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A system of boundary singular integral equations of the linear isotropic elasticity is

studied in the case where the double layer potential is generated by the stress operator.

These equations are considered on a bounded two-dimensional surface without boundary

which is smooth outside a finite number of conical points. The solvability of the system is

proved in various weighted spaces of differentiable functions. We obtain a representation

of the inverse operator of the system in terms of the inverse operators of some boundary

value problems. We also obtain pointwise estimates for the kernel of this operator and

“quasilocal” estimates for solutions of the integral equations in question. Bibliography:

12 titles.

1 Introduction

The paper is closely connected with our previous works [1, 2]. It is devoted to the study of

boundary integral equations of the linear isotropic elasticity in the case where the double layer

potential is generated by the stress operator. The integral equations are considered on a closed

bounded two-dimensional surface which is smooth outside finitely many conical points. In this

paper, we apply the same scheme as in [1, 2], where the case of the double layer potential

generated by the pseudostress operator was studied. Therefore, we restrict ourselves to more

condensed exposition. A preliminary version of this paper appeared as Preprint LiTH-MAT-R-

91-06 in 1991.

We describe the main results of the paper. Let G+ be a simply connected region in R
3 with

compact closure. We put Γ = ∂G+ and assume that 0 ∈ Γ. Suppose that Γ\{0} is a smooth

surface and, near the origin, G+ coincides with a cone K+ excising the open set Ω+ on the unit
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sphere S2. We set G−
R
3\G+, K− = R

3\K+, and Ω− = S2\Ω+.

In what follows, we denote by κ a real number depending on the shape of the cone and the

boundary conditions. This number can be expressed in terms of eigenvalues of some boundary

value problems with spectral parameter in domains Ω+ and Ω−. From [3] it follows that κ is

positive if the cone K+ can be explicitly prescribed in a Cartesian coordinate system.

We consider the system of integral equations associated with the first boundary value problem

of linear isotropic elasticity in G+

(1 + T )ϕ = f. (1.1)

Here, 1 is the identity matrix and T is the operator defined by the equation

Tϕ(x) = 2(W0ϕ)(x) for a.e. x ∈ Γ,

where W0ϕ is the value of the double layer potential on Γ generated by the stress operator

(cf. [4]). If ϕ is Hölder continuous on Γ, then Tϕ can be extended by continuity to Γ.

Assuming that K+ can be explicitly prescribed in a Cartesian coordinate system, we show

that the operator 1 + T isomorphically maps the space C0,α(Γ) of Hölder continuous functions

onto itself for all α ∈ (0,κ).

Now, we formulate results on the solvability of the system (1.1) in the spaces V l
p,β(Γ) and

N l,α
β (Γ) (1 < p <∞, α ∈ (0, 1), β ∈ R, l = 0, 1, . . .) which are defined as follows.

A norm in the space V l
p,β(Γ) for a function u with support in an arbitrary coordinate neigh-

borhood on Γ\0 (cf. Section 2) has the form

∑

0�j�l

‖rβ+j−l∇ju‖Lp(Γ),

where r(x) = |x| and ∇j is the vector of all derivatives of order j. Similarly, in the space N l,α
β (Γ),

it is possible to introduces the norm

sup
x∈Γ\0

rβ−l−α(x)|u(x)|+ sup
x,y∈Γ\0

|rβ(x)∇lu(x)− rβ(y)∇lu(y)|
|x− y|α .

We obtain the following result.

The operator 1 + T is an isomorphism of the space V l
p,l+t(Γ) onto itself for all p, t, l such

that

1 < p <∞, 0 < t+ 2/p < 1 + κ, l = 0, 1, . . . . (1.2)

A similar assertion holds for the space N l,α
δ+l(Γ) if the inequalities (1.2) are replaced by

0 < δ − α < 1 + κ, α ∈ (0, 1), l = 0, 1, . . . , .

Along with (1.1), we consider the formally adjoint system associated with the second boundary

value problem of linear isotropic elasticity in G−:

(1 + T ∗)ψ = g (1.3)

and show that the operator 1 + T ∗ is an isomorphism of the space V l
p,t+l(Γ) onto itself if

1 < p <∞, 1− κ < t+ 2/p < 2, l = 0, 1, . . . .
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Similarly, 1 + T ∗ is an isomorphism of N l,α
δ+l(Γ) onto itself if

α ∈ (0, 1), 1− κ < δ − a < 2, l = 0, 1, 2, . . . .

In the case of all above-mentioned spaces, we prove that the inverse operators of the systems

(1.1) and (1.3) can be written as

(1 + T )−1 = 1− 1

1− s2
T +

1

1− s2
T 2 + L,

(1 + T ∗)−1 = 1− 1

1− s2
T ∗ +

1

1− s2
(T ∗)2 + L∗.

