
A. Cialdea, V. Maz’ya

Semi-Bounded

Partial Differential Operators

Springer





To our wives Flavia and Tatyana





Contents

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1 Preliminary facts on semi-boundedness of forms and
operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.1 Dual set . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.2 Semi-bounded operators on Banach spaces . . . . . . . . . . . . . . . . . . 6
1.3 Criteria for the contractivity of a semigroup . . . . . . . . . . . . . . . . 8

1.3.1 Strongly continuous semigroups . . . . . . . . . . . . . . . . . . . . . 8
1.3.2 Main result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

1.4 Dissipativity in abstract setting . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
1.4.1 Dissipative operators on Banach spaces . . . . . . . . . . . . . . 21
1.4.2 Another characterization of generators of contractive

semigroups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
1.5 Time dependent semi-bounded operators . . . . . . . . . . . . . . . . . . . 25

1.5.1 “Parabolic” equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
1.5.2 “Elliptic” equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

1.6 Comments to Chapter 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

2 Lp-dissipativity of scalar second order operators with
complex coefficients . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
2.1 Results on general operators with lower order terms . . . . . . . . . 32

2.1.1 Main Lemma . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
2.1.2 Necessary condition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
2.1.3 Sufficient condition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
2.1.4 Consequences of the main Lemma . . . . . . . . . . . . . . . . . . . 40

2.2 The operator : u → div(A ∇u). The main Theorem . . . . . . . . . . 41
2.3 Operators with lower order terms . . . . . . . . . . . . . . . . . . . . . . . . . . 45

2.3.1 Operators with constant complex coefficients . . . . . . . . . . 46
2.4 Equivalence between the dissipativity of the operator and the

dissipativity of the associated form . . . . . . . . . . . . . . . . . . . . . . . . 49
2.4.1 Lp-dissipativity of L and Lp-dissipativity of A . . . . . . . . 50



VIII Contents

2.4.2 Intervals of dissipativity . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
2.4.3 Contractive semigroups generated by the

operator : u → div(A ∇u) . . . . . . . . . . . . . . . . . . . . . . . . . . 56
2.4.4 Quasi-dissipativity and quasi-contractivity . . . . . . . . . . . . 57

2.5 A quasicommutative property of the Poisson and composition
operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
2.5.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
2.5.2 The Main Result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

2.6 Comments to Chapter 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

3 Elasticity system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
3.1 Lp-dissipativity of planar elasticity . . . . . . . . . . . . . . . . . . . . . . . . 76
3.2 Comparison between E and ∆ . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83
3.3 Lp-dissipativity of three-dimensional elasticity . . . . . . . . . . . . . . . 85
3.4 Weighted Lp-negativity of elasticity system defined on

rotationally symmetric vector functions . . . . . . . . . . . . . . . . . . . . 89
3.5 Comments to Chapter 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

4 Lp-dissipativity for systems of partial differential operators 95
4.1 Technical Lemma . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95
4.2 Necessary condition for the Lp-dissipativity of the system

∂h(A hk(x)∂k) when n = 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99
4.3 Lp-dissipativity for systems of ordinary differential equations . . 102

4.3.1 Necessary and sufficient conditions for the
Lp-dissipativity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

4.3.2 Necessary and sufficient conditions in terms of
eigenvalues for real coefficient operators . . . . . . . . . . . . . . 105

4.3.3 Comparison between A and I(d2/dx2) . . . . . . . . . . . . . . . 109
4.4 Lp-dissipativity for a class of systems of partial differential

equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114
4.5 Weakly coupled systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

4.5.1 Preliminary results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118
4.5.2 The Relation Between µ and µp . . . . . . . . . . . . . . . . . . . . . 121
4.5.3 Dissipativity of A and Ap . . . . . . . . . . . . . . . . . . . . . . . . . . 125

4.6 Lp-dissipativity of coupled systems for any p’s . . . . . . . . . . . . . . . 126
4.6.1 The maximum modulus principle for a parabolic system 127
4.6.2 The Parabolic PDE Setting . . . . . . . . . . . . . . . . . . . . . . . . . 128
4.6.3 The Semigroup Setting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

4.7 Comments to Chapter 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

5 The angle of Lp-dissipativity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139
5.1 Angle of dissipativity of the scalar operator ∇t(A (x)∇) . . . . . . 139
5.2 The angle of dissipativity of the system ∂h(A h(x)∂hu) . . . . . . . 143
5.3 Comments to Chapter 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144



Contents IX

6 Higher order differential operators in Lp . . . . . . . . . . . . . . . . . . . 145
6.1 Some Counterexamples in Dimension One . . . . . . . . . . . . . . . . . . 145
6.2 The Multi-dimensional Case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155
6.3 Absence of Lp-dissipativity for higher order operators . . . . . . . . 161
6.4 Contractivity on the Cone of Nonnegative Functions . . . . . . . . . 162
6.5 Comments to Chapter 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167

7 Weighted positivity and other related results . . . . . . . . . . . . . . 169
7.1 Weighted positivity of Ordinary Differential Operators . . . . . . . 170

7.1.1 Positivity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171
7.1.2 Non-positivity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 174
7.1.3 The operators (1 +D2)m . . . . . . . . . . . . . . . . . . . . . . . . . . . 176
7.1.4 An application to integral equations . . . . . . . . . . . . . . . . . 180

7.2 Weighted positivity of second order elliptic systems . . . . . . . . . . 180
7.2.1 Support at the Origin . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 183
7.2.2 Positive Definiteness of LTΨ . . . . . . . . . . . . . . . . . . . . . . . . 189
7.2.3 Pointwise Positive Definiteness . . . . . . . . . . . . . . . . . . . . . . 196
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Introduction

Motivation. In the present book we study conditions for the semi-bound-
edness of partial differential operators which is interpreted in different ways.
The semi-boundedness, i.e. the boundedness from above or from below of
quadratic forms generated by operators acting in Hilbert spaces has clear
physical meaning. This explains why such operators play an exceptional role
in applications of mathematical analysis.

In particular the definiteness of the sign of quadratic forms leads to theo-
rems of invertibility for the corresponding operators. It also gives quantitative
information on inverse operators. Operators with definite sign of the quadratic
form are naturally divided in the classes of positive and negative operators.

From the mathematical point of view the semi-boundedness is closely
connected with such properties of differential operators as strong ellipticity,
G̊arding inequality, maximum norm principles, and L2-contractivity of the
semigroup generated by the operator.

Needless to say an operator A is bounded from below if and only if −A is
bounded from above and vice versa. Hence we choose one of these classes in
different contexts without any serious reason, just according to our taste.

Nowadays one knows rather much about L2-semibounded differential and
pseudo-differential operators, although their complete characterization in an-
alytic terms causes difficulties even for rather simple operators, like, for ex-
ample, the Schrödinger operator u �→ −∆u + c(x)u (see Maz’ya [66] and
references therein, and Jaye, Maz’ya, Verbitsky [38, 39]).

Until recently almost nothing was known about analytic characterizations
of semi-boundedness for differential operators in other Hilbert function spaces
and in Banach function spaces.

The goal of the present book is to partially fill this gap. We consider various
types of semi-boundedness and give some relevant conditions which are either
necessary and sufficient or best possible in a certain sense.

The material included here was either unpublished or published in journal
articles, so that the book has no significant intersections with huge existing



2 Contents

monographic literature on partial differential operators in Hilbert and Banach
spaces.

Most of the results reported in this book reflect our joint work on this
subject [8, 9, 10, 11]. We have included also theorems due to Stefan Eilertsen
[20, 22] and to the second author and Ovidiu Costin [12], Gershon Kresin
[45, 46], Mikael Langer [49, 50], Guo Luo [56, 57] and Svitlana Mayboroda
[58, 59].

Structure of the book. There are seven Chapters in the present book.
In Chapter 1 we study a certain subclass of semi-bounded operators in

a general Banach space, called dissipative. One is interested in such opera-
tors because of their close relation with the question of contractivity of the
generated semigroup.

In Chapter 2 we consider a scalar second order partial differential operator
whose coefficients are complex valued measures. For a class of such operators
we find algebraic necessary and sufficiend conditions for the Lp-dissipativity.
Generally speaking we show that such conditions are necessary and sufficient
for the so-called quasi-dissipativity. Algebraic necessary and sufficient condi-
tions are obtained also for scalar operators with complex constant coefficients.

Chapter 3 is devoted to the elasticity system. In the two-dimensional case
we give an inequality involving p and the Poisson ratio, which provides a nec-
essary and sufficient condition for the Lp-dissipativity of the Lamè operator.

In Chapter 4 we study some classes of systems for which we give necessary
and sufficient conditions.

The angle of dissipativity is the subject of Chapter 5. Thanks to the nec-
essary and sufficient conditions we have obtained, we are able to characterize
such an angle for different operators.

In Chapter 6 we have considered higher order partial differential operators.
It is shown that we cannot have Lp-dissipativity for higher order operators if
p �= 2. We may have Lp-contractivity only for fourth order operators on the
cone of nonnegative functions and only for particular values of p.

In Chapter 7 we collect a series of results concerning the positivity of
various differential operators in different L2-weighted spaces.

More detailed information on the material included here can be found in
the introductions to chapters. We collect bibliographical notes in comments
to each chapter.

Readership. The volume is addressed to mathematicians working in par-
tial differential equations and applications.

Prerequisites for reading this book are undergraduate courses in theory of
partial differential equations and functional analysis.

Acknowledgments. The final version of the book was prepared during
our stay in the Institut Mittag-Leffler in July, 2013. We are grateful to the
staff of this Institute who created excellent conditions for our work.
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Preliminary facts on semi-boundedness of
forms and operators

Let us remind that, in the classical theory of Hilbert spaces, the class of
symmetric operators A, semi-bounded below is selected by the inequality

(Au, u) � c �u�2

valid for any u belonging to D(A), the domain of A (c ∈ R). Similarly an
operator A is said to be semi-bounded above if the previous inequality holds
with � replaced by �.

More generally, a not necessarily symmetric operator A on a Hilbert space
is said to be semi-bounded below (above) if

Re(Au, u) � c �u�2 (Re(Au, u) � c �u�2) (1.1)

for any u belonging to D(A).
If (1.1) holds with c = 0, the operator A is said to be positive (nega-

tive). There are alternative terms, accretive and dissipative, which come from
physical applications.

In the present book we are led by analogy with these Hilbert space notions
to speak about semi-bounded, positive, negative, accretive and dissipative
operators in more general spaces (see Section 1.2).

The importance of dissipative operators lies, in particular, in the fact that
they generate contractive semigroups. Sections 1.3, 1.4 are devoted to basic
properties of dissipative operators in Banach spaces and to the contractivity
of the generated semigroups.

The last section 1.5 deals with time dependent semi-bounded operators
acting in general Banach spaces.

1.1 Dual set

Let X be a (complex) Banach space and denote by X∗ its (topological) dual
space.
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Given x ∈ X, denote by i(x) the set

i(x) = {x∗
∈ X∗

| �x∗, x� = �x�2 = �x∗
�
2
}.

The set i(x) is called the dual set of x.
It is not difficult to prove that, for any x ∈ X, i(x) is not empty. In fact,

if x = 0, i(0) = {0}. If x �= 0, in view of the Hann-Banach Theorem, there
exists f ∈ X∗ such that

�f, x� = �x�, �f� = 1.

Thus x∗ = �x� f belongs to i(x), since

�x∗, x� = �x��f, x� = �x�2, �x∗
� = �x� �f� = �x�.

Generally speaking, the set i(x) can contain more than one element. This
does not happen if X∗ is strictly convex, in particular if X is a Hilbert space.

Lemma 1.1. If X∗
is strictly convex, for any x ∈ X the set i(x) contains

only one element.

Proof. Since i(0) = {0}, the result is true if x = 0.
Let now x �= 0 and let f, g be in i(x); let us prove that

f + g

2
∈ i(x). (1.2)

In fact, we have

�f, x� = �x�2 = �f�2, �g, x� = �x�2 = �g�2

and therefore �
f + g

2
, x

�
=

1

2
�f, x�+

1

2
�g, x� = �x�2.

This implies

�x�2 � 1

2
�f + g� �x�

from which

�x� � 1

2
�f + g� .

On the other hand, since �f + g� � �f�+ �g� = 2 �x�, we have

1

2
�f + g� = �x�

and this proves (1.2).
We have thus

�f + g� = 2 �x� = �f�+ �g� .
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Because of the strictly convexity of X∗, this implies that f and g are
linearly dependent, i.e. there exists (a, b) �= (0, 0) such that af + bg = 0 a.e. .

Supposing a �= 0, we find f = λ g. Since

�g, x� = �x�2 = �f, x� = λ�g, x�

we have λ = 1 (note that x �= 0 and then �g, x� �= 0), i.e. f = g.

Let us determine the dual set i(x) in the particular case of the Lp spaces.
Since the spaces Lp(Ω) (1 < p < ∞) are strictly convex, the dual set i(f)
contains only one element f∗. Let us look for f∗ in the following form

f∗(x) =

�
cff(x)|f(x)|α if f(x) �= 0

0 if f(x) = 0

where cf and α are to be determined.
Since f∗ has to belong to Lq, and since

|f∗(x)|q = cq
f
|f(x)|q(α+1)

where f �= 0,we must have q(α+ 1) = p, i.e. α = p

q
− 1 = p− 2.

Imposing the condition �f∗, f� = �f�2
p
leads to

�f�2
p
= �f∗, f� = cf

�

f �=0
|f |α+2dx = cf

�

Ω

|f |pdx = cf�f�
p

p

and then
cf = �f�2−p

p
.

Let us prove that we have also �f∗�q = �f�p. In fact, since |f∗|q =
cq
f
|f |q(α+1) = cq

f
|f |p (where f �= 0), we have

�

Ω

|f∗
|
qdx = cq

f

�

f �=0
|f |pdx = �f�q(2−p)+p

p
= �f�q

p
.

We have then proved

Lemma 1.2. Let X = Lp(Ω) (1 < p < ∞). The dual set i(f) contains only

the element f∗
, where

f∗(x) =

�
= �f�2−p

p
f(x) |f(x)|p−2

if f(x) �= 0

0 if f(x) = 0.

Remark 1.3. If p = 1, we can take

f∗(x) =






�f�1
f(x)

|f(x)|
if f(x) �= 0

ψ(x) if f(x) = 0.
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where ψ is any measurable function such that |ψ(x)| � �f�1 a.e. .
We leave the proof to the reader. This remark shows that there are in-

finitely many functions f∗ in i(f), provided that the set {x ∈ Ω | f(x) = 0}
has positive measure and �f�1 > 0.

1.2 Semi-bounded operators on Banach spaces

Let X be a (complex) Banach space and X∗ its (topological) dual space. Let
L be a sesquilinear form

D�
×D � (ϕ, u) �→ L (ϕ, u) ∈ C,

where D� and D are two subspaces dense in B∗ and B, respectively. This
means that

L (αϕ+βψ, u) = αL (ϕ, u)+β L (ψ, u), L (ϕ,αu+βv) = α(ϕ, u)+β(ϕ, v).

We give now the first basic definition we shall use everywhere.

Definition 1.4. We say that L is semi-bounded above in D if there exists

c ∈ R such that, for any u ∈ D with i(u) ∩D� �= ∅, there exists u∗ ∈ D�
for

which

ReL (u∗, u) � c �u�2. (1.3)

In particular, if for any u ∈ D with i(u) ∩ D� �= ∅, there exists u∗ ∈ D�

such that

ReL (u∗, u) � 0 , (1.4)

we say that L is dissipative (negative) in D.

If (1.3) holds with a constant c � 0, we say that L is quasi-dissipative.

Similarly the semiboundedness below is defined as follows.

Definition 1.5. We say that L is semi-bounded below in D if there exists

c ∈ R such that, for any u ∈ D with i(u) ∩D� �= ∅, there exists u∗ ∈ D�
for

which

ReL (u∗, u) � c �u�2. (1.5)

In particular, if for any u ∈ D with i(u) ∩ D� �= ∅, there exists u∗ ∈ D�

such that

ReL (u∗, u) � 0 , (1.6)

we say that L is accretive (positive) in D.

If (1.5) holds with a constant c � 0, we say that L is quasi-accretive.
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Example 1.6. Consider X = Lp(Ω), X∗ = Lp
�
(Ω), D = D� = C1

0 (Ω),

L (ϕ, u) =

�

Ω

∇ϕ ·∇u dx.

Now, if p � 2, u∗ belongs to C1
0 (Ω) for any u ∈ C1

0 (Ω). Therefore condition
(1.6) means

Re

�

Ω

∇(|u|p−2u) ·∇u dx � 0

for any u ∈ C1
0 (Ω).

If 1 < p < 2, we prove the following simple fact: u ∈ C1
0 (Ω) is such that

u∗ belongs to C1
0 (Ω) if and only if we can write u = �v�2−p

�

p� |v|p
�−2v, with

v ∈ C1
0 (Ω).

In fact, if v is any function in C1
0 (Ω), then setting u = �v�2−p

�

p� |v|p
�−2v, we

have u ∈ C1
0 (Ω) and u∗ = v belongs to C1

0 (Ω) too. Conversely, if u is such that

u∗ belongs to C1
0 (Ω), set v = u∗. We have v ∈ C1

0 (Ω) and u = �v�2−p
�

p� |v|p
�−2v.

The proof is complete.
Therefore, if 1 < p < 2, condition (1.6) for any u ∈ D such that u∗ belongs

to D�, means

Re

�

Ω

∇v ·∇(|v|p
�−2v) dx � 0

for any v ∈ C1
0 (Ω).

Now, suppose we have a linear operator A : D(A) ⊂ X → X. Setting

L (u∗, u) = �u∗, Au�, D = D(A), D� = B∗

in Definitions 1.5 or 1.4, we obtain the analogues definitions for operators.

Definition 1.7. Let A : D(A) ⊂ X → X be a linear operator, X being a

(complex) Banach space. A is said to be semi-bounded above if there exists

c ∈ R such that, for any u ∈ D(A) there exists u∗ ∈ i(u) for which

Re �u∗, Au� � c �u�2.

In particular, if this condition holds with c = 0 (c � 0) we say that A is

dissipative (quasi-dissipative).

Definition 1.8. Let A : D(A) ⊂ X → X be a linear operator, X being a

(complex) Banach space. A is said to be semi-bounded below if there exists

c ∈ R such that, for any u ∈ D(A) there exists u∗ ∈ i(u) for which

Re �u∗, Au� � c �u�2.

In particular, if this condition holds with c = 0 (c � 0) we say that A is

accretive (quasi-accretive).
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Remark 1.9. Let A be a linear operator defined on a subspace D(A) contained
in Lp(Ω), Ω being a domain in Rn, p ∈ (1,∞). Thanks to Lemma 1.2, the
operator A is dissipative with respect to the Lp-norm, briefly is Lp-dissipative,
if, and only if,

Re

�

Ω

�Au, u�|u|p−2dx � 0, ∀ u ∈ D(A),

where the integral is extended on the set {x ∈ Ω | u(x) �= 0}.

1.3 Criteria for the contractivity of a semigroup

1.3.1 Strongly continuous semigroups

Let X be a Banach space. A semigroup of linear operators on X is a family
of linear and continuous operators T (t) (0 � t < ∞) from X into itself such
that

T (0) = I
T (t+ s) = T (t)T (s) (s, t � 0).
The linear operator

Ax = lim
t→0+

T (t)x− x

t
(1.7)

is the infinitesimal generator of the semigroup T (t).
The domain D(A) of the operator A is the set of x ∈ X such that the

following limit exists

lim
t→0+

T (t)x− x

t
.

We remark that the linear operator A does not need to be continuous.
We say that T (t) is a strongly continuous semigroup (briefly, a C0-

semigroup) if
lim
t→0+

T (t)x = x, ∀ x ∈ X.

The operator A is said to be the generator of the C0-semigroup if (1.7)
holds for any x ∈ D(A).

The following inequalities hold for any C0-semigroup.

Theorem 1.10. Let T (t) be a C0 semigroup. There exist two constants ω � 0,
M � 1 such hat

�T (t)� � M eωt 0 � t < ∞. (1.8)

Proof. First let us show that there exist constants M and η > 0 such that

�T (t)� � M ∀ t ∈ [0, η]. (1.9)

If (1.9) is false, we can find a sequence of real numbers tn > 0 such that
�T (tn)� > n, tn → 0. It follows that there exists x ∈ X such that
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sup
n∈N

�T (tn)x� = ∞.

If not, we would have

sup
n∈N

�T (tn)x� < ∞ ∀ x ∈ X;

in view of the Banach-Steinhaus Theorem, this implies

sup
n∈N

�T (tn)� < ∞.

and this is absurd. Formula (1.9) is proved.
Since �T (0)� = 1, we have M � 1. Let now t be a nonnegative number; we

can write t = nη + δ, where n is a natural number and 0 � δ < η. Therefore

�T (t)� = �T (δ)T (η)n� � Mn+1 = M1+ t−δ

η � M1+ t

η = M eωt

where ω = (logM)/η.

A first consequence is that T (t)x is continuous.

Theorem 1.11. Let T (t) be a C0-semigroup. For any x ∈ X, T (t)x is a

continuos function on X of the real variable t � 0.

Proof. The continuity from the right at t = 0 is obvious. Let us fix t > 0 and
take h � 0; we have

�T (t+ h)x− T (t)x� � �T (t)��T (h)x− x� � Meω t
�T (h)x− x�

and then
lim

h→0+
�T (t+ h)x− T (t)x� = 0.

On the other hand, if t− h � 0, we have also

�T (t− h)x− T (t)x� � �T (t− h)��x− T (h)x� � Meω (t−h)
��x− T (h)x� .

It follows
lim

h→0−
�T (t+ h)x− T (t)x� = 0

and the result is proved.

The next Theorem shows some properties of C0-semigroups.

Theorem 1.12. Let T (t) be a C0-semigroup and A its generator. Then

a) lim
h→0

1

h

�
t+h

t

T (s)x ds = T (t)x ∀ x ∈ X.

b) x ∈ X =⇒

�
t

0
T (s)x ds ∈ D(A) e
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A

��
t

0
T (s)x ds

�
= T (t)x− x. (1.10)

c) x ∈ D(A) =⇒ T (t)x ∈ D(A) e

d

dt
T (t)x = AT (t)x = T (t)Ax (1.11)

d) for any x ∈ D(A) we have

T (t)x− T (s)x =

�
t

s

T (τ)Axdτ =

�
t

s

AT (τ)x dτ. (1.12)

Proof. Fix x ∈ X and t > 0; given ε > 0, in view of the previous Theorem,
there exists δε > 0 such that

�T (s)x− T (t)x� < ε |s− t| < δe.

It follows that, if |s− t| < δε,

�����
1

h

�
t+h

t

(T (s)x− T (t)x) ds

����� � 1

|h|

�����

�
t+h

t

�T (s)x− T (t)x�ds

����� < ε

i.e. a) (it is obvious how to change the proof for t = 0).
As far b) is concerned, fix x ∈ X and h > 0. One has

T (h)− I

h

�
t

0
T (s)x ds =

1

h

�
t

0
(T (s+ h)x− T (s)x)ds =

1

h

�
t+h

t

T (s)x ds−
1

h

�
h

0
T (s)x ds.

The last term tending to T (t)x − x as h → 0+ because of a), the integral in
b) belongs to D(A) and b) holds.

Let now x ∈ D(A) and h > 0; we have

T (h)− I

h
T (t)x = T (t)

�
T (h)− I

h

�
x → T (t)Ax.

This shows that T (t)x belongs to D(A) and moreover AT (t)x = T (t)Ax.
We have also proved that

d+

dt
T (t)x = AT (t)x = T (t)Ax.

Let us consider now the left derivative. We can write

T (t− h)x− T (t)x

−h
− T (t)Ax = T (t− h)

�
x− T (h)x

−h

�
− T (t)Ax =
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T (t− h)

�
T (h)x− x

h
−Ax

�
+ [T (t− h)− T (t)]Ax.

Since x ∈ D(A), we have

lim
h→0+

T (h)x− x

h
= Ax .

The norm �T (s)� being bounded on the compact sets, in view of Theorem
1.10 (note that T (t) does not need to be continuous !), we find

lim
h→0+

T (t− h)

�
T (h)x− x

h
−Ax

�
= 0.

Moreover
lim

h→0+
[T (t− h)− T (t)]Ax = 0

and thus
d−

dt
T (t)x = T (t)Ax.

This proves the statement c).
Finally, (1.12) is obtained by integrating (1.11).

We recall that the operator A is closed if its graph is closed, which means
that the implication holds






xn ∈ D(A)

xn → x

Axn → y

=⇒

�
x ∈ D(A)

Ax = y.
(1.13)

Theorem 1.13. Let A be the generator of the C0-semigroup T (t). Then A is

a densely defined closed operator.

Proof. We start by proving that D(A) is dense in X. Let x ∈ X and define

xt =
1

t

�
t

0
T (s)x ds.

From b) of previous theorem, xt ∈ D(A) and from a) xt → x. This means
that D(A) = X.

In order to prove that A is a closed operator, we have to show that (1.13)
holds. Since xn ∈ D(A), (1.12) implies

T (t)xn − xn =

�
t

0
T (s)Axnds.

Letting n → ∞, one has
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T (t)x− x =

�
t

0
T (s)y ds

from which
T (t)x− x

t
=

1

t

�
t

0
T (s)y ds.

As t → 0+, the right hand side tends to y and thus x ∈ D(A), Ax = y.

The next result shows that a C0-semigroup is uniquely determined by its
generator.

Theorem 1.14. Let A and B two generators of the C0-semigroups T (t) and

S(t) respectively. If A = B then the two semigroups coincide, i.e. T (t) = S(t)
for any t � 0.

Proof. Let x ∈ D(A) = D(B). From (1.11) it follows

d

ds
T (t− s)S(s)x = −AT (t− s)S(s)x+ T (t− s)BS(s)x =

−T (t− s)AS(s)x+ T (t− s)BS(s)x = 0 (0 < s < t)

and then the function T (t − s)S(s)x of the real variable s is constant. In
particular T (t)x = S(t)x, i.e. T (t) = S(t) on D(A). The domain D(A) being
dense in X (see Theorem 1.13), it follows that T (t) = S(t).

Properties (1.8) and (1.11) imply that for any given u0 ∈ D(A) the function
u(t) = T (t)u0 is the only solution of the abstract Cauchy problem






du

dt
= Au, (t > 0)

u(0) = u0 .

(1.14)

Remark 1.15. It is still possible to solve the Cauchy problem (1.14) where u0

is an arbitrary element of X. In order to do that, it is necessary to introduce
a concept of generalized solution. For this we refer to Pazy [77, Ch.4].

Example 1.16. An example of C0-semigroup.
Let X = C0([0,∞]), where this symbol means the space of the complex

valued functions defined in [0,∞) such that there exists the limit

lim
x→+∞

f(x).

The space X, equipped with the norm

�f�∞ = sup
x∈[0,+∞)

|f(x)| ,

is a Banach space. Define the family of operators T (t) (t � 0) by
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[T (t)f ](x) = f(x+ t).

Obviously, for any t � 0, it makes sense to consider f(x + t). Moreover
T (t)f is a continuous function and since

lim
x→+∞

[T (t)f ](x) = lim
x→+∞

f(x)

T (t) maps X into itself. Let us remark that

�T (t)f�∞ � �f�∞ .

It is clear that T (t) is a semigroup. Let us prove that it is a C0-semigroup,
i.e. that

lim
t→0+

�T (t)f − f�∞ = 0 . (1.15)

By hypothesis, there exists α ∈ C to which f(x) tends as x → +∞. Given
ε > 0, there exists Kε > 0 such that

|f(x)− α| < ε ∀ x � Kε.

This implies

|f(x+t)−f(x)| � |f(x+t)−α|+ |α−f(x)| < 2 ε ∀ x � Kε, t � 0. (1.16)

On the other hand f is uniformly continuous on [0,Kε+1] and then there
exists δε > 0 (which can be supposed to be less than 1) such that

|f(x+ t)− f(x)| < ε ∀ x ∈ [0,Kε], 0 � t < δε .

Keeping in mind (1.16), we find

|f(x+ t)− f(x)| < 2 ε ∀ x ∈ [0,∞), 0 � t < δε

and (1.15) is proved.
What is the generator A of T (t) and its domain D(A) ?
The function f belongs to D(A) if and only if there exists in X the limit

Af = lim
t→0+

T (t)f − f

t
= lim

t→0+

f(t+ ·)− f(·)

t
.

In particular

Af(x) = lim
t→0+

f(t+ x)− f(x)

t
∀ x ∈ [0,∞)

and then f admits the right derivative for any x � 0 and the right derivative,
Af , is continuous everywhere. But then, in view of a well known result in the
theory of functions of one real variable (see, e.g.., Pazy [77, p.42–43]), f is
differentiable for any x > 0.
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Moreover, since Af ∈ X, there exists also

lim
x→+∞

f �(x).

Therefore D(A) is contained in the space of the functions f ∈ C1([0,∞))
such that f � ∈ X and Af = f �.

Viceversa, if f ∈ C1([0,∞)) and f � ∈ X, then f ∈ D(A). In fact, we have

f(x+ t)− f(x)

t
− f �(x) =

1

t

�
x+t

x

[f �(u)− f �(x)] du .

But, since f � ∈ X, f � is uniformly continuous and then |f �(u)− f �(x)| < ε
for |x− u| less than a certain δε. Thus

����
f(x+ t)− f(x)

t
− f �(x)

���� �
1

t

�
x+t

x

|f �(u)− f �(x)| du < ε 0 < t < δε

and this shows that

lim
t→0+

����
f(·+ t)− f

t
− f �

����
∞

= 0,

i.e. f ∈ D(A), Af = f �. We have thus proved that

D(A) = {f ∈ X | ∃ f �, f �
∈ X}, Af = f �.

1.3.2 Main result

The case when ω = 0 and M = 1 in the inequality (1.8) is of particular
interest. We have

�T (t)� � 1

and the semigroup is said to be a contraction semigroup or a semigroup of con-
tractions. If the operator A is the generator of a C0-semigroup of contractions,
the solution of the Cauchy problem (1.14) satisfies the estimate

�u(t)� � �u0� (t � 0). (1.17)

In order to find characterizations of such operators we prove some lemmas.
We recall that the resolvent of a linear operator A, �(A), is the set of the

complex numbers λ such that there exists the resolvent operator (λI − A)−1

and it is continuous. The spectrum σ(A) of the operator A is defined as
C \ �(A). By R(λ : A) (λ ∈ �(A)), or shortly Rλ, we denote the operator
(λI −A)−1.

Lemma 1.17. Let A be a linear operator. If �(A) �= ∅ then A is closed.
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Proof. Suppose that the sequence {xn}, contained in the domain of A, is such
that xn → x and Axn → y.

Given λ ∈ �(A), we get

λxn −Axn → λx− y

and then
xn → Rλ(λx− y).

Because of the uniqueness of the limit, we find

x = Rλ(λx− y).

This shows that x ∈ D(λI − A) = D(A) and (λI − A)x = λx − y, i.e.
Ax = y and the lemma is proved (see (1.13)).

Lemma 1.18. If λ, µ ∈ �(A) we have the resolvent identity

Rλ −Rµ = (µ− λ)RλRµ. (1.18)

Moreover the operators Rλ and Rµ commute: RλRµ = RµRλ.

Proof. We have

(λI −A)[Rλ −Rµ](µI −A) = [I − (λI −A)Rµ](µI −A) =

(µI −A)− (λI −A) = (µ− λ)I

and (1.18) follows. By exchanging λ e µ we prove the commutativity.

Let A be an operator such that1 R+ ⊂ �(A); we can then consider Rλ for
any λ > 0. The operator Aλ = λARλ is called the Yosida approximation of A.
Even if A is unbounded, the operator Aλ is a linear and continuous operator
defined all over X. The linearity is obvious, while Aλ is continuous, because

(λI −A)Rλ = I ⇐⇒ ARλ = λRλ − I

and then
Aλ = λ2Rλ − λI. (1.19)

The next Lemma shows in which sense Aλ is an approximation of A.

Lemma 1.19. Let A be a densely defined operator such that R+ ⊂ �(A) and

�Rλ� � 1

λ
∀ λ > 0.

Then

lim
λ→0+

λRλx = x ∀ x ∈ X (1.20)

lim
λ→0+

Aλx = Ax ∀ x ∈ D(A). (1.21)

1 By R+ we denote the set {λ ∈ R | λ > 0}.
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Proof. Suppose first x ∈ D(A); since

Rλ(λI −A)x = x

we get
λRλx = x+RλAx.

Limit (1.20) for any x ∈ D(A) follows from the inequality

�RλAx� � 1

λ
�Ax� .

Let now x ∈ X; given ε > 0, by hypothesis there exists y ∈ D(A) such
that �x− y� < ε. Since

�λRλx−x� � �λRλx−λRλy�+�λRλy−y�+�y−x� � 2 �x−y�+�λRλy−y�

we have
lim sup
λ→∞

�λRλx− x� � 2ε .

Because of the arbitrariness of ε, (1.20) is proved for any x ∈ X.
As far as (1.21) is concerned, formula (1.20) clearly implies

lim
λ→0+

λRλAx = Ax ∀ x ∈ D(A)

and (1.21) follows, because Rλ commute with A on D(A) 2 .

Lemma 1.20. Let U(t) and V (t) be two contraction semigroups whose gen-

erators are C and D respectively. Suppose that U(t) and V (t) commute, i.e.

U(t)V (s) = V (s)U(t) for any s, t � 0. Then

�U(t)x− V (t)x� � t �Cx−Dx� ∀ x ∈ D(C) ∩D(D). (1.22)

Proof. First observe that from the commutativity of U(t) and V (t) it follows
that also the generator of U(t), C, commute with V (t). Specifically, let x ∈

D(C); we can write

U(h)− I

h
V (t)x = V (t)

U(h)x− x

h
;

therefore x ∈ D(C) ⇒ V (t)x ∈ D(C) and

CV (t)x = V (t)Cx

(for any t � 0). Keeping in mind (1.11), we have for any x ∈ D(C) ∩D(D)

2 In fact (λI −A)Rλ = Rλ(λI −A) = I on D(A) and then ARλx = RλAx for any
x ∈ D(A).
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U(t)x− V (t)x =

�
t

0

d

ds
[U(s)V (t− s)x] ds =

�
t

0
[U(s)CV (t− s)x− U(s)V (t− s)Dx] ds

and then

U(t)x− V (t)x =

�
t

0
[U(s)V (t− s)Cx− U(s)V (t− s)Dx] ds .

This implies

�U(t)x− V (t)x� �
�

t

0
�U(s)� �V (t− s)� �Cx−Dx� ds � t �Cx−Dx� .

We are now in a position to prove the following characterization of genera-
tors of contractive semigroups, which provides the main result of this section.

Theorem 1.21 (Hille-Yosida). A linear operator A generates a C0
semi-

group of contractions T (t) if, and only if,

(i) A is closed and D(A) is dense in X;

(ii) �(A) ⊃ �+ and

�Rλ� � 1

λ
, ∀ λ > 0. (1.23)

Proof. Suppose that A is the generator of a contraction semigroups. We know
already that A is a densely defined and closed operator (see theorem 1.13).

In order to prove b), observe that for any λ > 0, e−λtT (t) is a contraction
semigroup, because

�e−λtT (t)� = e−λt
�T (t)� � 1.

The generator of e−λtT (t) is A− λI; in fact

e−λtT (t)x− x

t
= e−λt

T (t)x− x

t
+

e−λt − 1

t
T (t)x

and then

lim
t→0+

e−λtT (t)x− x

t
= Ax− λx, ∀ x ∈ D(A) = D(A− λI).

We can apply (1.10) and (1.12) to A− λI, obtaining

e−λtT (t)x− x = (A− λI)

��
t

0
e−λsT (s)x ds

�
, ∀ x ∈ X;

e−λtT (t)x− x =

�
t

0
e−λsT (s)(A− λI)x ds , ∀ x ∈ D(A).
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Letting t → +∞ we find

x = (λI −A)

�� ∞

0
e−λsT (s)x ds

�
∀ x ∈ X

x =

� ∞

0
e−λsT (s)(λI −A)x ds ∀ x ∈ D(A).

The first equality shows that the range of λI − A is all of X, while the
second one implies that λI−A is injective. Then there exists (λI−A)−1 and,
setting y = (λI −A)x,

(λI −A)−1y =

� ∞

0
e−λsT (s)y ds .

This leads to

�(λI −A)−1y� �
� ∞

0
e−λs

�T (s)� �y� ds � �y�

� ∞

0
e−λsds =

�y�

λ
.

Then we have proved that (λI − A)−1 is continuous (i.e. λ ∈ �(A)) and
(1.23) holds.

Viceversa, let A satisfy a) and b). For any λ > 0 we can consider the
Yosida approximation Aλ and the limit (1.21) holds. The operator Aλ, being
linear and continuous, is the generator of a semigroup uniformly continuous
etAλ . This is a contractive semigroup, because, keeping in mind (1.19), we
have

�etAλ� = �e−λtIeλ
2
tRλ� � e−λteλ

2
t�Rλ� � e−λteλt = 1

(here we used that λ�Rλ� � 1).
Define

T (t)x = lim
λ→∞

etAλx ∀ x ∈ X. (1.24)

To see that this definition makes sense, we have to show that this limit
does exist for any x ∈ X.

Let us start by first showing that this limit does exist for any x ∈ D(A):
given λ, µ > 0, it is easy to show that the contraction semigroups etAλ and
etAµ commute and then we can apply Lemma 1.20. From (1.22) it follows

�etAλx− etAµx� � t �Aλx−Aµx� ∀ x ∈ D(A).

But, if x ∈ D(A), (1.21) shows that Aλx → Ax and then, given ε > 0,
there exists λε > 0 such that, for λ, µ > λε, one has �Aλx−Aµx� < ε. Thus

�etAλx− etAµx� � t ε.

This shows that the limit (1.24) does exist for any x ∈ D(A). Let now
x ∈ X; given ε > 0 let y ∈ D(A)such that �x− y� < ε. We have

�etAλx− etAµx� � �etAλx− etAλy�+ �etAλy − etAµy�+ �etAµy − etAµx� �
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2�x− y�+ �etAλy − etAµy�

and then there exists λε such that, for µ > λε, one has

�etAλx− etAµx� � 3ε�, .

Thus there exists the limit (1.24) fo any x ∈ X.
(1.24) implies also

lim
λ→∞

�T (t)x� = lim
λ→∞

�etAλx� � �x� ∀ x ∈ X

and then �T (t)� � 1.
From (1.24) easily follows that T (0) = I, T (t+ s) = T (t)T (s), i.e. T (t) is

a semigroup. Let us show that T (t) is continuous:

lim
t→0+

T (t)x = x ∀ x ∈ X (1.25)

We prove first (1.25) when x ∈ D(A). In fact, if x ∈ D(A), we have

etAλx− x =

�
t

0

d

ds
[esAλx] ds =

�
t

0
esAλAλx ds ,

from which, letting λ → ∞ and keeping in mind (1.21), it follows

T (t)x− x =

�
t

0
T (s)Axds (1.26)

(invoking the dominated convergence Theorem, we can pass the limit under
the integral sign, because �T (s)Ax� � �Ax�). We have then

�T (t)x− x� �
�

t

0
�T (s)Ax� ds � t�Ax�

and (1.25) follows for any x ∈ D(A). The density of D(A) in X implies the
result for any x ∈ X.

We have shown that is a contractive C0-semigroup. To complete the proof,
we have to show that A is the generator of T (t).

Let B be the generator of T (t); we have to show that A = B.
Dividing (1.26) by t we get

T (t)x− x

t
=

1

t

�
t

0
T (s)Axds ∀ x ∈ D(A)

and then the limit (1.7) exists and

lim
t→0+

T (t)x− x

t
= T (t)Ax ∀ x ∈ D(A).
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This shows that D(A) ⊂ D(B) and Bx = Ax on D(A). On the other hand
1 ∈ �(A) (by hypothesis) and 1 ∈ �(B) ( because of the necessity part of
the present theorem). Therefore (I − A)−1 and (I − B)−1 do exist and are
continuous. In particular, I −A and I −B are surjective operators. Thus

(I −B)D(A) = (I −A)D(A) = X = (I −B)D(B)

from which it follows: D(A) = D(B) and then A = B.

Strictly speaking, the definition of etA doesn’t make sense, because A can
be unbounded. Nevertheless, we can still consider this exponential, provided
it is understood in a generalized sense. This is shown by the next result.

Lemma 1.22. If A is the generator of a C0
-semigroup, then T (t) = etA,

where this exponential is understood as

etAx = lim
λ→∞

etAλx, x ∈ X.

Proof. In the proof of the Hille-Yosida Theorem, we have seen that there
exists the limit

lim
λ→∞

etAλx, ∀ x ∈ X

and that it defines a semigroup S(t), whose generator is A.
Both the semigroups T (t) and S(t) being generated by A, Theorem 1.14

implies T (t) ≡ S(t).

Another interesting formula is the following one, which shows that the
resolvent can be considered as the Laplace transform of the semigroup

Rλu =

� ∞

0
e−λt[T (t)u] dt (Reλ > ω).

From the Hille-Yosida Theorem, one can obtain also the following charac-
terization of the generators of C0-semigroups, where M and ω are the con-
stants appearing in (1.8)

Theorem 1.23. A linear operator A generates a C0
semigroup T (t) if, and

only if,

(i) A is closed and D(A) is dense in X;

(ii) �(A) ⊃ {λ ∈ � |λ > ω} and

�Rn

λ
� � M

(λ− ω)n
, ∀ λ > ω, n = 1, 2, . . . .
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1.4 Dissipativity in abstract setting

1.4.1 Dissipative operators on Banach spaces

In this section we prove some lemmas concerning dissipative operators (see
Definition 1.7). Such results will permit us to prove a new characterization of
generators of contractive semigroups.

Lemma 1.24. Let x, y ∈ X. The inequality

�x� � �x− αy� (1.27)

holds for any α > 0 if, and only if, there exists ϕ ∈ i(x) such that

Re�ϕ, y� � 0 (1.28)

Proof. If x = 0 the result is trivial, since i(0) = {0}. Let x �= 0.
If (1.28) is true, for any α > 0 we may write

�x�2 = �ϕ, x� � �ϕ, x� − αRe�ϕ, y� = Re�ϕ, x− αy� � �x� �x− αy�

and (1.27) follows.
Conversely, let us suppose that (1.27) holds for any α > 0. Let ϕα be an

element of i(x − αy) and define ψα = ϕα/�ϕα�. Note that ϕα �= 0, because
�x� � �x− αy� = �ϕα� and we are assuming x �= 0.

Moreover

�ψα, x− αy� = �ϕα, x− αy�/�ϕα� = �x− αy� � �x� . (1.29)

Because of the Banach-Alaoglu Theorem, we can find a sequence {αn} of

positive numbers such that αn → 0 and ψαn

∗
�ψ0, with

�ψ0� � 1. (1.30)

Putting α = αn in (1.29) and letting n → ∞, we find 3

�x� = �ψo, x� � �ψ0� �x�

from which, keeping in mind (1.30), we find

�ψo� = 1.

Define ϕ = �x�ψ0 . Since

�ϕ, x� = �x� �ψo, x� = �x�2 = �ϕ�2

we have ϕ ∈ i(x). Moreover, the inequality

�x� � �x− αy� = Re�ψa, x� − αRe�ψa, y� � �x� − αRe�ψa, y�

shows that
Re�ψa, y� � 0 .

Putting α = αn and letting n → ∞, we find (1.28).

3 Note that, if xn → x0 and ψn
∗
�ψ0, then �ψn, xn� → �ψ, x�.
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This Lemma has some interesting consequences.

Corollary 1.25. The linear operator A is dissipative if and only if, for any

x ∈ D(A), we have

�x� � �x− αAx� (1.31)

for any α > 0.

Proof. The operator A is dissipative if, and only if, for any x ∈ D(A), there
exists ϕ ∈ i(x) such that Re�ϕ, Ax� � 0. Fixed x ∈ D(A), Lemma 1.24 (where
y = Ax) shows that this happens if and only if (1.31) holds for any α > 0.

The operator A is said to be m-dissipative if A is dissipative and �(A) ∩
R+ �= ∅. We denote by R(A) the range of A.

Corollary 1.26. The operator A is m-dissipative if, and only if, A is dissi-

pative and there exists λ > 0 such that R(λI −A) = X.

Proof. If A is dissipative and R(λI − A) = X, then (λI − A)−1 does exist
and is continuous, in view of (1.31). This shows that A is m-dissipative. The
converse is obvious.

Corollary 1.27. If A is closed and dissipative, then for any λ > 0 the range

R(λI −A) is closed.

Proof. Let yn be a sequence in R(λI − A) such that yn → y0. We can write
yn = λxn −Axn, for some xn ∈ D(λI −A) = D(A).

Because of Corollary 1.25, we have

�xn+p − xn� � �(λxn+p −Axn+p)− (λxn −Axn)� = �yn+p − yn�

and then {xn} is a Cauchy sequence in X. Let x0 be its limit. We have
Axn = λxn − yn → λx0 − y0. Since A is a closed operator, x0 belongs to
D(A) and Ax0 = λx0 − y0, i.e. y0 = λx0 − Ax0. This shows that y0 belongs
to R(λI −A), i.e. that R(λI −A) is closed.

Lemma 1.28. Let A be a linear operator and let µ ∈ �(A). Then λ ∈ �(A) if
and only if U−1

belongs to B(X), where

U = I + (λ− µ)(µI −A)−1.

In this case

(λI −A)−1 = (µI −A)−1U−1.

Proof. If U−1 does exist and is continuous, we have

(λI −A)(µI −A)−1U−1 = [(λ− µ)I + (µI −A)](µI −A)−1U−1 =

[(λ− µ)(µI −A)−1 + I]U−1 = U U−1 = I.
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In the same way

(µI −A)−1U−1(λI −A) = (µI −A)−1U−1[(λ− µ)I + µI −A] =

(µI−A)−1U−1[(λ−µ)(µI−A)−1+I](µI−A) = (µI−A)−1(µI−A) = ID(A).

This means that (λI − A)−1 exists, is given by (µI − A)−1U−1 and thus
it belongs to B(X).

The proof of the converse is similar.

1.4.2 Another characterization of generators of contractive
semigroups

Hille-Yosida Theorem 1.21 characterizes the generators of contractive semi-
groups. The next results provides different necessary and sufficient conditions
under which A generates a contractive semigroup. Such conditions are related
to the concept of dissipativity.

Theorem 1.29 (Lumer-Phillips). If A generates a C0
semigroup of con-

tractions, then

(i) D(A) = X;

(ii) A is dissipative. More precisely, for any x ∈ D(A), we have

Re�x∗, Ax� � 0, ∀ x∗
∈ i(x);

(iii) �(A) ⊃ �+.
Conversely, if

(i’) D(A) = X;

(ii’) A is dissipative;

(iii’) �(A) ∩ �+ �= ∅,

then A generates a C0
semigroup of contractions.

Proof. Because of Hille-Yosida Theorem 1.21, the operator A generates a C0-
semigroup of contractions if and only if the following conditions are satisfied:

(a) A is closed;
(b) D(A) = X;
(c) �(A) ⊃ R+;

(d) �Rλ� � 1

λ
∀ λ > 0.

Let us suppose that A generates the C0 semigroup of contractions T (t).
Since (a)-(d) hold true, conditions (i) and (iii) are certainly satisfied. In order
to prove (ii), let x∗ denote any element in i(x). We have

�x∗, T (t)x− x� = �x∗, T (t)x� − �x�2

and since
|�x∗, T (t)x�| � �x∗

� �T (t)x� � �x�2,
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we find
Re�x∗, T (t)x− x� = Re�x∗, T (t)x� − �x�2 � 0.

Supposing x ∈ D(A), dividing by t and letting t → 0+, we get

Re�x∗, Ax� � 0

and (ii) is proved.
Conversely, let A be an operator satisfying (i’)-(iii’). Condition (b) is ob-

viously true.
Condition (a) follows from the fact that �(A) �= ∅ (see Lemma 1.17).
Let now µ ∈ �(A) ∩ R+ and α = 1

µ
; since

I − αA = I −
1

µ
A =

1

µ
(µI −A)

the existence of (µI −A)−1 implies that (I − αA)−1 does exist and

(I − αA)−1 = µ (µI −A)−1.

Because of the dissipativity of A we have (see Corollary 1.25) �(I −

αA)−1� � 1, i.e.

�(µI −A)−1
� � 1

µ
(1.32)

If we choose λ such that |λ− µ| < µ, we get

�(λ− µ)(µI −A)−1
� � |λ− µ|

µ
< 1

and then the operator I + (λ− µ)(µI −A)−1 is invertible
Lemma 1.28 assures that λ ∈ �(A). We have shown that µ ∈ �(A) ∩ R+

implies that all the interval (0, 2µ) is contained in �(A). Replacing µ by 3
2µ

we find that �(A) contains also every λ > 0 such that
����λ−

3

2
µ

���� <
3

2
µ

i.e. (0, 3µ) ⊂ �(A). By iterating the argument it follows that R+ ⊂ �(A) and
(c) is proved.

Assertion (d) follows from (1.32), taking into account that R+ ⊂ �(A).

Lumer-Phillips Theorem can be stated in an equivalent form by using the
concept of m-dissipativity.

Theorem 1.30 (Lumer-Phillips). The operator A generates a C0
semi-

group of contractions if, and only if, A is m-dissipative and D(A) = X.

Proof. The proof follows immediately from Theorem 1.29 and the definition
of m-dissipative operator.
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The following Theorem provides a useful sufficient condition for the gen-
eration of a semigroup of contractions.

Theorem 1.31. Let A be a closed operator with D(A) = X. If A and A∗
are

dissipative, then A generates a C0
semigroup of contractions.

Proof. Because of Lumer-Phillips Theorem 1.30, we have to prove that A is
m-dissipative. Since A is dissipative by hypothesis, all we have to show is that
there exists λ > 0 such that R(λI −A) = X (see Corollary 1.26).

Let λ be a positive number. In view of Corollary 1.27, R(λI−A) is closed.
If R(λI −A) �= X, we can find ϕ ∈ X∗ such that ϕ �= 0 and

�ϕ,λx−Ax� = 0, ∀ x ∈ D(λI −A) = D(A). (1.33)

Condition (1.33) can be written as

�λϕ−A∗ϕ, x� = 0, ∀ x ∈ D(A).

From the density of D(A) it follows λϕ−A∗ϕ = 0.
On the other hand, in view of the dissipativity of A∗ and Corollary 1.25,

we have �ϕ� � �λϕ−A∗ϕ�. Then ϕ = 0 and this is absurd.

1.5 Time dependent semi-bounded operators

So far we have considered dissipativity for operators which do not depend on
t. In this Section we are going to give some properties concerning ordinary
differential equations in Banach spaces with variable dissipative coefficient
operators.

Let B stand for a real Banach space. We denote by fx a linear functional
such that

�fx, x� = �x�

and
�fx� = 1.

By using the notations of Section 1.1 we have fx = x∗/�x∗�, where x∗
belongs to the dual set of x.

The operator A acting in B with the domain D(A) is semibounded above
if there exists a real constant ω such that for every x ∈ D(A)

�fx, Ax� � ω�x� . (1.34)

The dissipativity we have considered in the previous sections corresponds
to the case ω = 0.

If the norm in B is differentiable in the sense of Gateaux, i.e. if for all
elements x and h of B there exists the limit
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lim
t→0

1

t
(�x+ th� − �x�),

then this limit is equal to �fx, h�. In fact, by definition of the functional fx,
one has for t > 0

1

t
(�x+ th� − �x�) � 1

t
[fx(x+ th)− �x�] = �fx, h�. (1.35)

On the other hand

1

t
(�x� − �x− th�) � 1

t
[�x� − fx(x− th)] =< fx, h > . (1.36)

Passing to the limit in (1.35) and (1.36), we obtain

d

dt
�x+ th�

����
t=0

=< fx, h > .

Hence condition (1.34) is equivalent to

�Ax,Γx� � ω�x�

where Γ stands for the Gateaux gradient of the norm in B.
If, in particular, B = Lp(dµ) (1 < p < ∞), where µ is a measure, then

Γx = �x�1−p

Lp(dµ)|x|
p−2x.

1.5.1 “Parabolic” equation

Let B denote an arbitrary Banach space. Consider the following equation,
which generalizes the classical heat equation

dx

dt
= A(t)x+ ϕ(t), t ∈ (0, T ), ϕ(t) ∈ B. (1.37)

Here A(t) is an operator acting in B (not necessarily linear), whose domain
D(A(t)) does not depend on t.

The function t → x(t) in (1.37) is strongly continuous on [0, T ], belongs
to D(A(t)) and has a weak first derivative on (0, T ). Let the function

[0, T ] � t → �x(t)�

be absolutely continuous on [0, T ]. We assume that there exists an integrable
function ω defined on [0, T ] subject to

< fx, A(t)x >� ω(t)�x� (1.38)

for all x ∈ D(A(t)).
By a solution of (1.37) we mean a function : t → x(t) fulfilling the previous

conditions and satisfying equation (1.37).
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Theorem 1.32. For any solution of (1.37) the estimate

�x(t)� � �x(0)�e
�

t

0 ω(τ)dτ +

�
t

0
�ϕ(τ)�e

�
τ

0 ω(σ)dσdτ (1.39)

holds.

Proof. We note that for t ∈ (0, T ) the inequality holds:

d

dt
�x(t)� �

�
fx(t),

dx(t)

dt

�
.

In fact, by definition of fx,

�
fx(t),

dx(t)

dt

�
= lim

τ→0+

1

τ

�
fx(t)[x(t)]− fx(t)[x(t− τ)]

�
�

lim
τ→0+

1

τ
{�x(t)� − �x(t− τ)�} =

d

dt
�x(t)�.

By (1.37)

�
fx(t),

dx(t)

dt

�
= fx(t) [A(t)x(t)] + fx(t) [ϕ(t)] .

Now (1.38) implies

d

dt
�x(t)� � ω(t)�x(t)�+ �ϕ(t)�

which leads directly to (1.39).

Remark 1.33. If ϕ(t) = 0 and ω(t) � 0 on [0, T ), then the solution of (1.37)
satisfies the maximum principle

�x(t)� � �x(0)�.

1.5.2 “Elliptic” equation

Let us consider the equation

d2x

dt2
+A(t)x = 0, t ∈ (0, T ), (1.40)

where A(t) is the same operator as in subsection 1.5.1.
By a solution of (1.40) we mean a function [0, T ] � t → x(t) ∈ D(A(t)),

continuous on [0, T ] and having a weak second derivative on (0, T ). Assume
that the first derivative of �x(t)� exists and that it is absolutely continuous
on [0, T ].
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Theorem 1.34. Let t → x(t) denote a solution of equation (1.40). If ω(t) � 0,
the maximum value of �x(t)� on [0, T ] is attained at one of the endpoints of

[0, T ].

Proof. We have

�
fx(t),

d2x(t)

dt2

�
= lim

τ→0+

1

τ2
�
fx(t)[x(t+ τ)] + fx(t)[x(t− τ)]− 2fx(t)[x(t)]

�
�

lim
τ→0+

1

τ2
{�x(t+ τ)�+ �x(t− τ)� − 2�x(t)�} =

d2

dt2
�x(t)�

and, keeping in mind (1.40) and (1.38),

�
fx(t),

d2x(t)

dt2

�
= −fx(t)[A(t)x(t)] � −ω(t) �x(t)� .

Therefore the function t → �x(t)� satisfies the differential inequality

d2

dt2
�x(t)�+ ω(t) �x(t)� � 0.

Since the function �x(t)� is convex, its maximum is attained either at t = 0
or t = T . The proof is complete.

Remark 1.35. From comparison theorem for ordinary differential equations,
we have that

�x(t)� � w(t)

where w is solution of the following two points problem

�
w��(t) + ω(t)w(t) = 0 in (0, T )

w(0) = �x(0)�, w(T ) = �x(T )�.

For example, let ω(t) = const � 0; then

�x(t)� � sinh(
�

|ω|(T − t))

sinh(
�
|ω|T )

�x(0)�+
sinh(

�
|ω|t)

sinh(
�
|ω|T )

�x(T )� .

Therefore either
�x(t)� � �x(0)� for t � 0

or

lim
t→+∞

�x(t)�

exp(|ω|t)
> 0,

which can be interpreted as a variant of the Phragmen-Lindelöf principle.
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1.6 Comments to Chapter 1

The concept of a semigroup goes back to J. A. Séguier, which introduced and
named it in 1904. Later several applications to partial differential equations
were discovered and a first systematic and comprehensive treatment of this
theory can be found in Hille’s book [33] (see also the revised and extended
edition, Hille and Phillips [34]).

Detailed historical informations on the subject can be found in Reed and
Simon [79]. A huge list of references (updated to 1985) is in Goldstein [29].

Nowadays the theory of semigroups of operators is very well developed
and there are several books describing it in great detail. We mention Davies
[15, 16], Fattorini [23], Goldstein [28], Kresin and Maz’ya [46], Ouhabaz [76],
Pazy [77], Robinson [80] et al..

Much of the material of this chapter is taken from [28] and [77].
Theorem 1.21 is due to Hille [33] and Yosida [89], who independently

proved it in late 1940s.
Theorem 1.29 was proved by Lumer and Phillips in [55]. In [71] Maz’ya

and Sobolevskĭı obtained independently of Lumer and Phillips a similar cri-
terion under the assumption that the norm of the Banach space is Gâteaux-
differentiable. Their result looks as follows

Theorem 1.36. The closed and densely defined operator A+λI has a bounded

inverse for all λ � 0 and satisfies the inequality

�[A+ λI]−1
� � [Reλ+ λ0]

−1

(λ0 > 0) if and only if, for any v ∈ D(A) and f ∈ D(A∗),

Re�Γv,Av� � λ0�v�,

Re�Γ ∗f,A∗f� � λ0�f�.

Here Γ ∗ stands for the Gateaux gradient of the norm in B∗.
We remark that [71] was sent to the journal in 1960, before the Lumer-

Phillips paper of 1961 appeared.





2

Lp-dissipativity of scalar second order
operators with complex coefficients

In this Chapter we start dealing with concrete problems. Let us consider a
scalar second order operator with complex coefficients

Au = div(A ∇u) + b∇u+ div(cu) + au . (2.1)

Section 2.1 is devoted to auxiliary material.
In Section 2.2 we deal with the operator div(A ∇), where A is a matrix

whose entries are complex measures and whose imaginary part is symmetric.
We prove that the relevant sesquilinear form L is Lp-dissipative if and only
if the following algebraic condition is satisfied

|p− 2| |�ImA ξ, ξ�| � 2
�
p− 1 �ReA ξ, ξ� , (2.2)

for any ξ ∈ Rn. Here | · | denotes the total variation and the inequality has to
be understood in the sense of measures.

We note that this criterion does not hold if either the operator A contains
lower order terms or ImA is not symmetric. In these cases it is not pos-
sible to give algebraic characterizations of Lp-dissipativity. However, we find
necessary and sufficient conditions for operator (2.1) with complex constant

coefficients. This is the subject of Section 2.3.
Section 2.4 is concerned with the relations between the Lp-dissipativity of

L and the Lp-dissipativity of the partial differential operator (2.1). We show
also that if either the operator A contains lower order terms or ImA is not
symmetric, then the algebraic condition (2.2) is necessary and sufficient for
the so called quasi-dissipativity.

The Chapter is finished with Section 2.5, where we discuss a certain “qua-
sicommutativity” property of the composition operator on one hand and the
Poisson operator P of the Dirichlet problem for the equation div(A ∇u) = 0
on the other hand. This topic is somewhat different from our principal theme,
but it is close to it in spirit.

In the special case of Laplace operator our general result gives a series of
sharp inequalities of type
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�

Ω

|∇(Ph)α+1
|
2dx � (α+ 1)2

2α+ 1

�

Ω

|∇P (hα+1)|2dx

for α > −1/2 and for an arbitrary nonnegative function h defined on ∂Ω.

2.1 Results on general operators with lower order terms

2.1.1 Main Lemma

By C0(Ω) we denote the space of complex valued continuous functions having
compact support in Ω. Let C1

0 (Ω) consist of all the functions in C0(Ω) having
continuos partial derivatives of the first order.

In what follows, A is a n×n matrix function with complex valued entries
ahk ∈ (C0(Ω))∗, A

t is its transposed matrix and A
∗ is its adjoint matrix, i.e.

A
∗ = A

t
.

Let b = (b1, . . . , bn) and c = (c1, . . . , cn) stand for complex valued vectors
with bj , cj ∈ (C0(Ω))∗. By a we mean a complex valued scalar distribution in
(C1

0 (Ω))∗.
We denote by L (u, v) the sesquilinear form

L (u, v) = −

�

Ω

(�A ∇u,∇v� − �b∇u, v�+ �u, c∇v� − a�u, v�)

defined on C1
0 (Ω)× C1

0 (Ω).
The integrals appearing in this definition have to be understood in a proper

way. The entries ahk being measures, the meaning of the first term is
�

Ω

�A ∇u,∇v� =

�

Ω

∂ku ∂hv da
hk.

Similar meanings have the terms involving b and c. Finally, the last term
is the action of the distribution a ∈ (C1

0 (Ω))∗ on the function �u, v� belonging
to C1

0 (Ω).
The form L is related to the operator

Au = div(A ∇u) + b∇u+ div(cu) + au. (2.3)

where div denotes the divergence operator.
The operator A acts from C1

0 (Ω) to (C1
0 (Ω))∗ through the relation

L (u, v) =

�

Ω

�Au, v�

for any u, v ∈ C1
0 (Ω).

We start with the dissipativity of the form L , according to Definition 1.4.
The form L is Lp

-dissipative if for all u ∈ C1
0 (Ω)
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ReL (u, |u|p−2u) � 0 if p � 2; (2.4)

ReL (|u|p
�−2u, u) � 0 if 1 < p < 2. (2.5)

As in Example 1.6, the necessity of differentiating the case 1 < p < 2 from
p � 2 is due to the fact that |u|q−2u ∈ C1

0 (Ω) for q � 2 and u ∈ C1
0 (Ω).

The following lemma will play a key role.

Lemma 2.1. The form L is Lp
-dissipative if and only if for all v ∈ C1

0 (Ω)

Re

�

Ω

�
�A ∇v,∇v� − (1− 2/p)�(A −A

∗)∇(|v|), |v|−1v∇v�−

(1− 2/p)2�A ∇(|v|),∇(|v|)�
�
+

�

Ω

�Im(b+ c),Im(v∇v)�+
�

Ω

Re(div(b/p− c/p�)− a)|v|2 � 0.

(2.6)

Here and in the sequel the integrand is extended by zero on the set where v
vanishes.

Proof. The proof of this Lemma is quite technical.
Suppose that p � 2 and that (2.6) holds. Take u ∈ C1

0 (Ω) and set

v = |u|(p−2)/2u. (2.7)

The function v belongs to C1
0 (Ω) and |v| = |u|p/2, i.e. |u| = |v|2/p. From

2.7 it follows also that u = |v|(2−p)/pv, |u|p−2u = |v|2(p−2)/p|v|(2−p)/pv =
|v|(p−2)/pv.

