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1 Introduction.

We study the third boundary value problem for the equation

∆u + ωu = f , (1.1)

in a planar domain Ω with an exterior cusp O on ∂Ω. By ω we denote arbitrary
real or complex number and f is a given complex valued function. The solutions are
subject to the boundary condition,

∂nu− ρu = g, on ∂Ω \O, (1.2)

where ρ and g are prescribed complex valued functions on ∂Ω \ O. Let us describe
the domain Ω. We fix a certain Cartesian system x = (x1, x2) with the origin O and
set Ωε := Ω ∩ {x1 < ε}, where ε is a small positive number. We assume that Ωε

coincides with the set

{x : 0 < x1 < ε, φ0(x1) < x2 < φ1(x1)}, (1.3)

where φ0 and φ1 are functions from C2[0, ε], such that

φ0(0) = φ1(0) = φ′0(0) = φ′1(0) = 0, (1.4)

and
φ′′1(0) > φ′′0(0) . (1.5)

Moreover, let ε be so small that φ1 > φ0 on (0, ε). We assume that ρ ∈ C∞(∂Ω \O)
and there exist two complex numbers ρ0 and ρ1, such that

ρ(x) = ρ0, x ∈ {x : 0 < x1 < ε, x2 = φ0(x1)}, (1.6)

ρ(x) = ρ1, x ∈ {x : 0 < x1 < ε, x2 = φ1(x1)}, (1.7)

Our goal is to describe the asymptotic behavior of solutions to the problem (2.1), (1.2)
in the neighborhood of an external cusp O. The solutions we are dealing with belong
to a very wide class; to be more precise they may grow as exp(cx−1

1 ) as x1 → +0,
with a sufficiently small positive constant c.

The problem (1.1), (1.2) is a particular case of an elliptic boundary value problems
in cuspidal domains considered in [1], [2], where the Fredholm and other properties of
solutions were investigated. The Dirichlet and Neumann problems for the Laplacian
and Lamé system were studied from different points of view in [3]-[19] ( see also [20],
where other references can be found).

It appears that the problem (1.1), (1.2) has special features which make its study
more complicated in comparison with Dirichlet and Neumann problems. In fact, the
principal term in the asymptotic representation of a solution is determined by the
lower order term in the boundary operator. To be more precise, for example, we
prove that

u(x) ∼ c1x
− 1

2
+i
√

λ− 1
4

1 + c2x
− 1

2
−i
√

λ− 1
4

1 , x1 → +0, (1.8)
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where

λ := 2
ρ0 + ρ1

φ′′1(0)− φ′′0(0)
, (1.9)

provided λ > 1
4
. In the case λ < 1

4
we have

u(x) ∼ c1x
− 1

2
+
√

1
4
−λ

1 + c2x
− 1

2
−
√

1
4
−λ

1 , x1 → +0. (1.10)

And, finally, if λ = 1
4
,

u(x) ∼ c1x
− 1

2
1 + c2 x

− 1
2

1 ln x1, x1 → +0. (1.11)

In the above formulae c1 and c2 are some constants.
The asymptotic representations (1.8), (1.10) and (1.11) show, in particular, that

for real λ the profile of the solution, in general, depends on the sign of 4λ − 1: the
solution exhibits an oscillatory behavior if and only if 4λ > 1.

The paper is organised as follows: Section 2. contains known auxiliary results. In
Section 3. we map a small neighborhood of the cusp into a suitable strip and investi-
gate the resulting transformed problem. In the last section we study the asymptotic
behavior of solutions near the cusp and their other properties.

2 Formulation of the problem and known results.

Consider the problem:

∆u + ωu = f in Ω, ∂nu− ρu = g, on ∂Ω \O. (2.1)

It is known that the boundary value problem (2.1) is Fredholm in certain weighted
spaces, see [2]. Let Υ be a domain and κ > 0 be fixed. Let β, γ be real and l = 0, 1, ....
We define weighted Sobolev space W l

β,γ(Υ) as the closure of the set C∞
0 (Υ \O) with

respect to the norm
‖u : W l

β,γ(Υ)‖2 :=

∑

|δ|≤l

∫

Υ

e
4β

κx1 |x1|4(γ−l+|δ|)|∂δ
xu|2dx, (2.2)

where δ ∈ Z2
+ is the usual multi-index. Furthermore, for l ≥ 1 we define W l−1/2

β,γ (∂Υ)

as the trace space for W l
β,γ(Υ) on the boundary ∂Υ. Then one can see that operator

A of the boundary value problem (2.1) is continuous from W l+2
β,γ (Ω) to W l

β,γ(Ω) ×
W l+1/2

β,γ (∂Ω) for any l = 0, 1, .. and any real β and γ.

Theorem 2.1. Suppose that βπ−1 /∈ Z. Then the operator Aβ of the boundary value

problem (2.1) is Fredholm from W2
β,γ(Ω) to W0

β,γ(Ω) ×W1/2
β,γ (∂Ω) for any real γ. In

particular, for any δ > 0 small enough, every solution of (2.1) satisfies the estimate

‖u‖W2
β,γ(Ω) ≤ c

(
‖f‖W0

β,γ(Ω) + ‖g‖W1/2
β,γ (∂Ω)

+ ‖u‖W0
β,γ(Ω\Bδ)

)
. (2.3)
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Remark 2.1. Let us assume that

|ω|+ ‖ρ‖C2(∂Ω\Bε) + |ρ0|+ |ρ1| ≤ K, (2.4)

where K is a fixed large positive number. Then, the constant c in (2.3), can be chosen
independently of ω and ρ. The condition (2.4) will be assumed throughout the paper.

Theorem 2.2. Let −π < β1 < 0 < β2 < π, and u ∈ W2
β1,γ(Ω) be a solution of the

boundary value problem (2.1) where (f, g) ∈ W0
β2,γ(Ω)×W1/2

β2,γ(∂Ω). Then the solution
u admits representation

u = c1u1 + c2u2 + ũ, in Ωε, (2.5)

for sufficiently small ε. Here ũ ∈ W2
β2,γ(Ω), cj are constants, and uj ∈ W2

β1,γ(Ω), j =
1, 2, are linearly independent modulo W2

β2,γ(Ω) and solve the homogeneous problem
(2.1) in Ωε.

These statements are simple particular cases of Theorem 9.2.1 and Theorem 9.2.2
from [2]. The exact information on the forbidden values of β is due to the known
eigenvalues of related operator pencil, which corresponds to the Neumann Laplacian
on the interval [0, 1].

The above function spaces are based on exponential weights (zero is a forbidden
value of β). However they are not sufficient for our purpose to obtain asymptotics
of the solutions near the cusp. Below we will construct alternative weighted Sobolev
spaces with power-type weights, such that the operator will be Fredholm and addi-
tionally will have zero index for large range of parameters. On the other hand, we
will provide a precise information on u1 and u2 appearing in Theorem 2.2, and on
their asymptotic behaviour near the singularity point O.