Here, s = μ(λ + 2μ)−1, λ, and μ are the Lamé constants and L is an integral operator on Γ

with the kernel L(x, y) satisfying the estimates

|∂ σ
x ∂

τ
yL(x, y)| �

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

c|x|−|σ||y|−2−|τ |, 2|x| < |y|,

c|y|−1||x− y|−1−|σ|−|τ |, |y| < 2|x| < 4|y|,

c|x|−1−|σ||y|−1−|τ |( |y|/|x|)κ−ε, |x| > 2|y|,

where δ and τ are multiindices of order |σ| and |τ— respectively.

2 Representations for Inverse Operators of the Boundary
Integral Equations and Pointwise Estimates for Its Kernels

2.1 Function spaces

We use the notation from Section 1. As in [1], we deal with the following function spaces.

Let l be an integer, l � 0, and let α ∈ (0, 1), β ∈ R
1. By N l,α

β (G+) we mean the space of

functions in G+\0 with the finite norm

‖u‖
N l,α

β (G+)
= sup

x∈G+

|x|β [u]l+α
B(|x|/2,x)∩G+ + sup

x∈G+

|x|β−l−α|u(x)|, (2.1)

where B(r, x) is the open ball of radius r centered at x,

[u]ρΩ = sup
x,y∈Ω

∑

|σ|=[ρ]

|x− y|[ρ]−ρ|∂ σ
x u(x)− ∂ σ

y u(y)|,

[ρ] is the integer part of ρ, σ = (σ1, σ2, σ3) is a multiindex of order |σ| = σ1 + σ2 + σ3,

∂ σ
x =

∂|σ|

∂x1σ1∂x2σ2∂x3σ3
.

For 0 < β < l + α we define the space C l,α
β (G+) of functions u on G+ with the finite norm

‖u‖
Cl,α

β (G+)
= sup

x∈G+

|x|β [u]l+α
B(|x|/2,x)∩G+ + sup

x∈G+

∑

l+α−β<|σ|�l

|x|β−l−α+|σ||∂ σ
x u(x)|

+ [u]l+α−β
G+ +

∑

0�|σ|<l+α−β

sup
x∈G+

|∂ σ
x u(x)|. (2.2)
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In the domain G−, we define similar spaces N l,α
β (G−) and C l,α

β (G−). Suppose that the ball

B(R, 0) of radius R contains G+. Let χ denote a function from the space C∞(R3), equal to

unity on B(R, 0) and to zero on R
3\B(R + 1, 0). The function u in G− belongs to N l,α

β (G−)
(respectively, C l,α

β (G−)) if and only if the norm (2.1) (respectively, (2.2)) for uχ and the norm

sup
x∈G−

|x|l+1+α[V ]l+α
B(|x|/2,x) + sup

x∈G−
|x||v(x)|

for v = (1− χ)u are finite.

The spaces of traces on Γ for functions from C l,α
β (G+) and N l,α

β (G+) will be denoted by

C l,α
β (Γ) and N l,α

β (Γ).

Finally, let N l,α
β (G) and C l,α

β (G) refer to the spaces of functions u in G = G+ ∪ G− whose

restrictions u± on G± belong to N l,α
β (G±) and C l,α

β (G±) respectively and

‖u‖
N l,α

β (G)
=
∑

±
‖u±‖

N l,α
β (G±)

, ‖u‖
Cl,α

β (G)
=
∑

±
‖u±‖

Cl,α
β (G±)

.

2.2 Boundary value problems

We consider the interior first boundary value problem for the three-dimensional Lamé equa-

tions of the linear isotropic elasticity theory

Δ∗u = 0 in G+, u = f on Γ. (2.3)

Here, u(x) = (u1(x), u2(x), u3(x))
T and f(x) = (f1(x), f2(x), f3(x))

T are displacement vectors

in G+ and on Γ, the symbol T is used for the transposition of a matrix,

Δ∗ = μΔ+ (λ+ μ)∇ div,

and λ, μ are the Lamé constants, μ > 0, λ+ μ > 0.

We introduce an auxiliary problem which is the exterior second boundary value problem for

the Lamé equations

Δ∗v = 0 in G−, J v = g on Γ\0, (2.4)

where v and g are vector-valued functions with three components, J = J (∂x, nx) is the matrix

differential operator with elements

Jij(∂x, nx) = μδij
∂

∂nx
+ λni(x)

∂

∂xj
+ μnj(x)

∂

∂xi
,

called the traction operator. Here, nx = (n1(x), n2(x), n3(x)) is the normal vector to the surface

Γ directed outward with respect to G+, δij is the Kronecker symbol, and ∂/∂nx is the normal

derivative.