A direct calculation shows that

�A ∇u,∇(|u|p−2u)� = �A ∇(|v|
2−p

p v),∇(|v|
p−2
p v)� =

�
A (∇v−( 1− 2/p)|v|−1v∇|v|),∇v + (1− 2/p)|v|−1v∇|v|

�
=

�A ∇v,∇v� − (1− 2/p)
�
�|v|−1vA ∇|v|,∇v� − �A ∇v, |v|−1v∇|v|�

�
−

− (1− 2/p)2 �A ∇|v|,∇|v|� .

Since

Re(�vA ∇|v|,∇v� − �A ∇v, v∇|v|�) =

Re(v�A ∇|v|,∇v� − �vA
∗ ∇|v|,∇v�) = Re(�v(A −A

∗)∇|v|,∇v�)

we have

Re�A ∇u,∇(|u|p−2u)� = Re
�
�A ∇v,∇v�−

(1− 2/p)�(A −A
∗)∇(|v|), |v|−1v∇v� − (1− 2/p)2�A ∇(|v|),∇(|v|)�

�
.

Moreover, we have
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�b∇u, |u|p−2u� = −(1− 2/p) |v|b∇|v|+ v b∇v

and then

Re�b∇u, |u|p−2u� = 2 Re(b/p)Re(v∇v)− (Imb)Im(v∇v) =

Re(b/p)∇(|v|2)− (Imb)Im(v∇v).

An integration by parts gives
�

Ω

Re�b∇u, |u|p−2u� = −

�

Ω

Re(∇t(b/p))|v|2 −

�

Ω

�Imb,Im(v∇v)� .

(2.8)
In the same way we find

Re�u, c∇(|u|p−2u)� = Re ((1− 2/p) |v|c∇|v|+ v c∇v) =

2 Re(c/p�)Re(v∇v) + (Im c)Im(v∇v) =

Re(c/p�)∇(|v|2) + (Im c)Im(v∇v)

and then
�

Ω

Re�u, c∇(|u|p−2u)� = −

�

Ω

Re(∇t(c/p�)|v|2 +

�

Ω

�Im c,Im(v∇v)�.

(2.9)
Finally, since we have also

Re(a�u, |u|p−2u� = (Re a)|u|p = (Re a)|v|2,

the left-hand side in (2.6) is equal to ReL (u, |u|p−2u) and (2.4) follows from
(2.6).

Let us suppose that 1 < p < 2. Now (2.5) can be written as

Re

�

Ω

(�A ∗
∇u,∇(|u|p

�−2u)�+ �c∇u, |u|p
�−2u� − �u,b∇(|u|p

�−2u)�−

−a�u, |u|p
�−2u�) � 0.

(2.10)

We know that this is true if

Re

�

Ω

�
�A

∗
∇v,∇v� − (1− 2/p�)�(A ∗

−A )∇(|v|), |v|−1v∇v�−

−(1− 2/p�)2�A ∗ ∇(|v|),∇(|v|)�
�
+

+

�

Ω

�Im(−c− b),Im(v∇v)�+
�

Ω

Re
�
div

�
(−c)/p� − (−b)/p

�
− a

�
|v|2 � 0

(2.11)

for any v ∈ C1
0 (Ω). This condition is exactly (2.6) and the sufficiency is proved

also for 1 < p < 2.
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Vice versa, let us suppose (2.4) holds and let v ∈ C1
0 (Ω). Since the function

u = |v|
2−p

p v does not need to belong to C1
0 (Ω), we cannot proceed as for the

Sufficiency. In order to overcome this difficulty, set

gε = (|v|2 + ε2)
1
2 , uε = g

2
p
−1

ε v. (2.12)

We have

�A ∇uε,∇(|uε|
p−2uε)� =

|uε|
p−2

�A ∇uε,∇uε�+ (p− 2)|uε|
p−3

�A ∇uε, uε∇|uε|�

On the other hand, since ∂hgε = g−1
ε

|v|∂h|v|, we can write

|uε|
p−2∂huε∂kuε = g2−p

ε
|v|p−2

�
(1− 2/p)2 g−2

ε
|v|2∂hgε∂kgε−

(1− 2/p) g−1
ε

(v∂hgε∂kv + v∂hv∂kgε) + ∂hv∂kv
�
=

(1− 2/p)2 g−(p+2)
ε

|v|p+2∂h|v|∂k|v|−

(1− 2/p) g−p

ε
|v|p−1(v∂h|v|∂kv + v∂hv∂k|v|) + g2−p

ε
|v|p−2∂hv∂kv.

This leads to

|uε|
p−2

�A ∇uε,∇uε� = (1− 2/p)2 g−(p+2)
ε

|v|p+2
�A ∇|v|,∇|v|�−

(1− 2/p) g−p

ε
|v|p−1(�A v∇|v|,∇v�+ �A ∇v, v∇|v|)+ g2−p

ε
|v|p−2

�A ∇v,∇v� .

In the same way

|uε|
p−3

�A ∇uε, uε∇|uε|� =�
(1− 2/p)2 g−(p+2)

ε
|v|p+2

− (1− 2/p) g−p

ε
|v|p

�
�A ∇|v|,∇|v|�+

�
− (1− 2/p) g−p

ε
|v|p−1 + g−p+2

ε
|v|p−3

�
�A ∇v, v∇|v|�.

Observing that gε tends to |v| as ε → 0 and that g−1
ε

|v| � 1, referring to
Lebesgue’s dominated convergence theorem we find

lim
ε→0

�

Ω

�A ∇uε,∇(|uε|
p−2uε)� =

�

Ω

�A ∇v,∇v�−

(1− 2/p)

�

Ω

1

|v|
(�vA ∇|v|,∇v� − �A ∇v, v∇|v|�) −

− (1− 2/p)2
�

Ω

�A ∇|v|,∇|v|� .

(2.13)

Similar computations show that
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�b∇uε, |uε|
p−2uε� = −(1− 2/p)g−p

ε
|v|p+1b∇|v|+ g2−p

ε
|v|p−2vb∇v,

�uε, c∇(|uε|
p−2uε)� = g2−p

ε
|v|p−2c

�
(1− p) (1− 2/p) g−2

ε
|v|3∇|v|+

+(p− 2)|v|∇|v|+ v∇v
�
,

a�uε, |uε|
p−2uε� = ag2−p

ε
|v|p

from which follows

lim
ε→0

�

Ω

�b∇uε, |uε|
p−2uε� =

�

Ω

(−(1− 2/p) |v|b∇|v|+ v b∇v) (2.14)

lim
ε→0

�

Ω

�uε, c∇(|uε|
p−2uε)� =

�

Ω

((1− 2/p) |v|c∇|v|+ v c∇v) (2.15)

lim
ε→0

�

Ω

a�uε, |uε|
p−2uε� =

�

Ω

a|v|2 (2.16)

From (2.13)–(2.16) we obtain that

lim
ε→0

ReL (uε, |uε|
p−2uε)

exists and is equal to the left-hand side of (2.6). This shows that (2.4) implies
(2.6) and the necessity is proved for p � 2.

Let us assume 1 < p < 2. Since (2.5) can be written as (2.10), replacing
A , b, c by A

∗, −c, −b respectively in formulas (2.13)–(2.16) we find that

lim
ε→0

ReL (|uε|
p
�−2uε, uε)

exists and is equal to the left-hand side of (2.11). Thus (2.5) implies (2.6).

2.1.2 Necessary condition

Here we show some consequences of Lemma 2.1.

Corollary 2.2. If the form L is Lp
-dissipative, we have

�ReA ξ, ξ� � 0 (2.17)

for any ξ ∈ Rn
.

Proof. We remark that condition (2.17) has to be understood in the sense of
measures, i.e. it means that, for any ξ ∈ Rn,

�

Ω

�ReA ξ, ξ� v � 0

for any nonnegative v ∈ C0(Ω).
Given a function v, let us set
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X = Re(|v|−1v∇v), Y = Im(|v|−1v∇v),

on the set {x ∈ Ω | v �= 0}. We have

Re�A ∇v,∇v� = Re
�
A (|v|−1v∇v), |v|−1v∇v

�
=

�ReA X,X�+ �ReA Y, Y �+ �Im(A −A
t)X,Y �,

Re�(A −A
∗)∇(|v|),∇v�|v|−1v = Re�(A −A

∗)X,X + iY � =

�Im(A −A
∗)X,Y �,

Re�A ∇|v|,∇|v|� = �ReA X,X�.

Since L is Lp-dissipative, (2.6) holds. Hence, keeping in mind that the
next integral is extended on the set where v does not vanish,

�

Ω

� 4

p p�
�ReA X,X�+ �ReA Y, Y �+

2�(p−1
ImA +p�−1

ImA
∗)X,Y �+ �Im(b+ c), Y �|v|+

Re [div (b/p− c/p�)− a] |v|2
�
� 0.

(2.18)

We define the function

v(x) = �(x) eiϕ(x)

where � and ϕ are real functions with � ∈ C1
0 (Ω) and ϕ ∈ C1(Ω). Since

|v|−1v∇v = |�|−1(� e−iϕ (∇�+ i�∇ϕ) eiϕ) = |�|−1�∇�+ i|�|∇ϕ

on the set {x ∈ Ω | �(x) �= 0}, it follows from (2.18) that

4

p p�

�

Ω

�ReA ∇�,∇��+

�

Ω

�2�ReA ∇ϕ,∇ϕ�+

2

�

Ω

��(p−1
ImA +p�−1

ImA
∗)∇�,∇ϕ�+

�

Ω

��Im(b+ c),∇ϕ�+

�

Ω

Re [div (b/p− c/p�)− a] �2 � 0

(2.19)

for any � ∈ C1
0 (Ω), ϕ ∈ C1(Ω).

We choose ϕ by the equality

ϕ =
µ

2
log(�2 + ε)

where µ ∈ R and ε > 0. Then (2.19) takes the form

4

p p�

�

Ω

�ReA ∇�,∇��+ µ2

�

Ω

�4

(�2 + ε)2
�ReA ∇�,∇��+

2µ

�

Ω

�2

�2 + ε
�(p−1

ImA +p�−1
ImA

∗)∇�,∇��+

µ

�

Ω

�3

�2 + ε
�Im(b+ c),∇��+

�

Ω

Re [div (b/p− c/p�)− a] �2 � 0

(2.20)
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Letting ε → 0+ in (2.20) leads to

4

p p�

�

Ω

�ReA ∇�,∇��+ µ2

�

Ω

�ReA ∇�,∇��+

2µ

�

Ω

�(p−1
ImA +p�−1

ImA
∗)∇�,∇��+

µ

�

Ω

��Im(b+ c),∇��+

�

Ω

Re [div (b/p− c/p�)− a] �2 � 0.

(2.21)

Since this holds for any µ ∈ R, we have
�

Ω

�ReA ∇�,∇�� � 0 (2.22)

for any � ∈ C1
0 (Ω).

Taking �(x) = ψ(x) cos�ξ, x� with a real ψ ∈ C1
0 (Ω) and ξ ∈ Rn, we find

�

Ω

{�ReA ∇ψ,∇ψ� cos2�ξ, x� − [�ReA ξ,∇ψ�+

�ReA ∇ψ, ξ�] sin�ξ, x� cos�ξ, x�+ �ReA ξ, ξ�ψ2(x) sin2�ξ, x�} � 0.

On the other hand, taking �(x) = ψ(x) sin�ξ, x�,
�

Ω

{�ReA ∇ψ,∇ψ� sin2�ξ, x�+ [�ReA ξ,∇ψ�+

�ReA ∇ψ, ξ�] sin�ξ, x� cos�ξ, x�+ �ReA ξ, ξ�ψ2(x) cos2�ξ, x�} � 0.

The two inequalities we have obtained lead to
�

Ω

�ReA ∇ψ,∇ψ�+

�

Ω

�ReA ξ, ξ�ψ2 � 0.

Because of the arbitrariness of ξ, we find
�

Ω

�ReA ξ, ξ�ψ2 � 0.

On the other hand, any nonnegative function v ∈ C0(Ω) can be approxi-
mated in the uniform norm in Ω by a sequence ψ2

n
, with ψn ∈ C∞

0 (Ω), and
then �ReA ξ, ξ� is a nonnegative measure.

It will be clear later (see Example 2.10) that (2.17) is not sufficient for the
Lp-dissipativity.

2.1.3 Sufficient condition

The next Corollary provides a sufficient condition. It shows that the Lp-
dissipativity of A follows from the nonnegativity of a certain polynomial
(whose coefficients are measures) in 2n real variables. This polynomial de-
pends on the real parameters α,β, which can be arbitrarily fixed.
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Corollary 2.3. Let α,β two real constants. If

4

p p�
�ReA ξ, ξ�+ �ReA η, η�+ 2�(p−1

ImA +p�−1
ImA

∗)ξ, η�+

�Im(b+ c), η� − 2�Re(αb/p− βc/p�), ξ�+
Re [div ((1− α)b/p− (1− β)c/p�)− a] � 0

(2.23)

for any ξ, η ∈ Rn
, the form L is Lp

-dissipative.

Proof. In the proof of Lemma 2.1 we have integrated by parts in (2.8) and
(2.9). More generally, we have

2/p

�

Ω

�Reb,Re(v∇v)� = 2α/p

�

Ω

�Reb,Re(v∇v)�−

(1− α)/p

�

Ω

Re(∇tb)|v|2 ;

2/p�
�

Ω

�Re c,Re(v∇v)� = 2β/p�
�

Ω

�Re c,Re(v∇v)�−

(1− β)/p�
�

Ω

Re(∇tc)|v|2 .

This leads to write conditions (2.6) in a slightly different form:

Re

�

Ω

�
�A ∇v,∇v� − (1− 2/p)�(A −A

∗)∇(|v|), |v|−1v∇v�−

(1− 2/p)2�A ∇(|v|),∇(|v|)�
�
+

�

Ω

�Im(b+ c),Im(v∇v)�−

2

�

Ω

�Re(αb/p− βc/p�),Re(v∇v)�+
�

Ω

Re(div((1− α)b/p− (1− β)c/p�)− a)|v|2 � 0.

By using the functions X and Y introduced in Corollary 2.2, the left-hand
side of the last inequality can be written as

�

Ω

Q(X,Y )

where Q denotes the polynomial (2.23).
The result follows from Lemma 2.1.

Generally speaking, conditions (2.23) are not necessary for Lp-dissipa-
tivity. We show this by the following example, where ImA is not symmet-
ric. Later we give another example showing that, even for symmetric matrices
ImA , conditions (2.23) are not necessary for Lp-dissipativity (see Example
2.17). Nevertheless in the next section we show that the conditions are neces-
sary for the Lp-dissipativity, provided the operator A has no lower order terms
and the matrix ImA is symmetric (see Theorem 2.7 and Remark 2.8).
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Example 2.4. Let n = 2 and

A =

�
1 iγ

−iγ 1

�

where γ is a real constant, b = c = a = 0. In this case polynomial (2.23) is
given by

(η1 + γξ2)
2 + (η2 − γξ1)

2
− (γ2

− 4/(pp�))|ξ|2.

Taking γ2 > 4/(pp�), condition (2.23) is not satisfied, while we have the
Lp-dissipativity, because the corresponding operator A is nothing but the
Laplacian.

2.1.4 Consequences of the main Lemma

The next Corollary is an interpolation result

Corollary 2.5. If the form L is both Lp
- and Lp

�
-dissipative, it is also Lr

-

dissipative for any r between p and p�, i.e. for any r given by

1/r = t/p+ (1− t)/p� (0 � t � 1). (2.24)

Proof. From the proof of Corollary 2.2 we know that (2.18) holds. In the same
way, we find

�

Ω

� 4

p� p
�ReA X,X�+ �ReA Y, Y �−

2�(p�−1
ImA +p−1

ImA
∗)X,Y �+ �Im(b+ c), Y �|v|+

Re [div (b/p� − c/p)− a] |v|2
�
� 0.

(2.25)

We multiply (2.18) by t, (2.25) by (1− t) and sum up. Since

t/p� + (1− t)/p = 1/r� and r r� � p p� ,

we find, keeping in mind Corollary 2.2,
�

Ω

� 4

r r�
�ReA X,X�+ �ReA Y, Y �−

2�(r−1
ImA +r�−1

ImA
∗)X,Y �+ �Im(b+ c), Y �|v|+

+Re [div (b/r − c/r�)− a] |v|2
�
� 0

and L is Lr-dissipative by Lemma 2.1 .

Corollary 2.6. Suppose that either

ImA = 0, Re divb = Re div c = 0 (2.26)

or

ImA = ImA
t, Im(b+ c) = 0, Re divb = Re div c = 0. (2.27)

If L is Lp
-dissipative, it is also Lr

-dissipative for any r given by (2.24).
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Proof. Assume that (2.26) holds. With the notation introduced in Corollary
2.2, inequality (2.6) reads as

�

Ω

� 4

p p�
�ReA X,X�+ �ReA Y, Y �+

�Im(b+ c), Y �|v|− Re a|v|2
�
� 0.

Since the left-hand side does not change after replacing p by p�, Lemma 2.1
gives the result.

Let (2.27) holds. Using the formula

p−1
ImA +p�−1

ImA
∗ =

p−1
ImA −p�−1

ImA
t = −(1− 2/p)ImA ,

(2.28)

we obtain
�

Ω

� 4

p p�
�ReA x, x�+ �ReA Y, Y �−

2 (1− 2/p)�ImA X,Y � − Re a|v|2
�
� 0.

Replacing v by v, we find
�

Ω

� 4

p p�
�ReA x, x�+ �ReA Y, Y �+

2 (1− 2/p)�ImA X,Y � − Re a|v|2
�
� 0

and we have the Lp
�
-dissipativity by 1 − 2/p = −1 + 2/p�. The reference to

Corollary 2.5 completes the proof.

2.2 The operator : u → div(A ∇u). The main Theorem

In this section we consider operator (2.87) without lower order terms:

Au = div(A ∇u) (2.29)

with the coefficients ahk ∈ (C0(Ω))∗. The following Theorem contains an
algebraic necessary and sufficient condition for the Lp-dissipativity.

Theorem 2.7. Let the matrix ImA be symmetric, i.e. ImA
t = ImA .

The form

L (u, v) =

�

Ω

�A ∇u,∇v�

is Lp
-dissipative if and only if

|p− 2| |�ImA ξ, ξ�| � 2
�

p− 1 �ReA ξ, ξ� (2.30)

for any ξ ∈ Rn
, where | · | denotes the total variation.



42 2 Lp-dissipativity of scalar second order operators with complex coefficients

Proof. Sufficiency. In view of Corollary 2.3 the form L is Lp-dissipative if

4

p p�
�ReA ξ, ξ�+ �ReA η, η� − 2(1− 2/p)�ImA ξ, η� � 0 (2.31)

for any ξ, η ∈ Rn.
By putting

λ =
2
√
p− 1

p
ξ

we write (2.31) in the form

�ReA λ,λ�+ �ReA η, η� −
p− 2
√
p− 1

�ImA λ, η) � 0.

Then (2.31) is equivalent to

S (ξ, η) := �ReA ξ, ξ�+ �ReA η, η� −
p− 2
√
p− 1

�ImA ξ, η) � 0

for any ξ, η ∈ Rn.
For any nonnegative ϕ ∈ C0(Ω), define

λϕ = min
|ξ|2+|η|2=1

�

Ω

S (ξ, η)ϕ .

Let us fix ξ0, η0 such that |ξ0|2 + |η0|2 = 1 and

λϕ =

�

Ω

S (ξ0, η0)ϕ .

We have the algebraic system





�

Ω

�
2 ReA ξ0 −

p− 2

2
√
p− 1

Im(A −A
∗)η0

�
ϕ = 2λϕ ξ0

�

Ω

�
2 ReA η0 −

p− 2

2
√
p− 1

Im(A −A
∗)ξ0

�
ϕ = 2λϕ η0 .

This implies

�

Ω

�
2 ReA (ξ0 − η0) +

p− 2

2
√
p− 1

Im(A −A
∗)(ξ0 − η0)

�
ϕ =

2λϕ (ξ0 − η0)

and therefore
�

Ω

�
2�ReA (ξ0 − η0), ξ0 − η0�+

p− 2
√
p− 1

�ImA (ξ0 − η0), ξ0 − η0�

�
ϕ =

2λϕ |ξ0 − η0|
2.
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The left-hand side is nonnegative because of (2.30). Hence, if λϕ < 0, we
find ξ0 = η0. On the other hand we have

λϕ =

�

Ω

S (ξ0, ξ0)ϕ =

�

Ω

�
2�ReA ξ0, ξ0� −

p− 2
√
p− 1

�ImA ξ0, ξ0�

�
ϕ � 0.

This shows that λϕ � 0 for any nonnegative ϕ and the sufficiency is proved.
Necessity. We know from the proof of Corollary 2.2 that if L is Lp-

dissipative, then (2.21) holds for any � ∈ C1
0 (Ω), µ ∈ R. In the present case,

keeping in mind (2.28), (2.21) can be written as
�

Ω

�B∇�,∇�� � 0,

where

B =
4

p p�
ReA +µ2

ReA −2µ (1− 2/p)ImA

In the proof of Corollary 2.2, we have also seen that from (2.22) for any
� ∈ C1

0 (Ω), (2.17) follows. In the same way, the last relation implies �B ξ, ξ� �
0, i.e.

4

p p�
�ReA ξ, ξ�+ µ2

�ReA ξ, ξ� − 2µ (1− 2/p)�ImA ξ, ξ� � 0

for any ξ ∈ Rn, µ ∈ R.
Because of the arbitrariness of µ we have

�

Ω

�ReA ξ, ξ�ϕ � 0

(1− 2/p)2
��

Ω

�ImA ξ, ξ�ϕ

�2

� 4

p p�

��

Ω

�ReA ξ, ξ�ϕ

�2

i.e.

|p− 2|

����
�

Ω

�ImA ξ, ξ�ϕ

���� � 2
�
p− 1

�

Ω

�ReA ξ, ξ�ϕ

for any ξ ∈ Rn and for any nonnegative ϕ ∈ C0(Ω).
We have

|p− 2|

����
�

Ω

�ImA ξ, ξ�ϕ

���� � 2
�
p− 1

�

Ω

�ReA ξ, ξ�|ϕ|

for any ϕ ∈ C0(Ω) and this implies (2.30), because

|p− 2|

�

Ω

|�ImA ξ, ξ�| g = |p− 2| sup
ϕ∈C0(Ω)

|ϕ|�g

����
�

Ω

�ImA ξ, ξ�ϕ

���� �

2
�
p− 1 sup

ϕ∈C0(Ω)
|ϕ|�g

�

Ω

�ReA ξ, ξ�|ϕ| � 2
�
p− 1

�

Ω

�ReA ξ, ξ�g
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for any nonnegative g ∈ C0(Ω).

Remark 2.8. From the proof of Theorem 2.7 we see that condition (2.30) holds
if and only if

4

p p�
�ReA ξ, ξ�+ �ReA η, η� − 2(1− 2/p)�ImA ξ, η� � 0

for any ξ, η ∈ Rn. This means that conditions (2.23) are necessary and suffi-
cient for the operators considered in Theorem 2.7.

Remark 2.9. Let us assume that either A has lower order terms or they are
absent and ImA is not symmetric. Using the same arguments as in Theorem
2.7, one could prove that (2.30) is still a necessary condition for A to be Lp-
dissipative. However, in general, it is not sufficient. This is shown by the next
example (see also Theorem 2.15 below for the particular case of constant
coefficients).

Example 2.10. Let n = 2 and let Ω be a bounded domain. Denote by σ a not
identically vanishing real function in C2

0 (Ω) and let λ ∈ R. Consider operator
(2.29) with

A =

�
1 iλ∂1(σ2)

−iλ∂1(σ2) 1

�

i.e.
Au = ∂1(∂1u+ iλ∂1(σ

2) ∂2u) + ∂2(−iλ∂1(σ
2) ∂1u+ ∂2u),

where ∂i = ∂/∂xi (i = 1, 2).
By definition, we have L2-dissipativity if and only if

Re

�

Ω

((∂1u+ iλ∂1(σ
2) ∂2u)∂1u+ (−iλ∂1(σ

2) ∂1u+ ∂2u)∂2u) dx � 0

for any u ∈ C1
0 (Ω), i.e. if and only if
�

Ω

|∇u|2dx− 2λ

�

Ω

∂1(σ
2)Im(∂1u ∂2u) dx � 0

for any u ∈ C1
0 (Ω). Taking u = σ exp(itx2) (t ∈ R), we obtain, in particular,

t2
�

Ω

σ2dx− tλ

�

Ω

(∂1(σ
2))2dx+

�

Ω

|∇σ|2dx � 0. (2.32)

Since �

Ω

(∂1(σ
2))2dx > 0,

we can choose λ ∈ R so that (2.32) is impossible for all t ∈ R. Thus A is not
L2-dissipative, although (2.30) is satisfied.

Since A can be written as
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Au = ∆u− iλ(∂21(σ
2) ∂1u− ∂11(σ

2) ∂2u),

the same example shows that (2.30) is not sufficient for the L2-dissipativity
in the presence of lower order terms, even if ImA is symmetric.

Remark 2.11. It is nice to remark that from (2.30) we can immediately deduce
the following facts: let A be the differential operator (2.29) satisfying the
hypothesis of Theorem 2.7. Let us suppose that A is a degenerate elliptic
operator (i.e. it satisfies (2.17)). Then

(i) the corresponding form L if L2-dissipative;
(ii) if the operator A has real coefficients (ImA = 0), then the corre-

sponding form L if Lp-dissipative for any p.

Remark 2.12. In view of Theorem 2.7, it is now clear why condition (2.17)
cannot be sufficient for the Lp-dissipativity when p �= 2.

2.3 Operators with lower order terms

We know from Remark 2.9 that, if the partial differential operator A contains
lower order terms, the algebraic condition 2.30 is not necessary and sufficient
for the Lp-dissipativity. One could ask if there are other algebraic necessary
and sufficient conditions for these more general operators.

Generally speaking, this is not possible. We can convince ourselves of that
by means of the following examples.

Example 2.13. Let A be the operator

Au = ∆u+ a(x)u

in a bounded domain Ω ⊂ Rn, where a(x) is a real smooth function. Denote
by λ1 the first eigenvalue of the Dirichlet problem for Laplace equation in Ω.
A sufficient condition for A to be L2-dissipative is Re a � λ1 and, in general,
one cannot give an explicit value of λ1.

Example 2.14. Let A be the operator

Au = ∇(A ∇u) + µu

in a domain Ω ⊂ Rn, where A is a matrix with real continuous entries and
µ is a nonnegative measure. Lemma 2.1 shows that A is Lp-dissipative if and
only if

�

Ω

|w|2dµ � 4

pp�

�

Ω

�A ∇w,∇w� dx, ∀ w ∈ C∞
0 (Ω). (2.33)

If (2.33) holds, then
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µ(F )

cap
Ω
(F )

� 4

pp�
(2.34)

for any compact set F ⊂ Ω, where cap
Ω
(F ) is the relative capacity of F

cap
Ω
(F ) = inf

��

Ω

�A ∇u,∇u� dx : u ∈ C∞
0 (Ω), u � 1 on F

�
.

In fact, if u ∈ C∞
0 (Ω), with u � 1 on F , (2.33) implies that

µ(F ) �
�

F

u2dµ �
�

Ω

u2dµ � 4

pp�

�

Ω

�A ∇u,∇u� dx

and then

µ(F ) � 4

pp�
inf

u∈C
∞
0 (Ω)

u�1 onF

�

Ω

�A ∇u,∇u� dx

i.e. (2.34).
On the other hand, if

µ(F )

cap
Ω
(F )

� 1

pp�
(2.35)

for any compact set F ⊂ Ω, then (2.33) holds. This result is due to V. Maz’ya
(see [67, Th. 2.3.3]; see also [60, 61, 66]). One can show that the necessary
condition (2.34) is not sufficient and the sufficient condition (2.35) is not
necessary.

However, if the operator has constant coefficients, then one can still give
necessary and sufficient conditions. This is the subject of the following sub-
section.

2.3.1 Operators with constant complex coefficients

In this section we characterize the Lp-dissipativity for the operator (2.87) with
constant complex coefficients. Without loss of generality we can write A as

Au = ∇
t(A ∇u) + b∇u+ au, (2.36)

assuming that the matrix A is symmetric.

Theorem 2.15. Let Ω be an open set in Rn
which contains balls of arbitrarily

large radius. The operator A is Lp
-dissipative if and only if there exists a real

constant vector V such that

2ReA V + Imb = 0 (2.37)

Re a+ �ReA V, V � � 0 (2.38)

and the inequality

|p− 2| |�ImA ξ, ξ�| � 2
�

p− 1 �ReA ξ, ξ� (2.39)

holds for any ξ ∈ Rn
.
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Proof. First, let us prove the Theorem for the special case b = 0, i.e. for the
operator

A = ∇
t(A ∇u) + au.

If A is Lp-dissipative, (2.6) holds for any v ∈ C1
0 (Ω). We find, by repeating

the arguments used in the proof of Theorem 2.7, that

4

p p�

�

Ω

�ReA ∇�,∇�� dx+ µ2

�

Ω

�ReA ∇�,∇�� dx−

2µ (1− 2/p)

�

Ω

�ImA ∇�,∇�� dx− (Re a)

�

Ω

�2dx � 0
(2.40)

for any � ∈ C∞
0 (Ω) and for any µ ∈ R. As in the proof of Theorem 2.7 this

implies (2.39). On the other hand, we can find a sequence of balls contained
in Ω with centers xm and radii m. Set

�m(x) = m−n/2σ ((x− xm)/m) ,

where σ ∈ C∞
0 (Rn), sptσ ⊂ B1(0) and

�

B1(0)
σ2(x) dx = 1.

Putting in (2.40) µ = 1 and � = �m, we obtain

4

p p�

�

B1(0)
�ReA ∇σ,∇σ� dy +

�

B1(0)
�ReA ∇σ,∇σ� dy −

2 (1− 2/p)

�

B1(0)
�ImA ∇σ,∇σ� dy −m2(Re a) � 0

for any m ∈ N. This implies Re a � 0. Note that in this case the algebraic
system (2.37) has always the trivial solution and that for any eigensolution V
(if they exist) we have �ReA V, V � = 0. Then (2.38) is satisfied.

Conversely, if (2.39) is satisfied, we have (see Remark 2.8)

4

p p�
�ReA ξ, ξ�+ �ReA η, η� − 2 (1− 2/p)�ImA ξ, ξ� � 0

for any ξ, η ∈ Rn. If also (2.38) is satisfied (i.e. if Re a � 0), A is Lp-dissipative
in view of Corollary 2.3.

Let us consider the operator in the general form (2.36). If A is Lp-
dissipative, we find, by repeating the arguments employed in the proof of
Theorem 2.7, that

4

p p�

�

Ω

�ReA ∇�,∇�� dx+

�

Ω

�2�ReA ∇ϕ,∇ϕ� dx−

2 (1− 2/p)

�

Ω

� �ImA ∇�,∇ϕ� dx+
�

Ω

�2�Imb,∇ϕ� dx− Re a

�

Ω

�2dx � 0
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for any � ∈ C1
0 (Ω), ϕ ∈ C1(Ω). By fixing � and choosing ϕ = t�η, x� (t ∈ R,

η ∈ Rn) we get

4

p p�

�

Ω

�ReA ∇�,∇�� dx+(t2�ReA η, η�+ t �Imb, η�−Re a)

�

Ω

�2 dx � 0

for any t ∈ R. This leads to

|�Imb, η�|2 � K �ReA η, η�

for any η ∈ Rn and this inequality shows that system (2.37) is solvable. Let
V be a solution of this system and let

z = e−i�V,x�u.

One checks directly that

Au = (∇t(A ∇z) + �c,∇z�+ αz)ei�V,x�

where
c = 2iA V + b, α = a+ i�b, V � − �A V, V �.

Since we have
�

Ω

�Au, u�|u|p−2dx =

�

Ω

�∇
t(A ∇z) + �c,∇z�+ αz, z�|z|p−2dx ,

the Lp-dissipativity of A is equivalent to the Lp-dissipativity of the operator

∇
t(A ∇z) + �c,∇z�+ αz .

On the other hand Lemma 2.1 shows that, as far as the first order terms
are concerned, the Reb does not play any role. Since Im c = 0 because of
(2.37), the Lp-dissipativity of A is equivalent to the Lp-dissipativity of the
operator

∇
t(A ∇z) + αz . (2.41)

By what we have already proved above, the last operator is Lp-dissipative
if and only if (2.39) is satisfied and Reα � 0. From (2.37) it follows that Reα
is equal to the left-hand side of (2.38).

Conversely, if there exists a solution V of (2.37), (2.38), and if (2.39) is
satisfied, operator (2.41) is Lp-dissipative. Since this is equivalent to the Lp-
dissipativity of A, the proof is complete.

Corollary 2.16. Let Ω be an open set in Rn
which contains balls of arbitrarily

large radius. Let us suppose that the matrix ReA is not singular. The operator

A is Lp
-dissipative if and only if (2.39) holds and

4Re a � −�(ReA )−1
Imb,Imb� (2.42)
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Proof. If ReA is not singular, the only vector V satisfying (2.37) is

V = −(1/2)(ReA )−1
Imb

and (2.38) is satisfied if and only if (2.42) holds. The result follows from
Theorem 2.15.

Example 2.17. Let n = 1 and Ω = R1. Consider the operator
�
1 + 2

√
p− 1

p− 2
i

�
u�� + 2iu�

− u,

where p �= 2 is fixed. Conditions (2.39) and (2.42) are satisfied and this oper-
ator is Lp-dissipative, in view of Corollary 2.16.

On the other hand, the polynomial considered in Corollary 2.3 (with α =
β = 0) is

Q(ξ, η) =

�
2

√
p− 1

p
ξ − η

�2

+ 2η + 1

which is not nonnegative for any ξ, η ∈ R. This shows that, in general, condi-
tion (2.23) is not necessary for the Lp-dissipativity, even if the matrix ImA

is symmetric.

2.4 Equivalence between the dissipativity of the
operator and the dissipativity of the associated form

In this Section we study the relations between the dissipativity of the operator
A and the dissipativity of the form L (see Definition 1.4). We also deal with
the question wether A generates a contractive or quasi-contractive semigroup.

In all this section A is the operator

Au = div(A ∇u) + b∇u+ a u (2.43)

with smooth coefficients: ahk, bh ∈ C1(Ω), a ∈ C0(Ω) where Ω is a bounded
domain in Rn. We consider A as an operator defined on the set

D(A) = W 2,p(Ω) ∩ W̊ 1,p(Ω). (2.44)

We suppose that the boundary ∂Ω satisfies the following smoothness as-
sumptions:

- if p > n the boundary ∂Ω belongs to W 2−1/p;
- if p � n we have � 1

0

����
ω(t)

t

����
p

dt < ∞,

where ω(t) is the modulus of continuity of the normal to ∂Ω.
These assumptions ensure the invertibility of operator A (see Maz’ya and

Shaposhnikova [70, Ch. 14] for this and other conditions).
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2.4.1 Lp-dissipativity of L and Lp-dissipativity of A

We recall that the operator A is Lp-dissipative if

Re

�

Ω

�Au, u�|u|p−2dx � 0 (2.45)

for any u ∈ D(A).
The aim of this Subsection is to show that the Lp-dissipativity of A is

equivalent to the Lp-dissipativity of the sesquilinear form

L (u, v) = −

�

Ω

(�A ∇u,∇v� − �b∇u, v� − a�u, v�) .

In order to obtain that, we need some lemmas.

Lemma 2.18. The form L is Lp
-dissipative if and only if

Re

�

Ω

�
�A ∇v,∇v� − (1− 2/p)�(A −A

∗)∇(|v|), |v|−1v∇v�−

(1− 2/p)2�A ∇(|v|),∇(|v|)�
�
dx+�

Ω

�Imb,Im(v∇v)�dx+

�

Ω

Re(∇t(b/p)− a)|v|2dx � 0

(2.46)

for any v ∈ H1
0 (Ω).

Proof. Sufficiency. We know from Lemma 2.1 that L is Lp-dissipative if and
only if (2.46) holds for any v ∈ C1

0 (Ω). Since C1
0 (Ω) ⊂ H1

0 (Ω), the sufficiency
follows.

Necessity. Given v ∈ H1
0 (Ω), we can find a sequence {vn} ⊂ C1

0 (Ω) such
that vn → v in H1

0 (Ω). Let us show that

χEn
|vn|

−1vn∇vn → χE |v|
−1v∇v in L2(Ω) (2.47)

where En = {x ∈ Ω | vn(x) �= 0}, E = {x ∈ Ω | v(x) �= 0}. We may assume
vn(x) → v(x), ∇vn(x) → ∇v(x) almost everywhere in Ω. We see that

χEn
|vn|

−1vn∇vn → χE |v|
−1v∇v (2.48)

almost everywhere on the set E ∪ {x ∈ Ω \ E | ∇v(x) = 0}. Since the set
{x ∈ Ω \ E | ∇v(x) �= 0} has zero measure, we can say that (2.48) holds
almost everywhere in Ω.

Moreover, since
�

G

|χEn
|vn|

−1vn∇vn|
2dx �

�

G

|∇vn|
2dx

for any measurable set G ⊂ Ω and {∇vn} is convergent in L2(Ω), the sequence
{|χEn

|vn|−1vn∇vn−χE |v|−1v∇v |2} has uniformly absolutely continuos inte-
grals. Now we may appeal to Vitali’s Theorem (see, e.g., [81, p.133]) to obtain
(2.47).

From this it follows that (2.46) for any v ∈ H1
0 (Ω) implies (2.46) for any

v ∈ C1
0 (Ω). Lemma 2.1 shows that L is Lp-dissipative.
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Lemma 2.19. The form L is Lp
-dissipative if and only if

Re

�

Ω

(�A ∇u,∇(|u|p−2u)� − �b∇u, |u|p−2u� − a |u|p)dx � 0 (2.49)

for any u ∈ Ξ, where Ξ denotes the space {u ∈ C2(Ω) | u|∂Ω = 0}.

Proof. Necessity. Since L is Lp-dissipative, (2.46) holds for any v ∈ H1
0 (Ω).

Let u ∈ Ξ. We introduce the function

�ε(s) =

�
ε

p−2
2 if 0 � s � ε

s
p−2
2 if s > ε

Setting
vε = �ε(|u|)u

a direct computation shows that u = σε(|vε|) vε and �2
ε
(|u|)u = [σε(|vε|)]−1 vε,

where

σε(s) =

�
ε

2−p

2 if 0 � s � ε
p

2

s
2−p

p if s > ε
p

2 .

Therefore

�A ∇u,∇[�2
ε
(|u|)u]� = �A ∇[σε(|vε|) vε],∇[(σε(|vε|))

−1vε]� =

�A [σε(|vε|)∇vε + σ�
ε
(|vε|) vε ∇|vε|] ,σε(|vε|)

−1
∇vε−

σ�
ε
(|vε|)σ

−2
ε

(|vε|)vε ∇|vε|� =

�A ∇vε,∇vε�+ σ�
ε
(|vε|)σε(|vε|)

−1 (�vε A ∇|vε|,∇vε� − �A ∇vε, vε ∇|vε|�)−

−σ�
ε
(|vε|)

2σε(|vε|)
−2

�vε A ∇|vε|, vε∇|vε|� .

Since
σ�
ε
(|vε|)

σε(|vε|)
=

�
0 if 0 < |u| < ε

−(1− 2/p) |vε|−1 if |u| > ε

we may write
�

Ω

�A ∇u,∇[�2
ε
(|u|)u]� dx =

�

Ω

�A ∇vε,∇vε� dx−

−(1− 2/p)

�

Eε

1

|vε|
(�vε A ∇|vε|,∇vε� − �A ∇vε, vε ∇|vε|�) dx−

−(1− 2/p)2
�

Eε

�A ∇|vε|, ∂h∇|vε|� dx

where Eε = {x ∈ Ω | |u(x)| > ε}. Then
�

Ω

�A ∇u,∇[�2
ε
(|u|)u]� dx =

�

Ω

�A ∇vε,∇vε� dx−

(1− 2/p)

�

Ω

1

|vε|
(�vε A ∇|vε|,∇vε� − �A ∇vε, vε ∇|vε|�) dx−

(1− 2/p)2
�

Ω

�A ∇|vε|,∇|vε|� dx+R(ε)
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where

R(ε) = (1− 2/p)

�

Ω\Eε

1

|vε|
(vε�A ∇vε|,∇vε� − �A ∇vε, vε ∇|vε|�) dx−

(1− 2/p)2
�

Ω\Eε

�A ∇|vε|,∇|vε|� dx.

It is proved in Langer [49] that if u ∈ C2(Ω) and u|∂Ω = 0, then

lim
ε→0

εr
�

Ω\Eε

|∇u|2dx = 0 (2.50)

for any r > −1. Since

|∇|vε| | =

����Re

�
vε∇vε
|vε|

χE0

����� � |∇vε| = ε
p−2
2 |∇u|

in E0 \ Eε, we obtain
�����

�

Ω\Eε

�A ∇|vε|,∇|vε|� dx

����� � K εp−2

�

Ω\Eε

|∇u|2dx → 0

as ε → 0. We have also

|vε|
−1

|�vε A ∇|vε|,∇vε� − �A ∇vε, vε ∇|vε|�| � K εp−2
|∇u|2

and thus R(ε) = o(1) as ε → 0.
We have proved that

Re

�

Ω

�A ∇u,∇[�2
ε
(|u|)u]� dx = Re

� �

Ω

�A ∇vε,∇vε� dx−

(1− 2/p)

�

Ω

�(A −A
∗)∇|vε|, |vε|

−1vε∇vε�dx−

(1− 2/p)2
�

Ω

�A ∇|vε|,∇|vε|� dx
�
+ o(1).

(2.51)

By means of similar computations, we find by the identity
�

Ω

�b∇u, |u|p−2u�dx =

�

Ω\Eε

�b∇u, |u|p−2u�dx−

(1− 2/p)

�

Eε

�b, |vε|∇(|vε|)�dx+

�

Eε

�b∇vε, vε�dx

that

Re

�

Ω

�b∇u, |u|p−2u�dx =
�

Ω

�Re(b/p),∇(|vε|
2)�dx−

�

Ω

�Imb,Im(vε∇v)�dx+ o(1).
(2.52)
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Moreover
�

Ω

|u|pdx =

�

Eε

|u|pdx+

�

Ω\Eε

|u|pdx =
�

Eε

|vε|
2dx+

�

Ω\Eε

|u|pdx =

�

Ω

|vε|
2dx+ o(1).

(2.53)

Equalities (2.51), (2.52) and (2.53) lead to

Re

�

Ω

(�A ∇u,∇[�2
ε
(|u|)u]� − �b∇u, |u|p−2u� − a|u|p)dx =

Re
� �

Ω

�A ∇vε,∇vε� dx−

−(1− 2/p)

�

Ω

�(A −A
∗)∇|vε|,∇vε�)vε|vε|

−1dx−

−(1− 2/p)2
�

Ω

�A ∇|vε|,∇|vε|� dx
�
+

�

Ω

Re(∇t(b/p)|vε|
2dx+

�

Ω

�Imb,Im(vε∇v)�dx−
�

Ω

Re a |vε|
2dx+ o(1).

(2.54)

As far as the left-hand side of (2.54) is concerned, we have

�

Ω

�A ∇u,∇[�2
ε
(|u|)u]� dx =

εp−2

�

Ω\Eε

�A ∇u,∇u� dx+

�

Eε

�A ∇u,∇(|u|p−2u)� dx.

and then

lim
ε→0

Re

�

Ω

(�A ∇u,∇[�2
ε
(|u|)u]� − �b∇u, |u|p−2u� − a|u|p)dx =

�

Ω

�∇u,∇(|u|p−2u)� − �b∇u, |u|p−2u� − a|u|p)dx.

Letting ε → 0 in (2.54), we complete the proof of the necessity.
Sufficiency. Suppose that (2.49) holds. Let v ∈ Ξ and let uε be defined by

(2.12). We have uε ∈ Ξ and arguing as in the necessity part of Lemma 2.1,
we find (2.13), (2.14) and (2.16). These limit relations lead to (2.46) for any
v ∈ Ξ and thus (2.46) is true for any v ∈ H1

0 (Ω) (see the proof of Lemma
2.18). In view of Lemma 2.18, the form L is Lp-dissipative.

Theorem 2.20. The operator A is Lp
-dissipative if and only if the form L

is Lp
-dissipative.

Proof. Necessity. Let u ∈ Ξ and gε = (|u|2 + ε2)
1
2 . Since gp−2

ε
u ∈ Ξ we have
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−

�

Ω

�∇
t(A ∇u), u�gp−2

ε
dx =

�

Ω

�A ∇u,∇(gp−2
ε

u)�dx

and since

∂h(g
p−2
ε

u) = (p− 2)gp−4
ε

Re(�∂hu, u�)u+ gp−2
ε

∂hu

we have also

∂h(g
p−2
ε

u) =
�
(p− 2)|u|p−4 Re(�∂hu, u�)u+ |u|p−2∂hu = ∂h(|u|p−2u) if x ∈ F0

εp−2∂hu if x ∈ Ω \ F0.

We find, keeping in mind (2.50), that

lim
ε→0

�

Ω

�A ∇u,∇(gp−2
ε

u)�dx =

�

Ω

�A ∇u,∇(|u|p−2u)�dx .

On the other hand, using Lemma 3.3 in Langer and Maz’ya [50], we see
that

lim
ε→0

�

Ω

�∇
t(A ∇u), u�gp−2

ε
dx =

�

Ω

�∇
t(A ∇u), u�|u|p−2dx.

Then

−

�

Ω

�∇
t(A ∇u), u�|u|p−2dx =

�

Ω

�A ∇u,∇(|u|p−2u)�dx (2.55)

for any u ∈ Ξ. Hence

−

�

Ω

�Au, u�|u|p−2dx =
�

Ω

(�A ∇u,∇(|u|p−2u)� − �b∇u, |u|p−2u� − a |u|p)dx .

Therefore (2.49) holds. We can conclude now that the form L is Lp-
dissipative, because of Lemma 2.19.

Sufficiency. Given u ∈ D(A), we can find a sequence {un} ⊂ Ξ such that
un → u in W 2,p(Ω). Keeping in mind (2.55), we have

−

�

Ω

�Au, u�|u|p−2dx = − lim
n→∞

�

Ω

�Aun, un�|un|
p−2dx =

lim
n→∞

�

Ω

�A ∇un,∇(|un|
p−2un)� − �b∇un, |un|

p−2un� − a |un|
p)dx.

Since L is Lp-dissipative, (2.49) holds for any u ∈ Ξ and (2.45) is true
for any u ∈ D(A).
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2.4.2 Intervals of dissipativity

The next result permits to determine the best interval of p’s for which the
operator

Au = ∇
t(A ∇u) (2.56)

is Lp-dissipative. We set

λ = inf
(ξ,x)∈M

�ReA (x)ξ, ξ�

|�ImA (x)ξ, ξ�|

where M is the set of (ξ, x) with ξ ∈ Rn, x ∈ Ω such that �ImA (x)ξ, ξ� �= 0.

Corollary 2.21. Let A be the operator (2.56). Let us suppose that the matrix

ImA is symmetric and that

�ReA (x)ξ, ξ� � 0 (2.57)

for any x ∈ Ω, ξ ∈ Rn
. If ImA (x) = 0 for any x ∈ Ω, A is Lp

-dissipative

for any p > 1. If ImA does not vanish identically on Ω, A is Lp
-dissipative

if and only if

2 + 2λ(λ−

�
λ2 + 1) � p � 2 + 2λ(λ+

�
λ2 + 1). (2.58)

Proof. When ImA (x) = 0 for any x ∈ Ω, the statement follows from The-
orem 2.7. Let us assume that ImA does not vanish identically; note that
this implies M �= ∅.

Necessity. If the operator (2.56) is Lp-dissipative, Theorem 2.7 shows that

|p− 2| |�ImA (x)ξ, ξ�| � 2
�

p− 1 �ReA (x)ξ, ξ� (2.59)

for any x ∈ Ω, ξ ∈ Rn. In particular we have

|p− 2|

2
√
p− 1

� �ReA (x)ξ, ξ�

|�ImA (x)ξ, ξ�|

for any (ξ, x) ∈ M and then

|p− 2|

2
√
p− 1

� λ.

This inequality is equivalent to (2.58).
Sufficiency. If (2.58) holds, we have (p−2)2 � 4(p−1)λ2. Note that p > 1,

because 2 + 2λ(λ−
√
λ2 + 1) > 1.

Since λ � 0 in view of (2.57), we find |p−2| � 2
√
p− 1λ and (2.59) is true

for any (ξ, x) ∈ M. On the other hand, if x ∈ Ω and ξ ∈ Rn with (ξ, x) /∈ M,
(2.59) is trivially satisfied and then it holds for any x ∈ Ω, ξ ∈ Rn. Theorem
2.7 gives the result.
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The next Corollary provides a characterization of operators which are Lp-
dissipative only for p = 2.

Corollary 2.22. Let A be as in Corollary 2.21. The operator A is Lp
-

dissipative only for p = 2 if and only if ImA does not vanish identically

and λ = 0.

Proof. Inequalities (2.58) are satisfied only for p = 2 if and only if λ(λ −
√
λ2 − 1) = λ(λ +

√
λ2 + 1) and this happens if and only if λ = 0. Thus the

result is a consequence of Corollary 2.21.

2.4.3 Contractive semigroups generated by the
operator : u → div(A ∇u)

Let A be the operator div(A ∇u) with smooth coefficients. In this subsection
we want to investigate when A generates a contraction semigroup.

In the next Theorem we suppose that A is strongly elliptic, i.e.

�ReA (x)ξ, ξ� > 0

for any x ∈ Ω, ξ ∈ Rn \ {0}.

Theorem 2.23. Let A be the strongly elliptic operator (2.56) with ImA =
ImA

t
. The operator A generates a contraction semigroup on Lp

if and only

if

|p− 2| |�ImA (x)ξ, ξ�| � 2
�

p− 1 �ReA (x)ξ, ξ� (2.60)

for any x ∈ Ω, ξ ∈ Rn
.

Proof. Sufficiency. It is a classical result that the operator A defined on (2.44)
and acting in Lp(Ω) is a densely defined closed operator (see Agmon, Douglis
and Nireneberg [1], Maz’ya and Shaposhnikova [70, Ch.14]).

From Theorem 2.7 we know that the form L is Lp-dissipative and Theorem
2.20 shows that A is Lp-dissipative. Finally the formal adjoint operator

A∗u = ∇
t(A ∗

∇u)

with D(A∗) = W 2,p�
(Ω) ∩ W̊ 1,p�

(Ω), is the adjoint operator of A and since
ImA

∗ = Im(A ∗)t and (2.60) can be written as

|p� − 2| |�ImA
∗(x)ξ, ξ�| � 2

�
p� − 1 �ReA

∗(x)ξ, ξ�, (2.61)

we have also the Lp
�
-dissipativity of A∗.

The result is a consequence of Theorem 1.31.
Necessity. If A generates a contraction semigroup on Lp, it is Lp-dissipa-

tive. Therefore (2.60) holds because of Theorem 2.7.
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2.4.4 Quasi-dissipativity and quasi-contractivity

We know that, in case either A has lower order terms or they are absent
and ImA is not symmetric, condition (2.60) is not sufficient for the Lp-
dissipativity. As we shall see now, it turns out that, for these more general
operators, (2.60) is necessary and sufficient for the quasi-dissipativity of A
(see Definition 1.7), i.e. the dissipativity of A − ωI for a suitable ω � 0. In
other words, A is Lp-quasi-dissipative if there exists ω � 0 such that

Re

�

Ω

�Au, u�|u|p−2dx � ω �u�p
p

for any u ∈ D(A).
As a consequence, condition (2.60) is necessary and sufficient for the quasi-

contractivity of the semigroup generated by A (see Theorem 2.27 below).

Lemma 2.24. The operator (2.43) is Lp
-quasi-dissipative if and only if there

exists ω � 0 such that

Re

�

Ω

�
�A ∇v,∇v� − (1− 2/p)�(A −A

∗)∇(|v|), |v|−1v∇v�−

(1− 2/p)2�A ∇(|v|),∇(|v|)�
�
dx+

�

Ω

�Imb,Im(v∇v)� dx+
�

Ω

Re(div(b/p)− a)|v|2dx � −ω

�

Ω

|v|2dx

(2.62)

for any v ∈ H1
0 (Ω).

Proof. The result follows from Lemma 2.18.

Theorem 2.25. The strongly elliptic operator (2.43) is Lp
-quasi-dissipative

if and only if

|p− 2| |�ImA (x)ξ, ξ�| � 2
�

p− 1 �ReA (x)ξ, ξ� (2.63)

for any x ∈ Ω, ξ ∈ Rn
.

Proof. Necessity. By using the functions X, Y introduced in Corollary 2.2,
we write condition (2.62) in the form

�

Ω

� 4

p p�
�ReA X,X�+ �ReA Y, Y �+

2�(p−1
ImA +p�−1

ImA
∗)X,Y �+ �Imb, Y �|v|+

Re [div(b/p)− a+ ω] |v|2
�
dx � 0 .

As in the proof of Corollary 2.2, this inequality implies
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4

p p�

�

Ω

�ReA ∇�,∇��dx+ µ2

�

Ω

�ReA ∇�,∇��dx+

2µ

�

Ω

�(p−1
ImA +p�−1

ImA
∗)∇�,∇��dx+

µ

�

Ω

��Imb,∇��dx+

�

Ω

Re [div (b/p)− a+ ω] �2dx � 0

for any � ∈ C1
0 (Ω), µ ∈ R. Since

�ImA
∗
∇�,∇�� = −�ImA

t
∇�,∇�� = −�ImA ∇�,∇��

we have

4

p p�

�

Ω

�ReA ∇�,∇��dx+ µ2

�

Ω

�ReA ∇�,∇��dx−

2(1− 2/p)µ

�

Ω

�ImA ∇�,∇��dx+

µ

�

Ω

��Imb,∇��dx+

�

Ω

Re [div (b/p)− a+ ω] �2dx � 0

for any � ∈ C1
0 (Ω), µ ∈ R.

Taking �(x) = ψ(x) cos�ξ, x� and �(x) = ψ(x) sin�ξ, x� with ψ ∈ C1
0 (Ω)

and arguing as in the proof of Corollary 2.2, we find
�

Ω

�B∇ψ,∇ψ�dx+

�

Ω

�B ξ, ξ�ψ2dx+

µ

�

Ω

�Imb,∇ψ�ψ dx+

�

Ω

Re [div (b/p)− a+ ω]ψ2dx � 0 ,

where µ ∈ R and

B =
4

p p�
ReA +µ2

ReA −2(1− 2/p)µImA .

Because of the arbitrariness of ξ we see that
�

Ω

�B ξ, ξ�ψ2dx � 0

for any ψ ∈ C1
0 (Ω). Hence �B ξ, ξ� � 0, i.e.

4

p p�
�ReA ξ, ξ�+ µ2

�ReA ξ, ξ� − 2(1− 2/p)µ�ImA ξ, ξ� � 0

for any x ∈ Ω, ξ ∈ Rn, µ ∈ R. Inequality (2.63) follows from the arbitrariness
of µ.

Sufficiency. Assume first that ImA is symmetric. By repeating the first
part of the proof of sufficiency of Theorem 2.7, we find that (2.63) implies
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4

p p�
�ReA ξ, ξ�+ �ReA η, η� − 2(1− p/2)�ImA ξ, η� � 0 (2.64)

for any x ∈ Ω, ξ, η ∈ Rn.
In order to prove (2.62), it is not restrictive to suppose

Re(div(b/p)− a) = 0.

Since A is strongly elliptic, there exists a non singular real matrix C ∈

C1(Ω) such that
�ReA η, η� = �C η,C η�

for any η ∈ Rn. Setting

S = (1− 2/p)(C t)−1
ImA ,

we have

|C η − S ξ|2 = �ReA η, η� − 2(1− p/2)�ImA ξ, η�+ |S ξ|2.

This leads to the identity

4

p p�
�ReA ξ, ξ�+ �ReA η, η� − 2(1− p/2)�ImA ξ, η� =

|C η − S ξ|2 +
4

p p�
�ReA ξ, ξ� − |S ξ|2

(2.65)

for any ξ, η ∈ Rn. In view of (2.64), putting η = C
−1

S ξ in (7.2), we obtain

4

p p�
�ReA ξ, ξ� − |S ξ|2 � 0 (2.66)

for any ξ ∈ Rn.
On the other hand, we may write

�Imb, Y � = �(C−1)t Imb,C Y � =

�(C−1)t Imb,C Y − S X�+ �(C−1)t Imb,S X� .

By the Cauchy inequality
�

Ω

�(C−1)t Imb,C Y − S X�|v| dx �

−

�

Ω

|C Y − S X|
2dx−

1

4

�

Ω

|(C−1)t Imb|2|v|2dx

and, integrating by parts,
�

Ω

�(C−1)t Imb,S X�|v| dx =
1

2

�

Ω

�(C−1
S )t Imb,∇(|v|2)� dx =

−
1

2

�

Ω

∇
t((C−1

S )t Imb) |v|2 dx .
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This implies that there exists ω � 0 such that
�

Ω

�Imb, Y � |v| dx � −

�

Ω

|C Y − S X|
2dx− ω

�

Ω

|v|2dx

and then, in view of (7.2),

�

Ω

� 4

p p�
�ReA X,X�+ �ReA Y, Y �+

2(1− p/2)�ImA X,Y �+ �Imb, Y �|v|
�
dx �

�

Ω

�
4

p p�
�ReA X,X� − |S X|

2

�
dx− ω

�

Ω

|v|2dx .

Inequality (2.66) gives the result.
We have proved the sufficiency under the assumption ImA

t = ImA .
In the general case, the operator A can be written in the form

Au = ∇
t((A +A

t)∇u)/2 + c∇u+ au

where
c = ∇

t(A −A
t)/2 + b.

Since (A +A
t) is symmetric, we know that A is Lp-quasi-dissipative if

and only if

|p− 2| |�Im(A +A
t)ξ, ξ�| � 2

�
p− 1 �Re(A +A

t)ξ, ξ�

for any ξ ∈ Rn, which is exactly condition (2.63).

With Theorem 2.25 in hand, we may obtain the following Corollary.

Corollary 2.26. Let A be the strongly elliptic operator (2.43). If ImA (x) =
0 for any x ∈ Ω, A is Lp

-quasi-dissipative for any p > 1. If ImA does not

vanish identically on Ω, A is Lp
-quasi-dissipative if and only if (2.58) holds.

Proof. The proof is similar to that of Corollary 2.21, the role of Theorem 2.7
being played by Theorem 2.25.

The next Theorem gives a criterion for the Lp-quasi-contractivity of the
semigroup generated by A (i.e. the Lp-contractivity of the semigroup gener-
ated by A− ωI).

Theorem 2.27. Let A be the strongly elliptic operator (2.43). The operator

A generates a quasi-contraction semigroup on Lp
if and only if (2.60) holds

for any x ∈ Ω, ξ ∈ Rn
.
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Proof. Sufficiency. Let us consider A as an operator defined on (2.44) and
acting in Lp(Ω). As in the proof of Theorem 2.23, one can see that A is a
densely defined closed operator and that the formal adjoint coincides with
the adjoint A∗. Theorem 2.25 shows that A is Lp-quasi-dissipative. On the
other hand, condition (2.61) holds and then A∗ is Lp

�
-quasi-dissipative. As in

Theorem 2.23, this implies that A generates a quasi-contraction semigroup on
Lp.

Necessity. If A generates a quasi-contraction semigroup on Lp, A is Lp-
quasi-dissipative and (2.60) holds.

2.5 A quasicommutative property of the Poisson and
composition operators

In this Section we deal with the composition of a function of one variable and
a solution of an elliptic equation.

To be more precise, we consider an elliptic second order formally self-
adjoint differential operator L in a bounded domain Ω. We denote by Ph the
L-harmonic function with the Dirichlet data h on ∂Ω. The Dirichlet integral
corresponding to the operator L will be denoted by D[u]. We also introduce
a real-valued function Φ on the line R and denote by Φ ◦u the composition of
Φ and u.

We want to show that the Dirichlet integrals of the functions Φ ◦ Ph and
P (Φ ◦ h) are comparable. First of all, clearly, the inequality

D[P (Φ ◦ h)[� D[Φ ◦ Ph]

is valid. Hence we only need to check the opposite estimate

D[Φ ◦ Ph] � C D[P (Φ ◦ h)] . (2.67)

We find a condition on Φ which is both necessary and sufficient for (2.67).
Moreover, we prove that the two Dirichlet integrals are comparable if and

only if the derivative Ψ = Φ� satisfies the reverse Cauchy inequality

1

b− a

b�

a

Ψ2(t) dt � C



 1

b− a

b�

a

Ψ(t) dt




2

(2.68)

for any interval (a, b) ⊂ R.
We add that the constants C appearing in (2.67) and (2.68) are the same.
At the end of the section, this result is illustrated for harmonic functions

and for Ψ(t) = |t|α with α > −1/2. In particular, we obtain the sharp inequal-
ities
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�

Ω

|∇(|Ph|Ph)|2dx � 3

2

�

Ω

|∇P (|h|h)|2dx , (2.69)

�

Ω

|∇(Ph)3|2dx � 9

4

�

Ω

|∇P (h3)|2dx (2.70)

for any h ∈ W 1/2,2(∂Ω) and

�

Ω

|∇(Ph)2|2dx � 4

3

�

Ω

|∇P (h2)|2dx , (2.71)

�

Ω

|∇(Ph)3|2dx � 9

5

�

Ω

|∇P (h3)|2dx (2.72)

for any nonnegative h ∈ W 1/2,2(∂Ω). Here, P is the harmonic Poisson opera-
tor.

To avoid technical complications connected with non-smoothness of the
boundary, we only deal with domains bounded by surfaces of class C∞, al-
though, in principle, this restriction can be significantly weakened.

Here we follow our article [10].

2.5.1 Preliminaries

Here all functions are assumed to take real values and the notation ∂i stands
for ∂/∂xi.

Let L be the second order differential operator

Lu = −∂i(aij(x) ∂ju)

defined in a bounded domain Ω ⊂ Rn.
The coefficients aij are measurable and bounded. The operator L is uni-

formly elliptic, i.e., there exists λ > 0 such that

aij(x)ξiξj � λ |ξ|2 (2.73)

for all ξ ∈ Rn and for almost every x ∈ Ω.
Let Ψ be a function defined on R such that, for any N ∈ N, the functions

ΨN (t) =





Ψ(t), |Ψ(t)| � N,

N sign(Ψ(t)), |Ψ(t)| > N,
(2.74)

are continuous. We suppose that there exists a constant C such that, for any
finite interval σ ⊂ R, we have
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Ψ2 � C(Ψ)2, (2.75)

where u denotes the mean value of u on σ.
Also let

Φ(t) =

t�

0

Ψ(τ) dτ , t ∈ R.

Let W 1/2,2(∂Ω) be the trace space for the Sobolev space W 1,2(Ω), and let
P denote the Poisson operator, i.e., the solution operator:

W 1/2,2(∂Ω) � h → u ∈ W 1,2(Ω)

for the Dirichlet problem




Lu = 0 in Ω,

tru = h on ∂Ω,
(2.76)

where tru is the trace of a function u ∈ W 1,2(Ω) on ∂Ω.
We introduce the Dirichlet integral

D[u] =

�

Ω

aij∂iu ∂ju dx

and the bilinear form

D[u, v] =

�

Ω

aij∂iu ∂jv dx .

