On eigenfunctions of the Fourier transform

Flavia Lanzara * Vladimir Maz’ya *

Abstract. In [6] we considered a nontrivial example of eigenfunction in
the sense of distribution for the planar Fourier transform. Here a method
to obtain other eigenfunctions is proposed. Moreover we consider positive
homogeneous eigenfunctions of order n/2. We show that F(w)|x|~™/?, |w| =
1, is an eigenfunction in the sense of distribution of the Fourier transform if
and only if F'(w) is an eigenfunction of a certain singular integral operator on
the unit sphere of R™. Since YT@L (w)|x|~"/? are eigenfunctions of the Fourier
transform, we deduce that YT,(lk% are eigenfunctions of the above mentioned

singular integral operator. Here Yq%k% denote the spherical functions of order
m in R™. In the planar case, we give a description of all eigenfunctions of the
Fourier transform of the form F(w)|x|~! by means of the Fourier coefficients
of F(w).

1 Introduction

The Fourier transform of a function f € L?(R") is defined as

1

—Z‘(X,E)

F&)=FfE) =

(x,£) = x1&1 + ... + zp&, denoting the standard inner product of x and ¢ in
R™. The inverse of the Fourier transform is given by

1

i(x,€)
(271')”/2 .. f(X)e dX
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The Fourier transform is an isomorphism of the space L?(R") and, for
every f,g € L?(R"), we have Parseval formula

~

[ F©aeas= | fexgtox.

R

In particular, R
1z = 12

Here || - ||z2 denotes the norm in the space L?(R™). As a consequence the
linear map F defines a unitary operator on L?(R™), so its spectrum lies
on the unit circle in C. Since F4f = f, if A € C is an eigenvalue then
M =1.8S0 )€ {1,-1,i,—i}. Each of these values is an eigenvalue of infinite
multiplicity. In dimension 1 a complete orthonormal set of eigenfunctions is
given by the Hermite functions

1 2
D, () (Jm2mm)i/2 Hy,(x)e , m >0

with the Hermite polynomial

2 d™ o
Hpy(z) = (—=1)"e" T © L
They satisty F(®p,) = (—i)" Py, (see [9]). In higher dimensions, the eigen-
functions of the Fourier transform can be obtained by taking tensor products
of Hermite functions, one in each coordinate variable. That is

n

P (x) = H Py, (25)

j=1

are eigenfunctions corresponding to the eigenvalues (—i)"1++mn,

In this paper we are interested in non standard eigenfunctions i.e. eigen-
functions in the sense of distributions. In general such eigenfunctions do
not belong to L?(R™). An interesting example is provided by 1/[x|*/? ([5,
p.363]). In [6] we have showed that

2 2
V] + x5
12

is a eigenfunction in the sense of distribution in R2. In section 2 we propose
a method to obtain other eigenfunctions (theorems 2.2 and 2.4). We find,
for example, that

8x11x9 x2 — 12
2 22\/$%+J3% or 22 21\/$%+5'3%
(x] — x3) T

2 12
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are eigenfunctions. In section 3 we consider positive homogeneous distribu-
tions of order n/2 that is

Iil(:;)” :%, x € R". (1.1)
We show that (1.1) is an eigenfunction of the Fourier transform if and only
if F'(w) is an eigenfunction of a certain singular integral operator on the unit
sphere of R™ (theorem 3.3). Since Yn(le (w)|x|~™? are eigenfunctions of the
Fourier transform (theorem 3.1), we deduce that Yn(lk% are eigenfunctions
of the above mentioned singular integral operator. Here Yébk,)q denote the
spherical functions of order m in R™. In section 4 we give a description of

all eigenfunctions of the planar Fourier transform of the form (1.1) by means
of the Fourier coefficients of F'(w) (theorem 4.1).