In order to formulate solvability theorems, it is necessary to consider certain boundary value

problems in domains Ω+ and Ω− = S2\Ω+ on the unit sphere S2 depending on the complex

parameter γ (cf. [5, 6]). These problems can be obtained by substitution of the vector-valued

functions u(x) = |x|γϕ(x/|x|) and v(x) = |x|γψ(x/|x|) into Equations (2.3) and (2.4) with f = 0

and g = 0. In what follows, these problems will be denoted by p(γ) and q(γ) respectively.
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Theorem 2.1 (cf. [4]). Let δ+ be the largest number such that the strip |Re γ + 1/2| <
1/2 + δ+ contains no eigenvalues of the problem p(γ). If l � 1, |β − α− 1/2| < 1/2 + δ+, then

there exists a unique solution u ∈ N l,α
β+l(G

+) of the problem (2.3) for all vector-valued functions

f ∈ N l,α
β+l(Γ). This solution can be expressed in the form

u(x) =

∫

Γ

P+(x, ξ)f(ξ)dsξ. (2.5)

The operator P+ : N l,α
β+l(Γ) � f → u ∈ N l,α

β+l(G
+) defined by (2.5) is bounded. The following

estimates hold for the derivatives of the kernel P+(x, ξ) :

|∂ σ
x ∂

τ
ξP+(x, ξ)| �

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

c|x|σ+−|σ|−ε|ξ|−2−δ+−|τ |+ε, |x| < d|ξ|,

c|x− ξ|−|τ |−|σ|−2, d|ξ| < |x| < d−1|ξ|,

c|x|−δ+−|σ|−1+ε|ξ|δ+−|r|−1−ε, |x| > d−1|ξ|.

Here, d is a fixed number in (0, 1), τ and σ are multiindices, ε is any sufficiently small positive

number, and |A| means max |Aij |, where Aij are entries of the matrix A, 1 � i, j � 3.

Remark 2.1 (cf. [7]). Let ω(ω + 1) be the first eigenvalue of the Dirichlet problem for the

Beltrami operator on Ω+, ω > 0. The

δ+ > min
{
1,

(3− 4ν)ω

ω + 6− 4ν

}
,

where ν is the Poisson coefficient, i.e., ν = λ/2(λ+ μ).

Lemma 2.1 (cf. [1]). If 0 < α− β < 1, α− β < δ+, l = 1, 2, . . ., then the function u defined

by (2.5) is a unique solution to the problem (2.3) from the space C l,α
β+l(G

+) for all f ∈ C l,α
β+l(G

+).

Moreover, the following estimate holds:

‖u||
Cl,α

β+l(G
+)

� C‖f‖
Cl,α

β+l(Γ)
.

The following assertion is essentially contained in [8].

Theorem 2.2. Let ν− be the largest number such that the strip |Re γ + 1/2| < 1/2 + ν−

contains no eigenvalues of the problem q(γ) with exception of γ = 0 and γ = −1. If |β−α−1/2| <
1/2 +min{0, ν−}, l = 1, 2, . . ., then there exists a unique solution v ∈ N l,α

β+l(G
−) of the problem

(2.4) for all vector-valued functions g ∈ N l−1,α
β+l (Γ). This solution can be represented in the form

v(x) =

∫

Γ

Q−(x, ξ)g(ξ)ds(ξ). (2.6)

The operator Q− : N l−1,α
β+l (Γ) � f → u ∈ N l,α

β+l(G
−) defined by (2.6) is bounded. The following

estimates for the kernel Q−(x, ξ) are valid:

|∂ σ
x ∂

τ
ξQ−(x, ξ)| � |Q−(x, ξ)| �

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

c|x|−|σ||ξ|−1−|τ |( |x|/|ξ| )ν−ε, |x| < d|ξ|,

c|x− ξ|−1−|σ|−|τ |, d|ξ| < |x| < d−1|ξ|,

c|x|−1−|σ||ξ|−|τ |( |ξ|/|x| )ν−ε, |x| > d−1|ξ|

if the points x and ξ lie in a neighborhood of the vertex 0 and ν = min{0, ν−}.
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We note that −1/2 < ν− < 1. (The left inequality follows from the solvability of the

problem (2.4) in the energy space, and the right inequality follows from the fact that the rigid

displacement vector satisfies the homogeneous problem (2.4).)

Lemma 2.2 (cf. [3]). Let Γ be defined near the vertex of a cone by the equation x3 =

h(x1, x2), where h is a positive homogeneous function of order 1, smooth on R
2\{0}. Then there

are only two eigenvalues γ0 = 0 and γ1 = −1 of the problem q(γ) in the strip −1 � Re γ � 0.

These eigenvalues have multiplicity 3 and the corresponding Jordan chains for q(γ) consist only

of eigenfunctions. The vector-valued functions w = const form the eigenspace associated with

the eigenvalue γ0.

Lemma 2.2 enables one to give a more precise description of the behavior of Q−(x, ξ).

Theorem 2.3. Let the surface Γ satisfy the assumptions of Lemma 2.2. Then

Q−(x, ξ) = Q−(0, ξ) +R−(x, ξ), |x| < d|ξ|,

Q−(x, ξ) = Q−(x, 0) + (R−(ξ, x))T , |x| > d−1|ξ|,

Q−(x, 0) = (Q−(0, x))T = |x|−1A−(x/|x| )B− + C−(x)

if the points x and y lie in a neighborhood of 0. Here, A−(x/|x| ) is the matrix whose columns

are eigenfunctions corresponding to the eigenvalue γ = −1, B− is a constant matrix, and the

matrices R−1(x, ξ), C−1(x) satisfy the inequalities

|∂ σ
x ∂

τ
ξR−(x, ξ)| � c|x|−|σ||ξ|−1−|τ |( |x|/|ξ| )ν−−ε,

|∂ σ
x C−(x)| � c|x|ν−−|σ|−ε.