3 Problem in a strip.

3.1 Change of variables and asymptotic properties in the
strip

In this section we investigate local properties of the solution of the problem

∆u + ωu = f in Ωε; ∂nu− ρ0u = g0 on S0; ∂nu− ρ1u = g1 on S1. (3.1)

Our approach is based on employing the following transformation:

z =
x2 − φ0(x1)

φ(x1)
, t =

2

κ
x−1

1 , (3.2)

where
φ := φ1 − φ0, κ := φ′′1(0)− φ′′0(0). (3.3)

This transformation maps the cusp Ωε onto semi-strip ΠT = {(t, z)|z ∈ (0, 1), t > T},
T = 2

κε
.
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Then conditions (1.4) on φj, j = 1, 2 imply that, for t → +∞:

φj(x1(t))−
2φ′′j (0)

κ2t2
= O(t−3), (3.4)

φ′j(x1(t))−
2φ′′j (0)

κ
t−1 = O(t−2), (3.5)

φ′′j (x1(t)) = O(1). (3.6)

In order to rewrite (3.1) in the new variables (t, z), we routinely evaluate

∂x1 = − 2

κx2
1

∂t +
∂z

∂x1

∂z = − κt2

2
∂t −

(
φ′0
φ

+ z
φ′

φ

)
∂z, (3.7)

∂2
x1

=

(
∂t

∂x1

)2

∂2
t +

∂2t

∂x2
1

∂t + 2
∂z

∂x1

∂t

∂x1

∂t∂z +

(
∂z

∂x1

)2

∂2
z +

∂2z

∂x2
1

∂z (3.8)

=
κ2t4

4

(
∂2

t + 2t−1∂t +
4

κ2t4

(
2

∂z

∂x1

∂t

∂x1

∂t∂z +

(
∂z

∂x1

)2

∂2
z +

∂2z

∂x2
1

∂z

))
,

∂x2 =
1

φ(x1)
∂z, ∂2

x2
=

1

φ2(x1)
∂2

z . (3.9)

Consequently,

∆x + ω := ∂2
x1

+ ∂2
x2

+ ω =
κ2t4

4

(
∂2

t + ∂2
z + L)

, (3.10)

where

L = 2t−1∂t+
4

κ2t4

(
2

∂z

∂x1

∂t

∂x1

∂t∂z +

(
∂z

∂x1

)2

∂2
z +

∂2z

∂x2
1

∂z +

(
1

φ2(x1)
− κ2t4

4

)
∂2

z + ω

)
.

(3.11)
In a similar way, using (3.7) and (3.9),we have

∂nx = (1 + (φ′0)
2)−1/2(φ′0∂x1 − ∂x2) =

(
1 + (φ′0)

2
)−1/2

(
−φ′0

(
κt2

2
∂t +

(
φ′0
φ

+ z
φ′

φ

)
∂z

)
− φ−1∂z

)
=

= (1 + (φ′0)
2)1/2φ−1

(
−∂z − κt2φφ′0

2(1 + φ′20 )
∂t

)
, for z = 0,

and
∂nx = (1 + (φ′1)

2)−1/2(−φ′1∂x1 + ∂x2) =

(
1 + (φ′1)

2
)−1/2

(
φ′1

(
κt2

2
∂t +

(
φ′0
φ

+ z
φ′

φ

)
∂z

)
+ φ−1∂z

)
=

= (1 + (φ′1)
2)1/2φ−1

(
∂z +

κt2φφ′1
2(1 + φ′21 )

∂t

)
, for z = 1.
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As a result we have: (
∂2

t + ∂2
z + L)

u = F, in ΠT , (3.12)

(−∂z +N0)u = G0, z = 0, t > T. (3.13)

and
(∂z +N1)u = G1, z = 1, t > T. (3.14)

Here

N0 = − κt2φφ′0
2(1 + φ′20 )

∂t − ρ0φ
(
1 + φ′20

)−1/2
, (3.15)

N1 =
κt2φφ′1

2(1 + φ′21 )
∂t − ρ1φ

(
1 + φ′21

)−1/2
, (3.16)

and F = 4
κ2t4

f , G0 = φ (1 + φ′20 )
−1/2

g0, G1 = φ (1 + φ′21 )
−1/2

g1.
In what follows we explore a more subtle properties of the operators appearing in

(3.12)-(3.14), therefore we will need the following representations:

N0 = −2
φ′′0(0)

κt
∂t− 2ρ0

κt2
+N0, N0 = 2

φ′′0(0)

κt
∂t +

κt2φφ′0
2(1 + φ′20 )

∂t +
2ρ0

κt2
−ρ0φ

(
1 + φ′21

)−1/2
,

(3.17)

N1 = 2
φ′′1(0)

κt
∂t− 2ρ1

κt2
+N1, N1 = −2

φ′′1(0)

κt
∂t +

κt2φφ′1
2(1 + φ′21 )

∂t +
2ρ1

κt2
−ρ1φ

(
1 + φ′21

)−1/2
.

(3.18)
Next we are going to employ “method of projections”, in a form somewhat similar

to [21]. Let us represent the solution to (3.12)-(3.14) in the form of the following
decomposition

u(t, z) = u1(t) + u2(t, z), (3.19)

where u1(t) =
∫ 1

0
u(t, z)dz =: P1u, u2 = P2u := u − P1u. (Hence P1 and P2 are

appropriate projectors.) Clearly
∫ 1

0
u2(t, z)dz = 0. Substituting (3.19) into (3.12) we

get,
∂2

t u1 + ∆(t,z)u2 + L(u1 + u2) = F, (3.20)

where ∆(t,z) := ∂2
t + ∂2

z . Integrating (3.20) with respect to z over (0, 1) we obtain

∂2
t u1 + P1∆u2 + P1L(u1 + u2) = P1F, in ΠT , (3.21)

having henceforth dropped the subscript (t, z) for ∆(t,z) for ease of notation. Using
(3.11) yields

∂2
t u1 + 2t−1∂tu1 +

4ω

κ2t4
u1 + P1∂

2
zu + P1Lu2 = P1F, in ΠT . (3.22)

Integrating by parts in the third term in (3.22) and using (3.13)-(3.16) we get

∂2
t u1 + 2t−1∂tu1 +

4ω

κ2t4
u1 −N1u|z=1 −N0u|z=0 + P1Lu2 = F1,
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where F1 := P1F −G1 −G0. Using further (3.17) and (3.18),

∂2
t u1 + 2

ρ0 + ρ1

κt2
u1 +

4ω

κ2t4
u1 −N1u1 −N0u1 (3.23)

−N1u2|z=1 −N0u2|z=0 + P1Lu2 = F1, t > T.