2 Fourier transform of distributions

Let D be the space C5°(R"™) of all real functions with continuous derivative
of all order and with compact support. A sequence {®;} € D converges to
® ¢ D if there is a compact K C R"™ with supp®, C K, supp® C K and
0“®y, converges uniformly to 0%® on K for all « = (ay, ..., ay,) multi-index.
We shall denote by D’ the set of all continuous linear functionals on D. The
elements of D’ are called generalized functions or distributions. We write
the action of a distribution f on a test function ® as (f, ®) with the property
that if ®; converges to ® in D then
lim (f, @) = (f,®).

k—4o00

If f € Li, (R™) the functional

loc
(f,®) = . fx)®(x)dx (2.1)

belongs to the space D' and distributions of the form (2.1) are called regular
distributions. If f ¢ L], (R™), if the integral exists in the Cauchy sense, then
(2.1) still defines a distribution called Cauchy principal value distribution
(cf., e.g., [5, p.10,p.46]).
We denote by S the Schwartz space of functions & € C°°(R™) rapidly
decaying at infinity that is, for any multi-indeces « and (3,
lim [x*0°®(x)| =0.

|x|—00



A sequence {®y} € S converges to ® € S if, for any multi-indeces o and 3,

lim sup |x*DP®;(x) — x*DP®(x)| =0.

k—o0 xER"

We denote by S’ the class of continuous linear functionals f : & —
C. Elements of S’ are called tempered distributions. Obviously D’ C &',

moreover D’ is dense in §’. Let f € §'. Let o = (a, ..., &) be an n—tuple
of nonnegative integers and |a| = a1 + ... + ay,. The distribution 0f is
defined by

(0°f, @) = (-1)(f,0%®), deS.

To introduce some notation, we define the reflection in the origin
(ro®)(x) = ¢(—x), bes,

and the translation through the vector h € R”
Th®(x) = ¢(x — h), beS.

The reflection of a distribution f € &’ is a distribution defined by
(rof,®) = (f,(ro®)), P8

and the translation of f € &’ is a distribution defined by duality
(thf,®) = (f, 7—n®), bes.

The Fourier transform is a continuous isomorphism of § onto S. This
allows to define the Fourier transform of tempered distributions.

Definition 2.1. Let f € &'. Its Fourier transform [ (or F(f)) is the
tempered distribution

(f,®) = (f,®), ®ecS.

The formulas for the derivatives or for the translation of the Fourier
transforms are preserved also for distributions. If « is a multi-index and
h € R" then the Fourier transform of f € &’ has the following properties,
in the sense of distribution,

F(0°f) = (i€)*F(f),
Fxf) =io~F(f),
F(mf)(€) = e ™EF(f)(€),
F(e™*f) = m(F(f)).



Definition 2.2. The distribution f € S’ is an eigenfunction of the Fourier
transform corresponding to the eigenvalue X\ if

(F,®) =\, ®), VdeS. (2.2)

An example of eigenfunction understood in the sense of distribution,
with eigenvalue 1, is provided by the generalized function 1/|x|™? (see [3,
p.71] and [5]). 1/]x|™/? does not define a regular distribution because it has
a nonsommable singularity at the origin and the integral (2.1) can be defined
by analytic continuation (see [5, p.71]). In [6] we proposed an example of non
standard eigenfunction of the planar Fourier transform. The distribution

X
fane) =L = et (2.3)

defines a Cauchy principal value distribution in S. We define the action on
a test function ® € S as

o ]| o
(f’ (I)) o lg;% /w1>E X192 (I)(X)dx o lgﬁ% xr1>e€ v
‘IB2‘>E T2>€

(I‘l,IEg)dIL‘ldSL'Q = // \If(x)dx
RY

where

O (21, x2) — P21, —22) — D(—21, 22) + D(—21, —2)
X192

|X| T2 T 1 1
= / / ey (&, m)dEdn = |X|/ / Qe (tay, swo)dtds .
T1L2 J gz J -z -1J-1

The eigenfunction (2.3) gives rise to a one parametric family of eigenfunc-
tions. Indeed, denote by
n— < cos sina)
—sina cosa

the rotation matrix where « is the rotation angle in the counterclockwise
direction. Then (F®(R-))(§) = (F®(-))(RE). If f € 8 is an eigenfunction,
then also the rotation fr defined by

(fr, ®) = (f, ®(R")), des

is an eigenfunction. As a consequence

U(z1,22) = |X]

VR o

x1cos a + xosin ) (—xy sin o + 2 cos av)

floy @y, 22) = (

!



is an eigenfunction for the planar Fourier transform for any value of the
parameter . For example, if we choose v = 7/4 we obtain

2 2
\x] + 15

2 2
Ty — T3

With the change of variable a = tan(«), we obtain the family of eigenfunc-

tions 5 .
VI T (2.5)

(l‘l + a:EQ)(—mla + 1‘2) ’