Lemma 2.3. There exists a matrix A+(x/|x| ) with smooth components in G+ such that

Δ∗( |x|−1A∗(x/|x| ) = 0 in G+,

A+(x/|x| ) = A−(x/|x| ) on ∂Ω+.

This lemma follows from the fact that γ = −1 is not an eigenvalue of the pencil p(γ) (cf. [6]).

Lemma 2.4 (cf. [1]). Let 0 < α− β < ν−, and let l be a positive integer. If g ∈ N l−1,α
β+l (Γ),

then the function (2.6) is a unique solution of the problem (2.4) in the space C l,α
β+l(G

−). More-

over, the following estimate holds:

‖v‖
Cl,α

β+l(G
−)

� ‖f‖
N l−1,α

β+l (Γ)
.

2.3 Representations of the inverse operators for the integral equations

Let Wψ denote the double layer potential with density ψ defined by

(Wψ)(x) = − 1

4π

∫

Γ

(J (∂ξ, nξ)Φ(x, ξ))
Tψ(ξ)dSξ, x ∈ G,

and let W0ψ be the value of Wψ on Γ.
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Lemma 2.5. Let 0 < β − α < 2, and let l be a positive integer. If ψ ∈ N l,α
β+l(Γ), then

Wψ ∈ N l,α
β+l(G) and

(Wψ)± =W0ψ ± ψ/2, (JWψ)+ = (JWψ)− (2.7)

on Γ\0, where the symbols ± mean the traces on Γ\0 of functions defined on G±.

Proof. We can directly show that

sup
x∈B(1,0)

|x|β−α|(Wψ)(x)| � c‖ψ‖
N l,α

β (Γ)
.

Taking into account that Wψ is a solution of the problem

Δ∗u = 0 in G, u+ − u− = ψ on Γ,

(J u)+ − (J u)− = 0 on Γ\0

and applying the local estimates (cf. the proof of Lemma 1.5 in [1]), we arrive at the inclusion

Wψ ∈ N l,α
β+l(G). The relations (2.7) follow directly from similar relations in the case of smooth

surfaces (cf. [5, 9]).

The proof of the following four assertions is the same as that in [1].

Lemma 2.6. Let 0 < β − α < 1, and let l be a positive integer. If ϕ ∈ N l−1,α
β+l (Γ), then

V ϕ ∈ N l,α
β+l(G) and (J V ϕ)± = −W ∗

0ϕ ± ϕ/2, (V ϕ)+ = (V ϕ)− on Γ\0, where W ∗
0 is the

integral operator on Γ\0, formally adjoint of W0.

Lemma 2.7. Let 0 < β − α < 1. If u ∈ N1,α
β+1(G) satisfies the system Δ∗u = 0 in G, then

u = V ((J u)+ − (J −)) +W (u+ − u−).

Theorem 2.4. Let |β − α − 1/2| < 1/2 + min{0, ν−}, and let l be a positive integer. If

f ∈ N l,α
β+l(Γ), then the equation (1 + T )ϕ = f is uniquely solvable in the space N l,α

β+l(Γ) and

(I + T )−1f =
1

2
(1−Q−JP+)f. (2.8)

Here, P+ and Q− are the operators defined by (2.5) and (2.6).

Theorem 2.5. Let |β − α − 1/2| < 1/2 + min{0, ν−}, and let l be a positive integer. Then

the equation (1+T ∗)ψ = g is uniquely solvable in the space N l−1,α
β+l (Γ) for all g ∈ N l−1,α

β+l (Γ) and

(1 + T ∗)−1g =
1

2
(1− JP+Q−)g. (2.9)

Lemma 2.8. Let |β − α − 1/2| < 1/2 + min{0, ν−}, and let l be a positive integer. Then

the operators (1 + T )−1 and (1 + T ∗)−1 are continuous in the spaces N l,α
β+l(Γ) and N l−1,α

β+l (Γ)

respectively.

The assertions of the lemma is a consequence of the representations (2.8), (2.9) and Theorems

2.1 and 2.2. The following lemma concerns the operator T defined by

(Tψ)(x) = 2(W0ψ)(x) + (1− d(x))ψ(x),

where d(x) is the identity matrix for x ∈ Γ\0 and d(0) = 2(W01)(0).
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Lemma 2.9. Let the cone K+ be explicitly represented in a Cartesian coordinate system. If

0 < α − β < min{δ+, ν−1}, then the operators (1 + T )−1 and (1 + T ∗)−1 are continuous in the

spaces C l,α
β+l(Γ) and C

l−1,α
β+l (Γ) respectively.

The assertion of the lemma is a consequence of (2.8), (2.9) and Lemmas 2.1 and 2.4.

2.4 Estimates for the kernels of the integral operators
(1 + T )−1 and (1 + T ∗)−1

Assume that the cone K+ admits an explicit description in a Cartesian coordinate system.

