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Abstract

A theory of Sobolev inequalities in arbitrary open sets in R™ is established. Boundary regularity
of domains is replaced with information on boundary traces of trial functions and of their derivatives
up to some explicit minimal order. The relevant Sobolev inequalities involve constants independent of
the geometry of the domain, and exhibit the same critical exponents as in the classical inequalities on
regular domains. Our approach relies upon new representation formulas for Sobolev functions, and on
ensuing pointwise estimates which hold in any open set.

1 Introduction

The aim of this paper is to develop a theory of Sobolev inequalities, of any order m € N, in arbitrary
open sets ) in R™. As usual, by an m-th order Sobolev inequality we mean an inequality between a norm
of the h-th order weak derivatives (0 < h < m — 1) of any m-times weakly differentiable function in €,
in terms of norms of some of its derivatives up to the order m.

The classical theory of Sobolev inequalities involves ground domains €) satisfying suitable regularity
assumptions. For instance, a formulation of the original theorem by Sobolev reads as follows. Assume
that € is a bounded domain satisfying the cone property, m € N, 1 <p < X, and F(-) is any continuous
seminorm in W™P(Q) which does not vanish on any polynomial of degree at most m — 1. Then there
exists a constant C' = C(2) such that

(1) Jull 22, ) < CUV™ullne) + F(w)

for every u € W™P(Q). Here, W™P() denotes the usual Sobolev space of those functions in 2 whose weak
derivatives up to the order m belong to LP(2), and V™u stands for the vector of all (weak) derivatives
of u of order m.
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It is well known that standard Sobolev inequalities break down in presence of domains with “bad”
boundaries. In particular, inequalities of the form do not hold, at least with the same critical
b h in irregular domains. This is the case, for instance, of domains with outward cusps. A
theory of Sobolev inequalities, including possibly irregular domains, was initiated in the papers [Mall
and [Ma3|, and is systematically exposed in the monograph [Ma§|, where classes of Sobolev inequalities
are characterized in terms of geometric properties of the domain. Specifically, they are shown to be
equivalent to either isoperimetric or isocapacitary inequalities relative to the domain. The interplay
between the geometry of the domain and Sobolev inequalities, even in frameworks more general than the
Fuclidean one, has over the years been the subject of extensive investigations, along diverse directions,
by a number of authors. Their results are the object of a rich literature, which includes the papers
[AET! [Aul BCR] BL, BWW| BH2, BT, BK|, BK1l [Chel [Ci1l, [Ci2, [CFMP], [CP, EKP, EFKNT, [Gr, HaKol
HS| [KP, KM, Kl [Kol, LPT [LYZ], Mil, Mo, [Tal, [Zh] and the monographs [BZ, [CDPT! [Chal [He, Mag&| [Sal.
An updated bibliography on the area of Sobolev type inequalities can be found in [Ma§].

exponent

In order to remove any a priori regularity assumption on €2, we consider Sobolev inequalities from an
unconventional perspective. The underling idea of our results is that suitable information on boundary
traces of trial functions can replace boundary regularity of the domain in Sobolev inequalities.

The inequalities that will be established have the form

(1.2) IV "ully (0, < C(IV™ull x () + Noa(w),

where m € N, h € Ny, || - [|x(q) is a Banach function norm on € with respect to Lebesgue measure £,
| Iy (e, is a Banach function norm with respect to a possibly more general measure y, and Naa(+) is
a (non-standard) seminorm on 052, depending on the trace of u and of its derivatives up to the order
[mT_l] Here, Ng = NU {0}, and [-] denotes integer part. Moreover, V%u stands just for u, and V'u will
also be denoted by Vu.

Some distinctive features of the inequalities to be presented can be itemized as follows:

e No regularity on 2 is a priori assumed. In particular, the constants in (1.2)) are independent of the
geometry of 2.

e The critical Sobolev exponents, or, more generally, the optimal target norms, are the same as in the
case of regular domains.
m—1

e The order [T] of the derivatives, on which the seminorm Nyq(+) depends, is minimal for an inequality

of the form ((1.2)) to hold without any additional assumption on .

A first-order Sobolev inequality on arbitrary domains € in R™ of the form (1.2)), where X (Q) = LP(Q),
Y(Q, p) = L9(Q), and Noq(-) = || -[|Lr(a0), with 1 < p <n,r > 1 and ¢ = min{ 7, £} was established
in [Mal] via isoperimetric inequalities. Sobolev inequalities of this kind, but still involving only first-
order derivatives and Lebesgue measure, have received a renewed attention in recent years. In particular,
the paper [MVI] makes use of mass transportation techniques to address the problem of the optimal
constants for p € (1,n), the problem when p = 1 having already been solved in [Mal]. Sharp constants
in inequalities in the borderline case when p = n are exhibited in [MV2].

In the present paper, we develop a completely different approach, which not only enables us to
establish arbitrary-order inequalities, which cannot just be derived via iteration of first-order ones, but
also augments the first-order theory, in that more general measures and norms are allowed.

Our point of departure is a new pointwise estimate for functions, and their derivatives, on arbitrary
— possibly unbounded and with infinite measure — domains €2. Such estimate involves a novel class of
double-integral operators, where integration is extended over € x S"~!. The relevant operators act on a
kind of higher-order difference quotients of the traces of functions and of their derivatives on 0f2.