In the sequel, we consider D[P (Φ ◦ h)] and D[Φ ◦Ph] for h ∈ W 1/2,2(∂Ω).
Since h ∈ W 1/2,2(∂Ω) implies neither Φ ◦ h ∈ W 1/2,2(∂Ω) nor Φ ◦ Ph ∈

W 1,2(Ω), we have to specify what D[P (Φ ◦ h)] and D[Φ ◦ Ph] mean.
We define

D[P (Φ ◦ h)] = lim inf
k→∞

D[P (Φk ◦ h)], (2.77)

where

Φk(t) =

t�

0

Ψk(τ) dτ (2.78)

and Ψk is given by (2.74). Note that if h belongs to W 1/2,2(∂Ω), D[P (Φk ◦h)]
makes sense. In fact,
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|Φk ◦ h| � k |h|, |Φk ◦ h(x)− Φk ◦ h(y)| � k |h(x)− h(y)|

imply that Φk ◦ h belongs to W 1/2,2(∂Ω).
In order to accept the definition (2.77), we have to show that if the left-

hand side of (2.77) makes sense because Φ ◦ h belongs to W 1/2,2(∂Ω), then
(2.77) holds. In fact, we have the following assertion.

Lemma 2.28. Let h ∈ W 1/2,2(∂Ω) be such that also Φ ◦ h belongs to

W 1/2,2(∂Ω). Then

D[P (Φ ◦ h)] = lim
k→∞

D[P (Φk ◦ h)]. (2.79)

Proof. It is obvious that

Φk ◦ h(x)− Φ ◦ h(x) =

h(x)�

0

[Ψk(t)− Ψ(t)] dt → 0 a.e.

and

| [Φk ◦ h(x)− Φ ◦ h(x)]− [Φk ◦ h(y)− Φ ◦ h(y)] | � 2 |Φ ◦ h(x)− Φ ◦ h(y)| .

By the Lebesgue dominated convergence theorem, these inequalities imply
Φk ◦ h → Φ ◦ h in W 1/2,2(∂Ω). Therefore, P (Φk ◦ h) → P (Φ ◦ h) in W 1,2(Ω)
and (2.79) holds.

As far as D[Φ ◦ Ph] is concerned, we remark that

D[Φk ◦ Ph] =

�

Ω

(Ψk(Ph))2aij∂i(Ph)∂j(Ph) dx

tends to

�

Ω

(Ψ(Ph))2aij∂i(Ph)∂j(Ph) dx

because of the monotone convergence theorem. Therefore, we set

D[Φ ◦ Ph] = lim
k→∞

D[Φk ◦ Ph].

Note that neither D[Φ ◦ Ph] nor D[P (Φ ◦ h)] needs to be finite.
Let G(x, y) be the Green function of the Dirichlet problem (2.76), and let

∂/∂ν be the co-normal operator

∂

∂ν
= aij cos(n, xj) ∂i,

where n is the exterior unit normal.
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Lemma 2.29. Let the coefficients aij of the operator L belong to C∞(Ω).
There exist two positive constants c1 and c2 such that

c1
|x− y|n

� ∂2G(x, y)

∂νx∂νy
� c2

|x− y|n
(2.80)

for any x, y ∈ ∂Ω, x �= y.

Proof. Let us fix a point x0 on ∂Ω. We consider a neighborhood of x0 and
introduce local coordinates y = (y�, yn) in such a way that x0 corresponds to
y = 0, yn = 0 is the tangent hyperplane and locally Ω is contained in the
half-space yn > 0. We may suppose that this change of variables is such that
aij(x0) = δij .

It is known (cf. [69]) that the Poisson kernel (∂/∂νy)G(x, y) in a neigh-
borhood of x0 is given by

2ω−1
n

yn|y|
−n +O

�
|y|2−n−ε

�
,

where ωn is the measure of the unit sphere in Rn and ε > 0. Moreover the
derivative of the Poisson kernel with respect to yn is equal to

2ω−1
n

(|y|2 − y2
n
)|y|−n−2 +O

�
|y|1−n−ε

�

which becomes
2ω−1

n
|y�|−n +O

�
|y�|1−n−ε

�
(2.81)

for yn = 0. Formula (2.81) and the arbitrariness of x0 imply (2.80).

2.5.2 The Main Result

Theorem 2.30. If Ψ : R → R+ satisfies the condition (2.75), then

D[Φ ◦ Ph] � C D[P (Φ ◦ h)] (2.82)

for any h ∈ W 1/2,2(∂Ω), where C is the constant in (2.75).

Proof. We suppose temporarily that aij ∈ C∞.
Let u be a solution of the equation Lu = 0, u ∈ C∞(Ω). We show that

D[u] =
1

2

�

∂Ω

�

∂Ω

(tru(x)− tru(y))2
∂2G(x, y)

∂νx∂νy
dσxdσy. (2.83)

In fact, since
Lx[(u(x)− u(y))2] = 2 ahk∂hu ∂ku ,

the integration by parts in (2.83) gives



66 2 Lp-dissipativity of scalar second order operators with complex coefficients

�

∂Ω

�

∂Ω

(tru(x)− tru(y))2
∂2G(x, y)

∂νx∂νy
dσxdσy = 2

�

Ω

ahk∂hu ∂ku dx

�

∂Ω

∂G(x, y)

∂νy
dσy = 2D[u] ,

and (2.83) is proved.
Let u ∈ W 1,2(Ω) be a solution of Lu = 0 in Ω, and let {uk} be a se-

quence of C∞(Ω) functions which tends to u in W 1,2(Ω). Since truk → tru
in W 1/2,2(∂Ω), we see that P (truk) tends to P (tru) = u in W 1,2(Ω) and,
therefore, D[P (truk)] → D[u]. This implies that (2.83) holds for any u in
W 1,2(Ω) with Lu = 0 in Ω.

Let now u and v belong to W 1,2(Ω), and let Lu = Lv = 0 in Ω. Since

D[u, v] = 4−1(D[u+ v]−D[u− v]),

we can write

D[u, v] =
1

2

�

∂Ω

�

∂Ω

(tru(x)−tru(y))(tr v(x)−tr v(y))
∂2G(x, y)

∂νx∂νy
dσxdσy. (2.84)

Note also that, if h ∈ W 1/2,2(∂Ω) and g ∈ W 1,2(Ω), we have

D[Ph, P (tr g)] = D[Ph, g]. (2.85)

Suppose now that h ∈ W 1/2,2(∂Ω) is such that Φ ◦ h ∈ W 1/2,2(∂Ω). We
have

D[Φ ◦ Ph] =

�

Ω

aij∂i(Φ ◦ Ph)∂j(Φ ◦ Ph) dx =

�

Ω

aij(Ψ(Ph))2∂i(Ph)∂j(Ph) dx .

The last integral can be written as

�

Ω

aij∂i(Ph)∂j

� Ph�

0

Ψ2(τ) dτ

�
dx ,

and we have proved that

D[Φ ◦ Ph] = D



Ph,

Ph�

0

Ψ2(τ) dτ



 .

From (2.84) and (2.85) we get



2.5 A quasicommutative property of the Poisson and composition operators 67

D[Φ ◦ Ph] =
1

2

�

∂Ω

�

∂Ω

(h(y)− h(x))

h(y)�

h(x)

Ψ2(τ) dτ
∂2G(x, y)

∂νx∂νy
dσxdσy . (2.86)

In view of (2.80), ∂2G(x, y)/∂νx∂νy is positive, and the condition (2.75) leads
to

D[Φ ◦ Ph] � C

2

�

∂Ω

�

∂Ω

� h(y)�

h(x)

Ψ(τ) dτ

�2
∂2G(x, y)

∂νx∂νy
dσxdσy . (2.87)

The inequality (2.82) is proved since the right-hand side of (2.87) is noth-
ing, but C D[P (Φ ◦ h)] (cf. (2.83)).

For any h ∈ W 1/2,2(∂Ω), the inequality (2.82) follows from

D[Φ ◦ Ph] = lim
k→∞

D[Φk ◦ Ph] � C lim inf
k→∞

D[P (Φk ◦ h)].

Let us suppose now that aij only belong to L∞(Ω). There exist a(k)
ij

∈

C∞(Rn) such that a(k)
ij

→ aij in measure as k → ∞. We can assume that

�a(k)
ij

�L∞(Ω) � K

and that the operators L(k)u = −∂i(a
(k)
ij

∂ju) satisfy the ellipticity condition
(2.73) with the same constant λ.

Let u be a solution of the Dirichlet problem (2.76), and let uk satisfy

�
L(k)uk = 0 in Ω,

truk = h on ∂Ω .

Denote by A and A(k) the matrices {aij} and {a(k)
ij

} respectively.
Since we can write

divA∇(u− uk) = − divA∇uk = − div(A−Ak)∇uk,

we find that
D[u− uk] � �(A−Ak)∇uk� �∇(u− uk)� .

Then there exists a constant K such that

�∇(u− uk)� � K �(A−Ak)∇uk� . (2.88)

Denoting by Dk the quadratic form
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Dk[u] =

�

Ω

a(k)
ij

∂iu ∂ju dx ,

we have
Dk[uk] = min

u∈W1,2(Ω)
tru=h

Dk[u]

and
λ �∇uk�

2 � Dk[uk].

This shows that the sequence �∇uk� is bounded and the right-hand side
of (3.40) tends to 0 as k → ∞.

We are now in a position to prove (2.82). Clearly, it is enough to show
that

D[Φm ◦ Ph] � C D[P (Φm ◦ h)] , (2.89)

where Φm is given by (2.78) for any h ∈ W 1/2,2(∂Ω) such that Φ ◦ h belongs
to the same space.

Because of what we have proved when the coefficients are smooth, we may
write

Dk[Φm ◦ Pkh] � C Dk[Pk(Φm ◦ h)] ,

where Pk denotes the Poisson operator for L(k).
Formula (3.40) shows that Pk(Φm ◦ h) tends to P (Φm ◦ h) (as k → ∞) in

W 1,2(Ω) and thus

lim
k→∞

Dk[Pk(Φm ◦ h)] = D[P (Φm ◦ h)] . (2.90)

On the other hand, we have

∇Φm(Pkh)−∇Φm(Ph) = Ψm(Pkh)(∇Pkh−∇Ph)+(Ψm(Pkh)−Ψm(Ph))∇Ph .

By the continuity of Ψm, we find

�∇Φm(Pkh)−∇Φm(Ph)�L2(Ω) → 0.

This implies that Dk[Φm◦Pkh] → D[Φm◦Ph], which together with (2.90),
leads to (2.89).

Under the assumption that the coefficients of the operator are smooth, we
can prove the inverse of Theorem 2.30.

Theorem 2.31. Let the coefficients of the operator L belong to C∞(Ω). If

(2.82) holds for any h ∈ W 1/2,2(∂Ω), then (2.75) is true with the same con-

stant C.
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Proof. Let Γ be a subdomain of ∂Ω with smooth nonempty boundary. We
choose a sufficiently small ε > 0 and denote by [Γ ]ε the ε-neighborhood of Γ .
We set γε = [Γ ]ε \ Γ and denote by δ(x) the distance from the point x to Γ .

Let a and b be different real numbers, and let h be the function defined
on ∂Ω by

h(x) =






a, x ∈ Γ,

a+ (b− a) ε−1δ(x), x ∈ γε,

b, x ∈ ∂Ω \ [Γ ]ε.

We know from (2.86) that D[Φ ◦ Ph] is equal to

�

∂Ω

dσx

�

∂Ω

Q(x, y) dσy,

where

Q(x, y) =
1

2
(h(y)− h(x))

� h(y)�

h(x)

Ψ2(τ) dτ

�
∂2G(x, y)

∂νx∂νy
.

We can write

�

∂Ω

dσx

�

∂Ω

Q(x, y) dσy = I1 + I2 + I3,

where

I1 =

�

γε

dσx

�

γε

Q(x, y) dσy ,

I2 =

�

∂Ω\γε

dσx

�

γε

Q(x, y) dσy +

�

γε

dσx

�

∂Ω\γε

Q(x, y) dσy ,

I3 =

�

Γ

dσx

�

∂Ω\[Γ ]ε

Q(x, y) dσy +

�

∂Ω\[Γ ]ε

dσx

�

Γ

Q(x, y) dσy .

The right-hand estimate in (2.80) leads to

I1 � c

�
b− a

ε

�2 �

γε

dσx

�

γε

(δ(x)− δ(y))2|x− y|−ndσy. (2.91)

The integral
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�

γε

(δ(x)− δ(y))2|x− y|−ndσy

with x ∈ γε is majorized by

c

ε�

0

(t− δ(x))2dt

�

Rn−2

(|η|+ (t− δ(x)))−ndη = O(ε) .

This estimate and (2.91) imply I1 = O(1) as ε → 0+.
Since

�����

�

Γ

dσx

�

γε

Q(x, y) dσy

����� � c

�
b− a

ε

�2 �

Γ

dσx

�

γε

δ2(y)|x− y|−ndσy

and the integral

�

γε

δ2(y)dσy

�

Γ

|x− y|−ndσx

does not exceed

c

ε�

0

t2dt

�

Rn−2

(|η|+ t)−n+1dη = O(ε2) ,

we find

�

Γ

dσx

�

γε

Q(x, y) dσy = O(1). (2.92)

Analogously,

�����

�

∂Ω\[Γ ]ε

dσx

�

γε

Q(x, y) dσy

����� � c

�
b− a

ε

�2 �

∂Ω\[Γ ]ε

dσx

�

γε

(ε− δ(y))2|x− y|−ndσy = O(1).

(2.93)

Exchanging the roles of x and y in the previous argument, we arrive at
the estimate

�

γε

dσx

�

∂Ω\γε

Q(x, y) dσy = O(1) .
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Combining this with (2.92) and (2.93), we see that I2 = O(1).
Let us consider I3. Since the two terms in the definition of I3 are equal,

we have

I3 = 2 (b− a)

b�

a

Ψ2(τ) dτ

�

Γ

dσx

�

∂Ω\[Γ ]ε

∂2G(x, y)

∂νx∂νy
dσy .

By the left inequality in (2.80),

I3 � 2 c1(b− a)

b�

a

Ψ2(τ) dτ

�

Γ

dσx

�

∂Ω\[Γ ]ε

|x− y|−ndσy .

There exists � > 0 such that the integral over Γ × (∂Ω \ [Γ ]ε) of |x− y|−n

admits the lower estimate by

c

0�

−�

dt

��

ε

ds

�

|τ |��

dτ

�

|η|��

(|η − τ |+ |s− t|)−ndη

which implies

�

Γ

dσx

�

∂Ω\[Γ ]ε

∂2G(x, y)

∂νx∂νy
dσy � c log(1/ε). (2.94)

Now we deal with D[P (Φ◦h)]. This can be written as J1+J2+J3, where Js
are defined as Is (s = 1, 2, 3) with the only difference that Q(x, y) is replaced
by

1

2

� h(y)�

h(x)

Ψ(τ) dτ

�2
∂2G(x, y)

∂νx∂νy
.

As before, J1 = O(1), J2 = O(1), and

J3 = 2

� b�

a

Ψ(τ)dτ

�2 �

Γ

dσx

�

∂Ω\[Γ ]ε

∂2G(x, y)

∂νx∂νy
dσy .

The inequality (2.82) for the function h can be written as

I3 +O(1) � C (J3 +O(1)),

i.e.,
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O(1) + (b− a)

b�

a

Ψ2(τ) dτ

�

Γ

dσx

�

∂Ω\[Γ ]ε

∂2G(x, y)

∂νx∂νy
dσy

� C



O(1) +

� b�

a

Ψ(τ)dτ

�2 �

Γ

dσx

�

∂Ω\[Γ ]ε

∂2G(x, y)

∂νx∂νy
dσy



 .

Dividing both sides by

�

Γ

dσx

�

∂Ω\[Γ ]ε

∂2G(x, y)

∂νx∂νy
dσy

and letting ε → 0+, we arrive at (2.68), referring to (2.94). The proof is
complete.

Remark. Inspection of the proofs of Theorems 2.30 and 2.31 shows that
if the coefficients are smooth and Dirichlet data on ∂Ω are nonnegative, we
have also the following result: The inequality

D[Φ ◦ Ph] � C+ D[P (Φ ◦ h)]

holds for any nonnegative h ∈ W 1/2,2(∂Ω) if and only if

Ψ2 � C+(Ψ)
2

for all finite intervals σ ⊂ R+.

Example. As a simple application of this theorem, we consider the case
of the Laplace operator and the function Ψ(t) = |t|α (α > −1/2). Let Cα and
Cα,+ be the following constants:

Cα =
(α+ 1)2

2α+ 1
sup
t∈R

(1− t)(1− t2α+1)

(1− |t|αt)2
, (2.95)

Cα,+ =
(α+ 1)2

2α+ 1
sup
t∈R+

(1− t)(1− t2α+1)

(1− tα+1)2
. (2.96)

Theorem 2.30 shows that

�

Ω

|∇(|Ph|αPh)|2dx � Cα

�

Ω

|∇P (|h|αh)|2dx , (2.97)
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for any h ∈ W 1/2,2(∂Ω), where P denotes the harmonic Poisson operator for
Ω.

In view of the remark above, we have also

�

Ω

|∇(Ph)α+1
|
2dx � Cα,+

�

Ω

|∇P (hα+1)|2dx (2.98)

for any nonnegative h ∈ W 1/2,2(∂Ω). By Theorem 2.31, the constants Cα and
Cα,+ are the best possible in (2.97) and (2.98).

Hence the problem of finding explicitly the best constant in such inequal-
ities is reduced to the determination of the supremum in (2.95) and (2.96).

One can check that Cα,+ = (α + 1)2/(2α + 1). In the particular cases
α = 1, 2, C1 and C2 can also be determined explicitly. This leads to the
inequalities (2.69)–(2.71).

2.6 Comments to Chapter 2

The results contained in Sections 2.1-2.4 and in Section 2.5 are borrowed from
Cialdea and Maz’ya [8] and [10], respectively.

We remark that the proof of Corollary 2.16 was given in [8]. The same
result, obtained with a different approach, can be found also in the earlier
paper by Kresin and Maz’ya [45].

We remark in conclusion that this chapter and chapters 3–6, where we
deal with Lp-dissipativity, have no significant intersections with the exist-
ing books concerning dissipative differential operators and contraction semi-
groups: Davies [15, 16], Fattorini [23], Goldstein [28], Hille [33], Kresin and
Maz’ya [46], Ouhabaz [76], Pazy [77], Robinson [80] et al..





3

Elasticity system

Let us consider the classical operator of linear elasticity

Eu = ∆u+ (1− 2ν)−1
∇ div u (3.1)

where ν is the Poisson ratio. Throughout this chapter, we assume that either
ν > 1 or ν < 1/2. It is well known that E is strongly elliptic if and only if
these inqualities hold (see, for instance, [31, p.86]).

For the planar elasticity we prove that Lamé operator is Lp-dissipative if
and only if �

1

2
−

1

p

�2

� 2(ν − 1)(2ν − 1)

(3− 4ν)2
. (3.2)

The result is followed by two Corollaries concerning the comparison be-
tween the Lamé operator and the Laplacian from the point of view of the
Lp-dissipativity.

In section 3.3 we show that condition (3.2) is necessary for the Lp-
dissipativity of operator (3.1), even when the Poisson ratio is not constant.
In the same Section we give a more strict explicit condition which is sufficient
for the Lp-dissipativity of (3.1).

In section 3.4 we give necessary and sufficient conditions for a weighted
Lp-dissipativity, i.e. for the validity of the inequality

�

Ω

(∆u+ (1− 2ν)−1
∇ div u) |u|p−2u

dx

|x|α
� 0

under the condition that the vector u is rotationally invariant, i.e. u depends
only on � = |x| and u� is the only nonzero spherical component of u. Namely
we show that this holds if and only if

−(p− 1)(n+ p� − 2) � α � n+ p− 2

where p� = p/(p− 1).
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3.1 Lp-dissipativity of planar elasticity

The aim of this Section is to give a necessary and sufficient condition for the
Lp-dissipativity of operator (3.1) in the case n = 2.

We start with a result holding in any number of variables. Let Ω be an ar-
bitrary domain in Rn and let us consider the bilinear form related to elasticity
operator

−

�

Ω

(�∇u,∇v�+ (1− 2ν)−1 div u div v) dx, (3.3)

where �·, ·� denotes the scalar product in Rn.
According to Definition 1.4, the form (3.3) is Lp-dissipative in Ω if

−

�

Ω

�∇u,∇(|u|p−2u)�+ (1− 2ν)−1 div u div(|u|p−2u) � 0 if p � 2,

(3.4)

−

�

Ω

�∇u,∇(|u|p
�−2u)�+ (1− 2ν)−1 div u div(|u|p

�−2u) � 0 if p < 2,

(3.5)

for all u ∈ (C1
0 (Ω))n.

In the following Lemma we demonstrate the equivalence between the Lp-
dissipativity of the form (3.3) and the positivity of a certain form, quadratic
in the first derivatives.

Lemma 3.1. Let Ω be a domain of Rn
. The form (3.3) is Lp

-dissipative if

and only if

�

Ω

[−Cp|∇|v||2 +
2�

j=1

|∇vj |
2
− γ Cp |v|

−2
|vh∂h|v||

2 + γ | div v|2] dx � 0 (3.6)

for any v ∈ (C1
0 (Ω))n, where

Cp = (1− 2/p)2, γ = (1− 2ν)−1. (3.7)

Proof. Sufficiency. First suppose p � 2. Let u ∈ (C1
0 (Ω))n and set v =

|u|p−2u. We have v ∈ (C1
0 (Ω))2 and u = |v|(2−p)/pv. One checks directly

that

�∇u,∇(|u|p−2u)�+ (1− 2ν)−1 div u div(|u|p−2u) =
�

j

|∇vj |
2
− Cp|∇|v||2 − γ Cp||vh∂h|v||

2 + γ| div v|2.

The left hand side of (3.4) being equal to the left hand side of (3.6), inequality
(3.4) is satisfied for any u ∈ (C1

0 (Ω))n.
If 1 < p < 2 we find
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�∇u,∇(|u|p
�−2u)�+ (1− 2ν)−1 div u div(|u|p

�−2u) =
�

j

|∇vj |
2
− Cp� |∇|v||2 − γ Cp� ||vh∂h|v||

2 + γ| div v|2.

and since 1 − 2/p� = −1 + 2/p (which implies Cp = Cp�), we get the result
also in this case.

Necessity. Let p � 2 and set

gε = (|v|2 + ε2)1/2, uε = g2/p−1
ε

v,

where v ∈ (C1
0 (Ω))n. We have

�∇uε,∇(|uε|
p−2uε)� =

|uε|
p−2

�∂huε, ∂huε�+ (p− 2)|uε|
p−3

�∂huε, uε� ∂h|uε| .

A direct computation shows that

�∇uε,∇(|uε|
p−2uε)� =

[(1− 2/p)2g−(p+2)
ε

|v|p − 2(1− 2/p)g−p

ε
|v|p−2]

�

k

|vj∂kvj |
2+

g2−p

ε
|v|p−2

�∂hv, ∂hv�,

|uε|
p−3

�∂huε, uε� ∂h|uε| =

{(1− 2/p)[(1− 2/p)g−(p+2)
ε

|v|p − g−p

ε
|v|p−2]+

[g2−p

ε
|v|p−4

− (1− 2/p)g−p

ε
|v|p−2]}

�

k

|vj∂kvj |
2

on the set E = {x ∈ Ω | |v(x)| > 0}. The inequality ga
ε
� |v|a for a � 0, shows

that the right hand sides are dominated by L1 functions. Since gε → |v|
pointwise as ε → 0+, we find

lim
ε→0+

�∇uε,∇(|uε|
p−2uε)� =

�∂hv, ∂hv�+ [(1− 2/p)2 − 2(1− 2/p) + 4(p− 2)/p2]|v|−2
�

k

|vj∂kvj |
2 =

−(1− 2/p)2|∇|v||2 +
�

j

|∇vj |
2

and dominated convergence gives

lim
ε→0+

�

E

�∇uε,∇(|uε|
p−2uε)�dx =

�

E

[−Cp|∇|v||2 +
�

j

|∇vj |
2]dx . (3.8)

Similar arguments show that
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lim
ε→o+

�

E

div uε div(|uε|
p−2uε)dx =

�

E

[−Cp|v|
−2

|vh∂h|v||
2 + | div v|2]dx .

(3.9)
Formulas (3.8) and (3.9) lead to

lim
ε→o+

�

Ω

(�∇uε,∇(|uε|
p−2uε)�+ γ div(|uε|

p−2uε)dx =
�

Ω

(−Cp|∇|v||2 +
�

j

|∇vj |
2
− γ Cp|v|

−2
|vh∂h|v||

2 + γ | div v|2) dx .
(3.10)

The function uε being in (C1
0 (Ω))n, the left hand side is greater than or

equal to zero and (3.6) follows.
If 1 < p < 2, we can write, in view of (3.10),

lim
ε→o+

�

Ω

(�∇uε,∇(|uε|
p
�−2uε)�+ γ div(|uε|

p
�−2uε)dx =

�

Ω

(−Cp� |∇|v||2 +
�

j

|∇vj |
2
− γ Cp� |v|−2

|vh∂h|v||
2 + γ | div v|2) dx .

Since Cp� = Cp, (3.5) implies (3.6).

The next Lemma concerns the case n = 2 and provides a necessary alge-
braic condition for the Lp-dissipativity of the form (3.3).

Lemma 3.2. Let Ω be a domain of R2
. If the form (3.3) is Lp

-dissipative, we

have

−Cp[|ξ|
2 + γ �ξ,ω�2]�λ,ω�2 + |ξ|2|λ|2 + γ �ξ,λ�2 � 0 (3.11)

for any ξ, λ, ω ∈ R2
, |ω| = 1 (the constants Cp and γ being given by (3.7)).

Proof. Assume first that Ω = R2. Let us fix ω ∈ R2 with |ω| = 1 and take
v(x) = w(x) η(log |x|/ logR), where

w(x) = µω + ψ(x)

µ, R ∈ R+, ψ ∈ (C∞
0 (R2))2, η ∈ C∞(R2), η(t) = 1 if t � 1/2 and η(t) = 0 if

t � 1.
On the set where v �= 0 one has

�∇|v|,∇|v|� = �∇|w|,∇|w|� η2(log |x|/ logR)+

2 (logR)−1
|w| �∇|w|, x� |x|−2η(log |x|/ logR) η�(log |x|/ logR)+

(logR)−2
|w|2|x|−2 (η�(log |x|/ logR))2.

Choose δ such that sptψ ⊂ Bδ(0) and R > δ2. If |x| > δ one has
w(x) = µω and then ∇|w| = 0, while if |x| < δ, then η(log |x|/ logR) = 1,
η�(log |x|/ logR) = 0. Therefore
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�

R2

�∇|v|,∇|v|� dx =

�

Bδ(0)
�∇|w|,∇|w|� dx+

1

log2 R

�

BR(0)\B√
R
(0)

|w|2

|x|2
(η�(log |x|/ logR))2dx .

Since

lim
R→+∞

1

log2 R

�

BR(0)\B√
R
(0)

dx

|x|2
= 0 ,

we find

lim
R→+∞

�

R2

�∇|v|,∇|v|� dx =

�

Bδ(0)
�∇|w|,∇|w|� dx .

By similar arguments we obtain

lim
R→+∞

�

R2

[−Cp|∇|v||2 +
2�

j=1

|∇vj |
2
− γ Cp |v|

−2
|vh∂h|v||

2 + γ | div v|2] dx =

�

Bδ(0)
[−Cp|∇|w||2 +

2�

j=1

|∇wj |
2
− γ Cp |w|

−2
|wh∂h|w||

2 + γ | divw|2] dx .

In view of Lemma 4.1, (3.6) holds. Putting v in this formula and letting
R → +∞, we find

�

Bδ(0)
[−Cp|∇|w||2 +

2�

j=1

|∇wj |
2
− γ Cp |w|

−2
|wh∂h|w||

2 + γ | divw|2] dx � 0 .

(3.12)
From the identities

∂hw = ∂hψ, divw = divψ,

|∇|w||2 = |µω + ψ|−2
2�

h=1

�µω + ψ, ∂hψ�
2,

|w|−2
|wh∂hw|

2 = |µω + ψ|−4
|(µωh + ψh)�µω + ψ, ∂hψ�|

2

we infer, letting µ → +∞ in (3.12),

�

R2

[−Cp

2�

h=1

�ω, ∂hψ�
2 +

2�

j=1

|∇ψj |
2
− γ Cp|ωh �ω, ∂hψ�|

2 + γ | divψ|2] dx � 0 .

(3.13)
Putting in (3.13)

ψ(x) = λϕ(x) cos(µ�ξ, x�) and ψ(x) = λϕ(x) sin(µ�ξ, x�)

where λ ∈ R2, ϕ ∈ C∞
0 (R2) and µ is a real parameter, by standard arguments

(see, e.g, [26, p.107–108]) we find (4.9).
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If Ω �= R2, fix x0 ∈ Ω and 0 < ε < dist(x0, ∂Ω). Given ψ ∈ (C1
0 (Ω)2, put

the function
v(x) = ψ((x− x0)/ε)

in (3.6). By a change of variables we find

�

R2

[−Cp|∇|ψ||2 +
2�

j=1

|∇ψj |
2
− γ Cp |ψ|

−2
|ψh∂h|ψ||

2 + γ | divψ|2] dx � 0.

The arbitrariness of ψ ∈ (C1
0 (Ω)2 and what we have proved for R2 gives

the result.

We are now in a position to give a necessary and sufficient condition for
the Lp-dissipativity of planar elasticity.

Theorem 3.3. Let n = 2. The form (3.1) is Lp
-dissipative if and only if

�
1

2
−

1

p

�2

� 2(ν − 1)(2ν − 1)

(3− 4ν)2
. (3.14)

Proof. Necessity. In view of Lemma 4.2, the Lp-dissipativity of (3.1) implies
the algebraic inequality (4.9) for any ξ, λ, ω ∈ R2, |ω| = 1.

Without loss of generality we may suppose ξ = (1, 0) and (4.9) can be
written as

−Cp(1 + γω2
1)(λjωj)

2 + |λ|2 + γλ2
1 � 0 (3.15)

for any λ, ω ∈ R2, |ω| = 1.
Condition (3.15) holds if and only if

−Cp(1 + γω2
1)ω

2
1 + 1 + γ � 0,

[Cp(1 + γω2
1)ω1ω2]

2 �
[−Cp(1 + γω2

1)ω
2
1 + 1 + γ] [−Cp(1 + γω2

1)ω
2
2 + 1]

for any ω ∈ R2, |ω| = 1.
In particular, the second condition has to be satisfied. This can be written

in the form
1 + γ − Cp(1 + γω2

1)(1 + γω2
2) � 0 (3.16)

for any ω ∈ R2, |ω| = 1. The minimum of the left hand side of (3.16) on the
unit sphere is given by

1 + γ − Cp(1 + γ/2)2.

Hence (3.16) is satisfied if and only if 1 + γ − Cp(1 + γ/2)2 � 0. The last
inequality means

2(1− ν)

1− 2ν
−

�
p− 2

p

�2 � 3− 4ν

2(1− 2ν)

�2

� 0
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i.e. (3.14). From the identity 4/(p p�) = 1 − (1 − 2/p)2, it follows that (3.14)
can be written also as

4

p p�
� 1

(3− 4ν)2
. (3.17)

Sufficiency. In view of Lemma 4.1, E is Lp-dissipative if and only if (3.6)
holds for any v ∈ (C1

0 (Ω))2. Choose v ∈ (C1
0 (Ω))2 and define

X1 = |v|−1(v1∂1|v|+ v2∂2|v|), X2 = |v|−1(v2∂1|v|− v1∂2|v|)

Y1 = |v|[∂1(|v|
−1v1) + ∂2(|v|

−1v2)], Y2 = |v|[∂1(|v|
−1v2)− ∂2(|v|

−1v1)]

on the set E = {x ∈ Ω | v �= 0}. From the identities

|∇|v||2 = X2
1 +X2

2 , Y1 = (∂1v1 + ∂2v2)−X1, Y2 = (∂1v2 − ∂2v1)−X2

it follows

Y 2
1 + Y 2

2 = |∇|v||2 + (∂1v1 + ∂2v2)
2 + (∂1v2 − ∂2v1)

2

−2(∂1v1 + ∂2v2)X1 − 2(∂1v2 − ∂2v1)X2.

Keeping in mind that ∂h|v| = |v|−1vj∂hvj , one can check that

(∂1v1 + ∂2v2)(v1∂1|v|+ v2∂2|v|) + (∂1v2 − ∂2v1)(v2∂1|v|− v1∂2|v|) =

|v| |∇|v||2 + |v|(∂1v1∂2v2 − ∂2v1∂1v2),

which implies �

j

|∇vj |
2 = X2

1 +X2
2 + Y 2

1 + Y 2
2 . (3.18)

Thus (3.6) can be written as

�

E

�
4

p p�
(X2

1 +X2
2 ) + Y 2

1 + Y 2
2 − γ CpX

2
1 + γ (X1 + Y1)

2

�
dx � 0. (3.19)

Let us prove that
�

E

X1Y1dx = −

�

E

X2Y2dx. (3.20)

Since X1 + Y1 = div v and X2 + Y2 = ∂1v2 − ∂2v1, keeping in mind (3.18),
we may write

2

�

E

(X1Y1+X2Y2)dx =

�

E

[(X1+Y1)
2+(X2+Y2)

2
−(X2

1+X2
2+Y 2

1 +Y 2
2 )] dx =

�

E

[(div v)2 + (∂1v2 − ∂2v1)
2
−

�

j

|∇vj |
2] dx

i.e.
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�

E

(X1Y1 +X2Y2)dx =

�

E

(∂1v1∂2v2 − ∂1v2∂2v1) dx.

The set {x ∈ Ω \ E | ∇v(x) �= 0} has zero measure and then

�

E

(X1Y1 +X2Y2)dx =

�

Ω

(∂1v1∂2v2 − ∂1v2∂2v1) dx.

There exists a sequence {v(n)} ⊂ C∞
0 (Ω) such that v(n) → v, ∇v(n) → ∇v

uniformly in Ω and hence
�

Ω

∂1v1∂2v2dx = lim
n→∞

�

Ω

∂1v
(n)
1 ∂2v

(n)
2 dx =

lim
n→∞

�

Ω

∂1v
(n)
2 ∂2v

(n)
1 dx =

�

Ω

∂1v2∂2v1dx

and (3.20) is proved. In view of this, (3.19) can be written as

�

E

�
4

p p�
(1 + γ)X2

1 + 2ϑγX1Y1 + (1 + γ)Y 2
1

�
dx

+

�

E

�
4

p p�
X2

2 − 2(1− ϑ)γX2Y2 + Y 2
2

�
dx � 0

for any fixed ϑ ∈ R.
If we choose

ϑ =
2(1− ν)

3− 4ν

we find

(1− ϑ)γ =
1

3− 4ν
, ϑ2γ2 =

(1 + γ)2

(3− 4ν)2
.

Inequality (3.17) leads to

ϑ2γ2 � 4

p p�
(1 + γ)2, (1− ϑ)2γ2 � 4

p p�
.

Observing that (3.14) implies 1 + γ = 2(1− ν)(1− 2ν)−1 � 0, we get

4

p p�
(1 + γ)x2

1 + 2ϑγ x1y1 + (1 + γ)y21 � 0,

4

p p�
x2
2 − 2(1− ϑ)γ x2y2 + y22 � 0

for any x1, x2, y1, y2 ∈ R. This shows that (3.19) holds. Then (3.6) is true for
any v ∈ (C1

0 (Ω))2 and the proof is complete.

In the next Theorem Ω is a bounded domain satisfying the same smooth-
ness assumption as in Section 2.4 (see p.49).
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Theorem 3.4. Let E be the two-dimensional elasticity operator (3.1) with

domain (W 2,p(Ω) ∩ W̊ 1,p(Ω))2. The operator E is Lp
-dissipative if and only

if condition (3.14) holds.

Proof. By means of the same arguments as in Section 2.4.1, we have the equiv-
alence between the Lp-dissipativity of the form (3.3) and the Lp-dissipativity
of the elasticity operator (3.1). The result follows from Theorem 3.3.

3.2 Comparison between E and ∆

We give two Corollaries of the results obtained in the previous Section. They
concern the comparison between E and ∆ from the point of view of the Lp-
dissipativity.

The first one provides a necessary and sufficient condition for the existence
of a k > 0 such that E − k∆ is Lp-dissipative. The other one considers the
analogue question for k∆− E.

In all this section we shall assume the smoothness assumptions of Theorem
3.4.

Corollary 3.5. There exists k > 0 such that E − k∆ is Lp
-dissipative if and

only if �
1

2
−

1

p

�2

<
2(ν − 1)(2ν − 1)

(3− 4ν)2
. (3.21)

Proof. Necessity. We remark that if E − k∆ is Lp-dissipative, then
�
k � 1 if p = 2

k < 1 if p �= 2.
(3.22)

In fact, in view of Theorem 4.1, we have the necessary condition

−(1− 2/p)2[(1− k)|ξ|2 + (1− 2ν)−1(ξjωj)
2](λjωj)

2

+(1− k)|ξ|2|λ|2 + (1− 2ν)−1(ξjλj)
2 � 0

(3.23)

for any ξ, λ, ω ∈ R2, |ω| = 1. If we take ξ = (1, 0), λ = ω = (0, 1) in (3.23)
we find

4

p p�
(1− k) � 0

and then k � 1 for any p. If p �= 2 and k = 1, taking ξ = (1, 0), λ = (0, 1),
ω = (1/

√
2, 1/

√
2) in (3.23), we find −(1− 2/p)2(1− 2ν)−1 � 0. On the other

hand, taking ξ = λ = (1, 0), ω = (0, 1) we find (1 − 2ν)−1 � 0. This is a
contradiction and (3.22) is proved.

It is clear that if E − k∆ is Lp-dissipative, then E − k�∆ is Lp-dissipative
for any k� < k. Therefore it is not restrictive to suppose that E − k∆ is
Lp-dissipative for some 0 < k < 1. Moreover E is also Lp-dissipative.
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The Lp-dissipativity of E − k∆ (0 < k < 1) is equivalent to the Lp-
dissipativity of the operator

E�u = ∆u+ (1− k)−1(1− 2ν)−1
∇ div u. (3.24)

Setting
ν� = ν(1− k) + k/2, (3.25)

we have (1− k)(1− 2ν) = 1− 2ν�. Theorem 3.4 shows that

4

p p�
� 1

(3− 4ν�)2
. (3.26)

Since 3−4ν� = 3−4ν−2k(1−2ν), condition (3.26) means |3−4ν−2k(1−
2ν)| � √

p p�/2, i.e. ����k −
3− 4ν

2(1− 2ν)

���� �
√
p p�

4|1− 2ν|
(3.27)

Note that the Lp-dissipativity of E implies that (3.14) holds. In particular
we have (3− 4ν)/(1− 2ν) > 0. Hence (3.27) is satisfied if either

k � 1

2|1− 2ν|

�
|3− 4ν|−

√
p p�

2

�
(3.28)

or

k � 1

2|1− 2ν|

�
|3− 4ν|+

√
p p�

2

�
(3.29)

Since

|3− 4ν|

2|1− 2ν|
− 1 =

3− 4ν

2(1− 2ν)
− 1 =

1

2(1− 2ν)
� −

√
p p�

4|1− 2ν|

we have
1

2|1− 2ν|

�
|3− 4ν|+

√
p p�

2

�
� 1

and (3.29) is impossible. Then (3.28) holds. Since k > 0, we have the strict
inequality in (3.17) and (3.21) is proved.

Sufficiency. Suppose (3.21). Since

4

p p�
>

1

(3− 4ν)2
,

we can take k such that

0 < k <
1

2|1− 2ν|

�
|3− 4ν|−

√
p p�

2

�
. (3.30)

Note that
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|3− 4ν|

2|1− 2ν|
− 1 =

3− 4ν

2(1− 2ν)
− 1 =

1

2(1− 2ν)
�

√
p p�

4|1− 2ν|
.

This means
1

2|1− 2ν|

�
|3− 4ν|−

√
p p�

2

�
� 1

and then k < 1. Let ν� be given by (3.25). The Lp-dissipativity of E − k∆ is
equivalent to the Lp-dissipativity of the operator E� defined by (3.24).

Condition (3.27) (i.e. (3.26)) follows from (3.30) and Theorem 3.4 gives
the result.

Corollary 3.6. There exists k < 2 such that k∆− E is Lp
-dissipative if and

only if �
1

2
−

1

p

�2

<
2ν(2ν − 1)

(1− 4ν)2
. (3.31)

Proof. We may write k∆ − E = �E − �k∆, where �k = 2 − k, �E = ∆ + (1 −

2�ν)−1∇ div, �ν = 1 − ν. Theorem 3.5 shows that �E − �k∆ is Lp-dissipative if
and only if �

1

2
−

1

p

�2

<
2(�ν − 1)(2�ν − 1)

(3− 4�ν)2 . (3.32)

Condition (3.32) coincides with(3.31) and the the Corollary is proved.

3.3 Lp-dissipativity of three-dimensional elasticity

As far as the three-dimensional Lamé system is concerned, necessary and
sufficient conditions for the Lp-dissipativity are not known. The next Theorem
shows that condition (3.14) is necessary, even in the case of a non constant
Poisson ratio. Here Ω is a bounded domain in R3 whose boundary is in the
class C2.

Theorem 3.7. Suppose ν = ν(x) is a continuos function defined in Ω such

that

inf
x∈Ω

|2ν(x)− 1| > 0.

If (3.1) is Lp
-dissipative in Ω, then

�
1

2
−

1

p

�2

� inf
x∈Ω

2(ν(x)− 1)(2ν(x)− 1)

(3− 4ν(x))2
. (3.33)

Proof. We have
�

Ω

(∆u+ (1− 2ν(x))−1
∇ div u)|u|p−2u dx � 0 (3.34)
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for any u ∈ (W 2,p(Ω) ∩ W̊ 1,p(Ω))3, in particular for any u ∈ (C∞
0 (Ω))3.

Take v ∈ (C∞
0 (R2))2, ϕ ∈ C∞

0 (R), ϕ � 0 and x0 ∈ Ω; define vε(x1, x2) =
v((x1 − x0

1)/ε, (x2 − x0
2)/ε),

u(x1, x2, x3) = (vε,1(x1, x2), vε,2(x1, x2), 0)ϕ(x3).

We suppose that the support of v is contained in the unit ball, 0 < ε <
dist(x0, ∂Ω) and the support of ϕ is contained in (−ε, ε). In this way the
function u belongs to (C∞

0 (Ω))3.
Setting γ(x1, x2, x3) = (1− 2 ν(x1, x2, x3))−1, we have

∆u+ γ∇ div u = (∆vε + γ∇ div vε)ϕ+ vεϕ
��

and then

(∆u+ γ∇ div u)|u|p−2u =

(∆vε + γ∇ div vε) |vε|
p−2vεϕ

p + v2
ε
ϕ��ϕp−1.

We can write, in view of (3.34),
�

R
ϕpdx3

��

R2

(∆vε + γ∇ div vε) |vε|
p−2vε dx1dx2+

�

R
ϕp−1ϕ��dx3

��

R2

|vε|
pdx1dx2 � 0.

Noting that

∆vε + γ∇ div vε =

1

ε2

�
∆v

�
x1 − x0

1

ε
,
x1 − x0

1

ε

�
+ γ(x1, x2, x3)∇ div v

�
x1 − x0

1

ε
,
x1 − x0

1

ε

��
,

a change of variables in the double integral gives
�

R
ϕp(x3) dx3

��

R2

(∆v(t1, t2) + γ(x0
1 + ε t1, x

0
2 + ε t2, x3)∇ div v(t1, t2))×

|v(t1, t2)|
p−2v(t1, t2)dt1dt2 + ε2

�

R
ϕp−1ϕ��dx3

��

R2

|v(t1, t2)|
pdt1dt2 � 0 .

Letting ε → 0+, we get
�

R
ϕp(x3) dx3

��

R2

(∆v(t1, t2) + γ(x0
1, x

0
2, x3)∇ div v(t1, t2))×

|v(t1, t2)|
p−2v(t1, t2)dt1dt2 � 0 .

For the arbitrariness of ϕ, this implies
��

R2

(∆v(t1, t2) + γ(x0
1, x

0
2, x

0
3)∇ div v(t1, t2))|v(t1, t2)|

p−2v(t1, t2)dt1dt2 � 0
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for any v ∈ (C∞
0 (B))2, B being the unit ball in R2.

Suppose p � 2. Integrating by parts, we get

L (v, |v|p−2v) � 0 (3.35)

for any v ∈ (C∞
0 (B))2.

Given v ∈ (C∞
0 (B))2, define uε = g2/p−1

ε v. Since uε ∈ (C∞
0 (B))2, in view

of (3.35) we write
L (uε, |uε|

p−2uε) � 0.

By means of the computations we made in the Necessity of Lemma 4.1,
letting ε → 0+, we find inequality (3.6) for any v ∈ (C∞

0 (B))2. This implies
that (3.6) holds for any v ∈ (C1

0 (B))2.
In fact, let vm ∈ (C∞

0 (B))2 such that vm → v in C1-norm. Let us show
that

χEn
|vm|

−1vm∇vm → χE |v|
−1v∇v in L2(B), (3.36)

where En = {x ∈ B | vm(x) �= 0}, E = {x ∈ Ω | v(x) �= 0}. We see that

χEn
|vm|

−1vm∇vm → χE |v|
−1v∇v (3.37)

on the set E ∪ {x ∈ B | ∇v(x) = 0}. The set {x ∈ B \E | ∇v(x) �= 0} having
zero measure, (3.37) holds almost everywhere. Moreover, since

�

G

χEn
|vm|

−2
|vm∇vm|

2dx �
�

G

|∇vm|
2dx

for any measurable setG ⊂ Ω and {∇vm} is convergent in L2(Ω), the sequence
{|χEn

|vm|−1vm∇vm−χE |v|−1v∇v|2} has uniformly absolutely continuous in-
tegrals. Now we may appeal to Vitali’s Theorem to obtain (3.36).

Inequality (3.6) holding for any v ∈ (C1
0 (B))2, the result follows from

Theorem 3.3.
Let now 1 < p < 2. From the Lp dissipativity of E it follows that the

operator E − λI (λ > 0) is invertible on Lp(Ω). This means that for any
f ∈ Lp(Ω) there exists one and only one u ∈ W 2,p(Ω) ∩ W̊ 1,p(Ω) such that
(E − λI)u = f . Because of well known regularity results for solutions of
elliptic systems [19], we have also that, if f belongs to Lp

�
(Ω), the solution

u belongs to W 2,p�
(Ω) ∩ W̊ 1,p�

(Ω) and there exists the bounded resolvent
(E∗ − λI)−1 : Lp

�
(Ω) → W 2,p�

(Ω) ∩ W̊ 1,p�
(Ω).

Since E is Lp-dissipative and �(E∗ − λI)−1� = �(E − λI)−1�, we may
write

�(E∗
− λI)−1

� � 1

λ

for any λ > 0, i.e. we have the Lp
�
-dissipativity of E∗, p� > 2. We have reduced

the proof to the previous case. Therefore (3.33) holds with p replaced by p�.
Since �

1

2
−

1

p

�2

=

�
1

2
−

1

p�

�2

the proof is complete.
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We do not know if condition (3.14) is sufficient for the Lp-dissipativity
of the three-dimensional elasticity. The next Theorem provides a more strict
sufficient condition.

Theorem 3.8. Let Ω be a domain in R3
. If

(1− 2/p)2 �






1− 2ν

2(1− ν)
if ν < 1/2

2(1− ν)

1− 2ν
if ν > 1.

(3.38)

the operator (3.1) is Lp
-dissipative.

Proof. In view of Lemma 4.1, operator E is Lp-dissipative if and only if in-
equality (3.6) holds for any v ∈ (C1

0 (Ω))3. This can be written as

Cp

�

Ω

[|∇|v||2 + γ |v|−2
|vh∂h|v||

2] dx �
�

Ω




3�

j=1

|∇vj |
2 + γ | div v|2



 dx .

(3.39)
Note that the integral on the left hand side of (3.39) is nonnegative. In

fact, setting
ξhj = ∂hvj , ωj = |v|−1vj ,

we have

|∇|v||2 + γ |v|−2
|vh∂h|v||

2 = ωiωj(δhk + γωhωk)ξhiξkj .

Then we can write

|∇|v||2 + γ |v|−2
|vh∂h|v||

2 = |λ|2 + γ(λ · ω)2 (3.40)

where λ is the vector whose h-th component is ωiξhi. Since ω is a unit vector
and γ > −1 we have

|∇|v||2 + γ |v|−2
|vh∂h|v||

2 � 0.

Also the right hand side of (3.39) is nonengative. In fact, denoting by �vj
the Fourier transform of vj

�vj(y) =
�

R3

vj(x)e
−iy·xdx ,

we have
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�

Ω




3�

j=1

|∇vj |
2 + γ | div v|2



 dx =

�

Ω

(∂hvj∂hvj + γ∂hvh∂jvj)dx =

(2π)−3

�

R3

( �∂hvj �∂hvj + γ�∂hvh �∂jvj) dy = (2π)−3

�

R3

(|y|2|�v|2 + γ|y · �v|2)dy �

min{1, 1 + γ}(2π)−3

�

R3

|y|2|�v|2dy = min{1, 1 + γ}

�

Ω

3�

j=1

|∇vj |
2dx .

(3.41)
This implies that (3.39) holds for any v such that the left hand side vanishes

and that E is Lp-dissipative if and only if

Cp � inf

�

Ω




3�

j=1

|∇vj |
2 + γ | div v|2



 dx

�

Ω

[|∇|v||2 + γ |v|−2
|vh∂h|v||

2] dx
, (3.42)

where the infimum is taken over all v ∈ (C1
0 (Ω))3 such that the denominator

is positive.
From (3.40) we get

|∇|v||2 + γ |v|−2
|vh∂h|v||

2 � max{1, 1 + γ}|λ|2 � max{1, 1 + γ}
3�

j=1

|∇vj |
2.

Keeping in mind also (3.41) we find that

�

Ω




3�

j=1

|∇vj |
2 + γ | div v|2



 dx

�

Ω

[|∇|v||2 + γ |v|−2
|vh∂h|v||

2] dx
� min{1, 1 + γ}

max{1, 1 + γ}
.

Therefore condition (3.42) is satisfied if

Cp � min{1, 1 + γ}

max{1, 1 + γ}
.

This inequality being equivalent to (3.38), the proof is complete.

Remark 3.9. The Theorems of this Section hold in any dimension n � 3 with
the same proof.

3.4 Weighted Lp-negativity of elasticity system defined
on rotationally symmetric vector functions

Let Φ be a point on the (n − 2)−dimensional unit sphere Sn−2 with spher-
ical coordinates {ϑj}j=1,...,n−3 and ϕ, where ϑj ∈ (0,π) and ϕ ∈ [0, 2π).
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A point x ∈ Rn is represented as a triple (�,ϑ,Φ), where � > 0 and
ϑ ∈ [0,π]. Correspondingly, a vector u can be written as u = (u�, uϑ, uΦ)
with uΦ = (uϑn−3 , . . . , uϑ1 , uϕ). We call u�, uϑ, uΦ the spherical components
of the vector u.

Theorem 3.10. Let the spherical components uϑ and uΦ of the vector u van-

ish, i.e. u = (u�, 0, 0), and let u� depend only on the variable �. Then, if

α � n− 2, we have

�

Rn

�
∆u+ (1− 2ν)−1

∇ div u
�
|u|p−2u

dx

|x|α
� 0 (3.43)

for any u ∈ (C∞
0 (Rn \ {0}))n satisfying the aforesaid symmetric conditions,

if and only if

−(p− 1)(n+ p� − 2) � α � n+ p− 2. (3.44)

If α < n− 2 the same result holds replacing (C∞
0 (Rn \ {0}))n by (C∞

0 (Rn))n.

Proof. Setting
gε(s) = (s2 + ε2)1/2,

and denoting by ωn−1 the (n− 1)−dimensional measure of the unit sphere in
Rn, we have

�

Rn

∆u gε(|u|)
p−2u

dx

|x|α
=

ωn−1

� +∞

0

�
1

�n−1
∂�(�

n−1∂�u�)−
n− 1

�2
u�

�
gε(|u�|)

p−2u��
n−1−αd� .

An integration by parts gives

� +∞

0
∂�(�

n−1∂�u�)gε(|u�|)
p−2u��

−αd� =

−

� +∞

0
�n−1∂�u�∂�(gε(|u�|)

p−2u��
−α)d� =

−

� +∞

0
∂�u�∂�(gε(|u�|)

p−2u�)�
n−1−αd�+α

� +∞

0
gε(|u�|)

p−2u�∂�u��
n−α−2d�.

(3.45)

Since
∂�(gε(|u�|)

p) = p gε(|u�|)
p−2u�∂�u�, (3.46)

we have, by means of another integration by parts in the last integral of (3.45),

α

� +∞

0
gε(|u�|)

p−2u�∂�u��
n−α−2d� =

α

p

� +∞

0
∂�(gε(|u�|)

p)�n−α−2d� =

−
α(n− 2− α)

p

�

K

gε(|u�|)
p�n−3−αd�+O(εp)
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where K is the support of u�.
This proves the identity

�

Rn

∆u gε(|u|)
p−2u

dx

|x|α
=

− ωn−1

�
(n− 1)

�

K

gε(|u�|)
p−2u2

�
�n−3−αd�+

+
α(n− 2− α)

p

�

K

gε(|u�|)
p�n−3−αd�+

+

�

K

∂�u�∂�(gε(|u�|)
p−2u�)�

n−1−αd�

�
+O(εp). (3.47)

We have also

�

Rn

∇(div u)gε(|u|)
p−2u

dx

|x|α
= −

�

Rn

div u div(gε(|u|)
p−2u|x|−α)dx =

− ωn−1

� +∞

0

1

�n−1
∂�(�

n−1u�)∂�(�
n−1−αgε(|u�|)

p−2u�)d�. (3.48)

Moreover,

1

�n−1
∂�(�

n−1u�) ∂�(�
n−1−αgε(|u�|)

p−2u�) =

(n− 1)(n− 1−α)�n−3−αgε(|u�|)
p−2u2

�
+ (n− 1)�n−2−αu�∂�(gε(|u�|)

p−2u�)+

+ (n− 1− α)�n−2−αgε(|u�|)
p−2u�∂�u� + �n−1−α∂�u�∂�(gε(|u�|)

p−2u�).
(3.49)

In view of (3.46) we may write

� +∞

0
�n−2−αgε(|u�|)

p−2u�∂�u�d� =
1

p

� +∞

0
�n−2−α∂�(gε(|u�|)

p)d� =

−
n− 2− α

p

�

K

�n−3−αgε(|u�|)
pd�+O(εp). (3.50)

Since

∂�(gε(|u�|)
p−2u2

�
) = u�∂�(gε(|u�|)

p−2u�) + gε(|u�|)
p−2u�∂�u�

and using again (3.46), we find
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� +∞

0
�n−2−αu�∂�(gε(|u�|)

p−2u�)d� =

� +∞

0
�n−2−α∂�(gε(|u�|)

p−2u2
�
)d�−

� +∞

0
�n−2−αgε(|u�|)

p−2u�∂�u�d� =

− (n− 2− α)

�

K

�n−3−αgε(|u�|)
p−2u2

�
d�−

1

p

� +∞

0
�n−2−α∂�(gε(|u�|)

p)d�+

+O(εp) = −(n− 2− α)

�

K

�n−3−αgε(|u�|)
p−2u2

�
d�+

n− 2− α

p

�

K

�n−3−αgε(|u�|)
pd�+O(εp). (3.51)

We obtain by (3.48), (3.49), (3.50) and (3.51) that

�

Rn

∇(div u)gε(|u|)
p−2u

dx

|x|α
=

− ωn−1

�
(n− 1)

�

K

�n−3−αgε(|u�|)
p−2u2

�
d�+

α(n− 2− α)

p

�

K

�n−3−αgε(|u�|)
pd�+

�

K

∂�u�∂�(gε(|u�|)
p−2u�)�

n−1−αd�

�
+O(εp). (3.52)

It follows from (3.47) and (3.52) that

�

Rn

�
∆u+

1

1− 2ν
∇ div u

�
gε(|u|)

p−2u
dx

|x|α
=

− ωn−1
2(1− ν)

1− 2ν

�
(n− 1)

�

K

�n−3−αgε(|u�|)
p−2u2

�
d�+

α(n− 2− α)

p

�

K

�n−3−αgε(|u�|)
pd�+

�

K

∂�u�∂�(gε(|u�|)
p−2u�)�

n−1−αd�

�
+O(εp).

Seeing that, given a ∈ R, there exists a constant Cα such that (gε(s))a �
Cα(sa + εa) (s � 0), we may apply the dominated convergence theorem and
find
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�

Rn

�
∆u+

1

1− 2ν
∇ div u

�
|u|p−2u

dx

|x|α
=

− ωn−1
2(1− ν)

1− 2ν

��
n− 1 +

α(n− 2− α)

p

��

K

�n−3−α
|u�|

pd�+

�

K

∂�u�∂�(|u�|
p−2u�)�

n−1−αd�

�
.

Keeping in mind that either ν > 1 or ν < 1/2, the last equality shows that
(3.43) holds if and only if

�
n− 1 +

α(n− 2− α)

p

��

K

�n−3−α
|u�|

pd�+

�

K

∂�u�∂�(|u�|
p−2)�n−1−αd� � 0. (3.53)

Setting v� = |u�|
(p−2)/2u�, we see that (3.53) is equivalent to

�
n− 1 +

α(n− 2− α)

p

� � +∞

0
|v�|

2�n−3−αd�+

+
4

p p�

� +∞

0
(∂�v�)

2�n−1−αd� � 0. (3.54)

If α = n− 2 the inequality (3.54) is obviously satisfied. For α �= n− 2, we
recall the Hardy inequality (see, for instance, [67, p.40])

� +∞

0

v2(�)

�α−n+3
d� � 4

(α− n+ 2)2

� +∞

0

(∂�v(�))2

�α−n+1
d� , (3.55)

which holds for any v ∈ C∞
0 (R) provided α �= n − 2, under the condition

v(0) = 0 when α > n− 2.
Inequality (3.54) can be written as

−
p p�

4

�
n− 1 +

α(n− 2− α)

p

� � +∞

0
|v�|

2�n−3−αd� �
� +∞

0
(∂�v�)

2�n−1−αd� .

(3.56)
Now we see that (3.56) holds if, and only if,

−
p p�

4

�
n− 1 +

α(n− 2− α)

p

�
� (α− n+ 2)2

4
. (3.57)

In fact, if (3.57) holds, then (3.56) is true, because of (3.55). Viceversa,
if (3.56) holds, thanks to the arbitrariness of v� and to the sharpness of the
constant in (3.55), we get (3.57).
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A simple manipulation shows that the latter inequality is equivalent to

−
(α− (n+ p− 2))( α

p−1 + (n+ p� − 2))

p p�
� 0,

which in turn is equivalent to (3.44). The Theorem is proved.

We remark that the inequalities

−(p− 1)(n+ p� − 2) < 0 < n+ p− 2

are always satisfied and therefore condition (3.44) is never empty.

3.5 Comments to Chapter 3

The Lp-dissipativity criteria presented in this chapter were obtained in Cialdea
and Maz’ya [11].

While the two-dimensional case is completely settled by inequality (3.14),
for the n dimensional elasticity we only showed in Section 3.3 that condition
(3.14) is necessary for the Lp-dissipativity. For the time being we do not know
if it is also sufficient when n > 2.

Section 3.4 is from Cialdea and Maz’ya [11].



4

Lp-dissipativity for systems of partial
differential operators

This Chapter is devoted to systems of partial differential operators.
After some auxiliary results in Section 4.1, we give an algebraic necessary

condition for the Lp-dissipativity of a general system in the two-dimensional
case (Section 4.2). Several results are stated in terms of eigenvalues of the
coefficient matrix of the system.

Hinging on these results in Section 4.4 we give an algebraic characterization
of the Lp-dissipativity for a certain class of systems of partial differential
operators.

The rest of the chapter is devoted to weakly coupled and coupled sys-
tems. In particular the relationship between the generation of Lp-contractive
semigroups of the corresponding operators and L2-contractivity of the semi-
groups generated by certain associated operators are investigated. For oper-
ators associated with systems uniformly parabolic in the sense of Petrovskii,
algebraic necessary and sufficient conditions for the generation of contraction
semigroups on Lp, for all p ∈ [1,∞] simultaneously, are presented.

4.1 Technical Lemma

The aim of this Section is to prove an auxiliary assertion, which can be con-
sidered an analogue of Lemma 2.1 for systems.

We shall prove it for operators of the kind

Au = ∂h(A
hk(x)∂ku) + B

h(x)∂hu+ ∂h(C
h u) + A (x)u (4.1)

where A
hk(x) = {ahk

ij
(x)}, B

h(x) = {bh
ij
(x)}, C

h(x) = {ch
ij
(x)} and A (x) =

{aij(x)} are m × m matrices whose elements are complex locally integrable
functions defined in an arbitrary domain Ω of Rn (1 � i, j � m, 1 � h, k � n).

Let L be the sesquilinear form related to the operator A

L (u, v) = −

�

Ω

(�A hk ∂ku, ∂hv� − �B
h ∂hu, v�+ �C

h u, ∂hv� − �A u, v�)dx.
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(�·, ·� denotes the scalar product in Cm) defined in (C1
0 (Ω))m×(C1

0 (Ω))m. We
consider A as an operator acting from (C1

0 (Ω))m to ((C1
0 (Ω))∗)m through the

relation

L (u, v) =

�

Ω

�Au, v� dx

for any u, v ∈ (C1
0 (Ω))m.

As for scalar operators, the form L is Lp-dissipative if

ReL (u, |u|p−2u) � 0 if p � 2, (4.2)

ReL (|u|p
�−2u, u) � 0 if 1 < p < 2 (4.3)

for all u ∈ (C1
0 (Ω))m. Unless otherwise stated we assume that the functions

are complex vector valued.

Lemma 4.1. Let Ω be a domain of Rn
. The form L , related to the operator

(4.1), is Lp
-dissipative if and only if

�

Ω

�
Re�A hk ∂kv, ∂hv� − (1− 2/p)2|v|−4

Re�A hk v, v�Re�v, ∂kv�Re�v, ∂hv�

−(1− 2/p)|v|−2 Re(�A hk v, ∂hv�Re�v, ∂kv� − �A
hk ∂kv, v�Re�v, ∂hv�)

+(1− 2/p)|v|−2 Re�Bh v, v�Re�v, ∂hv� − Re�Bh ∂hv, v�

+(1− 2/p)|v|−2 Re�C h v, v�Re�v, ∂hv�+ Re�C h v, ∂hv� − Re�A v, v�
�
dx � 0

(4.4)

for any v ∈ (C1
0 (Ω))m. Here and in the sequel the integrand is extended by

zero on the set where v vanishes.