Theorem 2.6. Suppose that 0 < β − α < 1, κ = min{δ+, ν−}, s = μ(λ + 2μ)−1, where λ

and μ are the Lamé constants. Let l be a positive integer. Then

(1 + T )−1f =
(
1− 1

1− s2
T +

1

1− s2
T 2 + L

)
f, f ∈ N l,α

β+l(Γ),

(1 + T ∗)−1g =
(
1− 1

1− s2
T ∗ +

1

1− s2
(T ∗)2 +M

)
g, g ∈ N l−1,α

β+l (Γ).

Here, L and M are integral operators on Γ\0 with kernels L(x, y) and M(x, y) which satisfy

|L(x, y)| �

⎧
⎪⎪⎨

⎪⎪⎩

c|y|−2, |x| < |y|/2,

c|y|−1|x− y|−1, |y|/2 < |x| < 2|y|,

c|x|−1|y|−1(|y|/|x|)κ−ε, |x| > 2|y|,

|M(x, y)| �

⎧
⎪⎪⎨

⎪⎪⎩

c|x|−1|y|−1(|x|/|y|)ε, |x| < |y|/2,

c|x|−1|x− y|−1, |y|/2 < |x| < 2|y|,

c|x|−2(|y|/|x|)−ε, |x| > 2|y|,

where ε is any sufficiently small positive number.

The proof of this theorem can be obtained from (2.8) and (2.9) by using the estimates for the

kernels P+(x, ξ) and Q−(x, ξ) in a similar manner as in [1, Subsection 2.2]. The only difference

is that we have to use the following lemma instead of Lemmas 3.7 and 4.6 in [1].

Let D+ be a bounded open set in R
3 with smooth boundary Γ, which coincides with the

cone K+ for 1/18 < |x| < 18. We assume that 0 /∈ D+ and D+ ⊂ G+. Let D+
ρ denote the set

{x ∈ R
3 : x/ρ ∈ D+}, ρ > 0, and let Γρ be the boundary of D+

ρ . We introduce the operator

Tρ in the space C0,α(Γρ) of Hölder continuous vector-valued functions defined by the equality

Tρϕ = 2W0ϕ, where W0ϕ is the value of the double layer potential with density ϕ on Γρ.

Lemma 2.10. Let ϕ,ψ ∈ C0,α(Γρ), s = μ/(λ+ 2μ). Then

(1 + Tρ)
−1ϕ =

(
1− 1

1− s2
Tρ +

1

1− s2
T 2
ρ +Hρ

)
ϕ,

(1 + T ∗
ρ )

−1ψ =
(
1− 1

1− s2
T ∗
ρ +

1

1− s2
(T ∗

ρ )
2 +H∗

ρ

)
ψ,

(2.10)

where Hρ is an integral operator on Γρ with the kernel Hρ(x, y) satisfying

|∂ τ
x∂

σ
yHρ(x, y)| � cρ−1|x− y|−1−|τ |−|σ|.
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Proof. Let ρ = 1. The result of this lemma is essentially proved in [10], where regularizers

of the singular equations (1 + Tρ)ϕ = f and (1 − T ∗
ρ )ψ = g were constructed. The relations

(2.10) for an arbitrary ρ > 0 follow immediately from the estimates for ∂ α
x∂

τ
yH1(x, y) and the

equality Hρ(x, y) = ρ−2H1(x/ρ, y/ρ).

3 Invertibility of the Boundary Integral

Singular Operators of Elasticity

3.1 Function spaces

Let K+ be an open cone in R
3 with vertex at the origin, bounded by the surface ∂K+.

Assume that the cone K+ can be explicitly described in a Cartesian coordinate system. Suppose

also that the subset Ω+ = {x ∈ K+ : |x| = 1} of the unit sphere has a smooth boundary.

In what follows, we denote by {Uj}1�j�N a finite covering of ∂K+\0 by open sets Uj ⊂
∂K+\0 such that

1) for each Uj there exists a homeomorphism γj onto a plane angle Vj and γj(tx) = tγj(x)

for all x ∈ Uj , t ∈ R
+,

2) if Ui ∩ Uj = ∅, then the mapping γj ◦ γ−1
i : γi(Ui ∩ Uj) → γj(Ui ∩ Uj) is infinitely

differentiable.

Moreover, we assume that |x| = |γjx| for all x ∈ Uj , j = 1, . . . , N , where | · | on the left-hand

side means the norm in R
3 and the same symbol on the right-hand side means the norm in

R
2. Let {ξj}1�j�N be a partition of unity on ∂K+\0 subordinate to the covering {Uj}1�j�N .

Suppose that the functions ξj are smooth and positive-homogeneous of order 0. We denote by

V l
p,β(∂K

+), 1 < p <∞, β ∈ R, l = 0, 1, . . ., the space of functions with the norm

∑

1�j�N

(
∑

0�|σ|�l

∫

R2

|x|p(β−l+|σ|)|∂ σ
xuj(x)|pdx

)1/p

,

where uj = ξju ◦ γ−1
j on Vj and uj = 0 outside Vj . Using an equivalent atlas and another

partition of unity, we obtain an equivalent norm.