In view of applications to norm inequalities, the next step calls for an analysis of boundedness prop-
erties of these operators. To this purpose, we prove their boundedness between optimal endpoint function




spaces. In combination with interpolation arguments based on the use of Peetre K-functional, these
endpoint estmates lead to pointwise bounds, for Sobolev functions, in rearrangement form. As a conse-
quence, Sobolev inequalities on an arbitrary n-dimensional domain are reduced to considerably simpler
one-dimensional inequalities for Hardy type operators.

With this apparatus at disposal, we are able to establish inequalities, involving Lebesgue norms
with respect to quite general measures, as well as Yudovich-Pohozaev-Trudinger type inequalities, for
exponential Orlicz norms, in limiting situations. The compactness of corresponding Reillich-Kondrashov
type embeddings, with subcritical exponents, is also shown. Inequalities for other rearrangement-invariant
norms, such as Lorentz and general Orlicz norms, could be derived. However, in order to avoid unnecessary
additional technical complications, this issue is not addressed here.

The paper is organized as follows. In the next section we offer a brief overview of some Sobolev type
inequalities, in basic cases, which follow from our results, and discuss their novelty and optimality. Section
[3] contains some preliminary definitions and results. The statements of our main results start with Section
which is devoted to our key pointwise inequalities for Sobolev functions. Estimates in rearrangement
form are derived in the subsequent Section [5} In Section [6] Sobolev type inequalities in arbitrary open
sets are shown to follow via such estimates. Examples which demonstrate the sharpness of our results are
exhibited in Section (7| In particular, Example shows that inequalities of the form may possibly
fail if Myn(u) only depends on derivatives of u on 9 up to an order smaller than [mT_l] Finally, in the
Appendix, some new notions, which are introduced in the definitions of the seminorms NMygq(+), are linked
to classical properties of Sobolev functions.

2 A taste of results

In order to give an overall idea of the content of this paper, we enucleate hereafter a few basic instances
of the inequalities that can be derived via our approach.

We begin with two examples which demonstrate that our conclusions lead to new results also in the
case of first-order inequalities, namely in the case when m =1 in .
Let © be any open set in R", and let u be a Borel measure on 2 such that u(B, N Q) < Cr® for some
C >0, and a € (n — 1,n], and for every ball B, radius r. Clearly, if u = £", then this condition holds
with a = n.
Assume that 1 < p <n and r > 1, and let s = min{-"%, -*£}. Then

n—1’ n—p

(2.1) ull s, < C(IVUll ey + lullr@oa)

for some constant C' and every function u with bounded support, provided that £"(2) < oo, u(f2) < oo
and H"1(09) < oco. Here, H"~! denotes the (n — 1)-dimensional Hausdorff measure. In particular, if
P (;_—1)’ and hence s = na—_’;), then holds even if the assumption on the finiteness of these measures
is dropped; in this case, the constant C depends only on n. Inequality follows via a general principle
contained in Theorem[6.1}, Section[6] It extends a version of the Sobolev inequality for measures, on regular
domains [Ma8, Theorem 1.4.5]. It also augments, at least for p > 1, the results for general domains of
[Mal] and [MVT], whose approach is confined to norms evaluated with respect to the Lebesgue measure.
Let us point out that, by contrast, our method, being based on representation formulas, need not lead to
optimal inequalities for p = 1.

Consider now the borderline case corresponding to p = n. As a consequence of Theorem again, one
can show that

T =

(2.2) IVl Lng) + llul

el pp—



for some constant C' and every function u with bounded support, provided that £"(2) < oo, u(2) <
n—1 . " . " : .

oo and H" ™ (02) < oo. Here, || HeXme(Q,u) and || Hexme(aQ) denote norms in Orlicz spaces of

exponential type on Q and 02, respectively. Inequality (2.2) on the one hand extends the Yudovich-

Pohozaev-Trudinger inequality to possibly irregular domains; on the other hand, it improves a result

of [MV2|, where estimates for the weaker norm in exp L(2) are established, and just for the Lebesgue

measure.

Let us now turn to higher-order inequalities. Focusing, for the time being, on second-order inequalities
may help to grasp the quality and sharpness of our conclusions in this framework. In the remaining part
of this section, we thus assume that m = 2 in ; we also assume, for simplicity, that p = L.

First, assume that h = 0. Then we can prove (among other possible choices of the exponents) that, if
1 <p< 3, then

. n < 2 n— e
(2.3) lull, e @ S C([IV2ul| o) + Hu”VLOLP( D oo - H“HL”,S,Q},) (asz))’

for some constant C' = C(p,n), in particular independent of €2, and every function u with bounded
support. Note that n’f;p is the same critical Sobolev exponent as in the case of regular domains. Here,
| - [[yrorr(a0) denotes, for r € [1, oc], the seminorm given by

(2.4) [ullyrorran) = ilglf 9l 00),
where the infimum is taken among all Borel functions g on 0f2 such that
(2.5) u(z) —u(y)| < o —yl(g(z) + g(y)) for H" l-ae. z,y € 9,

and L7 (09) denotes a Lebesgue space on 9 with respect to the measure H" 1. The function g appearing
in is an upper gradient, in the sense of [Ha], for the restriction of u to 92, endowed with the metric
inherited from the Euclidean metric in R”, and with the measure H"~!. In [Hal, a definition of this kind,
and an associated seminorm given as in , were introduced to define first-order Sobolev type spaces
on arbitrary metric measure spaces. In the last two decades, various notions of upper gradients and of
Sobolev spaces of functions defined on metric measure spaces, have been the object of investigations and
applications. They constitute the topic of a number of papers and monographs, including [AT) BB, [FHK]
HaKol, Heil, HeKol, [Kos|.