Proof. Sufficiency. First suppose p � 2. Let u ∈ (C1
0 (Ω))m and set v =

|u|(p−2)/2u. We have v ∈ (C1
0 (Ω))m and u = |v|(2−p)/pv. From the identities

�A
hk ∂ku, ∂h(|u|

p−2u)� =

�A
hk ∂kv, ∂hv� − (1− 2/p)2|v|−2

Re�A hk v, v� ∂k|v|∂h|v|

−(1− 2/p)|v|−1
Re(�A hk v, ∂hv� ∂k|v|− �A

hk ∂kv, v�∂h|v|),

�B
h ∂hu, |u|

p−2u� = −(1− 2/p)|v|−1
�B

h v, v�∂h|v|+ �B
h ∂hv, v�,

�C
h u, ∂h(|u|

p−2u)� = (1− 2/p)|v|−1
�C

h v, v�∂h|v|+ �C
h v, ∂hv�,

�A u, |u|p−2u� = �A v, v�,

∂k|v| = |v|−1
Re�v, ∂kv�,

we see that the left-hand side in (4.4) is equal to L (u, |u|p−2u). Then (4.2) is
satisfied for any u ∈ (C1

0 (Ω))m.
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If 1 < p < 2, we may write (4.3) as

Re

�

Ω

�(A hk)∗∂hu, ∂k(|u|
p
�−2u)� − �(Bh)∗u, ∂h(|u|

p
�−2u)�

+�(C h)∗∂hu, |u|
p
�−2u� − �A

∗ u, |u|p
�−2u�) dx � 0

for any u ∈ (C1
0 (Ω))m. The first part of the proof shows that this implies

�

Ω

�
Re�(A hk)∗∂hv, ∂kv� − (1− 2/p�)2|v|−4

Re�(A hk)∗v, v�Re�v, ∂hv�Re�v, ∂kv�

−(1− 2/p�)|v|−2 Re(�(A hk)∗v, ∂kv�Re�v, ∂hv� − �(A hk)∗∂hv, v�Re�v, ∂kv�)

+(1− 2/p�)|v|−2(−Re�(Bh)∗v, v�Re�v, ∂hv� − Re�(Bh)∗v, ∂hv�

−Re�(C h)∗v, v�Re�v, ∂hv�+ Re�(C h)∗∂hv, v�)− Re�A ∗ v, v�
�
dx � 0

(4.5)

for any v ∈ (C1
0 (Ω))m. Since 1− 2/p� = −(1− 2/p), this inequality is exactly

(4.4).
Necessity. Let p � 2 and set

gε = (|v|2 + ε2)1/2, uε = g2/p−1
ε

v,

where v ∈ (C1
0 (Ω))m. We have

�A
hk ∂kuε, ∂h(|uε|

p−2uε)�

= |uε|
p−2

�A
hk ∂kuε, ∂huε�+ (p− 2)|uε|

p−3
�A

hk ∂kuε, uε�∂h|uε|.

One checks directly that

|uε|
p−2

�A
hk ∂kuε, ∂huε�

= (1− 2/p)2g−(p+2)
ε

|v|p−2
�A

hk v, v� Re�v, ∂kv� Re�v, ∂hv�

−(1− 2/p)g−p

ε
|v|p−2(�A hk v, ∂hv�Re�v, ∂kv�+ �A

hk ∂kv, v�Re�v, ∂hv�)

+g2−p

ε
|v|p−2

�A
hk ∂kv, ∂hv�,

|uε|
p−3

�A
hk ∂kuε, uε� ∂h|uε|

= (1− 2/p)[(1− 2/p)g−(p+2)
ε

|v|p−2

−g−p

ε
|v|p−4] �A hk v, v� Re�v, ∂kv� Re�v, ∂hv�

+[g2−p

ε
|v|p−4

− (1− 2/p)g−p

ε
|v|p−2] �A hk ∂kv, v� Re�v, ∂hv�

on the set E = {x ∈ Ω | |v(x)| > 0}. The inequality ga
ε
� |v|a for a � 0,

shows that the right-hand sides are majorized by L1 functions. Since gε → |v|
pointwise as ε → 0+, we find
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lim
ε→0+

�A
hk ∂kuε, ∂h(|uε|

p−2uε)�

= �A
hk ∂kv, ∂hv� − (1− 2/p)2|v|−4

�A
hk v, v�Re�v, ∂kv�Re�v, ∂hv�

−(1− 2/p)|v|−2(�A hk v, ∂hv�Re�v, ∂kv� − �A
hk ∂kv, v�Re�v, ∂hv�)

and dominated convergence gives

lim
ε→0+

�

E

�A
hk ∂kuε, ∂h(|uε|

p−2uε)� dx =

�

E

[�A hk ∂kv, ∂hv�

−(1− 2/p)2|v|−4�A
hk v, v�Re�v, ∂kv�Re�v, ∂hv�

−(1− 2/p)|v|−2(�A hk v, ∂hv�Re�v, ∂kv�

−�A
hk ∂kv, v�Re�v, ∂hv�)] dx.

(4.6)

Moreover we have

�B
h ∂huε, |uε|

p−2uε� =

−(1− 2/p)g−p

ε
|v|p−2

�B
h v, v�Re�v, ∂hv�+ g−p+2

ε
|v|p−2

�B
h ∂hv, v�,

�C
h uε, ∂h(|uε|

p−2uε)� = g−p

ε
|v|p−4(((1− 2/p)(1− p)|v|2+

(p− 2)g2
ε
)�Ch v, v�Re�v, ∂hv�+ g2

ε
|v|2�Ch v, ∂hv�),

�A uε, |uε|
p−2uε� = g−p+2

ε
|v|p−2

�A v, v�,

on the set E = {x ∈ Ω | |v(x)| > 0}. As before, the right hand sides are
dominated by L1 functions and we find

lim
ε→0+

�

E

�B
h ∂huε, |uε|

p−2uε� dx =
�

E

(−(1− 2/p)|v|−2
�B

h v, v�Re�v, ∂hv�+ �B
h ∂hv, v�) dx,

lim
ε→0+

�

E

�C
h uε, ∂h(|uε|

p−2uε)� dx =
�

E

((1− 2/p)|v|−2
�C

h v, v�Re�v, ∂hv�+ �C
h v, ∂hv�) dx,

lim
ε→0+

�

E

�A uε, |uε|
p−2uε� dx =

�

E

�A v, v� dx .

(4.7)

Formulas (4.6) and (4.7) show that the limit



4.2 Necessary condition for the Lp-dissipativity of the system ∂h(A
hk(x)∂k) when n = 2 99

lim
ε→0+

ReL (uε, |uε|
p−2uε)

is equal to the lef hand side in (4.4). The function uε being in (C1
0 (Ω))m, (4.2)

implies (4.4).
If 1 < p < 2, from (4.6) and (4.7) it follows that the limit

lim
ε→0+

ReL (|uε|
p
�−2uε, uε)

coincides with the left hand side in (4.5). This shows that (4.3) implies (4.5)
and the proof is complete.

4.2 Necessary condition for the Lp-dissipativity of the
system ∂h(A hk(x)∂k) when n = 2

The aim of this section is to give an algebraic necessary condition for the
Lp-dissipativity of the form L related to the operator

A = ∂h(A
hk(x)∂k) (4.8)

where A
hk(x) = {ahk

ij
(x)} are m × m matrices whose elements are complex

locally integrable functions defined in an arbitrary domain Ω of R2 (1 � i, j �
m, 1 � h, k � 2).

Theorem 4.2. Let Ω be a domain of R2
. If the form L , related to operator

(4.8), is Lp
-dissipative, we have

Re�(A hk(x)ξhξk)λ,λ� − (1− 2/p)2 Re�(A hk(x)ξhξk)ω,ω�(Re�λ,ω�)2

−(1− 2/p)Re(�(A hk(x)ξhξk)ω,λ� − �(A hk(x)ξhξk)λ,ω�)Re�λ,ω�
� 0

(4.9)

for almost every x ∈ Ω and for any ξ ∈ R2
, λ, ω ∈ Cm

, |ω| = 1.

Proof. Let us assume that A is a constant matrix and that Ω = R2. Let us
fix ω ∈ Cm with |ω| = 1 and take v(x) = w(x) η(log |x|/ logR), where

w(x) = µω + ψ(x), (4.10)

µ, R ∈ R+, R > 1, ψ ∈ (C∞
0 (R2))m, η ∈ C∞(R), η(t) = 1 if t � 1/2 and

η(t) = 0 if t � 1.
We have

�A
hk ∂kv, ∂hv� = �A

hk ∂kw, ∂hw�η
2(log |x|/ logR)

+(logR)−1(�A hk ∂kw,w�xh + �A
hk w, ∂hw�xk)×

|x|−2η(log |x|/ logR) η�(log |x|/ logR)

+(logR)−2
�A

hk w,w�xhxk|x|
−4 (η�(log |x|/ logR))

2
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and then, choosing δ such that sptψ ⊂ Bδ(0),
�

R2

�A
hk ∂kv, ∂hv�dx =

�

Bδ(0)
�A

hk ∂kw, ∂hw�dx

+
1

log2 R

�

BR(0)\B√
R
(0)

�A
hk w,w�

xhxk

|x|4
(η�(log |x|/ logR))

2
dx

provided that R > δ2. Since

lim
R→+∞

1

log2 R

�

BR(0)\B√
R
(0)

dx

|x|2
= 0,

we have

lim
R→+∞

�

R2

�A
hk ∂kv, ∂hv�dx =

�

Bδ(0)
�A

hk ∂kw, ∂hw�dx.

On the set where v �= 0 we have

|v|−4
�A

hk v, v�Re�v, ∂kv�Re�v, ∂hv� =

|w|−4
�A

hk w,w�Re�w, ∂kw�Re�w, ∂hw�η
2(log |x|/ logR)

+(logR)−1
|w|−2

�A
hk w,w�(Re�w, ∂hw�xk + Re�w, ∂kw�xh)|x|

−2
×

η(log |x|/ logR) η�(log |x|/ logR)

+(logR)−2
�A

hk w,w�xhxk|x|
−4(η�(log |x|/ logR))2

and then

lim
R→+∞

�

R2

|v|−4
�A

hk v, v�Re�v, ∂kv�Re�v, ∂hv�dx =
�

Bδ(0)
|w|−4

�A
hk w,w�Re�w, ∂kw�Re�w, ∂hw�dx.

In the same way we obtain

lim
R→+∞

�

R2

|v|−2
Re(�A hk v, ∂hv�Re�v, ∂kv� − �A

hk ∂kv, v�Re�v, ∂hv�)dx =
�

Bδ(0)
|w|−2

Re(�A hk w, ∂hw�Re�w, ∂kw� − �A
hk ∂kw,w�Re�w, ∂hw�)dx.

In view of Lemma 4.1, (4.4) holds. Putting v in this formula and letting
R → +∞, we find

�

Bδ(0)

�
Re�A hk ∂kw, ∂hw�

−(1− 2/p)2|w|−4 Re�A hk w,w�Re�w, ∂kw�Re�w, ∂hw�
−(1− 2/p)|w|−2 Re(�A hk w, ∂hw�Re�w, ∂kw�

−�A
hk ∂kw,w�Re�w, ∂hw�)

�
dx � 0.

(4.11)
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On the other hand, keeping in mind (4.10),

Re�A hk ∂kw, ∂hw� = Re�A hk ∂kψ, ∂hψ�,

|w|−4
Re�A hk w,w�Re�w, ∂kw�Re�w, ∂hw� =

|µω + ψ|−4
Re�A hk(µω + ψ), µω + ψ�Re�µω + ψ, ∂kψ�Re�µω + ψ, ∂hψ�,

|w|−2
Re(�A hk w, ∂hw�Re�w, ∂kw� − �A

hk ∂kw,w�Re�w, ∂hw�) =

|µω + ψ|−2
Re(�A hk(µω + ψ), ∂hψ�Re�µω + ψ, ∂kψ�

−�A
hk ∂k(µω + ψ), µω + ψ�Re�µω + ψ, ∂hψ�).

Letting µ → +∞ in (4.11), we obtain
�

R2

�
Re�A hk ∂kψ, ∂hψ�

−(1− 2/p)2 Re�A hk ω,ω�Re�ω, ∂kψ�Re�ω, ∂hψ�
−(1− 2/p)Re(�A hk ω, ∂hψ�Re�ω, ∂kψ�

−�A
hk ∂kψ,ω�Re�ω, ∂hψ�)

�
dx � 0.

(4.12)

Putting in (4.12)
ψ(x) = λϕ(x) eiµ�ξ,x�

where λ ∈ Cm, ϕ ∈ C∞
0 (R2) and µ is a real parameter, by standard arguments

(see, e.g., Fichera [26, p.107–108]), we find (4.9).
If the matrix A is not constant, take ψ ∈ (C1

0 (R2))m and define

v(x) = ψ((x− x0)/ε)

where x0 is a fixed point in Ω and 0 < ε < dist (x0, ∂Ω).
Putting this particular v in (4.4) and making a change of variables, we

obtain
�

R2

�
Re�A hk(x0 + εy)∂kψ, ∂hψ�

−(1− 2/p)2|ψ|−4
Re�A hk(x0 + εy)ψ,ψ�Re�ψ, ∂kψ�Re�ψ, ∂hψ�

−(1− 2/p)|ψ|−2
Re(�A hk(x0 + εy)ψ, ∂hψ�Re�ψ, ∂kψ�

−�A
hk(x0 + εy)∂kψ,ψ�Re�ψ, ∂hψ�)

�
dy � 0.

Letting ε → 0+ we find
�

R2

�
Re�A hk(x0)∂kψ, ∂hψ�

−(1− 2/p)2|ψ|−4
Re�A hk(x0)ψ,ψ�Re�ψ, ∂kψ�Re�ψ, ∂hψ�

−(1− 2/p)|ψ|−2
Re(�A hk(x0)ψ, ∂hψ�Re�ψ, ∂kψ�

−�A
hk(x0)∂kψ,ψ�Re�ψ, ∂hψ�)

�
dy � 0

for almost every x0 ∈ Ω. The arbitrariness of ψ ∈ (C1
0 (R2))m and what we

have proved for constant matrices give the result.
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4.3 Lp-dissipativity for systems of ordinary differential
equations

In order to study Lp-dissipativity for a certain class of systems of partial
differential operators, we need some results concerning systems of ordinary
differential operators. This is the topic of this section.

Here we consider the operator A defined by

Au = (A (x)u�)� (4.13)

where A (x) = {aij(x)} (i, j = 1, . . . ,m) is a matrix with complex locally
integrable entries defined in the bounded or unbounded interval (a, b).

In this case the sesquilinear form L (u, v) is given by

L (u, v) =

�
b

a

�A u�, v�� dx. (4.14)

4.3.1 Necessary and sufficient conditions for the Lp-dissipativity

Lemma 4.3. The form L is Lp
-dissipative if and only if

�
b

a

�
Re�A v�, v�� − (1− 2/p)2|v|−4

Re�A v, v�(Re�v, v��)2

−(1− 2/p)|v|−2 Re(�A v, v�� − �A v�, v�)Re�v, v��
�
dx � 0

(4.15)

for any v ∈ (C1
0 ((a, b)))

m
.

Proof. It is a particular case of Lemma 4.1.

Theorem 4.4. The form L is Lp
-dissipative if and only if

Re�A (x)λ,λ� − (1− 2/p)2 Re�A (x)ω,ω�(Re�λ,ω�)2

−(1− 2/p)Re(�A (x)ω,λ� − �A (x)λ,ω�)Re�λ,ω� � 0
(4.16)

for almost every x ∈ (a, b) and for any λ,ω ∈ Cm
, |ω| = 1.

Proof. Necessity. First we prove the result assuming that the coefficients aij
are constant and that (a, b) = R.

Let us fix λ and ω in Cm, with |ω| = 1, and choose v(x) = η(x/R)w(x)
where

wj(x) =






µωj if x < 0

µωj + x2(3− 2x)λj if 0 � x � 1

µωj + λj if x > 1,

µ,R ∈ R+, η ∈ C∞
0 (R), spt η ⊂ [−1, 1] and η(x) = 1 if |x| � 1/2.

We have
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�A v�, v�� =

�A w�, w�
�(η(x/R))2 +R−1(�A w�, w�+ �A w,w�

�)η(x/R)η�(x/R)

+R−2
�A w,w�(η�(x/R))2

and then
�

R
�A v�, v�� dx =

� 1

0
�A w�, w�

� dx+
1

R2

�
R

−R

�A w,w�(η�(x/R))2dx

provided that R > 2. Since �A w,w� is bounded, we have

lim
R→+∞

�

R
�A v�, v�� dx =

� 1

0
�A w�, w�

� dx.

On the set where v �= 0 we have

|v|−4
�A v, v�(Re�v, v��)2 = |w|−4

�A w,w�(Re�w,w�
�)2(η(x/R))2

+2R−1
|w|−2

�A w,w�Re�w,w�
�η(x/R)) η�(x/R) +R−2

�A w,w�(η�(x/R))2

form which it follows

lim
R→+∞

�

R
|v|−4

�A v, v�(Re�v, v��)2dx =

� 1

0
|w|−4

�A w,w�(Re�w,w�
�)2dx.

In the same way we obtain

lim
R→+∞

�

R
|v|−2(�A v, v�� − �A v�, v�)Re�v, v�� dx =

� 1

0
|w|−2(�A w,w�

� − �A w�, w�)Re�w,w�
� dx.

Since v ∈ (C1
0 (R))m, we can put v in (4.15). Letting R → +∞, we find

� 1

0

�
Re�A w�, w�

� − (1− 2/p)2|w|−4
Re�A w,w�(Re�w,w�

�)2

−(1− 2/p)|w|−2 Re(�A w,w�� − �A w�, w�)Re�w,w��
�
dx � 0.

(4.17)

On the interval (0, 1) we have

�A w�, w�
� = �A λ,λ� 36x2(1− x)2,

|w|−4
�A w,w�(Re�w,w�

�)2 = |µω + x2(3− 2x)λ|−4
×

(µ2
�A ω,ω�+ µ(�A ω,λ�+ �A λ,ω�)x2(3− 2x) + �A λ,λ�x4(3− 2x)2)×

[Re(µ�ω,λ� 6x(1− x) + |λ|26x3(3− 2x)(1− x))]2,

|w|−2(�A w,w�
� − �A w�, w�)Re�w,w�

� = |µω + x2(3− 2x)λ|−2
×

µ(�A ω,λ�−�A λ,ω�) 6x(1−x)Re(µ�ω,λ� 6x(1−x)+ |λ|26x3(3−2x)(1−x)).
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Letting µ → ∞ in (4.17) we find

36

� 1

0

�
Re�A λ,λ� − (1− 2/p)2 Re�A ω,ω�(Re�ω,λ�)2

−(1− 2/p)Re(�A ω,λ� − �A λ,ω�)Re�ω,λ�
�
x2(1− x)2dx � 0

and (4.16) is proved.
If ahk are not necessarily constant, consider

v(x) = ε−1/2ψ((x− x0)/ε)

where x0 is a fixed point in (a, b), ψ ∈ (C1
0 (R))m and ε is sufficiently small.

In this case (4.15) shows that
�

R

�
Re�A (x0+εy)ψ�,ψ�

�− (1−2/p)2|ψ|−4
Re�A (x0+εy)ψ,ψ�(Re�ψ,ψ�

�)2

−(1−2/p)|ψ|−2
Re(�A (x0+εy)ψ,ψ�

�−�A (x0+εy)ψ�,ψ�)Re�ψ,ψ�
�

�
dy � 0.

Letting ε → 0+ we find for almost every x0
�

R

�
Re�A (x0)ψ

�,ψ�
� − (1− 2/p)2|ψ|−4

Re�A (x0)ψ,ψ�(Re�ψ,ψ�
�)2

−(1− 2/p)|ψ|−2
Re(�A (x0)ψ,ψ

�
� − �A (x0)ψ

�,ψ�)Re�ψ,ψ�
�

�
dy � 0.

Because this inequality holds for any ψ ∈ C1
0 (R), what we have obtained

for constant coefficients gives the result.
Sufficiency. It is clear that, if (4.16) holds, then the integrand in (4.15) is

nonnegative almost everywhere and Lemma 4.3 gives the result.

Corollary 4.5. If the form L is Lp
-dissipative, then

Re�A (x)λ,λ� � 0

for almost every x ∈ (a, b) and for any λ ∈ Cm
.

Proof. Fix x ∈ (a, b) such that (4.16) holds for any λ,ω ∈ Cm, |ω| = 1. For
any λ ∈ Cm, choose ω such that �λ,ω� = 0, |ω| = 1. The result follows by
putting ω in (4.16).

If the operator A has smooth coefficients, we can give necessary and suf-
ficient conditions for the Lp-dissipativity of operator A. We consider A as an
operator defined on W 2,p((a, b)) ∩ W̊ 1,p((a, b)).

Theorem 4.6. Let (a, b) a bounded interval. Let us suppose aij ∈ C1([a, b])
and

Re�A (x)λ,λ� > 0 (4.18)

for any x ∈ [a, b] and for any λ ∈ Cm \ {0}. The operator A is Lp
-dissipative

if and only if (4.16) holds for any x ∈ [a, b] and for any λ,ω ∈ Cm
, |ω| = 1.

Proof. The result follows from Theorems 2.20 and 4.4.
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4.3.2 Necessary and sufficient conditions in terms of eigenvalues
for real coefficient operators

We start with a lemma about the maximum of a particular quartic form on
the unit sphere.

Lemma 4.7. Let 0 < µ1 � µ2 � . . . � µm. We have

max
ω∈Rm
|ω|=1

[(µhω
2
h
)(µ−1

k
ω2
k
)] =

(µ1 + µm)2

4µ1µm

. (4.19)

Proof. First we proof by induction on m that

max
ω∈Rm
|ω|=1

[(µhω
2
h
)(µ−1

k
ω2
k
)] = max

1�i<j�m

(µi + µj)2

4µiµj

. (4.20)

In the case m = 2, (4.20) is equivalent to

max
ϕ∈[0,2π]

[cos4 ϕ+ sin4 ϕ+ (µ1µ
−1
2 + µ2µ

−1
1 ) cos2 ϕ sin2 ϕ] =

(µ1 + µ2)2

4µ1µ2
,

which can be easily proved.
Let m > 2 and suppose µ1 < µ2 < . . . < µm; the maximum of the left

hand side of (4.20) is the maximum of the function

µhµ
−1
k

xhxk

subject to the constraint x ∈ K, where K = {x ∈ Rm | x1+ . . .+xm = 1, 0 �
xj � 1 (j = 1, . . . ,m)}. To find the constrained maximum, we first examine
the system �

γhkxk − λ = 0 h=1,. . . ,m

x1 + . . .+ xm = 1
(4.21)

with 0 � xj � 1 (j = 1, . . . ,m), where λ is the Lagrange multiplier and
γhk = µhµ

−1
k

+ µkµ
−1
h

.
Consider the homogeneous system

γhkxk = 0 (h = 1, . . . ,m). (4.22)

One checks directly that the vectors x(k) = (x(k)
1 , . . . , x(k)

m ),

x(k)
1 =

µ1

µk

µ2
k
− µ2

2

µ2
2 − µ2

1

, x(k)
2 =

µ2

µk

µ2
1 − µ2

k

µ2
2 − µ2

1

, x(k)
j

= δjk (j = 3, . . . ,m)

for k = 3, . . . ,m, are m− 2 linearly independent eigensolutions of the system
(4.22). On the other hand, the determinant



106 4 Lp-dissipativity for systems of partial differential operators

����
γ11 γ12
γ12 γ22

���� = 4− γ2
12 = −

(µ2
1 − µ2

2)
2

µ2
1µ

2
2

< 0

and then the rank of the matrix {γhk} is 2.
Therefore there exists a solution of the system

γhkxk = λ (h = 1, . . . ,m) (4.23)

if and only if the vector (λ, . . . ,λ) is orthogonal to any eigensolution of the
adjoint homogeneous system. Since the matrix {γhk} is symmetric, there exists
a solution of the system (4.23) if and only if

λ(x(k)
1 + · · ·+ x(k)

m
) = 0 (4.24)

for k = 3, . . . ,m.
But

x(k)
1 + · · ·+ x(k)

m
= −

µ1µ2 + µ2
k

µk(µ1 + µ2)
+ 1 = −

(µk − µ1)(µk − µ2)

µk(µ1 + µ2)
< 0

and (4.24) are satisfied if and only if λ = 0. This means that the system (4.23)
is solvable only when λ = 0 and the solutions are given by

x =
m�

k=3

ukx
(k)

for arbitrary uk ∈ R. On the other hand we are looking for solutions of (4.21)
with 0 � xj � 1. Since xj = uj for j = 3, . . . ,m, we have uj � 0. This implies
that

x2 =
m�

k=3

µ2

µk

µ2
1 − µ2

k

µ2
2 − µ2

1

uk � 0

and since we require x2 � 0, we have uk = 0 (k = 3, . . . ,m), i.e. x = 0. This
solution does not satisfy the last equation in (4.21). This means that there are
no extreme points belonging to the interior of K. The maximum is therefore
attained on the boundary of K, where at least one of the xj ’s is zero. This
shows that if (4.20) is true for m− 1, then it is true also for m.

We have proved (4.20) assuming 0 < µ1 < . . . < µm; in case µi = µj for
some i, j, the induction hypothesis immediately implies (4.20).

Finally, let us show that

(µi + µj)2

4µiµj

� (µ1 + µm)2

4µ1µm

(4.25)

for any 1 � i, j � m. Set µj = αjµm and suppose i � j. We have 0 < α1 �
. . . � αm = 1. Inequality (4.25) is equivalent to

α1(αi + αj)
2 � αiαj(α1 + 1)2
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i.e.
α1αi(αi − αj) + (α1αj − αi)αj � 0

and this is true, because αi � αj and α1αj � α1 � αi.

We can now characterize the Lp-dissipative of certain ordinary differential
operators in terms of eigenvalues of the corresponding coefficient matrix. We
start considering the associated form L .

Theorem 4.8. Let A be a real matrix {ahk} with ahk ∈ L1
loc((a, b)), h, k =

1, . . . ,m. Let us suppose A = A
t
and A � 0 (in the sense �A (x)ξ, ξ� � 0,

for almost every x ∈ (a, b) and for any ξ ∈ Rm
). The form L is Lp

-dissipative

if and only if

�
1

2
−

1

p

�2

(µ1(x) + µm(x))2 � µ1(x)µm(x)

almost everywhere, where µ1(x) and µm(x) are the smallest and the largest

eigenvalues of the matrix A (x) respectively. In the particular case m = 2 this

condition is equivalent to

�
1

2
−

1

p

�2

(trA (x))2 � detA (x)

almost everywhere.

Proof. From Theorem 4.4 L is Lp-dissipative if and only if (4.16) holds for
almost every x ∈ (a, b) and for any λ,ω ∈ Cm, |ω| = 1. We claim that in the
present case this condition is equivalent to

�A (x)ξ, ξ� − (1− 2/p)2�A (x)ω,ω�(�ξ,ω�)2 � 0 (4.26)

for almost every x ∈ (a, b) and for any ξ,ω ∈ Rm, |ω| = 1. Indeed, it is obvious
that if

�A (x)λ,λ� − (1− 2/p)2�A (x)ω,ω�(Re�λ,ω�)2 � 0

for almost every x ∈ (a, b) and for any λ,ω ∈ Cm, |ω| = 1, then (4.26) holds
for almost every x ∈ (a, b) and for any ξ,ω ∈ Rm, |ω| = 1. Conversely, fix
x ∈ (a, b) and suppose that (4.26) holds for any ξ,ω ∈ Rm, |ω| = 1. Let Q be
an orthogonal matrix such that A (x) = QtDQ, D being a diagonal matrix.
If we denote by µj the eigenvalues of A (x), we have

�A (x)λ,λ� − (1− 2/p)2�A (x)ω,ω�(Re�λ,ω�)2

= �DQλ, Qλ� − (1− 2/p)2�DQω, Qω�(Re�Qλ, Qω�)2

= µj |(Qλ)j |
2
− (1− 2/p)2(µj |(Qω)j |

2)(Re�Qλ, Qω�)2

� µj |(Qλ)j |
2
− (1− 2/p)2(µj |(Qω)j |

2)(|(Qλ)k| |(Qω)k|)
2.

The last expression is nonnegative because of (4.26) and the equivalence is
proved.
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Let us fix x ∈ (a, b). We may write (4.26) as

(1− 2/p)2(µhω
2
h
)(ξkωk)

2 � µjξ
2
j

(4.27)

for any ξ,ω ∈ Rm, |ω| = 1. Let us fix ω ∈ Rm, |ω| = 1; inequality (4.27) is
true if and only if

(1− 2/p)2(µhω
2
h
) sup

ξ∈Rn
ξ �=0

(ξkωk)2

µjξ2j
� 1.

We have

max
ξ∈Rn
ξ �=0

(ξkωk)2

µjξ2j
= µ−1

k
ω2
k
;

in fact, by Cauchy’s inequality, we have (ξkωk)2 � (µjξ2j )(µ
−1
k

ω2
k
) for any

ξ ∈ Rm and there is equality if ξj = µ−1
j

ωj .
Therefore (4.27) is satisfied if and only if

(1− 2/p)2(µhω
2
h
)(µ−1

k
ω2
k
) � 1

for any ω ∈ Rm, |ω| = 1, and (4.19) shows that this is true if and only if

�
1

2
−

1

p

�2 (µ1 + µm)2

µ1µm

� 1 .

The result for m = 2 follows from the identities

µ1(x)µ2(x) = detA (x), µ1(x) + µ2(x) = trA (x). (4.28)

Theorem 4.9. Let (a, b) be a bounded interval and let A be a real matrix

{ahk}, with ahk ∈ C1([a, b]), h, k = 1, . . . ,m. Let us suppose A = A
t
and

A > 0 (in the sense �A (x)ξ, ξ� > 0, for every x ∈ [a, b] and for any ξ ∈

Rm \ {0}). The operator A is Lp
-dissipative if and only if

�
1

2
−

1

p

�2

(µ1(x) + µm(x))2 � µ1(x)µm(x)

for any x ∈ [a, b], where µ1(x) and µm(x) are the smallest and the largest

eigenvalues of the matrix A (x) respectively. In the particular case m = 2 this

condition is equivalent to

�
1

2
−

1

p

�2

(trA (x))2 � detA (x)

for any x ∈ [a, b].

Proof. This follows from Theorems 2.20 and 4.8.
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4.3.3 Comparison between A and I(d2/dx2)

Thanks to characterizations of Lp-dissipativity proved in Subsection 4.3.1, we
can now compare the operators A and I(d2/dx2) from the point of view of
the Lp-dissipativity.

We start considering the question for the relevant forms. Let L0 be the
sesquilinear form associated to I(d2/dx2), i.e.

L0(u, v) =

�
b

a

u� v� dx .

As before, L denotes the sesquilinear form (4.14) related to A.
The next two results are the analogues for systems of ordinary differential

equations of the ones obtained in Section 3.2 for Elasticity.

Corollary 4.10. There exists k > 0 such that L −kL0 is Lp
-dissipative if

and only if

ess inf
(x,λ,ω)∈(a,b)×Cm×Cm

|λ|=|ω|=1

P (x,λ,ω) > 0 (4.29)

where

P (x,λ,ω) = Re�A (x)λ,λ� − (1− 2/p)2 Re�A (x)ω,ω�(Re�λ,ω�)2

−(1− 2/p)Re(�A (x)ω,λ� − �A (x)λ,ω�)Re�λ,ω�.
(4.30)

There exists k > 0 such that kL0 −L is Lp
-dissipative if and only if

ess sup
(x,λ,ω)∈(a,b)×Cm×Cm

|λ|=|ω|=1

P (x,λ,ω) < ∞. (4.31)

Proof. In view of Theorem 4.4, L −kL0 is Lp-dissipative if and only if

P (x,λ,ω)− k|λ|2 + k(1− 2/p)2(Re�λ,ω�)2 � 0

for almost every x ∈ (a, b) and for any λ,ω ∈ Cm, |ω| = 1. Since

|λ|2 − (1− 2/p)2(Re�λ,ω�)2 � 4

p p�
|λ|2, (4.32)

we can find a positive k such that this is true if and only if

ess inf
(x,λ,ω)∈(a,b)×Cm×Cm

|ω|=1

P (x,λ,ω)

|λ|2 − (1− 2/p)2(Re�λ,ω�)2
> 0. (4.33)

On the other hand, inequality (4.32) shows that

P (x,λ,ω)

|λ|2
� P (x,λ,ω)

|λ|2 − (1− 2/p)2(Re�λ,ω�)2
� p p�

4

P (x,λ,ω)

|λ|2
(4.34)
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and then (4.33) and (4.49) are equivalent.
In the same way the operator kL0 −L is Lp-dissipative if and only if

−P (x,λ,ω) + k|λ|2 − k(1− 2/p)2(Re�λ,ω�)2 � 0

for almost every x ∈ (a, b) and for any λ,ω ∈ Cm, |ω| = 1. We can find a
positive k such that this is true if and only if

ess sup
(x,λ,ω)∈(a,b)×Cm×Cm

|ω|=1

P (x,λ,ω)

|λ|2 − (1− 2/p)2(Re�λ,ω�)2
< ∞.

This inequality is equivalent to (4.31) because of (4.34).

Corollary 4.11. There exists k ∈ R such that L −kL0 is Lp
-dissipative if

and only if

ess inf
(x,λ,ω)∈(a,b)×Cm×Cm

|λ|=|ω|=1

P (x,λ,ω) > −∞. (4.35)

Proof. As in Corollary 4.10, there exists a real k such that L −kL0 is Lp-
dissipative if and only if

ess inf
(x,λ,ω)∈(a,b)×Cm×Cm

|ω|=1

P (x,λ,ω)

|λ|2 − (1− 2/p)2(Re�λ,ω�)2
> −∞. (4.36)

Conditions (4.35) and (4.36) are equivalent in view of (4.34).

If the coefficients of operator A are real, we can give several comparison
results in terms of the eigenvalues of the coefficient matrix of A.

Corollary 4.12. Let A be a real and symmetric matrix. Denote by µ1(x) and
µm(x) the smallest and the largest eigenvalues of A (x) respectively. There

exists k > 0 such that L −kL0 is Lp
-dissipative if and only if

ess inf
x∈(a,b)

�
(1 +

�
p p�/2)µ1(x) + (1−

�
p p�/2)µm(x)

�
> 0. (4.37)

In the particular case m = 2 conditions (4.37) is equivalent to

ess inf
x∈(a,b)

�
trA (x)−

√
p p�

2

�
(trA (x))2 − 4 detA (x)

�
> 0. (4.38)

Proof. Necessity. Corollary 4.5 shows that A (x)−kI � 0 almost everywhere.
In view of Theorem 4.8, we have that L −kL0 is Lp-dissipative if and only
if

�
1

p
−

1

2

�2

(µ1(x) + µm(x)− 2k)2 � (µ1(x)− k) (µm(x)− k) (4.39)

almost everywhere.
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Inequality (4.39) is

4

p p�
(µ1(x) + µm(x)− 2k)2 − (µ1(x)− µm(x))2 � 0. (4.40)

By Corollary 4.10, L −k� L0 is Lp-dissipative for any k� � k. Therefore
inequality (4.40) holds if we replace k by any k� < k. This implies that k is
less than or equal to the smallest root of the left hand-side of (4.40), i.e.

k � 1

2

�
(1 +

�
p p�/2)µ1(x) + (1−

�
p p�/2)µm(x)

�
(4.41)

and (4.37) is proved.
Sufficiency. Let k be such that

0 < k � ess inf
x∈(a,b)

1

2

�
(1 +

�
p p�/2)µ1(x) + (1−

�
p p�/2)µm(x)

�

Since µ1(x) � µm(x) and
√
p p�/2 � 1, we have

(1 +
�
p p�/2)µ1(x) + (1−

�
p p�/2)µm(x) � 2µ1(x) (4.42)

and then A (x) − kI � 0 almost everywhere. The constant k satisifies (4.41)
and this implies (4.40), i.e. (4.39). Theorem 4.8 gives the result.

The equivalence between (4.37) and (4.38) follows from the identities
(4.28).

If we require something more about the matrix A we have also

Corollary 4.13. Let A be a real and symmetric matrix. Suppose A � 0
almost everywhere. Denote by µ1(x) and µm(x) the smallest and the largest

eigenvalues of A (x) respectively. If there exists k > 0 such that L −kL0 is

Lp
-dissipative, then

ess inf
x∈(a,b)

�
µ1(x)µm(x)−

�
1

2
−

1

p

�2

(µ1(x) + µm(x))2
�
> 0. (4.43)

If, in addition, there exists C such that

�A (x)ξ, ξ� � C|ξ|2 (4.44)

for almost every x ∈ (a, b) and for any ξ ∈ Rm
, the converse is also true. In

the particular case m = 2 condition (4.43) is equivalent to

ess inf
x∈(a,b)

�
detA (x)−

�
1

2
−

1

p

�2

(trA (x))2
�
> 0.
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Proof. Necessity. By Corollary 4.12, (4.41) holds. On the other hand we have

�
(1 +

�
p p�/2)µ1(x) + (1−

�
p p�/2)µm(x)

�

�
�
(1−

�
p p�/2)µ1(x) + (1 +

�
p p�/2)µm(x)

�

and then

4k2 �
�
(1 +

�
p p�/2)µ1(x) + (1−

�
p p�/2)µm(x)

�

×

�
(1−

�
p p�/2)µ1(x) + (1 +

�
p p�/2)µm(x)

�
.

This inequality can be written as

4k2

p p�
� µ1(x)µm(x)−

�
1

2
−

1

p

�2

(µ1(x) + µm(x))2

and (4.43) is proved.
Sufficiency. There exists h > 0 such that

h � µ1(x)µm(x)−

�
1

2
−

1

p

�2

(µ1(x) + µm(x))2

almost everywhere, i.e.

p p�h �
�
(1 +

�
p p�/2)µ1(x) + (1−

�
p p�/2)µm(x)

�

×

�
(1−

�
p p�/2)µ1(x) + (1 +

�
p p�/2)µm(x)

�

almost everywhere. Since µ1(x) � 0, we have also

(1−
�
p p�/2)µ1(x) + (1 +

�
p p�/2)µm(x) � (1 +

�
p p�/2)µm(x) (4.45)

and then

(1 +
�
p p�/2)−1p p�h

�
�
(1 +

�
p p�/2)µ1(x) + (1−

�
p p�/2)µm(x)

�
ess sup
y∈(a,b)

µm(y)

almost everywhere. By (4.44) ess supµm is finite and by (4.43) it is greater
than zero. Then (4.37) holds and Corollary 4.12 gives the result.

Remark 4.14. Generally speaking, assumption (4.44) cannot be omitted, even
if A � 0. Consider, e.g., (a, b) = (1,∞), m = 2, A (x) = {aij(x)} where
a11(x) = (1−2/

√
pp�)x+x−1, a12(x) = a21(x) = 0, a22(x) = (1+2/

√
pp�)x+

x−1. We have
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µ1(x)µ2(x)−

�
1

2
−

1

p

�2

(µ1(x) + µ2(x))
2 = (8 + 4x−2)/(p p�)

and (4.43) holds. But (4.37) is not satisfied, because

(1 +
�

p p�/2)µ1(x) + (1−
�

p p�/2)µ2(x) = 2x−1.

Corollary 4.15. Let A be a real and symmetric matrix. Denote by µ1(x) and
µm(x) the smallest and the largest eigenvalues of A (x) respectively. There

exists k > 0 such that kL0 −L is Lp
-dissipative if and only if

ess sup
x∈(a,b)

�
(1−

�
p p�/2)µ1(x) + (1 +

�
p p�/2)µm(x)

�
< ∞. (4.46)

In the particular case m = 2 condition (4.46) is equivalent to

ess sup
x∈(a,b)

�
trA (x) +

√
p p�

2

�
(trA (x))2 − 4 detA (x)

�
< ∞.

Proof. The proof runs as in Corollary 4.12. We have that kL0 −L is Lp-
dissipative if and only if (4.39) holds, provided that

kI − A (x) � 0

almost everywhere. Because of this inequality, we have to replace (4.41) and
(4.42) by

k � 1

2

�
(1−

�
p p�/2)µ1(x) + (1 +

�
p p�/2)µm(x)

�

and
(1−

�
p p�/2)µ1(x) + (1 +

�
p p�/2)µm(x) � 2µm(x) (4.47)

respectively.

In the case of a positive matrix A , we have

Corollary 4.16. Let A be a real and symmetric matrix. Suppose A � 0
almost everywhere. Denote by µ1(x) and µm(x) the smallest and the largest

eigenvalues of A (x) respectively. There exists k > 0 such that kL0 −L is

Lp
-dissipative if and only if

ess sup
x∈(a,b)

µm(x) < ∞. (4.48)

Proof. The equivalence between (4.46) and (4.48) follows from (4.45) and
(4.47).

We have also
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Corollary 4.17. Let A be a real and symmetric matrix. Denote by µ1(x) and
µm(x) the smallest and the largest eigenvalues of A (x) respectively. There

exists k ∈ R such that L −kL0 is Lp
-dissipative if and only if

ess inf
x∈(a,b)

�
(1 +

�
p p�/2)µ1(x) + (1−

�
p p�/2)µm(x)

�
> −∞.

In the particular case m = 2 this condition is equivalent to

ess inf
x∈(a,b)

�
trA (x)−

√
p p�

2

�
(trA (x))2 − 4 detA (x)

�
> −∞.

Proof. The proof is similar to that of Corollary 4.12.

We now can compare the operators A and I(d2/dx2).

Corollary 4.18. Let (a, b) a bounded interval and let us suppose aij ∈

C1([a, b]). There exists k > 0 such that A − kI(d2/dx2) is Lp
-dissipative if

and only if

min
(x,λ,ω)∈[a,b]×Cm×Cm

|λ|=|ω|=1

P (x,λ,ω) > 0 (4.49)

where P (x,λ,ω) is given by (4.30). Moreovere there always exists k > 0 such

that kI(d2/dx2)−A is Lp
-dissipative.

Proof. It follows from Theorems 2.20 and Corollary 4.10.

Other results of this nature can be obtained combining the corollaries of
this subsection with Theorem 2.20. We shall non insist on that.

4.4 Lp-dissipativity for a class of systems of partial
differential equations

In this Section we consider the particular class of operators

Au = ∂h(A
h(x)∂hu) (4.50)

where A
h(x) = {ah

ij
(x)} (i, j = 1, . . . ,m) are matrices with complex locally

integrable entries defined in a domain Ω ⊂ Rn (h = 1, . . . , n).
Our goal is to prove that A is Lp-dissipative if and only if the algebraic

condition

Re�A h(x)λ,λ� − (1− 2/p)2 Re�A h(x)ω,ω�(Re�λ,ω�)2

−(1− 2/p)Re(�A h(x)ω,λ� − �A
h(x)λ,ω�)Re�λ,ω� � 0

is satisfied for every x ∈ Ω and for every λ,ω ∈ Cm, |ω| = 1, h = 1, . . . , n.
Here yh denotes the (n−1)-dimensional vector (x1, . . . , xh−1, xh+1, . . . , xn)

and we set ω(yh) = {xh ∈ R | x ∈ Ω}.
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Lemma 4.19. The operator (4.50) is Lp
-dissipative if and only if the ordinary

differential operators

A(yh)[u(xh)] = d(A h(x)du/dxh)/dxh

are Lp
-dissipative in ω(yh) for every yh ∈ Rn−1

(h = 1, . . . , n). This condition
is void if ω(yh) = ∅.

Proof. Sufficiency. Suppose p � 2. If u ∈ (C1
0 (Ω))m we may write

Re
n�

h=1

�

Ω

�A
h(x)∂hu, ∂h(|u|

p−2u)�dx =

Re
n�

h=1

�

Rn−1

dyh

�

ω(yh)
�A

h(x)∂hu, ∂h(|u|
p−2u)�dxh.

By assumption

Re

�

ω(yh)
�A

h(x)v�(xh), (|v(xh)|
p−2v(xh))

�
�dxh � 0

for every yh ∈ Rn−1 and for any v ∈ (C1
0 (ω(yh)))

m, provided ω(yh) �= ∅

(h = 1, . . . , n). This implies

Re
n�

h=1

�

Ω

�A
h(x)∂hu, ∂h(|u|

p−2u)�dx � 0.

The proof for 1 < p < 2 runs in the same way. We have just to use (4.3)
instead of (4.2).

Necessity. Assume first that A
h are constant matrices and Ω = Rn. Let

p � 2 and fix 1 � k � n.
Take α ∈ (C1

0 (R))m and β ∈ C1
0 (Rn−1). Consider

uε(x) = α(xk/ε)β(yk)

We have
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n�

h=1

�

Rn

�A
h ∂huε, ∂h(|uε|

p−2uε)�dx =

ε−2

�

Rn−1

|β(yk)|
pdyk

�

R
�A

k α�(xk/ε), γ
�(xk/ε)� dxk

+
n�

h=1
h �=k

�

Rn−1

∂hβ(yk) ∂h(|β(yk)|
p−2β(yk)) dyk

×

�

R
�A

h α(xk/ε),α(xk/ε)� |α(xk/ε)|
p−2dxk

= ε−1

�

Rn−1

|β(yk)|
pdyk

�

R
�A

k α�(t), (|α(t)|p−2α(t))�� dt

+ε
n�

h=1
h �=k

�

Rn−1

∂hβ(yk) ∂h(|β(yk)|
p−2β(yk)) dyk

�

R
�A

h α(t),α(t)� |α(t)|p−2dt

where γ(t) = |α(t)|p−2α(t). Keeping in mind (4.2) and letting ε → 0+, we find

Re

�

Rn−1

|β(yk)|
pdyk

�

R
�A

k α�(t), (|α(t)|p−2α(t))�� dt � 0

and then

Re

�

R
�A

k α�(t), (|α(t)|p−2α(t))�� dt � 0

for any α ∈ C1
0 (R). This shows that A(yk) is Lp-dissipative.

If A
h are not necessarily constant, consider

v(x) = ε(2−n)/2ψ((x− x0)/ε)

where x0 ∈ Ω, ψ ∈ (C1
0 (Rn))m and ε is sufficiently small.

In view of Lemma 4.1 we write
�

Ω

�
Re�A h ∂hv, ∂hv� − (1− 2/p)2|v|−4

Re�A h v, v�(Re�v, ∂hv�)
2

−(1− 2/p)|v|−2
Re(�A h v, ∂hv� − �A

h ∂hv, v�)Re�v, ∂hv�
�
dx � 0

i.e.
�

Rn

�
Re�A h(x0 + εz)∂hψ, ∂hψ�

−(1− 2/p)2|ψ|−4
Re�A h(x0 + εz)ψ,ψ�(Re�ψ, ∂hψ�)

2

−(1− 2/p)|ψ|−2
Re(�A h(x0 + εz)ψ, ∂hψ�

−�A
h(x0 + εz)∂hψ,ψ�)Re�ψ, ∂hψ�

�
dz � 0.

Letting ε → 0+, we obtain
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�

Rn

�
Re�A h(x0)∂hψ, ∂hψ� − (1− 2/p)2|ψ|−4

Re�A h(x0)ψ,ψ�(Re�ψ, ∂hψ�)
2

−(1− 2/p)|ψ|−2
Re(�A h(x0)ψ, ∂hψ� − �A

h(x0)∂hψ,ψ�)Re�ψ, ∂hψ�
�
dy � 0

for every x0 ∈ Ω.
Because of the arbitrariness of ψ ∈ (C1

0 (Rn))m, Lemma 4.1 shows that
the constant coefficient operator ∂h(A h(x0)∂h) is Lp-dissipative. From what
has already been proved, the ordinary differential operators (A h(x0)v�)� are
Lp-dissipative (h = 1, . . . , n).

Theorem 4.4 yelds

Re�A h(x0)λ,λ� − (1− 2/p)2 Re�A h(x0)ω,ω�(Re�λ,ω�)2

−(1− 2/p)Re(�A h(x0)ω,λ� − �A
h(x0)λ,ω�)Re�λ,ω� � 0

(4.51)

for any λ,ω ∈ Cm, |ω| = 1, h = 1, . . . , n.
Fix h and denote by N the set of x0 ∈ Ω such that (4.51) does not hold

for any λ,ω ∈ Cm, |ω| = 1. Since N has zero measure, for every yh ∈ Rn−1,
the cross-sections {xh ∈ R | x ∈ N} are measurable and have zero measure.

Hence, for almost every yh ∈ Rn−1, we have

Re�A h(x)λ,λ� − (1− 2/p)2 Re�A h(x)ω,ω�(Re�λ,ω�)2

−(1− 2/p)Re(�A h(x)ω,λ� − �A
h(x)λ,ω�)Re�λ,ω� � 0

for almost every xh ∈ ω(yh) and for any λ,ω ∈ Cm, |ω| = 1, provided ω(yh) �=
∅. The conclusion follows from Theorem 4.4.

In the same manner we obtain the result for 1 < p < 2.

Theorem 4.20. The operator (4.50) is Lp
-dissipative if and only if (4.51)

holds for almost every x0 ∈ Ω and for any λ,ω ∈ Cm
, |ω| = 1, h = 1, . . . , n.

Proof. Necessity. This has been already proved in the necessity part of the
proof of Lemma 4.19.

Sufficiency. We have seen that if (4.51) holds for almost every x0 ∈ Ω
and for any λ,ω ∈ Cm, |ω| = 1, the ordinary differential operator A(yh) is
Lp-dissipative for almost every yh ∈ Rn−1, provided ω(yh) �= ∅ (h = 1, . . . , n).
By Lemma 4.19, A is Lp-dissipative.

Remark 4.21. In the scalar case (m = 1), operator (4.50) falls into the oper-
ators considered in Section 2.2. In fact, if Au =

�
n

h=1 ∂h(a
h∂hu), ah being

a scalar function, A can be written in the form ∇(A ∇u) with A = {chk},
chh = ah, chk = 0 if h �= k. The conditions obtained there can be directly
compared with (4.51). The results of Section 2.2 show that operator A is
Lp-dissipative if and only if (5.2) holds. This means that

4

p p�
�ReA ξ, ξ�+ �ReA η, η� − 2(1− 2/p)�ImA ξ, η� � 0 (4.52)
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almost everywhere and for any ξ, η ∈ Rn (see Remark 2.8). In this particular
case (4.52) is clearly equivalent to the following n conditions

4

p p�
(Re ah) ξ2 + (Re ah) η2 − 2(1− 2/p)(Imah) ξη � 0 (4.53)

almost everywhere and for any ξ, η ∈ R, h = 1, . . . , n. On the other hand, in
this case, (4.51) reads as

(Re ah)|λ|2 − (1− 2/p)2(Re ah)(Re(λω)2

−2(1− 2/p)(Imah)Re(λω)Im(λω) � 0
(4.54)

almost everywhere and for any λ,ω ∈ C, |ω| = 1, h = 1, . . . , n. Setting
ξ + iη = λω and observing that |λ|2 = |λω|2 = (Re(λω))2 + (Im(λω))2, we
see that conditions (4.53) (and then (4.52)) are equivalent to (4.54).

In the case of a real coefficient operator (4.50), we have also

Theorem 4.22. Let A be the operator (4.50), where A
h
are real matrices

{ah
ij
} with i, j = 1, . . . ,m. Let us suppose A

h = (A h)t and A
h � 0 (h =

1, . . . , n). The operator A is Lp
-dissipative if and only if

�
1

2
−

1

p

�2

(µh

1 (x) + µh

m
(x))2 � µh

1 (x)µ
h

m
(x) (4.55)

for almost every x ∈ Ω, h = 1, . . . , n, where µh

1 (x) and µh

m
(x) are the smallest

and the largest eigenvalues of the matrix A
h(x) respectively. In the particular

case m = 2 this condition is equivalent to

�
1

2
−

1

p

�2

(trA
h(x))2 � detA

h(x)

for almost every x ∈ Ω, h = 1, . . . , n.

Proof. By Theorem 4.20, A is Lp-dissipative if and only if

�A
h(x)λ,λ� − (1− 2/p)2�A h(x)ω,ω�(Re�λ,ω�)2 � 0

for almost every x ∈ Ω, for any λ,ω ∈ Cm, |ω| = 1, h = 1, . . . , n. The proof
of Theorem 4.8 shows that these conditions are equivalent to (4.55).

4.5 Weakly coupled systems

4.5.1 Preliminary results

In this section we consider an elliptic operator
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Apu = ∂h(ahk∂ku) + ah∂hu+ A u,

where the functions ahk, ah in C1(Ω) are real-valued and the n×n-matrix A

has C(Ω)-functions as entries. Without loss of generality, the matrix {ahk} is
assumed to be pointwise symmetric. We will also use the operator

Au =
4

pp�
∂h(ahk∂ku) +

1

2p

�
p(A +A

∗)− 2∂hahI
�
u,

We consider the operators Ap and A defined in D(Ap) = (W 2,p(Ω) ∩
W 1,p

0 (Ω))N and D(A) = (H2(Ω) ∩H1
0 (Ω))N respectively.

A first result is just a consequence of Lemma 4.1.

Lemma 4.23. Let Ω be a domain of Rn
. The form L , related to the operator

Ap, is Lp
-dissipative if and only if

Re

�

Ω

�
aij�∂iv, ∂jv�+

�
(p−1∂iaiI − A )v, v

��
dx

−
(p− 2)2

p2

�

Ω

aij Re�∂iv, v�Re�∂jv, v�|v|
−2 dx � 0

(4.56)

for any v ∈ (C1
0 (Ω))m.

Proof. Taking A
hk = {ahkδij}, B

h = {ahδij} and C
h = {0} in Lemma 4.1,

we obtain that L is Lp-dissipative if and only if

Re

�

Ω

(ahk�∂kv, ∂hv� − (1− 2/p)2|v|−2ahk Re�v, ∂kv�Re�v, ∂hv�

−2p−1ah Re�v, ∂hv� − �A v, v�) dx � 0

for any v ∈ (C1
0 (Ω))m. We have also

−
2

p

�

Ω

ah Re�v, ∂hv�dx = −
1

p

�

Ω

ah∂h(|v|
2)dx

and (4.56) follows by an integration by parts, which completes the proof.

Let us suppose that Ω is an open and bounded subset of Rn, having a
C2,α-boundary for some α ∈ (0, 1].

By means of the same techinque we used in the proof of Theorem 2.20,
one can prove that the operator Ap is Lp-dissiptive if, and only if, the form
L is Lp-dissipative. In view of Lemma 4.23 we have

Lemma 4.24. The operator Ap is dissipative in (Lp(Ω))N if and only if (4.56)
holds for all v ∈ (H1

0 (Ω))N .

In some of the lemmas and theorems below, we will restrict ourselves to
operators Ap whose principal part P is positive, that is, the principal part
fulfills P(x, ξ) > 0 for all x ∈ Ω and all ξ ∈ Rn\{0}. That this is no restriction
when dealing with elliptic operators follows from the following lemma.
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Lemma 4.25. If A or Ap is dissipative, then the principal part P of Ap is

positive.

Proof. Let Ap be dissipative and assume, without loss of generality, that 0 ∈ Ω
and let u ∈ C∞

0 (Rn) be nonzero and have support in U ⊂ Ω. Write ui for ∂iu
and define for every ε > 0 the function vε by vε(x) = (u(ε−1x), 0, . . . , 0). For
sufficiently small ε, we have vε|Ω ∈ (H1

0 (Ω))N . Replacing v by vε in (4.56)
and multiplying by ε2−n, thanks to Lemma 4.24 we find

0 � ε2−n

�

Ω

�
ε−2aij(x)(uiuj)(ε

−1x) + b(x)u2(ε−1x)
�
dx

−
(p− 2)2

p2
ε2−n

�

Ω

ε−2aij(x)(uiuj)(ε
−1x) dx

=

�

U

�
caij(εx)ui(x)uj(x) + ε2b(εx)u2(x)

�
dx

→ c

�

U

aij(0)uiuj dx = c

�

U

P(0,∇u) dx, ε → 0,

where b ∈ C(Ω) and c = 4/(pp�). Since P(0, ξ) �= 0 for every ξ �= 0 and ∇u
is not identically zero, it follows that P(0, ξ) is positive at some point. But
ellipticity and continuity implies then that P(0, ξ) is positive for every ξ �= 0.
A simple translation argument shows that P(x, ξ) > 0 for every x ∈ Ω and
0 �= ξ ∈ Rn. Finally, the continuity of the coefficients and the ellipticity imply
positivity for every x ∈ Ω.

The proof that the dissipativity of A implies positivity of the principal
part of Ap is completely analogous, but the L2-dissipativity criterion can be
used directly instead of Lemma 4.24.

In order to investigate the relation between the dissipativity of Ap and
the dissipativity of A, we now continue by introducing some functionals and
defining two constants associated with A and Ap:

J(v) =

�

Ω

� 4

pp�
aij�∂iv, ∂jv�+ Re

�
(p−1∂iaiI − A )v, v

��
dx,

Jp(v) =

�

Ω

�
aij�∂iv, ∂jv�+ Re

�
(p−1∂iaiI − A )v, v

��
dx

−
(p− 2)2

p2

�

{v �=0}
aij Re�∂iv, v�Re�∂jv, v�|v|

−2 dx,

µ = inf{J(v) : v ∈ (H1
0 (Ω))N , �v�2 = 1},

µp = inf{Jp(v) : v ∈ (H1
0 (Ω))N , �v�2 = 1}.

Note that the expression for Jp comes from the statement of Lemma 4.24 and
that the expression for J comes from the same lemma if it is used on the op-
erator A with p = 2 instead of on Ap (since 2Re�A v, v� = �(A +A

∗)v, v�).
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It is clear that J and Jp are real-valued since {aij} is symmetric. Assuming
that the principal part of Ap is positive, it follows immediately that J is
bounded from below on the set {v ∈ (H1

0 )
N : �v�2 = 1}. Hence, µ is finite.

This is also the case with µp, but the proof is postponed to Lemma 4.27.
However, assuming that µp is finite, the study of µ and µp is justified by the
following lemma.

Lemma 4.26. Let 1 < p < ∞ and suppose that the principal part of Ap is

positive. Then A and Ap generate the semigroups T on (L2(Ω))N and Tp on

(Lp(Ω))N , respectively, fulfilling the inequalities

�T (t)� � e−µt, �Tp(t)� � e−µpt, t � 0. (4.57)

The constants µ and µp are the best possible.

Proof. By temporarily replacing Ap by Ap + µpI, we see that the infimum of
Jp is zero. According to Lemma 4.24, this implies that the operator Ap +µpI
is dissipative. In Grisvard [30] it is proved that Ap − λI is invertible with a
bounded inverse (defined on (Lp(Ω))N ) as soon as Ap−λI is one to one. This
is the case when λ > −µp since the dissipativity of Ap + µpI implies that

−Re

�

Ω

�(Ap − λI)v, v�|v|p−2 dx = −Re

�

Ω

�(Ap + µpI)v, v�|v|
p−2 dx

+ (µp + λ)�v�p
p
� (µp + λ)�v�p

p
,σv ∈ D(Ap).

The theorem by Lumer-Phillips now shows that Ap + µpI generates a
contraction semigroup Qp on (Lp(Ω))N . Set Tp(t) = e−µptQp(t) for t � 0 and
it follows immediately that Tp is a semigroup on (Lp(Ω))N with �Tp(t)� �
e−µpt for t � 0. Furthermore, from the definition of a generator, it follows that
Ap is the generator of Tp. By the definition of Jp and Lemma 4.24, µp is the
smallest number making Ap + µpI dissipative, hence µp is the best constant
in (4.57).

The proof of A generating the semigroup T with the indicated properties
is completely analogous — just replace Ap, Jp and Lp, by A, J and L2,
respectively.

4.5.2 The Relation Between µ and µp

Note that it follows from Lemma 4.26 that if µ = µp, then Ap generates
a contraction semigroup on (Lp)N if and only if A generates a contraction
semigroup on (L2)N . We will therefore take an interest in the relation between
µ and µp.

Lemma 4.27. Suppose that 1 < p < ∞ and that the principal part of Ap is

positive. Then µ � µp.
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Proof. Let v ∈ (H1
0 (Ω))N and choose x ∈ Ω such that x is a Lebesgue point

to all components of v and ∂iv. Let λ1, . . . ,λn be the eigenvalues of {aij(x)}
and let T : Rn → Rn be a linear transformation that takes the corresponding
set of orthonormal eigenvectors to the coordinate axes. By introducing the
function u = v ◦ T−1 and denoting the kth component of v and u by vk and
uk, respectively, it follows that ∇vk = T−1 ◦ ∇uk ◦ T . Set y = Tx and the
relation

�
aij�∂iv, ∂jv�

�
(x) = (∇vk(x))

t[aij(x)]∇vk(x) (4.58)

=
�

k

λi|∂iuk(y)|
2 = λi|∂iu(y)|

2

is obtained. Suppose for the moment that the components of v are real-valued,
let ṽ be a function that fulfills the same properties as v and set ũ = ṽ ◦ T−1.
Then

�
aij�∂iv, v��∂j ṽ, ṽ�

�
(x) =

�
vkṽ�(∇vk)

t[aij ]∇ṽ�
�
(x) (4.59)

= λi(ukũ�∂iuk ∂iũ�)(y)

= λi

�
�∂iu, u��∂iũ, ũ�

�
(y).

Since in general

Re�∂iv, v� = �∂i Re v,Re v�+ �∂i Imv,Imv�,

expression (4.59) can be used on each term of Re�∂iv, v�Re�∂jv, v�. If v(x) �=
0, this gives

�
aij Re�∂iv, v�Re�∂jv, v�|v|

−2
�
(x) = λi

�
Re�∂iu(y), u(y)�

�2
|u(y)|−2(4.60)

� λi|∂iu(y)|
2 =

�
aij�∂iv, ∂jv�

�
(x),

the last equality coming from (4.58) and the inequality arising from the
Cauchy inequality since the eigenvalues λi are positive due to the positiv-
ity of the principal part of Ap. The arbitrariness of x now implies that

�

Ω

aij�∂iv, ∂jv� dx−

�

{v �=0}
aij Re�∂iv, v�Re�∂jv, v�|v|

−2 dx � 0.

Defining the functional v �→ K(v) by the left-hand side of the inequality above,
we immediately get the functional equality

J +
(p− 2)2

p2
K = Jp. (4.61)

Thus J � Jp, implying that µ � µp.

Lemma 4.28. Suppose that 1 < p < ∞ and that the principal part of Ap is

positive. Then µ = µp if and only if at least one of the nonzero generalized

solutions of the equation



4.5 Weakly coupled systems 123

−
4

pp�
∂i(aij∂jv) +

1

2p
(2∂iaiI − p(A +A

∗))v = µv, v ∈ (H1
0 (Ω))N (4.62)

is of the form v = fc for some real-valued scalar function f and some c ∈ CN
.

Moreover, µ is the least eigenvalue of the left-hand side of the equation.

