated

with L2z = c(2) after j iterations, where ϕj ∈ Pj, so that ‖s(2)j ‖ ≤ ‖c(2)‖. Then

‖rk‖ ≤ ργk∗‖s(2)j ‖‖X2‖max
z∈Δ2

‖(zI − L2)
−1‖,(4.17)

where γm∗ = maxz∈Δ2

∏m∗
i=1 |θi − z|/|θi| and θi are the roots of the grade polynomial

of L1.
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Proof. Let us write rk = pk(B)c, where pk is the GMRES residual polynomial.
(i) For k < m∗, we have ‖rk‖ = minp∈Pk

‖p(B)c‖ ≤ ‖φk(B)c‖, where φk is the
GMRES residual polynomial associated with L1 and Y ∗

1 c. Using (4.15), we have

‖φk(B)c‖ ≤ ‖φk(L1)Y
∗
1 c‖+ ‖X2φk(L2)c

(2)‖ ≤ ‖s(1)k ‖+ ‖X2‖ ‖φk(L2)c
(2)‖.

To evaluate the last term we use the Cauchy integral representation. From
φk(L2)c

(2) = 1
2πı

∫
Δ2

φk(z)(zI − L2)
−1c(2)dz, we obtain

‖φk(L2)c
(2)‖ ≤ ρmax

z∈Δ2

|φk(z)|max
z∈Δ2

‖(zI − L2)
−1c(2)‖.

Using φk(z) =
∏k

i=1(1 − z/θi), the first result follows.
For k ≥ m∗, we select the polynomial pk(z) = qm∗(z)ϕj(z), where qm∗ is the grade

polynomial, namely it satisfies qm∗(L1)Y
∗
1 c = 0, so that pk(L1)Y

∗
1 c = 0; moreover,

ϕj(z) is the GMRES residual polynomial after j iterations on L2z = c(2). Then

‖rk‖ ≤ ‖pk(B)c‖ ≤ ‖pk(L1)Y
∗
1 c‖+ ‖X2pk(L2)c

(2)‖
≤ ‖X2‖ ‖pk(L2)c

(2)‖ ≤ ‖X2‖ ‖qm∗(L2)‖ ‖ϕj(L2)c
(2)‖.

Once again, using the Cauchy integral representation,

‖qm∗(L2)‖ ≤ ρmax
z∈Δ2

|qm∗(z)|max
z∈Δ2

‖(zI − L2)
−1‖.

Since qm∗(z) =
∏m∗

i=1(1 − z/θi), the result follows.
A few comments are in order before we proceed with some examples. Assuming

that m∗ 	 n, Theorem 4.6(i) shows that the behavior of the first few iterations of
GMRES is driven by the convergence of the reduced system L1d

(1) = Y ∗
1 c through the

quantity ‖s(1)k ‖. During these iterations, the noise-related part of the problem may
affect the bound on ‖rk‖ with the quantities ‖X2‖ and τ if B is nonnormal; otherwise

the first term ‖s(1)k ‖ dominates. Such nonnormality reveals itself in two different ways:
(a) the quantity τ may be large if the second diagonal block L2 is very nonnormal,
so that its resolvent norm may be large even for z not too close to the spectrum; (b)
due to (4.7), ‖P‖ and thus ‖X2‖ may be large if L1 and L2 are not well separated in
terms of sep function, while the norm of the “coupling” matrix G is sizable. If G = 0,
then X2 has orthonormal columns and only the nonnormality of L2 plays a role in
the balance between the two terms in (4.16).

For k sufficiently large, we expect that ‖s(1)k ‖ will become smaller than the second
term in (4.16), so that the second term ‖X2‖γkτ will start to dominate. For k > m∗
(item (ii) in Theorem 4.6), the first term is zero, so that a bound based on the system
in L2 may be obtained, as in (4.17). We also remark that this second bound differs
considerably from that obtained in Theorem 4.4, which was stated for k = m∗.

We also need to comment on the expected size of τ and γk. The quantity τ collects
information on the nonnormality of L2 and on the size of the data perturbation. We
already mentioned the role of the transfer function norm, which appears as ‖(zI −
L2)

−1c(2)‖ ≤ ‖(zI − L2)
−1‖ ‖c(2)‖. Therefore, the size of the noise-related data,

‖c(2)‖, may be amplified significantly on a nonnormal problem. On the other hand,
the radius ρ also plays a role. We recall that ‖(zI − L2)

−1‖ ≤ dist(z,F(L2))
−1,

where F(L2) is the field of values7 of L2. Therefore, the circle Δ2 may be set to be

7The field of values of an n× n matrix L is defined as F(L) = {z∗Lz : z ∈ Cn, ‖z‖ = 1}.
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Fig. 4.3. Location of the spectra of L1 and L2, and choice of the circle Δ2 in Theorem 4.6.

sufficiently far from F(L2) (see Figure 4.3), so that ‖(zI−L2)
−1‖ is of moderate size,

while maintaining ρ not too large, so as not to influence γk (see below). In that case,
ρ‖(zI − L2)

−1‖ 	 1, implying τ ≈ ‖c(2)‖. Similar considerations hold for the bound
(4.17). The quantity γk is the maximum value of the GMRES residual polynomial on
the circle Δ2. If the circle tightly surrounds zero, then γk is very close to one since
the residual polynomial φk satisfies φk(0) = 1. Circles of larger radius may cause
γk to assume significantly larger values, depending on the location of the polynomial
roots θ’s. We found that values of the radius ρ within ‖L1‖ provided good bounds; in
general, however, we tried to select significantly smaller ρ’s; see the examples below.