Let us emphasize that, although the new term |ul| p(n—1) on the right-hand side of (2.3)) can be
VIOL =P (Q)
dropped when €2 is a regular, say Lipschitz, domain, it is indispensable in an arbitrary domain. This can

be shown by a domain as in Figure 1 (see Example Section .
As in the case of regular domains, if p > %, then the Lebesgue norm on the left-hand side of ({2.3)
can be replaced by the norm in L*°. Indeed, if r > n — 1, then

(2.6) ull oo 0y < C(IIV?ull poge) + llullvrozrag) + l1ull oo @)

for any open set Q such that £7(2) < oo and H"~1(99Q) < oo, for some constant C, and for any function
u with bounded support. In particular, the constant C' depends on € only through £7() and H"~1(99).

n

In the limiting situation when n > 3, p = § and r > n — 1, a Yudovich-Pohozaev-Trudinger type
inequality of the form

(27) < C(IV%ull 3 g + lullviorsoay + ul

”uHexpLﬁ(Q) expLﬁ(aﬂ))

holds for some constant C' independent of the regularity of {2, and every function uw with bounded support,

provided that £*(Q)) < oo and H"1(9Q) < co. The norms || - || ) and || - || are the

_n_ _n_
expLn=2(Q exp Ln—=2 (00)
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Figure 1: Example [7.1], Section [7]

same exponential norms appearing in the Yudovich-Pohozaev-Trudinger inequality on regular domains,
and in its boundary trace counterpart.

Consider next the case when still m = 2 in (1.2)), but 2 = 1. Then one can infer from our estimates
that, if 1 <p <n and r > 1, and €2 is any open set with £"(2) < oo and H"~1(9Q) < oo, then

(2.8) IVull Loy < C(IIVull o) + lullvroron))

for some constant C' independent of the geometry of €2, and every function u with bounded support,
where

(2.9) ¢ = min {7 12

n—1’n—p

In particular if r== (: L) , and hence ¢ = —£ | then the constant C' in (2.8)) depends only on n and p.

Inequality ([2.8)) is optimal under various respects For instance, if € is regular then, as a consequence of
(L), the seminorm [Ju|[y1.07r(sq) can be replaced just with [|u| - q) on the right-hand side. By contrast,
a domain 2 as in Figure 2 shows that this is impossible for every g € [1 ”pp] whatever r is — see Example
[7-2] Section [7}

The question of the optimality of the exponent ¢ given by can also be raised. The answer is
affirmative. Actually, domains like that of Figure 3 show that such exponent ¢ is the largest possible in
(2.8) if no regularity is 1mposed on Q (Example [7.3| Section @

When p > n, inequality (2.8]) can be replaced Wlth

(2.10) IVull o) < C IVl o) + llullyror=@n))
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Figure 2: Example Section

for some constant C independent of the regularity of {2, and every function u with bounded support,
provided that £™(Q2) < oo and H"1(99Q) < co.

Finally, in the borderline case corresponding to p = n, an exponential norm is involved again. Under
the assumption that £7(2) < oo and H"1(0€) < oo, one has that

(2.11) IVl < C(IV%ullpr() + llul

exp L7T () V1.0 exp L%(am)

for some constant C, depending on €2 only through £*(Q2) and H"~1(92), and for every function u with
bounded support. Here, the seminorm || - HVLO exp LT (50) is defined as in ([2.4), with the norm || - || .- (a0
exp LT (560)° Again, the exponential norms in (2.11]) are the same optimal

Orlicz target norms for Sobolev and trace inequalities, respectively, on regular domains.

replaced with the norm || - ||

3 Preliminaries

Let 2 be any open set in R™, n > 2. Given x € (), define

(3.1) Q={yeQ:(1—-t)x+tyCQ for every t € (0,1)},
and
(3.2) (0); ={y€dQ: (1 —-t)x+ty CQ for every t € (0,1)}.

They are the largest subset of 2 and 92, respectively, which can be “seen” from z. It is easily verified
that €, is an open set. The following proposition tells us that (92), is a Borel set.



Figure 3: Example [7.3] Section [7]
Proposition 3.1 Assume that Q is an open set in R™, n > 2. Let © € Q. Then the set (092),, defined
by (3.2), is Borel measurable.
Proof. Given any r € QN (0,1), define
(0)z(r) ={y€0Q: (1 —t)z+ty C Q for every t € (0,7)}.

If y € (09),(r), then there exists 6 > 0 such that Bs(y) N9 C (0Q),(r). Thus, for each r € Q N (0, 1),
the set (0€),(r) is open in 02, in the topology induced by R™. The conclusion then follows from the fact
that (8Q)x = ﬁreQm(oJ) (GQ)Z(T) |

Next, we define the sets

(3.3) (QxS" 1) ={(z,9) e QxS : x4+t € 9Q for some t > 0},
and

(3.4) (Q xS N = (2 x S"H\ (2 x S*71),.

Clearly,

(3.5) (QxS" 1)y =0 xS if Qis bounded.

Let

(3.6) C: (xS )y = R”



be the function defined as
C(x,9) =z +t9, where tis such that z + t9 € (9Q),.

In other words, ((x,1) is the first point of intersection of the half-line {x + ¢t : ¢t > 0} with 9.
Given a function g : 9Q — R, with compact support, we adopt the convention that g({(z,?)) is
defined for every (z,9) € Q x S"~1, on extending it by 0 on (Q x S~ 1),; namely, we set

(3.7) g(C(z,0)) =0 if (z,9) € (2 x S" ).