Furthermore, let N l,α
δ (∂K+), α ∈ (0, 1), δ ∈ R, l = 0, 1, . . ., be the space of functions with

the finite norm
∑

1�j�N

(
sup
x∈R2

|x|δ[uj ]l+α
B(|x|/2,x) + sup

x∈R2

|x|δ−l−α|uj(x)|
)
,

where

[u]ρΩ = sup
x,y∈Ω

∑

|σ|=ρ

|x− y|[ρ]−p|∂ σ
x u(x)− ∂ σ

y u(y)|,

[ρ] is the integer part of ρ, σ = (σ1, σ2) is a multiindex of order |σ| = σ1+σ2, ∂
σ
x = ∂|σ|/∂xσ1

1 ∂
σ2
x2
.

Let Γ be the boundary of a simply connected domain in R
3 with compact closure. We assume

that 0 ∈ Γ and Γ\0 is a smooth surface. Moreover, let Γ coincide with ∂K+ in the ball Bε of

radius ε centered at 0.
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We introduce the spaces V l
p,β(Γ) and N

l,α
δ (Γ) with the norms

‖u‖V l
p,β(Γ)

= ‖ηu‖V l
p,β(∂K

+) + ‖(1− η)u‖W l
p(Γ\Bε/2)

,

‖u‖
N l,α

δ (Γ)
= ‖ηu‖

N l,α
δ (∂K+)

+ ‖(1− η)u‖Cl,α(Γ\Bε/2)
,

where η is a function of class C∞(R3) such that η = 1 in Bε/2 and η = 0 outside Bε.

3.2 Quasilocal estimates

We set

(Tψ)(x) = 2(W0ψ)(x) =

∫

S

T (x, ξ)ψ(ξ) dsξ, ψ ∈ Lp(S), p > 1

and denote by ζ and χ nonnegative functions of class C∞(R3) which are equal to 1 in the annulus

{x : ρ < 2|x| < 4ρ} for some ρ > 0 and vanish outside the annulus {x : ρ < 4|x| < 16ρ}.
Moreover, we can assume that the following two properties hold:

(i) |∂ σ
x ζ(x)| � Cσρ

|−σ| and |∂ σ
x χ(x)| � Cσρ

−|σ|,
(ii) one of the inequalities |x| < d|ξ| or |ξ| < d|x| with some d ∈ (0, 1) holds on the support

of the function (x, ξ) → ζ(x)(1− χ(ξ)).

The argument used in the proof of Lemmas 2.1–2.4 in [2] leads to the following two assertions.

Lemma 3.1. Let 1 < ρ < ∞. If u ∈ W l
p(Γ\0) ∩ Lp(Γ) is a solution of the equation

(1 + T )u = ϕ (or (1 + T ∗)u = ϕ), then

‖ζu‖V l
p,l(Γ)

� c‖χϕ‖V l
p,l(Γ)

+

( ∫

Γ

( ∫

Γ

|χ(x)|( |x|+ |ξ| )−2|u(ξ)| dsξ

)p

dsx

)1/p

.

Here, the symbol ∗ denotes the passage to the formally adjoint operator.

Lemma 3.2. If u ∈ C l,α
loc(Γ\0) ∩ Lp(Γ), p > 1, is a solution of the equation (1 + T )u = ϕ

(or (1 + T ∗)u = ϕ), then

‖ζu‖
N l,α

l+α(Γ)
� c

(
‖χϕ‖

N l,α
l+α(Γ)

+

∫

Γ

( |ξ|+ ρ)−2|u(ξ)| dsξ

)
.

3.3 Invertibility theorems for the operators 1 + T and 1 + T ∗

Let Lp,β(Γ) be the function space equipped with the norm

‖u‖Lp,t(Γ) = ‖rβu‖Lp(Γ).

Lemma 3.3. The operators T and T ∗ are continuous in the space V l
p,β+l(Γ) for 1 < p <∞,

0 < β + 2/p < 2 and in the space N l,α
δ+l+α for 0 < δ < 2, α ∈ (0, 1).
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Proof. We show that the operator T is continuous in the space Ll
p,β(Γ) for 0 < β+2/p < 2.

Represent the operator T , defined by the equality

(Tϕ)(x) =

∫

Γ

T (x, ξ)ϕ(ξ) dsξ,

as the sum of three integrals Tk over the sets Γk, where

Γ1 = {ξ ∈ Γ : 2|ξ| < |x| },
Γ2 = {ξ ∈ Γ : |x| < 2|ξ| < 4|x| },
Γ3 = {ξ ∈ Γ : |ξ| > 2|x| }.

From the definition of T (x, ξ) it follows that

|T (x, ξ)| �

⎧
⎪⎪⎨

⎪⎪⎩

c|ξ|−2, 2|x| < |ξ|,
c|x− ξ|−2, |ξ| < 2|x| < 4|ξ|,
c|x|−2, |x| > 2|ξ|.