Theorem 4.4 gives good estimates only when ‖L2‖ is very small and L1 is well-
conditioned, which is the case when a good, singular preconditioner is used for an ill-
posed problem. On the other hand, the improved result in Theorem 4.6 can be applied
to estimate the behavior of GMRES applied directly (i.e., without preconditioner) to
an ill-posed problem.

Example 4.7. We consider the wing example from the MATLAB Regularization
Toolbox [21, 23] of dimension n = 100, and the largest few eigenvalues of A in absolute
value are

3.7471 · 10−1, −2.5553 · 10−2, 7.6533 · 10−4, −1.4851 · 10−5,

2.1395 · 10−7, −2.4529 · 10−9, 2.3352 · 10−11, −1.8998 · 10−13, 1.3260 · 10−15.

We perturb the exact right-hand side be as b = be + εp, with p having normally
distributed random entries and ‖p‖ = 1. With the explicit Schur decomposition of
the matrix, we take as L1 the portion of B corresponding to the largest six eigenvalues
in absolute value (that is m∗ = 6), down to λ6 = −2.4529 · 10−9; for this choice we
have ‖G‖ = 2.29 · 10−5 and ‖P‖ = 10.02. This choice of L1 was used to ensure that
there is a sufficiently large gap between L1 and L2, while still being able to assume
that ‖L2‖ is mainly noise. Note that since all relevant eigenvalues are simple, m∗ = m
for this example. We then take a circle of radius ρ = 2 · 10−9 < dist(spec(L1), 0).
We compute the invariant subspace basis [X1, X2] as in (4.6), where P was obtained
by solving the associated Sylvester equation. We note that for ε = 10−7 we have
‖Y ∗

1 c‖ = 1 and ‖Y ∗
2 c‖ = 6.7 · 10−7, while for ε = 10−5 we obtain ‖Y ∗

2 c‖ = 6.49 · 10−5;
all these are consistent with the used perturbation ε.
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Table 4.1

Example 4.7. wing data. Key quantities of Theorem 4.6. L1 of size 6 × 6 (m∗ = 6), so that
‖G‖ = 2.29 · 10−5 and ‖P‖ = 10.02. Circle of radius ρ = 2 · 10−9.

Bound

ε k ‖s(1)k ‖ ‖X2‖γkτ (4.16) or (4.17) ‖rk‖
10−7 2 1.640e-03 6.770e-06 1.647e-03 1.640e-03

3 3.594e-05 6.770e-06 4.271e-05 3.573e-05
10 6.712e-06 6.311e-07

10−5 2 1.621e-03 6.770e-04 2.298e-03 1.640e-03
3 6.568e-05 6.770e-04 7.427e-04 7.568e-05
10 6.442e-04 6.308e-05

Table 4.2

Example 4.8. baart data. Key quantities of Theorem 4.6. L1 of size 7 × 7 (m∗ = 7), so that
‖G‖ = 6.4357 · 10−3 and ‖P‖ = 1.48. Circle of radius ρ = 2 · 10−7.

Bound

ε k ‖s(1)k ‖ ‖X2‖γkτ (4.16) or (4.17) ‖rk‖
10−7 2 1.590e-02 5.851e-08 1.590e-02 1.590e-02

3 5.105e-06 5.851e-08 5.165e-06 5.105e-06
10 1.062e-07 3.188e-08

10−5 2 1.590e-02 5.851e-06 1.590e-02 1.590e-02
3 5.404e-06 5.851e-06 1.125e-05 6.110e-06
10 1.062e-05 3.188e-06

Table 4.1 reports some key quantities in the bound of Theorem 4.6 for a few
values of ε at different stages of the GMRES convergence. For k < m∗ = 6 we see

that the two addends of the bound in (4.16) perform as expected: ‖s(1)k ‖ dominates
for the first few iterations, after which the second term leads the bound, providing a
quite good estimate of the true residual norm, ‖rk‖. A larger perturbation ε makes
this dominance effect more visible at an earlier stage.

Example 4.8. We consider the baart example from the same toolbox as in the
previous example. This example will be considered again in later sections. The leading
eigenvalues for the 100× 100 matrix are

2.5490 · 100, −7.2651 · 10−1, 6.9414 · 10−2, −4.3562 · 10−3,

2.0292 · 10−4, −7.5219 · 10−6, 2.3168 · 10−7, −6.1058 · 10−9,

1.4064 · 10−10, −2.8770 · 10−12, 5.2962 · 10−14.