Let us next introduce the functions

(3.8) a: QxS 5 [—00,0) and b:QxS"! = (0,00
given by

" = K1 B9 €@
and

(3.10) a(z,9) = —b(x, —9) if (z,9) € Q x S*~L.

Proposition 3.2 The function ( is Borel measurable. Hence, the functions a and b are Borel measurable
as well.

Proof. Assume first that € is bounded, so that (2 x S*71)g = Q x S"~!. Consider a sequence of nested
polyhedra {Q} invading €2, and the corresponding sequence of functions {(}, defined as ¢, with
replaced with Q. Such functions are Borel measurable, by elementary considerations, and hence ( is also
Borel measurable, since (; converges to ( pointwise.

Next, assume that €2 is unbounded. For each h € N, consider the set ;, = QN By(0), where By,(0) is the
ball, centered at 0, with radius h. Let {;, and by, be the functions, defined as ¢ and b, with  replaced
with Q. Since )y, is bounded, then we already know that by, is Borel measurable. Moreover, by, converges
to b pointwise. Hence, b is Borel measurable as well, and in particular the set (€2 x S"~1)g, which agrees
with {b < oo}, is Borel measurable. Finally, the function (;, is Borel measurable, inasmuch as €, is a
bounded set. Moreover, (;, converges to ¢ pointwise to ¢ on the Borel set (2 x S*~1)q. Thus, ¢ is Borel
measurable. O

Given m € N and p € [1, 00|, we denote by V"P(Q) the Sobolev type space defined as
(3.11) V™P(Q) = {u : u is m-times weakly differentiable in Q, and |V™u| € LP(Q)}.

Let us notice that, in the definition of V"P(Q), it is only required that the derivatives of the highest
order m of u belong to LP(Q2). Replacing LP(Q2) in with a more general Banach function space
X () leads to the notion of m-th order Sobolev type space V™ X (€2) built upon X ().

For k € Ny, we denote as usual by C*(Q) the space of real-valued functions whose k-th order derivatives
in  are continuous up to the boundary. We also set

(3.12) CF(Q) = {u € C*(Q) : u has bounded support}.

Clearly, B B
CF(Q) = C*(Q) if Q is bounded.



Let « = (au,...,a,) be a multi-index with a; € Ny for ¢ = 1,...,n. We adopt the notations
la| = a1+ Fap, al =aq!- - !, and 9¢ = 97" - 9% for 9 € R™. Moreover, we set Du = %
for u: Q — R. '

We need to extend the notion of upper gradient g for the restriction of u to 992 appearing in (2.5 to
the case of higher-order derivatives. To this purpose, let us denote by ¢*J, where k € Ny and j = 0,1,
(k,j) # (0,0), any Borel function on 02 fulfilling the following property:

(i) IfkeN, j=0,and ue CF(Q),

(3.13)

(2]€—2—|O¢’)' (y_x)oz al Ha @ , ,
lalszkl (k—1—|a)lal |y — |21 (-1)*D%(y) - D U(x)} ‘ < g"0(2) + ¢"(y)

for H" ta.e. x,y € ON.
(i) If k €N, j =1, and u € CF(Q),

n

(3.14) >~

=1

(21{:_2_|a‘)! (y_x)a al o du a Ou ) )
|a|gzk_1 (1 Jalal [y a7 VTP W) - D (?mﬂ‘ < g5 @) + g ()

for H* -a.e. x,y € 0.
(iii) If k=0, j = 1, and u € C2(Q),

(3.15) u(z)] < g™ ()

for H"1-a.e. x € 0Q. Note that inequality , with £ = 1, agrees with , and hence ¢'° has the
same role as g in . Let us also point out that, as extends a classical property of the gradient of
weakly differentiable functions in R”, likewise its higher-order versions (3.13) and (3.14) extend a parallel
property of functions in R"” endowed with higher-order weak derivatives. This is shown in Proposition
[7-5] of the Appendix.

In analogy with (2.4)), we introduce the seminorm given, for r € [1, oc], by

(3.16) [ullyras a0y = inf [lg™7[| a0
gk

where k, j and u are as above, and the infimum is extended over all functions ¢* fulfilling the appropriate
definition among (3.13]), (3.14) and (3.15). More generally, given a Banach function space Z(9€2) on 02
with respect to the Hausdorff measure H"~!, we define

(3.17) [ullvrs za0) = ;gg 1971 z00)-

Observe that, in particular,
HUHVOJZ(aQ) = HUHZ(aQ)-
4 Pointwise estimates

In the present section we establish our first main result: a pointwise estimate for Sobolev functions, and
their derivatives, in arbitrary open sets. In what follows we define, for k € N,

(1) () = {o if k& is odd,

1 if k is even.
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Theorem 4.1 [Pointwise estimate] Let Q be any open set in R™, n > 2. Assume that m € N and
h € Ng are such that 0 < m — h < n. Then there exists a constant C = C(n,m) such that

m—h—1 [k+h+1

my, 1b(k+h)
4 weeso [T S [ S G e

+/ g[%},h(h)(g(x,g)) dy"—l(ﬁ)> for a.e. x € €,
Snfl

(5]

for every u € VI Q)NCy % (). Here, g[H;H]’h(kJrh) is any function as in (3.13)—(3.15)), and conven-

tion (3.7)) is adopted.

Remark 4.2 In the case When m — h = n, and €0 is bounded, an estimate analogous to (| can be
proved, with the kernel W in the first integral on the right-hand side replaced with log [ | The
constant C' depends on n and the diameter of Q. If m — h > n, and Q is bounded, then the kernel is
bounded by a constant depending on n, m and the diameter of €.