Proof. We have 2Re�A v, v� = �(A +A
∗)v, v� for all complex v where

A +A
∗ is self-adjoint. It follows from the theory of compact, self-adjoint

operators, see e.g. Ladyžhenskaya [47, Ch. II] for the scalar case, that the in-
fimum µ is the least eigenvalue of the operator defined by the right-hand side
of (4.62) (whose spectrum only consists of countably many real eigenvalues
with +∞ as only possible accumulation point). Furthermore, the infimum is
attained by the normalized eigenfunctions corresponding to µ and by no other
functions. By general elliptic theory, see Grisvard [30], it follows from the reg-
ularity of the coefficients that solutions of (4.62) belong to (C1(Ω)∩H2(Ω))N .

We go back and adopt the notation used in the proof of Lemma 4.27.
Equality in (4.60) holds if and only if ∂iu(y) = biu(y) for every i and some real
constants bi (depending on y), or equivalently, if and only if ∂iv(x) = civ(x),
ci still being real. This shows that K(v) = 0 for a C1(Ω)-function v exactly
when ∂iv = civ on Ev = {x ∈ Ω : v(x) �= 0} for a collection of real-valued
functions {ci}. Thus, K(v) = 0 and v ∈ C1(Ω) implies that

∂i
�
|v|−1v

�
= |v|−1∂iv − |v|−3(Re�∂iv, v�)v

= ci|v|
−1v − |v|−3ci|v|

2v = 0

on Ev, from which it follows that v = |v|c for some c ∈ CN with unit length
on each component of Ev. Conversely, a straightforward verification shows
that for C1-functions v of this form, K(v) = 0. Equation (4.61) gives that
µ = µp if and only if K(w) = 0 for one of the minimizers w of J which, by
the discussion above, is equivalent to that w is of the form w = |w|c on each
component of Ew.

Assume that one of the minimizers w is of this form and suppose that Ew

consists of at least two components. Denote one of the components by F and
let g be the real or imaginary part of any of the N components of w. Then
g ∈ C1(Ω) and g vanishes on the boundary of Ω. Define

fε(t) = min(t+ ε, 0) + max(t− ε, 0), t ∈ R, ε > 0

and set gε = fε ◦ g. Then gε|F ∈ H1
0 (F ) since fε is Lipschitz and the support

of gε|F is a compact subset of F . It is easy to see that gε|F → g|F in H1(F )
as ε → 0. Hence, g|F ∈ H1

0 (F ) and we conclude that gχF ∈ H1
0 (Ω). Set

w1 = χ
Fw and w2 = w − w1 and it follows from the previous discussion that

w1, w2 ∈ (H1
0 (Ω))N . Moreover,

µ = J(w1) + J(w2) � �w1�
2
2µ+ �w2�

2
2µ = µ,

so J(w1/�w1�2) = µ. Hence, w1/�w1�2 is also a minimizer of J and conse-
quently fulfills equation (4.62). Since w1 is zero on an open subset of Ω, the
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Aronzajn-Cordes uniqueness theorem, see Hörmander [37], implies that w1 is
identically zero on Ω. This contradiction shows that Ew only consists of one
component and we can conclude that w = fc for some nonnegative f ∈ C1

and c ∈ CN .

From Lemma 4.28, we obtain a necessary condition in algebraic terms for
the equality µ = µp to hold:

Corollary 4.29. Suppose that the principal part of Ap is positive. If µ = µp,

then there is a constant eigenvector to A +A
∗
on Ω.

Proof. By defining the matrix E as

E = −
pp�

4
((p−1∂iai − µ)I − 2−1(A+A∗)),

equation (4.62) becomes

∂i(aij∂jv) + Ev = 0. (4.63)

Assume that µ = µp and let v = fc be a solution of equation (4.63) given
by Lemma 4.28. Without loss of generality, assume that |c| = 1. Consider the
problem

inf{J(gc) : g ∈ H1
0 (Ω), �g�2 = 1}.

The infimum is of course attained for g = f and is µ and since

J(gc) =
4

pp�

�

Ω

�
aij∂ig ∂jg − �Ec, c�g2

�
dx+ µ�g�22,

the same theory as used in the proof of Lemma 4.28, or the simple fact that
we have d

dε
J((f + εϕ)c)|ε=0 = 0 for all ϕ ∈ C∞

0 (Ω), implies that f satisfies
the Euler equation

∂i(aij∂jf) + �Ec, c�f = 0. (4.64)

Substituting v = fc into (4.63), we also have the equation

∂i(aij∂jf)c+ fEc = 0. (4.65)

By multiplying the scalar equation (4.64) with c and subtracting (4.65), it
follows that fEc = f�Ec, c�c. Suppose that Ec �= �Ec, c�c at some point in Ω.
Due to the continuity of E, this would imply that f vanishes on some subset
of Ω with nonempty interior. As in the proof of Theorem 4.28, the Aronzajn-
Cordes uniqueness theorem then would imply that f is identically zero on Ω.
This is not the case since v is nonzero. Hence, Ec = �Ec, c�c on Ω, which by
the definition of E implies that c is a constant eigenvector to A +A

∗ on Ω.
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4.5.3 Dissipativity of A and Ap

We are now in the position to state the main results of this section.

Theorem 4.30. If A generates a contraction semigroup on (L2(Ω))N , then

Ap generates a contraction semigroup on (Lp(Ω))N . Conversely, if there is

a basis of constant eigenvectors to A +A
∗
, then A generates a contraction

semigroup on (L2(Ω))N if Ap generates a contraction semigroup on (Lp(Ω))N .

In particular, the converse holds in the scalar case.

Proof. If A or Ap generate a contraction semigroup, Lemma 4.25 shows that
the principal part of Ap is positive.

If A generates a contraction semigroup, Lemma 4.26 implies that µ � 0
so by Lemma 4.27, it follows that µp � 0. According to Lemma 4.26, Ap

generates a contraction semigroup.
The converse is proved by first treating the scalar case and then extending

the result to when A +A
∗ has a basis of constant eigenvectors. Suppose

that N = 1 and that Ap generates a contraction semigroup. Then µp � 0
so Jp(v) � 0 for every v ∈ H1

0 (Ω). Consider the functional K defined in the
proof of Lemma 4.27. We have for real-valued v ∈ H1

0 (Ω)

K(v) =

�

Ω

aij∂iv ∂jv dx−

�

{v �=0}
aij∂iv ∂jv dx = 0,

since |∇v| = 0 almost everywhere on the set {x ∈ Ω : v(x) = 0}. In view of
(4.61) and the nonnegativity of Jp, this gives that J(v) � 0 for all real-valued
v. From the equality J(u + iv) = J(u) + J(v), holding for all real-valued
functions u and v, it follows that µ � 0 and we conclude from Lemma 4.26
that A generates a contraction semigroup.

Let N be arbitrary, suppose that Ap generates a contraction semigroup
and let T be a linear transformation that diagonalizes A +A

∗ in such a way
that T is an isometry. Let f ∈ D(Ap) and set g = Tf . Since T is an isometry,

Re

�

Ω

�Apg, g�|g|
p−2 dx = Re

�

Ω

�T−1ApTf, f�|f |
p−2 dx,

showing that dissipativity ofAp is equivalent to dissipativity of f �→ T−1ApTf .
This equivalence together with the fact that

Re�Apg, g� = Re
��
Ap − A +2−1(A +A

∗)
�
g, g

�

for all g ∈ D(Ap), allows us to assume without loss of generality that A is
a diagonal matrix. Let u ∈ W 2,p ∩ W 1,p

0 , fix some k ∈ {1, . . . , N} and set
w = uek where ek is the unit vector in CN directed along the kth coordinate
axis. Finally, define the scalar operator Ak

p
as the “kth row” of Ap, that is,

Ak

p
ϕ = Ap(ϕek),ϕ ∈ W 2,p

∩W 1,p
0 .
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Define Ak analogously. The dissipativity of Ap implies that

0 � Re

�

Ω

�Apw,w�|w|
p−2 dx = Re

�

Ω

(Ak

p
u)u|u|p−2 dx,

so Ak

p
is dissipative. From the case N = 1 treated above, the dissipativity of

Ak follows for every k. Finally, let v = (v1, . . . , vN ) ∈ D(A). Since
�

Ω

�Av, v� dx =
�

k

�

Ω

(Akvk)vk dx,

the dissipativity of each Ak implies the dissipativity of A, so µ � 0 and we
conclude that A generates a contraction semigroup.

Example 4.31. In the scalar case N = 1, the equality µ = µp always holds
according to Lemma 4.28. This is however not true in general: consider an
operator Ap in (Lp(Ω))2 with a positive principal part and suppose that the
matrix coefficient A of Ap is given as

A (x) =

�
1 |x|
|x| −1

�
, x ∈ Ω.

Since C2 is spanned by the eigenvector
�

1
|x|/

�
1 +

�
1 + |x|2

�
�

of A and one eigenvector orthogonal to it, A has no constant eigenvectors.
According to Corollary 4.29, µ is strictly smaller than µp. In particular, we
can add a suitable multiple of the identity operator to Ap to make Ap generate
a contraction semigroup on (Lp(Ω))2, while A does not generate a contraction
semigroup on (L2(Ω))2.

4.6 Lp-dissipativity of coupled systems for any p’s

We will now treat the initial boundary value problem with zero Dirichlet
boundary conditions for linear second order systems which are uniformly
parabolic in the sense of Petrovskĭı. These systems will not necessarily be
weakly coupled as in the previous section. Our goal is to give criteria for
the Lp-maximum principle to hold for all p ∈ [1,∞] simultaneously and then
formulate the result in terms of the generation of contraction semigroups.

First we will study a parabolic system and recall some necessary and suf-
ficient conditions for the solution of the parabolic system to not increase in
maximum norm as the time increases. Using duality and interpolation, we get
criteria for this maximum principle to hold for all p ∈ [1,∞] simultaneously.
After that, the results will be written in semigroup language.
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4.6.1 The maximum modulus principle for a parabolic system

This Section is devoted to the L∞-dissipativity of scalar second order oper-
ators. In this section we recall one of the main results in this topic: for a
system which is uniformly parabolic in the sense of Petrovskii and in which
the coefficients do not depend on t, the maximum modulus principle holds if
and only if the principal part of the system is scalar and the coefficients of
the system satisfy a certain algebraic inequality (see Theorem 4.32 below).

Let Ω ⊂ Rn be a bounded domain with a C2,α boundary (0 < α � 1) and
let QT be the cylinder Ω × (0, T ).

Let A be the differential operator

Au = ∂i(Aij ∂ju) + Ai ∂iu+ A u (4.66)

where Aij ,Ai and A are N × N matrices whose entries are complex valued
functions. The elements of Aij , Ai and A belong to C2,α(Ω), C1,α(Ω) and
C0,α(Ω) respectively.

Moreover Aij = Aji and there exists δ > 0 such that for every x ∈ Ω and
every ξ = (ξ1, . . . , ξN ) ∈ RN , the zeros of the polynomial

λ �→ det(ξiξj Aij +λI)

satisfy the inequality Reλ � −δ|ξ|2.
Consider the problem






∂tu−Au = 0, on QT ,
u(·, 0) = ϕ, on Ω,
u|∂Ω×[0,T ] = 0,

(4.67)

where ϕ ∈ (C2,α(Ω))N and vanishes on ∂Ω.

Theorem 4.32 ([45]). Let u be the solution of (4.70). In order that

�u(·, t)�∞ � �ϕ�∞, ∀t ∈ [0, T ],

for all ϕ ∈ (C2,α(Ω))N vanishing on ∂Ω, it is necessary and sufficient that

(a) there are real-valued scalar functions aij on Ω such that for every i, j,
Aij = aijI and the n× n-matrix {aij} is positive definite;

(b) for all ηi, ζ ∈ CN
, i = 1, . . . , n, with Re�ηi, ζ� = 0, the inequality

Re
�
aij�ηi, ηj� − �Ai ηi, ζ� − �A ζ, ζ�

�
� 0

holds on Ω.

In the scalar case n = 1, condition (b) is reduced to the requirement that
the inequality

−4ReA � bij ImAi ImAj
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holds on Ω, where {bij} = {aij}−1 (cfr. (2.42)).
Let us consider now the problem






∂tw +A∗w = 0, on QT ,
w(·, T ) = ψ, on Ω,
w|∂Ω×[0,T ] = 0,

(4.68)

where A∗ is the formally adjoint operator of A

A∗w = ∂i(A
∗
ij
∂jw)− A

∗
i
∂iw + (A ∗

−∂i A
∗
i
)w. (4.69)

Theorem 4.32 implies

Corollary 4.33. Let w be the solution of (4.68). In order that

�w(·, t)�∞ � �ψ�∞, ∀t ∈ [0, T ],

for all ψ ∈ (C2,α(Ω))N vanishing on ∂Ω, it is necessary and sufficient that

(a) there are real-valued scalar functions aij on Ω such that for every i, j,
Aij = aijI and the n× n-matrix {aij} is positive definite;

(b) for all ηi, ζ ∈ CN
, i = 1, . . . , n, with Re�ηi, ζ� = 0, the inequality

Re
�
aij�ηi, ηj�+ �Ai ζ, ηi� − �(A −∂i Ai)ζ, ζ�

�
� 0

holds on Ω.

By means of Theorem 4.32 and its Corollary 4.33 and using interpolation,
one arrives to the necessary and sufficient conditions for the validity of the Lp

maximum principle for all p ∈ [1,∞] simultaneously. This will be obtained in
the theorem 4.36 below.

4.6.2 The Parabolic PDE Setting

Let α ∈ (0, 1), let Ω be a bounded domain in Rn with C2,α-boundary and let
for T > 0 the cylinder Ω × (0, T ) be denoted by QT . Furthermore, let C2,α

0

be the subset of (C2,α(Ω))N consisting of the functions that vanish on the
boundary ∂Ω of Ω.

If f is a function defined on QT , ∂if will as before denote the partial
derivative of f with respect to the i:th space coordinate, whereas ∂tf will
denote the time derivative ∂n+1f . Let A be the differential operator (4.66)
and A∗ its formally adjoint operator (4.69). Let assume the same smoothness
hypothesis made in section 4.6.1.

We introduce the initial boundary value problem





∂tu−Au = 0, on QT ,
u( · , 0) = ϕ, on Ω,
u|∂Ω×[0,T ] = 0,

(4.70)
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where ϕ ∈ C2,α
0 . The requirements in the beginning of the section on the

coefficients of A imply that the system in (4.70) is uniformly parabolic in the
sense of Petrovskĭı. According to Theorem 10.1 in Ladyženskaya, Solonnikov
and Ural’ceva [48], there exists a unique classical solution to (4.70) with Hölder
continuous second derivatives in the space variables and first derivative in time
(in fact, the regularity assumptions on the coefficients and the boundary can
be relaxed and were imposed only for the simplicity of the presentation).

Hinging on the results of Kresin and Maz’ya described in section 4.6.1, we
have the following theorem

Theorem 4.34. Let u be the solution of (4.70). In order that

�u( · , t)�p � �ϕ�p, ∀t ∈ [0, T ], (4.71)

for all ϕ ∈ C2,α
0 and for all p ∈ [1,∞], it is necessary and sufficient that

(a) there are real-valued scalar functions aij on Ω such that for every i, j,
Aij = aijI and the n× n-matrix [aij ] is positive definite,

(b) for all ηi, ζ ∈ CN
, i = 1, . . . , n, with Re�ηi, ζ� = 0, the inequalities

Re
�
aij�ηi, ηj� − �Ai ηi, ζ� − �A ζ, ζ�

�
� 0,

Re
�
aij�ηi, ηj�+ �Ai ζ, ηi� − �(A −∂i Ai)ζ, ζ�

�
� 0

hold on Ω.

Proof. Let u and v be the solutions of (4.70) and (4.68), respectively. Let
τ ∈ [0, T ) and set ṽ( · , t) = v( · , t+ τ) for t ∈ [0, T − τ ]. Integrating by parts
and applying the equality �Au, ṽ� = �u,A∗ṽ� gives

0 =

�
T−τ

0

�

Ω

�∂tu−Au, ṽ� dx dt

=

�

Ω

�
�u( · , T − τ), ṽ( · , T − τ)� − �u( · , 0), ṽ( · , 0)�

�
dx

−

�
T−τ

0

�

Ω

�u, ∂tṽ +A∗ṽ� dx dt.

Since ṽ fulfills the same differential equation as v, the last integral vanishes
and we obtain the identity

�

Ω

�u( · , T − τ),ψ� dx =

�

Ω

�ϕ, v( · , τ)� dx (4.72)

We need only prove the necessity of the second inequality in (b), since
the necessity of (a) and the necessity of the first inequality in (b) result from
Theorem 4.32 along with inequality (4.71) where p = ∞. Equality (4.72),
together with the Cauchy and Hölder inequalities, imply that
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����
�

Ω

�ϕ, v( · , τ)� dx

���� � �ψ�∞�u( · , T − τ)�1 � �ψ�∞�ϕ�1,

where (4.71) with p = 1 has been used in the second inequality. The functional
on (L1)N defined by the integral in the left-hand side of the inequalities above
has norm �v( · , τ)�∞. By the arbitrariness of ϕ and the denseness of C2,α

0 in
(L1)N ,

�v( · , τ)�∞ � �ψ�∞

for all ψ. Since τ is arbitrary, this is equivalent to the maximum modulus
principle for the problem (4.68). Hence, Corollary 4.33 gives the necessity of
the second inequality in condition (b).

We now turn to the sufficiency part. Set t = T − τ . By (4.72) together
with the sufficiency part of Corollary 4.33, we have the following inequality:

����
�

Ω

�u( · , t),ψ� dx

���� � �ϕ�1�v( · , τ)�∞ � �ϕ�1�ψ�∞.

As in the L1-case, the integral on the left in the inequality above defines
a functional on (C0(Ω))N . By using the Cauchy and Hölder inequalities
and by applying the functional to (C0(Ω))N -approximations of the func-
tion |u( · , t)|−1u( · , t), it is easily shown that the norm of the functional is
�u( · , t)�1. Since ϕ is arbitrary, we conclude that

�u( · , t)�1 � �ϕ�1. (4.73)

Take some t ∈ (0, T ] and define the operator G on C2,α
0 by

Gϕ = u( · , t),

where u as before is the solution to (4.70). Due to (4.73), G can be extended
by continuity to (L1)N and

�G�B((L1)N ) � 1. (4.74)

By the sufficiency part of Theorem 4.32, we also have the inequality

�Gϕ�∞ � �ϕ�∞,ϕ ∈ C2,α
0 .

Let f ∈ (L∞)N . By multiplying f with the characteristic function of a suitable
precompact set in Ω and then convolve the result with a suitable mollifier, it
follows that f can be arbitrarily well approximated in (L1)N by a function
h ∈ (C∞

0 (Ω))N in such a way that �h�∞ � �f�∞. Thus, take a sequence
{fk}k in (C∞

0 (Ω))N with �fk − f�1 → 0 as k → ∞ and with �fk�∞ � �f�∞
for every k. Since

�Gfk −Gf�1 � �fk − f�1 → 0, k → ∞,
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there is a subsequence of {Gfk}k such that the subsequence converges point-
wise to Gf almost everywhere on Ω. Rename the subsequence to the original
sequence and it follows that

|(Gf)(x)| = lim
k→∞

|(Gfk)(x)| � lim
k→∞

�Gfk�∞ � lim
k→∞

�fk�∞ � �f�∞

for almost every x in Ω. Consequently,

�G�B((L∞)N ) � 1. (4.75)

The norm estimates in (4.74) and (4.75) now enables us to use the Riesz-
Thorin interpolation theorem on G and we get

�G�B((Lp)N ) � 1, p ∈ [1,∞].

The arbitrariness of t finally gives the desired result.

4.6.3 The Semigroup Setting

With Theorem 4.34 in mind, we will now define extensions of the operator A
with domain C2,α

0 to operators in the various (Lp)N -spaces. Thus, let Ap be
the operator A with domain

D(Ap) = (W 2,p(Ω) ∩W 1,p
0 (Ω))N , 1 < p < ∞

and let A1 be the operator obtained by taking the closure in (L1)N of the
operator A with domain C2,α

0 .
Every Ap is thus a densely defined operator in (Lp)N . In the case p = ∞,

we have to proceed in another manner since C2,α
0 is not dense in (L∞)N .

Instead, the natural function space in which to define the operator A∞, is in
the closure of C2,α

0 in the L∞-norm; that is, the space (C0(Ω))N . By Sobolev’s
embedding theorem, W 2,r(Ω) is a subset of C(Ω) for all r > n/2. Take some
s > n/2 and let A∞ be the operator A with domain

D(A∞) =
�
u ∈ (W 2,s(Ω) ∩W 1,s

0 (Ω))N : Au ∈ (C0(Ω))N
�
.

and regard A∞ as an operator in (C0(Ω))N .
Before the main result of this section, let us prove a technical lemma. It

concerns the approximation of integral expressions arising when checking for
dissipativity of partial differential operators.

Lemma 4.35. Let p ∈ (1,∞) and let Ω be a domain in Rn
. Furthermore,

let α be a multi-index and suppose that {fk}∞1 ⊂ (W |α|,p(Ω))N is a sequence

with (W |α|,p(Ω))N -limit f . Then

lim
k→∞

�

Ω

�∂αfk, fk�|fk|
p−2 dx =

�

Ω

�∂αf, f�|f |p−2 dx.
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Proof. By expanding �∂αf, f�|f |p−2 into components, we see that it is enough
to show that

lim
k→∞

�

Ω

fkgkh
p−2
k

dx =

�

Ω

fghp−2 dx, (4.76)

where {fk}, {gk}, {hk} ⊂ Lp(Ω) are sequences with Lp-limits f , g and h,
respectively, fulfilling |gk| � hk and |g| � h.

After taking subsequences successively, we can assume that gk → g and
hk → h pointwise almost everywhere as k → ∞. Let q be the conjugate
exponent to p and note that �gkh

p−2
k

�q � �hk�
p−1
p

, so {gkh
p−2
k

} is a bounded
sequence in Lq with pointwise limit ghp−2 almost everywhere. This implies, see
Hewitt and Stromberg [32], that gkh

p−2
k

→ ghp−2 weakly in Lq. An application
of Hölder’s inequality gives

����
�

Ω

�
fkgkh

p−2
k

− fghp−2
�
ddx

���� (4.77)

� �fk − f�p�hk�
p−1
p

+

����
�

Ω

f(gkh
p−2
k

− ghp−2) dx

���� , (4.78)

which shows that (4.76) holds for a subsequence, since the right-hand side
tends to zero due to the convergence of {fk} and the weak convergence of
{gkh

p−2
k

}. If there is a subsequence of our original sequence such that the left
hand side of (4.76) does converge to some other value than the right hand
side, we can repeat the proof with this subsequence and get a contradiction.
Thus (4.76) holds for our original sequence.

Using the results obtained on the parabolic systems in the previous subsec-
tion, we can prove the following theorem about the generation of contraction
semigroups for all the operators Ap.

Theorem 4.36. The operators Ap generate contraction semigroups on (Lp(Ω))N

for all p ∈ [1,∞) and on (C0(Ω))N for p = ∞ simultaneously if and only if

(a) there are real-valued scalar functions aij on Ω such that for every i, j,
Aij = aijI and the n× n-matrix [aij ] is positive definite,

(b) for all ηi, ζ ∈ CN
, i = 1, . . . , n, with Re�ηi, ζ� = 0, the inequalities

Re
�
aij�ηi, ηj� − �Ai ηi, ζ� − �A ζ, ζ�

�
� 0,

Re
�
aij�ηi, ηj�+ �Ai ζ, ηi� − �(A −∂i Ai)ζ, ζ�

�
� 0

hold on Ω.

Proof. The necessity of (a) and (b) is easy to show. Let p ∈ [1,∞]. The
contraction semigroup generated by Ap gives the solutions to the abstract
Cauchy problem associated with the operator Ap. Since C2,α

0 is contained in
the function space whose elements the semigroup acts on and the solutions to
the parabolic system (4.70) are unique, inequality (4.71) holds for the chosen



4.6 Lp-dissipativity of coupled systems for any p’s 133

p due to the contractivity of the semigroup. Since p is arbitrary, Theorem 4.34
shows that (a) and (b) follow.

We next show the sufficiency of (a) and (b). This will be achieved by
constructing a contraction semigroup for every p and show that its generator
is precisely Ap: define the map t �→ Q(t), where t ∈ [0, T ] and Q(t) : C2,α

0 →

C2,α
0 , by

Q(t)ϕ = u( · , t)

where u is the solution to the parabolic system (4.70) with initial data ϕ.
Defining Q(t) = Q(T )Q(t − T ) recursively, Q is extended to R+. It is easily
seen that Q(s+ t) = Q(s)Q(t) and that Q(0) is the identity operator on C2,α

0 .
Theorem 4.34 shows that

�Q(t)ϕ�p � �ϕ�p, t ∈ R+, p ∈ [1,∞], ϕ ∈ C2,α
0 .

C2,α
0 is dense in (Lp)N for 1 � p < ∞ and in (C0(Ω))N so extend for each p ∈

[1,∞) and t ∈ R+ the operator Q(t) by continuity to Qp(t) ∈ B((Lp(Ω))N )
and to Q∞(t) ∈ B((C0(Ω))N ), respectively. Then �Qp(t)� � 1 and the alge-
braic properties of Q are preserved. Thus Qp fulfills the semigroup properties
every p if the continuity property can be established.

Let ϕ ∈ C2,α
0 and let u be the corresponding solution of (4.70). The solution

is classical so, if N = 1 and if u is real-valued, the mean value theorem gives
���t−1(Q(t)ϕ− ϕ)−Aϕ

�
(x)

�� (4.79)

= |t−1(u(x, t)− u(x, 0))− ∂tu(x, 0)|

= |∂tu(x, ξ(x, t))− ∂tu(x, 0)| � C|ξ(x, t)|γ

� Ctγ , x ∈ Ω

for some C > 0, γ ∈ (0, 1), coming from the Hölder continuity of ∂tu. If u
is complex-valued and N is arbitrary, the inequality between the first and
last row in (4.79) still holds, since it can be used on each of the components
and real/imaginary parts of u together with the triangle inequality. Since Ω
is bounded, (4.79) especially implies that t �→ Qp(t)ϕ is continuous at 0 in
the norm of (Lp(Ω))N for every ϕ ∈ C2,α

0 and p ∈ [1,∞). The same is true
for p = ∞ since Q∞(t)ϕ is zero on the boundary of Ω for every t. Let p be
arbitrary, take f ∈ (Lp)N or f ∈ (C0(Ω))N if p = ∞, let ε > 0 and choose
ϕ ∈ C2,α

0 with �f − ϕ�p < ε. Then

�Qp(t)f − f�p � �Qp(t)��f − ϕ�p + �Qp(t)ϕ− ϕ�p + �ϕ− f�p

� 2ε+ �Qp(t)ϕ− ϕ�p,

showing that the continuity of t �→ Qp(t)f at 0 follows from the continuity on
C2,α

0 . This is actually equivalent to Qp being a strongly continuous contraction
semigroup on (Lp)N for every p ∈ [1,∞) and on (C0(Ω))N for p = ∞.

Let for each p the operator Bp be the generator of Qp. Inequality (4.79)
shows that the (Lp)N -limit
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lim
t→0+

�t−1(Qp(t)− I)ϕ− A ϕ�p = 0,ϕ ∈ C2,α
0 , p ∈ [1,∞),

so Bp is an extension of the operator (A,C2,α
0 ) for every p < ∞. If p = ∞, we

must in addition require that Aϕ is zero on the boundary of Ω in order for
the limit to be zero.

Let p ∈ (1,∞). Since Bp is dissipative, so is the operator (A,C2,α
0 ). Since

C2,α
0 is dense in the domain of Ap, Lemma 4.35 implies that the extension Ap

of (A,C2,α
0 ) is dissipative. As in the proof of Lemma 4.26, the injectivity of

Ap−λI for λ > 0 follows from the dissipativity of Ap and the injectivity yields
the invertibility of Ap − λI for λ > 0 (see, e.g., Maz’ya and Shaposhnikova
[70, Ch.14]). By the theorem of Lumer-Phillips, Ap generates a contraction
semigroup on (Lp)N .

The next step is to prove that A1 generates a contraction semigroup in
(L1)N . Since B1 is a closed extension of (A,C2,α

0 ) and A1 is the smallest closed
extension of the same operator, A1 is a restriction of B1. B1 − I is injective
since B1 is a semigroup generator so if we can show that A1 − I maps D(A1)
onto (L1)N , it follows that A1 = B1 and thus A1 generates a contraction
semigroup.

Denote the space (W 2,2 ∩W 1,2
0 )N by F and take u ∈ F . Then there is a

sequence {uk} in C2,α
0 with limit u in F . We get

�A1uk�1 � C�uk�2,1 � C1�uk�2,2,

where the first inequality follows from the smoothness of the coefficients of
A and the second follows from the boundedness of Ω. This inequality shows
that {A1uk} is a Cauchy sequence in (L1)N and thus convergent, implying
that u ∈ D(A1) due to the fact that A1 is closed. Hence F ⊂ D(A1). Since A2

generates a contraction semigroup, (A1 − I)(F ) = (A2 − I)(F ) = (L2)N , so
the range of A1 − I includes (L2)N . Take f ∈ (L1)N , let {fk} ⊂ (L2)N have
limit f in (L1)N and set uk = (A2 − I)−1fk. By using that Ar generates a
contraction semigroup and that uk and fk belong to (Lr)N for r ∈ [1, 2], the
relation

�uk�1 = lim
r→1+

�uk�r = lim
r→1+

��(A2 −I)−1fk
��
r

= lim
r→1+

��(Ar − I)−1fk
��
r
� lim

r→1+
�fk�r = �fk�1

is obtained. It shows that {uk} converges in (L1)N to a limit function u. Since
A1 is closed and

lim
k→∞

�(A1 − I)uk − f�1 = lim
k→∞

�fk − f�1 = 0,

we conclude that u ∈ D(A1) and (A1 − I)u = f . Thus A1 − I maps D(A1)
onto (L1)N .

Finally, we treat the case p = ∞. Since A∞ is a restriction of As and As

generates a contraction semigroup, A∞ − λI is injective for λ > 0. From the
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definition of D(A∞), it follows that the range of A∞ − λI is (Ls ∩ C0(Ω))N

so A∞ − λI maps D(A∞) onto (C0(Ω))N due to the boundedness of Ω. Let
λ > 0, take f ∈ (C0(Ω))N and set u = (A∞ − λI)−1f . The operators Ar,
r ∈ [s,∞), generate contraction semigroups so

�u�∞ = lim
r→∞

�u�r = lim
r→∞

��(As − λI)−1f
��
r

= lim
r→∞

��(Ar − λI)−1f
��
r
� lim

r→∞
λ−1

�f�r = λ−1
�f�∞,

implying that �(A∞ − λI)−1� � λ−1. The operator A∞ is densely defined
since (C∞

0 (Ω))N is contained in D(A∞) and C∞
0 (Ω) is dense in C0(Ω). By the

theorem of Hille-Yosida (see e.g. Goldstein [28]), the operator A∞ generates
a contraction semigroup on the space (C0(Ω))N .

As an example, consider the Schrödinger operator with magnetic field, see
e.g. Simon [82] or Cycon et al. [13],

−(i∇+m)t(i∇+m)− V,

i.e. the scalar operator

A = ∆− 2im ·∇− i(∇ ·m)− |m|
2
− V,

where m is an Rn-valued function on Ω, the function V is complex-valued
and the domain Ω and the functions m,V fulfill the smoothness assumptions
in the beginning of this section. Using the inequality in the remark following
Theorem 4.32 and its dual counterpart, Theorem 4.36 gives necessary and
sufficient conditions for A to generate contraction semigroups on all Lp-spaces
simultaneously as

−4ReA �
n�

j=1

(ImAj)
2,−4Re(A −∂j Aj) �

n�

j=1

(−ImAj)
2.

A simple verification shows that these two equations are equivalent to the
condition Re V � 0 on Ω.

4.7 Comments to Chapter 4

Sections 4.1–4.4 are due to Cialdea and Maz’ya [9].
The topics of sections 4.5 and 4.6 are weakly coupled and coupled systems

respectively. These results, which are contained in [49, 50], are due to Langer
and Maz’ya, while the results concerning the L∞-dissipativity in Section 4.6.1
are due to Kresin and Maz’ya, who widely investigated this topic (see [46];
[44] contains a survey of their results). They considered the case in which the
coefficients of the operator depend on t as well, founding necessary and, sepa-
rately, sufficient conditions for the validity of the maximum modulus principle.
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They studied also maximum principles in which the norm is understood in a
generalized sense, i.e. as the Minkowski functional of a compact convex body
in Rn containing the origin. Also in this general case they gave necessary and
(separately if the coefficients of the system depend on t) sufficient conditions
for the validity of the maximum norm principle.

We mention that Auschér, Barthélemy, Bénilan and Ouhabaz [3] consid-
ered scalar equations under broad hypothesis on the coefficients. They ex-
tended Kresin-Maz’ya results for scalar equations with smooth coefficients
(see Theorem 4.32) to the case of L∞ coefficients.

In order to shortly describe Auschér, Barthélemy, Bénilan and Ouhabaz
results, we introduce some notations. In the arbitrary domain Ω ⊂ Rn, we
consider the elliptic differential operator

Au = −∂j(akj∂ku) + bk∂ku− ∂k(cku) + a0u

where the complex coefficients akj , bk, ck, a0 belong to L∞(Ω) and satisfy the
ellipticity condition

Re akj(x)ξkξj � c|ξ|2 a.e. x ∈ Ω, ∀ ξ ∈ Cn

for a constant c > 0.
Let V ⊂ H1(Ω) be a closed subspace such that H1

0 (Ω) ⊂ V .
Let LV the sesquilinear form

LV (u, v) =

�

Ω

(akj∂ku∂jv + bjv∂ju+ cju∂jv + a0uv) dx

whose domain is D(LV ) = V .
Let AV be the operator defined in the following way. A function u belongs

to the domain D(AV ) if and only if there exists v ∈ L2(Ω) such that

LV (u,ϕ) =

�

Ω

v ϕ dx, ∀ ϕ ∈ V.

We set AV u = v.
It is clear that the Dirichlet condition correspond to V = H1

0 (Ω).
The operator −AV is the generator of a C0-semigroup on L2(Ω) (see Kato

[42]). Let us denote it by (e−tAV )t�0.
This semigroup is L∞-contractive if

�e−tAV u�∞ � �u�∞ , ∀ u ∈ L2(Ω) ∩ L∞(Ω).

Given u ∈ H1(Ω), we denote by ϕk the function

ϕk = Im(∂ku signu) |u|
−1 χu �=0

where, as usual,
signu = |u|−1uχu �=0 .
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Theorem 4.37. The semigroup (e−tAV )t�0 is L∞
-contractive if and only if

the following conditions are satisfied

(a) if u ∈ V then (|u|− 1)+ signu ∈ V ;

(b) we have

�

Ω

((Re akj)ϕkϕj |u|− (Imakj)ϕk∂j |u|+ Im(cj − bj)ϕj |u|

+(Re cj)∂j |u|+ (Re a0)|u|) dx � 0

for any u ∈ V such that ϕkϕj |u| and ϕk∂j |u| belong to L1(Ω) (j, k = 1, ..., n).

In the particular case of Dirichlet conditions, a more explicit result can be
obtained:

Theorem 4.38 (Auschér, Barthélemy, Bénilan, Ouhabaz [3]). The

semigroup (e
−tA

H
1
0 )t�0 is L∞

-contractive if and only if the following con-

ditions are satisfied

(i) Im(akj + ajk) = 0 for j, k = 1, ..., n;
(ii) f0 = Re a0 − ∂j(Re cj) is a positive Radon measure on Ω;

(iii) fk = ∂j(Imakj) ∈ L1
loc(Ω) for k = 1, ..., n;

(iv) we have

(Re akj)ξkξj + (Im(cj − bj) + fj)ξj + f0,r � 0

a.e. on Ω and for any ξ ∈ Rn
, where f0,r is the regular part of the measure

f0.

Corollary 4.39. If bj = cj = a0 = 0 (1 � j � n), the following conditions

are equivalent

(i) (e
−tA

H
1
0 )t�0 is L∞

-contractive;

(ii) (e
−tA

H
1
0 )t�0 is real;

(iii)

L (u, v) =

�

Ω

(Re akj)∂ku ∂jv dx, ∀u, v ∈ H1
0 (Ω);

(iv) Im(akj+ajk) = 0 for j, k = 1, ..., n and ∂j(Imakj) = 0 in the sense

of distributions (1 � k � n).
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The angle of Lp-dissipativity

The analiticity of a contractive semigroup {T (t)} is closely connected with
the possibility of extending {T (t)} to a contractive semigroup {T (z)} (z ∈ C)
in an angle, called angle of dissipativity.

The problem then arises: given a Lp-dissipative operator A, to find its
angle of Lp-dissipativity, i.e. the set of complex values z such that zA is still
Lp-dissipative.

We obtain explicitly such an angle in two cases. The first one, which is
discussed in section 5.1, is about the scalar operator A = ∇t(A (x)∇) where
A = {aij(x)} (i, j = 1, . . . , n) is a matrix with complex entries defined in a
domain Ω ⊂ Rn.

The second case concerns the system ∂h(A h(x)∂hu), where A
h(x) =

{ah
ij
(x)} (i, j = 1, ...,m) are matrices with complex entries defined in a do-

main Ω ⊂ Rn (h = 1, ..., n). This is the object of section 5.2.

5.1 Angle of dissipativity of the scalar operator
∇t(A (x)∇)

At first we find the angle of dissipativity of the form L , related to the operator

A = ∇
t(A (x)∇) (5.1)

where A = {aij(x)} (i, j = 1, . . . , n) is a matrix with complex locally inte-
grable entries defined in a domain Ω ⊂ Rn.

This means that we want to find the set of complex values z such that the
form z L is Lp-dissipative, provided L itself is Lp-dissipative.

We know that, if ImA is symmetric, there is the Lp-dissipativity of the
form L if and only if

|p− 2| |�ImA (x)ξ, ξ�| � 2
�
p− 1�ReA (x)ξ, ξ� (5.2)

for almost every x ∈ Ω and for any ξ ∈ Rn.
We start with the following elementary lemma
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Lemma 5.1. Let P and Q two real measurable functions defined on a set

Ω ⊂ Rn
. Let us suppose that P (x) � 0 almost everywhere. The inequality

P (x) cosϑ−Q(x) sinϑ � 0 (ϑ ∈ [−π,π]) (5.3)

holds for almost every x ∈ Ω if and only if

arccot [ess inf
x∈Ξ

(Q(x)/P (x))]− π � ϑ � arccot [ess sup
x∈Ξ

(Q(x)/P (x))] (5.4)

where Ξ = {x ∈ Ω | P 2(x) +Q2(x) > 0} and we set

Q(x)/P (x) =

�
+∞ if P (x) = 0, Q(x) > 0

−∞ if P (x) = 0, Q(x) < 0.

Here 0 < arccot y < π, arccot(+∞) = 0, arccot(−∞) = π and

ess inf
x∈Ξ

(Q(x)/P (x)) = +∞, ess sup
x∈Ξ

(Q(x)/P (x)) = −∞

if Ξ has zero measure.

Proof. If Ξ has positive measure and P (x) > 0, inequality (5.3) means

cosϑ− (Q(x)/P (x)) sinϑ � 0

and this is true if and only if

arccot (Q(x)/P (x))− π � ϑ � arccot (Q(x)/P (x)). (5.5)

If x ∈ Ξ and P (x) = 0, (5.3) means

−π � ϑ � 0, if Q(x) > 0, 0 � ϑ � π, if Q(x) < 0.

This shows that (5.3) is equivalent to (5.5) provided that x ∈ Ξ. On the other
hand, if x /∈ Ξ, P (x) = Q(x) = 0 almost everywhere and (5.3) is always
satisfied. Therefore, if Ξ has positive measure, (5.3) and (5.4) are equivalent.

If Ξ has zero measure, the result is trivial.

The next Theorem provides a necessary and sufficient condition for the
Lp-dissipativity of z L .

Theorem 5.2. Let the matrix A be symmetric. ’ Let us suppose that the form

L is Lp
-dissipative. Set

Λ1 = ess inf
(x,ξ)∈Ξ

�ImA (x)ξ, ξ�

�ReA (x)ξ, ξ�
, Λ2 = ess sup

(x,ξ)∈Ξ

�ImA (x)ξ, ξ�

�ReA (x)ξ, ξ�

where

Ξ = {(x, ξ) ∈ Ω × Rn
| �ReA (x)ξ, ξ� > 0}. (5.6)
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The form z L is Lp
-dissipative if and only if

ϑ− � arg z � ϑ+ , (5.7)

where

ϑ− =

�
arccot

�
2
√
p−1

|p−2| −
p
2

|p−2|
1

2
√
p−1+|p−2|Λ1

�
− π if p �= 2

arccot(Λ1)− π if p = 2

ϑ+ =

�
arccot

�
−

2
√
p−1

|p−2| + p
2

|p−2|
1

2
√
p−1−|p−2|Λ2

�
if p �= 2

arccot(Λ2) if p = 2.

Proof. The matrix A being symmetric, Im(eiϑ A ) is symmetric and in view
of (5.2), the form eiϑ L (with ϑ ∈ [−π,π]) is Lp-dissipative if and only if

|p− 2| |�ReA (x)ξ, ξ� sinϑ+ �ImA (x)ξ, ξ� cosϑ| �
2
√
p− 1(�ReA (x)ξ, ξ� cosϑ− �ImA (x)ξ, ξ� sinϑ)

(5.8)

for almost every x ∈ Ω and for any ξ ∈ Rn. Suppose p �= 2. Setting

a(x, ξ) = |p− 2| �ReA (x)ξ, ξ�, b(x, ξ) = |p− 2| �ImA (x)ξ, ξ�,

c(x, ξ) = 2
�
p− 1 �ReA (x)ξ, ξ�, d(x, ξ) = 2

�
p− 1 �ImA (x)ξ, ξ�,

the inequality in (5.8) can be written as the system
�
(c(x, ξ)− b(x, ξ)) cosϑ− (a(x, ξ) + d(x, ξ)) sinϑ � 0,

(c(x, ξ) + b(x, ξ)) cosϑ+ (a(x, ξ)− d(x, ξ)) sinϑ � 0.
(5.9)

Noting that c(x, ξ) ± b(x, ξ) � 0 because of (5.2), the solutions of the
inequalities in (5.9) are given by the ϑ’s satisfying both of the following con-
ditions (see Lemma 5.1)





arccot

�
ess inf
(x,ξ)∈Ξ1

a(x,ξ)+d(x,ξ)
c(x,ξ)−b(x,ξ)

�
− π � ϑ � arccot

�
ess sup
(x,ξ)∈Ξ1

a(x,ξ)+d(x,ξ)
c(x,ξ)−b(x,ξ)

�

arccot

�
ess inf
(x,ξ)∈Ξ2

d(x,ξ)−a(x,ξ)
c(x,ξ)+b(x,ξ)

�
− π � ϑ � arccot

�
ess sup
(x,ξ)∈Ξ2

d(x,ξ)−a(x,ξ)
c(x,ξ)+b(x,ξ)

�
,

(5.10)
where

Ξ1 = {(x, ξ) ∈ Ω × Rn
| (a(x, ξ) + d(x, ξ))2 + (c(x, ξ)− b(x, ξ))2 > 0},

Ξ2 = {(x, ξ) ∈ Ω × Rn
| (a(x, ξ)− d(x, ξ))2 + (b(x, ξ) + c(x, ξ))2 > 0}.

We have

a(x, ξ) d(x, ξ) = b(x, ξ) c(x, ξ),

a2(x, ξ)+b2(x, ξ)+c2(x, ξ)+d2(x, ξ) = p2(�ReA (x)ξ, ξ�2+ �ImA (x)ξ, ξ�2)
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and then, keeping in mind (5.2), we may write Ξ1 = Ξ2 = Ξ, where Ξ is
given by (5.6).

Moreover
a(x, ξ) + d(x, ξ)

c(x, ξ)− b(x, ξ)
� d(x, ξ)− a(x, ξ)

c(x, ξ) + b(x, ξ)

and then ϑ satisfies all of the inequalities in (5.10) if and only if

arccot

�
ess inf
(x,ξ)∈Ξ

d(x,ξ)−a(x,ξ)
c(x,ξ)+b(x,ξ)

�
−π � ϑ � arccot

�
ess sup
(x,ξ)∈Ξ

a(x,ξ)+d(x,ξ)
c(x,ξ)−b(x,ξ)

�
(5.11)

A direct computation shows that

d(x, ξ)− a(x, ξ)

c(x, ξ) + b(x, ξ)
=

2
√
p− 1

|p− 2|
−

p2

|p− 2|

1

2
√
p− 1 + |p− 2|Λ(x, ξ)

,

a(x, ξ) + d(x, ξ)

c(x, ξ)− b(x, ξ)
= −

2
√
p− 1

|p− 2|
+

p2

|p− 2|

1

2
√
p− 1− |p− 2|Λ(x, ξ)

where

Λ(x, ξ) =
�ImA (x)ξ, ξ�

�ReA (x)ξ, ξ�
.

Hence condition (5.11) is satisfied if and only if (5.7) holds.
If p = 2, (5.8) is simply

�ReA (x)ξ, ξ� cosϑ− �ImA (x)ξ, ξ� sinϑ � 0

and the result follows directly from Lemma 5.1.

In the next Corollary Ω is a boudned domain satisfying the same smooth-
ness assumption as in Section 2.4 (see p.49).

Corollary 5.3. Let aij belong to C1(Ω) and let the matrix A be symmetric.

Let us suppose that the operator (5.1) is Lp
-dissipative. The operator zA is

Lp
-dissipative if and only if (5.7) holds.

Proof. In view of Theorem 2.20, the operator zA is Lp-dissipative if and only
if the form z L is Lp-dissipative. The result follows from Theorem 5.2.

Remark 5.4. If A is a real matrix, then Λ1 = Λ2 = 0 and the angle of dissi-
pativity does not depend on the operator. In fact we have

2
√
p− 1

|p− 2|
−

p2

2
√
p− 1|p− 2|

= −
|p− 2|

2
√
p− 1

and Theorem 5.2 shows that zA is dissipative if and only if

arccot

�
−

|p− 2|

2
√
p− 1

�
− π � arg z � arccot

�
|p− 2|

2
√
p− 1

�
,

i.e.

| arg z| � arctan

�
2
√
p− 1

|p− 2|

�
.
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5.2 The angle of dissipativity of the system
∂h(A h(x)∂hu)

In this Section we find the precise angle of dissipativity for the form L related
to operator (4.50) with complex coefficients.

We first consider the ordinary differential operator (4.13) where A (x) is
a matrix whose elements are complex locally integrable functions. Define the
functions

P (x,λ,ω) = Re�A λ,λ� − (1− 2/p)2 Re�A ω,ω�(Re�λ,ω�)2

−(1− 2/p)Re(�A ω,λ� − �A λ,ω�)Re�λ,ω�;

Q(x,λ,ω) = Im�A λ,λ� − (1− 2/p)2 Im�A ω,ω�(Re�λ,ω�)2

−(1− 2/p)Im(�A ω,λ� − �A λ,ω�)Re�λ,ω�

(5.12)

and denote by Ξ the set

Ξ = {(x,λ,ω) ∈ (a, b)× Cm
× Cm

| |ω| = 1, P 2(x,λ,ω) +Q2(x,λ,ω) > 0}.

By adopting the conventions introduced in Lemma 5.1, we have

Theorem 5.5. Let L be Lp
-dissipative. The form z L is Lp

-dissipative if

and only if

ϑ− � arg z � ϑ+

where

ϑ− = arccot

�
ess inf

(x,λ,ω)∈Ξ

(Q(x,λ,ω)/P (x,λ,ω))

�
− π,

ϑ+ = arccot

�
ess sup

(x,λ,ω)∈Ξ

(Q(x,λ,ω)/P (x,λ,ω))

�
.

Proof. In view of Theorem 4.4 the form eiϑ L is Lp-dissipative if and only if

Re�eiϑ A λ,λ� − (1− 2/p)2 Re�eiϑ A ω,ω�(Re�λ,ω�)2

−(1− 2/p)Re(�eiϑ A ω,λ� − �eiϑ A λ,ω�)Re�λ,ω� � 0
(5.13)

for almost every x ∈ (a, b) and for any λ,ω ∈ Cm, |ω| = 1.
By means of the functions P (x,λ,ω) and Q(x,λ,ω) introduced in (5.12),

we can write (5.13) in the form

P (x,λ,ω) cosϑ−Q(x,λ,ω) sinϑ � 0.

Lemma 5.1 gives the result.

Let now A and L denote the partial differential operator (4.50) and the
related form, respectively. We have
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Theorem 5.6. Let L be Lp
-dissipative. The form z L is Lp

-dissipative if

and only if ϑ− � arg z � ϑ+, where

ϑ− = max
h=1,...,n

arccot

�
ess inf

(x,λ,ω)∈Ξh

(Qh(x,λ,ω)/Ph(x,λ,ω))

�
− π,

ϑ+ = min
h=1,...,n

arccot

�
ess sup

(x,λ,ω)∈Ξh

(Qh(x,λ,ω)/Ph(x,λ,ω))

�
,

and

Ph(x,λ,ω) = Re�A h(x)λ,λ� − (1− 2/p)2 Re�A h(x)ω,ω�(Re�λ,ω�)2

−(1− 2/p)Re(�A h(x)ω,λ� − �A
h(x)λ,ω�)Re�λ,ω�,

Qh(x,λ,ω) = Im�A
h(x)λ,λ� − (1− 2/p)2 Im�A

h(x)ω,ω�(Re�λ,ω�)2

−(1− 2/p)Im(�A h(x)ω,λ� − �A
h(x)λ,ω�)Re�λ,ω�,

Ξh =

{(x,λ,ω) ∈ Ω × Cm
× Cm

| |ω| = 1, P 2
h
(x,λ,ω) +Q2

h
(x,λ,ω) > 0}.

Proof. By Theorem 4.20, the operator eiϑA is Lp-dissipative if and only if

Re�eiϑ A
h(x)λ,λ� − (1− 2/p)2 Re�eiϑ A

h(x)ω,ω�(Re�λ,ω�)2

−(1− 2/p)Re(�eiϑ A
h(x)ω,λ� − �eiϑ A

h(x)λ,ω�)Re�λ,ω� � 0
(5.14)

for almost every x ∈ Ω and for any λ,ω ∈ Cm, |ω| = 1, h = 1, . . . , n.

As in the proof of Theorems 5.5, conditions (5.14) mean ϑ(h)
− � ϑ � ϑ(h)

+ ,
where

ϑ(h)
− = arccot

�
ess inf

(x,λ,ω)∈Ξh

(Qh(x,λ,ω)/Ph(x,λ,ω))

�
− π,

ϑ(h)
+ = arccot

�
ess sup

(x,λ,ω)∈Ξh

(Qh(x,λ,ω)/Ph(x,λ,ω))

�
,

and the result follows.

5.3 Comments to Chapter 5

The results contained in this Chapter are taken from Cialdea and Maz’ya [9].
The fact that, for a real matrix, the angle of dissipativity does not depend

on the operator (see Remark 5.4) is well known (see, e.g., Fattorini [23, 24],
Okazawa [74]). See also Stein [85], where many years ago a (smaller) angle
of dissipativity was used to prove the analiticity of semigroups generated by
linear elliptic differential operators. .



6

Higher order differential operators in Lp

In previous sections we have found conditions for the Lp-dissipativity of second
order scalar equations and systems. One can ask whether these results hold for
higher order operators. In this chapter it is proved that the answer is negative.

In section 6.1 some counterexamples in dimension one are constructed.
They are extended to the multi-dimensional case in section 6.2.

By means of these counterxamples, in section 6.3 it is shown that there
are no Lp-dissipative operators of higher order for p �= 2.

However there are some positive results when the operator is given on the
cone of nonnegative functions. Then for a class of operators of fourth order
we have Lp-dissipativity for 3/2 � p � 3 (see Section 6.4).

6.1 Some Counterexamples in Dimension One

In order to study the dissipativity of higher order operators, we need to estabil-
ish at first necessary and sufficient conditions under which the one-dimensional
integral �

v(k)|v|p−1 sgn v dx

preserves sign as v ranges over real-valued elements of C∞
0 (R). We will also

consider the same integral for functions ranging over the more narrow class
(C∞

0 (R))+. The proof of these necessary and sufficient conditions hinges on
some counterexamples which will be given in the next lemmas.

Lemma 6.1. Let k � 2, let I be a nonempty open interval and suppose that

the function v : R → R is infinitely differentiable on I, v|I > 0, v(k)|I = 0 and

(vp−1)(k) is nonzero at some point in I. Then there exist functions v1 and

v2, infinitely differentiable and nonnegative on I, such that supp(v − v1) ∪
supp(v − v2) ⊂ I and

�

I

v(k)1 vp−1
1 dx < 0,

�

I

v(k)2 vp−1
2 dx > 0.
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Proof. Since (vp−1)(k) is continuous and not identically zero on I, there is a
nonzero function ϕ ∈ (C∞

0 (R))+ with suppϕ ⊂ I such that (vp−1)(k) is either
positive or negative on the support of ϕ. Define the function f by

f(ε) =

�

I

(v + εϕ)(k)(v + εϕ)p−1 dx.

Then f is well-defined on a small neighborhood of 0, is infinitely differentiable
there and fulfills f(0) = 0.

Since v(k)|I = 0, it follows that

f �(ε) =

�

I

ϕ(k)(v + εϕ)p−1 dx+ (p− 1)ε

�

I

ϕ(k)ϕ(v + εϕ)p−2 dx,

f �(0) =

�

I

ϕ(k)vp−1 dx = (−1)k
�

I

ϕ(vp−1)(k) dx.

Hence, by our choice of ϕ, f �(0) �= 0 so for some small ε1 and ε2 with different
signs, the desired functions can be given by vi = v + εiϕ, i = 1, 2.

Lemma 6.2. Let p > 1 and k � 2, and suppose that v ∈ C∞(R), v > 0,
(vp−1)(k) = 0 and v(k) is nonzero at some point. If v(k)vp−1 ∈ L1(R) and

�
v(k)vp−1 dx = 0,

there exist functions v1 and v2, infinitely differentiable and nonnegative, such

that supp(v − vi) is compact (i = 1, 2) and
�

v(k)1 vp−1
1 dx < 0,

�
v(k)2 vp−1

2 dx > 0.

Proof. Choose a nonzero function ϕ ∈ (C∞
0 (R))+ such that v(k) is either

positive or negative on the support of ϕ and define as above, for small ε, the
differentiable function f by

f(ε) =

�
(v + εϕ)(k)(v + εϕ)p−1 dx.

By hypothesis, f(0) = 0, and also

f �(ε) =

�
ϕ(k)(v + εϕ)p−1 dx+ (p− 1)

�
(v + εϕ)(k)ϕ(v + εϕ)p−2 dx,

f �(0) = (−1)k
�

ϕ(vp−1)(k) dx+ (p− 1)

�
ϕv(k)vp−2 dx.

Since the first integral in the expression for f �(0) vanishes and the second is
nonzero by our choice of ϕ, f �(0) is nonzero. As in the proof of Lemma 6.1,
the existence of the desired functions v1 and v2 now follows.
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Lemma 6.3. If p > 1, p �= 2 and k � 3 is odd, then the integral

�
v(k)vp−1 dx (6.1)

does not preserve sign as v ranges over (C∞
0 (R))+.

Proof. That the integral (6.1) can not preserve sign over (C∞
0 (R))+ un-

less it is identically zero, follows directly by observing that the substitution
u(x) = v(−x) changes the sign of (6.1) since k is odd. To see that (6.1) is not
identically zero, take a v ∈ (C∞

0 (R))+ whose restriction to the interval [1, 2] is
x �→ x if p < 2 and x �→ xk−1 otherwise. If p �= 2, the assumptions of Lemma
6.1 are clearly satisfied with I = (1, 2), so let v1 be as in the conclusion of the
lemma. We get

�
v(k)vp−1 dx =

�
v(k)1 vp−1

1 dx−

� 2

1
v(k)1 vp−1

1 dx

and since the last term is nonzero, (6.1) is not identically zero.

Lemma 6.4. Let k � 6 be even and suppose that p > 1, p �= 2. Then the

integral �
v(k)vp−1 dx

assumes both negative and positive values as v ranges over (C∞
0 (R))+.

Proof. We treat the case p > 2 first. Let u ∈ C∞(R) be defined by

u(x) = (1 + x2)1/(p−1), x ∈ R.

An induction argument applied to the terms of u(j) gives the estimate

|u(j)(x)| � C|x|2/(p−1)−j , |x| > 1, j = 0, . . . , k, (6.2)

so u(k)up−1 is an L1-function. Repeated integration by parts implies that
�

ω

−ω

u(k)up−1 dx =
�
u(k−1)up−1

− u(k−2)(up−1)� + u(k−3)(up−1)��
�ω
−ω

,

where, by (6.2), the right-hand side tends to zero as ω tends to infinity, so we
can apply Lemma 6.2 to the function u. Denote the resulting two functions
by u1 and u2. Choose an even function φ ∈ C∞

0 (R) that satisfies 0 � φ � 1,
suppφ ⊂ (−2, 2) and is identically 1 on a neighborhood of [−1, 1]. Choose
i ∈ {0, 1} and define for ω � 2 the functions vω ∈ (C∞

0 (R))+ by

vω(x) = ui(x)φ(x/ω), x ∈ R.

With C being a generic constant not depending on ω, it follows by (6.2) that

v(k)ω is estimated as
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|v(k)
ω

(x)| =

����
k�

j=0

aju
(j)(x)ωj−kφ(k−j)(x/ω)

����

� Cω2/(p−1)−k, ω � |x| � 2ω (6.3)

for ω large enough. We have for all large ω

�
v(k)
ω

vp−1
ω

dx =

�
ω

−ω

u(k)
i

up−1
i

dx+ 2

� 2ω

ω

v(k)
ω

vp−1
ω

dx,

where, using (6.3), the modulus of the second integral on the right-hand side
is majorized by

� 2ω

ω

Cω2/(p−1)−kω2 dx = Cω2/(p−1)+3−k.

This tends to zero as ω tends to infinity since the hypothesis implies that the
exponent in the right-hand side is less than −1. Hence, we conclude that

lim
ω→∞

�
v(k)
ω

vp−1
ω

dx =

�
u(k)
i

up−1
i

dx

and since vω ∈ (C∞
0 (R))+ for each ω and the sign of the right-hand side can

be chosen arbitrarily, we are done with the case p > 2.
Suppose that 1 < q < 2 and let p be the conjugate exponent to q. Then

p > 2 so let u, ui and φ be as above and define, for some i ∈ {1, 2}, the
functions vω ∈ (C∞

0 (R))+ for ω � 2 by

vω(x) = up−1
i

(x)φ(x/ω), x ∈ R.

It is easily verified that

vω(x) � Cx2, |v(k)
ω

(x)| � Cω2−k, ω � |x| � 2ω,

and we have, observing that (p− 1)(q − 1) = 1,

�
v(k)
ω

vq−1
ω

dx =

�
ω

−ω

(up−1
i

)(k)ui dx+ 2

� 2ω

ω

v(k)
ω

vq−1
ω

dx. (6.4)

Using the estimates of vω and v(k)ω above, we see that the second integral on
the right in (6.4) is majorized by Cω2q+1−k so it tends to zero as ω → ∞

since k � 6. Integrating the first term on the right-hand side of (6.4) by parts,
the equality
�

ω

−ω

(up−1
i

)(k)ui dx =

�
ω

−ω

u(k)
i

up−1
i

dx

+
�
−u(k−3)(up−1)�� + u(k−2)(up−1)� − u(k−1)up−1

�ω
−ω
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is obtained. The last term tends to zero as ω → ∞ due to (6.2) so, by letting
ω → ∞ in (6.4), it follows that

lim
ω→∞

�
v(k)
ω

vq−1
ω

dx =

�
u(k)
i

up−1
i

dx,

showing that the integral given in the statement of the lemma can be both
negative and positive as v ranges over (C∞

0 (R))+.

Lemma 6.5. Suppose that 1 < p < 3
2 or p > 3. Then the integral

�
v(4)vp−1 dx

assumes both negative and positive values as v ranges over (C∞
0 (R))+.

Proof. Suppose that p > 3 and define the function u on R by

u(x) = x(1− x)χ[0,1](x),

where χ[0,1] is the characteristic function of the set [0, 1]. It is straightforward
to verify that u fulfills the requirements of Lemma 6.1 with I = (0, 1) and
k = 4 so let u1 and u2 be the two functions corresponding to u. Let ψ be a
mollifier that is even and define for ε > 0

ϕε(x) = ε−1ψ(ε−1x), x ∈ R.

From now on, let C be a generic constant not depending on ε. We have the
following estimate:

|ϕ(j)
ε

(x)| � Cε−j−1, x ∈ R, j = 0, . . . , 4. (6.5)

Choose i ∈ {1, 2} and set vε = ui ∗ ϕε. Then vε is a regularization of ui and
it is well-known, see for instance Hörmander [36], that this implies that for

each fixed j ∈ N, v(j)ε tends to u(j)
i

uniformly on compact subsets of (0, 1) as
ε → 0+ and that each vε belongs to (C∞

0 (R))+. We now proceed by choosing
η > 0 such that supp(u − ui) ⊂ (η, 1 − η). Since u(x) = u(1 − x) and ϕε is
even, it follows that vε(x) = vε(1− x) and we get, with ε small enough,

�
v(4)
ε

vp−1
ε

dx = 2

�
η

−η

v(4)
ε

vp−1
ε

dx+

� 1−η

η

v(4)
ε

vp−1
ε

dx, (6.6)

where the last term, by our remark on uniform convergence above, tends to

� 1−η

η

u(4)
i

up−1
i

dx =

� 1

0
u(4)
i

up−1
i

dx

as ε tends to zero. The final step is to show that the first term in the right-hand
side of (6.6) tends to zero as ε → 0+. Note that u = ui on a neighborhood of
[−η, η]. Hence, using (6.5) and letting ε be small enough, it follows that
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|v(j)
ε

(x)| =

����
�

ε

−ε

u(x− y)ϕ(j)
ε

(y) dy

����

�
�

ε

−ε

Cεε−j−1 dy = 2Cε1−j , |x| < ε, j = 0, . . . , 4 (6.7)

and that v(4)ε (x) = 0 for ε � |x| � η, so we arrive at
���
�

η

−η

v(4)
ε

vp−1
ε

dx
��� �

�
ε

−ε

Cε−3εp−1 dx = 2Cεp−3,

which tends to zero as ε tends to zero. Thus, taking limits in the expression
(6.6), we finally obtain

lim
ε→0+

�
v(4)
ε

vp−1
ε

dx =

� 1

0
u(4)
i

up−1
i

dx

and since the right-hand side is negative for i = 1 and positive for i = 2, the
result follows for p > 3.

Suppose that 1 < q < 3
2 and let, as in the proof of the previous lemma, p

be the conjugate exponent to q. It follows that p > 3, so let ui and η be as
defined above. Choose i ∈ {1, 2} and define for all small ε > 0 the functions
wε ∈ (C∞

0 (R))+ by wε = up−1
i

∗ ϕε. For j = 0, . . . , 4, we immediately get

|w(j)
ε

(x)| �






�
ε

−ε

|x− y|p−1
|ϕ(j)

ε
(y)| dy � Cεp−1−j , |x| � 2ε,

�
ε

−ε

C(x− y)p−1−jϕε(y) dy � C1x
p−1−j , 2ε < x < η,

implying that the functions w(4)
ε wq−1

ε
are majorized by the L1(R)-function

x �→ Cχ
(−1,2)(x)(1 + |x|p−4 + |x− 1|p−4), x /∈ {0, 1}.

