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Abstract. The �ow of viscous incompressible �uid in a domain Ωε depend-
ing on a small parameter ε is considered. The domain Ωε is the union of a
domain Ω0 with piecewise smooth boundary and thin channels with width
of order ε. Every channel contains one angle point of the domain Ω0 near
the channels inlet.

We proof the existence of a solution (vε, pε) to the Navier-Stokes system
such that in a neighbourhood of an angle point of the domain Ω0 the pair
(vε, pε) is equal, up to the term with �nite kinetic energy, to the Je�ery-
Hamel solution. In the channels the pair (vε, pε) asymptotically coincides
with the Poiseuille solution. Asymptotic expressions for the kinetic energy
and the Dirichlet integral of (vε, pε) is obtained.

Keywords. Navier-Stokes system, Je�ery-Hamel solution, Poiseuille solu-
tion, corner boundary points,
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Introduction
We consider the �ow of a viscous incompressible �uid in a domain Ωε de-
pending on a small parameter ε. To describe Ωε we introduce a limit domain
Ω0 and
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Fig.1. Domain Ωε.

thin channels. Let Ω0 be a domain in R2 with compact closure and boundary
∂Ω0. We assume that ∂Ω0 is a union of smooth closed arcs and by {A}
we denote the �nite set of all end points of these arcs. With every point
A ∈ {A} we associate a thin channel CA

ε with A inside CA
ε (see Fig.2, the

formal description

...................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
©©*

Z
ZZ~

³³³³)
..........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

.....................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

..................

..................

..................

..... ...............................................
...............................................

...............

....................................................................................

ABA
ε

B

ω−A
ω+

A

Fig.2. Channel CA
ε .

of CA
ε will be given in Section 3).
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Let (r, θ), |θ| < π, be the polar coordinates with origin at A and the polar
axis directed inside Ωε. Suppose that the domain Ω0 is given by −ω−A < θ <
ω+

A in the disk with center A and diameter dA. We assume that 0 < ωA
0 <

ω±A < π/2.
The domain Ωε is introduced by

Ωε = Ω0 ∪ ∪{A}CA
ε .

We deal with the Navier-Stokes system

〈vε,∇〉vε = −ρ−1grad pε + ν∆vε on Ωε, (0.1)

div vε = 0 on Ωε. (0.2)

Here 〈·, ·〉 is the scalar product in R2, ν is the viscosity, ρ is the density, vε

is the velocity vector and pε is the pressure.
We assume that the vector-valued function vε satis�es the Dirichlet

boundary condition at every interval BA
ε (see Fig.2):

vε = ε−1ϕA(ε−1(x−B)), x ∈ BA
ε , (0.3)

where

ϕA ∈ (C1,α(−b−A, b+
A))2

and ϕA is equal to zero at the end points of BA
ε . We suppose also that

the velocity vector vε satis�es the homogeneous Dirichlet condition on the
remaining part of the boundary ∂Ωε :

vε(x) = 0, x ∈ ∂Ωε \ ∪{A}BA
ε . (0.4)

Let the pressure pε be subject to the condition

pε = 0, (0.5)

where f is the mean value of the function f over the domain Ωε.
We introduce the notation

ΥA = −
b+A∫

−b−A

ϕA
n (t) dt, (0.6)
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where (0.6) and henceforth an stands for the normal component of the vector
a. We assume that ∑

{A}
ΥA = 0. (0.7)

We �rst construct an asymptotic solution (Vε, Pε) of problem (0.1)�(0.5)
such that in Ω0, outside the set {A} there holds the asymptotic relation

(Vε(x), Pε(x)) ∼ (v0(x), p0(x)), ε → 0, (0.8)
where (v0, p0) is a solution of system (0.1), (0.2) in the domain Ω0 with the
�ux ∫

{x∈Ω0:|x−A|=τ}

〈v0,
x−A

|x−A| 〉dsx = ΥA (0.9)
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Fig.3. "Model" domain Ω0.

given at every angle point A ( τ being a su�ciently small positive number).
Also let v0 be subject to the boundary condition

v0(x) = 0, x ∈ ∂Ω0.

In a neighbourhood of an angle point the pair (v0, p0) is equal, up to the
term with �nite Dirichlet integral, to the well-known exact solution of the
Navier-Stokes system obtained by Je�ery(1915) and Hamel(1916) (see [1,2]).
This solution (HA,QA), which describes a plane viscous source (or sink) �ow
between straight walls has the following form in the polar coordinates (r, θ)
with origin at A : /

HA
r (r, θ) = r−1VA(θ),

HA
θ (r, θ) = 0,

QA(r, θ) = r−2J A(θ).

(0.10)
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In a small neibourhood of the point A ∈ {A} we look for (Vε, Pε) in the
asymptotic form

(Vε(x), Pε(x)) ∼ (
ε−1vA(ε−1(x−A)), ε−2pA(ε−1(x−A))

)
, ε → 0,(0.11)

where (vA, pA) is a solution of the Navier-Stokes system considered in the
model
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domain ΛA depicted in Fig.4. The velocity vA satis�es the boundary condi-
tion

vA(y) = 0, y ∈ ∂ΛA (0.12)

and the �ux condition

ΥA =
∫

y∈Ξ1(ΛA)

〈vA,
y

|y| 〉 dsy, (0.13)

which is equivalent to

ΥA = −
∫

y∈Ξ2(ΛA)

vA
2 dy. (0.14)

Here (y1, y2) are Cartesian coordinates with center A and with the axis Ay2

directed along the axis of the channel (see Fig.4);

Ξ1(ΛA) = {y ∈ ΛA : y2 > 0, |y| = T1},

Ξ2(ΛA) = {y ∈ ΛA : y1 ∈ (−b−A, b+
A), y2 = −T2},
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where T1 and T2 are su�ciently large positive numbers. By aj , j = 1, 2,
we denote the components of the vector a. In particular, v2 in (0.14) is the
second component of v.

The behavior of (vA, pA) as |y| → ∞, y2 > 0, is described, up to terms
with �nite Dirichlet integral, by the Je�ery-Hamel solution (0.10).

In the channel CA
ε we have

(Vε(x), Pε(x))

∼ (ε−1vC(ε−1(x− C)), ε−2pC(ε−1(x− C)) + κCε−3), ε → 0,

(0.15)

where C is the middle point of the axis of the channel, (vC , pC) is the
Poiseuille solution to the Navier-Stokes system in an in�nite strip, and κC

is a constant.
In order to construct the asymptotic solution (Vε, Pε) near the end in-

terval BA
ε of the channel CA

ε we introduce a solution (vB, pB) of the Navier-
Stokes system (0.1), (0.2) in the semi-strip ΠB which does not depend on
the parameter ε (see
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Fig.5). In a small neighbourhood of the end interval BA
ε of the channel we

have

(Vε(x), Pε(x))

∼ (ε−1vB(ε−1(x−B)), ε−2pB(ε−1(x−B)) + κBε−3), ε → 0,

(0.16)
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where κB = const. On the basement of ΠB the boundary condition

vB(t1, 0) = ϕA(t1), t1 ∈ (−b−A, b+
A) (0.17)

is satis�ed, where ϕA is the vector-valued function in the boundary condition
(0.3) corresponding to the channel with the end interval BA

ε . On the lateral
sides of ΠB the velocity vector vB satis�es

vB(±b±A, t2) = 0, t2 ∈ (0, +∞) (0.18)

and has the prescribed �ux
∫

t∈Ξ(ΠB)

vB
2 dt = ΥA,

where

Ξ(ΠB) = {t ∈ ΠB : t1 ∈ (−b−A, b+
A), t2 = T},

and T > 0.
We introduce a partition of unity {Xε, η

A
ε µB

ε , ξB
ε } in Ωε, where ηA

ε and ξB
ε

are cut-o� functions supported by neighbourhoods of A and B respectively.
By Xε we denote cut-o� function which vanishes in a neighbourhood of {A}.
The cut-o� function µB

ε is equal to 1 outside a neighbourhood of Bε.
We construct the asymptotic solution (Vε, Pε) of system (0.1)�(0.5) in

the form

Vε(x) = v0(x)Xε(x) + ε−1
∑{

ηA
ε (x)µB

ε (x)vA(ε−1(x−A))

+ξB
ε (x)vB

(
ε−1(x−B)

)}
,

(0.19)

Pε(x) = p0(x)Xε(x) + ε−2
∑{

ηA
ε (x)µB

ε (x)pA(ε−1(x−A))

+ξB
ε (x)pB(ε−1(x−B))

}
,

(0.20)

In (0.19), (0.20) and henceforth the summation is taken over all the channels
i.e. over the set {A}.