Remark 4.3 Under the assumption that

[m

(4.3) u=Vu=.. V" =0 on 012,

one can choose g[%m(h) =0fork=0,...,m—h—11in (4.2). Hence,
\Vm y)l

A special case of (4.4)), corresponding to h = m — 1, is the object of [Ma8, Theorem 1.6.2].

Remark 4.4 As already mentioned in Section the order [mTfl] of the derivatives prescribed on 02,
which appears on the right-hand side of (4.2] is minimal for Sobolev type inequalities to hold in arbitrary
domains. This issue is discussed in Example 4], Section [7] below.

A key step in the proof of Theorem [4.1]is Lemma[£.5] below, which deals with the case when h = m—1
in Theorem [4.11

provides us with estimates for the h-th order derivatives of a function in terms of its (h + 1)-th order
derivatives.

Lemma 4.5 Let Q be any open set in R", n > 2.
(i) If w € V2-LLH(Q) N C'e L(Q) for some £ € N, then

[V tu(y)]

(4.5) (V2 2u(2)] < C( o= dy + / g (¢ (z,9)) dH”l(ﬂ)> for a.e. x € Q,
Sn—l

Q |r—

for some constant C' = C(n,{).
(ii) If u € V251(Q) N Cf; Y(Q) for some £ € N, then

20—1 ’V%U(?/)’ 2,0 n—1
(1:6) vt <o [Ty [ oo o)

|z

for some constant C = C(n, ). Here, g" 1! and g*° are functions as in (3.13) — (3.15),and convention
(3.7) is adopted.
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Our proof of Lemmal[4.5]in turn requires the following representation formula for the (2¢ —1)-th order
derivative of a one-dimensional function in an interval, in terms of its 2/-th derivative in the relevant
interval, and of its derivatives up to the order £ — 1 evaluated at the endpoints.

Lemma 4.6 Let —00 < a < b < co. Assume that 1 € W21 (a,b) for some £ € N. Then

b
(4.7) e /Q% 1 QTia b>¢(2£)(7)d7—/t Q21z—1(a+bb_7;27—>¢(2£)(7)d7
L er—k—2) 1
I 2 1(b_@wkrd<1f“www)+wmmﬂ
k=0

fort € (a,b). Here, Qop—1 is the polynomial of degree 2¢ — 1, obeying

(4.8) Qae-1(t) + Qa-1(—t) =1 fort eR,
and
(4.9) Qu1(-1) = Q%) (1) =--- =@ V(1) =0.

Proof. Let us represent 1 as
(4.10) Y(t) = w(t) +¢(t) forte (a,b),

where w and ¢ are the solutions to the problems

w(t) =ypCO(t) i (a,b),
(4.11)
w®(a) =o®(b) =0 for k=0,1,...,0—1,

and
<) =0 in (a,b),

(4.12) ) () — 39 ®(p) = ®) _ ~
¢¥ia) =yv¥(a), <WI(b)=9yW(b) for k=0,1,...,0—1,

respectively. Let us first focus on problem (4.11)). We claim that

(4.13)

_ t 2r—a—»> b a+b—2r
w(% 1) (t) = / QQf_l (ﬁ)w(?@ (T) dT — / QQ[_l (ﬁ)w(?f) (T) dT for te (a, b),
a - t -

where Q2¢_1 is as in the statement. In order to verify (4.13), let us consider the auxiliary problem

w(s) = ¢(s) in (=1,1),
(4.14) {w(k)(il)zo, k=0,1,...,0—1,

where ¢ € L'(a,b) is any given function. Let x : [-1,1]> — R be the Green function associated with

problem (4.14]), so that
1
(4.15) w(s) :/ k(s,r)p(r)dr for s € [-1,1].
—1
The function  takes an explicit form ([Bol; see also [GGS| Section 2.6]), given by

1—sr

(4.16) k(s,m) = Cls — 7?1 /S_T (2 — 1)Lt for s # r,
1
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where C' = C(¢) is a suitable constant. One can easily see from formula that (s, r) is a polynomial
of degree 2¢ — 1 in s for fixed r, and a polynomial of degree 2¢ — 1 in r for fixed s, both in {(s,7) €
[-1,1)? : s > 7}, and in {(s,7) € [-1,1]? : s < r}. Moreover, x(s,r) = r(—s,—r). In particular, if s > r,
one has that

(4.17)
-1 : /—1 .
_ =1\ (=1)1d 2j+1 20—2k—2 201 =1\ (-1~
m(s,r)—C[j:()( i >2j+1(1—3r) (s—r) —(s—r) 2 i) |
Thus, if s > r,
921y SO\ (1), A =1 (~1) 1
e = — 1) A e A
(4.18) St (5:7) = C(2 1).[2( ; ) T Z( ; ) 51 ]

Jj=0 J=0

a polynomial of degree 2¢ — 1 in r, depending only on odd powers of r. Let us denote this polynomial by
Q20—1(r). It follows from (4.18) that Q—1(—1) = 0. Moreover,

OQae— 9 (9 — (-1 o .
(4.19) Q;: Lir) = E)?‘((‘%QH(S’T)> =C(20— 1)!2 ( j >(—1)”3r2ﬁ =—C(20—1)(r2 — 1)1

J=0

Thus, Q971 vanishes, together with all its derivatives up to the order £ — 1, at —1, namely Q9y_1 fulfills
(4.9). Equation (4.18) also tells us that Qar—1(s) — Q2/—1(0) is an odd function, and hence

(4.20) ng_l(s) + Q%_l(—s) = Qng_l(O) for s € R.