F(CL,ZCb(EQ) =

If a # 0, putting b = (a®>—1)/a and denoting by Py(x1,z2) = 23 — 23 +bx122
the homogeneous harmonic polynomial of degree 2 we get the following
family of eigenfunctions

o) = B2 T RGO

Definition 2.3. The distribution f € S’ is an eigenfunction of the contin-
uous spectrum for F if there is a sequence {®r} € S such that the following
conditions are satisfied:

lim (F(®y) — AP, @) =0, Vo € S;

k—o0
lim (P, @) = (f, P), Ve eS.
k—oo
The next theorem shows the relation between eigenfunctions in the sense
of distribution and eigenfunctions of the continuous spectrum.

Theorem 2.1. FEigenfunctions in the sense of distribution are eigenfunc-
tions of the continuous spectrum.

Proof. We consider a function p(x) € C§°(R"™) such that supp(p) C Bi(0)
and [p, p(x)dx = 1. For k > 1 we consider the regularizing family of
functions

pr(x) = K"p (kx).

For all ® € S, the convolution pi * ® tends to ® in S as k tends to +oo.
The convolution of p, and f € 8 is given by the formula

(o * [)(x) = (f(¥): pr(x = ¥)) -



pr * [ belongs to C*°(R™) and every derivative has at most polynomial
growth. Moreover py * f converges to f in &’ when k& — co. Indeed, since
pr*® tends to @ in S, if we replace ® by the reflected ¥ = rq® we can write

lim (pg* f, ®) = lim (pg* f,r0¥) = lm (f,ro(px*xV)) = (f,P), VP eS.
k—o0 k—o00 k—o00
Since f satisfies (2.2) we have, for any ® € S

Jn (F(pr o+ /) = Mpr+ f), @) = lim (pg+ £, ®) = Apg * f), @)

= (f,®) - A(f,®) =0.
O

Let f,g € D' and suppose that at least one has bounded support. We
define the convolutional distribution

(fx9,®)=(f(x) xg(y),®(x+y)), VeeD

(cf. e.g. [5, p.103] or [1, p.89]). If f,g,h € D’ and at least two of them
have bounded support, then f * g x h € D’ and the convolution product is
associative

frxgxh=/fx(gxh)=(fxg)*h.

The next theorem shows that if we convolve (with respect to the parameter)
a parametric family of eigenfunctions in the sense of distribution and a
distribution we get again an eigenfunction.

Theorem 2.2. Let f(a,x) be a family of distributions in S’ depending on
a parameter a € R. Suppose that

i. for fiteda € R, f(a,-) € S’ is an eigenfunction in the sense of distribution;
ii. for fized x € R™, f(-,x) € D' is a distribution on the real line.

Let g(a) € D' be a distribution on the real line with bounded support. For
fized x € R™ consider the convolution g(a) x4 f(a,x) defined as

(9(a) %a f(a,x),¥) = (9(a) x f(b,x),9(a+b)), V€ C5°(R).

Then, for fivred a € R, g(a) x4 f(a,x) € 8" and it is an eigenfunction in the
sense of distribution of the Fourier transform.

Proof. g(a) x4 f(a,x) is well defined as an element of S’. By hypothesis

(f(a,),®) = A(f(a,-),®), VDES.



If we convolve both terms by g we get

(9(a) *q f(a,x), ®(x)) = ((g(a) x f(b,x),¥(a+ b)), B(x))
= ((g(a) x (f(b,x), ®(x)),v¥(a +b)) = A((g(a) x (f(b,x),®(x)),¢(a+b))
= Mg(a) x f(b,x),(a+b)), ®(x)) = Ag(a) *q f(a,z), )

which proves the theorem. ]

Example 2.1. The convolution D *, f(a,x) is well defined, where D is
any differential operator and § is the delta function

(0,9) =4(0), V¥ e CF(R).
This follows from the fact that D¢ is concentrated in one point. By definition
(D6 xq f(-,x),¢) = (D(b) X f(a,x),¢(a+Db))

= (f(a,x),(D4(b),v(a + b)) = (f(a,x), Di(a))
= (Daf(aax)vw(a)) = (Daf('7x)a¢) :

Thus we have
D¢ x4 f(a,x) = Dof(a,x). (2.7)