We consider m∗ = 7, giving ‖G‖ = 6.4357 · 10−3 and ‖P‖ = 1.48, and we chose
ρ = 2 · 10−7. Also in this case, m∗ = m as all involved eigenvalues are simple. For
ε = 10−7 we have ‖Y ∗

1 c‖ = 1 and ‖Y ∗
2 c‖ = 3.26 · 10−8, while for ε = 10−5 we obtain

‖Y ∗
2 c‖ = 3.26 · 10−6.
Table 4.2 reports some key quantities in the bound of Theorem 4.6 for a few

values of ε at different stages of the GMRES convergence.
The digits in the table fully confirm what we found in the previous example,

although here the addend carrying the perturbation is less dominant in the early
phase of the convergence history.

Since ‖L−1
1 ‖ ‖L2‖ ≈ 0.061, we see that Theorem 4.4 would give a much worse

residual estimate for this example, where the eigenvalues are not as well separated as
in Example 4.5.
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5. Estimating the error. In this section we derive two error estimates. The
first one is a standard estimate for ill-posed problems that is used in the literature
to demonstrate continuous dependence on the data for a regularization method (es-
pecially when the problem is formulated in function spaces). In the second one we
estimate the error due to the approximate solution of the least squares problem (4.1).

5.1. Error estimate for the singularly preconditioned problem. Assume
that A ∈ Cn×n is a matrix corresponding to a compact operator, i.e., an ill-conditioned
matrix obtained by discretizing an ill-posed problem. Consider the linear system of
equations Ax = b, where b = be + η, where be is an exact right-hand side, and η
is a noise vector, which is assumed to be small in norm. For simplicity we assume
that the smallest singular value of A is nonzero, but may be very small. The exact
linear system Ax = be has the solution8 xe = A−1be. Let M †

m ∈ Cn×n be a rank-m
approximation9 of A−1. Then, in the preconditioned context, we have a rank-deficient
least squares problem of type (4.1), with least norm solution ym = (AM †

m)+b. The
corresponding approximate solution of Ax = b is xm = M †

m(AM †
m)+b. To estimate

‖xe − xm‖ we first introduce the generalized SVD (GSVD) [41, 33] of A−1 and M †
m,

(5.1) A−1 = ZΩ−1P ∗, M †
m = ZΛ+Q∗,

where Ω = diag(ω1, . . . , ωn) with ω1 ≥ ω2 ≥ · · · ≥ ωn > 0, and Λ = diag(λ1, . . . , λn),
with λ1, . . . , λm > 0 and λm+1 = · · · = λn = 0. The matrices P and Q are unitary,
while Z is only nonsingular.

Proposition 5.1. With the notation defined above, we can estimate

(5.2) ‖xe − xm‖ ≤ ‖Sxe‖+ ‖M †
m(AM †

m)+(be − b)‖,

where

(5.3) S = Z

[
0 0
0 I

]
Z−1.

If ŷ denotes any least squares solution of (4.1), and x̂ = M †
mŷ, then x̂ = xm.

Proof. Let Λm = diag(λ1, . . . , λm). It is straightforward to show that

(5.4) AM †
m = P

[
ΩmΛ−1

m 0
0 0

]
Q∗, M †

m(AM †
m)+ = Z

[
Ω−1

m 0
0 0

]
P ∗,

where Ωm = diag(ω1, ω2, . . . , ωm). It follows immediately that

(5.5) M †
m(AM †

m)+A = Z

[
I 0
0 0

]
Z−1 = I − S,

where S is defined by (5.3). We can now estimate

‖xe−xm‖ = ‖xe−M †
m(AM †

m)+b‖ ≤ ‖xe−M †
m(AM †

m)+be‖+ ‖M †
m(AM †

m)+(be− b)‖.

For the first term we use be = Axe and (5.5) and get ‖xe −M †
m(AM †

m)+be‖ = ‖Sxe‖,
from which the error bound follows.

8Note that in the context of ill-posed problem the inverse A−1 makes sense only in connection
with exact data; cf. [14, Chapter 3].

9Recall from section 3 that M†
m approximates the low frequency part of A−1.
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For the second part of the proposition, partition Q = (Q1 Q2), where Q1 ∈ Cn×m.
Then from (5.4) we see that the columns of Q2 form a unitary basis for the nullspace
of AM †

m. Then assume that our solver does not give the exact minimum norm least
squares solution of (4.1) but also has a component in the nullspace; i.e., we have

ŷ =
(
AM †

m

)+
b + Q2w for some w. Since the nullspaces of M †

m and AM †
m coincide,

multiplication by M †
m annihilates Q2w, and x̂ = M †

mŷ = xm.
For the discussion, let the SVD of A be A = UΣV ∗. The ideal rank-m precon-

ditioner M is the best rank-m approximation (in Frobenius or operator norm) of A,
M = UmΣmV ∗

m, with Um, Vm collecting the first m columns of U and V , respectively,
and Σm being the leading m ×m portion of Σ. Then M †

m = M+ = VmΣ−1
m U∗

m. In
the nonideal case, the better the rank-m preconditioner M = QΛZ−1 approximates
A in some sense, the closer the decomposition of A corresponding to (5.1) is to the
SVD, and the closer Z is to the matrix V in the SVD of A. Therefore, for a good
preconditioner the matrix S in (5.3) is a projection onto the high frequency part of
the solution. Thus the estimate (5.2), and its worst case version,

‖xe − xm‖ ≤ ‖Sxe‖+ ‖M †
m(AM †

m)+‖ ‖be − b‖,
are analogous to those in the proofs of Proposition 3.7 and Theorem 3.26 in [14], where
with an assumption about the smoothness of the exact solution xe and with a suit-
able regularization parameter choice rule (e.g., the discrepancy principle), continuous
dependence on the data (‖b− be‖) is proved.