Since k is an even function,

20—1 20—1 .
%(s,r) = %(—5,—7”) =—Qa—1(—r) f-1<s<r<l1.

Thus, (2¢ — 1)-times differentiation of equation (4.15)) yields
1
(4.21) W (s / Qae—1(r)p(r) dr —/ Qa—1(=7)p(r)dr for s € [-1,1].
S
Since w) = ¢, an integration by parts in (4.21)), equation (4.20)), and the the fact that Qg _1(—1) = 0,

tell us that
(4.22)

WD (5) = 2Qnp1 (0)w D /Qul G0 dr — / Qb1 (—r)wD () dr for s € [~1,1].

Owing to the arbitrariness of w, equation ensures that 2Q9,—1(0) = 1. Equation thus follows
from (4.20)).
The function w defined as

w(t) = w(mb_faa_g for t € [a,b],

is thus the solution to problem (4.11]), and the representation formula (4.13) follows via a change of
variables in (4.21)).
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Consider next problem (4.12)). The function ¢ is a polynomial of degree 2¢—1, and ¢~V is a constant
which, owing to the two-point Taylor interpolation formula (see e.g. [Dal, Chapter 2, Section 2.5, Ex. 3]),
is given by

(4.23) P = (20— 1)! [CZ:@_E <(t§_(t()))l> t=a + 5;—11 <(tg—(t6)l)z> |tJ

£ () () )

Leibnitz’ differentiation rule for products yields

(4.24) L;f:l ((;/’_('Z)Z)ltzj cczl;_—ll ((t@b—(tz) >|t

~

20—k —2)! 1
= (-1 ;i!w e (D0 + ).
k=0
Equation follows from (4.13)), (4.23) and (4.24)). O

Proof of Lemma Given z € Q and ¥ € S" !, let a(z,?) and b(z,9) be defined as in (3.10) and

(3.9), respectively.
We begin with the proof of (.5 for ¢ = 1. If uw € V11(Q) N CP(Q), then, by a standard property of

Sobolev functions, for a.e. x € ) the function
[0,b(z,Y)] >t — u(x + 1)

belongs to V1(0,b(x,9)) for H"l-a.e. ¥ € S*1, and

%u(x +t9) = Vu(zx +t9) -9 for a.e. t € [0,b(x,v)].

Hence, for any such x and 4,
b(z,9)
(4.25) u(¢(z,9)) —u(x) = / Vu(z +t9) - Jdt,
0

where convention (3.7)) is adopted. Integrating both sides of equation (#.25) over S"~! yields

b(z,9)
(4.26)  nwnu(z) = /S Gl ) aH () - /S - /0 Vulw + 19) - 0 dt dH™ (9),

where w, = I12 /(1 + %), the Lebesgue measure of the unit ball in R”. One has that

b(z.9) b(z,9) 1
(420 / / Vu(z + t9) -9 dt dH" / / u(z + g0) - 0t dodH" " (¥)
Sn=1.J0o Sn—1
_ )- (y —fﬁ) p

Qu |$—y|n

Inequality (4.5 ., with ¢ = 1, follows from and -

Let us next prove ([L6). If u € V241(Q) N Cb (Q) then for a.e. x € Q, the function

[a(z,9),b(z,0)] 2t u(x + tJ)
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belongs to V26! (a(xz, 1), b(x, 1)) for H* '-a.e. ¥ € S*~1. Consider any such z and 9. If (x,9) € (2xS* 1),
then, by Lemma [£.6]
20—1 t 27 —a(z,9) — b(z, ) d*
(4.28) Wu(m + tl?) = we8) Q%—l( b(% 29) — a(CL‘, 79) ) dr2t
B /b(m,ﬁ) 0 (a(xjﬁ) +b(z,9) — 27) d2
\ 20—1 b(x7 ,19) _ a(x’ 19) deg
/—1

u(z + 19)dr

u(x + 79) dr

dFu(z+t9) dRu(z+t0)
ey S 2k (D () imeeny T (Tam ) jmaen)]
' S RI(L— k — 1) (6(z,9) — a(z, 9))2-k-1

for t € (a(x,¥),b(z,9)). If, instead, (z,9) € (Q x S" 1), then,

201 0 A2z + T9)dr, if b(z,¥) = oo,

& ) =4 Jt o4
) {ft & u(e +rd)dr,  if a(z, ) = —ox,

Oonéu

(4.29)

for t € (a(x,d),b(x,)) (if both b(z,¥) = co and a(z,¥) = —oo, then either expression on the right-hand
side of (4.29)) can be exploited).
We have that

(4.30) g u(z + ) = |;k aﬁ D%u(x +t9) for a.e. t € (a(x,9),b(x,1)),
for k=1,...,2¢. From (4.28)—(4.30) we infer that
(4.31)
26—1!& a 25—1!0[ Foo o
Z wﬂ D%u(x) = =X (axsr—1) (T, V) Z (!)19 /0 Z VYD u(x + 19) dr
|a|=2¢—1 |a|=2¢-1 [v]=1
0 21 — a(z,9) — b(z,9)\ d*
+ X(QXS"l)O(xvﬂ)[ o) Q%—l( 6z, 0) — a(z.0) )dT%U(fL‘ + 19)dr
b(z,9) a(z,9) + b(z,9) — 27\ d**
. _ Y 9 19 d
/0 Qe 1( b(a: 19) — a(x 19) )dTMu@ +70)dr
PRI ; Z (=1)*'D*u(x + b(x, 0)9) + D*u(z + a(z, 9)0)]

l _ 20—k—1 ’
where the signs + or — in the first integral on the right-hand side depend on whether b(z,?) = oo or
a(x,¥) = —oo, respectively.