We introduce the number

R = ν−1
∑

‖ϕA‖(C1,α(−b−A ,b+A))2
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and suppose that R is su�ciently small:

R¿ 1. (0.21)

Our basic result is the existence theorem for a solution (vε, pε) of (0.1)�
(0.5) such that

vε(x) = Vε(x) + wε(x),

pε(x) = Pε(x) + qε(x),
(0.22)

where

‖wε‖(H
o

1(Ωε))2
+ ‖qε‖L2(Ωε) ≤ cεδ, δ > 0. (0.23)

We also obtain asymptotic expressions for two integral characteristics of
the solution (vε, pε). Let LA = |AB| and bA = ε−1|BA

ε |, i.e. LA and εbA

are the length and the width of CA
ε respectively. We show that the kinetic

energy

E(vε) =
ρ

2

∫

Ωε

∣∣vε(x)
∣∣2 dx (0.24)

admits the representation

E(vε) =
3ρ

5
1
ε

∑
Υ2

ALAb−1
A +

ρ

2
log

1
ε

∑
Υ2

A

ω+
A∫

ω−A

(VA(θ)
)2

dθ + O(1). (0.25)

For the Dirichlet integral

I(vε) =
∫

Ωε

(∇vε(x)
)2

dx (0.26)

we obtain the asymptotic formula

I(vε) = 12ε−3
∑

Υ2
ALAb−3

A + O(ε−2). (0.27)

In Section 1 we consider the Dirichlet problem with prescribed �uxes
at the points A for the Navier-Stokes system in the domain Ω0. Auxiliary
boundary value problems in model domains ΛA and ΠB are considered in
Section 2. The next Section 3 concerns the Stokes problem in Ωε. In Section
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4 we derive the principal term (Vε, Pε) in the representation (0.22). The
auxiliary Section 5 is a preparation to the proof of our principal result, an
existence theorem for the solution (vε, pε) of problem (0.1) � (0.5) in the
form (0.22). In the same section we study a boundary value problem for the
remainder term (wε, qε). In Section 6 we prove the existence of (vε, pε). The
last Section 7 contains a proof of asymptotic formulas (0.25), (0.27) for the
kinetic energy and for the Dirichlet integral.

1 The �ow in the limit domain Ω0

Consider the system

〈v,∇〉v = −ρ−1grad p + ν∆v on Ω0, (1.1)

div v = 0 on Ω0 (1.2)

with p and ∇v square summable outside any neighborhood of {A}. Suppose
that v satis�es

v = 0 on ∂Ω0 \ {A}. (1.3)

At every angle point A ∈ {A} we prescribe the �ux MA,
∫

{x∈Ω0:|x−A|=τ}

〈v,
x−A

|x−A| 〉dsx = MA (1.4)

and we suppose that
∑

MA = 0.

Before proving the existence of the solution of (1.1)�(1.4) we note that
the principal term of its asymptotics near the point A coincides with the
Je�ery-Hamel solution (H,Q) for the angle

{(r, θ) : −ω− < θ < ω+ , 0 < r < +∞}

which is de�ned as follows. The vector-function H satis�es the zero Dirichlet
condition on the set

{(r, θ) : θ = ω± , 0 < r < +∞}
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and has the unit �ux at A. The radial component Vr of the vector V = rH
satis�es

(∂2Vr/∂θ2)(θ, R) + 4(Vr(θ, R)−K) + R(Vr(θ, R))2 = 0, (1.5)

ω+∫

−ω−

Vr(θ, R) dθ = σ, (1.6)

Vr(±ω±, R) = 0, (1.7)

where K is an unknown constant depending on R > 0 , σ = 1 in the case of
the source and σ = −1 in the case of the sink. The angle component Vθ of
V is equal to zero and the function J = r2Q is found from

J = 2ρν(Vr −K). (1.8)

Properties of this solution, which is expressed in elliptic functions, have
been investigated in detail in [3�6]. In particular, a complete information
about its dependence on the Reynolds number has been obtained. A Je�ery-
Hamel solution for the case of variable viscosity and density was considered
in [7,8].

By using the Je�ery-Hamel solution obtained in [4], L.E. Fraenkel [9,10]
and L.E.Fraenkel, P.M.Eagles [11] constructed an asymptotic series for the
�ow in channels with slightly curved walls. The stability of �ow in an in�nite
channel of the same type was investigated in [12], [13]. In [14] P.M.Eagles
showed that the Je�ery-Hamel solution appears as the �rst approximation
of the boundary layer for the �lm �ow over curved beds.

To study problem (1.1)�(1.4) we use weighted H�older spaces N j,α
τ (Ω0)

with α ∈ (0, 1), τ ∈ R1 and j = 0 or 1 of functions on Ω0 with �nite norm

‖u‖
Nj,α

τ (Ω0)
= sup

x,y∈Ω0

|x− y|−α|∇j(rτ (x)u(x))−∇j(rτ (y)u(y))|
+ sup

x∈Ω0

rτ−j−α(x)|u(x)|,

where r(x) = dist
{
x, {A}}, ∇ju = ∇u if j = 1 and ∇ju = u if j = 0. By

o
N0,α

τ (Ω0) we denote the subset of N0,α
τ (Ω0) containing functions equal zero

on ∂Ω0 \ {A}. Also, let N−j,α
τ (Ω0) be the space of distributions div W +

r−1W0, where W ∈ (N0,α
τ (Ω0))2, W0 ∈ N0,α

τ (Ω0). The following auxiliary
result on the Stokes system in the plane domain with angle points is known
(see [15] , �5, where the three-dimensional case is considered).
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Lemma 1.1 The Stokes operator S0 de�ned by

S0(V, P ) =
(−∆V + (νρ)−1gradP, div V

)

performs the isomorphism

Dα
τ = (

o
N1,α

τ (Ω0))2 ×N0,α
τ,⊥(Ω0) → Rα

τ = (N−1,α
τ (Ω0))2 ×N0,α

τ,⊥(Ω0),

where |τ − 1 − α| < 1 and N0,α
τ,⊥(Ω0) is the space of functions s ∈ N0,α

τ (Ω0)
satisfying the condition

∫

Ω0

s(x) dx = 0.

Now we are in a position to construct a solution (v, p) of problem (1.1)�
(1.4) in Ω0. We formulate the principal result of this section. In its statement
and in the sequel we put

M =
∑

|MA|.
By (VA,JA) we denote the solution of problem (1.5)�(1.8), where R =
ν−1|MA| and σ = signMA for the angle corresponding to A.

Let ζ ∈ C∞
0 (D2(0)) and let ζ(x) = 1 for x ∈ D1(0) where Dd(a) is the

disk of diameter d with center a.
We introduce the pair (Y,Θ) by

(Y,Θ) =
∑

|MA|ζA(HA, QA), (1.9)

where ζA(x) = ζ(2d−1
A (x−A)),

(HA, QA) = (r−1VA, r−2JA + cA), (1.10)

and cA is an arbitrary constant.

Theorem 1.1 Let ν−1M < C0, where C0 is a constant depending only on
Ω0. Then there exists a solution (v, p) of problem (1.1)�(1.4) represented in
the form

(v, p) = (Y, Θ) + (w, q), (1.11)

where the pair (w, q) belongs to (
o

N1,α
τ (Ω0))2 × N0,α

τ,⊥(Ω0) and satis�es the
estimate

‖w‖
(N
o 1,α

τ (Ω0))2
+ ‖q‖

N0,α
τ,⊥(Ω0)

≤ cM (1.12)

with a constant c independent of M.
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Proof. The pair (w, q) satis�es the equation

S0(w, q) + ν−1T0(w, q) = (Φ, ψ), (1.13)

where

T0(w, q) =
(〈w,∇〉w + 〈Y,∇〉w + 〈w,∇〉Y, 0

)
,

Φ =
∑

|MA|
{
HA∆ζA(x) + 2〈∇ζA,∇〉HA − ν−1

(
ρ−1QA∇ζA

+ηA(HA〈HA,∇ζA〉+ |MA|(ζA − 1)〈HA,∇〉HA)
)}

,

ψ = −
∑

|MA|〈HA,∇ζA〉.