(3.1)

The continuity of T1 and T3 in Ll
p,β(Γ) can be obtained as in the proof of Lemma 2.5 in

[1]. The continuity of T2 in Ll
p,β(Γ) is an immediate consequence of the continuity of singular

operators in Lp, p > 1.

Using the so-called quasilocal estimates (cf. the proof of Lemma 2.6 in [2]), we conclude that

T is continuous in V l
p,β+l(Γ) for 0 < β + 2/p < 2.

Similarly, the continuity of T in the space N l,α
δ+l+α(Γ) can be obtained by using quasilocal

estimates from the inequality

sup
x∈Γ

|x|δ|Tϕ| � c‖ϕ‖
N0,α

δ+α(Γ)
.

The last estimate follows from the continuity of singular operators in the space C0,α of Hölder

continuous functions and the estimates (3.1).

Similar arguments lead to the continuity of T ∗.

Lemma 3.4. Let L(x, y) and M(x, y) be the kernels of the operators L and M in Theorem

2.6. If x = y, then L(x, y) = (M(x, y))T , where MY is the adjoint matrix of M.

Proof. Using the estimates for the kernels L(x, y) and M(x, y) (cf. Theorem 2.6), we con-

clude that the operators (1 + T )−1 and (1 + T ∗)−1 are continuous in L2,t(Γ) and L2,−t(Γ) for

−1 < t < 0 (cf. the proof of Lemma 1.5 in [2]). Hence the required assertion can be obtained

by the argument used int he proof of Lemma 3.1 in [2].

From Lemma 3.4 and Theorem 2.6 we obtain the following assertion.

Corollary 3.1. The following estimates hold:

M(x, y) �

⎧
⎪⎪⎨

⎪⎪⎩

c |x|−1|x|−1( |x|/|y| )κ−ε, 2|x| < |y|,

c |x|−1|x− y|−1, |y|/2 < |x| < 2|y|,

c |x|−2, |x| > 2|y|.
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These estimates, together with Theorem 2.6 and Lemmas 3.1, 3.2, enable one to establish

the continuity of (1 + T )−1 and (1 + T ∗)−1 in the spaces V l
p,β(Γ) and N l,α

δ (Γ) (cf. the proof of

Theorem 2.3 in [2]).

Theorem 3.1. Let 1 < p <∞. Then the following assertions hold.

(i) The operator (1 + T )−1 is continuous in V l
p,β+l(Γ) for 0 < β + 2/p < 1 + κ (1 − κ <

β + 2/p < 2) as well as in N l,α
δ+l+α+1(Γ) for 0 � δ < 2.

(ii) The operator (1+T ∗)−1 is continuous in V l
p,β+l(Γ) for 1− κ < β+2/p < 2 as well as in

N l,α
δ+l+α+1(Γ) for 1− κ < δ < 2.

3.4 The invertibility theorem for the operator 1 + T

in weighted Hölder spaces with nonhomogeneous norms

Let G+ be a domain with compact closure G+ bounded by Γ, and let G− = R
3\G+. We use

the notation from Section 2. Consider the transmission problem

Δ∗u = 0 in G,

u+ − u− = ϕ on S, (J u)+ − (J u)− = ϕ on Γ\0.
(3.2)

Lemma 3.5. Let 0 < α − β < 1, and let l be a positive integer. If ϕ ∈ C l,α
β+l(Γ) and

ψ ∈ N l−1,α
β+l (Γ), then there exists one and only one solution u ∈ C l,α

β+l(G) of the problem (3.2)

and the following estimate holds:

‖u‖
Cl,α

β+l(G)
� c

(
‖ϕ‖

Cl,α
β+l(Γ)

+ ‖ϕ‖
N l−1,α

β+l (Γ)

)
.

Proof. The problem (3.2) with ϕ = 0 and ψ = 0 is equivalent tot he equation Δ∗u = 0 in

R
3\0. Consider the operator pencil sγ on the unit sphere S2 defined by

(sγv)(θ) = r−γ+2Δ∗rγv(θ),

where v is a vector-valued function on S2. It is known that the eigenvalues of sγ are integers.

Moreover, the multiplicity of the eigenvalue γ = 0 is equal to 3 and the Jordan chains corre-

sponding to γ = 0 consist only of the eigenfunctions v = const. Taking into account the fact that

the problem (3.2) is solvable in weighted Hölder spaces with homogeneous norms and making

use of the asymptotic representation of solution of the problem (3.2) near the conic vertex 0

(cf. [5, 8]), we arrive at the assertion of the lemma.

Theorem 3.2. Let α ∈ (0, 1), and let l be a positive integer. The operators T and (1+T )−1

are continuous in the space C l,α
l+β(Γ) for 0 < α− β < 1 and 0 < α− β < κ respectively.