5.2. The GMRES approximation error. The GMRES algorithm delivers
a monotonically nonincreasing residual norm ‖r‖ = ‖b − Axm‖ = ‖c− Bd‖, and we
have shown that under certain spectral hypotheses on B, this norm can be sufficiently
small. We will now consider (4.1) and discuss the error in the solution approximation
that arises due to the fact that we do not solve that least squares problem exactly.
We will assume10 that rank(AM †

m) = m, which implies that the Schur decomposition
is

(5.6) U∗(AM †
m)U =

[
L1 G
0 0

]
=

[
B1

0

]
= B.

The least squares problem (4.2) can then be written as

(5.7) min
d

{‖B1d− c(1)‖2 + ‖c(2)‖2}, c = U∗b =
[
c(1)

c(2)

]
,

which, due to the nonsingularity of L1, is equivalent to the underdetermined system

(5.8) B1d = c(1).

Theorem 5.2. Assume that rank(AM †
m) = m with Schur decomposition (5.6).

Let xm = M †
mym, where ym =

(
AM †

m

)+
b is the minimum norm least squares solution

of (4.1), and let x̂m = M †
mŷm, where ŷm is an approximate solution of (4.1). Then

‖xm − x̂m‖ ≤ 2κ(AM †
m) ‖M †

m‖ ‖r(1)‖
‖AM †

m‖ ‖ŷ‖+ ‖c(1)‖ +O(‖r(1)‖2),

where ‖r(1)‖ = ‖B1d̂− c(1)‖, d̂ = U∗ŷm, and c(1) is defined by (5.7).

10When in section 4 we analyzed the behavior of GMRES, it was necessary to take into account
a nonzero block L2, due to round-off. Here, since we are using a preconditioner of rank m, it makes
sense to compare the approximate solution with the one that would be obtained for L2 = 0.
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Proof. From the second part of Proposition 5.1 we see that we do not need to take
into account any component of ŷ (or, equivalently, d̂) in the nullspace of AM †

m, since
that part will be annihilated in the multiplication by M †

m. Therefore, the sensitivity
to perturbations of the underdetermined problem (5.8) is equivalent to that of a
corresponding square problem. Using standard results for linear systems [26, section
7.1], we get

‖xm − x̂m‖ ≤ 2κ(AM †
m) ‖M †

m‖ ‖r(1)‖
‖B1‖ ‖d̂‖+ ‖c(1)‖ +O(‖r(1)‖2),

from which the result follows.
In our numerical experiments we have observed that GMRES applied to (4.2) can

produce approximate solutions y such that ‖r(1)‖ = ‖B1y−c(1)‖ 	 ‖By−c‖ = ‖r‖. In
actual large-scale computations we do not have access to the Schur decomposition,11

so we cannot obtain r(1). However, consider the quantity

B∗r = B∗
[
r(1)

r(2)

]
=

[
L∗
1r

(1)

G∗r(1) + L∗
2r

(2)

]
.

Since we have assumed that ‖L2‖ 	 ‖L1‖, we see that the occurrence that ‖B∗r‖ 	
‖r‖ gives an indication that ‖r(1)‖ is considerably smaller than ‖r‖. Indeed, for
σmin(L1) � 0, the condition ‖B∗r‖ 	 ‖r‖ corresponds to ‖L∗

1r
(1)‖2 + ‖G∗r(1) +

L∗
2r

(2)‖2 	 ‖r‖2 with ‖L∗
1r

(1)‖ ≥ σmin(L1)‖r(1)‖, from which the assertion follows.
The same is true if ‖A∗s‖ 	 ‖s‖, where s = b−Ax, since ‖A∗s‖ = ‖B∗r‖. Resid-

uals and this estimate are illustrated in Figure 6.8. In light of these considerations,
(and in cases when the computation of A∗s is not prohibitively expensive), we would
like to encourage monitoring ‖A∗s‖ during the GMRES iterations as a companion of
a stopping criterion based on the discrepancy principle.

By combining the estimates in Proposition 5.1 and Theorem 5.2, we get an es-
timate for the total error ‖xe − x̂m‖. Assuming that M is a good low-rank approx-
imation of A, the pseudoinverse of the preconditioned matrix, (AM †

m)+, is small in
norm. Furthermore, since M †

m is an approximate solution operator for the ill-posed
problem, ‖M †

m‖ is only as large as is needed for obtaining a reasonable regularized
solution.

Normally when an iterative solver is used for an ill-posed problem, it is the number
of iterations that acts as regularization parameter. However, here the error estimates
show that the regularization is mainly due to the preconditioner.

6. Numerical examples. In this section we solve numerically four ill-posed
problems. Perturbations to the data were added to illustrate the sensitivity of the
solution to noise (cf. Proposition 5.1), and to also simulate measurement errors that
occur in real applications. The first two examples are small and are chosen to illustrate
different aspects of the theory. The last two are problems where the use of singular
preconditioners is particularly useful: to our knowledge there are no papers in the
literature describing the solution of ill-posed problems with variable coefficient PDEs
in two or three space dimensions.