Let us apply theorem 2.2 and (2.7) to the family of eigenfunctions (2.4). If
we derive with respect to the parameter a we obtain the family of eigenfunc-

tions
cos(2a) (z3 — 23) + 2z 22 sin(2a) \/m
(22 cos(a) — zy sin(a))2(zq cos(a) + g sin(a))2 VL~ 727
For o = /4 we get the eigenfunction

8.%‘11‘2
/.2 2
— 5 a +3§‘
2 2\2 1 2
(z] — z3)
2 2
L1 — Xy 2 2
2,2V i+ T35

LT

whereas, for a =0,

If we take the second and third derivative at o = 0 we obtain, respectively,

4 4 6 _ .6 4,2 2.4
2 (:Ul + a?Q) 9 9 ] — To TiTy — T1TH 9 9
— 33 V¥t 6— 11 t2 1.4 T+ 25
9T T T

12




and, at « = w/4 ,

8 (af + 6aia3 :x%) 22 + a3, 32 (52w + 14$?x§4+ i) m
(o~ ) (ot =)

In this way we can obtain many eigenfunctions for the planar Fourier Trans-
form starting from (2.4).

Example 2.2. The integration of an eigenfunction f(a,x) with respect to
any Borel measure p(a) on R gives rise to new eigenfunctions. Indeed

- /R b(a)dp(a)

defines a distribution on C§°(R). If u(a) has bounded support then

(
(ta f(%), ) = (u(a) x f(b,%),¢(a+ b)) = (u(a), (f(b;x),¢(a + b))
= (u(a), (f(c = a,x),9(c)) = ((u(a), f(c = a,%)),¢(c)) -

Then, for any fized ¢ € R

wa £ /fc—axdu()

is an eigenfunction.
As an example, consider the family of eigenfunctions (2.6). New eigenfunc-
tions are given by

\/x%+x%

log‘bxlmz +x% — x%] , b>0.
12

b
p(B) 00, 3) = [ oty x)dy =
0
Similarly, if we integrate the family of eigenfunctions (2.5) with respect to
the parameter, we get the eigenfunctions

a

1

| sy = o (08 s + 1| = log oy = zal)
0

Let us consider now the planar case. We introduce polar coordinates
(R,¢) and (r,9) such that R = |x|, ¢ = x/R and r = |y|, ¢ =y/r. We
use the notation f(x) = f(R,¢) and g(y) = g(r,9). It is obvious that f
and g are 2w—periodic functions with respect to the angle. We write the 2D
Fourier transform in polar coordinates

') 27
f(R, @) = % / F(r,D)erEeos(e=0)rqrdy . (2.8)
0 0

9



Let f € S and g € P, where P is the set of all C*°(R) functions which are
27-periodic. We define the angular (or circular) convolution *, as follows

27
(9% F)(r9) = /O 9(w) F(ry i — w)do.

We have
(g*go]:f):]:(g*gof)-
Indeed,

27
(9% FF)(R.¢) = /O 9(@)(F (R — w)du

1 00 2w 2w )
= / rdr/ g(w)dw f(r,ﬁ)e_"Rcos(“’_“’_ﬁ)dﬂ
27 Jo 0 0

1 [e'e] 27 27 )
= — rdr/ </ g(w)f(r,x — w)dw) e_"RCOS(‘p_X)dX
27 Jo 0 0

1 00 27 i 3
=5 [ [ @ D I = Flg s, (R,

It follows that, if f € S is an eigenfunction of the Fourier transform, then
the angular convolution g *, f is still an eigenfunction. This is valid also if
g is a distribution supported on the unit circle and f € §'.

We denote by P’ the topological dual of P. A seguence {gx} € P converges

to g in P if g,E:S) tends to ¢(®) uniformly in R. Elements of P’ are called

periodic distributions. The action of ¢ € P’ on a test function ¢ € P is
denoted by (g, ) and the translation 7,9 is defined by (749, %) = (g, T—a )
with (T_a%)(¥) = (9 + ).

Definition 2.4. If g € P’ and f € §', we define the angular convolution
(g0 f,®) = (g,¢) with ¢(w) = ((f(R,9), (Tw®)(R,J)) @S
where (T_,®)(R, V) = ®(R,V + w).
We can easily check directly that
T_w(F(P))(R, V) = F(1—0u®) (R, V), becS. (2.9)
Proposition 2.3. For f € §' and g € P’ we have

(F(g*9 f), @) = (g*s F(f), ®), deS.