Denote by {Ps} the system of all homogeneous polynomials of degree 2¢ —1 in the variables 91, ..., U,
such that

- Pg(9)0¥dH" () = Sap,
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where 4 stands for the Kronecker delta. On multiplying equation (4.31) by Pg(), dividing through by
(2¢ —1)!, and integrating over S"~! one obtains that

(d. 32)
B 19044—7 +oo

D uz ' / DOz + 70) dr dHL(9)

. 0

X(@xsn—1)w (@, 9) Pp(0)
|a|=20—1
[v/=1

gy

/ X(Qxsn—1), (T 19)(135(1%[ ’ Qzeq(%_ a(x,9) — b(m,ﬁ)> q2
L

P

20— 1)! | S b(z, 0) —a(z,0) ) arzel@ T T

a(x z,9) — 27\ d*
Qa1 b(i);_)b( (i) 19)2 ) ddT%u(ﬁTﬁ) dT]d’H"—l(ﬂ)

(20 — |a| — 2)19* [(—=1)l*+ I Du(x + b(z,9)d) + Du(z + a(z,9)9)]
Y /S L, P M; @ Jal - Dl (b(z,9) — a(a, 9))2 11 HHD).

There exist a constants C' = C(n,f) and C' = C’(n,¢) such that

Yoty +oo ot o
(4.33) /S -1 X(QXS7L71)°°(QU’?9)Pﬁ(?9) Z al o D u(x 4+ 79) dr dH (19)’
|a|=2¢—1 )
[v[=1
o o 20
SC/ / IV2u(e + 70)| dr dH"Y( c/ / V= : TTW Y g an 1 (9)
sn=1.Jo sn—1 T

co [ )
B |z —y[!

Next, we claim that there exists a constant C' = C(¢,n) such that

0
(4.34)

[ Nl ) | Po)

—a(z,9) — b(z 2t
Q2£—1<275<a< V) — b ’m) d u(z + 79)dr

z,9) —a(z,9) /dr?

b(z,9) T x —9r Y

) [ Qua (ML) 2 2my AT i | arn )
0 b(z,9) —a(x, ) dr

[V u(y)|

olz =yt

In order to prove (4.34]), observe that

a(z,9)

<C dy.

0

21 — a(z,9) — b(z, )\ d**
/Snl X(@xsn1), (T, 9) Pg(V) Q2e—1( ol >

x,9) — a(z,9) dr2t

—a(@9) 2r + a(z,9) + b(z,9)\ d* i
/n1 X(stn_l)o(x,ﬁ)Pﬁ(ﬁ)/o Q24—1< T b, 0) — a(z. ) )dT%u(az — rd)dr dH""(9)

—a(@,~6) 2r + a(z, —0) + bz, —0)\ d* .
= /Sn_l X(Qxsn—1) (T, —G)PB(—G)/O Qzeq( T bz, —0) — a(z, —0) ) dT%u(aﬁ + r0)dr dH" " (0)

b(@.0) a(z,0) + b(z,0) — 2r\ d** _—
_ /S X(@xen-ty, (1. 6) Pa(6) /O Qs (M ) gl + 1) a1 (0)

u(z 4 79)dr dH" 1 (0)
a(z,9)
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where we have made use of the fact that Pg(—6) = —Pg(0) if |3] = 2¢ — 1, and of (3.10]). Thus,

0 27 — a(z,9) — b(z,9)\ d*
. P . Y Y
/sn_lx““g 1)0@3,19)[ ") o @ ! b(a, ) — a(z,9) )7

b(z,9) T T — 927 20
- Pﬁ(ﬁ)/o Qze—1(a( b’(i);r)[f a’(i) 19)2 )ddT%u(x - 7’19)de| dH”_l(f})'

b(x,0) a(z,9) + b(xz,9) — 2r\ d? n—1
/Sn_l Pg(?ﬁ‘)/o Q2Z71< b(z, 9) — a(z. ) )deéu(x +rd) drdH (19)‘

(=) a(z,9) + b(z,9) — 2r 20! 0 o e
/Snl Pg(ﬁ)/o Q2€—1< bz, 0) — az,0) )g:% N 29O Du(x + o) drdH 1(19)‘

b(z,9) 20
< C/ / V2u(z + rd)| dHP1(9) < c’/ VTul)l g
sn—1Jo

0, |z —y[" !

u(x + 79)dr

=2

=2

for some constants C' = C'(n,¢) and C" = C’(n, {). Hence, inequality (4.34]) follows.
Finally, by definition (3.13]), there exists a constant C' = C(n, ) such that

@35 | [ Xsra ) (=1 Po0)
(20— |a| = 2)!  [(=D)*HDY%(z + b(2,9)9) + Du(x + a(z,9)d)]
2 Tl (0(a,9) — alar, 0)7 o1 Sy

<C _— X(wxsn—l)o(xjﬁ) [gé,O(x + da(z,9)) +g£,0(x +79[)(:E,19))] d’}-[n_l(ﬂ)

=20 g0 (¢ (x,9)) dH ().
Sn—l

Combining (4.32))—(4.35) yields (4.6]).
Inequality (4.5)), with £ > 2, follows on applying (4.6 with u replaced with its first-order derivatives.
|

Proof of Theorem For simplicity of notation, we consider the case when h = 0, the proof in the