For any S and T one has

〈S,∇〉T + 〈T,∇〉S = −SdivT−TdivS

+
(
div(S1T + T1S), div(S2T + T2S)

)
.

(1.14)

We put here S = w, T = Y and S = w, T = w. Taking into account the
resulting relations and equations

div(Y + w) = 0, divY =
∑

|MA|〈HA,∇ζA〉,

we write (1.13) in the form

S0(w, q) +N0(w, q) = (Ψ, ψ).

Here

Ψ = Φ− ν−1
∑

|MA|ηAHA〈HA,∇ζA〉,

and N0 : Dα
τ → Rα

τ is the operator de�ned by

N0(w, q) =
(
div

(
N(1)(Y; (w, q))

)
, div

(
N(2)(Y; (w, q))

))
,

where

N
(j)
i ((w, q)) = ν−1(Y A

i wj + Y A
j wi + wiwj).
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By using (1.14) and de�nition (1.9) of HA we represent (Ψ, ψ) in the form

(Ψ, ψ) =
(
div X(1)(x), div X(2)(x),−div Θ(x)

)∣∣∣∣
x∈Z

,

where Z = ∪{A}supp∇ζA and X(k), k = 1, 2, are given by

X(k) =
∑

|MA|
(∇ζAHA

k − ν−1
(
ρ−1ζAQAe(k) − ζ2

AHA
k HA

)

with

e(1) = (1, 0), e(2) = (0, 1).

In accordance with the inequalities

‖X(k)‖
N0,α

τ (Z)
≤ cM, ‖div Θ‖

N0,α
τ (Z)

≤ cM

the estimates hold

‖Ψ‖
N−1,α

τ (Ω0)
+ ‖ψ‖

N0,α
τ (Ω0)

≤ cM.

Let Bδ be a ball in the space Dα
τ of su�ciently small radius δ centered at

S−1
0

(
(Ψ, ψ)

)
. If (w(j), q(j)) ∈ Bδ, j = 1, 2, for su�ciently small ν−1|MA|

and δ, we obtain from the standard inequality

‖r−1u‖
N
o 0,α

τ (Ω0)
≤ c‖u‖

N1,α
τ (Ω0)

that

‖N (j)
i ((w(1), q(1)))−N

(j)
i ((w(2), q(2)))‖

(N0,α
τ (Ω0))2

≤ m‖w(1) −w(2)‖
(N
o 1,α

τ (Ω0))2

for m < 1, and

‖N (j)
i ((w(j), q(j)))‖

(N0,α
τ (Ω0))2

≤ c‖w(j)‖
(N
o 1,α

τ (Ω0))2
.

Hence, the operator

S−1
0 (N0) : Dα

τ → Dα
τ

is a contraction mapping. Therefore, there exists one and only one solution
(w, q) ∈ Bδ of equation (1.13) subject to (1.12).
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Remark 1.1 The Je�ery-Hamel solution (HA, QA) is de�ned up to an
arbitrary constant cA (see (1.9)). Let (HA

1 , QA
1 ) and (HA

2 , QA
2 ) be the pairs

de�ned by (1.9) with di�erent constants cA
1 and cA

2 . To the pairs (HA
1 , QA

1 ),
(HA

2 , QA
2 ) there correspond the solutions (v1, p1), (v2, p2) given by (1.11)

with the remainders (w1, q1) and (w2, q2) respectively. The pairs (w1, q1)
and (w2, q2) can by found by (1.13) with the right-hand sides (Φ1, 0) and
(Φ2, 0), subject to

(Φ2, 0) = (Φ1, 0) + ((cA
1 − cA

2 )∇ζA, 0).

Hence and by (1.13)

(w2, q2) = (w1, q1) + (0, (cA
1 − cA

2 )ζA). (1.15)

Combining (1.9), (1.15) and (1.11) we have

(v2, p2) = (v1, p1).

Therefore the pressure does not depend on the choice of the constant cA in
(1.9) and we set cA = 0 in the sequel.

Remark 1.2 Let the domain Ω0 be prescribed by

λ−(r)− ω/2 < θ < λ+(r) + ω/2

near the point A , where λ± are smooth functions, λ±(0) = 0. The dif-
ference between the present situation and Theorem 1.1 is that the function
r−1V(θ) does not satisfy the zero Dirichlet condition near A and therefore
the principal term in the asymptotics of the solution (v, p) becomes more
complicated.

One can show that the velocity vector and the pressure are represented
in the form

r−1V(θ, R) + V∗(θ, R), r−2J (θ, R) + r−1J ∗(θ, R)

modulo terms with �nite energy. Here V∗ and J ∗ are analytic in R at R = 0
and

V∗θ (θ, 0) = Z(ω)
∑
±
±γ±(ω(θ ± ω/2) sin(θ ∓ ω/2)

− sinω(θ ∓ ω/2) sin(θ ± ω/2)),

V∗r (θ, 0) = −(dV∗θ /dθ)(θ, 0),

J ∗(θ, 0) = Z(ω)
∑
±

γ±(ω sin(θ ± ω/2)− sinω sin(θ ∓ ω/2)),
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where

Z(ω) = sinω/((sinω − ω cosω)(sin2 ω − ω2))

and γ± is the curvature of the arc θ = ±ω/2 + λ± at the point A, i.e.
γ± = 2(dλ±/dr)(0).

In principle, our main result could be generalized to the case of curved
angle considered here. However, we shall not dwell upon this extension for
the sake of simplicity of presentation.

2 Navier-Stokes system in the model domains
2.1. Navier-Stokes system in an in�nite channel. Let (z1, z2) be a
Cartesian system and let ΣA be the strip

ΣA = {(z1, z2) : −b−A < z1 < b+
A, z2 ∈ R1}.

By (UA
M ,PA

M ) we denote a solution of the Navier-Stokes system satisfying
the zero Dirihlet condition on the boundary ∂ΣA and such that

M =
∫

z1∈(−b−
A

,b+
A

),

z2=T

U(z) dz1.

This solution has the form

(UA
M ,PA

M ) = M(UA,PA) + (0, κ), (2.1)

where κ is an arbitrary constant and (UA,PA) is explicitly given by

UA(z) = −6b−3
A

(
0, (z1 − b+

A)(z1 + b−A)
)
,

PA(z) = −12ρνb−3
A z2

(2.2)

(we remind that bA = b+
A + b−A).

2.2. Navier-Stokes system in ΛA. We introduce a smooth partition
of unity {ζA

+ , ζA− , ζA
0 } on the domain ΛA (see Fig.4), where ζA

0 (y) = ζ(b−1
A y),

ζA−(y) = 0 for positive y2 and ζA
+(y) = 0 for y2 > bA.

Let w be a function on ΛA and let

w
α

= sup
y,z∈ΛA

|w(y)− w(z)|
|y − z|α .
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By r(y) we denote the distance between y and the nearest angle point on
∂ΛA.

We say that a function u on ΛA belongs to the space K l,α
δ,τ,β(ΛA), l = 0, 1,

and α ∈ (0, 1), δ, τ, β ∈ R1, if it has the �nite norm

‖u‖
Kl,α

δ,τ,β(ΛA)
= rl+δ+α+1∇l(ζA

+u)
α

+ rl−τ+α∇l(ζA
0 u)

α

+ eβr∇l(ζA−u)
α

+ ‖r1+δζA
+u‖L∞(ΛA)

+‖r−τζA
0 u‖L∞(ΛA) + ‖eβrζA−u‖L∞(ΛA).