On the other hand, subtracting (3.21) from (3.20) and integrating by parts we
similarly obtain,

∆u2 + (N1 +N0)u + P2Lu = P2F + G1 + G0. (3.24)

This equation is supplemented by the boundary conditions, see(3.13) and (3.14) :

−∂zu2 +N0(u1 + u2) = G0, z = 0 and ∂zu2 +N1(u1 + u2) = G1, z = 1. (3.25)

We then rewrite (3.23) and (3.24), (3.25) as a system of boundary value problems,
with anticipated “main order” parts A1, A2 and “perturbations” Bij, i, j = 1.2:

A1u1 + B11u1 + B12u2 = F1, t > T, (3.26)

B21u1 + (A2 + B22)u2 = F2. t > T. (3.27)

Here

A1 = ∂2
t +λt−2 , λ :=

2

κ
(ρ0+ρ1), B11 =

4ω

κ2t4
−N0−N1, B12 = P1L−N1−N0, (3.28)

and
A2u2 = (∆u2,−∂zu2|z=0, ∂zu2|z=1), (3.29)

B21 = (N0+N1,N0,N1), B22u2 =
(
(P2L+N0+N1)u2,N0u2|z=0,N1u2|z=1

)
, (3.30)

and F2 = (P2F + G1 + G0, G0, G1). Let us notice that, by our construction, u is a
solution to the problem (3.12)-(3.14) if and only if the vector (u1, u2) is a solution to
(3.26), (3.27).

Let χ be cut-off function such that

χ ∈ C∞(R), χ(t) = 0 for t < −1 and χ(t) = 1 for t > 1. (3.31)

Let χε(t) := χ(t− T ) (recall that T = 2
κε

). Consider a system

A1u1 + Bε
11u1 + Bε

12u2 = Fε
1, (3.32)

Bε
21u1 + (A2 + Bε

22)u2 = Fε
2, (3.33)

where Bij = χεBij, Fε
i = χεF

ε
i i, j = 1, 2. The presence of the cut-off functions

allows us to consider a new system (3.32)-(3.33) for t < T as well. On the other
hand, any solution of (3.32), (3.33) is a solution of (3.26),(3.27) for t > T + 1 (since
these systems coincide for t > T + 1).
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Let us consider the operator of the main order in (3.32):

A1 = ∂2
t + λt−2 . (3.34)

We are going to consider it as an operator on functions defined on R+. Let us
introduce the functional space V l

σ(R+) (l = 0, 1, ..., and σ ∈ R) which we define as
the closure of C∞

0 (R+) with respect to the norm

‖u : V l
σ(R+)‖2 =

l∑
n=0

∫

R+

t2(σ+n−l)|∂n
t u|2dt. (3.35)

Then, employing e.g. the Mellin’s transform, we have

Lemma 3.1. Let σ 6= 1± Re
(

1
4
− λ

)1/2
. Then operator A1 is an isomorphism from

V 2
σ (R+) to V 0

σ (R+).

Remark 3.1. Clearly A1 and A−1
1 depend on parameters λ and σ. In fact we have

the following estimates:

‖A1‖ ≤ c, ‖A−1
1 ‖ ≤ c

(
(σ − 1)2 −

(
Re (1/4− λ)1/2

)2
)−1

, (3.36)

where constant c depends only on K ( see (2.4)). In particular, norm of A−1
1 remain

bounded by a constant dependent only on K, provided
∣∣∣∣σ − 1− Re

(1

4
− λ

)1/2

∣∣∣∣ > K−1,

∣∣∣∣σ − 1 + Re
(1

4
− λ

)1/2

∣∣∣∣ > K−1. (3.37)

The definition of operator of main order in (3.33), namely of Neumann Laplacian,
see (3.29), is more subtle due to the presence of the projections P1 and P2 in (3.33).
We are going to consider this operator as an operator acting on the functions defined
on the whole strip Π = {(t, z)| − ∞ < t < +∞, z ∈ (0, 1)}. To this end we need a
Sobolev space with a power-type weight H l

σ(Π) (l = 0, 1, ... and σ ∈ R), which we
define as the closure of the set C∞

0 (Π) with respect to the norm

‖u : H l
σ(Π)‖2 =

∑

|δ|≤l

∫

Π

(t2 + 1)σ|∇δu|2dtdz.

In the usual way we define the trace spaces H
l−1/2
σ (∂Π).

Now we define the domain of the other main order operator A2 and its range:

D2
σ =

{
u2 ∈ H2

σ(Π) :

∫ 1

0

u2(t, z)dz = 0 , t ∈ R
}

, (3.38)

and

R0
σ =

{
f ∈ L2

σ(Π)×H1/2
σ (R)×H1/2

σ (R) :

∫ 1

0

f1(t, z)dz = f2(t) + f3(t) , t ∈ R
}

.

(3.39)
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Lemma 3.2. For any σ ∈ R, A2 is an isomorphism from D2
σ to R0

σ.

Proof. Obviously A2 acts continuously for any σ. Let us prove its invertibility. To
prove the claim for σ = 0 we apply Fourier transform t → ξ and use the explicit
Green’s function for the resulting operator pencil, see [22] p.27. (The presence of
singularity at ξ = 0 does not cause problems, due to the orthogonality condition in
the definition of the space R0

σ, see (3.39)).
Consider now the problem

A2u = f, (3.40)

in the space D2
σ for σ 6= 0. Multiplying (3.40) by 〈t〉σ := (a + t2)σ/2, a > 1, we get

A2〈t〉σu + [〈t〉σ,A2]u = 〈t〉σf, (3.41)

where [·, ·] denotes the commutator. Now 〈t〉σf ∈ R0
0 and [〈t〉σ,A2]〈t〉−σ can be

directly checked to be small from D2
0 to R0

0 for a large enough. Consequently there
is a unique solution to (3.41), 〈t〉σu ∈ D2

0. This is equivalent to u ∈ D2
σ.

Now we can treat the remaining operators in (3.32) and (3.33) as perturbations of
A1 and A2. Below we use the notation A . B instead of A ≤ cB.

Lemma 3.3. For any σ ∈ R the following estimates hold:

‖Bε
11‖V 2

σ−1(R+)→V 0
σ (R+) . 1, ‖Bε

11‖V 2
σ (R+)→V 0

σ (R+) . ε, (3.42)

‖Bε
12‖D2

σ−1(Π)→V 0
σ (R+) . 1, ‖Bε

12‖D2
σ(Π)→V 0

σ (R+) . ε, (3.43)

‖Bε
21‖V 2

σ (R+)→R0
σ(Π) . 1, (3.44)

‖Bε
22‖D2

σ(Π)→R0
σ−1(Π) . 1, ‖Bε

22‖D2
σ(Π)→R0

σ(Π) . ε. (3.45)

Proof. 1. Let us prove first (3.43). We have, see (3.28),

‖Bε
12u2‖2

V 0
σ (R+) . ‖χεP1Lu2‖2

V 0
σ (R+) + ‖χε(N1 +N0)u2‖2

V 0
σ (R+). (3.46)

Consider the second term on the right hand side of (3.46). Using (3.16), (3.4) and
(3.5), we obtain

‖χεN1u2‖2
V 0

σ (R+) .
∫

T

t2σ|N1u2|2dt .
∫

T

t2σ|φu2(t, 1)|2 + t2σ|φ′0∂tu2(t, 1)|2dt .

∫

T

t2σ|t−2u2(t, 1)|2 + t2σ|t−1∂tu2(t, 1)|2dt . ‖u2‖2
H2

σ−1(Π),

and

‖χεN1u2‖2
V 0

σ (R+) . ε2

∫

T

t2σ
(|t−1u2(t, 1)|2 + |∂tu2(t, 1)|2)dt .