10



Proof. Indeed, by definition of Fourier transform and angular convolution
we have

(Flg = [), @) = (g0 [, F(®)) = (g(w), (f (R, V), T—u(F(®)) (R, D)) .
Then, keeping in mind (2.9),

(Fg = [),®) = (g(w), (f(R,9), F(T—w®)(R,)))
= <g(w), ('F(f)(Rﬂ?)v( T—w )(Rﬂ?)» = (Q *9 ]—'(f),(I)) :

O

Theorem 2.4. Let f be an eigenfunction in the sense of distribution for F
and g € P'. Then the angular convolution g *y f is an eigenfunction in the
sense of distribution for F.

Proof. Indeed, if f € 8’ satisfies (2.2), then

(F(g*o ), ®) = (g9 [, F(®)) = (9(w), (f(R, ), F(T-o®) (R, D))
= Mg(w), (f(R,9), (T-w®)(R,7))) = ( *0 [, ®).

Hence also g xy f satisfies (2.2). O

Corollary 2.5. Suppose that f € 8’ is an eigenfunction for F. Then
1. the translation of f with respect to the angle, 7o f, defined by

(Taf7 (D) = (fa Tfaq))a (I) € S

is an eigenfunction for F;
7. the derivative in the sense of distribution of f with respect to the angle
aas—sﬂf,s > 1 defined by

S

0° s, O
is an eigenfunction for F.

Proof. i. Let us denote by §(,) the delta function at the point « that is

<5(a)71/}> :w(a)7 YeP.
We have (o) € P and for any f € &'

Taf = 5(0) *9 f

11



Indeed, by definition,
(Taf, ®) = (f(R,9), ®(R, ¥ + @) = (f(R, V), (00 (w), B(R, ¥ 4+ w)))
= (0@ (W), (f(R,0), ®(R, 0 + w))) = (§(a) *0 [, ®), PES
where we have used that
D(R, 9+ ) = (00 (w), (R, +w)).

Then we can apply theorem 2.4.
ii. Let 6(*) be the derivative of the delta function, defined as

(60) ) = (—1)* 9 (0), peP.

Hence
(69, 7_g0) = (-1 ().
Then

(0 5y f,®) = (6 (w), (f(R,Y), ®(R,Y +w)))

= (f(R7 19)’ <5(S)(w)7 CI)(R779 + w))) = (_l)s(f(Ru 19)7 %@(Rvﬁ))
= (L F(R.9), 2(R,9)).

Thus we have <

d
0wy f =~ (R, )

and we can apply theorem 2.4.

O]

Remark 2.6. The translation in angle is equivalent to rotation therefore
statement i. states that rotated eigenfunctions are still eigenfunctions. The-
orem 2.4 can be viewed as a particular case of theorem 2.2. Indeed, if the
parameter a in theorem 2.2 is the angle of rotation, that is f(a,x) in polar
coordinates is f(R,Y —a), then the convolution in a gives the same result of

the convolution in the angle.
Example 2.3. Let us write the eigenfunction (2.3) in polar coordinates

K 10—

f(R.9) =  sin(W) cos(¥9)

12



By virtue of Corollary 2.5 differentiation of any order with respect to the an-
gle produces new eigenfunctions. If we consider first and second derivatives
we get the eigenfunctions

<1>’(19)_1( 1 1 >:x§z2{ > o

cos?(¥)  sin?(¥)

= (s eesy) =2 (G 1) Ve

1

R R 2.2 i+ T3,

LT3

3 A characterization of eigenfunctions

We denote by Yn(lk,)l (w) the spherical functions of order m in the n dimensional
space, w is a point of the unit sphere S. The upper index k£ numbers the
linearly independent spherical functions of the same order m and it varies
between the bounds

B (m+n—3)!
Theorem 3.1. The functions
Yn(lk,)l(w) x
’X|n/2 Y w |X‘7 k 17 me,na m 0

are eigenfunctions of the Fourier transform and we have

Y () Yarh(A) ¢
Fl- = (=) A=
(Hn/? ©= 0" g B

Proof. We seek for the Fourier transform

(k)  x
1 Ymn(ﬁ) :
F = X 71(X,£)d .
(5) (2%)”/2 /R" ‘X]"/Q € X

We substitute spherical coordinates R = |x|, = x/R. Then dx = R" 'dRdyS
where S denotes the unit sphere, and (x,§) = R|{| cos~y with v denoting the
angle between the vectors £ and x. Hence

1

./T"(g) = (27‘(‘)”/2/0 RH/Q1dR/SYn(11f7)1(9)eiR§|cosvd05.