The space of distributions div h + r−1h0, where

h ∈ (K0,α
δ,τ,β(ΛA))2, h0 ∈ K0,α

δ,τ,β(ΛA),

will be denoted by K−1,α
δ+1,τ−1,β(ΛA).

Let us consider the Dirichlet problem for the Stokes system

ν∆V − ρ−1gradP = F on ΛA,

div V = f on ΛA,

V
∣∣∣
∂ΛA

= 0.

(2.3)

We suppose that the velocity V has the prescribed �ux :

M =
∫

y∈Ξ1(ΛA)

〈V,
y

|y| 〉 dsy, (2.4)

which is equivalent to

M = −
∫

y∈Ξ2(ΛA)

V2 dy. (2.5)

Let

H0(τ, θ) =
V

τ
, Q0(τ, θ) =

J(θ)
τ2

,

where τ = |y| and (V, J) is a solution of (1.5)�(1.8) for R = 0 and σ = 1.
The following result is essentially known (see, for example,[15]).
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Lemma 2.1 i) For F = 0, f = 0 and M = 1 there exists one and only one
solution (V0, P0) of problem (2.3)�(2.5) which can be represented in the form

(V0, P0) = ζA
+

(H0,Q0

)
+ ζA

−
(UA

1 ,PA
1

)
+ ζA

−
(
0,C0

)
+

(
W0, Q0

)
,

where (W0, Q0) ∈ (K1,α
δ,τ,β(ΛA))2 ×K0,α

δ+1,τ−1,β(ΛA) and

C0 = 2
∫

ΛA

{
V0

(Q0∇ζA
+ + PA

1 ∇ζA
− − ρ

(H0∆ζA
+ + UA

1 ∆ζA
−

+2(〈∇ζA
+ ,∇〉H0 + 〈∇ζA

− ,∇〉UA
1 )

))

−(
ζA
+Q0 + ζA

−PA
1 + q0

)(〈H0,∇〉ζA
+ +

(〈UA
1 ,∇〉ζA

−
)}

dx.

ii) Let
∫

ΛA

f(x) dx = 0.

For (F, f) ∈ (K−1,α
δ+2,τ−2,β(ΛA))2 ×K0,α

δ+1,τ−1,β(ΛA) there exists one and only
one solution (V, P ) of problem (2.3)�(2.5) represented as

(
V, P

)
= MζA

+

(H0,Q0

)
+ MζA

−
(UA

1 ,PA
1

)
+ ζA

−
(
0,C

)
+

(
W, Q

)
).

Here

C =
∫

ΛA

{ρ〈F,V0〉+ fP0} dx + MC0

and the pair (W, Q) ∈ (K1,α
δ,τ,β(ΛA))2 ×K0,α

δ+1,τ−1,β(ΛA) satis�es

‖W‖
(K1,α

δ,τ,β(ΛA))2
+ ‖Q‖

K0,α
δ+1,τ−1,β(ΛA)

≤ cν−1
(‖F‖

(K−1,α
δ+2,τ−2,β(ΛA))2

+ ‖f‖
K0,α

δ+1,τ−1,β(ΛA)

)
,

where the constant c depends only on ρ and ΛA.
Consider the Dirichlet problem

ν∆v − ρ−1grad p = 〈v,∇〉v on ΛA,

div v = 0 on ΛA,

v
∣∣∣
∂ΛA

= 0.

(2.6)
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Suppose that the velocity v satis�es (2.4) with a given M .
Let

HA
M (y) = |y|−1VA

M (θ), QA
M (y) = |y|−2J A

M (θ),

where (VA
M ,J A

M ) is the solution of (1.5)�(1.8) with ω± = ωA±, σ = signM
and R = ν−1|M |.

By Lemma 2.1 and the contraction mapping principle we arrive at the
following assertion

Lemma 2.2 For su�ciently small positive values α, τ, δ, β, ν−1|M | there ex-
ists a unique solution (v, p) of problem (2.6), (2.4), (2.5) represented in the
form

(v, p) = (WM , PM ) + (w, q) + ζA
−(0,C),

where
WM (y) = |M |ζA

+(y)HA
M (y) + MζA

−(y)UA
M (y),

PM (y) = |M |ζA
+(y)QA

M (y) + MζA
−(y)PA

M (y)
(2.7)

and (w, q,C) ∈ (K1,α
δ,τ,β(ΛA))2 ×K0,α

δ+1,τ−1,β(ΛA)× R1. Moreover,

‖w‖
(K1,α

δ,τ,β(ΛA))2
+ ‖q‖

K0,α
δ+1,τ−1,β(ΛA)

+ |C| ≤ c|M |, (2.8)

where c is a constant independent of M .

2.3. The case of the semistrip. Let ΠB be the semistrip {(t1, t2) :
−b−A < t1 < b+

A, t2 > 0}. We shall use the space C l,α(ΠB), l = 0, 1, α ∈
(0, 1) of functions on ΠB with �nite norm

‖u‖Cl,α(ΠB) = sup
t,s∈ΠB

|t− s|−α|∇lu(t)−∇lu(s)|+ sup
t∈ΠB

|u(t)|.

By de�nition, u ∈ C l,α
δ (ΠB) if exp(δt2)u ∈ C l,α(ΠB).

Consider the boundary value problem

ν∆V − ρ−1gradP = 0 on ΠB,

div V = 0 on ΠB,

V(t1, 0) = g(t1), t1 ∈ [−b−A, b+
A],

V(±b±A, t2) = 0, t2 ≥ 0,

(2.9)
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where g ∈ (C1,α(b−A, b+
A))2 and g(±b±A) = 0. Suppose that

∫

t∈Ξ(ΠB)

V2(t) dt = M (2.10)

with

M = −
b+A∫

b−A

g2(t) dt.

The following result is well-known (see [17], [18]).
Lemma 2.3 There exists one and only one solution of problem (2.9), (2.10)
represented in the form

(V, P ) = M(UA
M ,PA

M ) + (W, Q),

where (W, Q) ∈ (C1,α
δ (ΠB))2 × C0,α

δ (ΠB) and the estimate
‖W‖

(C1,α
δ (ΠB))2

+ ‖Q‖
C0,α

δ (ΠB)
≤ c‖g‖(C1,α(−b−A ,b+A))2

holds with a constant c depending only on ρ and the domain ΠB.
By this Lemma and contraction mapping principle we obtain the follow-

ing solvability result for the Navier-Stokes system
ν∆v − ρ−1grad p = 〈v,∇〉v on ΠB,

div v = 0 on ΠB,

v(t1, 0) = g(t1), t1 ∈ [−b−A, b+
A],

v(±b±A, t2) = 0, t2 ≥ 0.

(2.11)

Lemma 2.4 If ν−1M is su�ciently small, there exists a single solution
(v, p) of problem (2.9), (2.10) represented in the form

v(t) = UA
M (t) + w(t),

p(t) = PA
M (t) + q(t),

where (w, q) ∈ (C1,α
δ (ΠB))2 × C0,α

δ (ΠB), and the estimate
‖w‖

(C1,α
δ (ΠB))2

+ ‖q‖
C0,α

δ (ΠB)
≤ c‖g‖(C1,α(−b−A ,b+A))2 (2.12)

is valid.



19

3 Stokes system in Ωε

Let Ωε be the domain depicted in Fig.1. In order to determine CA
ε we in-

troduce a local system of Cartesian coordinates (yA
1 , yA

2 ) with origin A and
with the axis AyA

2 directed into Ω0. The thin channel CA
ε will be de�ned as

CA
ε = {(yA

1 , yA
2 ) : −εb−A < yA

1 < εb+
A,−L−A < yA

2 < L+
A}.