6.1. An ill-posed problem. Our first example is a discretization Kf = g of
an integral equation of the first kind [1] (test problem baart in [21, 23]),

11This is because it is either too expensive to compute the Schur decomposition or the matrix A
is not available explicitly. See sections 3 and 6.4.



SOLVING ILL-POSED LINEAR SYSTEMS WITH GMRES 1385

∫ π

0

exp(s cos t)f(t)dt = 2 sinh(s)/s, 0 ≤ s ≤ π/2,

with solution f(t) = sin t. The results are typical for unpreconditioned GMRES
applied to an ill-posed problem and clearly show the phenomenon of semiconvergence.

The singular values and the eigenvalues of the matrix K of dimension n = 200
are illustrated in Figure 6.1. Clearly K is numerically singular. However, it is not
easy to decide about its numerical rank. No matter what value, between 2 and 11,
of the dimension of L1 in the ordered Schur decomposition we choose, the smallest
singular value of L1 is much smaller than the norm of G.

We added a normally distributed perturbation to the right-hand side, and per-
formed 10 GMRES steps. In Figures 6.3 and 6.4 we illustrate the approximate solution
at iterations 2–5. For comparison we also show the solution using Tikhonov regular-
ization, minf{‖Kf − gpert‖2+μ2‖Lf‖2}, where L was a discrete first derivative. The
value of the regularization parameter was chosen according to the discrepancy prin-
ciple: it was successively halved until the least squares residual was smaller than a
tolerance; see below.
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Fig. 6.1. Singular values and eigenvalues of the matrix K for the baart problem. Note that all
eigenvalues except the three of largest magnitude belong to a cluster at the origin.
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Fig. 6.2. baart example: relative residual (left) and relative error (right) as functions of the
GMRES step number. The circle marks when the stopping criterion was first satisfied.
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In Figure 6.2 we give the relative residual and the relative error for the GMRES
iterations. Clearly the residual stagnates after 3 steps, and the solution starts to
diverge after 4. This is also seen in Figures 6.3–6.4. The discrepancy principle is used
as stopping criterion. The data error is ‖g − gpert‖/‖g‖ ≈ 3.5 · 10−5. If we choose
m = 4, then ‖c(2)‖ ≈ 10−4. The iterations are stopped when the relative norm of the
residual is smaller than 7 · 10−5. In Figure 6.2 we mark when the stopping criterion
was satisfied. The results agree with those in [29, Example 5.3] and are explained by
our theoretical analysis in section 4.2.

6.2. A preconditioned ill-posed problem. In this example we solve numeri-
cally a Cauchy problem for a parabolic PDE in the unit square (we will refer to it as
Cauchy-1D). The purpose is not to propose a method for solving an ill-posed problem
in one space dimension (because there are other, simpler methods for that) but to
analyze numerically and illustrate why the preconditioned GMRES method works for
the corresponding problem in two space dimensions. We also report comparisons with
the circulant preconditioners mentioned in section 3.

The Cauchy problem is

(α(x)ux)x = ut, 0 ≤ x ≤ 1, 0 ≤ t ≤ 1,(6.1)

u(x, 0) = 0, 0 ≤ x ≤ 1,(6.2)

ux(1, t) = 0, 0 ≤ t ≤ 1,(6.3)

u(1, t) = g(t), 0 ≤ t ≤ 1,(6.4)
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Fig. 6.3. baart example: exact solution (solid), GMRES solution (dashed), and Tikhonov
solution for μ = 0.03125 (dashed-dotted). Left: after 2 GMRES iterations; right: after 3.
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Fig. 6.4. baart example: exact solution (solid), GMRES solution (dashed), and Tikhonov
solution (dashed-dotted). Left: after 4 GMRES iterations; right: after 5.
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Fig. 6.5. Cauchy-1D example. Matrix and singular values.

where the parabolic equation has a variable coefficient

α(x) =

{
1, 0 ≤ x ≤ 0.5,

2, 0.5 ≤ x ≤ 1.

The solution f(t) = u(0, t) is sought. This problem, which we call the sideways heat
equation, is severely ill-posed; see, e.g., [4, 11, 12]. It can be written as a Volterra
integral equation of the first kind,

(6.5)

∫ t

0

k(t− τ)f(τ)dτ = g(t), 0 ≤ t ≤ 1.

The kernel k(t) is not known explicitly in the case of a variable coefficient α(x). We
compute it by solving (using the MATLAB stiff solver ode23s) a well-posed problem
(6.1)–(6.3) and as boundary values at x = 0 an approximate Dirac delta function
at t = 0. The integral equation (6.5) is then discretized giving a linear system of
equations Kf = g of dimension n = 200, where K is a lower triangular Toeplitz
matrix, illustrated in Figure 6.5. To construct the data we selected a solution f ,
solved (6.1)–(6.3) with boundary values u(0, t) = f(t) using the MATLAB ode23s.
The data vector g was then obtained by evaluating the solution at x = 1. To simulate
measurement errors we added a normally distributed perturbation such that ‖gpert −
g‖/‖g‖ = 10−2.