ε2

∫ +∞

−∞
(1 + t2)σ

(|u2(t, 1)|2 + |∂tu2(t, 1)|2)dt . ε2‖u2‖2
H2

σ(Π).
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In the same way we obtain

‖χεN0u2‖2
V 0

σ (R+) . ‖u2‖2
H2

σ−1(Π), ‖χεN0u2‖2
V 0

σ (R+) . ε2‖u2‖2
H2

σ(Π).

The first terms in right hand part of (3.46) can be estimated via (3.11),(3.4)-(3.6) as
follows:

‖χεP1Lu2‖2
V 0

σ (R+)

.
∫

T

t2σt−2(|∇2u2|+ |∇u2|)2dzdt . ε2‖u2‖2
H2

σ(Π),

and
‖χεP1Lu2‖2

V 0
σ (R+) . ‖u2‖2

H2
σ−1(Π).

This proves (3.43).
2. Now let us prove the estimate (3.44) for Bε

21. We have, via (3.30),

‖Bε
21u1‖2

R0
σ

= ‖χε(N0 +N1)u1‖2
L2

σ(Π) + ‖χεN0u1‖2

H
1/2
σ (R)

+ ‖χεN1u1‖2

H
1/2
σ (R)

. ‖χεN0u1‖2
H1

σ(Π) + ‖χεN1u1‖2
H1

σ(Π). (3.47)

Consider the first term on the right hand side of (3.47).

‖χεN0u1‖2
H1

σ(Π) . ‖χεφ(1 + φ′20 )−1/2u1‖2
H1

σ
+ ‖χεt

2φφ′0(1 + φ′20 )−1∂tu1‖2
H1

σ
. (3.48)

Considering the last term in (3.48),

‖χεt
2φφ′0(1 + φ′20 )−1∂tu1‖2

H1
σ

.
∫

T

t2σ
(|φ′0∂tu1|2 + |φ′∂2

t u1|2 + |(∂tu1)∂tt
2φφ′0(1 + φ′20 )−1|2)dt,

where we have used condition (3.4). Now using (3.5) and (3.6) we get

|φ′0∂tu1|2 + |φ′0∂2
t u1|2 + |(∂tu1)∂tt

2φφ′0(1 + φ′20 )−1|2 .
t−2|∂tu1|2 + t−2|∂2

t u1|2, t > ε−1,

and consequently

‖χεt
2φφ′0(1 + φ′20 )−1∂tu1‖2

H1
σ

. ‖u1‖2
V 2

σ (R+).

Consider now the first term on the right hand side of (3.48). We have

‖χεφ(1 + φ′20 )−1/2u1‖2
H1

σ
.

∫

ΠT

t2σ
(|φu1|2 + |φ∂tu1|2 + |u1∂tφ(1 + φ′20 )−1/2|2)dtdz .

∫

ΠT

t2σ
(
t−4|u1|2 + t−4|∂tu1|2 + t−6|u1|2

)
dtdz . ‖u1‖2

V 2
σ (R+).

The second term on the right hand side of (3.47) can be estimated in the same way.
Consequently, assembling,

‖Bε
21u1‖2

R0
σ

.
∫

T

t2σ
(
t−4|u1|2 + t−2|∂tu1|2 + |∂2

t u1|2
)
dt . ‖u1‖2

V 2
σ (R+),

yielding (3.44).
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Remark 3.2. If we separate the main order terms from the operator Bε
21 then for the

remainder, i.e. operator B̃ε
21 = χε(N0 + N1,N0,N1) we will have better estimate,

namely
‖B̃ε

21‖V 2
σ−1(R+)→R0

σ(Π) . 1, (3.49)

which can be proved in the same way.

3. Now let us proof (3.42). We have, via (3.28),

‖Bε
11u1‖2

V 0
σ (R+) .

∫

T

t2σ
( ∣∣∣∣

4ω

κ2t4
u1

∣∣∣∣
2

+ |N0u1|2 + |N1u1|2
)
dt. (3.50)

Using (3.17), (3.4) and (3.5) we get

|N0u1| . t−3|u1|+ t−2|∂tu1|, (3.51)

and it follows from (3.18), (3.4) and (3.5) that

|N1u1| . t−3|u1|+ t−2|∂tu1|. (3.52)

As a result

‖Bε
11u1‖2

V 0
σ (R+) .

∫

T

t2σt−2
(
t−4|u1|2 + t−2|∂tu1|2

)
dt . ‖u1‖2

V 2
σ−1(R+), (3.53)

and
‖Bε

11u1‖2
V 0

σ (R+) . ε2‖u1‖2
V 2

σ (R+).

4. The estimate (3.45) can be obtained in the same way. Indeed

‖Bε
22u2‖R0

σ(Π) . ‖χε(P2L+N0 +N1)u2‖2
L2

σ(Π) + ‖χεN0u2‖|2H1/2
σ (R)

+ ‖χεN1u2‖2

H
1/2
σ (R)

,

and since u2 ∈ H2
σ(Π) and all the coefficients are decaying at least as t−1, we easily

obtain the desired estimates.

Remark 3.3. Clearly, the operators Bε
ij, i, j = 1, 2, depend analytically on ω, ρ0 and

ρ1.

Corollary 3.4. Operator Aε
σ, defined by the matrix operator

Aε =

(
A1 + Bε

11 Bε
12

Bε
21 A2 + Bε

22

)
(3.54)

is an isomorphism from V 2
σ (R+)×D2

σ(Π) to V 0
σ (R+)×Rσ(Π) for σ 6= 1± Re(1/4−

λ)1/2, λ = 2
κ
(ρ0 + ρ1) and ε small enough.

Remark 3.4. Let us clarify the meaning of ε being small enough. In fact ε should
satisfy the estimate

ε ≤ c

(
(σ − 1)2 −

(
Re (1/4− λ)1/2

)2
)

, (3.55)
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where c depends only on K. In particular Corollary 3.4 implies that there is a solution
u to the problem (3.12)-(3.14) in ΠT+1 for T > 1

κε0
. This solution can be represented

in the form

u(t, z) = u1(t) + u2(t, z), u1(t) =

∫ 1

0

u(t, z)dz,

and
‖u1‖V 2

σ (RT+1) + ‖u2‖H2
σ(ΠT+1) ≤ c

(
‖F‖L2

σ(ΠT ) + ‖G‖
H

1/2
σ (RT )

)
, (3.56)

where c does not depend on F and G, and satisfies the estimate

c ≤ c(K, σ)

(
(σ − 1)2 −

(
Re (1/4− λ)1/2

)2
)−1

. (3.57)

In other words if |σ| < K and (2.4),(3.37) are satisfied, then c does not depend on
σ, ρ0, ρ1 either (it depends only on K).

We next describe the asymptotic behavior of the solution of (3.12)-(3.14) with a
special right hand side.

Theorem 3.5. Let F (t, z) = p(z)tα lnm t, G0(t) = b0t
α lnm t, G1(t) = b1t

α lnm t,
where α, b1 and b2 are complex-valued constants, m = 0, 1, .., and p ∈ L2(0, 1). Then,
for sufficiently small ε, there exists a solution of the problem (3.12)-(3.14) u, such
that

u(t, z) = u1(t) + u2(t, z),

∫ 1

0

u2(t, z)dz = 0, t > T,

u1(t) = û1(t) + ũ1(t), ũ1 ∈ V 2
σ (RT ), ∀σ < 1/2− Reα, (3.58)

u2(t, z) = û2(t, z) + ũ2(t, z), ũ2 ∈ H2
σ(ΠT ), ∀σ < 1/2− Reα.