The values b±A, L±A are subject to the inequalities

b±A > bA
0 > 0, L±A > L0 > 0,

where b0, L0 are constants independent of ε. The interval BA
ε = {(yA

1 , yA
2 ) :

−εb−A < yA
1 < εb+

A, y2 = −L−A} will be called the end of the channel CA
ε . This

interval BA
ε is orthogonal to the walls and placed at a �nite distance LA = L−A

from A. By B ∈ BA
ε we denote the point with coordinates (yA

1 , yA
2 ) =

(0,−LA).
We introduce the norm in the Sobolev space H1(Ωε) :

‖u‖H1(Ωε) =
(∫

Ωε

|∇u|2 dx +
∫

Ωε

r−2
ε |u|2 dx

)1/2
,

where

rε(x) =





r when x ∈ Ω0 ∩ (Dd(x−A) \ Dεa(x−A))
ε when x ∈ (Ωε ∩ Dεa(x−A)) ∪ CA

ε

1 when x ∈ Ω0 \ ∪{A}Dd(x−A)

and

d = min{A}dA, a = 2max{A}{bA
0 / cosωA

0 }.

By o
H1(Ωε) we denote the completion of C∞

0 (Ωε) with respect to this norm
and we set

‖ϕ‖
(H
o

1(Ωε))∗
= sup{ϕ(u) : ‖u‖

H
o

1(Ωε)
= 1}.

Before studying the structure of the solutions to the Navier-Stokes prob-
lem (0.1)�(0.5) consider an auxiliary linear Stokes system in Ωε.

Lemma 3.1 Let

S : (
o
H

1(Ωε))2 × L2(Ωε) → ((
o
H

1(Ωε))2)∗ × L2(Ωε) (3.1)
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be the operator, which transforms (Uε, πε) to (−∆Uε + ρ−1ν−1∇πε, divUε).

Suppose that (Fε, fε) ∈ ((
o
H1(Ωε))2)∗ × L2(Ωε) and that fε is subject to

fε = 0. (3.2)

Then there exists a single solution (Uε, πε) ∈ (
o
H 1(Ωε))2 × L2(Ωε) of the

problem

S(Uε, πε) = (Fε, fε), πε = 0, (3.3)

and the estimate holds

‖πε‖L2(Ωε) + ‖Uε‖(H
o

1(Ωε))2
≤ c(‖Fε‖((H

o
1(Ωε))2)∗ + ‖fε‖L2(Ωε)), (3.4)

where c does not depend on ε.

Proof. The unique solvability of (3.3) is well-known [20]. We only need
to check estimate (3.4). By using an argument from [19] we shall construct

a vector function Zε ∈
o
H1(Ωε) satisfying the equation

div Zε = fε (3.5)

and the inequality

‖Zε‖(H
o

1(Ωε))2
≤ c‖fε‖L2(Ωε), (3.6)

where c does not depend on ε and fε. We consider Ω0 as a sum of domains
Ω(l) star-shaped with respect to a ball, l = 1, . . . , L. The channels C(j)

ε

are represented as unions of the squares T (k)
ε , k = 1, 2, . . . , K, with the side

length ε. So we have

Ωε = ∪L
l=1Ω

(l) ∪ ∪K
k=1T (k)

ε .

By (3.2) fε can be written as

fε(x) =
L∑

l=1

F (l)(x) +
K∑

k=1

f (k)
ε (x),

where suppF (l) ⊂ Ω(l), suppf
(k)
ε ⊂ T (k)

ε and
∫

Ω(l)

F (l)(x)dx = 0,

∫

T (k)

f (k)
ε (x)dx = 0 (3.7)
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(see [19]). According to (3.7) there exist vector-functions Z(l) ∈ (
o
H1(Ω(l)))2,

z(k)
ε ∈ (

o
H1(T (k)

ε ))2 satisfying the equations
div Z(l) = F (l), div z(k)

ε = f (k)
ε ,

and the inequalities
‖Z(l)‖

(H
o

1(Ω(l)))2
≤ c‖F (l)‖L2(Ω(l)), ‖ |∇z(k)

ε | ‖
L2(T (k)

ε )
≤ c‖f (k)

ε ‖
L2(T (k)

ε )

([19],Lemma 1). We extend Z(l), z(k)
ε by zero to Ωε . Then, the vector

function

Zε =
L∑

l=1

Z(l) +
K∑

k=1

z(k)
ε

satis�es both (3.5) and (3.6).

Let (Uε, πε) ∈ (
o
H1(Ωε))2 × L2(Ωε) be a solution of (3.3). Then (Γε, πε)

= (Uε + Zε, πε) is a solution of
S(Γε, πε) = (Fε + ∆Zε, 0).

By the standard energy estimate
‖Γε‖(H

o
1(Ωε))2

≤ c‖Fε + ∆Zε‖((H
o

1(Ωε))2)∗

and by (3.5), it follows
‖Uε‖(H

o
1(Ωε))2

≤ c(‖Fε‖((H
o

1(Ωε))2)∗ + ‖fε‖L2(Ωε)). (3.8)

In order to estimate the pressure πε, we introduce a function Iε ∈ (
o
H

1(Ωε))2 satisfying
div Iε = πε, (3.9)

‖Iε‖(H
o

1(Ωε))2
≤ c‖πε‖L2(Ωε). (3.10)

By (3.9), we have

‖πε‖2
L2(Ωε)

= −
∫

Ωε

〈∇πε, Iε〉dx ≤ c‖∇πε‖((H
o

1(Ωε))2)∗‖Iε‖(H
o

1(Ωε))2
.

Hence and from (3.10) we obtain
‖πε‖L2(Ωε) ≤ c‖∇πε‖((H

o
1(Ωε))2)∗ .

Now (3.4) follows from (3.3) and (3.8).
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4 The �ow in Ωε. Calculation of the principal term
(Vε, Pε)

As already mentioned in Introduction, the principal term (Vε, Pε) of repre-
sentation (0.22) for the solution (vε, pε) to problem (0.1)�(0.5) is de�ned by
(0.19), (0.20). We give now more details for calculation of the term in (0.19),
(0.20) and study their asymptotic behavior.

We de�ne Xε, ηA
ε , µB

ε and ξB
ε by formulas

ηA
ε (x) =

{
ζ(ε−1/2(x−A)) for x ∈ Ωε \ CA

ε

1 for x ∈ CA
ε ,

χA
ε (x) = 1− ζ(ε−1/2(x−A)), ξB

ε (x) = ζ(ε−1/2(x−B)),

µB
ε (x) = 1− ζ(ε−1/2(x−B)), Xε(x) =

∏
χA

ε (x),

where CA
ε is the channel, which starts at the point A and the product is taken

over all points of the set {A}. By de�nition of the cut-o� functions we have

µB
ε (x) + ξB

ε (x) = 1, ηA
ε (x) = 1, χA

ε (x) = 0 for x ∈ CA
ε

and

Xε(x) +
∑

A∈{A}
ηA

ε (x) = 1, µB
ε (x) = 1, ξB

ε (x) = 0, for x ∈ Ω0.

Hence, the collection of cut-o� functions {Xε, η
A
ε µB

ε , ξB
ε } forms a partition

of unity on Ωε.
The pair (v0, p0) is determined from problem (1.1)�(1.4), with the pre-

scribed �uxes

MA = ΥA

at the points A ∈ {A}. According to Theorem 1.1, one has

(v0, p0) = (Y0, Θ0) + (w0, q0 + Kε), (4.1)

where (w0, q0) ∈ (
o

N1,α
τ (Ω0))2 × N0,α

τ,⊥(Ω0), the pair (Y0, Θ0) is de�ned by
(1.9) with MA = ΥA and Kε is a constant.

The term (vA, pA) is a solution of problem (2.9), (2.10), there M = ΥA

in the domain ΛA(cf. Fig.4). By Lemma 2.2 (vA, pA) can be represented as

(vA, pA) = (WA,PA) + (wA, qA + kA
ε ) + ζ−(0,CA

0 ), (4.2)
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where (wA, qA),CA
0 satisfy (2.8) with M = ΥA, kA

ε is a constant and (WA,PA)
= (WA

M , PA
M ), where M = ΥA.