Furthermore, w(4)
ε wq−1

ε
tends to (up−1

i
)(4)ui almost everywhere, the excep-

tional set being {0, 1}, so a direct application of Lebesgue’s dominated con-
vergence theorem gives

lim
ε→0+

�
w(4)

ε
wq−1

ε
dx =

� 1

0
(up−1

i
)(4)ui dx =

� 1

0
u(4)
i

up−1
i

dx,

where the second equality follows by integrating by parts, having in mind that
ui is equal to u on two neighborhoods of 0 and 1. The sign of the right-hand
side can, by construction of ui, be chosen arbitrarily by choosing i, and we
are done.

Lemma 6.6. If 3
2 � p � 3, p �= 2, the integral

�
v(4)|v|p−1 sgn v dx

changes sign as v ranges over real-valued elements of C∞
0 (R).
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Proof. Suppose that p > 2 and let the function u be defined as in the proof
of Lemma 6.5:

u(x) = x(1− x)χ[0,1](x), x ∈ R.
As before, Lemma 6.1 guarantees the existence of two functions u1 and u2

with properties stated in the same lemma. Choose the constant η ∈ (0, 1/4)
so that supp(u − ui) ⊂ (η, 1 − η) and let h be a nonnegative function which
is infinitely differentiable on (0,∞), coincides with u on [0, 2η] and fulfills
supph ⊂ [0, 1− 2η]. Let i ∈ {1, 2} and define the constants

A =

� 1

0
u(4)
i

up−1
i

dx,σB =

� 1

0
h(4)hp−1 dx,

choose � ∈ N so that �|A| > 2|B| and let the function v be given by

v(x) = −h(−x) +
�−1�

j=0

(−1)jui(x− j) + (−1)�h(x− �), x ∈ R.

Let ϕε be defined exactly as in the proof of Lemma 6.5 and set vε = v ∗ ϕε

and hε = h ∗ ϕε. For ε small enough, we have
�

v(4)
ε

|vε|
p−1 sgn vε dx = (�+ 1)

�
η

−η

v(4)
ε

|vε|
p−1 sgn vε dxσ

+ �

� 1−η

η

v(4)
ε

vp−1
ε

dx+ 2

� 1

η

h(4)
ε

hp−1
ε

dx, (6.8)

where as before, the second integral on the right tends to

� 1−η

η

v(4)vp−1 dx =

� 1

0
u(4)
i

up−1
i

dx

as ε tends to zero due to the uniform convergence of vε and its derivatives
on [η, 1− η]. The same can be said about hε and its derivatives, so the third
integral on the right-hand side of (6.8) tends to

� 1

0
h(4)hp−1 dx

as ε → 0+. Now consider the first term on the right-hand side of (6.8). Simi-
larly as in (6.7), it follows easily that |vε(x)| � 2ε if |x| < ε. Let δ denote the
Dirac distribution ϕ �→ ϕ(0). If ε is small enough, a straightforward calcula-
tion together with (6.5) gives

v(4)|(−η,η) = −4δ�,

|v(4)
ε

(x)| = 4|ϕ�
ε
(x)| � Cε−2χ

(−ε,ε)(x), |x| < η.

Hence
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����
�

η

−η

v(4)
ε

|vε|
p−1 sgn vε dx

���� �
�

ε

−ε

Cε−2εp−1 dx = 2Cεp−2,

which tends to zero as ε → 0+, so we can finally deduce that

lim
ε→0+

�
v(4)
ε

|vε|
p−1 sgn vε dx = �A+ 2B.

But the right-hand side is by construction negative if i = 1 and positive if
i = 2, so since vε ∈ C∞

0 (R) for every ε, the claim of the lemma is proven for
p > 2.

Now suppose that 3
2 � q < 2 and let p be the conjugate exponent to q.

Then p ∈ (2, 3] so let u, ui and η be as above. Integration by parts gives

� 1−µ

µ

u��
i
(up−1

i
)�� dx =

�
u��(up−1)� − u(3)up−1

�1−µ

µ

+

� 1−µ

µ

u(4)
i

up−1
i

dx

= O(µp−2) +

� 1

0
u(4)
i

up−1
i

dx, 0 < µ < η. (6.9)

Choose µ ∈ (0, η) such that, for i = 1, 2, the integral on the left-hand side has
the same sign as the integral on the right. Let p be a polynomial of degree one
which joins up−1 in a C1-manner at µ, let a ∈ R fulfill p(a) = 0 and define for
i = 1, 2 the functions gi on R by

gi(x) =






up−1
i

(x), µ � x � 1− µ,

p(x), a < x < µ,

p(1− x), 1− µ < x < 1− a,
0, otherwise.

To simplify notation, let fi be gi composed with an affine transformation
that maps a to 0 and 1 − a to 1. Redefine h as to satisfy the properties
supph = [0, 1], h|(0,2) ∈ C∞(0, 2), h � 0 and h|[0,λ] = fi|[0,λ], where λ > 0 is
so small that fi is linear on [0,λ]. Let i ∈ {0, 1} and, as with v above, set w
to

w(x) = −h(−x) +
�−1�

j=0

(−1)jfi(x− j) + (−1)�h(x− �), x ∈ R,

where � will be chosen later, and define wε = fi ∗ ϕε for ε > 0. If ε is small
enough it follows that

�
w(4)

ε
|wε|

q−1 sgnwε dx = �

� 1

0
w��

ε
(wq−1

ε
)�� dx+ 2

� 2

λ/2
h(4)
ε

hq−1
ε

dx, (6.10)

since there are two neighborhoods of 0 and 1 where w��
ε
is identically zero for all

small ε. By the same reason, and since f ��
i
only has finitely many jump discon-

tinuities, w��
ε
(wq−1

ε
)�� is uniformly bounded with respect to ε. But w��

ε
(wq−1

ε
)��
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converges almost everywhere to f ��
i
(fq−1

i
)�� on [0, 1] and h(4)

ε hq−1
ε

converges
uniformly to h(4)hq−1 on [λ/2, 2] as ε → 0+ so the dominated convergence
theorem applied to (6.10) implies that

lim
ε→0+

�
w(4)

ε
|wε|

q−1 sgnwε dx =

� 1

0
f ��
i
(fq−1

i
)�� dx+ 2

� 1

0
h(4)hq−1 dx

= J

� 1−µ

µ

(up−1
i

)��u��
i
dx+ 2

�
h(4)hq−1 dx,

(6.11)

where J is a positive constant resulting from the affine transformation. By
the choice of µ above, � can now be chosen sufficiently large that the sign of
the right-hand side of (6.11) coincides with the sign of the left-hand side of
(6.9) and the proof is complete.

Lemma 6.7. If k � 3, the integral

�
v(k) sgn v dx

changes sign as v ranges over the real-valued elements of C∞
0 (R).

Proof. Let f ∈ (C∞
0 (R))+ and set v(x) = xf(x) on R. Then

�
v(k) sgn v dx =

�
dk−1

dxk−1
(xf(x))

�∞

0

−

�
dk−1

dxk−1
(xf(x))

�0

−∞

= −2(k − 1)f (k−2)(0),

which can be made to attain arbitrary sign by a suitable choice of f .

We are now in a position to give the aforementioned necessary and suffi-
cient conditions.

Theorem 6.8. Let k ∈ N and p ∈ [1,∞). The integral

�
v(k)|v|p−1 sgn v dx (6.12)

preserves sign as v ranges over real-valued elements of C∞
0 (R) if and only if

p = 2 or k ∈ {0, 1, 2}.

Proof. The necessity of the stated conditions follows immediately from the
counterexamples in Lemmas 6.3 – 6.7 so we have only to prove sufficiency.
In the rest of the proof, let v be an arbitrary real-valued C∞

0 (R)-function. If
p = 2 we obtain, by integrating by parts,

�
v(k)v dx =






−

�
vv(k) dx, k odd,

(−1)k/2
�
(v(k/2))2 dx, k even,
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which shows that (6.12) preserves sign since the integral vanishes for odd k
and the right-hand side has a nonnegative integrand for even k. The case k = 0
is trivial and the case k = 1 follows by observing that the function p−1|v|p is
absolutely continuous with derivative v�|v|p−1 sgn v almost everywhere. Thus,
the integral (6.12) is zero. The only remaining case to investigate is k = 2.
Let ε > 0 and consider the equalities

�
v��(v2 + ε)p/2−1v dx

= −

�
(v�)2(v2 + ε)p/2−1 dx− (p− 2)

�
(vv�)2(v2 + ε)p/2−2 dx

= −

�
((p− 1)v2 + ε)(v�)2(v2 + ε)p/2−2 dx,

obtained by integration by parts and a simple rearrangement. The integrand
in the left-hand side is uniformly bounded with respect to ε, so an application
of Lebesgue’s dominated convergence theorem implies that the first integral
converges to (6.12) as ε → 0+. Since the right-hand side is nonpositive for
every ε > 0, the theorem is proved.

Theorem 6.9. Let k ∈ N and p ∈ (1,∞). The integral

�
v(k)vp−1 dx (6.13)

preserves sign as v ranges over (C∞
0 (R))+ if and only if p = 2 or k ∈ {0, 1, 2}

or k = 4 and
3
2 � p � 3.

Proof. That the stated conditions are necessary follows from Lemmas 6.3, 6.4
and 6.5. For sufficiency, Theorem 6.8 covers the cases p = 2 or k ∈ {0, 1, 2},
so the remaining case is when k = 4 and 3

2 � p � 3. Let v ∈ (C∞
0 (R))+ be

arbitrary and define for every ε > 0 the function vε = v + ε. We have
�

v(4)vp−1
ε

dx =

(p− 1)

�
(v��)2vp−2

ε
dx+ (p− 1)(p− 2)

�
(v�)2v��vp−3

ε
dx,

(6.14)

obtained by integrating by parts twice. By dominated convergence, the left-
hand side tends to the integral (6.13) as ε tends to zero, so it is enough to show
that the right-hand side of (6.14) is nonnegative for each ε in order to show
that (6.13) is nonnegative. The first term on the right is clearly nonnegative,
so let us examine the second term:

�
(v�)2v��vp−3

ε
dx = (3− p)

�
(v�)4vp−4

ε
dx− 2

�
(v�)2v��vp−3

ε
dx

=
1

3
(3− p)

�
(v�)4vp−4

ε
dx. (6.15)
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Substituting (6.15) into (6.14), the nonnegativity immediately follows if 2 �
p � 3. If 3

2 � p < 2, we estimate the integrals in (6.15) by using the Cauchy-
Schwarz inequality:

�
(v�)4vp−4

ε
dx =

3

3− p

�
(v��vp/2−1

ε
)((v�)2vp/2−2

ε
) dx

� 3

3− p

��
(v��)2vp−2

ε
dx

�1/2 ��
(v�)4vp−4

ε
dx

�1/2

.

This implies that
�
(v�)4vp−4

ε
dx � 9

(3− p)2

�
(v��)2vp−2

ε
dx,

which, together with (6.15) and (6.14), finally gives

�
v(4)vp−1

ε
dx � (p− 1)(2p− 3)

3− p

�
(v��)2vp−2

ε
dx.

This clearly shows that the right-hand side is nonnegative if 3
2 � p < 2 and

completes the proof.

6.2 The Multi-dimensional Case

We will now turn our attention to the multi-dimensional extension of the
results above and we will therefore study expressions of the form

Re

�

Ω

(Pu)|u|p−2u dxn, (6.16)

where Ω ⊂ Rn is open, 1 � p < ∞ and u ∈ C∞
0 (Ω). In the case p = 1, the

expression |u|−1u is interpreted as being zero where u is zero. The operator
P is a linear partial differential operator; writing

P =
�

|α|�k

aα∂
α, (6.17)

we will require that all of the coefficient functions aα are elements of L1
loc(Ω)

in order for expression (6.16) to make sense. With coefficients belonging to
this function class, P is of order k if (6.17) holds and at least one of the
functions in {aα}|α|=k is nonzero on a set of positive measure.

The two main results are Theorems 6.12 and 6.13, where necessary con-
ditions on the order of P are given in order for (6.16) to preserve sign as u
ranges over C∞

0 (Ω) and (C∞
0 (Ω))+, respectively. To that end, some prelimi-

nary lemmas are needed.
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Lemma 6.10. Any linear partial differential operator P of order k defined

on an open nonempty set Ω ⊂ Rn
can by a linear transformation T be trans-

formed into

Q(y, ∂) = b(y)∂k

1 +
�

|α|�k

α1<k

bα(y)∂
α

where b, bα ∈ L1
loc(T (Ω)) for |α| � k and b is nonzero on a set of positive

measure.

Proof. Let P be given by

P (x, ∂x) =
�

|α|�k

aα(x)∂
α

x
. (6.18)

Since almost every point of Ω is a Lebesgue point of all functions in {aα}|α|=k

and at least one of the functions is nonzero, one of the points, say x0 ∈ Ω,
can be chosen such that aβ(x0) �= 0 for some β of order k. Now consider the
multivariate polynomial

ξ �→

�

|α|=k

aα(x0)ξ
α, ξ ∈ Rn, (6.19)

where now at least one of the coefficients is nonzero. Therefore, we can find
a ξ ∈ Rn such that the polynomial (6.19) is nonzero at ξ. Since the mapping
(6.19) is continuous, the choice of ξ = (ξ1, . . . , ξn) can be made so that all the
coordinates {ξj} are nonzero. Now define a linear transformation T : Rn → Rn

by

yj =
n�

�=j

ξ�x�, j = 1, . . . , n,

Tx = y.

The determinant of the transformation equals ξ1 · · · ξn and hence, by our
choice of ξ, T is an adxissible change of coordinates. We get

∂xj
= ξj(∂y1 + · · ·+ ∂yj

), j = 1, . . . , n,

∂α

x
= ξα∂|α|

y1
+

�

|β|�|α|
β1<|α|

cα,β∂
β

y
(6.20)

for any multi-index α, where {cα,β} are suitably chosen constants. Substitut-
ing (6.20) into (6.18) we obtain, with f ∈ C∞(T (Ω)),

P (x, ∂x)(f ◦ T )(x) =

� �

|α|=k

aα(x)ξ
α

�
(∂k

y1
f)(Tx) +

�

|α|�k

α1<k

cα(x)(∂
α

y
f)(Tx)

(6.21)
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for some L1
loc(Ω)-functions {cα}. Define the functions b and bα on T (Ω) by

b =
�

|α|=k

(aα ◦ T−1)ξα,σbα = cα ◦ T−1.

Then (6.21) becomes

P (x, ∂)(f ◦ T )(x) = (Q(Tx, ∂)f)(Tx), x ∈ Ω,

with Q as in the statement of the lemma. By our choice of ξ and x0, b ◦ T is
nonzero on a set of positive measure and since T is linear and nondegenerate,
it follows that b is nonzero.

Lemma 6.11. If k � 3 and r � −
1
2 , r �= 0, there are real-valued functions v1

and v2, both belonging to C∞
0 (R), such that

�

{v2
1+v

2
2 �=0}

(v(k)1 v2 − v1v
(k)
2 )(v21 + v22)

r dx1 (6.22)

is nonzero.

Proof. Given v1 and then choosing v2 ∈ C∞
0 (R) such that v2 is constant, say

v2 = ω > 0, on the support of v1, the integral (6.22) reduces to

ω

�
v(k)1 (v21 + ω2)r dx1.

Setting ε = ω−1/2, it is therefore enough to show that for some v ∈ C∞
0 (R),

the function f defined by

f(ε) =

�
v(k)(1 + εv2)r dx1

is nonzero for some ε > 0. This follows by observing that f is well-defined in
a small neighborhood of the origin and differentiable there with

f �(0) = r

�
v(k)v2 dx1,

which can be made nonzero by Theorem 6.9 for some v ∈ (C∞
0 (R))+ if k �= 4.

If k = 4, it follows by integrating by parts that

f �(0) =

�
2rv��((v�)2 + vv��) dx1 = 2r

�
v(v��)2 dx1,

which of course is nonzero if v is nonzero. Thus, for some small positive ε,
f(ε) �= 0 and we are done.
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Theorem 6.12. Suppose that p ∈ [1,∞), p �= 2 and that P is a linear partial

differential operator defined on an open nonempty set Ω ⊂ Rn
. If

Re

�

Ω

(Pu)|u|p−2u dxn (6.23)

does not change sign as u ranges over C∞
0 (Ω), then P is of order 0, 1 or 2.

Proof. The idea of the proof is to scale the coordinates around a Lebesgue
point in order to reduce the problem to the one-dimensional case with constant
coefficients.

Let Q be the operator given by Lemma 6.10 and let T be the linear trans-
formation that takes P into Q. Since, with detT � denoting the Jacobian of
T ,

�

T (Ω)
(Qu)|u|p−2u dxn = | detT �

|

�

Ω

P (u ◦ T )|u ◦ T |p−2u ◦ T dxn,

it follows that the assumptions of the theorem hold if and only if the same
assumptions hold with P and Ω replaced by Q and T (Ω), respectively. We
can therefore, without loss of generality, assume that P is of the form

P (x, ∂) = b(x)∂k

1 +
�

α∈J

bα(x)∂
α,

J = {α ∈ Nn : |α| � k,α1 < k}.

We will now assume that k � 3 and show that the integral in the hypothesis
does not preserve sign. Since b is nonzero, there is a function ϕ ∈ (C∞

0 (Ω))+

such that �

Ω

bϕp dxn �= 0.

This is a well-known fact if p = 1, see e.g. Hörmander [36, Th. 1.2.5], but the
proof holds with obvious modifications for any p � 1. Extend b and ϕ by zero
outside of Ω and define the function a on R by

a(x1) =

�
b(x1, · )ϕ

p(x1, · ) dxn−1. (6.24)

Since the integrand above belongs to L1(Rn), the Fubini Theorem implies
that a ∈ L1(R) and that

�
a dx1 =

�

Ω

bϕp dxn,

so a is nonzero by our choice of ϕ. Hence, there exists a Lebesgue point y ∈ R
of a with a0 = a(y) �= 0. Write a0 as a0 = a1 + ia2 where a1 and a2 are real
numbers. We will divide the rest of the proof into two parts — one where we
assume that a1 = 0 and one where a1 is assumed to be nonzero.
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Suppose that a1 = 0 and consequently that a2 �= 0. Let v1 and v2 be the
two functions given by Lemma 6.11 with r = p/2− 1 and define for ω � 1 the
functions wω ∈ C∞

0 (R), uω ∈ C∞
0 (Ω) and the sets Kω by

wω(t) = (v1 + iv2)(y + ωt), t ∈ R, (6.25)

uω(x) = wω(x1)ϕ(x), x = (x1, . . . , xn) ∈ Ω, (6.26)

Kω = suppϕ ∩ ([−B/ω, B/ω]× Rn−1), (6.27)

where B has been chosen so that suppw1 ⊂ (−B,B). With these definitions,

|∂αuω(x)| � Cωα1χ
Kω

(x), |α| � k, x ∈ Ω, (6.28)

where χ
Kω

is the characteristic function of the set Kω and C is a constant
not depending on ω. Now consider the equalities

Re

�

Ω

(Puω)|uω|
p−2uω dxn

= Re

�

Ω

b(x)ϕp(x)w(k)
ω

(x1)|wω(x1)|
p−2wω(x1) dx+ ReH1(ω)

= Re

�
aw(k)

ω
|wω|

p−2wω dx1 + ReH1(ω)

= a2ω
k−1

�

{v2
1+v

2
2 �=0}

(v(k)1 v2 − v1v
(k)
2 )(v21 + v22)

p/2−1 dx1

+ ReH1(ω) + ReH2(ω). (6.29)

Here we have made use of (6.24) together with an application of the Fubini
Theorem in the second equality. The functions H1 and H2 are defined by

H1(ω) =

�

Ω

�

α∈J

bα∂
αuω |uω|

p−2uω dxn

+

�

Ω

k−1�

j=0

b(x)cju
(j)
ω

(x1)
�
(∂k−j

1 ϕ)|uω|
p−2uω

�
(x) dx,

H2(ω) =

�
(a− a0)w

(k)
ω

|wω|
p−2wω dx1.

These functions can be estimated using (7.5) to obtain:

ω1−k
|H1(ω)| � C

��

α∈J

�bαχKω
�L1(Ω) + �bχKω

�L1(Ω)

�
, (6.30)

ω1−k
|H2(ω)| � Cω

�
B/ω

−B/ω

|a(y + t)− a(y)| dt. (6.31)

The collection {bχKω
}ω�1 is majorized by the L1(Ω)-function |bχK1 | and

bχKω
tends to zero almost everywhere as ω → ∞. For each fixed multi-index
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α, the same can be said about the collection {bαχKω
}ω�1 and |bαχK1 |, so by

Lebesgue’s theorem of dominated convergence, the right-hand side of (6.30)
tends to zero as ω → ∞. Since y is a Lebesgue point of a, the right-hand side
of (6.31) also tends to zero as ω → ∞ and by using these limits together with
(6.29), we obtain

lim
ω→∞

ω1−k
Re

�

Ω

(Puω)|uω|
p−2uω dxn

= a2

�

{v2
1+v

2
2 �=0}

(v(k)1 v2 − v1v
(k)
2 )(v21 + v22)

p/2−1 dx1. (6.32)

By construction, the right-hand side is nonzero. But the integrand on the right
is antisymmetric with respect to v1 and v2 so by changing places of v1 and v2
in the definition (6.25), the right-hand side of (6.32) changes sign. This proves
that (6.23) can not preserve sign over C∞

0 (Ω) and we are done with the first
part.

Assume instead that a1 is nonzero. Let v ∈ C∞
0 (R) be real-valued and

define the functions wω for ω � 1 by

wω(t) = v(y + ωt), t ∈ R. (6.33)

Letting uω and Kω be defined by (6.26) and (6.27), respectively, we immedi-
ately see that (7.5) still holds. We get as above

Re

�

Ω

(Puω)|uω|
p−2uω dxn

= ωk−1a1

�
v(k)|v|p−1 sgn v dx1 + ReH1(ω) + ReH2(ω),

where H1 and H2 are as previously defined, still fulfilling the estimates (6.30)
and (6.31), respectively. Passing to the limit, it therefore follows that

lim
ω→∞

ω1−k
Re

�

Ω

(Puω)|uω|
p−2uω dxn

= a1

�
v(k)|v|p−1 sgn v dx1. (6.34)

But from Theorem 6.8 it follows that the right-hand side can assume arbitrary
sign by choosing v properly since k � 3. Hence, (6.23) can not preserve sign
over C∞

0 (Ω).

Theorem 6.13. Suppose that p ∈ (1,∞), p �= 2 and that P is a linear partial

differential operator with real-valued coefficient functions, defined on an open

nonempty set Ω ⊂ Rn
. Assume that

�

Ω

(Pu)up−1 dxn

does not change sign as u ranges over (C∞
0 (Ω))+. Then either P is of order

0, 1 or 2, or P is of order 4 and
3
2 � p � 3.
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Proof. This is proved in exactly the same way as in the second part of the
proof of Theorem 6.12. Just note that the definitions (6.33) and (6.26) imply
that uω ∈ (C∞

0 (Ω))+ for every ω if v ∈ (C∞
0 (R))+ and that (6.34) now

reduces to

lim
ω→∞

ω1−k

�

Ω

(Puω)u
p−1
ω

dxn = a1

�
v(k)vp−1 dx1.

The result now follows from Theorem 6.9.

6.3 Absence of Lp-dissipativity for higher order
operators

Dissipativity is a necessary condition for an operator to generate a contraction
semigroup. Hence, the dissipativity criterion together with Theorem 6.12 will
lead us to one of the main objectives of this paper. We formulate the result
for partial differential operators acting on vector-valued functions.

Let, as in previous subsection, the differential operator P be given by

P =
�

|α|�k

aα∂
α, (6.35)

where the coefficients aα now are allowed to be N ×N -matrices with entries
belonging to L1

loc(Ω) for some positive integer N . The order of P is k if at
least one of the matrices in {aα}|α|=k has an entry which is nonzero on a set
of positive measure.

For differential operators of this form, we now state the following theorem.

Theorem 6.14. If Ω ⊂ Rn
is open and 1 � p < ∞, p �= 2, no linear partial

differential operator of order higher than two which contains (C∞
0 (Ω))N in its

domain of definition can generate a contraction semigroup on (Lp(Ω))N .

Proof. Suppose that the operator P generates a contraction semigroup on
(Lp(Ω))N and that it is written as in (6.35). Let aβ be a matrix in {aα}|α|=k

which has a nonvanishing element. Then there is some c ∈ CN with |c| = 1
such that �aβc, c� is nonzero on a set of positive measure.

Define the partial differential operator Q on C∞
0 (Ω) by

Qu = �P (uc), c� =
�

|α|�k

�aαc, c�∂
αu, u ∈ C∞

0 (Ω).

By our choice of c, this scalar operator is still of order k. From the dissipativity
criterion it follows that

0 � Re

�

Ω

�P (uc), uc�|uc|p−2 dxn = Re

�

Ω

(Qu)|u|p−2u dxn

for all u ∈ C∞
0 (Ω). By Theorem 6.12, the order of Q is 0, 1, or 2, so since the

order of P and Q are equal, the theorem is proved.
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6.4 Contractivity on the Cone of Nonnegative Functions

In applications, solutions to the Cauchy problem
�
s�(t) = As(t), t ∈ R+,

s(0) = x, x ∈ D(A),
(6.36)

are sometimes known to be nonnegative functions on some interval. That is,
for each t belonging to some interval, the function s(t) ∈ Lp(Ω) in (6.36)
is nonnegative. It is therefore natural to ask if there is an analogue to the
contractivity property of dissipative operators in this case.

In the rest of this section, let Ω be an open subset of Rn and write Lr

instead of Lr(Ω). All Lr-spaces, r ∈ [1,∞), will be real. Indices will appear
extensively in this section; the letters i, j, k and � are used for indices ranging
over {1, . . . , n}.

Lemma 6.15. Suppose that the Cauchy problem (6.36) is well-posed. If 1 <
p < ∞, then

d

dt
�s(t)�p

����
t=0+

� 0

for every s(0) ∈ (D(A))+ if and only if

�

Ω

(Au)up−1 dxn � 0 (6.37)

for every u ∈ (D(A))+. In the case p = 1, (6.37) holds for every u ∈ (D(A))+

if

lim inf
t→0+

t−1(�s(t)�1 − �s(0)�1) � 0 (6.38)

for every s(0) ∈ (D(A))+.

Proof. Let 1 < p < ∞. Since s and the map Lp → L1 given by u �→ |u|p are
differentiable, the composition t �→ |s(t)|p, taking R+ into L1, is differentiable
and the right-hand derivative at t = 0 is

p(s(0))p−1s�(0).

Thus we have the relations

lim
t→0+

�s(t)�p
p
− �s(0)�p

p

t
= lim

t→0+

�

Ω

|s(t)|p − (s(0))p

t
dxnσ

= p

�

Ω

s�(0)(s(0))p−1 dxn = p

�

Ω

(As(0))(s(0))p−1 dxn,

implying that the one-sided derivative of �s(t)�p at t = 0 exists and is non-
positive for all nonnegative initial data if and only if (6.37) holds on (D(A))+.

Let p = 1. Consider the relations
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�s(t)�1 − �s(0)�1
t

=

�

Ω

|s(t)|− s(0)

t
dxn �

�

Ω

s(t)− s(0)

t
dxn

→

�

Ω

s�(0) dxn =

�

Ω

As(0) dxn, t → 0+.

By assumption, the limes inferior of the left-hand side is nonpositive for every
s(0) ∈ (D(A))+, showing that (6.37) is nonpositive for all u ∈ (D(A))+.

Remark 6.16. Lemma 6.15 can also be reformulated as to be a parallel to the
result that the solutions to the Cauchy problem governed by a contraction
semigroup are norm decreasing: we obtain sufficient conditions for t �→ �s(t)�p
to be nonincreasing on the interval [t1, t2] if s(t) is a nonnegative function
for every t ∈ [t1, t2]. Due to an example of E. B. Davies, this formulation
is not empty for all operators, i.e. there is an operator A and a function
s(t1) ∈ (D(A))+ such that s(t) is nonnegative on some interval with t1 as left
endpoint. In fact, it can be shown that the pair

A =
d4

dx4
,
�
s(0)

�
(x) =

1

1 + x2

give an interval [0, T ], T > 0, where s takes nonnegative values.

Theorem 6.17. Let 1 < p < ∞, p �= 2 and suppose that C∞
0 (Ω) is a subset

of the domain D(A) of the linear partial differential operator A. Assume fur-

thermore that A has L1
loc(Ω)-coefficients and that the Cauchy problem (6.36)

is well-posed for all nonnegative initial data in D(A). If

d

dt
�s(t)�p

����
t=0+

� 0

for every s(0) ∈ (D(A))+, then either A is of order 0, 1 or 2, or A is of order

4 and
3
2 � p � 3.

Proof. In view of Lemma 6.15, this theorem is an immediate corollary of
Theorem 6.13.

Remark 6.18. The case p = 1 is not covered by Theorem 6.17, but we can
make the observation that if the operator

A =
�

|α|�k

aα∂
α,

having L1
loc(Ω)-coefficients and satisfying the hypotheses of Theorem 6.17,

fulfills inequality (6.38) for every s(0) ∈ (C∞
0 (Ω))+, then

−

�

|α|�k

(−1)|α|∂αaα
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is a positive measure in the sense of distributions. This follows by noting that
Lemma 6.15 implies that the functional

u �→ −

�

Ω

aα∂
αu dxn, u ∈ C∞

0 (Ω)

defines a positive distribution and hence, see Hörmander [36], can be repre-
sented by a positive measure µ on Ω through

u �→

�

Ω

u dµ, u ∈ C∞
0 (Ω).

Comparing the two different expressions for the same functional the statement
immediately follows.

Theorem 6.19. Suppose that 1 < p < ∞, that Ω ⊂ Rn
is open, bounded and

has C∞
-boundary and that the real constant coefficients {aijk�} fulfill

aijk� = ajki� = aj�ik

for all i, j, k and �, and also fulfill the relation

�

1�i,j,k,��n

aijk�ξijξk� � 0

for all real symmetric n× n-matrices ξ = [ξij ]. Then

�

Ω

(aijk�∂i∂j∂k∂�u)u
p−1 dxn � 0

for all nonnegative functions u ∈ W 4,p(Ω)∩W 2,p
0 (Ω) if and only if

3
2 � p � 3.

Proof. The necessity of 3
2 � p � 3 follows immediately from Theorem 6.13.

Let X consist of all functions in C4(Ω) that, together with their gradients,
vanish on the boundary of Ω, and suppose that u ∈ X+. Denote ∂iu by ui,
∂i∂ju by uij , . . . and define the functions vε = u + ε for ε > 0. We have for
fixed indices i, j, k and �

�

Ω

uijk�v
p−1
ε

dxn = R(ε)− (p− 1)

�

Ω

uijku�v
p−2
ε

dxn

= R(ε) + (p− 1)

�

Ω

uijuk�v
p−2
ε

dxn

+ (p− 1)(p− 2)

�

Ω

uijuku�v
p−3
ε

dxn, (6.39)

where the second equality follows by integration by parts and the first equality
follows from Gauss’ theorem, producing the boundary term
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R(ε) =

�

∂Ω

uijkv
p−1
ε

ê� · n̂ dS,

S being the (n − 1)-dimensional Lebesgue measure on ∂Ω, ê� being the �th
unit vector and n̂ denoting the outward unit normal on ∂Ω. But vε = ε on
the boundary and since Ω is bounded and the boundary is of class C∞, the
surface area of ∂Ω is finite, implying that R(ε) = O(εp−1). Furthermore,

�

Ω

uijuku�v
p−3
ε

dxn = (3− p)

�

Ω

uiujuku�v
p−4
ε

dxn

−

�

Ω

ujkuiu�v
p−3
ε

dxn −

�

Ω

uj�uiukv
p−3
ε

dxn,(6.40)

and combining this with (6.39) and permuting indices, we arrive at
�

Ω

uijk�v
p−1
ε

dxn +O(εp−1)σ (6.41)

=
p− 1

3

�

Ω

(uijuk� + ujkui� + uj�uik)v
p−2
ε

dxn

+
(p− 1)(p− 2)

3

�

Ω

(uijuku� + ujkuiu� + uj�uiuk)v
p−3
ε

dxn

=
p− 1

3

�

Ω

(uijuk� + ujkui� + uj�uik)v
p−2
ε

dxn

+
(p− 1)(p− 2)(3− p)

3

�

Ω

uiujuku�v
p−4
ε

dxn. (6.42)

Summing and letting ε tend to 0, using dominated convergence, (6.42) be-
comes

�

Ω

aijk�uijk�u
p−1 dxnσ σ

= (p− 1) lim
ε→0+

��

Ω

aijk�uijuk�v
p−2
ε

dxn

+
(p− 2)(3− p)

3

�

Ω

aijk�uiujuku�v
p−4
ε

dxn

�
, (6.43)

where the first hypothesis on the coefficients {aijk�} has been used in the first
integral on the right-hand side. By setting ξij = uij , ξ becomes pointwise
symmetric and hence, the second hypothesis on {aijk�} implies that the first
integrand on the right-hand side of (6.43) is nonnegative for every ε. The same
holds for the second integrand, since defining ξij = uiuj makes ξ pointwise
symmetric. Therefore, if 2 � p � 3, the whole right-hand side is nonnegative
and the theorem is proven for 2 � p � 3 and u ∈ X+.

Assume that 3
2 � p < 2, let Z be the space of n×n-matrices equipped with

the standard scalar product, let Y be the subspace of symmetric matrices and
define the linear operator A : Y → Z by
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A[ξij ] =

��

k�

aijk�ξk�

�
, ξ ∈ Y.

We see that the hypothesis on the constants {aijk�} implies that A is a positive
operator on Y , that is, (Aξ, ξ)Z � 0 for every ξ ∈ Y . This means that the
map (ξ,λ) �→ (Aξ,λ)Z defines a (possibly degenerated) scalar product on Y ,
enabling us to use the Cauchy-Schwarz inequality to get

(Aξ,λ)Z �
�

(Aξ, ξ)Z
�
(Aλ,λ)Z , ξ,λ ∈ Y.

This makes it possible to estimate the integrals on the right-hand side of
equation (6.43) in terms of each other. Going back to (6.40), summing and
using the inequality just stated with ξij = uij and λk� = uku�, we have

3− p

3

�

Ω

aijk�uiujuku�v
p−4
ε

dxn =

�

Ω

aijk�uijuku�v
p−3
ε

dxn

�
�

Ω

� �

i,j,k,�

aijk�uijuk�

�1/2� �

i,j,k,�

aijk�uiujuku�

�1/2

vp/2−1
ε

vp/2−2
ε

dxn

�
��

Ω

aijk�uijuk�v
p−2
ε

dxn

�1/2 ��

Ω

aijk�uiujuku�v
p−4
ε

dxn

�1/2

,

so �

Ω

aijk�uiujuku�v
p−4
ε

dxn � 9

(3− p)2

�

Ω

aijk�uijuk�v
p−2
ε

dxn.

Substituting this estimate into (6.43), it follows that

�

Ω

aijk�uijk�u
p−1 dxn � (p− 1)(2p− 3)

3− p
lim inf
ε→0+

�

Ω

aijk�uijuk�v
p−2
ε

dxn,

showing that the left-hand side is nonnegative, since the integrand on the
right, as before, is nonnegative for each ε.

We have now shown that the conclusion of the theorem holds for all u ∈

X+. X+ being dense in (W 4,p(Ω) ∩ W 2,p
0 (Ω))+, the theorem holds for the

given function class.

Corollary 6.20. Suppose that
3
2 � p � 3 and that Ω and the coefficients of

the operator

A = −aijk�∂ijk�,

with domain W 4,p(Ω)∩W 2,p
0 (Ω), fulfill the hypotheses of Theorem 6.19. Then

any differentiable solution s of the Cauchy problem (6.36) with nonnegative

initial value s(0) ∈ D(A) fulfills

d

dt
�s(t)�p

����
t=0+

� 0.



6.5 Comments to Chapter 6 167

Proof. This follows directly by combining the sufficiency part of Lemma 6.15
with Theorem 6.19.

Example 6.21. The biharmonic operator ∆2 =
�

i,j
∂ii∂jj meets the condition

on the coefficients in Theorem 6.19: write ∆2 as

a�
ijk�

= ∂ij∂k�, aijk� = 3−1(a�
ijk�

+ a�
jki�

+ a�
j�ik

), ∆2 = aijk�∂ijk�,

where ∂ij is one if i = j and zero otherwise. Then

�

i,j,k,�

aijk�ξijξk� =
1

3

��

i,k

ξiiξkk +
�

j,k

ξjkξjk +
�

j,�

ξj�ξj�

�

=
1

3

��

i

ξii

�2

+
2

3

�

i,j

ξ2
ij
� 0

for all real n× n-matrices ξ. Hence, Corollary 6.20 holds with A = −∆2 and
we have the inequality

�s(t)� � �s(0)�, t ∈ R+

s(t) being the solution of Cauchy problem

�
s�(t) = −∆2s(t) t ∈ R+

s(0) = s0,

with a nonnegative initial value s0 in W 4,p(Ω) ∩W 2,p
0 (Ω) ( 32 � p � 3).

6.5 Comments to Chapter 6

Results of this Chapter are due to Langer and Maz’ya [49, 50].
We mention that Kresin and Maz’ya [45] proved that arbitrary higher order

differential operators fail to generate contraction semigroups on (L∞(Ω))N ,
where Ω ⊂ Rn and the norm is given by

�����

� N�

i=1

|ui|
2

�1/2
�����
L∞(Ω)

.
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Weighted positivity and other related results

Most of the results in the present chapter concern the L2-weighted positivity
of different operators. In the case of functions taking scalar values, by this
positivity we mean the inequality

Re

�

Ω

�Lu, u�Ψdx � 0, ∀ u ∈ C∞
0 (Ω), (7.1)

where Ψ is a weight.
Firsrt, in Section 7.1, examples of linear ordinary differential operators

with variable coefficients, either satisfying or not satisfying (7.1), are pre-
sented.

Various questions related to the positivity of second order elliptic systems,
3D-Lamé system and polyharmonic operator are considered in Sections 7.2,
7.3 and 7.4 respectively.

More precisely the main result of Section 7.2 describes the only possible
matrix weight homogeneous of degree 2− n, which provides the L2-positivity
of a rather general elliptic system, next in Section 7.3 one can find either
sufficient or necessary conditions for the weighted positivity of the Lamé sys-
tem and finally in Section 7.4 we show that the polyharmonic operator is
L2-positive only for dimensions in a certain interval.

Section 7.5 is devoted to necessary and sufficient conditions for the L2-
positivity of real positive powers of Laplacian. These results extend the ones
obtained in subsection 7.4.1 with a direct simpler argument.

The topic of Section 7.6 is the Lp-positivity of the fractional powers (−∆)α

(0 < α < 1) for any p ∈ (1,∞).
It is shown in Section 7.7 how the best constant in the Hardy inequality

improves when the vectors considered are divergence-free and axisymmetric.
This gives a new sharp lower bound for the quadratic form of the Stokes
operator.

In the last Section 7.8 the semi-boundedness below of a pseudo-differential
operator is obtained by proving a refinement of the sharp G̊arding inequality.
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This result is of interest because the symbol of the operator under considera-
tion is not smooth.

7.1 Weighted positivity of Ordinary Differential
Operators

We will be concerned with operators p(D) in R1, where p is a positive poly-
nomial and Du(x) = −idu/dx.

In Section 7.1.1 we prove that there exist operators of arbitrary even order
satisfying (7.1) in the one-dimensional case. In fact, we prove that if the
sequence (aj) grows sufficiently fast then (7.1) holds for

p(D) = (a1 +D2)(a2 +D2) . . . (am +D2)

and Ψ = Γ , Γ being the fundamental solution. We also give explicit exam-
ples of such operators. In Section 7.1.2 we find some necessary conditions for
operators to satisfy (7.1), and deduce examples of operators not having this
property, for instance 1+D4. Finally, in Section 7.1.3, we study the operators
(1 +D2)m. We prove that they satisfy (7.1) if and only if m = 0, 1, 2, 3. The
case m = 3 is more complicated than the others. For this case, an important
step in the proof is the identity (7.24). In the cited papers it was essential
to have a certain minorant (instead of 0) on the right of (7.1). We will also
see in Section 7.1.3 that the operator (1+D2)3 has a different behavior, with
respect to this, than the operators 1 +D2 and (1 +D2)2.

By Parseval’s formula, these results can also be interpreted as results for
certain integral operators. For instance, it follows from Proposition 7.12 that
if m = 1, 2, 3 then

��

R2

(1 + x2)m

(1 + (x− y)2)m
f(x)f(y) dx dy ≥ 0, f real in C∞

0 (R1),

with equality only for f = 0, while for m ≥ 4, the double integral can take on
negative values.

Some notation: Φ denotes the Fourier transform,

(Φu)(ξ) = û(ξ) =

�
e−iξxu(x) dx.

We write
�

instead of
�∞
∞ . Let S denote the Schwartz space of rapidly de-

creasing C∞-functions on R1. We also write C∞
0 instead of C∞

0 (R1). The letter
c denotes positive constants. The notation a ∼ b means that there exists c
such that c−1a ≤ b ≤ ca.
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7.1.1 Positivity

For a positive polynomial p we let Γ be defined by �Γ = 1/p. Thus Γ is a
fundamental solution of the operator p(D). By Parseval’s formula we have

�
p(D)u · uΓ dx = (2π)−2

��
p(x)

p(x− y)
û(x)û(y) dx dy, (7.2)

for u ∈ Σ. We define P to be the class of those positive polynomials p for
which the real part of (7.2) is nonnegative for all u ∈ Σ.

Lemma 7.1. For any polynomial p of degree 2n or 2n + 1 there are polyno-

mials qj such that

p(x) + p(−y) =
n�

j=0

(xy)jqj(x− y). (7.3)

In qj(t) and p(x) the coefficients for tm and xm+2j
are proportional and have

the same sign.

Proof. With the new variables s = (x + y)/2, t = (x − y)/2 and u = xy we
can write xm + (−y)m as

(t+ s)m + (t− s)m = 2
m�

k=0
k even

�
m

k

�
sktm−k = 2

�m/2��

k=0

�
m

2k

�
(t2 + u)ktm−2k

= 2

�m/2��

k=0

k�

j=0

�
m

2k

��
k

j

�
ujtm−2j .

The statement follows.

Remark 7.2. It can be shown that

qj(x) =
1

j!

�
ej(p(x) + p(−y))

���
y=0

=
N−2j�

m=0

cm,jbm+2jx
m, (7.4)

where the operator e is given by

e = (x+ y)−1(∂/∂x+ ∂/∂y),

N is the degree of p, bm is the coefficient for xm in p(x), and the coefficients
cm,j are given by

cm,j = 21−m

�m/2��

k=0

�
m+ 2j

2(k + j)

��
k + j

j

�
.
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Corollary 7.3. If p > 0 is an even polynomial of degree 2n and F (qj/p) ≥ 0
for j = 0, . . . , n, then p ∈ P and for all u ∈ S it holds,

2Re

�
P (D)u · uΓ dx ≥ |u(0)|2 +

� �
b0|u|

2 + 2b2n|u
(n)

|
2
�
Γ dx, (7.5)

where b0 = p(0) and b2n is the leading coefficient of p. (The hypotheses imply

that Γ > 0.)

Proof. Using (7.2) and expanding p(x) + p(y) according to the lemma we see
that the left-hand side equals

(2π)−2

��
p(x) + p(y)

p(x− y)
û(x)û(y) dx dy = (2π)−1

n�

j=0

�
Φ(qj/p)|u

(j)
|
2 dξ.

If we put y = 0 in (7.3) we get q0(x) = p(x) + p(0), so

F (q0/p) = 2πδ + p(0)Φ(1/p).

Similarly, if we let x = y → ∞, we get qn = 2b2n. Since for an even p we have
F (1/p) = 2πΓ , this proves the assertion.

Proposition 7.4. For each integer n ≥ 1 there is an ε > 0 such that if the

positive constants a1, . . . , an satisfy aj/aj+1 ≤ ε, then the polynomial

p(x) = (a1 + x2)(a2 + x2) . . . (an + x2)

belongs to P and satisfies the inequality (7.5).

Proof. Define the polynomials pj and the constants bj
k
by

pj(x) = (a1 + x2)(a2 + x2) . . . (aj + x2) = x2j + bj1x
2(j−1) + . . .+ bj

j
.

Thus p = pn and we have by Lemma 7.1 that the corresponding qj ’s are of
the form

qn−j(x) = cj0x
2j + cj1b

n

1x
2(j−1) + . . .+ cj

j
bn
j
, (7.6)

where cj
k
are positive constants.

Now, writing

qn−j(x) = cj0pj(x) + bn1 (c
j

1 + dj1)pj−1 + . . .+ bn
j
(cj

j
+ dj

j
), (7.7)

we claim that dj
l
= O(ε), as ε → 0. If we assume that this has been proved for

l = 1, 2 . . . , k − 1, and identify the coefficients for x2(j−k) in (7.7) and (7.6),
we get

cj0b
j

k
+ bn1 (c

j

1+O(ε))bj−1
k−1+ . . .+ bn

k−1(c
j

k−1+O(ε))bj−(k−1)
1 + bn

k
dj
k
= 0. (7.8)
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Observe that if ε ≤ 1 (so that (aj) is increasing) there is a number M such
that we have the following estimation for bj

k
:

aj−k+1aj−k+2 . . . aj ≤ bj
k
≤ Maj−k+1aj−k+2 . . . aj .

Therefore, if 0 ≤ l ≤ k − 1,

bn
l
bj−l

k−l

bn
k

≤ M2 aj−k+1 . . . aj−l

an−k+1 . . . an−l

= O(ε).

Hence (7.8) shows that dj
k
= O(ε). Since for k = 1 no assumptions were used,

the claim is proved.
Since pj/p has positive Fourier transform and the coefficients in (7.7) are

positive for small ε, the proof is completed by Corollary 7.3.

Example 7.5. For any polynomial p of degree 2n, we can easily compute (for
instance by using (7.4)) the following:

q0(x) = p(x) + p(0),

q1(x) =
�
p�(x)− p�(0)

�
/x

qn−1(x) = n2b2nx
2 + (2n− 1)b2n−1x+ 2b2n−2,

qn(x) = 2b2n,

where bm is the coefficient for xm in p(x). Now let p be as in the proposition.
It follows immediately that q0/p and qn/p have positive Fourier transforms.
The same is true for q1/p since

p�(x)

xp(x)
= 2

n�

j=1

1

aj + x2
.

As for qn−1 we now have

qn−1(x) = n2(a1 + x2) + 2
n�

k=1

aj − n2a1,

so the condition 2
�

n

1 aj ≥ n2a1 is sufficient for the Fourier transform of
qn−1/p to be positive.

Taking n = 1, 2 and 3, we have proved that the polynomials

a+ x2,

(a+ x2)(b+ x2),

(a+ x2)(b+ x2)(c+ x2),

a > 0,

a, b > 0,

a, b, c > 0, 7a ≤ 2(b+ c)

(7.9)

are in P and satisfy the inequality (7.5).
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7.1.2 Non-positivity

It is quite immediate that a necessary and sufficient condition for a positive
polynomial p to belong to P is the condition

n�

j,k=1

cjck
p(tj)

p(tj − tk)
≥ 0, for all cj , tj ∈ R and n = 1, 2, . . . . (7.10)

We can consider (7.10) as the limit of the right side of (7.2) as the function û
tends to the distribution 2π

�
n

1 cjδtj , where δtj is the Dirac measure at tj .
If we instead let û tend to the distribution 2πL(−iD)δt, where L is a

polynomial with real coefficients, we obtain the necessary condition

L(∂/∂x)L(∂/∂y)
p(x)

p(x− y)

����
x=y=t

≥ 0, t ∈ R, (7.11)

in which only the two points 0 and t occur. The following proposition provides
an equivalent form of this condition.

Proposition 7.6. Let L be any polynomial with real coefficients. The condi-

tion �
L(−iD)(p(t+ iD)L)(iD)

�
(1/p)(0) ≥ 0, t ∈ R (7.12)

is necessary for p ∈ P.

Proof. Let φ ∈ C∞
0 have φ(0) = 1. Taking u(x) = eitxL(ix)φ(εx) and letting

ε → 0, the real part of (7.2) tends to
�

p(t+D)(L(ix))L(ix)Γ (x) dx =

�
L(ix)(p(t+ iD)L)(−ix)Γ (x) dx.

(When passing to the limit, we notice that Γ (x) decreases exponentially as
|x| → ∞.) Since �Γ = 1/p, the last integral equals the left side of (7.12).

Corollary 7.7. The condition

4p(t)2
�
p(0)p��(0)− p�(0)2

�
≥

�
2p(t)p�(0)− p(0)p�(t)

�2
, t ∈ R (7.13)

is necessary for p ∈ P.

Proof. If we take L(x) = a+x, the operator that acts on 1/p in (7.12) becomes

a2p(t) + ap�(t)−
�
p(t)(iD)2 + p�(t)iD

�
.

Thus the left side of (7.12) becomes a quadratic form in a. This form being
nonnegative for all real a is equivalent to

−4
�
p(t)/p(0)

��
p(t)(iD)2 + p�(t)iD

�
(1/p)(0) ≥

�
p�(t)/p(0)

�2
.

The last inequality, multiplied by p(0)4, can be written as (7.13).
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Example 7.8. Condition (7.13) implies that if p��(0) ≤ 0 then p is either con-
stant or does not belong to P.

Example 7.9. Let p(x) = (1 + x2)m. For this polynomial (7.13) reads

2(1 + t2)2 ≥ mt2,

which is equivalent to m ≤ 8.
If we take L(x) = ax+ x2 and t = 1, Proposition 7.6 leads to

12m(m+ 1)− 2m(m2
−ma− a2) ≥ 0.

This is equivalent to 24(m+ 1) ≥ 5m2, that is, m ≤ 5.

It is also possible to prove non-positivity for (1 + x2)5 and (1 + x2)4 with
the aid of Proposition 7.6, but then one has to use a polynomial L of degree
3 in the former and of degree 4 in the latter case. In Section 7.1.3 we give
another proof of the non-positivity when m ≥ 4.

Proposition 7.10. If p ∈ P then the real part of F (1/p) is nonnegative.

Proof. Assume that ReΦ(1/p) < 0 at the point ξ0 and hence also at the
point −ξ0. Let φ be a real, even function with φ(0) = 1 and φ̂ ∈ C∞

0 . Put

f(x) = cos(ξ0x)φ(εx), so that supp �f → {−ξ0, ξ0} as ε → 0.
Let qj be as in Lemma 7.1. Thus qn is a positive constant so, by the

continuity of F (1/p), there is an a > 0 such that Re F (qn/p) ≤ −a in supp �f ,
if ε is small enough. Also, there is a number A such that Re F (qj/p)(ξ) ≤ A,
for j = 0, . . . , n− 1 and ξ �= 0.

Now, using the inequality
�

g(K ∗ g) dx ≤ sup
supp ĝ

�
Re K̂

� �
g2 dx, g,K real,

we get, since f is even, that (7.2) with f in place of û can be estimated by a
constant times

��
p(x) + p(−y)

p(x− y)
f(x)f(y) dx dy =

� n�

j=0

xjf(x)
�
(qj/p) ∗ y

jf(y)
�
(x) dx

≤

� �
A

n−1�

j=0

x2j
− ax2n

�
f(x)2 dx.

The last expression is clearly negative for small ε.

Example 7.11. Let p > 0 be a non-constant even polynomial with F (1/p) ≥ 0
(for instance, p can be any non-constant even polynomial in Ψ). Since

Re F (1/p(x− ε))(ξ) = F (1/p)(ξ) cos(εξ),

Proposition 7.10 shows that if ε �= 0 then p(x− ε) does not belong to P.
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7.1.3 The operators (1 + D2)m

We introduce some notation. Let pm(x) = (1 + x2)m, Γm = (2π)−1F (1/pm)
and put λs(x) = (1 + |x|)se−|x|. We observe that Γm ∼ λm−1, according to
Lemma 7.13 below. We define the form

Qm(u) = Re

�
pm(D)u · uΓm dx,

and the weighted Sobolev norms

�u�m,s =

� m�

j=0

�
|u(j)

|
2λs dx

�1/2

.

We remark that the subsequent inequality (7.20) shows that �u�m,s ≥ c|u(0)|,
if m ≥ 1 and s ≥ 0.

The main result of this section is the following proposition. The five lemmas
that follow it are needed for the proof.

Proposition 7.12. The polynomial (1 + x2)m belongs to P if and only if

m = 0, 1, 2, 3. The following inequalities hold:

�u�21,0 ∼ Q1(u), (7.14)

�u�22,1 ∼ Q2(u), (7.15)

c−1
�u�23,1 ≤ Q3(u) ≤ c�u�23,2. (7.16)

The inequality (7.16) cannot be improved by replacing any of the squared norms

by another one of the type �u�23,s.

Lemma 7.13. The following identities hold:

Γ1(x) =
1

2
e−|x|,

Γ2(x) =
1

4
(|x|+ 1)e−|x|,

Γ3(x) =
1

16
(x2 + 3|x|+ 3)e−|x|,

Γm+2(x) =
2m+ 1

2(m+ 1)
Γm+1(x) +

x2

4m(m+ 1)
Γm(x).

Proof. The recursion formula follows from the relation

(1/p)�� = −4m(m+ 1)/pm+2 + 2m(2m+ 1)/pm+1.

The formulas for Γ1 and Γ2 can be calculated directly.
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For the next lemma, which will be used for counter examples, we con-
struct the functions ut, t ≥ 1. Let φ ∈ C∞

0 ((0, 2)) be real with φ = 1 in a
neighborhood of 1. Define φt ∈ C∞

0 ((0, t+ 1)) so that φt = 1 on [1, t] and

φt(x) = φ(x), φt(x+ t) = φ(x+ 1), x ∈ [0, 1].

Let ω be a fixed real number and put

ut(x) = e|x|/2φt(|x|) cos(ωx/2).

Then ut ∈ C∞
0 is real and even.

Lemma 7.14. Let ut be as above. As t → ∞ we have

Qm(ut) = (2−3m/m!)Re
�
3 + ω2

− 2ωi
�m

tm +O(tm−1). (7.17)

Proof. It follows from Lemma (7.13) that Γm(x) = r(|x|)e−|x|, where r is a
polynomial of degree m− 1 having leading coefficient 2−m/(m− 1)!. Since ut

is real and even,

Qm(ut) = 2

� ∞

0
r(x)e−xut(x)pm(D)ut(x) dx = 2

� ∞

0
r(x)ψt(x) dx,

where ψt is introduced in the obvious way. For x ∈ [1, t] we have

ψt(x) = cos(ωx/2)pm(D − i/2) cos(ωx/2)

= cos(ωx/2)Re
�
eiωx/2pm((ω − i)/2)

�

= 2−(2m+1)
Re

�
(3 + ω2

− 2ωi)m(1 + eiωx)
�

and it follows that

Qm(ut) =2

� 1

0

�
r(ξ)ψt(x) + r(x+ t)ψt(x+ t)

�
dx

+ 2−2m
Re

�
(3 + ω2

− 2ωi)m
�

t

1
r(x)(1 + eiωx) dx

�
.

Since r has degree m−1 the boundedness of {ψt} implies that the first integral

is O(tm−1). After one integration by parts also the integral
�
t

1 r(x)eiωx dx is
seen to be O(tm−1), so

Qm(ut) = 2−2m
Re(3 + ω2

− 2ωi)m
�

t

1
r(x) dx+O(tm−1), as t → ∞.

This gives (7.17).

Lemma 7.15. If ε > 0, s ∈ (1, 2) and k is a nonnegative integer then there

exist u, v ∈ C∞
0 such that

Q3(u) ≤ ε

�
|u(j)

|
2λs dx, 0 ≤ j, (7.18)

Q3(v) ≥ ε−1

�
|v(j)|2λs dx, 0 ≤ j ≤ k. (7.19)
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Proof. If we take ω =
√
3 in the definition of ut, Lemma 7.14 gives Q3(ut) =

O(t2), as t → ∞. On the other hand, for x ∈ [1, t], a simple calculation shows
that

|u(j)
t

(x)|2 = ex
�
1 + cos(

√
3x+ j2π/3)

�
/2,

so for large t, the integral in (7.18) majorizes
�

t

1
xs
�
1 + cos(

√
3x+ j2π/3)

�
dx ≥ ts+1/3.

This proves (7.18).
To prove (7.19) we take ω = 0. Lemma 7.14 then gives Q3(ut) ≥ ct3,

for large t. But, similarly as in the proof of Lemma 7.14, we see that the
right-hand side of (7.19), with ut in place of v, is O(ts+1).

The proof of the following simple lemma, which we use to establish equiv-
alent norms in Proposition 7.12, also indicates the idea behind the more non-
trivial Lemma 7.17.

Lemma 7.16. If a > 0 then for every u ∈ S we have

0 ≤ −2|u(0)|2 +

�
e−|x|�(1 + a)|u|2 + a−1

|u�
|
2
�
dx, (7.20)

0 ≤

�
(1 + |x|)e−|x|�(1 + a)|u|2 − 2|u�

|
2 + a−1

|u��
|
2
�
dx. (7.21)

Proof. We begin by proving the second inequality. Let v ∈ S be a real func-
tion that is either even or odd (thus v(0)v�(0) = 0). By partial integration
� ∞

0
(1 + x)e−xvv�� dx = −

� ∞

0
(1 + x)e−x(v�)2 dx−

1

2

� ∞

0
(1− x)e−xv2 dx

≤
1

2

� ∞

0
(1 + x)e−x

�
v2 − 2(v�)2

�
dx,

so for any a > 0,

0 ≤ a

� ∞

0
(1 + x)e−x

�
v + a−1v��)2 dx

≤

� ∞

0
(1 + x)e−x

�
(1 + a)v2 − 2(v�)2 + a−1(v��)2

�
dx.

(7.22)

Now, if u is real, (7.21) follows from (7.22) and the observation
�

ϕ(|x|)u(j)(x)2 dx = 2

� ∞

0
ϕ(x)

�
u(j)
0 (x)2 + u(j)

1 (x)2
�
dx,

where u = u0+u1 is the decomposition of u into even and odd functions. The
complex case follows immediately. Similarly, the identity

� ∞

0
e−x(av + a−1v�)2 dx = −v(0)2 +

� ∞

0
e−x

�
(a+ 1)v2 + a−1(v�)2

�
dx

leads to the first inequality.
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Lemma 7.17. For every u ∈ S it holds,

0 ≤ 4|u(0)|2 +

�
e−|x|�x2

|u|2 + 6(1− |x|)|u�
|
2

+ 3|x|(2− |x|)|u��
|
2 + 2x2

|u���
|
2
�
dx.

(7.23)

Proof. This follows, as in the proof of the preceding lemma, from the identity

4v(0)2 + 2

� ∞

0
e−x

�
x2v2 + 6(1− x)(v�)2 + 3x(2− x)(v��)2 + 2x2(v���)2

�
dx

=

� ∞

0
x2e−x

�
3(v�� − v� + v)2 + (2v��� − 3v�� + 3v� − v)2

�
dx, (7.24)

for a real v ∈ S . To verify (7.24), one can expand the right-hand side and
integrate by parts several times.

Proof (Proposition 7.12). The range of the argument for 3 + ω2 − 2ωi is
[−π/6,π/6] (the endpoints are attained for ω = ±

√
3), so if m ≥ 4 then

(3 + ω2 − 2ωi)m assumes values with negative real part. By Lemma 7.14, pm
does not belong to P, if m ≥ 4.

We now turn to proving the inequalities. Using the decompositions

p1(x) + p1(y)

p1(x− y)
= 1 +

1 + 2xy

p1(x− y)
,

p2(x) + p2(y)

p2(x− y)
= 1 +

4xy

p1(x− y)
+

1 + 2x2y2

p2(x− y)
,

p3(x) + p3(y)

p3(x− y)
= 1 +

6xy

p1(x− y)
+

9x2y2

p2(x− y)
+

1− 3x2y2 + 2x3y3

p3(x− y)
,

along with Parseval’s formula and the formulas for F (1/pm) = 2πΓm we
obtain (similarly as in the proof of Corollary 7.3) the identities

2Q1(u) = |u(0)|2 +
1

2

�
e−|x|�

|u|2 + 2|u�
|
2
�
dx, (7.25)

2Q2(u) = |u(0)|2 +
1

4

�
e−|x|�8|u�

|
2 + (1 + |x|)(|u|2 + 2|u��

|
2)
�
dx, (7.26)

2Q3(u) = |u(0)|2 +
1

16

�
e−|x|�(x2 + 3|x|+ 3)|u|2 + 48|u�

|
2

+ 3(−x2 + 9|x|+ 9)|u��
|
2 + 2(x2 + 3|x|+ 3)|u���

|
2
�
dx.

(7.27)

Now, (7.25) immediately leads to (7.14).
The inequalities in (7.15) follows from (7.26) and a combination of (7.26)

and (7.21).
The right-hand side of (7.27) minus the right-hand side of
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2Q3(u) ≥
3

4
|u(0)|2 +

3

16

�
e−|x|�(1 + |x|)|u|2 + 2(7 + |x|)|u�

|
2

+ (9 + 7|x|)|u��
|
2 + 2(1 + |x|)|u���

|
2
�
dx, (7.28)

multiplied by 16 equals the nonnegative expression in (7.23). Thus (7.28)
holds. Now, (7.16) follows from (7.28) and (7.27).

The last statement in the proposition is a consequence of Lemma 7.15.

Remark 7.18. From the viewpoint of (7.27), the negative term on the right
makes it nontrivial that Q3(u) ≥ 0. The proof of Lemma 7.15 shows that
(7.27) minus the integral

�
|x|se−|x||u(j)(x)|2 dx, multiplied by any positive

number, can be negative if s > 1 and j ≥ 0.

7.1.4 An application to integral equations

Let p be an even polynomial in P. We can then define a norm (which is
induced by an inner product) by

||φ||2
H

=

�
|φ(x)|2 dx+

��
p(x) + p(y)

p(x− y)
φ(x)φ(y) dx dy, φ ∈ Σ. (7.29)

Let H be the completion of the space S in this norm and define the dual
space

H∗ = {u ∈ S
� : ||u||H∗ = sup

φ∈S
|(u,φ)|/||φ||H < ∞},

where S � is the space of tempered distributions. We thus have the inclusions
H ⊂ L2 ⊂ H∗.

Let a be a measurable function with 0 < M−1 ≤ a(x) ≤ M and define the
operator K by

Kφ(x) = a(x)φ(x) +

�
p(x) + p(y)

p(x− y)
φ(y) dy, φ ∈ Σ. (7.30)

Then K extends to a continuous linear operator from H to H∗. We intro-
duce an inner product � , � in H by �u, v� = (Ku, v). (The induced norm is
equivalent to the one defined above.)