Here
û1(t) = tα+2Q(ln t),

û2(t, z) = tα lnm tP (z) + tαQ(ln t)P1(z) + tαQ′(ln t)P2(z),

where P, P1, P2 ∈ H2(0, 1), and

1. if α 6= −3
2
±

√
1
4
− λ then

Q(τ) =
m∑

k=0

ak

k!
τ k, (3.59)

where ak are constants;

2. if α = −3
2
±

√
1
4
− λ and λ 6= 1/4 then

Q(τ) =
m+1∑

k=1

ak

k!
τ k, (3.60)

where ak are constants;

12



3. if α = −3
2
±

√
1
4
− λ and λ = 1/4 then

Q(τ) =
am+2

(m + 2)!
τm+2, (3.61)

where am+2 is a constant.

Proof. The statement of the theorem is equivalent to the existence of a solution of
the equation

Au = F, t > T, (3.62)

where A is the matrix block operator appearing in left hand side of (3.26)-(3.27),
u = (u1, u2), and

F = (F1,F2), F1 = (p1 − b0 − b1)t
α lnm t, F2 = ((p2 + b0 + b1), b0, b1) tα lnm t,

p1 =

∫ 1

0

p(z)dz, p2(z) = p(z)− p1,

u = (û1, û2) + ũ, ũ ∈ V 2
σ (RT )×D2

σ(ΠT ), ∀σ < 1/2− Re α. (3.63)

Let us notice that

(û1, û2) ∈ V 2
σ−1(RT )×H2

σ−1(ΠT ), ∀σ < 1/2− Re α, (3.64)

and does not belong to V 2

− 1
2
−Reα

(RT )×H2

− 1
2
−Reα

(ΠT ), so (3.63) indeed delivers an

asymptotics of solution u.
The existence of the above solution follows from the existence of the solution of

the following problem,
Aεũ = −χ1A

ε (û1, û2) + χ1F, (3.65)

in the space V 2
σ (R+) × D2

σ(Π) (see Corollary 3.4), since systems (3.62) and (3.65)
coincide for t > T .

It remains to verify that the right hand side in (3.65) belongs to the space
V 0

σ (R+) × R0
σ(Π). For the first component of χ1A

ε (û1, û2) − χ1F which we denote
I1, we have

I1 = χ1A1t
α+2Q(ln t) + Bε

11t
α+2Q(ln t) + Bε

12û2 − χ1(p1 − b0 − b1)t
α lnm t =

χ1

(
(∂2

t + λt−2)tα+2Q(ln t)− (p1 − b0 − b1)t
α lnm t

)
+ Bε

11t
α+2Q(ln t) + Bε

12û2. (3.66)

The second and third terms in (3.66) are clearly in V 0
σ (R+), see (3.64) and (3.53),

(3.43). As for the first term in (3.66), we choose Q to make it disappear, i.e. Q has
to be a solution of the equation,

(∂2
t + λt−2)tα+2Q(ln t) = (p1 − b0 − b1)t

α lnm t. (3.67)

This equation can be easily solved, and one can directly verify that Q has the form
(3.59)-(3.61) (depending on the parameters α and λ).
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In particular, if α 6= −3
2
±

√
1
4
− λ we have

am = m! ((α + 2)(α + 1)− λ)−1 (p1 − b0 − b1),

ak = ((α + 2)(α + 1)− λ)−1 ((−2α− 3)ak+1 − ak+2) , k = m− 1, ..0.

If α = −3
2
±

√
1
4
− λ and λ 6= 1/4, then

am+1 = m! (2(α + 2)− 1)−1 (p1 − b0 − b1),

ak = − (2(α + 2)− 1)−1 ak+1, k = m,m− 1, ..1.

If α = −3
2
±

√
1
4
− λ and λ = 1/4, then

am+2 = m!(p1 − b0 − b1).

As a result we conclude that I1 ∈ V 0
σ (R+).

Now let us estimate the second component of χ1A
ε (û1, û2)− F which we denote

by I2. We have

I2 = χ1B
ε
21û1(t) + χ1A2û2(t, z)− χ1F2 + χ1B

ε
22û2(t, z). (3.68)

Clearly the last term in (3.68) belongs toR0
σ(Π), see (3.64) and (3.45). Let us evaluate

the remaining terms. We have

Bε
21 = χε(N0 +N1,N0,N1)

= χε

(
2

t
∂t − λ

t2
,−2φ′′0(0)

κt
∂t − 2ρ0

κt2
,
2φ′′1(0)

κt
∂t − 2ρ1

κt2

)
+ χε(N0 + N1,N0,N1),

A2u = (∂2
t u + ∂2

zu,−∂zu|z=0, ∂zu|z=1).

Therefore,
χ1B

ε
21û1(t) =

χε

(
2(α + 2)− λ,

2

κ
(−φ′′0(0)(α + 2)− ρ0) ,

2

κ
(φ′′1(0)(α + 2)− ρ1)

)
tαQ(ln t)

+
(
2,−2φ′′0(0)κ−1, 2φ′′1(0)κ−1

)
tαQ′(ln t) + χε(N0 + N1,N0,N1)t

α+2Q(ln t), (3.69)

χ1A2û2(t, z) = χ1

(
P ′′

1 (z),−P ′
1(0), P ′

1(1)
)
tαQ(ln t)

+χ1

(
P ′′

2 (z),−P ′
2(0), P ′

2(1)
)
tαQ′(ln t) + χ1

(
P ′′(z),−P ′(0), P ′(1)

)
tα lnm t

+χ1

(
∂2

t (t
α lnm tP (z) + tαQ(ln t)P1(z) + tαQ′(ln t)P2(z)), 0, 0

)
. (3.70)

−χ1F2 = χ1

(
− p2 − b0 − b1,−b0,−b1

)
tα lnm t. (3.71)

Clearly the last term in (3.70) is in R0
σ(Π), see (3.64). The same is true for the last

term in (3.69), see (3.64) and (3.49). We need to pick up P, P1 and P2 in such a
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way that the sum of the remaining terms in (3.69),(3.70) and (3.71) disappears. We
achieve this by putting

P2(z) = 2φ′′0(0)κ−1

(
(z − 1)2

2
− 1

6

)
− 2φ′′1(0)κ−1

(
z2

2
− 1

6

)
,

P (z) = b0

(
(z − 1)2

2
− 1

6

)
+ b1

(
z2

2
− 1

6

)
+ P̃ (z),

P1(z) =
2

κ
(φ′′0(0)(α + 2) + ρ0)

(
(z − 1)2

2
− 1

6

)
− 2

κ
(φ′′1(0)(α + 2)− ρ1)

(
z2

2
− 1

6

)
,

where P̃ ∈ H2(0, 1) is a unique solution of the problem

P̃ ′′(z) = p2(z), z ∈ (0, 1), P̃ (0) = P̃ (1) = 0,

∫ 1

0

P̃ (z)dz = 0.