As the diagonal of K is equal to zero, this is an eigenvalue of multiplicity 200, and
the assumptions of section 4 are not satisfied. Therefore it is not surprising that such
a linear system cannot be solved by GMRES; see [29, Example 5.1] and [9, Example
4.1], where a closely related sideways heat equation is studied.

On the other hand, for this problem the initial decay rate of the singular values
is relatively slow (see Figure 6.5), and therefore it should be possible to solve approx-
imately a regularized version of the system Kf = g. To this end we precondition the
linear system by a problem with a constant coefficient α0 = 1.5. The kernel functions
are given in Figure 6.6.

For the discretized problem with constant coefficient with matrix K0, we compute
the SVD, K0 = UΣV T , and define the preconditioner as a truncation to rank m = 20
of the pseudoinverse, M †

m = VmΣ−1
m UT

m. The eigenvalues of the preconditioned matrix
KM †

m are illustrated in Figure 6.6. Clearly, the numerical rank of KM †
m is equal

to m. We also computed the ordered Schur decomposition (4.2) of KM †
m. The

matrix L1 had condition number κ2(L1) = σ1(L1)/σm(L1) = 1.43, ‖G‖ = 0.0962, and
‖c(2)‖ ≈ 0.0066. Thus, in this example the data perturbation is larger than ‖c(2)‖.
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marks when the stopping criterion was first satisfied. Right: exact solution (solid), approximate
solution after 4 iterations of preconditioned GMRES (dashed), and Tikhonov solution with μ =
0.015625. The lower solid curve is the right-hand side.

We applied 15 GMRES iterations to the preconditioned system. The relative error
is given in Figure 6.7(left) (for the relative residual; cf. Figure 4.2). The numerical
solution after 4 steps is illustrated in Figure 6.7(right), where, for comparison, we
also show the solution using Tikhonov regularization, implemented as in the previous
example. It is seen that the two approximate solutions have comparable accuracy.

The stopping criterion (with a fudge factor of 1.1) was satisfied after 4 GMRES
steps. From the left plot of Figure 6.7 we see that the solution accuracy does not
deteriorate as the iterations proceed; cf. the last paragraph of section 5.2.

In Figure 6.8 we demonstrate that ‖r(1)‖ is well approximated by ‖B∗r‖, and
that this part of the residual is much smaller than the overall residual ‖r‖. Here we
illustrate 25 GMRES steps to show that after 20 steps the residual for the first part
of the system is of the order of machine precision.

Due to the shift-invariance of the kernel in the integral equation (6.5), the coeffi-
cient matrix has Toeplitz structure and can be preconditioned by a circulant matrix.
Therefore, in addition to the preconditioner described in this section, we also made
some experiments with the Strang preconditioner [40], as in the discussion in sec-
tion 3. We computed the eigenvalue decomposition (3.1) of the circulant matrix (by
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Fig. 6.8. Cauchy-1D example. Relative residual norm ‖r‖ (diamonds), ‖r(1)‖ (+), and ‖B∗r‖
(o), as functions of iteration index.

FFT) and retained only the 20 largest eigenvalues, thereby obtaining a singular pre-
conditioner of rank 20 (cf. (3.3)). As a comparison we also used the nonsingular
preconditioner (3.2). After 5 GMRES steps the results for both preconditioners were
virtually indistinguishable from those reported earlier in this section.

6.3. A preconditioned two-dimensional (2D) ill-posed elliptic problem.
It is in the numerical solution of Cauchy problems for PDEs with variable coefficients
in two or more space dimensions that the application of a singular preconditioner is
particularly interesting. The following elliptic Cauchy problem is severely ill-posed:

(6.6)

(β(y)uy)y + (α(x)ux)x + γux = 0, 0 < x < 1, 0 < y < 1,

u(y, 0) = u(y, 1) = 0, 0 ≤ y ≤ 1,
u(x, 0) = g(x), 0 ≤ x ≤ 1,
uy(x, 0) = 0, 0 ≤ x ≤ 1,

where u(x, 1) = f(x) is sought from the Cauchy data at the boundary y = 0. The
coefficients are α(x) = 1, γ = 2, and

β(y) =

{
50, 0 ≤ y ≤ 0.5,

8 0.5 < y ≤ 1.

We generated a solution f(x) and computed the corresponding data function g(x)
by solving the well-posed elliptic equation with boundary data u(x, 1) = f(x) and
uy(x, 0) = 0. Due to the relatively sharp gradients at the ends of the interval and the
constant behavior at the middle, the Cauchy problem becomes difficult in the sense
that the solution cannot be well represented by a low-rank approximation.

We added zero-mean normally distributed noise such that the data perturbation
was ‖g − gpert‖/‖g‖ ≈ 1.8 · 10−3. We discretized the problem using finite differences,
with 100 unknowns in each dimension.