13



In the integral herein we substitute ¢ = R|¢| and we obtain

1 & 4
F@)=— t”/zldt/Y(k) De=iteos 1§
9 (Qﬂ)n/2|§|n/2/0 S mon(0)e 0
We use the formula ({7, p.250]
/SYTELIT%(Q)eitCOSWdGS = "2 2m) T T s 1 (DY R(A), A = é’

where J,(t) denotes the Bessel function of the first kind of order p (cf.[10]).
Hence

Yoon(A x
F©) = s 1) [T (-t
Yan(A) [
=t [ i @)

Since (cf. [10, 13.24])
/0 Injarm-1(t)dt =1
the theorem is proved. O

Remark 3.2. Theorem 8.1 can be obtained as a particular case of the
Bochner formula (cf.[2, Theorem 2]):

1 X —i(x
L Y e e

(27)"/2
=g, #(jg) Srmaort

where ¢ is measurable in (0,00). Indeed, assuming ¢(|x|) = |x|~™"/% we
get (3.1).

Let us consider homogeneous functions of degree —n /2 of the form

o= R, w= X (3.2)

Here F(w) is defined on the unit sphere S. Following [5] we use the notation
(0 £i0)* = 0} + A

where o2 is equal to o for ¢ > 0 and to 0 if 0 < 0 and o? is equal to |o|*

for 0 < 0 and to 0 for o > 0.

14



Theorem 3.3. Let K be the following singular integral operator on the (n—
1)—dimensional unit sphere

KF(A) = (%1)”/21“ (g) einm/4 /S (w-A—i0) " F(w)dS,.  (3.3)

The function (3.2) is an eigenfunction of the Fourier transform correspond-
ing to the eigenvalue A if and only if F' is an eigenfunction of (3.3) corre-
sponding to the same eigenvalue, i.e.

KF = \F. (3.4)

Proof. The Fourier transform of f in spherical coordinates has the form
1 o0 —
FUNO = oy [ dS [ F(Rwpe o Rt an
(2m)"/% Js 0

where we made use of the notations p = |£], A = £/p; the angle between x
and £ is denoted by v that is cosy = w - A.

Hence an eigenfunction f(Rw) of the Fourier transform is defined by the
equation

1 o :
——— [ dS, | f(Rw)e BPeSTRLAR = Af(pA), p>0, |A|=1.
(27T)n/2 S 0

In the integral above we replace the function f in the form (3.2) and substi-
tute t = Rp, so that we obtain the following integral equation for F' on the
unit sphere

1

W /S F(w>d5w/[; tn/2ileiitcos’y dt = )\F(A) .

Now we make use of the following formula (cf. [5, pp.172-174] )

> n/2—1 —ito 7, _ NN ginm/4(_ | soy-n/2 _ NN —inw/a/ _ o\—n/2
/0 t e "dt F<2)e (—o+10) F<2)e (c—10) :

3.4) and (3.3) follow. O
(3.4) (3.3)

Remark 3.4. From theorems 3.1 and 3.8 we obtain that spherical functions
Yn(le solve the singular integral equation

KY,®) = (—i)my, ) 1<k <kmnn-

m,n’

15



Remark 3.5. If n =2 then ([5, p.60])
1
(0 —i0)™t = = +imd(o)
o

where § denotes the delta function. Then (3.3) can be written as

cos 7y

KF(A) = —- <

- +7riécosy>Fwdw.
e (cos) ) F(w)

The homogeneous harmonic polynomials on the unit circle are

%(19) = cos(m), Y, 2)2(19) =sin(md) meZ.

1
Y o

m,

If we denote by Y, (¥) = €™, we obtain that Yy, satisfies the singular
integral equation on the unit circle

KYn = (—=0)"Yn, Ym e Z.

4 Description of planar eigenfunctions via Fourier
series

Every function ® € L?([0, 27]) admits an expansion into a series with respect
to the spherical functions

[e.9]

W)= Y aVi(®),  Yi@)=*’ (4.1)

k=—o00

1 2 )
with the coefficients ¢;, = 2/ d(9)e *dy. A similar result holds for
T Jo

periodic distributions.