The pair (vB, pB) is sought from problem (2.11) in the domain ΠB with
g = ϕA. According to Lemma 2.4 the solution (vB, pB) has the form

(vB, pB) = ΥA(UA,PA) + (wB, qB + kB
ε ), (4.3)

where (wB, qB) is subject to (2.12) with g = ϕA, (UA,PA) = (UA
M ,PA

M )
with M = ΥA and kB

ε is a constant.
In order to obtain representation (0.22) of the solution vε, pε of problem

(0.1)�(0.5) satisfying estimate (0.23) we �nd the constants Kε, k
A
ε , kB

ε from
the condition

P ε = O(εD), (4.4)

where D is a positive number. By (4.1)�(4.3) one has
∫

Ωε

Pε(x) dx =
∑

{IA
1 + IA

2 + IA
3 + IB}+ I0 + J, (4.5)

where

IA
1 =

∫

Ωε

ζA(x)ζA
+(ε−1(x−A))QA(x) dx, I0 =

∫

Ωε

q0(x)Xε(x) dx,

IA
2 =

1
ε2

∫

CA
ε

ζA
−(ε−1(x−A))(PA(x) + CA) dx,

IA
3 =

1
ε2

∫

CA
ε

ηA
ε (x)µB

ε (x)qA(x) dx, IB =
1
ε2

∫

CA
ε

ξB
ε (x)qB(x) dx,

J =
∫

Ωε

{KεXε(x) +
∑

(ηA
ε (x)µB

ε (x)kA
ε + ξA

ε (x)kB
ε )} dx

and QA = QA
M with M = ΥA. We shall calculate the integral IA

1 and IA
2 .
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We have

IA
1 =

a∫

εbA

ω+
A∫

−ω−A

ζA(x)ζA
+(ε−1(x−A))J A(θ)r−1 dθdr

=

a∫

a/2

ω+
A∫

−ω−A

ζA(x)J A(θ)r−1 dθdr +

a/2∫

2εbA

ω+
A∫

−ω−A

J A(θ)r−1 dθdr

+

2bA∫

bA

ω+
A∫

−ω−A

ρ−1ζA
+(y(ρ, θ)) dθdρ = log 1/ε

ω+
A∫

−ω−A

J A(θ) dθ + cA
1 ,

(4.6)

where J A = J A
M with M = ΥA and

cA
1 =

a∫

a/2

ω+
A∫

−ω−A

log r
∂ηA

∂r
(r, θ)J A(θ) dθdr

+

2bA∫

bA

ω+
A∫

−ω−A

log ρ
∂ζA

+

∂ρ
(ρ, θ)J A(θ) dθdρ.

By (2.2) with b = bA, the integral IA
2 is

IA
2 = ε−26ρνL2

Ab−2
A + ε−1CALAbA − ε−2CA

∫

CA
ε

ξB
ε (x) dx + cA

2 , (4.7)

where LA is the distance between A and B and

cA
2 =

0∫

−2bA

b+A∫

−b−A

(1− ζ−A (y))(PA(y) + CA) dy1dy2.
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We pass to the estimates of IA
3 , IB and I0. We begin with the equality

IA
3 −

∫

ΛA

qA(y) dy =
1
ε2

ω+
A∫

−ω−A

∞∫

ε−1/2

(1− ηA
ε (x))qA(ε−1(x−A))r drdθ

+
1
ε2

ε−1/2∫

−∞

εb+A∫

−εb−A

(1− µB
ε (x))qA(ε−1(x−A)) dx1dx2.

(4.8)

Since qA ∈ K0,α
δ+1,τ−1,β(ΛA), we have

∣∣∣qA(ε−1(x−A))
∣∣∣ ≤ cεδ+2r−δ−2 for x ∈ supp (1− ηA

ε ),

∣∣∣qA(ε−1(x−A))
∣∣∣ ≤ ce−β/ε for x ∈ supp (1− µB

ε ).
(4.9)

Hence by (4.8), (4.9) we obtain

IA
3 =

∫

ΛA

qA(y) dy + O(εδ/2). (4.10)

Similarly, using the equality

IB −
∫

ΠB

qB(t) dt =
1
ε2

∞∫

ε−1/2

εb+A∫

−εb−A

(1− ξB
ε (x))qB(ε−1(x−B)) dx1dx2

and the inclusion qB ∈ C0,α
δ (ΠB), we �nd

IB =
∫

ΠB

qB(t) dt + O(εδ/2). (4.11)

Since q0 ∈ N0,α
τ,⊥, |τ − 1− α| < 1, it follows that the equality

∫

Ωε

Xε(x)q0(x) dx =
∫

Ω0

q0(x) dx +
∑ ω+

A∫

−ω−A

2ε−1/2∫

0

(1− χA
ε (x))q0(x)r drdθ



26

implies

I0 = O(ε). (4.12)

Thus, by (4.6), (4.7), (4.10)�(4.12) we arrive at the formula
∫

Ωε

Pε(x) dx = J +
∑

{ε−26ρνL2
Ab−2

A − ε−2CA

∫

CA
ε

ξB
ε (x) dx

+ε−1CALAbA + log 1/ε

ω+
A∫

−ω−A

J A(θ) dθ

+cA
1 + cA

2 +
∫

ΛA

qA(y) dy +
∫

ΠB

qB(t) dt}+ O(ε).

(4.13)

In order to equate p0 to ε−2pA as well as ε−2pA to ε−2pB in the domains
supp∇ηA

ε and supp∇µB
ε respectively, we put

kA
ε = ε2Kε, kB

ε = kA
ε + CA. (4.14)

Let us calculate the integral J . Taking into consideration (4.14) we have

J = Kε|Ωε|+ ε−2
∑

CA

∫

CA
ε

ξB
ε (x) dx. (4.15)

By direct calculation we obtain

|Ωε| = |Ω0|+ ε
∑

bALA + ε2 1
2

∑
((b+

A)2ctgω+
A + (b−A)2ctgω−A). (4.16)

Let us substitute (4.15), (4.16) into (4.13). Condition (4.4) implies

Kε{|Ω0|+ ε
∑

bALA + ε2 1
2

∑
((b+

A)2ctgω+
A + (b−A)2ctgω−A))}

= ε−26ρν
∑

L2
Ab−2

A + ε−1
∑

CALAbA + log 1/ε
∑ ω+

A∫

−ω−A

J A(θ) dθ

+
∑

{cA
1 + cA

2 +
∫

ΛA

qA(y) dy +
∫

ΠB

qB(t) dt}.

(4.17)
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Hence, we look for Kε in the form

Kε = K(2)ε−2 + K(1)ε−1 + K(log) log 1/ε + K(0). (4.18)

After substituting (4.18) into (4.17) we have

K(2) = −|Ω0|−16ρν
∑

(LA/bA)2,

K(1) = −|Ω0|−1
∑

bALA(CA + K(2)),

K(log) = −|Ω0|−1
∑ ω+

A∫

−ω−A

J A(θ) dθ,

K(0) = −|Ω0|−1
∑

{cA
1 + cA

2 +
∫

ΛA

qA(y) dy +
∫

ΠB

qB(t) dt

+K(1)bALA + K(2)/2((b+
A)2ctgω+

A + (b−A)2ctgω−A)}.

(4.19)

Thus, the constants Kε, k
A
ε , kB

ε are de�ned by (4.19), (4.14).

5 The boundary value problem for the remainder
(wε, pε)

In the previous section we were concerned with the principal term (Vε, Pε)
in the asymptotic representation (0.22) for the solution (vε, pε) of problem
(0.1)�(0.5). To justify representation (0.22), consider the problem for the
remainder (wε, qε). Let

T : (
o

H1(Ωε))2 × L2(Ωε) → ((H1(Ωε))2)∗ × L2(Ωε)

be the operator de�ned by

T (w, q) =
(〈w,∇〉w + 〈Vε,∇〉w + 〈w,∇〉Vε, 0

)
.