Had the coefficient β(y) been constant, we could have solved (6.6) approximately
using an obvious extension of the Krylov-based method in [13]. In that method ap-
plied to the Cauchy problem with β(y) = β0, a low-rank approximation is computed
using a basis of a Krylov space for the operator L−1, where L = (α(x)ux)x + γux,
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and approximate evaluation of the solution as f0 = cosh((1/β0Lm)1/2), with β0 equal
to the mean value of β(y) over the interval, and where cosh((1/β0Lm)1/2) denotes a
rank-m approximation of cosh((1/β0Lm)1/2). Here we used that approximate method
as preconditioner, where the rank was determined as large as possible without ob-
taining an unstable solution (i.e., a solution with large oscillations). The rank was
chosen equal to 9. Note that to compute the action of the preconditioning operator
to a vector, it is only required to solve a number of well-posed non-self-adjoint one-
dimensional (1D) elliptic problems (in this case 15). For a more detailed description
of the preconditioner, see [13].

The preconditioned problem that we solved by GMRES was

min
y

‖(AM †
m)y − g‖, M †

m = cosh((1/β0Lm)1/2),

where the action of A to a vector v is equivalent to solving the well-posed problem
(6.6) of dimension 10000, with u(1, x) = v(x) replacing u(x, 0) = g(x). We performed
a small number of iterations (our theory in the preceding section indicates that at
most 9 iterations are needed). As stopping criterion we used the discrepancy principle.
In Figure 6.9 we plot the relative residual. The stopping criterion with a fudge factor
of 1.2 was first satisfied after 3 iterations.

The approximate solution after 3 steps is illustrated in the left plot of Figure
6.10. The “visual quality” of the solution was almost the same with 3–6 steps. In
Figure 6.10(left) we also give the approximate solution produced using only the pre-
conditioner of rank 9 as solution operator.

Unpreconditioned GMRES exhibited the typical semiconvergence behavior of an
iterative method applied to an ill-posed problem. The smallest error was obtained
after 5 steps, with approximate solution illustrated in Figure 6.10(right).

In this problem the linear operator is given only implicitly; hence it is not
straightforward to give a measure of the non-self-adjointness. On the other hand the
non-self-adjointness is reflected in the Hessenberg matrix Hk occurring in GMRES.
Thus for the unpreconditioned iteration, we define H̃10 as the 10× 10 leading subma-
trix of Hk for k ≥ 10. Then we have ‖H̃10 − H̃T

10‖/‖H̃10‖ ≈ 0.42.
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Fig. 6.9. Elliptic-2D example. Relative residual as function of iteration index.
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Fig. 6.10. Elliptic-2D example. Exact solution (solid line). Left: preconditioned GMRES
solution after 3 steps (dashed), solution with preconditioner only (dashed-dotted). Right: GMRES
solution (no preconditioning) with smallest error, obtained after 5 steps (dashed).

The approach of this example can be employed for more general operators.
Assuming that L is a 2D elliptic operator (self-adjoint or non-self-adjoint), our
methodology can be used to solve three-dimensional elliptic Cauchy problems for
equations of the type

(d(z)uz)z + Lu = 0,

with variable coefficient d(z) and cylindrical geometry with respect to z.

6.4. A preconditioned 2D ill-posed parabolic problem. Here we consider
the problem

(6.7)

ut = (α(x)ux)x + (β(y)uy)y, 0 < x < 1, 0 < y < 1, 0 ≤ t ≤ 1,

u(x, y, 0) = 0, 0 ≤ x ≤ 1, 0 ≤ y ≤ 1,
u(x, 0, t) = u(x, 1, t) = 0, 0 ≤ x ≤ 1, 0 ≤ t ≤ 1,
u(1, y, t) = g(y, t), 0 ≤ y ≤ 1, 0 ≤ t ≤ 1,
ux(1, y, t) = 0, 0 ≤ y ≤ 1, 0 ≤ t ≤ 1,

where u(0, y, t) = f(y, t) is sought from the Cauchy data at the boundary x = 1, and

α(x) =

{
2.5, 0 ≤ x ≤ 0.5,

1.5, 0.5 < x ≤ 1,
β(y) =

{
0.75, 0 ≤ y ≤ 0.5,

1.25 0.5 < y ≤ 1.

The solution is taken to be

f(y, t) = exp

(
4− 1

y(1− y)

)
exp

(
4− 1

t(1− t)

)
.

An approximate data function g was computed by replacing the condition u(1, y, t) =
g(y, t) in (6.7) by u(0, y, t) = f(y, t), which gives a well-posed problem. After finite
difference discretization with respect to x and y and 50 unknowns in each dimension,
this problem can be considered as a stiff system of ordinary differential equations of
dimension 2500, and is solved using the MATLAB ode23s. The Cauchy data are then
obtained by evaluating the solution at x = 1.

Due to the unimodal nature of the exact solution (cf. Figure 6.12), the problem
might seem easy to solve. However, the fact that the solution is close to zero in a
relatively large region along the border of the unit square makes it difficult to expand
it using a small number of sine functions (as is used in the preconditioner).
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Fig. 6.11. Parabolic-2D example. Relative residual and error as function of the number of
iterations. The stopping criterion was satisfied after 9 steps.
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Fig. 6.12. Parabolic-2D example. The solution after 9 iterations (left). Right: the exact solu-
tion (solid), the approximate solution (dashed), and the solution with preconditioner only (dashed-
dotted) at t = 0.5.