Let P be the set of all C*°(R) functions with complex values that are
2n—periodic. Any u € P can be written as the Fourier series (4.1). Let P’
be the set of all continuous linear functionals on P’. The action of ® € P’
on a test function ¢ is denoted by (®,). Any ® € P’ can be written as the
Fourier series (4.1), which converges in the sense of distributions

[e.9]

o oale® ) =(@,9), VoeP

k=—oc0
where the coefficients are defined by

1

= 5= (@(9),e7).

Ck
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A complex sequence {cg }rez is said to have polynomial growth if there exists
an integer L and a positive constant C' such that

el < ClklF,  keZ. (4.2)

o0
Any series of the form Z cpe™ whose coefficients have polynomial growth

k=—o00
converges in the sense of distributions to a distribution with the coefficients

{cx} as its Fourier coefficients and, conversely, Fourier coefficients of any
periodic distribution are a sequence of polynomial growth. (cf. [8, p.225],
[4, p.33], [5, p-30]).

As a consequence of Theorem 3.1 we prove a characterization of posi-
tive homogeneous eigenfunctions of the form ®(9)r~! of the planar Fourier
transform by means of their Fourier coeflicients.

Theorem 4.1. If the distribution ®(0)r—t, with ® € P, is an eigenfunction
of the planar Fourier transform corresponding to the eigenvalue X\, then the
coefficients ¢y, of the Fourier series (4.1) satisfy the conditions

c ((—i)k - )\) =0, VkeZ. (4.3)

Conversely, let A € C with |\| =1 and {c} be a sequence with polynomial
growth (4.2) satisfying conditions (4.3). Then ®(9)r~t, with ® defined in
(4.1), is an eigenfunction of the planar Fourier transform. The convergence
of the series in the sense of distribution s in the space W;e((O, 2m)), £ >
L+1)/2.

Proof. Let ® € P'. ®(9)r~! is an eigenfunction corresponding to the eigen-
value )\ if it satisfies () 5(9)
¥
F(—=>)(r,9) = A\——=.
)0 =22
If we replace ® by its Fourier series (4.1), the last equation can be rewritten

as

i ck}'(Ykgo))(r,ﬂ) =\ i ckykﬁﬁ). (4.4)

k=—o00 k=—o00

According to theorem 3.1 we have

Yol 9y = (i) . VkezZ.

F .
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Hence (4.4) implies

[e.9]

3 o ((—i)k - )\) Yi(9) =0
k=—oc0
which gives (4.3).
Conversely, suppose that {cx} is a sequence of polynomial growth, which
satisfies (4.3). Then ® defined in (4.1) belongs to P’ and, due to theorem
3.1,

o

f(qﬁf))(r,ﬁ): > Ckf(nj(f))(ﬁ )= > Ck(_i)kYkﬁﬁ)
k=—c0 h=—o00
B SRUER T
k=—o00

We obtain that ®(¢)r~! is an eigenfunction of the planar Fourier transform.
The series (4.4) can be obtained by ¢ term-by-term differentations of the

series Z (/] (ik)")e™™ which converges in L2((0,2m)) if £ > L +1/2.
k=—00

O]

Corollary 4.2. ®(9)r~! is an eigenfunction of the Fourier transform (2.8)
corresponding to the eigenvalue X\ if and only if ® € P, ® £ 0, admits the
following Fourier expansion

) = case®™ + ) g0t i A=1;
s=0 s=1
o(0) = Z C4s+2€i(48+2)19 + Z C—(4s+2)e_i(4s+2)ﬁ if A= -—1;
so:oo o (4.5)
o(0) = Z Caspae’PTIT 4 Z Cf(4s+1)eﬂ'(48ﬂ)19 if =1
s=0 5=0
(I)(ﬁ) = Z C4s+lei(4s+l)ﬂ + Z C,(4S+3)eii(4s+3)§ if A=—1.
s=0 s=0

Proof. We write the series (4.1) as follows

[e.e] o

oY) = Z Ckeikﬁ + Z C_ke_ikﬁ .

k=0 k=1
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Kepping in mind the obvious relations valid for k& > 0

1 if k=0 mod4

(—i)k ) —i if k=1 mod4
T )-1 if k=2 mod4

i1 if k=3 mod4

from theorem 4.1 we deduce that ®(¢)r~! is an eigenfunction with eigenvalue
A if and only the Fourier series of ® has the form (4.5) O

Example 4.1. The eigenfunction (2.3) in polar coordinates has the form

q’iﬂ) with (V) = Sin(22?9) .