As result we conclude that the sum of (3.69)-(3.71) is in R0
σ(Π), and as a result

I2 ∈ R0
σ(Π).

As a corollary of the proof of the above theorem we have,

Theorem 3.6. There exist solutions v+ and v− of the homogeneous problem (3.12)-
(3.14) for small enough ε, such that

v±(t, z) = v±1 (t) + v±2 (t, z),

∫ 1

0

v±2 (t, z)dz = 0, t > T,

where
v±1 (t) = v̂±1 (t) + ṽ±1 (t), ṽ±1 ∈ V 2

σ±(RT ), ∀σ± < 5/2− ReΛ±, (3.72)

v±2 (t, z) = v̂±2 (t, z) + ṽ±2 (t, z), ṽ±2 ∈ H2
σ±(ΠT ), ∀σ± < 5/2− ReΛ±.

Here
v̂±1 (t) = tΛ

±
Q±(ln t),

v̂±2 (t, z) = tΛ
±−2Q±(ln t)P±

1 (z) + tΛ
±−2(Q±)′(ln t)P2(z),

where

P2(z) = 2φ′′0(0)κ−1

(
(z − 1)2

2
− 1

6

)
− 2φ′′1(0)κ−1

(
z2

2
− 1

6

)
,

P±
1 (z) =

2

κ

(
φ′′0(0)Λ± + ρ0

) (
(z − 1)2

2
− 1

6

)
− 2

κ

(
φ′′1(0)Λ± − ρ1

) (
z2

2
− 1

6

)
,

and
1. If λ 6= 1/4 then

Λ± = 1/2± i(λ− 1/4)1/2, Q±(τ) = 1;

2. If λ = 1/4 then
Λ± = 1/2, Q+(τ) = 1, Q−(τ) = τ ;
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Proof. We follow the pattern of Theorem 3.5. We define the remainder (ṽ±1 (t), ṽ±1 (t))
as a solution to the the problem

Aε(ṽ±1 (t), ṽ±2 (t)) = −χ1A
ε
(
v̂±1 (t), v̂±2 (t)

)
, (3.73)

Notice that χ1A
ε0

(
v̂±1 (t), v̂±2 (t)

) ∈ V 0
σ (R+)×R0

σ(Π), ∀σ < 5/2− Re Λ± , since

(∂2
t − λt−2)tλ

±
Q±(ln t) = 0.

Consequently there is a solution (ṽ±1 (t), ṽ±1 (t)) ∈ V 2
σ±(RT )×H2

σ±(ΠT ), ∀σ± < 5/2−
Re Λ±.

Remark 3.5. There are many other solutions of the homogeneous problem (3.12)-
(3.14). Let us demonstrate how we can we fix these solutions. Consider the case λ
is real and λ ≥ 1/4. Then v± can be chosen in such a way that their norms remain
bounded with respect to λ and ω2. Indeed for main terms v̂±1 (t) and v̂±1 (t) it follows
from the explicit formulae. Let us define

(ṽ±1 (t), ṽ±1 (t)) := −
(
Aε0

5/2−ReΛ±− 1
K

)−1

χ1A
ε
(
v̂±1 (t), v̂±2 (t)

)
, (3.74)

where ε0 is chosen to satisfy (3.55). The choice σ± = 5/2− Re Λ± − 1
K

ensures that
condition (3.37) is satisfied and we can use Remark 3.4 to estimate the remainders
ṽ±1 (t) and ṽ±1 (t). As result our special solutions v± ∈ V 2

p±(RT ) × H2
p±(ΠT ), ∀p± <

3/2 − Re Λ± are determined uniquely by our construction and the remainders are
bounded in V 2

σ±(RT )×H2
σ±(ΠT ), ∀σ± < 5/2−Re Λ± − 1

K
. The same result remains

true if λ has a small imaginary part, say λ ∈ {|Imλ| < K−1, Re λ ≥ 1/4}.

3.2 Problem with additional smoothness of coefficients.

In this subsection we impose additional conditions on the functions φj, j = 1, 2
describing the cusp. Namely we suppose that for all N = 0, 1, ... the following holds

∣∣∣∣∣∂
k
x1

(
φj(x1)−

N∑
n=2

b(j)
n xn

1

)∣∣∣∣∣ ≤ CNxN+1−k
1 , k = 0, 1, 2, b

(j)
2 = φ′′j (0)/2. (3.75)

Under the above conditions we have the following refined version of Theorem 3.5:

Theorem 3.7. Let F (t, z) = p(z)tα lnm t, G0(t) = b0t
α lnm t, G1(t) = b1t

α lnm t,
where α, b1 and b2 are complex-valued constants m = 0, 1, .. and p ∈ L2(0, 1). Then,
for sufficiently small ε and any M = 0, 1, ..., there exists a solution of the problem
(3.12)-(3.14) u, such that

u(t, z) = u1(t) + u2(t, z),

∫ 1

0

u2(t, z)dz = 0, t > T,
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u1(t) = û1(t) + ũ1(t), ũ1 ∈ V 2
σ (RT ), ∀σ < 1/2− Reα + M, (3.76)

u2(t, z) = û2(t, z) + ũ2(t, z), ũ2 ∈ H2
σ(ΠT ), ∀σ < 1/2− Reα + M.

Here

û1(t) =
M∑

n=0

tα+2−nQn(ln t),

û2(t, z) =
M∑

n=0

tα−nPn(z, ln t),

where Pn(z, τ) is polynomial in τ with coefficients in H2(0, 1), and Qn(τ) is a poly-
nomial.

Proof. The proof follows immediately, since we under assumptions (3.75) we can
iterate the procedure described in Theorem 3.5.

The following theorem is in turn a refined version of Theorem 3.6. Here we assume
that λ ∈ R in order to formulate more precise results.

Theorem 3.8. There exist solutions v+ and v− of the homogeneous problem (3.12)-
(3.14) for small enough ε, such that

v±(t, z) = v±1 (t) + v±2 (t, z),

∫ 1

0

v±2 (t, z)dz = 0, t > T,

and for any M = 0, 1, ...

v±1 (t) = v̂±1 (t) + ṽ±1 (t), ṽ±1 ∈ V 2
σ±(RT ), ∀σ± < 5/2− ReΛ± + M, (3.77)

v±2 (t, z) = v̂±2 (t, z) + ṽ±2 (t, z), ṽ±2 ∈ H2
σ±(ΠT ), ∀σ < 5/2− ReΛ± + M,

Λ± = 1/2± i(λ− 1/4)1/2.