A discretization of the problem would give a linear system Kf = g. Since we
discretize with n = 50 equidistant points in both the y and t directions, that matrix
would have dimension 2500. However, due to the variable coefficients, we cannot
compute the matrix; instead, when in GMRES we multiply a vector by K, we solve
a parabolic equation in a way similar to how we computed the data g, but here we
used the Crank–Nicholson method with step size 1/50.

The preconditioner is based on the approximation of the differential operator
by a corresponding one with constant coefficients (average values). Then, since the
geometry is rectangular, separation of variables can be applied, and a semianalytic
solution formula can be applied (see [36]) involving an expansion in Fourier (sine)
series. It is the truncation of this series that leads to a singular preconditioner M †

m,
whose rank is equal to nq, where q is the number of terms in the series. Each term in
the series involves, in addition, the solution of a 1D ill-posed Cauchy problem using
Tikhonov regularization. The preconditioner is discussed in detail in [35]. In our
numerical experiment the data perturbation was ‖g − gpert‖/‖g‖ = 3.6 · 10−3, the
preconditioner regularization parameter was 0.06, and q = 6.

In Figure 6.11 we plot the relative residual and the relative error. Note that, as
in the previous examples, the solution accuracy is not sensitive to the exact choice
of the stopping criterion. The approximate solution after the 9th iteration, when the
relative residual was first smaller than 3.6 · 10−3, is shown in Figure 6.12.
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7. Conclusions. The main contributions of the present paper are the follow-
ing. We give an eigenvalue-based analysis of the use of GMRES for almost singular
linear systems of equations, where the eigenvalues are well separated and clustered.
This gives a theoretical and algorithmic basis for the use of singular preconditioners
for non-self-adjoint ill-posed problems. The GMRES method is used here and in [35]
to solve Cauchy problems for parabolic and elliptic equations with variable coeffi-
cients, with a singular (low-rank) preconditioner based on a corresponding problem
with constant coefficients.

The case of “ill-determined numerical rank” (where there is no distinct eigenvalue
gap) is also treated. It is shown that in both cases a stopping criterion based on the
discrepancy principle will give a numerical solution that is as good an approximation
as is admissible, given the problem properties and the noise level.

The fact that GMRES with a singular preconditioner can be efficiently applied
opens new possibilities in the numerical solution of ill-posed problems in two and three
space dimensions, self-adjoint or non-self-adjoint, linear or nonlinear. As soon as a
nearby linear ill-posed problem has a fast solver that can be regularized by cutting
off high frequencies,12 that solver can be used as preconditioner. Thus, in each step a
well-posed problem with variable coefficients is solved, and a fast, regularized solver
is applied. With a good preconditioner only a small number of Krylov steps will be
required.
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[28] M. Ilić and I. W. Turner, Krylov subspaces and the analytic grade, Numer Linear Algebra
Appl., 12 (2005), pp. 55–76.

[29] T. K. Jensen and P. C. Hansen, Iterative regularization with minimum-residual methods,
BIT, 47 (2007), pp. 103–120.

[30] N. M. Nachtigal, S. C. Reddy, and L. N. Trefethen, How fast are nonsymmetric matrix
iterations?, SIAM J. Matrix Anal. Appl., 13 (1992), pp. 778–795.

[31] J. G. Nagy and K. M. Palmer, Steepest descent, CG, and iterative regularization of ill-posed
problems, BIT, 43 (2003), pp. 1003–1017.

[32] J. G. Nagy, R. J. Plemmons, and T. C. Torgersen, Iterative image restoration using ap-
proximate inverse preconditioning, IEEE Trans. Image Process., 5 (1996), pp. 1151–1162.

[33] C. C. Paige and M. A. Saunders, Towards a generalized singular value decomposition, SIAM
J. Numer. Anal., 18 (1981), pp. 398–405.

[34] Z. Ranjbar, Numerical Solution of Ill-posed Cauchy Problems for Parabolic Equations,
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Linköping, Sweden, 2010.

[35] Z. Ranjbar and L. Eldén, A Preconditioned GMRES Method for Solving a Sideways Parabolic
Equation in Two Space Dimensions, Technical report LiTH-MAT-R-3, Department of
Mathematics, Linkping University, Linkping, Sweden, 2010.

[36] H.-J. Reinhardt, A numerical method for the solution of two-dimensional inverse heat con-
duction problems, Internat. J. Numer. Methods Engrg., 32 (1991), pp. 363–383.

[37] Y. Saad, Iterative Methods for Sparse Linear Systems, 2nd ed., SIAM, Philadelphia, 2003.
[38] Y. Saad and M. H. Schultz, GMRES: A generalized minimal residual algorithm for solving

nonsymmetric linear systems, SIAM J. Sci. Statist. Comput., 7 (1986), pp. 856–869.
[39] G. W. Stewart and J.-G. Sun, Matrix Perturbation Theory, Academic Press, Boston, 1990.
[40] G. Strang, A proposal for Toeplitz matrix calculations, Stud. Appl. Math., 74 (1986),

pp. 171–176.
[41] C. F. Van Loan, Generalizing the singular value decomposition, SIAM J. Numer. Anal., 13

(1976), pp. 76–83.
[42] J. H. Wilkinson, The Algebraic Eigenvalue Problem, Oxford University Press, Oxford, UK,

1965.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