If f is any fixed member ofH∗, there is by the Riesz representation theorem
a unique u in H such that �u, v� = (f, v), for all v ∈ H. But this means that
u is the unique solution to the integral equation

Ku = f ∈ H∗, u ∈ H. (7.31)

7.2 Weighted positivity of second order elliptic systems

Let Ω be a domain in Rn (n � 3) with smooth boundary and assume 0 ∈ Ω.
Consider the second order elliptic system on Ω defined by
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Li(x,Dx)u :=
N�

j=1

n�

α,β=1

−Aαβ

ij
(x)

∂2uj

∂xα∂xβ

=: −Aαβ

ij
(x)Dαβuj (i = 1, 2, . . . , N), (7.32)

where as usual repeated indices indicate summation. We assume that Aαβ

ij
(x)

are real-valued, continuous functions on Ω and there exists λ > 0 such that
the strong Legendre condition

Aαβ

ij
(x)ξi

α
ξj
β
� λ|ξ|2, ∀ξ ∈ RnN

holds uniformly on Ω. Without loss of generality, we may also assume that

Aαβ

ij
(x) = Aβα

ij
(x) (i, j = 1, 2, . . . , N, α,β = 1, 2, . . . , n).

Definition 7.19. The operator L is said to be positive with weight Ψ(x) =
(Ψij(x))Ni,j=1 if

�

Ω

Lu · Ψu dx = −

�

Ω

Aαβ

ik
(x)Dαβuk(x) · uj(x)Ψij(x) dx � 0 (7.33)

for all real valued vector functions u = (ui)Ni=1, ui ∈ C∞
0 (Ω).

Remark 7.20. The positivity of L(x,Dx) actually reduces to the positivity of
L(0, Dx) (with the same weight). Indeed, if u = (ui)Ni=1 is a smooth vector
function that is supported near the origin (say, in a δ-ball Bδ) and u�(x) =
u(�−1x), then

�

Ω

Lu� · Ψu� dx = −

�

B�δ

Aαβ

ik
(x)Dαβu�k(x) · u�j(x)Ψij(x) dx

= −�−n

�

B�δ

Aαβ

ik
(x)(Dαβuk)(�

−1x) · uj(�
−1x)Ψij(�

−1x) dx

= −

�

Bδ

Aαβ

ik
(�y)Dαβuk(y) · uj(y)Ψij(y) dy (x = �y).

Since the integrand in the last integral is bounded by

r2−n
�Aαβ

ik
�L∞(Bδ)�u�

2
C2�Ψij�L∞(Sn−1),

which is clearly in L1(Bδ), the dominated convergence theorem and the con-
tinuity of Aαβ

ij
implies that

lim
�→0+

�

Ω

Lu� · Ψu� dx = −

�

Bδ

Aαβ

ik
(0)Dαβuk(y) · uj(y)Ψij(y) dy

=

�

Ω

L(0, Dx)u · Ψu dx.

Hence the positivity of L is in effect a local property at the origin.
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Luo and Maz’ya [56] proved that if the weighted positivity of general sec-
ond order elliptic system holds with respect to a weight Ψ which is smooth in
Rn \ {0} and positive homogeneous of degree 2−n, then Ψ has to be the fun-
damental solution of LT (0, Dx) multiplied by a semipositive definite constant
matrix. Their result is reproduced in this Section.

Theorem 7.21. Suppose L is an elliptic operator as defined in (7.32) and

Ψ satisfies (7.34). If L is positive with weight Ψ (and so is L(0, Dx)), then
LT (0, Dx)Ψ = δM where δ is the Dirac delta function, LT (0, Dx) is the formal

adjoint of L(0, Dx),

LT

i
(0, Dx)u := −Aαβ

ji
(0)Dαβuj (i = 1, 2, . . . , N),

and M ∈ RN×N
is a symmetric, semi-positive definite matrix. Furthermore,

�

i,α,β

Aαβ

ip
(rω)ξαξβΨip(ω) � 0, ∀ξ ∈ Rn (p = 1, 2, . . . , N)

for all r > 0, ω ∈ Sn−1
such that rω ∈ Ω. That is to say, the n × n matrix

(
�

i
Aαβ

ip
(rω)Ψip(ω))nα,β=1 is pointwise semi-positive definite.

Remark 7.22. Several extensions of the above result are possible. First, in this
theorem we considered only real coefficient elliptic operators and real valued
test functions. It is then natural to ask whether the same result holds for
complex cases. Second, it is interesting to ask whether the set of operators
that are positive in the sense of (7.1) is “open” in some suitable topology. In
other words, we wonder whether a “small” perturbation of a positive operator
still leaves the operator positive.

In this section we give the proof of Theorem 7.21. Without loss of gen-
erality, for the first part of the theorem we may assume Ω = Rn and L is a
constant coefficient elliptic operator.

First some preliminaries.
Let Hk denote the linear space of homogeneous polynomials of degree k

that are harmonic; they are the so-called solid spherical harmonics of degree k.
The space of restrictions of Hk to the unit sphere,Hk, are the so-called surface

spherical harmonics of degree k. It is well known that each f ∈ L2(Sn−1)
admits the decomposition

f(ω) =
∞�

k=0

Yk(ω), Yk ∈ Hk,

where the series converges in the L2 sense. Since Hk can be shown to be
mutually orthogonal (see, for example, [86]), Parseval’s identity

�

Sn−1

f(ω)g(ω) dσ =
∞�

k=0

�

Sn−1

Yk(ω)Zk(ω) dσ
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holds for all f, g ∈ L2(Sn−1) where

f(ω) =
∞�

k=0

Yk(ω), g(ω) =
∞�

k=0

Zk(ω).

7.2.1 Support at the Origin

The first observation we make is that, in order for L to be positive with weight
Ψ , LTΨ has to be supported at the origin. We make the following assumption
on the weight Ψ :

Ψij ∈ C∞(Rn
\{0}) (i, j = 1, 2, . . . , N)

Ψ(x) = |x|2−nΨ

�
x

|x|

�
=: r2−nΨ(ω), (7.34)

where r = |x| and ω = x/|x|.

Proposition 7.23. Suppose L is a constant coefficient elliptic operator as

defined in (7.32) and Ψ satisfies (7.34). If L is positive with weight Ψ , then
LTΨ is supported at the origin.

We start the proof of this proposition by observing some elementary prop-
erties of the matrix Ψ .

Lemma 7.24. Suppose Ψ = (Ψij)Ni,j=1 satisfies (7.34). Then

DαΨij(x) = r1−nΨα

ij
(ω) (i, j = 1, 2, . . . , N),

DαβΨij(x) = r−nΨαβ

ij
(ω) (α,β = 1, 2, . . . , n),

where Ψα

ij
,Ψαβ

ij
∈ C∞(Sn−1) and

�

Sn−1

Ψαβ

ij
(ω) dσ = 0.

Proof. According to (7.34),

DαΨij(x) = Dα

�
r2−nΨij(ω)

�

= (2− n)r1−nΨij(ω) ·
xα

r
+ r1−n(DβΨij)(ω)

�
δαβ −

xα

r
·
xβ

r

�

= r1−n

�
(2− n)ωαΨij(ω) + (DαΨij)(ω)− ωαωβ(DβΨij)(ω)

�

=: r1−nΨα

ij
(ω),

where
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Ψα

ij
(ω) = (2− n)ωαΨij(ω) + (DαΨij)(ω)− ωαωβ(DβΨij)(ω).

Similarly one can show that

DαβΨij(x) = Dα

�
r1−nΨβ

ij
(ω)

�
= r−nΨαβ

ij
(ω).

To prove the last statement, we integrate the above identity on B2\B1 and
obtain �

B2\B1

Dα

�
r1−nΨβ

ij
(ω)

�
dx =

�

B2\B1

r−nΨαβ

ij
(ω) dx.

Note that
�

B2\B1

Dα

�
r1−nΨβ

ij
(ω)

�
dx =

�

∂(B2\B1)
r1−nΨβ

ij
(ω)να dσ

=

�

∂B2

r1−nΨβ

ij
(ω)ωα dσ −

�

∂B1

r1−nΨβ

ij
(ω)ωα dσ

=

�

Sn−1

Ψβ

ij
(ω)ωα dσ −

�

Sn−1

Ψβ

ij
(ω)ωα dσ

= 0,

and
�

B2\B1

r−nΨαβ

ij
(ω) dx =

� 2

1
r−1 dr

�

Sn−1

Ψαβ

ij
(ω) dσ

= log 2

�

Sn−1

Ψαβ

ij
(ω) dσ.

So the result follows.

Since the proof of Proposition 7.23 is long, we break it up into two lemmas.

Lemma 7.25. Under the assumptions of Proposition 7.23, if L is positive

with weight Ψ , then (LTΨ)pp (p = 1, 2, . . . , N) is supported at the origin.

Proof. Step 1. By definition, we wish to show that

�

i,α,β

Aαβ

ip
DαβΨip = 0 on Rn

\{0} (p = 1, 2, . . . , N).

Taking u = (ui)Ni=1 where

ui =

�
0, i �= p

v, i = p
, v ∈ C∞

0 (Rn
\{0}),

we have
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�
Lu · Ψu dx = −

�
Aαβ

ik
Dαβuk · ujΨij dx

= −

� �

i,α,β

Aαβ

ip
Dαβv · vΨip dx

=

� �

i,α,β

Aαβ

ip
DαvDβv · Ψip dx+

� �

i,α,β

Aαβ

ip
Dαv · vDβΨip dx

=: I1 + I2.

Step 2. By assumption (7.34), it is easy to see that

|I1| � C

�
r2−n

|Dv|2 dx. (7.35)

As for I2, we observe Dαv · v = 1
2Dα(v2), so integrating by part once more

gives

I2 = −
1

2

� �

i,α,β

Aαβ

ip
v2DαβΨip dx. (7.36)

Now assume �

i,α,β

Aαβ

ip
DαβΨip �≡ 0 on Rn

\{0}.

By Lemma 7.24,
DαβΨip = r−nΨαβ

ip
(ω),

so we may write

�

i,α,β

Aαβ

ip
DαβΨip =

�

i,α,β

Aαβ

ip
r−nΨαβ

ip
(ω) =: r−nΨ ��

pp
(ω),

where

Ψ ��
pp
(ω) =

�

i,α,β

Aαβ

ip
Ψαβ

ip
(ω) �≡ 0,

�

Sn−1

Ψ ��
pp
(ω) dσ = 0.

Substituting this into (7.36) and switching to spherical coordinates, we have

I2 = −
1

2

� ∞

0
r−1 dr

�

Sn−1

v2Ψ ��
pp
(ω) dσ. (7.37)

Step 3. Let

Ψ ��
pp
(ω) =

∞�

k=m

Yk(ω), Yk ∈ Hk

where Ym �≡ 0. Note that m � 1 since
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�

Sn−1

Ψ ��
pp
(ω) dσ = 0.

Now take v(x) = ζ(r)Ω(ω) where

ζ ∈ C∞
0 (0,∞) is to be determined later,

Ω(ω) = �−1 + Ym(ω), � > 0.

Substituting this into (7.37), applying Parseval’s identity and recalling that
m � 1, we have

I2 = −
1

2

� ∞

0
r−1ζ2(r) dr

�

Sn−1

�
�−1 + Ym(ω)

�2 ∞�

k=m

Yk(ω) dσ

� −
1

2

� ∞

0
r−1ζ2(r) dr

�
2�−1

�

Sn−1

Y 2
m
(ω) dσ + C

�
.

This implies, for small �, that

I2 � −C0�
−1

� ∞

0
r−1ζ2(r) dr.

On the other hand, we note that (7.35) implies that

|I1| � C

�
r2−n

�
(ζ �(r))2Ω2(ω) + r−2ζ2(r)|∇σΩ(ω)|2

�
dx

= C

� ∞

0
r(ζ �(r))2 dr

�

Sn−1

Ω2(ω) dσ

+ C

� ∞

0
r−1ζ2(r) dr

�

Sn−1

|∇σYm(ω)|2 dσ

=: I11 + I12,

where ∇σ is the spherical part of the gradient D.
Step 4. We first choose � small enough so that

C

�

Sn−1

|∇σYm(ω)|2 dσ < C0(2�)
−1,

where C is the constant appearing in (7.35). For this fixed �, we have

I12 < C0(2�)
−1

� ∞

0
r−1ζ2(r) dr, ∀ζ ∈ C∞

0 (0,∞).

Next, we appeal to Lemma 7.26 below and choose ζ so that

I11 < C0(2�)
−1

� ∞

0
r−1ζ2(r) dr.

This shows that
I1 + I2 < 0

and gives us the desired contradiction.
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Lemma 7.26. For any given C > 0, there exists ζ ∈ C∞
0 (0,∞) so that

� ∞

0
r−1ζ2(r) dr � C

� ∞

0
r(ζ �(r))2 dr.

Proof. Take ϕ ∈ C∞(R) such that

ϕ(r) =

�
0, r � 0

1, r � 1
, 0 � ϕ � 1.

For 0 < δ < 1
4 , define

ζδ(r) =

�
ϕ(δ−1r − 1), 0 � r < 1

ϕ(−r + 2), r � 1
.

Clearly ζδ ∈ C∞
0 (0,∞). Now

� ∞

0
r−1ζ2

δ
(r) dr �

� 1

2δ
r−1 dr = log

1

2δ
,

� ∞

0
r(ζ �

δ
(r))2 dr =

� 2δ

δ

r(ζ �
δ
(r))2 dr +

� 2

1
r(ζ �

δ
(r))2 dr

� δ−2
�ϕ�

�
2
∞

� 2δ

δ

r dr + �ϕ�
�
2
∞

� 2

1
r dr

� C�ϕ�
�
2
∞.

So the result follows by choosing δ sufficiently small.

While Lemma 7.25 proves the statement of Proposition 7.23 for diagonal
elements of LTΨ , the next one takes care of the off-diagonal elements.

Lemma 7.27. Under the assumptions of Proposition 7.23, if L is positive

with weight Ψ , then (LTΨ)pq (p, q = 1, 2, . . . , N, p �= q) is supported at the

origin.

Proof. Step 1. By definition, we wish to show that

Aαβ

ip
DαβΨiq = 0 on Rn

\{0} (p, q = 1, 2, . . . , N, p �= q).

Taking u = (ui)Ni=1 where

ui =






0, i �= p, q

v, i = p

w, i = q

, v, w ∈ C∞
0 (Rn

\{0}),
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we have
�

Lu · Ψu dx = −

�
Aαβ

ik
Dαβuk · ujΨij dx

=

�
Aαβ

ik
DαukDβuj · Ψij dx+

�
Aαβ

ik
Dαuk · ujDβΨij dx

=: I1 + I2.

Step 2. By assumption (7.34) and Cauchy’s inequality, it is easy to see
that

|I1| � C

�
r2−n

|Du|2 dx � C

�
r2−n

�
|Dv|2 + |Dw|2

�
dx. (7.38)

As for I2, it follows from Lemma 7.25 that
�

Aαβ

ip
Dαv · vDβΨip dx =

�
Aαβ

iq
Dαw · wDβΨiq dx = 0.

So

I2 =

�
Aαβ

ip
Dαv · wDβΨiq dx+

�
Aαβ

iq
Dαw · vDβΨip dx

= −

�
Aαβ

ip
v
�
DαwDβΨiq + wDαβΨiq

�
dx+

�
Aαβ

iq
Dαw · vDβΨip dx

= −

�
Aαβ

ip
vwDαβΨiq dx+

�
vDαw

�
Aαβ

iq
DβΨip −Aαβ

ip
DβΨiq

�
dx

= −

�
r−nvwΨ ��

pq
(ω) dx+

�
r1−nvDαw

�
Ψ �
αqp

(ω)− Ψ �
αpq

(ω)
�
dx (7.39)

=: I21 + I22.

In the derivation of (7.39) we have used Lemma 7.24 again, where

Ψ �
αpq

(ω) = Aαβ

ip
Ψβ

iq
(ω),

Ψ ��
pq
(ω) = Aαβ

ip
Ψαβ

iq
(ω),

�

Sn−1

Ψ ��
pq
(ω) dσ = 0.

Now assume
Aαβ

ip
DαβΨiq �≡ 0 on Rn

\{0}.

Then we have
Ψ ��
pq
(ω) �≡ 0.

Step 3. Let

Ψ ��
pq
(ω) =

∞�

k=m

Yk(ω), Yk ∈ Hk

where Ym �≡ 0. Note that m � 1 since
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�

Sn−1

Ψ ��
pq
(ω) dσ = 0.

Now take

v(x) = ζ(r)Ym(ω),

w(x) = �−1ζ(r), � > 0,

where ζ ∈ C∞
0 (0,∞) is to be determined later. Substituting this into (7.39),

applying Parseval’s identity and recalling that m � 1, we have

I21 = −

� ∞

0
r−1ζ2(r) dr

�

Sn−1

�−1Ym(ω)
∞�

k=m

Yk(ω) dσ

= −�−1

� ∞

0
r−1ζ2(r) dr

�

Sn−1

Y 2
m
(ω) dσ

= −C0�
−1

� ∞

0
r−1ζ2(r) dr,

I22 = �−1

� ∞

0
ζ(r)ζ �(r) dr

�

Sn−1

ωαYm(ω)
�
Ψ �
αqp

(ω)− Ψ �
αpq

(ω)
�
dσ

= 0.

So

I2 = −C0�
−1

� ∞

0
r−1ζ2(r) dr.

On the other hand, (7.38) implies that

|I1| � C

�
r2−n

�
(ζ �(r))2Y 2

m
(ω) + r−2ζ2(r)|∇σYm(ω)|2 + �−2(ζ �(r))2

�
dx

= C

� ∞

0
r(ζ �(r))2 dr

�

Sn−1

�
Y 2
m
(ω) + �−2

�
dσ

+ C

� ∞

0
r−1ζ2(r) dr

�

Sn−1

|∇σYm(ω)|2 dσ.

Now we may proceed as in Lemma 7.25 and choose �, ζ appropriately to
derive the desired contradiction.

Now Proposition 7.23 is a direct consequence of Lemma 7.25 and Lemma
7.27.

7.2.2 Positive Definiteness of LTΨ

By Proposition 7.23, we can write LTΨ as

LTΨ = δM,

where δ is the Dirac delta function and M is a real N × N matrix. Now we
show M is symmetric and semi-positive definite.
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Proposition 7.28. Suppose L is a constant coefficient elliptic operator as

defined in (7.32) and Ψ satisfies (7.34). If L is positive with weight Ψ , then
LTΨ = δM where δ is the Dirac delta function and M ∈ RN×N

is a symmet-

ric, semi-positive definite matrix.

We start the proof of this proposition by writing M explicitly in terms of
Aαβ

ij
and Ψij .

Lemma 7.29. Under the assumptions of Proposition 7.28, if L is positive

with weight Ψ , then LTΨ = δM where M ∈ RN×N
,

Mpq = −

�

Sn−1

Aαβ

ip
ωαΨ

β

iq
(ω) dσ

= −

�

Sn−1

ωαΨ
�
αpq

(ω) dσ (p, q = 1, 2, . . . , N).

Here Ψβ

iq
(ω),Ψ �

αpq
(ω) are as defined in Lemma 7.24 and Lemma 7.27.

Proof. By Lemma 7.24 and Proposition 7.23, for any u ∈ C∞
0 (Rn),

Mpqu(0) =
�
(LTΨ)pq, u

�
=

�
−Aαβ

ip
DαβΨiq, u

�

= −

�
Aαβ

ip
ΨiqDαβu dx

=

�
Aαβ

ip
DβΨiqDαu dx

= lim
�→0

�

Rn\B�

Aαβ

ip
DβΨiqDαu dx

= lim
�→0

��

∂B�

Aαβ

ip
DβΨiq · uνα dσ −

�

Rn\B�

Aαβ

ip
DαβΨiq · u dx

�

= − lim
�→0

�

∂B�

Aαβ

ip
r1−nΨβ

iq
(ω) · uωα dσ

= − lim
�→0

�

Sn−1

Aαβ

ip
Ψβ

iq
(ω)u(�ω)ωα dσ

= −u(0)

�

Sn−1

Aαβ

ip
ωαΨ

β

iq
(ω) dσ.

So the result follows.

As before, we break up the proof of Proposition 7.28 into two Lemmas.

Lemma 7.30. Under the assumptions of Proposition 7.28, if L is positive

with weight Ψ , then LTΨ = δM where M ∈ RN×N
is symmetric.

Proof. Step 1. By definition, we wish to show that
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Mpq = Mqp (p, q = 1, 2, . . . , N, p �= q).

As in the proof of Lemma 7.27, we take u = (ui)Ni=1, where

ui =






0, i �= p, q

v, i = p

w, i = q

, v, w ∈ C∞
0 (Rn

\{0}),

and obtain
�

Lu · Ψu dx =

�
Aαβ

ik
DαukDβuj · Ψij dx+

�
Aαβ

ik
Dαuk · ujDβΨij dx

=: I1 + I2.

Step 2. As before, we have

|I1| � C

�
r2−n

�
|Dv|2 + |Dw|2

�
dx (7.40)

and

I2 = −

�
r−nvwΨ ��

pq
(ω) dx+

�
r1−nvDαw

�
Ψ �
αqp

(ω)− Ψ �
αpq

(ω)
�
dx.

Note that
Ψ ��
pq
(ω) ≡ 0

by Proposition 7.23, so

I2 =

�
r1−nvDαw

�
Ψ �
αqp

(ω)− Ψ �
αpq

(ω)
�
dx. (7.41)

Step 3. Now take

v(x) = ζ(r),

w(x) = η(r) := −� sgn(Mpq −Mqp)

�
r

0
ρ−1ζ(ρ) dρ, � > 0,

where ζ ∈ C∞
0 (0,∞) is to be determined later. Substituting this into (7.41),

switching to spherical coordinates and applying Lemma 7.29, we have

I2 =

� ∞

0
ζ(r)η�(r) dr

�

Sn−1

ωα

�
Ψ �
αqp

(ω)− Ψ �
αpq

(ω)
�
dσ

= −� sgn(Mpq −Mqp) · (Mpq −Mqp)

� ∞

0
r−1ζ2(r) dr

= −�|Mpq −Mqp|

� ∞

0
r−1ζ2(r) dr.
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On the other hand, (7.40) implies that

|I1| � C

�
r2−n

�
(ζ �(r))2 + (η�(r))2

�
dx

= C

�� ∞

0
r(ζ �(r))2 dr + �2

� ∞

0
r−1ζ2(r) dr

�

=: I11 + I12.

Step 4. Assume Mpq −Mqp �= 0. We first choose � small enough so that

C� <
1

2
|Mpq −Mqp|,

where C is the constant appearing in (7.40). For this fixed �, we have

I12 <
�

2
|Mpq −Mqp|

� ∞

0
r−1ζ2(r) dr, ∀ζ ∈ C∞

0 (0,∞).

Next, we appeal to Lemma 7.31 below and choose ζ so that

I11 <
�

2
|Mpq −Mqp|

� ∞

0
r−1ζ2(r) dr.

This shows that
I1 + I2 < 0

and gives us the desired contradiction.

Lemma 7.31. For any given C > 0, there exists ζ ∈ C∞
0 (0,∞) so that

� ∞

0
r−1ζ2(r) dr � C

� ∞

0
r(ζ �(r))2 dr

and

r−1ζ(r) = η�(r) for some η ∈ C∞
0 (0,∞).

Proof. We first note that for any ζ ∈ C∞
0 (0,∞),

r−1ζ(r) = η�(r) for some η ∈ C∞
0 (0,∞)

if and only if � ∞

0
r−1ζ(r) dr = 0.

Let ϕ ∈ C∞(R) be as given in Lemma 7.26. For 0 < δ < 1
4 and R > 5

4 , define

ζδ,R(r) =






ϕ(δ−1r − 1), 0 � r < 3
4

2ϕ(−2r + 5
2 )− 1, 3

4 � r < R

ϕ(R−1r − 1)− 1, r � R

.
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Clearly ζδ,R ∈ C∞
0 (0,∞). For each δ small, we may choose R = Rδ so that

� ∞

0
ζδ,Rδ

(r) dr = 0.

This is always possible since the integral above changes continuously with R
and

� ∞

0
r−1ζδ,5/4(r) dr > 0 if δ is sufficiently small,

� ∞

0
r−1ζδ,R(r) dr → −∞ as R → ∞.

Now
� ∞

0
r−1ζ2

δ,Rδ
(r) dr �

� 3/4

2δ
r−1 dr = log

3

8δ
,

� ∞

0
r(ζ �

δ,Rδ
(r))2 dr =

� � 2δ

δ

+

� 5/4

3/4
+

� 2Rδ

Rδ

�
r(ζ �

δ,Rδ
(r))2 dr

� δ−2
�ϕ�

�
2
∞

� 2δ

δ

r dr + 16�ϕ�
�
2
∞

� 5/4

3/4
r dr +R−2

δ
�ϕ�

�
2
∞

� 2Rδ

Rδ

r dr

� C�ϕ�
�
2
∞.

So the result follows by choosing δ sufficiently small.

Now we show M is semi-positive definite.

Lemma 7.32. Under the assumptions of Proposition 7.28, if L is positive

with weight Ψ , then LTΨ = δM where M ∈ RN×N
is semi-positive definite.

Proof. Step 1. Take u = (ui)Ni=1 where ui ∈ C∞
0 (Rn) (note that ui does not

necessarily vanish near the origin). As before we have
�

Lu · Ψu dx =

�
Aαβ

ik
DαukDβuj · Ψij dx+

�
Aαβ

ik
Dαuk · ujDβΨij dx

=: I1 + I2.

Step 2. Clearly

|I1| � C

�
r2−n

|Du|2 dx. (7.42)

As for I2, we write

I2 =

� �

k<j

Aαβ

ik
Dαuk · ujDβΨij dx+

� �

k>j

Aαβ

ik
Dαuk · ujDβΨij dx

+

� �

k=j

Aαβ

ik
Dαuk · ujDβΨij dx

=: I21 + I22 + I23.
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Similar to the calculations in Lemma 7.29, we have

I21 =
�

k<j

�
Aαβ

ik
Dαuk · ujDβΨij dx

= −

�

k<j

�
uk(0)uj(0)

�

Sn−1

ωαΨ
�
αkj

(ω) dσ +

�
Aαβ

ik
ukDαujDβΨij dx

�

=
�

k<j

uk(0)uj(0)Mkj −

�

j<k

�
Aαβ

ij
ujDαukDβΨik dx,

I23 =
�

k=j

�
Aαβ

ik
Dαuk · ujDβΨij dx

=
1

2

�

k=j

uk(0)uj(0)Mkj .

Since M is symmetric, this implies that

I2 =
1

2

�

k,j

uk(0)uj(0)Mkj +
�

k>j

�
ujDαuk

�
Aαβ

ik
DβΨij −Aαβ

ij
DβΨik

�
dx

=
1

2
uT (0)Mu(0) +

�

k>j

�
ujDαuk

�
Aαβ

ik
DβΨij −Aαβ

ij
DβΨik

�
dx. (7.43)

Step 3. Assume M is not semi-positive definite, then there exists ξ ∈ RN

such that
ξTMξ < 0.

Take

uj(x) = ξjϕ

�
log r

log �
− 1

�
, 0 < � < 1 (j = 1, 2, . . . , N),

where ϕ ∈ C∞(R) is as given in Lemma 7.26. Substituting this into (7.43),
switching to spherical coordinates and applying Lemma 7.30, we have

I2 =
1

2
ξTMξ +

�

k>j

ξjξk(Mjk −Mkj)

� ∞

0
ϕ

�
log r

log �
− 1

��
ϕ

�
log r

log �
− 1

���
dr

=
1

2
ξTMξ.

On the other hand

|Du|2 =
�

i

|Dui|
2 =

�

i

����
ξi

log �
ϕ�

�
log r

log �
− 1

�
ω

r

����
2

=
|ξ|2

r2 log2 �

�
ϕ�

�
log r

log �
− 1

��2
,
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so (7.42) implies that

|I1| � C

�
|ξ|2

rn log2 �

�
ϕ�

�
log r

log �
− 1

��2
dx

� C|ξ|2

log2 �
�ϕ�

�
2
∞

�
�

�2

1

r
dr

=
C|ξ|2

| log �|
�ϕ�

�
2
∞.

This shows that

I1 + I2 < 0 if � is sufficiently small

and gives us the desired contradiction.

Now Proposition 7.28 is a direct consequence of Lemma 7.30 and Lemma
7.32.

It is natural to ask whether one can improve the results of Proposition 7.28
by showing that actually M = I, the N × N identity matrix. The following
example shows that this is not the case.

Example 7.33. Assume n � 3 and consider L = −∆ · I, where ∆ is the Lapla-
cian:

∆u = Dααu, ∀u ∈ C2(Rn),

and I is the N ×N identity matrix. It is not hard to see that the fundamental
matrix of LT = L is given by Φ = γI, where

γ(x) =
1

ωn(n− 2)
· r2−n, ωn =

�

Sn−1

dx

is the fundamental solution of −∆. For any M ∈ RN×N with M symmetric
and semi-positive definite, we have

M = PTΛP

where P is orthogonal and Λ is diagonal with non-negative diagonal elements
λ1, . . . ,λN . Now for any u = (ui)Ni=1, ui ∈ C∞

0 (Rn) (i = 1, 2, . . . , N),

�
Lu · (ΦM)u dx = −

�
γ(∆u)TMudx

= −

�
γ(∆u)TPTΛPudx

= −

�
γ(∆(Pu))TΛ(Pu) dx.

Setting v = Pu, we have
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−

�
γ(∆v)TΛv dx =

1

2
λiv

2
i
(0) +

�
λi|Dvi|

2γ dx

� min
i=1,2,...,N

{λi}

�
1

2
|v(0)|2 +

�
|Dv|2γ dx

�

� 0.

7.2.3 Pointwise Positive Definiteness

With judicious choices of the test function u, we now proceed to show the
pointwise “positive definiteness” of Ψ .

Proposition 7.34. Suppose L is an elliptic operator as defined in (7.32) and
Ψ satisfies (7.34). If L is positive with weight Ψ , then

�

i,α,β

Aαβ

ip
(rω)ξαξβΨip(ω) � 0, ∀ξ ∈ Rn (p = 1, 2, . . . , N)

for all r > 0, ω ∈ Sn−1
such that rω ∈ Ω. That is to say, the n × n matrix

(
�

i
Aαβ

ip
(rω)Ψip(ω))nα,β=1 is pointwise semi-positive definite.

Proof. Let r > 0, ω ∈ Sn−1 be fixed and rω ∈ Ω. We follow the idea in [65]
and take u = (uj)Nj=1, where

uj(x) =

�
0, j �= p

�−n/2|ξ|−1η(�−1(x− rω))eix·ξ, j = p
,

� > 0, ξ ∈ Rn, 0 �≡ η ∈ C∞
0 (Rn).

By definition (with y = �−1(x− rω)),

Re

�

Ω

Lu · Ψu dx

= Re

�
− �−n

|ξ|−2

�

Ω

�

j,α,β

Aαβ

jp
Dαβ

�
η(y)eix·ξ

�
· η(y)e−ix·ξΨjp dx

�

= −�−n
|ξ|−2

�

Ω

�

j,α,β

Aαβ

jp

�
�−2η��(y)− ξαξβη(y)

�
η(y)Ψjp dx

� 0.

We first let |ξ| → ∞ along a fixed direction and obtain

�−n
ξα
|ξ|

·
ξβ
|ξ|

�

Ω

�

j,α,β

Aαβ

jp
η2(y)Ψjp dx � 0.

By substituting y = �−1(x − rω) for x and letting � → 0, we then conclude
that
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�

j,α,β

Aαβ

jp
(rω)

ξα
|ξ|

·
ξβ
|ξ|

r2−nΨjp(ω)

�
η2 dx � 0,

which is what to be shown.

This completes the proof of Theorem 7.21.

7.3 Weighted positivity of the 3D Lamé system

In the previous section we have seen that - under the assumption that Ψ
is smooth and positive homogeneous of order 2 − n - the weighted integral
inequalities (7.33) holds only if Ψ is the fundamental matrix of L, possibly
multiplied by a semi-positive definite constant matrix.

A question that arises naturally is under what conditions are elliptic sys-
tems indeed positive definite with such weights. Although it is difficult to
answer this question in general, we study, as a special case, the 3D Lamé
system

Lu = −∆u− α grad div u, u = (u1, u2, u3)
T .

In this section we give some sufficient conditions for its weighted posi-
tive definiteness and show that some restrictions on the elastic constants are
inevitable. These results are due to Luo and Maz’ya [57].

In the particular case of the Lamé system, condition (7.33) can be written
as
�

R3

(Lu)TΨu dx = −

�

R3

�
Dkkui(x) + αDkiuk(x)

�
uj(x)Ψij(x) dx � 0 (7.44)

for all real valued, smooth vector functions u = (ui)3i=1, ui ∈ C∞
0 (R3 \ {0}).

Here Ψ(x) = (Ψij(x))3i,j=1 and, as usual,D denotes the gradient (D1, D2, D3)T

and Du is the Jacobian matrix of u.

Remark 7.35. The 3D Lamé system satisfies the strong elliptic condition if and
only if α > −1, and we will make this assumption throughout this sectiont.

The fundamental matrix of the 3D Lamé system is given by Φ = (Φij)3i,j=1,
where

Φij(x) = cαr
−1

�
δij +

α

α+ 2
ωiωj

�
(i, j = 1, 2, 3), (7.45)

cα =
α+ 2

8π(α+ 1)
> 0.

As usual, δij is the Kronecker delta, r = |x| and ωi = xi/|x|.
The main result we shall prove in this section is the following

Theorem 7.36. The 3D Lamé system L is positive definite with weight Φ
when α− < α < α+, where α− ≈ −0.194 and α+ ≈ 1.524. It is not positive

definite with weight Φ when α < α(c)
− ≈ −0.902 or α > α(c)

+ ≈ 39.450.

The proof of this theorem is given in the netx section.
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7.3.1 Proof of Theorem 7.36

We start the proof of Theorem 7.36 by rewriting the integral
�

R3

(Lu)TΦu dx = −

�

R3

�
Dkkui + αDkiuk

�
ujΦij dx

into a more revealing form. In the following, we shall write
�
f dx instead

of
�
R3 f dx, and by u2

ii
we always mean

�3
i=1 u

2
ii
; to express (

�3
i=1 uii)2 we

will write uiiujj instead. Furthermore, we always assume ui ∈ C∞
0 (R3) unless

otherwise stated.

Lemma 7.37. �
(Lu)TΦu dx =

1

2
|u(0)|2 + B(u, u) (7.46)

where

B(u, u) =
α

2

� �
ujDkuk − ukDkuj

�
DiΦij dx

+

� �
DkuiDkuj + αDkukDiuj

�
Φij dx.

Proof. By definition,
�
(Lu)TΦu dx = −

�
Dkkui · ujΦij dx− α

�
Dkiuk · ujΦij dx

=: I1 + I2.

Since the fundamental matrix Φ is symmetric and satisfies the equation

−DkkΦij − αDkiΦkj = δijδ(x),

where δ(x) is the Dirac delta distribution with mass concentrated at 0, we
have

I1 = −
1

2

�
Dkkui · ujΦij dx−

1

2

�
Dkkuj · uiΦij dx

= −
1

2

� �
Dkk(uiuj)− 2DkuiDkuj

�
Φij dx

= −
1

2

�
uiujDkkΦij dx+

�
DkuiDkuj · Φij dx,

where the first integral in the last line can be written as

−
1

2

�
uiujDkkΦij dx =

1

2

�
uiuj

�
δijδ(x) + αDkiΦkj

�
dx

=
1

2
|u(0)|2 −

α

2

� �
Diui · uj + uiDiuj

�
DkΦkj dx

=
1

2
|u(0)|2 −

α

2

� �
Dkuk · uj + ukDkuj

�
DiΦij dx.
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Now a simple integration by parts yields

I2 = α

�
Dkuk

�
Diuj · Φij + ujDiΦij

�
dx,

and the lemma follows by adding up the results.

Remark 7.38. With Φ(x) replaced by Φy(x) := Φ(x− y), we have

�
(Lu)TΦyu dx =

�
(Luy)

TΦuy dx (uy(x) = u(x+ y))

=
1

2
|uy(0)|

2 + B(uy, uy) =:
1

2
|u(y)|2 + By(u, u),

where

By(u, u) =
α

2

� �
ujDkuk − ukDkuj

�
DiΦy,ij dx

+

� �
DkuiDkuj + αDkukDiuj

�
Φy,ij dx.

To proceed, we introduce the following decomposition for C∞
0 (R3) func-

tions:
f(x) = f̄(r) + g(x), f̄ ∈ C∞

0 [0,∞), g ∈ C∞
0 (R3),

where

f̄(r) =
1

4π

�

S2

f(rω) dσ.

Note that �

S2

g(rω) dσ = 0, ∀r � 0,

so we may think of f̄ as the “0-th order harmonics” of the function f . We
shall show below in Lemma 7.39 that all 0-th order harmonics in (7.46) are
canceled out, so it is possible to control u by Du.

Lemma 7.39. With the decomposition

ui(x) = ūi(r) + vi(x) (i = 1, 2, 3) (7.47)

where






ūi(r) =
1

4π

�

S2

ui(rω) dσ
�

S2

vi(rω) dσ = 0
∀r � 0 (i = 1, 2, 3),

we have �
(Lu)TΦu dx =

1

2
|u(0)|2 + B

∗(u, u) (7.48)
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where

B
∗(u, u) =

α

2

� �
vjDkvk − vkDkvj

�
DiΦij dx (7.49)

+

� �
DkuiDkuj + αDkukDiuj

�
Φij dx.

Proof. By Lemma 7.37, it is enough to show
� �

ujDkuk − ukDkuj

�
DiΦij dx =

� �
vjDkvk − vkDkvj

�
DiΦij dx.

Since
� �

ujDkuk − ukDkuj

�
DiΦij dx

=

� �
ūjDkūk − ūkDkūj

�
DiΦij dx+

� �
ūjDkvk − ūkDkvj

�
DiΦij dx

+

� �
vjDkūk − vkDkūj

�
DiΦij dx+

� �
vjDkvk − vkDkvj

�
DiΦij dx

=: I1 + I2 + I3 + I4,

it suffices to show I1 = I2 = I3 = 0. Now

DiΦij = Di

�
cαr

−1
�
δij +

α

α+ 2
ωiωj

��

= −cαr
−2ωiδij +

cαα

α+ 2
r−2

�
−ω2

i
ωj + (δii − ω2

i
)ωj + (δji − ωjωi)ωi

�

= −cαr
−2ωj +

cαα

α+ 2
r−2ωj =: dαr

−2ωj , (7.50)

where

dα =
−2cα
α+ 2

=
−1

4π(α+ 1)
.

We have

I1 = dα

�
r−2ωj

�
ūjDrūk · ωk − ūkDrūj · ωk

�
dx (Dr = ∂/∂r)

= dα

�
r−2

�
ūjDrūk · ωjωk − ūkDrūj · ωkωj

�
dx = 0,

I3 = dα

�
r−2

�
vjDrūk · ωjωk − vkDrūj · ωkωj

�
dx = 0.

As for I2, we obtain
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I2 = dα

�
r−2

�
ūjDkvk · ωj − ūkDkvj · ωj

�
dx

= dα

�
r−2

�
ūjDkvk · ωj − ūjDjvk · ωk

�
dx

= − lim
�→0+

dα

�

S2

�
ūj(�)vk(�ω)ωjωk − ūj(�)vk(�ω)ωjωk

�
dσ

− lim
�→0+

dα

�

R3\B�

�
vkr

−3
�
−2ūjωjωk + rDrūj · ωjωk + ūj(δjk − ωjωk)

�

− vkr
−3

�
−2ūjωjωk + rDrūj · ωjωk + ūj(δkj − ωkωj)

��
dx = 0.

The result follows.

Remark 7.40. With Φ(x) replaced by Φy(x) := Φ(x − y) and (7.47) replaced
by

ui(x) = ūi(ry) + vi(x) (i = 1, 2, 3),

where ry = |x− y| and





ūi(ry) =
1

4π

�

S2

ui(y + ryω) dσ
�

S2

vi(y + ryω) dσ = 0
∀ry � 0 (i = 1, 2, 3),

we have �
(Lu)TΦyu dx =

1

2
|u(y)|2 + B

∗
y
(u, u)

where

B
∗
y
(u, u) =

α

2

� �
vjDkvk − vkDkvj

�
DiΦy,ij dx

+

� �
DkuiDkuj + αDkukDiuj

�
Φy,ij dx.

In the next Lemma, we use the definition of Φ and derive an explicit
expression for the bilinear form B∗(u, u) defined in (7.49).

Lemma 7.41.

B
∗(u, u) = cα

� �
α

α+ 2
r−2

�
vk(Dkv) · ω − (div v)(v · ω)

�
(7.51)

+ r−1
�
|Drū|

2 + α
2α+ 3

α+ 2
(Drūi)

2ω2
i
+ |Dv|2 + α(div v)2

+
α

α+ 2
|(Dkv) · ω|

2 +
α2

α+ 2
(div v)[ωi(Div) · ω]

+ α
3α+ 4

α+ 2
(Drū · ω)(div v) + α(Drū · ω)[ωi(Div) · ω]

��
dx.
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Before proving this lemma, we need a simple yet important observation
that will be useful in the following computation.

Lemma 7.42. Let g ∈ C∞
0 (R3) be such that

�

S2

g(rω) dσ = 0, ∀r � 0.

Then 




�
f(r)g(x) dx = 0

�
r−1Df(r) ·Dg(x) dx = 0

∀f ∈ C∞
0 [0,∞).

Proof. By switching to polar coordinates, we easily see that
�

f(r)g(x) dx =

� ∞

0
r2f(r) dr

�

S2

g(rω) dσ = 0.

On the other hand,
�

r−1Df(r) ·Dg(x) dx =

�
r−1DrfDig · ωi dx

= −

�
g
�
−r−2(Drf)ω

2
i
+ r−1(Drrf)ω

2
i
+ r−2Drf(δii − ω2

i
)
�
dx

= −

�
g
�
r−2Drf + r−1Drrf

�
dx = 0,

where the last equality follows by switching to polar coordinates.

Proof. Lemma 7.41 By definition,

B
∗(u, u) =

α

2

� �
vjDkvk − vkDkvj

�
DiΦij dx

+

� �
DkuiDkuj + αDkukDiuj

�
Φij dx =: I1 + I2.

We have shown in Lemma 7.39 that (see (7.50))

I1 = 2−1αdα

�
r−2ωj

�
vjDkvk − vkDkvj

�
dx

=
cαα

α+ 2

�
r−2

�
vk(Dkv) · ω − (div v)(v · ω)

�
dx.

On the other hand,

I2 = cα

�
r−1DkuiDkui dx+

cαα

α+ 2

�
r−1DkuiDkuj · ωiωj dx

+ cαα

�
r−1DkukDiui dx+

cαα2

α+ 2

�
r−1DkukDiuj · ωiωj dx

=: I3 + I4 + I5 + I6.
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Substituting ui = ūi + vi into I3 and using Lemma 7.42 yields

I3 = cα

�
r−1

�
DrūiDrūi · ω

2
k
+DkviDkvi

�
dx+ 2cα

�
r−1DkūiDkvi dx

= cα

�
r−1

�
|Drū|

2 + |Dv|2
�
dx. (7.52)

Next,

I5 = cαα

�
r−1

�
DrūkDrūi · ωkωi + 2DiviDrūk · ωk +DkvkDivi

�
dx.

Note that for k �= i,

�
r−1DrūkDrūi · ωkωi dx =

� ∞

0
rDrūkDrūi dr

�

S2

ωkωi dσ = 0,

and therefore

I5 = cαα

�
r−1

�
(Drūi)

2ω2
i
+ 2(div v)(Drū · ω) + (div v)2

�
dx.

As for I4,

I4 =
cαα

α+ 2

�
r−1Dk(ūi + vi)Dk(ūj + vj) · ωiωj dx

=
cαα

α+ 2

�
r−1

�
DrūiDrūj · ωiωjω

2
k
+DrūiDkvj · ωiωjωk

+DkviDrūj · ωiωjωk +DkviDkvj · ωiωj

�
dx

=
cαα

α+ 2

�
r−1

�
(Drūi)

2ω2
i
+ 2(Drū · ω)[ωk(Dkv) · ω] + |Dkv · ω|

2
�
dx.

Similarly,

I6 =
cαα2

α+ 2

�
r−1Dk(ūk + vk)Di(ūj + vj) · ωiωj dx

=
cαα2

α+ 2

�
r−1

�
DrūkDrūj · ω

2
i
ωjωk +DrūkDivj · ωiωjωk

+DrūjDkvk · ω2
i
ωj +DkvkDivj · ωiωj

�
dx

=
cαα2

α+ 2

�
r−1

�
(Drūj)

2ω2
j
+ (Drū · ω)[ωi(Div) · ω]

+ (Drū · ω)(div v) + (div v)[ωi(Div) · ω]
�
dx.

The lemma follows by adding up all these integrals.

With the help of Lemma 7.41, we now complete the proof of Theorem 7.36.
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Proof. Theorem 7.36 By Lemma 7.39 and 7.41,

−c−1
α

�
(Lu)TΦu dx =

1

2
c−1
α

|u(0)|2 + I1 + I2 + I3,

where

I1 =

�
r−1

�
|Drū|

2 + α
2α+ 3

α+ 2
(Drūi)

2ω2
i
+ |Dv|2

+ α(div v)2 +
α

α+ 2
|(Dkv) · ω|

2

�
dx,

I2 =

�
r−1

�
α2

α+ 2
(div v)[ωi(Div) · ω] + α

3α+ 4

α+ 2
(Drū · ω)(div v)

+ α(Drū · ω)[ωi(Div) · ω]

�
dx,

I3 =

�
α

α+ 2
r−2

�
vk(Dkv) · ω − (div v)(v · ω)

�
dx.

Consider first the case α � 0. By switching to polar coordinates, we have

I1 �
�

r−1

�
|Drū|

2 + α
2α+ 3

α+ 2
(Drūi)

2ω2
i
+ |Dv|2 + α(div v)2

�
dx

=

� ∞

0
r

��
1 +

α

3
·
2α+ 3

α+ 2

�
�Drū�

2
ω
+ �Dv�2

ω
+ α� div v�2

ω

�
dr,

where we have written � · �ω for � · �L2(S2) and used the fact that

�

S2

(Drūi)
2ω2

i
dσ =

4π

3

3�

i=1

(Drūi)
2 =

1

3

�

S2

|Drū|
2 dσ =

1

3
�Drū�

2
ω
.

Next,

|I2| �
�

r−1

�
α2

α+ 2
| div v||Dv|+ α

3α+ 4

α+ 2
|Drū · ω|| div v|+ α|Drū · ω||Dv|

�
dx

�
� ∞

0
r

�
α2

α+ 2
� div v�ω�Dv�ω +

α
√
3
·
3α+ 4

α+ 2
�Drū�ω� div v�ω

+
α
√
3
�Drū�ω�Dv�ω

�
dr,

where we have used

�Drū · ω�2
ω
=

�

S2

DrūiDrūj · ωiωj dσ

= DrūiDrūj ·
4π

3
δij =

4π

3

3�

i=1

(Drūi)
2 =

1

3
�Drū�

2
ω
.
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As for I3, we note that

|I3| �
α

α+ 2

�
r−2

�
|v||Dv|+ |v|| div v|

�
dx

� α

α+ 2

� ∞

0
�v�ω

�
�Dv�ω + � div v�ω

�
dr.

Since 2 is the first non-trivial eigenvalue of the Laplace-Beltrami operator on
S2, we have

�v�2
ω
=

�

S2

|v(rω)|2 dσ � 1

2

�

S2

|Dω[v(rω)]|
2 dσ

=
r2

2

�

S2

|(Dωv)(rω)|
2 dσ � r2

2
�Dv�2

ω
, (7.53)

where Dω is the gradient operator on S2. Thus

|I3| �
1
√
2
·

α

α+ 2

� ∞

0
r
�
�Dv�2

ω
+ �Dv�ω� div v�ω

�
dr,

and by putting all pieces together we obtain

I1 + I2 + I3 �
� ∞

0
r
�
wTB+w

�
dr, (7.54)

where

w =
�
�Drū�ω, �Dv�ω, � div v�ω

�T
,

B+ =





1 +
α

3
·
2α+ 3

α+ 2
−

α

2
√
3

−
α

2
√
3
·
3α+ 4

α+ 2

−
α

2
√
3

1−
1
√
2
·

α

α+ 2
−
α

2
·
α+ 2−1/2

α+ 2

−
α

2
√
3
·
3α+ 4

α+ 2
−
α

2
·
α+ 2−1/2

α+ 2
α




.

Clearly, the weighted positive definiteness of L follows from the positive defi-
niteness of B+, because the latter implies, for some c > 0, that

� ∞

0
r
�
wTB+w

�
dr � c

� ∞

0
r|w|2 dr

� c

� ∞

0
r
�
�Drū�

2
ω
+ �Dv�2

ω

�
dr = c

�
r−1

|Du|2 dx.

The positive definiteness of B+, on the other hand, is equivalent to the posi-
tivity of the determinants of all leading principal minors of B+:
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p+,1(α) =
2α2 + 6α+ 6

3(α+ 2)
> 0, (7.55a)

p+,2(α) = −
1

12(α+ 2)2

�
α4

− 4(1−
√
2)α3

− 12(3−
√
2)α2

− 12(6−
√
2)α− 48

�
> 0, (7.55b)

p+,3(α) = −
α

12(α+ 2)3

�
6α5 + (23 + 3

√
2)α4 + (13 + 19

√
2)α3

− (77− 38
√
2)α2

− (157− 24
√
2)α− 96

�
> 0.

(7.55c)

With the help of computer algebra packages, we find that (7.55) holds for
0 � α < α+, where α+ ≈ 1.524 is the largest real root of p+,3.

The estimates of I1, I2, and I3 are slightly different when α < 0, since
now the quadratic term α� div v�2

ω
in I1 is negative. This means that it is no

longer possible to control the � div v�ω terms in I2, I3 by α� div v�2
ω
, and in

order to obtain positivity we need to bound � div v�ω by �Dv�ω as follows:

� div v�2
ω
� 3�Dv�2

ω
.

This leads to the following revised estimates:

I1 �
� ∞

0
r

��
1 +

α

3
·
2α+ 3

α+ 2

�
�Drū�

2
ω
+ �Dv�2

ω
+ 3α�Dv�2

ω
+

α

α+ 2
�Dv�2

ω

�
dr,

|I2| �
� ∞

0
r

�√
3α2

α+ 2
�Dv�2

ω
− α

3α+ 4

α+ 2
�Drū�ω�Dv�ω −

α
√
3
�Drū�ω�Dv�ω

�
dr,

|I3| � −
1
√
2
·

α

α+ 2

� ∞

0
r
�
�Dv�2

ω
+
√
3 �Dv�2

ω

�
dr.

Hence

I1 + I2 + I3 �
� ∞

0
r
�
wTB−w

�
dr, (7.56)

where

w =
�
�Drū�ω, �Dv�ω

�T
,

B− =




1 +

α

3
·
2α+ 3

α+ 2

α

2
·
3α+ 4

α+ 2
+

α

2
√
3

α

2
·
3α+ 4

α+ 2
+

α

2
√
3
1 + 3α+

α

α+ 2

�
1 +

1 +
√
3

√
2

−
√
3α

�



 .

The positive definiteness of B− is equivalent to:
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p−,1(α) =
2α2 + 6α+ 6

3(α+ 2)
> 0, (7.57a)

p−,2(α) =
1

6(α+ 2)2

�
−(2 + 7

√
3)α4 + 2(15 +

√
2− 11

√
3 +

√
6)α3

+ 2(57 + 3
√
2− 10

√
3 + 3

√
6)α2 + 6(20 +

√
2 +

√
6)α+ 24

�
> 0,

(7.57b)

and (7.57) holds for α− < α < 0, where α− ≈ −0.194 is the smallest real root
of p−,2.

Now we show that the 3D Lamé system is not positive definite with weight
Φ when α is either too close to −1 or too large. By Proposition 7.34, the 3D
Lamé system is positive definite with weight Φ only if

�

i,β,γ

Aβγ

ip
ξβξγΦip(ω) � 0, ∀ξ ∈ R3, ∀ω ∈ S2 (p = 1, 2, 3),

where
Aβγ

ij
= δijδβγ +

α

2
(δiβδjγ + δiγδjβ)

and (see equation (7.45))

Φij(ω) = cαr
−1

�
δij +

α

α+ 2
ωiωj

�
(i, j = 1, 2, 3).

This means, in particular, that the matrix

A(ω;α) :=

� 3�

i=1

Aβγ

i1 Φi1(ω)

�3

β,γ=1

=
cαr−1

2(α+ 2)




2(α+ 1)(α+ 2 + αω2

1) α2ω1ω2 α2ω1ω3

α2ω1ω2 2(α+ 2 + αω2
1) 0

α2ω1ω3 0 2(α+ 2 + αω2
1)





is semi-positive definite for any ω ∈ S2 if the 3D Lamé system is positive
definite with weight Φ. But A(ω;α) is semi-positive definite only if the deter-
minant of its leading principal minor

d2(ω;α) := det

�
2(α+ 1)(α+ 2 + αω2

1) α2ω1ω2

α2ω1ω2 2(α+ 2 + αω2
1)

�

= 4(α+ 1)(α+ 2 + αω2
1)

2
− α4ω2

1ω
2
2

is non-negative, and elementary estimate shows that

min
ω∈S2

d2(ω;α) � d2
�
(2−1/2, 2−1/2, 0);α

�

= (α+ 1)(3α+ 4)2 −
α4

4
=: q(α).

It follows that the 3D Lamé system is not positive definite with weight Φ when

q(α) < 0, which holds for α < α(c)
− ≈ −0.902 or α > α(c)

+ ≈ 39.450.
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Remark 7.43. We have in fact shown that, for α− < α < α+ and some c > 0
depending on α,

�
(Lu)TΦu dx � 1

2
|u(0)|2 + c

�
|Du(x)|2

dx

|x|
.

If we replace Φ(x) by Φy(x) := Φ(x− y), then

�
(Lu)TΦyu dx =

�
[Lu(x+ y)]TΦu(x+ y) dx

� 1

2
|u(y)|2 + c

�
|Du(x+ y)|2

dx

|x|

� 1

2
|u(y)|2 + c

�
|Du(x)|2

|x− y|
dx. (7.58)

7.4 The polyharmonic operator.

7.4.1 The case n � 2m.

Here we consider L2-weighted positivity of the polyharmonic operator. The
weight Ψ is the fundamental solution of the operator (−∆)m:

Ψ(x) =

�
γ|x|2m−n for 2m < n

γ log D

|x| for 2m = n

where D is a positive constant and

γ =

�
21−m[(m− 1)!(n− 2)(n− 4) . . . (n− 2m)ωn−1]−1 for 2m < n

[2m−1(m− 1)!]−2(ωn−1)−1 for 2m = n,

ωn−1 being the (n− 1)-dimensional measure of the unit shpere.

Proposition 7.44. Let n � 2m and let

�

Ω

u(x)(−∆)mu(x)Ψ(x− p)dx � 0 (7.59)

for all u ∈ C∞
0 (Ω) and, at least, for one point p ∈ Ω. Then

n = 2m, 2m+ 1, 2m+ 2 for m > 2

and

n = 4, 5, 6, 7 for m = 2.
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Proof. Assume that n � 2m + 3 for m > 2 and n � 8 for m = 2. Denote by
(r,ω) the spherical coordinates with center p, r > 0, ω ∈ ∂B1(p), and by G
the image of Ω under the mapping x → (t,ω), t = − log r. Since

r2∆u = r2−n

�
r
∂

∂r

��
rn−2

�
r
∂

∂r

�
u

�
+ δωu,

where δω is the Beltrami operator on ∂B1(p), then

∆ = e2t
�

∂2

∂t2
− (n− 2)

∂

∂t
+ δω

�
= e2t

��
∂

∂t
−

n− 2

2

�2

−A

�

where

A = −δω +
(n− 2)2

4
. (7.60)

Hence

r2m∆m =
m−1�

j=0

��
∂

∂t
−

n− 2

2
+ 2j

�2

−A

�
(7.61)

Let u be a function inC∞
0 (Ω), which depends only on |x − p|. We set

w(t) = u(x). Clearly, L(-a)mu(.).
�

Ω

(−∆)mu(x) · u(x)Ψ(x− p)dx =

�

R1

w(t)P (d/dt)w(t)dt, (7.62)

where

P (λ) = (−1)mγωn−1

m−1�

j=0

(λ+ 2j)(λ− n+ 2 + 2j) =

= (−1)mγωn−1λ(λ− n+ 2)
m−1�

j=1

(λ+ 2j)(λ− n− 2m+ 2 + 2j)

Let

P (λ) = (−1)mγωn−1λ
2m +

2m−1�

k=1

akλ
k.

We have

a2 = (λ−1P (λ))�
���
λ=0

=
1

2− n
+

2m−1�

j=1

�
1

2j
−

1

n− 2− 2m+ 2j

�
.

Hence and by n � 2m+ 3

a2 =
1

2
−

1

n− 2
−

1

n− 2m
+

m−1�

j=1

n− 2− 2m

2j(n− 2− 2m+ 2j)

� 1

2
−

1

n− 2
−

1

n− 2m
> 0.
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We choose a real-valued function η ∈ C∞
0 (1, 2) normalized by

�

R1

|η�(σ)|2dσ = 1

and we set u(x) = η(εt), where ε is so small that suppu ⊂ Ω. The quadratic
form on the right in (7.62) equals

�

R1

�
ε2mγωn−1|η

(m)(εt)|2 +
m−1�

k=1

a2k(−1)kε2k|η(k)(εt)|2
�
dt

= −a2ε+O(ε3) < 0,

which contradicts the assumption (7.59).

Now we prove the converse statement. By ∇k we mean the gradient of
order k, i.e. ∇k = {∂α} with |α| = k.

Proposition 7.45. Let Ψp(x) = Ψ(x− p), where p ∈ Ω. If

n = 2m, 2m+ 1, 2m+ 2 for m > 2,

n = 4, 5, 6, 7 for m = 2,

n = 2, 3, 4, . . . for m = 1,

then for all u ∈ C∞
0 (Ω)

�

Ω

u(x)(−∆)mu(x)Ψ(x−p)dx � 2−1u2(p)+c
m�

k=1

�

Ω

|∇ku(x)|2

|x− p|2(m−k)
Ψ(x−p)dx

(7.63)
(in the case n = 2m the constant D in the definition of Ψ is greater than

|x− p| for all x ∈ suppu).

Proof. We preserve the notation introduced in the proof of Proposition 7.44.
We note first that (7.63) becomes identity when m = 1. The subsequent proof
will be divided into four parts.

(i) The case n = 2m+ 2. By (7.61),

r−2m∆m =
m−1�

j=0

�
∂

∂t
−m+ 2j −A1/2

�m−1�

j=0

�
∂

∂t
−m+ 2j +A1/2

�

where A = −δω + m2 and A1/2 is defined by using spherical harmonics. By
setting k = m− j in the second product, we rewrite the right-hand side as

m−1�

j=0

�
∂

∂t
−m+ 2j −A1/2

� m�

k=1

�
∂

∂t
+m− 2k +A1/2

�
.

This can be represented in the form
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�
∂

∂t
−m−A1/2

��
∂

∂t
−m+A1/2

�m−1�

j=1

�
∂2

∂t2
−B2

j

�
,

where Bj = A1/2 +m− 2j. Therefore

2m∆m =

�
∂2

∂t2
+ δω − 2m

∂

∂t

�m−1�

j=1

�
∂2

∂t2
−B2

j

�

=

�
∂2

∂t2
+ δω

�m−1�

j=1

�
∂2

∂t2
−B2

j

�

+(−1)m2m
∂

∂t

m−1�

j=0

�
−

∂2

∂t2

�m−j−1 �

k1<...<kj

B2
k1

. . . B2
kj
.

We extend u by zero outside Ω and introduce the function w defined by
w(t,ω) = u(x). We write the left-hand side of (7.63) in the form γ(I1 + I2),
where γ is the constant in the definition of Ψ ,

I1 = 2m

�

G

∂

∂t

m−1�

j=0

�
−

∂2

∂t2

�m−j−1 �

k1<...<kj

B2
k1

. . . B2
kj
w · w dt dω

and

I2 = (−1)m
�

G

�
∂2

∂t2
+ δω

�m−1�

j=1

�
∂2

∂t2
−B2

j

�
w · w dt dω.

Since the operators Bj are symmetric, it follows that

I1 = m
m−1�

j=0

�

k1<...<kj

�

R1

∂

∂t

�

∂B1

�
∂m−j−1

∂tm−j−1
Bk1 . . . Bkj

w

�2

dω dt

= m
m−1�

j=0

�

k1<...<kj

�

∂B1

����

�
∂m−j−1

∂tm−j−1
Bk1 . . . Bkj

w

�
(+∞,ω)

����
2

dω .

By u ∈ C∞(Ω), we have w(t,ω) = u(p)+O(e−t) as t → +∞, and this can
be differentiated. Therefore, all the terms with j < m − 1 are equal to zero
and we find

I1 = m

�

∂B1

|(B1 . . . Bm−1w)(+∞,ω)|2dω = mu2(p)

�

∂B1

|B1 . . . Bm−11|
2dω .

By Bj = (−δω +m2)1/2 +m− 2j, we have

I1 = 4m−1m[(m− 1)!]2ω2m+1.

Since in the case n = 2m+ 2
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γ−1 = 22m−1m[(m− 1)!]2ω2m+1 ,

we conclude that
I1 = (2γ)−1u2(p). (7.64)

We now wish to obtain the lower bound for I2. Let �w denote the Fourier
transform of w with respect to t. Then

I2 =

�

∂B1

�

R1

(λ2
− δω)

m−1�

j=1

(λ2 +B2
j
) �w(λ,ω) �w(λ,ω) dλ dω .

Clearly,

Bj � (m2
− δω)

1/2
−m+ 2 � 2m−1(m2

− δω)
1/2,

and
λ2 +B2

j
� 4m−2(λ2 + 1− δω),

the operators being compared with respect to their quadratic forms. Thus

�m
2

�2m−2
I2 �

�

∂B1

�

R1

(λ2
− δω)(λ

2 + 1− δω)
m−1 �w(λ,ω) �w(λ,ω) dλ dω

c

�����
∂w

∂t

����
2

Hm−1(G)

+ �∇ωw�
2
Hm−1(G)

�
,

where Hm−1 is the Sobolev space. This is equivalent to the inequality

I2 � c

�

Ω

m�

k=1

|∇ku(x)|2

|x− p|n−2k
dx ,

which along with (7.64) completes the proof for n = 2m+ 2.
(ii) The case n = 2m + 1. We shall treat this case by descent from n =

2m + 2 to n = 2m + 1. Let z = (x, s), where x ∈ Ω, s ∈ R1, and q = (p, 0) ,
where p ∈ Ω, 0 ∈ R1. We introduce a cut-off function η ∈ C∞

0 (−2, 2) which
satisfies η(s) = 1 for |s| � 1 and 0 � η � 1 on R1. Let

Uε(z) = u(x)η(εs)

and let Ψ (n) denote the fundamental solution of (−∆)m in Rn.
By integrating

(−∆z)
mΨ (n+1)(z, q) = δ(z − q),

with respect to s ∈ R1 we have

Ψ (n)(x, y) =

�

R1

Ψ (k+1)(z, q) ds . (7.65)

From part (i) of the present proof we obtain
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�

Ω×R1

(−∆z)
mUε(z) · Uε(z)Ψ

(k+1)(z − q) dz

� 1

2
U2
ε
(q) + c

�

Ω×R1

m�

k=1

|∇kUε(z)|2

|z − q|2(m+1−k)
dx .