Further,
1. If λ > 1/4 then

v̂±1 (t) =
M∑

n=0

tΛ
±−nqn, v̂±2 (t, z) =

M∑
n=0

tΛ
±−n−2Pn(z),

where
Pn(z) are polynomials and qn are some constants, q0 is arbitrary;

2. If λ = 1/4 then

v̂+
1 (t) =

M∑
n=0

t
1
2
−nan, v̂+

2 (t, z) =
M∑

n=0

t−
3
2
−nPn(z),

v̂−1 (t) =
M∑

n=0

t
1
2
−nbn(ln t), v̂−2 (t, z) =

M∑
n=0

t−
3
2
−nQn(z, ln t),
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Pn(z) are polynomials, an are some constants, a0 is arbitrary, bn(τ) are linear func-
tions of τ , moreover b0(τ) = const × τ . Finally Qn(z, τ) are polynomials in z and
linear in τ ;
3. If λ < 1/4 then

v̂+
1 (t) =

M∑
n=0

t
1
2
−
√

1
4
−λ−nan, v̂+

2 (t, z) =
M∑

n=0

t−
3
2
−
√

1
4
−λ−nPn(z),

v̂−1 (t) =
M∑

n=0

t
1
2
+
√

1
4
−λ−nbn(ln t), v̂−2 (t, z) =

M∑
n=0

t−
3
2
+
√

1
4
−λ−nQn(z, ln t),

Pn(z) are polynomials, an are some constants, a0 is arbitrary, bn(τ) are linear func-
tions of τ , moreover b0(τ) = const. Finally Qn(z, τ) are polynomials in z and linear
in τ .

Proof. In the Theorem 3.6 we already proved the existence of v± and constructed the
main term of asymptotic expansion. Now the existence of lower order terms in the
asymptotic expansion of v± follows from Theorem 3.7.

4 Asymptotics near cuspidal point and the Fred-

holm property

4.1 Asymptotics near cuspidal point

Returning back to variables (x1, x2) we obtain the local solution to the problem (3.1)
for ε small enough, which can be represented as

u(x1, x2) = u1(x1) + u2(x1, x2), 0 < x1 < ε, 0 < x2 < φ(x1), (4.1)

where, see (3.2),

u1(x1) = φ(x1)
−1

∫ φ(x1)

0

u(x1, x2)dx2, u2 = P2u := u− u1,

and from (3.56) we get,

‖u1‖V 2
2−σ(Ωε/2) + ‖u2‖W2

1−σ/2
(Ωε/2) . ‖f‖W0

1−σ/2
(Ωε) + ‖g‖W1/2

1−σ/2
(S0∪S1)

.

Here we have used the notation W l
γ := W l

0,γ, see (2.2), and

‖u : V l
γ(Ω)‖2 =

∑

|δ|≤l

∫

Ω

|x1|2(γ−l+|δ|)|∂δ
xu|2dx.

Let us consider the space

V2
γ(Ω) = {u ∈ V 2

2γ(Ω) : P2u ∈ W2
γ(Ω ∩Bε)},

18



with the norm
‖u‖V2

γ(Ω) = ‖u‖V 2
2γ(Ω) + ‖P2u‖W2

γ(Ω∩Bε). (4.2)

Obviously the space does not depend on ε > 0 and the norms are equivalent.
As a direct consequence of Corollary 3.4 and Remark 3.4 we have

Theorem 4.1. Let {f, g} ∈ W0
γ(Ω) × W1/2

γ (∂Ω) and γ 6= 1/2 ± 1/2Re
√

1/4− λ.
Then there exists a local solution u ∈ V2

γ(Ωε) to the problem (3.1) for ε small enough,
and

‖u‖V2
γ(Ωε) ≤ c

(
‖f‖W0

γ(Ω2ε) + ‖g‖W1/2
γ (S2ε)

)
. (4.3)

Moreover, if condition (3.37) holds, then the constant c in (4.3) can be chosen inde-
pendently of ω2, q0 and q1.

The next theorem follows from Theorem 4.1 and Theorem 2.1:

Theorem 4.2. Let γ 6= 1/2 ± 1/2Re
√

1/4− λ, then there exists ε0 > 0 such that,
for any 0 < ε < ε0, every solution of (2.1) satisfies the estimate

‖u‖V2
γ(Ωε/2) ≤ c

(
‖f‖W0

γ(Ωε) + ‖g‖W1/2
γ (∂Ω∩Bε)

+ ‖u‖L2(Ωε\Bε/2)

)
. (4.4)

Moreover, if condition (3.37) holds, then the constant c in (4.3) can be chosen inde-
pendently of ω2, q0 and q1.

The next theorem follows from Theorem 3.6 via change of variables (3.2).

Theorem 4.3. There exist solutions v+ and v− of the homogeneous problem (3.1)
for small enough ε, such that

v±(x) = v±1 (x1) + v±2 (x),

∫ φ(x1)

0

v±2 (x)dx2 = 0, x1 < ε,

where

v±1 (x1) = v̂±1 (2κ−1x−1
1 ) + ṽ±1 (x1), ṽ±1 ∈ V 2

2γ±(Ωε), ∀γ± > ReΛ±/2− 1/4, (4.5)

v±2 (x1, x2) = v̂±2 (2κ−1x−1
1 , z) + ṽ±2 (x), ṽ±2 ∈ W2

γ±(Ωε), ∀γ± > ReΛ±/2− 1/4.

Here

z =
x2 − φ0(x1)

φ(x1)
,

v̂±1 (t) = tΛ
±
Q±(ln t),

v̂±2 (t, z) = tΛ
±−2Q±(ln t)P±

1 (z) + tΛ
±−2(Q±)′(ln t)P2(z),

where

P2(z) = 2φ′′0(0)κ−1

(
(z − 1)2

2
− 1

6

)
− 2φ′′1(0)κ−1

(
z2

2
− 1

6

)
,

P±
1 (z) =

2

κ

(
φ′′0(0)Λ± + ρ0

) (
(z − 1)2

2
− 1

6

)
− 2

κ

(
φ′′1(0)Λ± − ρ1

) (
z2

2
− 1

6

)
,

19



and
1. If λ 6= 1/4 then

Λ± = 1/2± i(λ− 1/4)1/2, Q±(τ) = 1;

2. If λ = 1/4 then
Λ± = 1/2, Q+(τ) = 1, Q−(τ) = τ.

Remark 4.1. It will be useful in what follows to use another representation for v±

instead of (4.5), namely
v± = v±1 + ṽ±, (4.6)

where
v±1 = v̂±1 (2κ−1x−1

1 ) + v̂±2 (2κ−1x−1
1 , z), (4.7)

and
ṽ± ∈ V2

γ±(Ωε/2), ∀γ± > Re Λ±/2− 1/4.

Let us mention again that if λ ∈ {|Imλ| < K−1, Reλ ≥ 1/4}, we have uniform
boundness of v±1 and ṽ±, see Remark 3.5.

The following theorem is a refined version of Theorem 2.2. It follows from Theo-
rems 2.2, 4.1 and 4.3.

Theorem 4.4. Let −π < β < 0 and γ1 6= 1/2± 1/2Re
√

1/4− λ, k = 1, 2. Suppose
that u ∈ W2

β,γ(Ω) is a solution of the boundary value problem (2.1), where (f, g) ∈
W0

γ1
(Ω)×W1/2

γ1 (∂Ω). Then the solution u admits representation

u = c+v+ + c−v− + ũ, in Ωε, (4.8)

for sufficiently small ε. Here ũ ∈ V2
γ1

(Ωε), v± functions described in Theorem 4.3,
and c± are constants.

Proof. The proof follows from local solvability given by Theorem 4.1 and application
of Theorem 2.2.