Proof. Let u ∈ C l,α
β+l(G) be a solution of the problem (3.2) for ψ = 0 and ϕ ∈ C l,α

β+l(Γ). By

Lemma 3.5,

‖u‖
Cl,α

β+l(G)
� c ‖ϕ‖

Cl,α
β+l(Γ)

. (3.3)

From Lemma 2.7 it follows that u can be represented in the form u = W (u+ − u−) = Wϕ,

where Wϕ is the double layer potential. From this and (3.3), together with the relation Tϕ =
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2(Wϕ)+ − ϕ (cf. Lemma 2.5) we conclude that the operator T is continuous in C l,α
β+l(Γ) for

0 < α− β < 1.

The continuity of (1+T )−1 is an immediate consequence of the representation for (1+T )−1

in terms of inverse operators of boundary value problems (Theorem 2.4) and the continuity of

these operators (Lemmas 2.1 and 2.4).

3.5 Pointwise estimates for the derivatives of the kernels
L(x, y) and M(x, y) of the operators L and M

Theorems 3.1, 3.2 and Corollary 3.1 lead to the following theorem (cf. the proof of Theorem

3.1 in [2]).

Theorem 3.3. Let points x and y lie in the same coordinate neighborhood. Then

|∂ σ
x′∂ τ

y′L(x, y)| �

⎧
⎪⎪⎨

⎪⎪⎩

c |x|−|σ||y|−2−|τ |, 2|x| < |y|,

c |x|−1|x− y|−1−|τ |−|σ|, |y| < 2|x| < 4|y|,

c |x|−1−|σ|−κ+ε|y|−1−|τ |+κ−ε, |x| > 2|y|,

(3.4)

where ε is any small positive number, x′ and y′ are the local coordinates of x and y.

3.6 Continuity of (1 + T )−1 in C0,α

Theorem 3.4. The operators T and (1 + T )−1 are continuous in C 0,α(Γ) for 0 < α < 1

and for 0 < α < κ respectively.

Proof. Let ϕ ∈ C 0,α(Γ). The argument used in the proof of Lemma 3.3 shows that

sup
x∈Γ

|(T (ϕ− ϕ(0)))(x)| � c ‖ϕ‖C0,α(Γ).

We used the relation ϕ(y)− ϕ(0) = O( |y|α) and the fact that the singular operator is bounded

in the space of Hölder continuous functions.

According to the identity T (ϕ(0)) = ϕ(0), we have

sup
x∈Γ

| (Tϕ)(x)| � c ‖ϕ‖C0,α(Γ).

It remains to establish the inequality

[Tϕ]αΓ � c [ϕ]αΓ. (3.5)

Let x, z ∈ Γ, and let ρ = 2|x− z|. Taking into account the equality
∫

Γ

T (x, ξ) dsξ = 1

on Γ, where 1 is the identity 3× 3 matrix, we write

(Tϕ)(x)− (Tϕ)(z) =
∑

1�k�4

Ik,
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where

I1 =

∫

Γ∩B(r,x)

T (x, ξ)(ϕ(ξ)− ϕ(x)) dsξ,

I2 = −
∫

Γ∩B(r,x)

T (x, ξ)(ϕ(ξ)− ϕ(z)) dsξ,

I3 =

∫

Γ∩B(r,x)

T (z, ξ)(ϕ(ξ)− ϕ(z)) dsξ,

I4 =

∫

Γ\B(r,x)

(T (x, ξ)− T (z, ξ))(ϕ(ξ)− ϕ(x)) dsξ.

Since the integral ∫

Γ∩B(r,x)

T (z, ξ) dξ

is bounded, the estimate (3.5) follows from the inequalities

|I1|+ |I2| � c [ϕ]αΓ

∫

Γ∩B(r,x)

|x− ξ|−2+αdsξ � crα[ϕ]αΓ,

|I4| � cr[ϕ]αΓ

∫

Γ\B(r,x)

|x− ξ|−3+αdsξ � crα[ϕ]αΓ.

The continuity of the operator (1 + T )−1 can be obtained in a similar way by using (3.4)

(cf. the proof of Theorem 3.2 in [2]).

Remark 3.1. If the cone K+ cannot be prescribed in a Cartesian coordinate system, then

the estimates for the kernel L(x, y) in Theorem 3.3 hold if κ is replaced by κ′ = min{0, κ}. The
term ( |x|/|y|)κ′−ε should be added to the right-hand side of (3.4) for 2|x| < |y|. Theorem 3.1

takes the following form.

Theorem 3.5. 1. Suppose that 1 < p < ∞, −κ′ < β + 2/p < 1 + κ. Then the operators

(1 + T )−1 and (1 + T ∗)−1 are continuous in the spaces Lp,β(Γ) and Lp,β+1(Γ) respectively.

2. Suppose that 1 < p <∞, −κ′ < β+2/p < 1+κ′, α ∈ (0, 1), −κ′ < δ < 1+κ′, l = 0, 1, . . ..

Then the operators (1+T )−1 and (1+T ∗)−1 are continuous in the spaces V l
p,β+l(Γ), N

l,α
δ+l+α(Γ)

and V l
p,β+l+1(Γ), N

l,α
δ+l+α+1(Γ) respectively.
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