The pair (wε, qε) satis�es the equation

S(wε, qε) + ν−1T (wε, qε) = (Fε, hε), (5.1)

where S is the operator of the Stokes system in Ωε (cf. Section 3) and

Fε = −S(Vε, Pε)− ν−1〈Vε,∇〉Vε, hε = −divVε.
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Using (1.14) with S = wε, T = Vε and S = T = wε as well as the equality
div(Vε + wε) = 0, we write (5.1) in the form

S(wε, qε) +N (wε, qε) = (Gε, hε). (5.2)

Here

N =
(
divN (1),divN (2), 0

)
, Gε = ν−1

(
divG(1)

ε , divG(2)
ε

)
, (5.3)

with
N (k) = ν−1(wεkwε + Vεkwε + wεkVε),

G(k)
ε = ∇Vεk − ρ−1pεe(k) − VεkVε,

where k = 1, 2.
To estimate the right-hand side (Gε, hε) of (5.2) we represent Ωε in the

form

Ωε = ∪{A}
(
ΓA

ε ∪GA
ε

) ∪ ∪{B}
(
ΓB

ε ∪GB
ε

)
,

where
ΓA

ε = {x ∈ Ωε : x ∈ Ω0 ∩
(
D2ε−1/2(x−A) \ Dε−1/2(x−A)

)},

ΓB
ε = {x ∈ Ωε : x ∈ CA

ε ∩ D2ε−1/2(x−B)},

G0
ε = Ω0 \ ∪{A}D2ε−1/2(x−A), GB

ε = Ωε ∩ ∪{B}Dε−1/2(x−B),

GA
ε = ∪{A}

(
Ω0 ∩ Dε−1/2(x−A)

) ∪ ( ∪{A} CA
ε \ ∪{B}D2ε−1/2(x−B)

)

and {B} is the union the points B with coordinates (yA
1 , yA

2 ) = (0,−LA)
which is extended over all channels CA.

According to (0.19), (0.20) we have

(Vε, Pε) ≡





(v0, p0) on x ∈ G0
ε

(ε−1vA, ε−2pA) on x ∈ GA
ε

(ε−1vB, ε−2pB) on x ∈ GB
ε .

Hence, by de�nition of (v0, p0), (vA, pA) and (vB, pB) we obtain

(Gε, hε) = 0 on G0
ε ∪GA

ε ∪GB
ε . (5.4)

To simplify the notation, in Section 5 we omit the indices A,B for χA
ε ,

ηA
ε , µB

ε , ξB
ε .
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Lemma 5.1 The inequality

‖G(1)
ε ‖L2(Gε) + ‖G(2)

ε ‖L2(Gε) + ‖hε‖L2(Gε) ≤ cεD (5.5)

is valid with D > 0 and with a constant c independent of ε.

Proof. By (5.4)

supp{(Gε, hε)} = ∪{A}ΓA
ε ∪ ∪{B}ΓB

ε .

For x ∈ ΓA
ε one has

χε(x) + ηε(x) = 1, div HA = 0,

div
(∇HA

k − ε−1{ρ−1QAe(k) +HA
k HA}) = 0,

where HA = HA
M with M = ΥA. Consequently,

G(k)
ε = gA

k,1 + gA
k,2 + gA

k,3, hε = −ε−1div (ηεwA + χεw0),

where

gA
k,1 = ε−1

{∇(ηεw
A
k )− ε−1{ρ−1e(k)ηεq

A

+HA
k ηεwA + ηεw

A
k HA + η2

εw
A
k wA}},

gA
k,2 = ε−1

{∇(χεw0k)− ε−1{ρ−1e(k)χεq0

+HA
k χεw0 + χεw0kHA + χ2

εw0kw0}
}
,

gA
k,3 = 2ε−2χεηεw0wA.

Estimate (2.8) implies

ε−1|∇jwA(ε−1(x−A))| ≤ cεδ+jr−δ−j−1, j = 0, 1,

ε−2|qA(ε−1(x−A))| ≤ cεδ+1r−δ−2
(5.6)

for x ∈ ΓA
ε . Hence

‖gA
k,1‖L2(ΓA

ε ) ≤ cεδ/2, k = 1, 2, ε−1‖div (ηεwA)‖L2(ΓA
ε ) ≤ cεδ/2. (5.7)
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Since (w0, q0) ∈ (
o

N1,α
τ (Ω0))2 ×N0,α

τ,⊥(Ω0), we have

|∇jw0(x)| ≤ crδ−j , j = 0, 1, |q0(x)| ≤ crδ−1 (5.8)

for x ∈ ΓA
ε . By (5.8)

‖gA
k,2‖L2(ΓA

ε ) ≤ cεδ/2, k = 1, 2, ε−1‖div (χεw0)‖L2(ΓA
ε ) ≤ cεδ/2. (5.9)

The estimate

‖gA
k,3‖L2(ΓA

ε ) ≤ cεδ/2 (5.10)

for x ∈ ΓA
ε follows from (5.6), (5.8). Unifying (5.7), (5.9), (5.10) we have

‖G(k)
ε ‖L2(ΓA

ε ) ≤ cεδ/2, k = 1, 2, ‖hε‖L2(ΓA
ε ) ≤ cεδ/2. (5.11)

For x ∈ ΓB
ε using the equalities

µε(x) + ξε(x) = 1, div UA = 0,

div
(∇UA

k − ε−1{ρ−1PAe(k) + UA
k UA}) = 0

we �nd

G(k)
ε = gB

k,1 + gB
k,2 + gB

k,3, hε = −ε−1div (µεwA + ξεwB),

where

gB
k,1 = ε−1

{∇(ξεw
B
k )− ε−1{ρ−1e(k)ξεq

B

+UA
k ξεwB + ξεw

B
k UA + ξ2

εwB
k wB}},

gB
k,2 = ε−1

{∇(µεw
A
k )− ε−1{ρ−1e(k)µεq

A

+UA
k µεwA + µεw

A
k UA + µ2

εw
A
k wA}},

gB
k,3 = 2ε−2µεξεw

A
k wB

k .

By (2.8) for x ∈ ΓB
ε we obtain

|∇jwA(ε−1(x−A))| ≤ ce−d/ε, j = 0, 1, |qA(ε−1(x−A))| ≤ ce−d/ε(5.12)
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with d > 0. The similar estimate

|∇jwB(ε−1(x−B))| ≤ ce−d/ε, j = 0, 1,

|qB(ε−1(x−B))| ≤ ce−d/ε, d > 0
(5.13)

for x ∈ ΓB
ε follows from (2.12). Using (5.12) for gB

k,2, (5.13) for gB
k,1 and both

estimates for hε, gB
k,3 we arrive to the inequalities

‖gB
k,m‖L2(ΓB

ε ) ≤ ce−d/ε, m = 1, 2, 3, ‖hε‖L2(ΓB
ε ) ≤ ce−d/ε. (5.14)

Unifying (5.11) and (5.14) we complete the proof.
Thus, by Lemma 5.1 and representation (5.3) for the function Gε the

right-hand side of (5.2) admits the estimate

‖(Gε, hε)‖((H
o

1(Ωε))2)∗×L2(Ωε)
≤ cεD. (5.15)

6 The existence theorem
In Section 4 we obtained the constants Kε, k

A
ε , kB

ε and the pairs (v0, p0),
(vA, pA), (vB, pB) which enter formulas (0.19), (0.20) for the principal term
(Vε, Pε) of representation (0.22). In Section 5 we considered the problem
for the remainder term (wε, pε). Now we are in a position to prove the main
result of the paper.

Theorem 6.1 There exists a solution (vε, pε) of problem (0.1)�(0.5) repre-
sented in the form (0.22), where (wε, qε) ∈ (

o
H1(Ωε))2 ×L2(Ωε) is subject to

(0.23).

Proof. Let

lε = qε + Pε. (6.1)

The pair (wε, lε) satis�es equation (5.2) with

N : (
o

H1(Ωε))2 × L2(Ωε) → ((H1(Ωε))2)∗ × L2(Ωε)

being the operator acting by formula (5.3). Let Bκ be the ball in (
o

H1(Ωε))2×
L2(Ωε) with center at S−1(Gε, hε) and with a small radius κ and let (U(j), T (j))
∈ Bκ, j = 1, 2. We shall show that if the right-hand side of the boundary
condition (0.3) satis�es (0.21), then, for a su�ciently small κ, the operator

S−1(N ) : (
o

H1(Ωε))2 × L2(Ωε) → (
o

H1(Ωε))2 × L2(Ωε)
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is a contraction operator in Bκ, i.e. the inequality

‖N (U(1), T (1))−N (U(2), T (2))‖
((H

o
1(Ωε))2)∗×L2(Ωε)

≤ k‖(U(1), T (1))− (U(2), T (2))‖
(H
o

1(Ωε))2×L2(Ωε)

(6.2)

holds with a constant m < 1 and

‖N (U(j), T (j))‖
((H

o
1(Ωε))2)∗×L2(Ωε)

≤ κ. (6.3)

By (5.3) in order to prove (6.2) it is su�cient to check inequalities

ν−1‖VεkU
(j)
i ‖L2(Ωε) ≤ CR‖U (j)

i ‖
(H
o

1(Ωε))2
, (6.4)

ν−1‖U (j)
i U (k)

m ‖L2(Ωε) ≤ Cκ‖U (j)
i ‖

(H
o

1(Ωε))2
(6.5)

with i, j, k,m = 1, 2 and constants CR, Cκ satisfying the conditions

CR → 0 as R → 0, Cκ → 0 as κ → 0.