Let us compute the Fourier coefficients of ®. It is clear that

T —ike 2 —ikep T —ike _1\k
ck:l / e d<p+/ e dp _1/ e (.1+( 1) )dgo
m \Jo sin(2¢p) » sin(2p) T Jo sin(2¢p)

Hence the coefficients are zero if k is odd. Assume that k = 2s. Then

7/2 —i%s s 0 if s=2r
Cos = 2/ /2 § g0(1 — (_1) )d(p =<4 /2 e—12@2r+1)¢
oy sin(2¢) / ——dp if s=2r+1
T Jo sin(2¢)

It remains to compute
4 [ (™2 cos((4r + 2 /2 sin((4r + 2
s = / cos((4r + 2)¢ )dgp—z'/ sin((4r + 2)p )dgo
T\ Jo sin(2y) 0 sin(2¢)

The first integral is zero. Indeed,

// cos((47‘+2)gp)d¢:// COS((4T+2)¢)d¢+// cos((4r+2)cp)d
0 0 w/

=0
sin(2¢p) sin(2¢p) 4 sin(2¢) 7

We prove by induction that

™/2 sin((4r + 2)¢) s
L _/0 sin(2¢) dip = 2’

Clearly Iy = 7 /2. Suppose that I, = 7/2,r > 1. From the relation

sin((4r 4+ 6)) = 2sin(2¢) cos((4r 4+ 4)p) + sin((4r + 2)¢)
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we obtain

/2 sin((4r + 6)¢) /2 s
L= — T dp=1,+2 dr + 4)p)dp = I, = —.
r+1 /o sin(2) o =1+ /0 cos((4r +4)p)dp = I, 5
Ifr <0
T
I?“ - _I—T—l - —5
Hence
c =2t r=0
27 2 r<o
and
2 oo oo
_ o —i(4r+2)0 _ _i(4r+2)0\ _ .
Sn(20) 212 (e wE e"\*" ) = 4Zsm((4r +2)0).
r=0 r=0
Example 4.2. Let us compute the Fourier coefficients of
cos(299)
O(¥) =2 .
) sin(21)
We have
1 27 2 . 1 7T 2 .
o = / C?S< Sp)e_“wdgp _ / Cf)S( 90) (1 + (_1)k)e—zk‘<pd(p.
m Jo sin(2p) m Jo sin(2¢)
Hence the coefficients are zero if k is odd. Assume that k = 2s. Then
0 if s=2r+1
2 [T cos(20) ins,
=2 do =14 4 [7/? 2 .
€2 7[‘/0 sin(2gp)e 7 / Me_”wd(p if  s=2r
mJo  sin(2yp)

Let us compute

/2 /2
Cap = 4 (/ cos(2p) cos(4ry)dy — z/ C?S(gw sin(4r<p)d<p) .
0 0

™ sin(2y) sin(2¢)

We have
™/2 cos(2¢p)
/0 n(20) cos(4ry)dp

™/ cos(2p) ™/2 cos(2¢p)
= - cos(4ry)dp +/ - cos(4ry)dy =0
|, S oo || cstare
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where we have made the substitution ¢ = w/2 — 9 in the second integral.
Since
2 cos(2¢p) sin(4re) = (sin((4r + 2)p) + sin((4r — 2)p))

we get, forr > 1,

/2 cos(2¢) 1 ™ T
Jp = in(dro)de = = (I, + I,—1) = = Jp,=—J.=——.
r /0 sin(Qcp) Sln( TSO) 2 9 ( r + r 1) 27 r T 92
Hence
-2t r>1
Cqr = 0 r=20
2t r<l1
and

22:83)) = 9 i <e4”“9 . e*4"9) - 4§:sin(4r6?) .
r=1 r=1

From Corollary 4.2 we obtain that

2005(219)1 _af—a3 1

51n(219) r T1TY 4 /JQ% + l’%

1s an eigenfunction of the planar Fourier transform corresponding to the
etgenvalue X =1 that is a fixed point of F.
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