Remark 4.2. We can assume that c± are zero if v± ∈ V2
γ1

(Ω).

4.2 On the indices of the operators

Consider the operator of the boundary value problem (2.1). Obviously it is continuous

from V2
γ(Ω) to W0

γ(Ω)×W1/2
γ (∂Ω). We denote this operator Aγ.

Now we compare the attributes of the newly introduced operators Aγ and of
previously studied operators Aβ (see Theorem 2.1).

Theorem 4.5. Let −π < β1 < 0 < β2 < π, and γ1 < 1/2 − 1/2Re
√

1/4− λ,

γ2 > 1/2 + 1/2Re
√

1/4− λ. Then

dim kerAβ1 = dim kerAγ2 , dim cokerAβ1 = dim cokerAγ2 , (4.9)

and
dim kerAβ2 = dim kerAγ1 , dim cokerAβ2 = dim cokerAγ1 . (4.10)
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Proof. Let us prove (4.12). It follows from Theorem 4.4 that dim kerAβ1 = dim kerAγ2,.
Let dim cokerAβ1 = n. Then there exist n linearly independent functionals ψ1, ..., ψn ∈(W0

β1,γ(Ω)×W1/2
β1,γ(∂Ω)

)∗
, such that, for {f, g} ∈ W0

β1,γ(Ω)×W1/2
β1,γ(∂Ω), conditions

ψk({f, g}) = 0, k = 1, ..., n (4.11)

are equivalent to existence of a solution of Aβ1u = {f, g} . Clearly, conditions (4.11)

are necessary for solvability of Aγ2u = {f, g} if {f, g} ∈ W0
γ2

(Ω) × W1/2
γ2 (∂Ω). Let

us show that these conditions are also sufficient for the solvability of Aγ2u = {f, g}.
Indeed then there exists a solution of Aβ1u = {f, g}. Moreover, since {f, g} ∈
W0

γ2
(Ω) × W1/2

γ2 (∂Ω) then, due to Theorem 4.4, u ∈ V2
γ2

(Ω) and we get a solution
of Aγ2u = {f, g}. It remains to notice that ψ1, ..., ψn are linearly independent as

functionals from
(W0

γ2
(Ω) ×W1/2

γ2 (∂Ω)
)∗

as well, since W0
γ2

(Ω) ×W1/2
γ2 (∂Ω) is dense

in W0
β1,γ(Ω)×W1/2

β1,γ(∂Ω). Identities (4.10) can be proved in the same way.

Corollary 4.6. It follows from Theorems 2.1, 4.2 and 4.5 that for γ 6= 1/2 ±
1/2Re

√
1/4− λ, operator of the boundary value problem (2.1), Aγ, is Fredholm from

V2
γ(Ω) to W0

γ(Ω)×W1/2
γ (∂Ω). Moreover

indAβ1 = indAγ2 (4.12)

and
indAβ2 = ind Aγ1 , (4.13)

for −π < β1 < 0 < β2 < π, and γ1 < 1/2 − 1/2Re
√

1/4− λ, γ2 > 1/2 +

1/2Re
√

1/4− λ.

We can describe the kernel of the adjoint operator A∗
γ in the following way: ψ ∈

kerA∗
γ iff there exists u ∈ ker A+

1−γ such that

ψ({f, g}) =

∫

Ω

ufdx +

∫

∂Ω

ugds, ∀ {f, g} ∈ W0
γ(Ω)×W1/2

γ (∂Ω). (4.14)

Here A+
1−γ is a formally adjoint operator to A1−γ, i.e. operator of the boundary

value problem (2.1) with ω and ρ replaced by ω and ρ, and acting from V2
1−γ(Ω) to

W0
1−γ(Ω)×W1/2

1−γ(∂Ω).
Following [22] (p.148), this representation allows us to evaluate the index of op-

erator Aγ, in the case when ρ is real valued function. Indeed since the difference
of operators say A′

γ and A′′
γ which correspond to different values of ω is a compact

operator, it is enough to calculate the index of operator Aγ which corresponds to
ω ∈ R. In this case A+

1−γ = A1−γ and representation (4.14) implies

indAγ = −indA1−γ. (4.15)

On the other hand (for definiteness let us consider the case λ ≥ 1/4), we have

indAγ2 = indAγ1 + 2, (4.16)
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where γ1 < 1/2 < γ2. The analogous identity was proved in [23] (or see monograph
[2]) for domains with conical singularities, but actually the proof relies on state-
ments analogous to Theorem 4.4 and representation (4.14). This provides the desired
information on index of Aγ.

Theorem 4.7. 1. Let λ < 1/4, then

indAγ =




−1, γ < 1/2− 1/2

√
1/4− λ

0, 1/2− 1/2
√

1/4− λ < γ < 1/2 + 1/2
√

1/4− λ

1, 1/2− 1/2
√

1/4 + λ < γ.

2. If λ ≥ 1/4 then

indAγ =

{−1, γ < 1/2,
1, 1/2 < γ.

Corollary 4.8. Let γ1 < 1/2 − 1/2Re
√

1/4− λ and γ2 > 1/2 + 1/2Re
√

1/4− λ
and ω2, ρ are real, then dim kerAγ2 − dim kerAγ1 = 1. The corresponding one-
dimensional space is described by function η, for which we have the following asymp-
totic representation

η = a+v+ + a−v− + η̃, in Ωε, η̃ ∈ W2
β,γ(Ωε), β < π.

Here functions v± are as described in Theorem 4.3, and a± are constants connected
by linear relation, i.e. either a− = sa+ or a+ = sa− with some constant s. Moreover,
if λ ≤ 1/4 then s ∈ R , if λ > 1/4 then s ∈ C and |s| = 1 (the last statement follows
by simple integration by parts).

Remark 4.3. Theorem 4.7 shows that if λ ≥ 1/4 then the index of operator Aγ is not
zero for any admissible value of γ. Bearing this in mind, we can modify our operator
introducing a space with radiation conditions: let λ ≥ 1/4 and γ < 1/2, then

u ∈ V2,+
γ (Ω) ⇔ u = av+ + ũ, ũ ∈ V2

γ(Ω), a ∈ C. (4.17)

Then it is clear that the corresponding operator Arad,+
γ maps V2,+

γ into W0
γ(Ω) ×

W1/2
γ (∂Ω) and its index is zero. Of course, one can consider different radiation condi-

tions, for example by adding to V2
γ(Ω) the one-dimensional subspace generated by v−

(rather than v+) and constructing Arad,−
γ with the same properties. An important

feature of these two particular extensions of Aγ is that the dimension of the kernel
does not increase, i.e. dim kerAγ = dim kerArad,±

γ for λ > 1/4.
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Miranda-Agmon maximum principle for the solutions of elliptic boundary value
problems in domains with singular points on the boundary. (Russian) Math.
Nachr. 81 (1978), 2582. Engl. transl. in: Amer. Math. Soc. Transl., Vol.123
(1984) 1–56.

22



[2] Kozlov, V. A.; Maz’ya, V. G.; Rossmann, J. Elliptic boundary value problems
in domains with point singularities. Mathematical Surveys and Monographs, 52.
American Mathematical Society, Providence, RI, 1997
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