We begin with (6.4). By (0.19), (4.1)�(4.3)

‖VεU‖L2(Ωε) ≤ c
(‖w0UX‖L2(Ωε)

+
∑{‖ζAηA

ε HAU‖L2(Ωε) + ε−1
{‖ηA

ε µB
ε wAU‖L2(Ωε)

+‖ζA
−UAU‖L2(Ωε) + ‖ξB

ε wBU‖L2(Ωε)

)}}
(6.6)

(To simplify the notation, in (6.6) and henceforth we have omitted the indices
j, k for U

(j)
k as well as the index k for the components Vεk,Uk,Hk of the

vectors Vε,U , H.) Using the estimates

‖u‖L2(CA
ε ) ≤ εC‖∇u‖L2(CA

ε ), ‖r−1u‖L2(Ω0) ≤ C‖∇u‖L2(Ω0) (6.7)

for u ∈ o
H1(Ωε), we �nd

ε−2‖ζA
−UAU‖2

L2(Ωε)
+ ‖ζAηA

ε HAU‖2
L2(Ωε)

≤ C|ΥA|‖∇U‖L2(Ωε). (6.8)

Here and below we denote constants independent of ε, ν,ϕ by C.
According to (2.12) with g = ϕA and the Sobolev inequality

‖u‖L4(CA
ε ) ≤ ε1/2C‖∇u‖L2(CA

ε )
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the last term in (6.6) is estimated as follows

‖ξB
ε wBU‖L2(Ωε) ≤ C‖wB‖L4(CA

ε )‖U‖L4(CA
ε )

≤ Cε‖wB‖L4(ΠB)‖∇U‖L4(CA
ε ) ≤ Cε‖wB‖

H
o

1(ΠB)
‖U‖

H
o

1(Ωε)

≤ Cε‖ϕA‖(C1,α(−b−A ,b+A))2‖U‖H
o

1(Ωε)
.

(6.9)

We represent the function ηA
ε µB

ε wAU in the form

ηA
ε µB

ε wAU = (1− ζA
+)µB

ε wAU + ζA
+ηA

ε wAU.

Using (2.8) with M = ΥA and a chain of inequalities similar to (6.9) we
obtain

‖(1− ζA
+)µB

ε wAU‖L2(Ωε) ≤ Cε‖ϕA‖(C1,α(−b−A ,b+A))2‖U‖H
o

1(Ωε)
. (6.10)

By (1.12) with

M =
∑

|ΥA|

and the Sobolev inequality

‖u‖L4(Ωε) ≤ C‖u‖
H
o

1(Ωε)
(6.11)

we have

‖Xw0U‖L2(Ωε) ≤ C‖w0‖L4(Ω0)‖U‖L4(Ωε) ≤ C‖U‖
H
o

1(Ωε)

∑
|ΥA|. (6.12)

Let us introduce the set

SA
ε = {x ∈ Ωε : x ∈ Ω0 ∩

(
D2ε1/2(x−A) \ DbA

(x−A)
)
.

By (2.8) with M = ΥA the estimate

wA(ε−1(x−A)) ≤ C|ΥA|(x/ε)−1−δ, x ∈ SA
ε

holds. Hence

‖wA‖L4(SA
ε ) ≤ C|ΥA|(x/ε)3/4+δ/2. (6.13)

Using (6.13) and the inequality

‖u‖L4(SA
ε ) ≤ ε1/2C‖∇u‖L2(SA

ε )
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we arrive at

‖ζA
+ηA

ε wAU‖L2(Ωε) ≤ Cε|ΥA| ‖U‖H
o

1(Ωε)
. (6.14)

Since |ΥA| ≤ CνR and
∑ |ΥA| ≤ CνR, by combining (6.6) with (6.8)�

(6.10), (6.12)�(6.14) we obtain (6.4) with CR = RC.
The estimate (6.3) with a su�ciently small κ and the estimate (6.5) with

Cκ = κC follow from (6.11).
Thus, N is a contraction operator in Bκ and therefore, according to

the Banach principle, there exists a unique solution (wε, lε) ∈ Bκ of equa-
tion (5.2). Putting κ = εD and taking into account (6.1), (4.4), (5.15) we
complete the proof.

7 Asymptotic representations for the kinetic en-
ergy and Dirichlet integral

The asymptotic behavior of the kinetic energy E(vε) is described in the
following assertion.

Theorem 7.1 Kinetic energy E(vε) of the �uid in the domain Ωε has the
asymptotic representation (0.25), where VA = VA

M with M = ΥA.

Proof. We write the velocity vε in the form

vε = uε + Wε + wε, (7.1)

where

uε(x) = ε−1
∑ {

ζA(x−A)ζA
+(ε−1(x−A))H(ε−1(x−A))

+ζA
−(ε−1(x−A))U(ε−1(x−A))

}
,

Wε(x) = Xε(x)wε(x)

+ε−1
∑{

ηA
ε (x)µB

ε (x)wA(ε−1(x−A)) + ξB
ε (x)wB(ε−1(x−B))

}
.

We remind that the summation is taken over all the channels. By (7.1) we
have

E(vε) =
ρ

2
(‖uε‖2

L2(Ωε)
+ ‖Wε‖2

L2(Ωε)
+ ‖wε‖2

L2(Ωε)
+ J1 + J2

)
, (7.2)
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where

J1 = 2
∫

Ωε

uε(wε + Wε) dx, J2 = 2
∫

Ωε

wεWε dx.

Straightforward calculation gives

∫

Ωε

u2
ε dx =

6
5

1
ε

∑
Υ2

ALAb−1
A + log

1
ε

∑
Υ2

A

ω+
A∫

ω−A

(VA(θ)
)2

dθ + O(1). (7.3)

Now we estimate other terms in the right-hand side of (7.2). Since

‖Wε‖(H
o

1(Ωε))2
≤ c

(‖w0‖(H
o

1(Ω0))2

+
∑

{‖wA‖
(H
o

1(ΛA))2
+ ‖wB‖

(H
o

1(ΠB))2
}),

then (1.12) with M =
∑ |ΥA|, (2.8) with M = ΥA and (2.12) with g = ϕA

imply

‖Wε‖H
o

1(Ωε)
≤ C. (7.4)

By (0.23) we have

‖wε‖H
o

1(Ωε)
≤ cεδ. (7.5)

The estimate

|J1| ≤ c (7.6)

follows from (7.4) and (7.5). According to (7.4), (7.5) and (6.7)

|J2| ≤ c. (7.7)

Unifying (7.2)�(7.7) we arrive at (0.25).
Now we calculate the principal term of the asymptotic representation of

the Dirichlet integral I(vε) of problem (0.1)�(0.5).

Theorem 7.2 Dirichlet integral (0.26) of problem (0.1)�(0.5) admits repre-
sentation (0.27).
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Proof. We make use of expression (7.1) for the velocity vector vε. A
straightforward calculation gives

‖∇uε‖2
L2(Ωε)

= 12ε−3
∑

Υ2
ALAb−3

A + O(ε−2). (7.8)

It follows by (7.4), (7.5) that

I(wε + Wε) ≤ c. (7.9)

The inequality

|I(vε)− I(uε)| ≤ cI(wε + Wε)1/2
(I(wε + Wε)1/2 + I(uε)1/2

)

combined with (7.8), (7.9) completes the proof.
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