By letting ε → 0, we find

�

Ω×R1

(−∆x)
mu(x) · u(x)Ψ (n+1)(z − q) ds dx

� 1

2
u2(p) + c

�

Ω×R1

m�

k=1

|∇ku(x)|2

|z − q|2(m+1−k)
ds dx .

The result follows from (7.65).
(iii) The case m = 2, n = 7. By (7.61),

30ω6

�

Ω

∆2u(x) · u(x)Ψ(x− p) dx

=

�

G

(wtt − 5wt + δωw)(wtt + wt − 6w + δωw) dt dω .

Since w(t,ω) = u(p) +O(e−t) as t → +∞, the last integral equals

�

G

�
w2

tt
− 5w2

t
− 6wttw + 2wttδωw + (δωw)

2
− 6wδωw

�
dt dω + 15ω6u

2(p) .

After integrating by parts we rewrite this in the form
�

G

�
w2

tt
+ (δωw)

2 + 2(∇ωwt)
2 + 6(∇ωw)

2 + w2
t

�
dt dω + 15ω6u

2(p) .

Using the variables (r,ω), we obtain that the left-hand side exceeds

c

�

Ω

�
(∆u(x))2

|x− p|3
+

|∇u(x)|2

|x− p|

�
dx+ 15ω6u

2(p) .

Since

|∇2u|
2
− (∆u)2 = ∆((∇u)2)−

∂2

∂xi∂xj

�
∂u

∂xi

∂u

∂xj

�
,

it follows that
�

Ω

(∇2u(x))2

|x− p|3
dx �

�

Ω

(∆u(x))2

|x− p|
dx+ c

�

Ω

(∇u(x))2

|x− p|
dx ,

which completes the proof.
(iv) The case n = 2m. By (7.61),
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r2m∆m =
m−1�

j=0

��
∂

∂t
−m+ 1 + 2j

�2

− (m− 1)2 + δω

�

=
m−1�

j=0

�
∂

∂t
−m+ 1 + 2j − E

1/2

�m−1�

j=0

�
∂

∂t
−m+ 1 + 2j + E

1/2

�
,

where E = −δω +(m−1)2. We introduce k = m−1− j in the second product
and obtain

r2m∆m =
m−1�

j=0

�
∂2

∂t2
− F

2
j

�
,

where Fj = m− 1− 2j + E1/2. Hence

�

Ω

(−∆)mu(x) · u(x)Ψ(x− p) dx = γ

�

G

m−1�

j=0

�
−

∂2

∂t2
+ F

2
j

�
w · (�+ t)w dt dω

(7.66)
where � = logD. Since w(t,ω) = u(p) +O(e−t) and

m−1�

j=0

�
−

∂2

∂t2
+ F

2
j

�
=

m�

j=0

�
−

∂2

∂t2

�m−j �

k1<...<kj

F
2
k1

. . .F2
kj
,

the right-hand side in (7.66) can be rewritten as

γ

�

G

m�

j=0

�

k1<...<kj

�
∂

∂t

�m−j

Fk1 . . .Fkj
w

×

�
∂

∂t

�m−j

((�+ t)Fk1 . . .Fkj
w)dt dω =

γ

�

G

m�

j=0

�

k1<...<kj

��
∂

∂t

�m−j

Fk1 . . .Fkj
w

�2

(�+ t)dt dω

+
γ

2

�

G

m−1�

j=0

�

k1<...<kj

(m− j)
∂

∂t

��
∂

∂t

�m−1−j

Fk1 . . .Fkj
w

�2

dt dω .

The second integral in the right-hand side equals

lim
t→+∞

�

∂B1(p)

m−1�

j=0

�

k1<...<kj

(m− j)

��
∂

∂t

�m−1−j

Fk1 . . .Fkj
w

�2

dω

= lim
t→+∞

�

∂B1(p)

�

k1<...<km−1

(Fk1 . . .Fkm−1e)
2dω

and since Fm−1(t,ω) = O(e−t) the last expression is equal to
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lim
t→+∞

�

∂B1(p)
(F0 . . .Fm−2w)

2dω = (2m−1(m− 1)!)2ωn−1u
2(p) .

Hence
�

Ω

(−∆)mu(x) · u(x)Ψ(x− p) dx =
1

2
u2(p)

+γ

�

G

(�+ t)
m−1�

j=0

�

k1<...<kj

��
∂

∂t

�m−1−j

Fk1 . . .Fkj
w

�2

dt dω .

Since Fm−1 � c(−δ)1/2 and Fk � c(−δ+1)1/2 for k < m−1, the last integral
majorizes

c

�

G

(�+ t)
�

1�µ+ν�m−1

��
∂

∂t

�µ

(−δ)ν/2w

�2

dt dω

� c

�

Ω

log
D

|x− p|

m�

k=1

|∇ku(x)|2

|x− p|2(m−k)
dx,

which completes the proof.

7.4.2 Accretivity of the biharmonic operator in R3.

In this Section we show that one can have L2-positivity also for weights which
are not power weights, as previously done. In fact we shall show that the
biharmonic operator is L2-positive with respect to certain a weight g.

Let (r,ω) be the spherical coordinates in R3, i.e. r = |x| ∈ (0,∞) and
ω = x/|x| ∈ S2, the unit sphere. Now let t = log r−1. By κ we denote the
mappings

R3
� x → (t,ω) ∈ R× S2. (7.67)

The symbols δω and ∇ω refer, respectively, to the Laplace-Beltrami oper-
ator and the gradient on S2.

Theorem 7.46. Let ω be an open set in R3
, u ∈ C∞

0 (Ω) and v = et(u◦κ−1).
Then

�

R3

u(x)∆2u(x) |x|−1G(log |x|−1) dx =
�

R

�

S2

�
(δωv)

2G+ 2(∂t∇ωv)
2G+ (∂2

t
v)2G− (∇ωv)

2(∂2
t
G+ ∂tG+ 2G)

−(∂tv)
2(2∂2

t
G+ 3∂tG−G) +

1

2
v2(∂4

t
G+ 2∂3

t
G− ∂2

t
G− 2∂tG)

�
dωdt,

(7.68)
for every function G on R such that both sides of (7.68) are well-defined.
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Proof. In the system of coordinates (t,ω) the 3-dimensional Laplacian can be
written as

∆ = e2tΛ(∂t, δω), where Λ(∂t, δω) = ∂2
t
− ∂t + δω. (7.69)

Then passing to the coordinates (t,ω), we have
�

R3

u(x)∆2u(x) |x|−1G(log |x|−1) dx

=

�

R3

∆u(x)∆
�
u(x) |x|−1G(log |x|−1)

�
dx

=

�

R

�

S2

Λ(∂t − 1, δω)vΛ(∂t, δω)(vG) dωdt

=

�

R

�

S2

(∂2
t
v − 3∂tv + 2v + δωv)(∂

2
t
(vG)− ∂t(vG) +Gδωv) dωdt

�

R

�

S2

(∂2
t
v − 3∂tv + 2v + δωv)

×(Gδωv +G∂2
t
v + (2∂tG−G)∂tv + (∂2

t
G− ∂tG)v) dωdt

=

�

R

�

S2

��
(δωv)

2 + 2δωv∂
2
t
v + (∂2

t
v)2

�
G+ (vδωv + v∂2

t
v)(∂2

t
G− ∂tG+ 2G)

+(∂ωv∂tv + ∂2
t
v∂tv)(2∂tG− 4G) + (∂tv)

2(−6∂tG+ 3G)

+v∂tv(−3∂2
t
G+ 7∂tG− 2G) + v2(2∂2

t
G− 2∂tG)

�
dωdt.

(7.70)
This, in turn, is equal to

�

R

�

S2

�
g(∂ωv)

2
− 2Gδω∂tv∂tv +G(∂2

t
v)2

+(∇ωv)
2(−∂2

t
G−

�
∂2
t
G− ∂tG+ 2G) + (∂2

t
G− 2∂tG)

�

+(∂tv)
2
�
−(∂2

t
G− ∂tG+ 2G) + (−∂2

t
G+ 2∂tG) + (−6∂tG+ 3G)

�

+v∂tv
�
−(∂2

t
G− ∂2

t
G+ 2∂tG) + (−3∂2

t
G+ 7∂tG− 2G)

�

+v2(2∂2
t
G− 2∂tG)

�
dωdt,

(7.71)

and integrating by parts once again we obtain (7.68).

In order to single out the term with v2 in (7.68) we shall need the following
auxiliary result.

Lemma 7.47. Consider the equation

d4g

dt4
+ 2

d3g

dt3
−

d2g

dt2
− 2

dg

dt
= δ, (7.72)

where δ stands for the Dirac delta function. A unique solution to (7.72) which
is bounded and vanishes at +∞ is given by



7.4 The polyharmonic operator. 217

g(t) = −
1

6

�
et − 3, t < 0,

e−2t − 3e−t, t > 0.
(7.73)

Proof. Since the equation (7.72) is equivalent to

d

dt

�
d

dt
+ 2

��
d

dt
+ 1

��
d

dt
− 1

�
g = δ, (7.74)

a bounded solution of (7.72) vanishing at +∞ must has the form

g(t) =

�
aet + b, t < 0,

ce−2t + de−t, t > 0,
(7.75)

for some constants a, b, c, d. Once this is established, we find the system of
coefficients so that ∂k

t
g is continuous for k = 0, 1, 2 and limt→0+ ∂3

t
g(t) −

limt→0− ∂3
t
g(t) = 1.

With Lemma 7.47 at hand, a suitable choice of the function G yields the
positivity of the left-hand side of 7.68. The details are as follows.

Theorem 7.48. Let Ω be a bounded domain in R3
, 0 ∈ R3 \ Ω, u ∈ C∞

0 (Ω)
and v = et(u ◦ κ−1). Then for every ξ ∈ Ω and τ = log |ξ|−1

we have

1

2

�

S2

v2(δ,ω) dω �
�

R3

u(x)∆2u(x) |x|−1g(log |x|−1) dx (7.76)

where g is given by (7.73).

Proof. Representing v as a series of spherical harmonics and noting that the
eigenvalues of the Laplace-Beltrami operator on the unit sphere are k(k+ 1),
k = 0, 1, . . ., we arrive at the inequality

�

S2

|δωv|
2dω � 2

�

S2

|∇ωv|
2dω. (7.77)

Now, let us take G(t) = g(t − τ), t ∈ R. Since g � 0, the combination of
Lemma 7.47, (7.68) and (7.77) allows to obtain the estimate

�

R3

�

R3

u(x)∆2u(x) |x|−1g(log |x|−1) dx

�
�

R

�

S2

�
− (∇ωv)

2
�
∂2
t
g(t− τ) + ∂tg(t− τ)

�

−(∂tv)
2
�
2∂2

t
g(t− τ) + 3∂tg(t− τ)− g(t− τ)

� �
dωdt+

1

2

�

S2

v2(τ,ω) dω .

(7.78)
Thus, the matters are reduced to showing that

∂2
t
g + ∂tg � 0 and 2∂2

t
g + 3∂tg − g � 0. (7.79)
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Indeed we compute

∂tg(t) = −
1

6

�
et, t < 0,

−2e−2t + 3e−t, t > 0,
(7.80)

and

∂2
t
g(t) = −

1

6

�
et, t < 0,

4e−2t − 3e−t, t > 0,
(7.81)

which gives

∂2
t
g(t) + ∂tg(t) = −

1

3

�
et, t < 0,

e−2t, t > 0,

and

2∂2
t
g(t) + 3∂tg(t)− g(t) = −

1

6

�
4et + 3, t < 0,

e−2t + 6e−t, t > 0.

Clearly, both functions above are non-positive.

7.5 Weighted positivity for real positive powers of
Laplacian

7.5.1 Notation and preliminaries

Here we
Let S = S (Rn) be the Schwartz class of complex valued functions. Let

L be the class of functions in S with all moments equal to 0 and L̂ the
space of Fourier transforms of these functions, that is

L = {u ∈ S : ∂αû(0) = 0, |α| ∈ N}, L̂ = {û : u ∈ L }.

Here, α is a multi-index, N = {0, 1, . . .} and

û(ξ) =

�
e−ix·ξu(x) dx.

Whenever we omit writing out the domain of integration, we mean integration
over Rn. The Fourier-Laplace transform û(ξ), with a complex ξ will be used
only in R1 in cases where the integral is absolutely convergent.

For µ ∈ R and u a sufficiently good function (like u ∈ S if µ > −n/2,
u ∈ L otherwise), we define (−∆)µ by

((−∆)µu)∧(ξ) = |ξ|2µû(ξ).

Notice that (−∆)µ is bijective on L .
We define the l’th order gradient by ∇lu = {(l!/α!)1/2∂αu}|α|=l.
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The gamma-function Γ is analytic in the complex plane, except for simple
poles at 0,−1, . . .. We write |Γ (−m)| = ∞ when m ∈ N. The asymptotic
formula

Γ (α+ z)/Γ (β + z) = zα−β(1 +Ω(1/|z|)), |z| → ∞. (7.82)

for α,β ∈ R and | arg(z)| < π, will be useful. We denote (λ)m = Γ (λ +
m)/Γ (λ).

The psi-function is defined by ψ = Γ �/Γ . When working with this function,
we will only need the formula

ψ(z)− ψ(w) =
∞�

m=0

�
1

m+ w
−

1

m+ z

�
. (7.83)

We define power weights,

Γλ(x) = cλ|x|
2λ−n, with cλ = 2−2λπ−n/2Γ (n/2− λ)Γ (λ)−1.

For λ ∈ −N, we interpret cλ = 0. If x �= 0, the function λ �→ Γλ(x) is analytic

except for simple poles at n/2 + N. If 0 < λ < n/2, we have �Γλ(x) = |x|−2λ

in the sense of distributions.
Let {Sj,k}

dn,j

k=1 be an orthogonal base (with respect to the scalar product
in L2(Sn−1)) for the space of all spherical harmonic functions having degree
j. Then,

dn,j =






�
n+j−1

j

�
−

�
n+j−3
j−2

�
, j ≥ 2,

n, j = 1,

1, j = 0.

In case of R1, dn,j = 0 for j ≥ 2 and we only define the two functions:

S0,1(1) = S0,1(−1) = S1,1(1) = −S1,1(−1) = 1/
√
2.

Sj will mean any normalized spherical harmonic function of degree j. We
write Sj(x) = |x|jSj(x�), where x = |x|x�. Let ωn−1 = 2πn/2Γ (n/2)−1 denote
the area of Sn−1.

The letter c denotes a finite positive constant, which value we allow to
change within a series of inequalities.

7.5.2 Diagonalization

This section contains the basic facts about the diagonalization of quadratic
forms like those in the introduction.

Let σ, τ, η ∈ R, γ = l + s, where l ∈ N and 0 ≤ s ≤ 1. We put λ =
σ + τ + γ + η, and assume throughout this section that λ < n/2. We define
the quadratic form
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Iσ,τ,γ
η

(f) =

��
|x|2σ|y|2τ (2x · y)l(|x|2s + |y|2s − |x− y|2s)

|x− y|2λ
f(x)f(y) dx dy,

where f is a sufficiently good function. By changing the function f , one of the
parameters σ, τ, η may be regarded as redundant, but it will be convenient to
include all of them. For simplicity we assume that f ∈ S if the above kernel
belongs to L1

loc(R2n) and f ∈ L̂ otherwise. Then the double-integral will be
always absolutely convergent.

The following lemma can be proved by assuming τ ≤ σ, integrating the
modulus of the kernel over the set {|y| ≤ |x| ≤ 1} and changing variables
according to x = rx�, y = try�.

Lemma 7.49. The kernel of Iσ,τ,γ
η

belongs to L1
loc

(R2n) if and only if η < n
and 2min(σ, τ) + l +min(1, 2s) > −n.

We shall use the following decomposition of f :

f(x) = |x|−n

∞�

j=0

dn,j�

k=1

fj,k(log |x|)Sj,k(x
�), x = |x|x�, (7.84)

where the functions Sj,k are described in the previous section. In case n = 1,
this is just a decomposition into even and odd parts. In the sequel, we write
the double sum as

�
j,k

.
We collect same basic facts about the functions fj,k in the following lemma.

As the statements are easily checked we omit the proof.

Lemma 7.50. Let f be decomposed as above. If f ∈ S then �fj,k is analytic

above the line t− in, t ∈ R in the complex plane. If f ∈ L̂ then �fj,k is entire.

The following holds when the �fj,k are addressed in the appropriate region

as above:

(i) The function ξ �→ �fj,k(ξ + iµ) belongs to S .

(ii) The transformation f �→ |x|µf corresponds to �fj,k(ξ) �→ �fj,k(ξ + iµ).

(iii) (−∆)µ/2Sj,k(∂) �f(0) = ij�fj,k(i(µ+ j)).

(iv) |x|µf ∈ L iff �fj,k(i(µ+ j +m)) = 0, for m = 0, 1, . . ..

In order to diagonalize the form Iσ,τ,γ
η

we need to introduce functions
Φσ,τ,γ

η,j
and functionals Aσ,τ,γ

η,j
. For each of these we again associate the number

λ = σ + τ + γ + η < n/2.
First define

Φσ,τ,0
0,j (ξ) =

ωn−1

2

∞�

m=0

aλ
j,m

� 1

σ +m+ z
+

1

τ +m+ z

�
, z =

j + iξ

2
, (7.85)

where aλ
j,m

= (λ)j+m(λ + 1 − n/2)m/(n/2)j+mm!. These coefficients behave

like aλ
j,m

= O(m2λ−n) for large m, so the restriction on λ guarantees that the
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series converges uniformly in ξ. By formula 1.4(3) in [4] vol. 1, this can be
written in a closed form,

Φσ,τ,0
0,j (ξ) =

πn22λcλΓ (σ + z)Γ (τ + z)

Γ (n/2− τ + z)Γ (n/2− σ + z)
. (7.86)

Both (7.85) and (7.86) will be useful in the sequel.
We extend the definition by means of the formulas

Φσ,τ,0
η,j

= Φσ+η/2,τ+η/2,0
0,j , (7.87)

Φσ,τ,l+s

η,j
= Φσ+s,τ,l

η,j
+ Φσ,τ+s,l

η,j
− Φσ,τ,l

η,j
, 0 ≤ s ≤ 1. (7.88)

From (7.82) and the recursion formula (7.88), we obtain the asymptotic for-
mula,

Φσ,τ,γ

η,j
(ξ) = 2l+�s�+2λcλπ

n
|z|2λ−n(1 + ω(1)), |z| → ∞, (7.89)

where �s� is the smallest integer greater or equal to s and where ω(1) → 0
when |z| → ∞.

Let us interpret ReΦσ,τ,γ

η,j
(0) as limξ→0 ReΦσ,τ,γ

η,j
(ξ). Then all ReΦ become

continuous as functions of ξ, as is seen in (7.85).
We proceed now with the definition of theQ’s. First introduce the auxiliary

quantity

Qσ,τ

j
(φ) =

ωn−1

2

∞�

m=0

(1− sgn(bm))aλ
j,m

φ(ibm)φ(−ibm),

where bm = 2(σ +m) + j. Next we define

Qσ,τ,0
0,j (φ) = Qσ,τ

j
(φ) +Qτ,σ

j
(φ). (7.90)

Finally we extend the definition in exactly the same manner as was done with
the functions Φ.

If γ > 0, some terms in theQ will cancel (see Lemma 7.52). This is essential
in the next lemma when we apply it to functions that are less regular than
the definition may suggest is needed.

Let us finally introduce

Qσ,τ,γ

η
(f) =

�

j,k

Aσ,τ,γ

η,j
(Tiη

�fj,k), (7.91)

Rσ,τ,γ

η
(f) =

1

2π

�

j,k

� ∞

−∞
Φσ,τ,γ

η,j
|Tiη

�fj,k|2 dξ, (7.92)

where Tiη
�fj,k(ξ) = �fj,k(ξ − iη) and the integral is to be taken as a principal

value if the imaginary part of Φσ,τ,γ

η,j
is singular at 0.

We are now ready to formulate the main lemma concerning the diagonal-
ization.
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Lemma 7.51. Let f be as in the definition of Iσ,τ,γ
η

(f). Then

Iσ,τ,γ
η

(f) = Qσ,τ,γ

η
(f) +Rσ,τ,γ

η
(f). (7.93)

Proof. First let f ∈ L̂ , even if the kernel of the I is in L1
loc

(R2n). Then, since

Iσ,τ,γ
η

(f) = Iσ+η/2,τ+η/2,γ
0 (|x|−ηf) and since multiplying f by |x|−η amounts

to applying Tiη to all �fj,k’s (Lemma 7.50 (ii)), we may assume that η = 0.
Also, since I, Q and R satisfies the same recursion formula (7.88), we can let
γ = 0. (For f ∈ L̂ , all occurring terms will be well defined.)

We introduce new variables by

x = esx�, y = ety�, p = t− s, ν = x�
· y�.

Let Kσ,τ,γ(p, ν) be the kernel of Iσ,τ,γ0 in those variables. (For later reference,
we keep γ arbitrary for a while.) We may define functions Kσ,τ,γ

j
by

�

Sn−1

K(p, ν)Sj(x
�) dx� = Kj(p)Sj(y

�), (7.94)

where we omit writing out the parameters. Passing to the variables s and t
and using the orthogonality of the Sj,k’s, we find

Iσ,τ,γ0 (f) =
�

j,k

(Kj ∗ fj,k, fj,k), (7.95)

where (, ) is the L2(R1) scalar product.
We complete the proof only for n ≥ 3. Then by the Funck-Hecke theorem

(see [4] vol. 2),

Kj(p) = Aj

� 1

−1
K(p, ν)Cn/2−1

j
(ν)(1− ν2)(n−3)/2 dν, (7.96)

where Aj = (4π)n/2−1Γ (n/2 − 1)j!/(j + n − 3)! and Cµ

j
is a Gegenbauer

polynomial. For γ = 0, we have

K(p, ν) = (1− 2e−|p|ν + e−2|p|)−λ(e−2σpχ+(p) + e2τpχ−(p))

=
∞�

κ=0

Cλ

κ
(ν)

�
e−(2σ+κ)pχ+(p) + e(2τ+κ)pχ−(p)

�
,

(7.97)

where χ+ and χ− are the characteristic functions of R+ and R− respectively.
For p �= 0, we are allowed to integrate termwise in (7.96). Doing so and

applying the formula

Aj

� 1

−1
Cλ

κ
(ν)Cn/2−1

j
(ν)(1− ν2)(n−3)/2 dν =

�
ωn−1aλj,m, if κ = 2m+ j,

0, otherwise,
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(where j,κ,m are non negative integers, see formula 2.21.18.15 in vol. 2 of
[78]) we obtain

Kj(p) =
∞�

m=0

aλ
j,m

�
e−(2σ+2m+j)pχ+(p) + e(2τ+2m+j)pχ−(p)

�
. (7.98)

The result now follows from (7.95) and the following handy consequence of
Parseval’s formula,

(Ka

+ ∗ φ,φ) = (Ka
− ∗ φ,φ) = εφ̂(ia)φ̂(−ia) +

1

2π

� ∞

−∞

1

a+ iξ
|φ̂(ξ)|2 dξ,

where Ka

+(p) = e−apχ+(p), Ka

−(p) = eapχ−(p), ε = (1 − sgn(a))/2 and φ is
a sufficiently good function. If a = 0 the integral is understood as a principal
value. (This case follows by taking a limit, a → +0 or a → −0.)

Having completed the proof for all f ∈ L̂ , we assume now that the kernel
is locally in L1 and let f be merely in S . Let ζε(|x|) = ζ(|x|/ε), where ζ is a
smooth function that vanishes together with all its derivatives at 0 and tends
to 1 at ∞. Then (7.93) holds with ζεf in place of f and we only need to see
that both sides tend to the original expressions when ε → 0. For the left side
this is clear by the assumption on the kernel.

As for the R, we have in (7.92), with ϕε(t) = ζε(et),

Tiη
�fj,kϕε(ξ) =

1

2π

� ∞

−∞
�fj,k(ξ − iη − ρ)�ϕε(ρ) dρ,

in place of Tiη
�fj,k(ξ). By Lemma 7.49, η < n so Lemma 7.50 (i) implies that

this convolution tends uniformly to Tiη
�fj,k(ξ) as ε → 0.

Similarly, Qσ,τ,γ

η
(ζεf) → Qσ,τ,γ

η
(f) because Lemma 7.49 together with

Lemma 7.52 below shows that the �fj,k’s in (7.91) only become addressed
at points above −in on the imaginary axis.

Lemma 7.52. Qσ,τ,γ

η
(f) = 0 for all f if and only if

η + l + 2min(σ, τ) + min(1, 2s) > 0.

If Qσ,τ,γ

η
does not vanish identically then the point

i(l + 2min(σ, τ) + min(1, 2s))

is the lowest one on the imaginary axis that assigns to a function �fj,k in

(7.91).

Proof. Let η = 0 and K, Kj be as in the proof of Lemma 7.51. It is clear from
that proof that Q = 0 if and only if Kj(p) → 0, as |p| → ∞, for all j.

Using the formulas
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Kσ,τ,l+s = (2ν)lKσ+l/2,τ+l/2,s

= (2ν)l
�
Kσ+l/2+s,τ+l/2,0 +Kσ+l/2,τ+l/2+s,0

−Kσ+l/2,τ+l/2,0
�

and then (7.97) (which concerns only the case γ = 0), we obtain the asymp-
totic formula

Kσ,τ,γ(p, ν) = (2ν)le−l|p|�e−2σpχ+(p) + e2τpχ−(p)
�
×

×
�
e−2sp + 2sνe−|p| +Ω(e−(2s+1)|p| + e−2|p|)

�
, as |p| → ∞.

(We also substituted for the Gegenbauer polynomials, Cλ

0 (ν) = 1 and Cλ

1 (ν)−
Cλ−s

1 (ν) = 2sν.) Now we see from (7.94) that all Kj(p) → 0 iff K(p, ν) → 0
for all ν, which in turn happens if and only if the condition in the statement
is satisfied.

Similarly, the second statement follows from the fact that e−µ|p|Kj(p) → 0
for all j as |p| → ∞ if and only if µ < η + l + 2min(σ, τ) + min(1, 2s).

In the next lemma, we see that the values of Φσ,τ,γ

η,j
can be “reached”

through sequences of good functions.

Lemma 7.53. Let αk ∈ R, k = 1, 2, . . . , k0. For fixed j, η and ξ0 �= 0, there
are functions fε ∈ L̂ with |x|αkfε ∈ L which are even or odd according as j
is even or odd, such that

Rσ,τ,γ

η
(fε) → Φσ,τ,γ

η,j
(ξ0), (7.99)

Rσ,τ,γ

η
(Re fε) → ReΦσ,τ,γ

η,j
(ξ0), (7.100)

as 0 < ε → 0.

Proof. Let Sj be a real normalized surface harmonic function of degree j.
Omitting writing the index ε, we shall take

f(x) = c|x|−nfj(log |x|)Sj(x
�), (7.101)

for appropriately chosen fj and c(ε) > 0.
Put

ĝj(ξ) = exp
�
−((ξ − ξ0 + iη)/2ε)2

�
.

Then gj correspond via (7.101), with c = 1, to the function

g(x) =
ε
√
π
|x|iξ0−n−η−(ε log |x|)2Sj(x

�).

Clearly g ∈ L̂ . Now put

h(ξ) =
k0�

k=1

�
cosh(2π(ξ + iη))− cos(2παk)

�
.
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Then f̂j = hĝj is a linear-combination of functions of the type ĝj , with differ-

ent ξ0. Hence also f ∈ L̂ .
Since, on the real line, Tiη f̂j(ξ) concentrates to the point ξ = ξ0, when

ε → 0 and since Tiηh(ξ0) �= 0, we may choose c(ε) so that (7.99) holds.
Similarly, (7.100) follows after noticing that conjugating f or Φσ,τ,γ

η,j
(ξ0) only

amounts to changing the sign of ξ0.
Finally, the fact that h(ξ) = 0 at points ξ = i(m − η ± αk), m integer

implies that |x|−η±αkf ∈ L thanks to Lemma 7.50 (iv).

From Lemmas 7.51 and 7.53, formula (7.89) and the continuity of ReΦσ,τ,γ

η,j
,

we immediately obtain the following corollary which contains a large family
of inequalities.

Corollary 7.54. Let σ + τ + γ + η < n/2 be fixed parameters such that

ReΦσ,τ,γ

η,j
> 0. If σ� + τ � + γ� ≤ σ + τ + γ then

��Re
�
Iσ

�
,τ

�
,γ

�

η
(f)−Qσ

�
,τ

�
,γ

�

η
(f)

��� ≤ C Re
�
Iσ,τ,γ
η

(f)−Qσ,τ,γ

η
(f)

�
,

where the best constant is given by

C = sup |ReΦσ
�
,τ

�
,γ

�

η,j
(ξ)|(ReΦσ,τ,γ

η,j
(ξ))−1 < ∞

and where the supremum is taken over all ξ ∈ R, j = 0, 1 if n = 1 and

j = 0, 1, . . . if n ≥ 2.

If we include the appropriate αk’s in the fε in Lemma 7.53, we see that
the constant is best possible also among the real functions in L ∩L̂ for which
the Q vanishes on both sides of the inequality.

Let us now introduce the quadratic form that is dual to Iσ,τ,γ
η

. We remind
that λ = σ + τ + γ + η < n/2 and γ = l + s, where l ∈ N and 0 ≤ s ≤ 1. For
0 ≤ s < 1, we define the expression

Jσ,τ,γ

η
(u) =






2l
�

(−∆)σ∇lu ·
�
(−∆)τ∇lu

�
Γλ dx, s = 0,

2lAs

�� �
∆y(−∆)σ∇lu

�
·
�
∆y(−∆)τ∇lu

�

|y|n+2s
Γλ dx dy, s �= 0.

where (∆yv)(x) = v(x) − v(x − y), A−1
s

=
�
(1 − cos(x1))|x|−n−2s dx and

Γλ(x) is defined in the previous section. We shall only deal with the form
J in situations where the occurring integral or double-integral is absolutely
convergent.

Lemma 7.55. Let σ, τ, γ ≥ 0 and 0 < σ + τ + γ + η < n/2. Then

Iσ,τ,γ
η

(f) = Jσ,τ,γ

η
( �f), (7.102)

for all f ∈ S .
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Proof. If this has been proved for f ∈ L̂ , the case of f ∈ S follows by
approximation. Namely if ϕε(x) = ϕ(x/ε), where ϕ ∈ C∞

0 equals 1 in a
neighborhood of the origin, we have

Iσ,τ,γ
η

(f − ϕεf) = Jσ,τ,γ

η
( �f − (2π)−n�ϕε ∗

�f)

and when ε → 0, each side converges to the corresponding side of (7.102). We
omit the details.

Now, let f ∈ L̂ and consider first γ = 0. This case follows from Parseval’s
formula, for instance if we regard the integration in x on the left as a Riesz
potential:

Iσ,τ,0
η

(f) = (2π)ncλ

�
(−∆)λ−n/2(|y|2σf)|y|2τf dy = Jσ,τ,0

η
( �f).

Next, distributing the terms from (2x · y)l onto f(x)f(y) we have

Iσ,τ,l
η

(f) = 2l
�

|α|=l

l!

α!
Iσ,τ,0
η+l

(xαf). (7.103)

For J the same formula holds, but with ∂α in place of xα. Hence we are done
for γ = l.

It is clear that if λ > s then Iσ,τ,γ
η

satisfies the recursion formula (7.88).
To see that the same is true for J , we apply the representation

v(−∆)sw + w(−∆)sv − (−∆)s(vw) = As

�
(∆yv)(∆yw)

|y|n+2s
dy, 0 < s < 1,

for v, w ∈ S (see Lemma 1 in [21]), together with the formula (−∆)sΓλ =
Γλ−s, which is valid in the sense of distributions.

Finally, the case 0 < λ ≤ s follows by analyticity in the parameter η.

Other instances of the identity (7.102) may be obtained by performing
analytic continuation in some of the parameters, with or without imposing
additional requirements on f .

7.5.3 The weighted positivity of (−∆)λ

We say that the operator (−∆)λ, 0 < λ < n/2 is positive with weight Γλ

provided there exist a c > 0 with
� �

(−∆)λu
�
uΓλ dx ≥ c

� �
(−∆)λ/2u

�2
Γλ dx, (7.104)

for all real u ∈ L ∩ L̂ . By Lemmas 7.55, 7.51 and 7.53, this is equivalent to
ReΦλ,0,0

0,j (ξ) > 0, for all j = 0, 1, . . . , and ξ ∈ R, where
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Φλ,0,0
0,j (ξ) =

πn22λcλΓ (λ+ z)Γ (z)

Γ (n/2 + z)Γ (n/2− λ+ z)
, z =

j + iξ

2
.

The continuity of the real part of this function implies that (−∆)λ has the
positivity property for λ in an open subset of (0, n/2) and that (7.104) holds
with c = 0 precisely for λ in the closure of this subset. The main object of
this section is to characterize these sets.

Since S0,1 is a constant with modulus equal to 1/
√
ωn−1 and aλ0,0 = 1, we

find

Qλ,0,0
0 (f) =

ωn−1

2
aλ0,0|�f0,1(0)|2 =

1

2
|S0,1(∂) �f(0)|2 =

1

2
u(0)2,

where u = �f . The second step is an application of Lemma 7.50 (iii). Now
Corollary 7.54 shows that (7.104) implies

� �
(−∆)λu

�
uΓλ dx ≥

1

2
u(0)2

+ c

� �λ��

l=1

�
|∇lu|

2Γl dx+

��
|∇ku(x)−∇ku(y)|2

|x− y|n+2s
Γk+s(x) dx dy

�
, (7.105)

for all real u ∈ S , where �λ� is the integer part of λ, 0 < s < 1 and k+s ≤ λ.
The latter kind of inequality is what was needed in [21] to deduce that a
boundary point is regular if it satisfies the Wiener test.

Remark: Actually, (7.104) and (7.105) are equivalent. This follows for
example from the fact that Φρ,ρ,γ

η,j
> 0 for 0 < 2ρ+ γ + η < n/2.

It turns out that the value ReΦλ,0,0
0,0 (0) plays the crucial role for the pos-

itivity. Let us now find an expression for this value. Put

g(ξ) =
Γ (λ+ iξ/2)Γ (1− iξ/2)

Γ (n/2 + iξ/2)Γ (n/2− λ− iξ/2)
.

Then Φλ,0,0
0,0 (ξ) = iωn−1g(ξ)/ξg(0) so

ReΦλ,0,0
0,0 (0) = ωn−1ig(0)

−1 lim
ξ→0

(g(ξ)− g(−ξ))/2ξ = ωn−1ig
�(0)/g(0)

= 2−1ωn−1f(n,λ),

where we introduce the function

f(n,λ) = ψ(n/2)− ψ(n/2− λ)− ψ(λ) + ψ(1). (7.106)

We now state some properties of f(n,λ).

Lemma 7.56. Let 0 < λ < n/2. If n ≤ 7 then f(n,λ) > 0.
If n ≥ 8 then f(n,λ) has exactly two zeros, λn and n/2 − λn. We have

f(n,λ) > 0 if and only if λ /∈ [λn, n/2− λn].
The numbers λn satisfies 2 > λn � 1, as n → ∞.
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Proof. First notice that f(n,λ) = f(n, n/2−λ). Differentiating the expansion

f(n,λ) =
∞�

m=0

� 1

n/2− λ+m
−

1

n/2 +m
+

1

λ+m
−

1

1 +m

�
, (7.107)

we find that the terms in f �
λ
(n,λ) are

(4λ− n)(4m+ n)

(n− 2λ+ 2m)2(λ+m)2
,

so for a fixed n, f(n,λ) has its minimum when λ = n/4. Similarly, f �
n
(n,λ) <

0. Now, the first statement follows from the fact that

f(7, 7/4) = 2/5 + 4 ln 2− π > 0.

For n ≥ 8 we have

f(n, 2) =
10n− 20− n2

(n− 2)(n− 4)
< 0.

On the other hand,
lim
n→∞

f(n,λ) = ψ(1)− ψ(λ)

has the same sign as 1− λ. The last statements follows.

Theorem 7.57. Let 0 < λ < n/2.
The inequality (7.104) holds with a positive c if and only if λ /∈ [λn, n/2−

λn].
If λ = λn or λ = n/2−λn then the left integral in (7.104) is positive unless

u = 0.
If λ ∈ (λn, n/2 − λn) then the left integral in (7.104) takes on negative

values for some u.

Proof. Since λ �→ ReΦλ,0,0
0,0 (0) is negative in (λn, n/2− λn) and positive out-

side the closure of this set, the theorem will follow once we prove the impli-
cation

ReΦλ,0,0
0,0 (0) ≥ 0 ⇒ ReΦλ,0,0

0,j (ξ) > 0, for ξ �= 0. (7.108)

First notice that Φλ,0,0
0,j (ξ) is a product of a positive function and a function

that is analytic in the variable z = (j+iξ)/2. Since by (7.89), ReΦλ,0,0
0,j (ξ) > 0

if |z| is large, the maximum principle shows that it suffices to prove (7.108)
for j = 0.

The fact that Φn/2−λ,0,0
0,j /Φλ,0,0

0,j > 0, shows that (any side of) (7.108) is true
if and only if it is true with n/2− λ in place of λ. We may therefore restrict
ourselves to λ ∈ [n/4, n/2). If λ ≥ n/2−1, then aλ

j,m
≥ 0 and aλ

j,0 > 0 in (7.85)
so the right side of (7.108) is true. If, on the other hand, λ ≥ n/4 and the left
side of (7.108) is true then it follows from Lemma 7.56 that λ > n/2− 2.
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In conclusion, we need only to prove the implication in the special case
λ ∈ (n/2− 2, n/2− 1) and j = 0.

By first using (7.86) together with Γ (z + 1) = zΓ (z) and then (7.85), we
find

Φλ,0,0
0,0 (2ξ) =

λ(n/2− λ− 1)

(λ+ iξ)(−iξ)
Φλ+1/2,1/2,0
0,1 (2ξ) =

∞�

m=0

cmAm, (7.109)

where
cm = 2−1ωn−1λ(n/2− λ− 1)(λ+ 2m+ 2)aλ+1

1,m

and

Am =
1

(λ+ iξ)(−iξ)(λ+ 2m+ 2)

�
1

λ+m+ 1 + iξ
+

1

m+ 1− iξ

�
.

For those values of λ we consider, cm > 0 (this is the reason for rewriting the
Φ in (7.109) before expanding it). If we put

bm = m2 + (λ+ 2)m+ λ+ 1− λ2,

Bm(ξ) = |(λ+ iξ)(λ+m+ 1 + iξ)(m+ 1 + iξ)|−2,

we obtain after simplification,

ReAm = (bm + ξ2)Bm(ξ).

Now, fix ξ �= 0 and put q = Bm0(ξ)/Bm0(0), where m0 is the smallest
nonnegative integer with bm0 ≥ 0. We have

Re
�
Φλ,0,0
0,0 (2ξ)− qΦλ,0,0

0,0 (0)
�
≥

∞�

m=0

cmbm(Bm(ξ)− qBm(0)).

Since bm and Bm(ξ)/Bm(0) grows as functions of m, and cm, Bm > 0, all
terms terms (except one that vanishes) are positive. The proof is complete.

7.6 Lp-positivity of fractional powers of Laplacian

In this Section we do not consider variable weights. We deal with the Lp-
positivity of the fractional powers of the Laplacian (−∆)α (0 < α < 1) for
any p ∈ (1,∞).

By �v�Lα,2 we denote the semi-norm

��

Rn

�

Rn

|v(x+ t)− v(x)|2
dxdt

|t|n+2α

�1/2

.
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Theorem 7.58. Let 0 < α < 1. We have, for any u ∈ C∞
0 (Rn),

�

Rn

�(−∆)αu, u�|u|p−2dx � 2 cα
p p�

�|u|p/2�2Lα,2(Rn) ,

where

cα = −π−n/24αΓ (α+ n/2)/Γ (−α) > 0. (7.110)

Proof. As proved by Stein (see [84, p.104], [86, p.161–162]), we may write

(−∆)αu(x) = −cα lim
ε→0

�

|t|�ε

u(x+ t)− u(x)

|t|n+2α
dt (7.111)

for any u ∈ C∞
0 (Rn), the constant cα being given by (7.110).

From (7.111) it follows that

�

Rn

�(−∆)αu, v� dx =

cα
2

�

Rn

�

Rn

(u(x+ t)− u(x)) (v(x+ t)− v(x))
dxdt

|t|n+2α

(7.112)

for any u, v ∈ C∞
0 (Rn). Note that, since u and v have compact supports and

|(u(x+ t)− u(x)) (v(x+ t)− v(x))| |t|−n−2α � �∇u�∞�∇v�∞|t|2−n−2α,

the integral in (7.112) is absolutely convergent.
Given u ∈ C∞

0 (Rn) and ε > 0, define

gε(s) =
�
s2 + ε2, vε(x) = (gε[u(x)])

p−2u(x).

In view of (7.112) we can write

�

Rn

�(−∆)αu, vε� dx =

cα
2

�

Rn

�

Rn

(u(x+ t)− u(x)) (vε(x+ t)− vε(x))
dxdt

|t|n+2α
.

(7.113)

As ε → 0, vε(x) tends to |u(x)|p−2u(x)χu(x), where χu(x) = 1 if u(x) �= 0
and χu(x) = 0 if u(x) = 0. Applying Lemma 3.3 in Langer-Maz’ya [50], we
obtain from (7.113)

�

Rn

�(−∆)αu, u�|u|p−2dx =
cα
2

�

Rn

�

Rn

(u(x+ t)− u(x))×

(|u(x+ t)|p−2u(x+ t)χu(x+ t)− |u(x)|p−2u(x)χu(x))
dxdt

|t|n+2α
.

On the other hand we have
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(x− y)(|x|p−2x− |y|p−2y) � 4

p p�
(|x|p/2 − |y|p/2)2

for any x, y ∈ R. This can be proved in an elementary way determining the
infimum of the function of one real variable

(t− 1)(|t|p−2t− 1)

(|t|p/2 − 1)2
.

Therefore
�

Rn

�(−∆)αu, u�|u|p−2dx �

2 cα
p p�

�

Rn

�

Rn

(|u(x+ t)|p/2 − |u(x)|p/2)2
dxdt

|t|n+2α
=

2 cα
p p�

� |u|p/2�2Lα,2(Rn)

and the Theorem is proved.

7.7 L2-positivity for the Stokes system

It is obvious that �

Ω

(−∆u+∇p)u dx � 0

for any u ∈ C∞
0 (Rn) such that div u = 0.

Because of the n-dimensional Hardy inequality
�

Rn

|x|−2
|u|2dx � 4

(n− 2)2

�

Rn

|∇u|2dx , (7.114)

we may obtain a more precise estimate
�

Rn

|x|−2
|u|2dx � 4

(n− 2)2

�

Rn

(−∆u+∇p)udx , (7.115)

holding for any u ∈ C∞
0 (Rn) such that div u = 0.

It is well known that inequality (7.114) is sharp. One can ask whether the
restriction div u = 0 can improve the constant in (7.115).

In the present section we show that this is the case indeed if n > 2 and the
vector field u is axisymmetric by proving that the afore mentioned constant
can be replaced by the (smaller) optimal value

4

(n− 2)2

�
1−

8

(n+ 2)2

�
, (7.116)

which, in particular, evaluates to 68/25 in three dimensions.
In the following Theorem we use the same notations for the vector u =

(u�, uϑ, uΦ) as in Section 3.4 (see p. 89). Here the condition of axial symmetry
means that u depends only on � and ϑ.
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Theorem 7.59. Let n > 2, and let u be an axisymmetric divergence-free

vector field in C∞
0 (Rn) and p ∈ C1(Rn). Then
�

Rn

|x|−2
|u|2dx � Cn

�

Rn

(−∆u+∇p)u dx , (7.117)

with the best value of Cn given by (7.116).

Proof. Obviousy, proving (7.117) for a divergence-free vector field in C∞
0 (Rn)

is equivalent to prove
�

Rn

|x|−2
|u|2dx � Cn

�

Rn

|∇u|2 dx . (7.118)

In the spherical coordinates introduced previously, we have

div u = �1−n
∂

∂�
(�n−1u�) + �−1(sinϑ)2−n

∂

∂ϑ
((sinϑ)n−2uϑ)

+
n−3�

k=1

(� sinϑ sinϑn−3 . . . sinϑk+1)
−1(sinϑk)

−k
∂

∂ϑk

((sinϑk)
kuϑk

)

+(� sinϑ sinϑn−3 . . . sinϑ1)
−1 ∂uϕ

∂ϕ
.

(7.119)

Since the components uϕ and uϑk
, k = 1, . . . , n− 3, depend only on � and

ϑ, (7.119) becomes

div u = �1−n
∂

∂�
(�n−1u�(�,ϑ)) + �−1(sinϑ)2−n

∂

∂ϑ
((sinϑ)n−2uϑ(�,ϑ))

+
n−3�

k=1

k(sinϑn−3 . . . sinϑk+1)
−1 cotϑk

uϑk
(�,ϑ)

� sinϑ
.

By the linear independence of the functions

1, (sinϑn−3 . . . sinϑk+1)
−1 cotϑk, k = 1, . . . , n− 3,

the divergence-free condition is equivalent to the collection of n− 2 identities

�
∂u

∂�
+ (n− 1)u� +

�
∂

∂ϑ
+ (n− 2) cotϑ

�
uϑ = 0,

uϑk
= 0, k = 1, . . . , n− 3.

If the right-hand side of (7.118) diverges, there is nothing to prove. Oth-
erwise, let us introduce the vector field

v(x) = u(x) |x|−1+n/2.

The inequality (7.118) becomes
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�
1

Cn

−
(n− 2)2

4

��

Rn

|x|−n
|v|2dx �

�

Rn

|x|2−n
|∇v|2dx

The condition div u = 0 is equivalent to

� div v =
n− 2

2
v� . (7.120)

To simplify the exposition, we assume first that vϕ = 0. Now, (7.120) can
be written as

�
∂v�
∂�

+
n

2
v� +Dvϑ = 0,

where

D =
∂

∂ϑ
+ (n− 2) cotϑ.

Note that D is the adjoint of −∂/∂ϑ with respect to the scalar product
�

π

0
f(ϑ) g(ϑ) (sinϑ)n−2dϑ.

A straightforward, though lengthy calculation yields

�2|∇v|2 = �2
�
∂v�
∂�

�2

+ �2
�
∂vϑ
∂�

�2

+

�
∂v�
∂ϑ

�2

+

�
∂vϑ
∂ϑ

�2

+v2
ϑ
+ (n− 1)v2

�
+ (n− 2)(cotϑ)2v2

ϑ
+ 2

�
v�Dvϑ − vϑ

∂v�
∂ϑ

�
.

Hence, denoting by Sn−1 the unit sphere,

�2
�

Sn−1

|∇v|2ds =

�

Sn−1

�
�2

�
∂v�
∂�

�2

+ �2
�
∂vϑ
∂�

�2

+

�
∂v�
∂ϑ

�2

+

�
∂vϑ
∂ϑ

�2

+v2
ϑ
+ (n− 1)v2

�
+ (n− 2)(cotϑ)2v2

ϑ
+ 4v�Dvϑ

�
ds.

(7.121)
Changing the variable � to t = log � and applying the Fourier transform

with respect to t,
v(t,ϑ) �→ w(λ,ϑ),

we derive
�

Rn

|x|2−n
|∇v|2dx =

�

R

�

Sn−1

�
(λ2 + n− 1)|w�|

2 + (λ2
− n+ 3)|wϑ|

2

+

����
∂w�

∂ϑ

����
2

+

����
∂wϑ

∂ϑ

����
2

+ (n− 2)(sinϑ)−2
|wϑ|

2

+4Re(w�Dwϑ)

�
dsdλ

(7.122)
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and �

Rn

|x|−n
|v|2dx =

�

R

�

Sn−1

|w|2dsdλ. (7.123)

From (7.120), we obtain

w� = −
Dwϑ

iλ+ n/2
, (7.124)

which implies

|w�|
2 =

4Dwϑ

4λ2 + n2

and

Re(w�Dwϑ) = −
2n|Dwϑ|

2

4λ2 + n2
.

Introducing this into (7.122), we arrive at the identity

�

Rn

|x|2−n
|∇v|2dx =

�

R

�

Sn−1

�
(λ2 + n− 1)

4|Dwϑ|
2

4λ2 + n2

+(λ2
− n+ 3)|wϑ|

2 +

����
∂wϑ

∂ϑ

����
2

+ (n− 2)(sinϑ)−2
|wϑ|

2

+
4

4λ2 + n2

����
∂

∂ϑ
Dwϑ

����
2

−
8n|Dwϑ|

2

4λ2 + n2

�
dsdλ .

We simplify the right-hand side to obtain

�

Rn

|x|2−n
|∇v|2dx =

�

R

��
4(λ2 − n− 1)

4λ2 + n2
+ 1

�
|Dwϑ|

2

+(λ2
− n+ 3)|wϑ|

2 +
4

4λ2 + n2

����
∂

∂ϑ
Dwϑ

����
2 �

dsdλ .

(7.125)

On the other hand, by (7.123) and (7.124)

�

Rn

|x|2−n
|∇v|2dx =

�

R

�

Sn−1

�
4|Dwϑ|

2

4λ2 + n2
+ |wϑ|

2

�
dsdλ . (7.126)

Defining the self-adjoint operator

T = −
∂

∂ϑ
D,

or equivalently,
T = −δϑ + (n− 2)(sinϑ)−2,

where δϑ is the ϑ part of the LaplaceBeltrami operator on Sn−1, we write
(7.125) and (7.126) as
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�

Rn

|x|2−n
|∇v|2dx =

�

R

�

Sn−1

Q(λ, wϑ)dsdλ (7.127)

and �

Rn

|x|−n
|v|2dx =

�

R

�

Sn−1

q(λ, wϑ)dsdλ ,

respectively, where Q and q are sesquilinear forms in wϑ, defined by

Q(λ, wϑ) =

�
4(λ2 − n− 1)

4λ2 + n2
+ 1

�
Twϑ wϑ

+(λ2
− n+ 3)|wϑ|

2 +
4

4λ2 + n2
|Twϑ|

2

and

q(λ, wϑ) =
4Twϑ wϑ

4λ2 + n2
+ |wϑ|

2.

The eigenvalues of T are αν = ν(ν + n − 2), ν ∈ Z+. Representing wϑ as
an expansion in eigenfunctions of T , we find

inf
wϑ

�
R
�
Sn−1 Q(λ, wϑ)dsdλ�

R
�
Sn−1 q(λ, wϑ)dsdλ

= inf
λ∈R

inf
ν∈N

�
4(λ2−n−1)
4λ2+n2 + 1

�
αν + λ2 − n+ 3 + 4α2

ν

4λ2+n2

4α2
ν

4λ2+n2

.

(7.128)

Thus our minimization problem reduces to finding

inf
x�0

inf
ν∈N

f(x,αν), (7.129)

where

f(x,αν) = x− n+ 3 + αν

�
1−

16

4x+ 4αν + n2

�
.

The function f being increasing in x, the value (7.129) is equal to

inf
ν∈N

f(0,αν) = inf
ν∈N

�
3− n+ αν

�
1−

16

4αν + n2

��
.

We have
∂

∂αν

f(0,αν) = 1−
16

4αν + n2
.

Noting that

4αν + n2 � 4(n− 1) + n2 � 4n
√
n− 1 ,

we see that
∂

∂αν

f(0,αν) � 1−
1

n(n− 1)
> 0.
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Thusthe minimum of f(0,αν), is attained at α1 = n− 1 and and equals

3− n+ (n− 1)

�
1−

16

4(n− 1) + n2

�
=

2(n− 2)2

4(n− 1) + n2
(7.130)

This completes the proof for the case vϕ = 0.
If we drop the assumption vϕ = 0, then, to the integrand on the right-hand

of (7.121), we should add the terms

�2
�
∂vϕ
∂�

�2

+

�
∂vϕ
∂ϑ

�2

+ (sinϑ sinϑn−3 . . . sinϑ1)
−2v2

ϕ
. (7.131)

The expression in (7.131) equals

�2|∇(vϕe
iϕ)|2.

As a result, the right-hand side of (7.127) is augmented by
�

R

�

Sn−1

R(λ, wϕ) dsdλ ,

where
R(λ, wϕ) = |λ|2|wϕ|

2 + |∇ω(wϕe
iϕ)|2

with ω = (ϑ,ϑn−3, . . . ,ϕ). Hence,

inf
v

�
Rn |x|2−n|∇v|2dx�
Rn |x|−n|v|2dx

= inf
wϑ,wϕ

�
R
�
Sn−1(Q(λ, wϑ) +R(λ, wϕ)) dsdλ�
R
�
Sn−1(q(λ, wϑ) + |wϕ|

2) dsdλ

Using the fact that wϑ and wϕ are independent, the right-hand side is the
minimum of (7.128) and

inf
wϕ

�
R
�
Sn−1 R(λ, wϕ) dsdλ�
R
�
Sn−1 |wϕ|

2dsdλ
(7.132)

Since wϕeiϕ is orthogonal to one on Sn−1, we have

�

Sn−1

|∇ω(wϕe
iϕ)|2ds � (n− 1)

�

Sn−1

|wϕ|
2ds .

Hence the infimum in (7.132) is at most n− 1, which exceeds the value in
(7.130), and the result follows.

7.8 Semi-boundedness of a pseudo-differential operator

Here we prove the semi-boundedness of a pseudo-differential operator with a
non smooth symbol.



7.8 Semi-boundedness of a pseudo-differential operator 237

Theorem 7.60. Let
σ(x, ξ) = |f(x)| e(x, ξ) |ξ|,

where e is a sufficiently smooth symbol of order zero, e(x, ξ) > 0 for |ξ| �= 0,
and let f be a function in C3

such that xnf(x) � 0. Then the inequality

Re(σu, u) � c1� |f |
1/2e1/2u�2

H1/2 − c2�u�
2
L2

holds for all u ∈ C∞
0 . Here e1/2 is a singular integral operator with the symbol

e1/2(x, ξ).

Proof. Let ϕ(x) = x−1
n

f(x). Since ϕ(x) � 0 and ϕ ∈ C2, we have Dϕ1/2 � c.
Using A. P. Calderòn’s theorem on commutators [7], we obtain 1

Re(σu, u) = Re(|xn|ϕ
1/2e1/2u, (−∆)1/2ϕ1/2e1/2u) +O(�u�2).

We introduce the function v(x) = ϕ1/2(x)e1/2(x,D)u. It remains to show
that

Re(|xn|v, (−∆)1/2v) � c1� |xn|
1/2v�2

H1/2 − c2�v�L2 . (7.133)

If v is extended as a harmonic function on Rn+1
+ : {(x1, . . . , xn+1) :

xn+1 > 0}, the left-hand side in the last inequality takes on the form

−Re

�
|xn|v,

∂v

∂xn+1

�
=

�

Rn+1
+

(x2
n
+ x2

n+1)
1/2

|Dv|2dxdxn+1

−

�

Rn+1
+

(x2
n
+ x2

n+1)
−1/2

|v|2dxdxn+1 .

(7.134)

Moreover we have
�

Rn+1
+

(x2
n
+ x2

n+1)
−1/2

|v|2dxdxn+1 � c

�

Rn+1
+

xn+1|Dv|2dxdxn+1 . (7.135)

In fact, set �2 = xn + x2
n+1 and denote the integral in the left-hand side

of (7.135) by J . Integrating by parts, we obtain

J = −2

�

Rn+1
+

xn+1�
−1v vxn+1dxdxn+1

+

��

0<2xn+1<�

+

�

2xn+1>�

�
x2
n+1�

−3v2dxdxn+1

� 8

�

Rn+1
+

xn+1|Dv|2dxdxn+1 +
3

4
J +

�

2xn+1>�

x2
n+1�

−3v2dxdxn+1 .

(7.136)

1 According to this theorem, a commutator of functions in C0,1 and a first order
pseudo-differential operator with a smooth symbol is an operator of a nonpositive
order.
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It remains to estimate the last integral. We introduce the cylindrical co-
ordinate (z, �,ϑ): z ∈ Rn−1, 0 < ϑ < π, 0 < � < ∞. Then

J1 :=

�

2xn+1>�

x2
n+1�

−3v2dxdxn+1 = −2

�

Rn−1

dz

�

2xn+1>�

v
∂v

∂�
sin2 ϑ d�dϑ

� 2J1/2
1

��

2xn+1>�

� |Dv|2dx

�1/2

and therefore

J1 � 8

�

Rn+1
+ xn+1

|Dv|2dxdxn+1 .

By this estimate and (7.136), we obtain (7.135).
Combining (7.135) and the identity

2

�

Rn+1
+

xn+1|Dv|2dxdxn+1 =

�

Rn

|v|2dx

with (7.134), we obtain estimate (7.133).

7.9 Comments to Chapter 7

We collect here bibliographical informations concerning results of the present
chapter.

Let us note first that different kinds of weighted positivity of partial dif-
ferential and pseudo-differential operators have a number of applications in
qualitative theory of elliptic boundary value problems (see, e.g., Eilersten [21],
Luo and Maz’ya [57], Maz’ya [63, 64], Maz’ya and Donchev [68], Maz’ya and
Mayboroda [58, 59] et al.).

Results given in Sections 7.1 and 7.5 are due to Eilertsen [20] and [22],
respectively. In [22] Eilersten has studied also inequalities for other similar
quadratic forms. As a curious example, he considers the inequality

�

Rn

∆2
∇u ·∇u |x|4−ndx > 0, (7.137)

which is obtained replacing u by ∇u in
�

Rn

(∆2u)u |x|4−ndx > 0, (7.138)

studied in Section 7.4. While, as proved for the first time in Maz’ya [64],
(7.138) holds for n = 5, 6, 7 but not for n � 8, the seemingly similar (7.137)
holds for n = 5, 6, . . . , 13 but not for n � 14.

In Sections 7.2 and 7.3 we follow Luo and Maz’ya [56, 57].
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The material in Subsections 7.4.1 and 7.4.2 can be found in Maz’ya [64]
and Mayboroda and Maz’ya [58] respectively. The extension of results in 7.4.2
to any dimensions is quite complicated. The results depend on the parity of
m,n and m− n/2 and different weights can be employed. We state only two
theorems, just in order to give a flavour of results and we refer to Maz’ya and
Mayboroda [59] for the proofs and related results.

We start with n odd. Let us denote by Lm,n the operator

Lm,n = (−1)m
m−1�

j=0

(∂t − cj)(∂t + cj + 1),

where
cj = 2j − (m− (n− 1)/2), 0 � j � m− 1.

Theorem 7.61. Assume that m ∈ N and n ∈ [3, 2m+1]∩N is odd. Let Ω be a

bounded domain in Rn
, O ∈ Rn \Ω,u ∈ C∞

0 (Ω) and v = e(m−(n−1)/2)t(u◦κ).
Then for every ξ ∈ Ω and τ = log |ξ|−1

�

Sn−1

v2(τ,ω)dω � C

�

Rn

(−∆)mu(x)u(x)g(log |x|−1, log |ξ|−1)dx,

where

g(t, τ) = et(C1h(t− τ) + C2), t, τ ∈ R,

and h is a unique solution of the equation

Lm,nh = δ

(δ being the Dirac delta function) which is bounded and vanishes at +∞. Here

C,C1, C2 are some constants depending on m and n only.

Consider now the case of n even.

Theorem 7.62. Assume that m ∈ N and n ∈ [2, 2m] ∩N is even. Let Ω be a

bounded domain in Rn
, O ∈ Rn \Ω,u ∈ C∞

0 (Ω) and v = e(m−n/2)t(u◦κ). Let
R be a positive constant such that the support of u is contained in B2R. Then

there exist positive constants C,C �, C ��
, depending on m and n only, such that

for every ξ ∈ B2R and τ = log |ξ|−1

�

Sn−1

v2(τ,ω)dω � C

�

Rn

(−∆)mu(x)u(x)g(log |x|−1, log |ξ|−1)dx,

where CR = log(4R) and g is defined by

g(t, τ) = h(t− τ) + µ(CR + τ) + C � + C ��(CR + t),

where h is a unique solution of the equation
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m−1�

j=0

�
−∂2

t
+
�
m−

n

2
− 2j

�2
�
h = δ, if m− n/2 is even

m−1�

j=0

�
−∂2

t
+
�
m+

n

2
− 2j − 1

�2
�
h = δ, if m− n/2 is odd

which vanishes at +∞ and has at most linear growth or decay at −∞. µ is a

constant depending on m and n only.

With respect to the Section 7.6, we mention a theorem by Kato [41], which
states that, if A is an accretive operator in a Hilbert space, then the fractional
powers Aα, with 0 < α < 1, are accretive too. This suggests that the fractional
powers (−∆)α (0 < α < 1) would be accretive on Lp also for p �= 2. This is
in fact true and Theorem 7.58 gives an explicit lower bound for the relevant
form. The material in Section 7.6 seems to be new.

Theorem 7.59, in Section 7.7, is a particular case of more general weighted
inequalities obtained by Costin and Maz’ya [12] (see also [67, Th.1-2, p.220–
229]).

The so called “sharp G̊arding inequality” appeared in the paper [35] by
Hörmander: if a belongs to a certain class of smooth symbols and Re a � 0,
then

Re(a(x,D)u, u) � −C�u�2
Hm , u ∈ C∞

0 .

The matrix case was treated by Lax and Nirenberg [51]. Further develop-
ment is due to Melin [72], Beals [5], Fefferman and Phong [25] et al. . The
symbol of a in all these works is sufficiently smooth, at least it belongs to C1.
Theorem 7.60, which is due to Maz’ya [62], contains an improvement of the
sharp G̊arding inequality for a class of symbols a(x, ξ), whose first derivatives
in x may be discontinuous.
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7. Calderòn, A. P., Commutators of singular integral operators, Proc. Nat. Acad.
Sci. U.S.A. 53, 1965, 1092–1099.

8. Cialdea, A., Maz’ya, V. G., Criterion for the Lp-dissipativity of second order
differential operators with complex coefficients, J. Math. Pures Appl., 84, 2005,
1067–1100.

9. Cialdea, A., Maz’ya, V. G., Criteria for the Lp-dissipativity of systems of
second order differential equations, Ricerche Mat. 55, 2006, 233–265.

10. Cialdea, A., Maz’ya, V. G., A quasicommutative property of the Poisson and
composition operators, J. Math. Sci. (N. Y.), 164, 2010, 415–426.

11. Cialdea, A., Maz’ya, V. G., Lp-dissipativity of the Lamé operator Mem.
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