(%5

m=1) _
general case being analogous. Let u € V™!1(Q) N C, 2 ](Q) By inequality (4.5) with £ =1,

(4.36) u(z)| < c( /Q BALC)| /S e d%”‘l(ﬁ)) for ae. o € Q.

|z —y[nt

From (4.36|) and an application of inequality (4.6) with £ =1 one obtains that

40 <C<//Q |V2z” I |:EdZd|Z1
o e >W+ /. g°’1<c<x,19>>d%n—1<q9>>
SC(fmlcv—szd*//Sm o

+/ gV (¢(x, ) dH"_l(ﬁ)) for a.e. x € Q,
Sn—l
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for some constants C = C(n) and C' = C’(n). Note that in the last inequality we have made use of a
special case of the well known identity

(4.38) /R ! / f(z) dzdy =C (G dz for a.e. z € R",

n |z —y["m7 Jpn |y — 2" Rn |T — 2|0

which holds for some constant C' = C(n, o,7) and for every compactly supported integrable function f,
provided that ¢ > 0, v > 0 and 0 + v < n.
Inequality (4.37) in turn yields, via an application of inequality (4.5) with m = 2,

(4.39)
3 n—1

1,0 dH"~ 1(29) dy 0.1 -
+ /Q /Sn_l 97 (¢(y:9) -yt + /Sn_l g (C(z,9)) dH (19)) for a.e. z € Q,

for some constant C' = C(n). A finite induction argument, relying upon an alternate iterated use of

inequalities (4.6)) and (4.5) as above, eventually leads to (4.2)). o

5 Estimates in rearrangement form

The pointwise bounds established in the previous section enable us to derive rearrangement estimates for
functions, and their derivatives, with respect to any Borel measure p on ) such that

(5.1) pu(Br(z) N Q) < Cur* for x € Q and r > 0,

for some a € (n — 1,n] and some constant C,, > 0. Here, B,(z) denotes the ball, centered at z, with
radius 7.

Recall that, given a measure space R, endowed with a positive measure v, the decreasing rearrange-
ment ¢ : [0,00) — [0, 00] of a v-measurable function ¢ : R — R is defined as

o5 (s) =sup{t > 0: v(|¢| >t}) > s} forse[0,00).
The operation of decreasing rearrangement is not linear. However, one has that

(5.2) (@ +¥)5(s) < d5(s/2) + 4, (s/2)  for s =0,

for every measurable functions ¢ and 1 on R.
Any function ¢ shares its integrability properties with its decreasing rearrangement ¢, since

v({|p| > t}) = L ({¢} > t}) for every t > 0.

As a consequence, any norm inequality, involving rearrangement-invariant norms, between the rearrange-
ments of the derivatives of Sobolev functions and the rearrangements of its lower-order derivatives, im-
mediately yields a corresponding inequality for the original Sobolev functions. Thus, the rearrangement
inequalities to be established hereafter reduce the problem of n-dimensional Sobolev type inequalities in
arbitrary open sets to considerably simpler one-dimensional Hardy type. This is the content of Theorem

Section [6] below.
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Theorem 5.1 [Rearrangement estimates] Let Q be any open bounded open set in R"™, n > 2. Let
m € N and h € Ny be such that 0 < m—h < n. Assume that p is a Borel measure in Q fulfilling (5.1) for
some a € (n—1,n] and for some C,, > 0. Then there exists constants ¢ = c¢(n,m) and C = C(n,m,a, C,)
such that

n
@

(5.3) |th|;(cs)§0[s_n_$+h / V"™l (r)dr + / P TR |V (1)
0 s

n
a

m—h—1 n-l

) <s—";k / [EEEIE] ()
0

k=1
© nolk [ kthtl X
[T )

n—1

+ s~ia / [g[h;l}’h(h)};nl(r)dr] for s >0,
0

m—1) __
for every u € V™1(Q) ﬂC}E 2 ](Q) Here, 4(+) is defined as in (4.1), and g[k+g+1]’u(k+h) denotes any Borel
function on O fulfilling the appropriate condition from (3.13)—(3.15)).

Remark 5.2 In inequality , and in what follows, when considering rearrangements and norms with
respect to a measure 1, Sobolev functions and their derivatives have to be interpreted as their traces with
respect to p. Such traces are well defined, thanks to standard (local) Sobolev inequalities with measures,
owing to the assumption that o € (n — 1,n] in .

In preparation for the proof of Theorem we introduce a few integral operators, and provide
pointwise estimates for their rearrangements. Let 2 be any open set in R™. For v € (0,n), we denote by
I, the Riesz potential type operator given by

(5.4) L f(z) = /Q m dy forxz e Q,

at any measurable function f in €2, and we call IV, the operator defined as

(5.5) N,g(x) = /(99 %dﬂn_l(y) for z € Q,

at any H" !-measurable function g On 9.
We next define the operator T as

(5:) Tow) = [ loClao)lan o) foraen

at any H" '-measurable function g on 9. Here, and in what follows, we adopt convention . To
be precise, the function g on the right-hand side of denotes any of its Borel representatives, which
agrees with the original function g up to a subset of 9Q of %"~ ! measure zero. The integral in does
not depend on the choice of this representative, owing to Lemma [5.3] below. Note that, owing to Fubini’s
theorem, T'g is a measurable function with respect to any Borel measure in ).

Finally, we define the operator @) as the composition

(5.7) Qy=1,0T.
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Namely,
d’H”_l(ﬁ) dy
5.8 Q~9g(x / / _ for x € €,
(58) ! sn-1 \l’ -~y
for any H"~!-measurable function g on 5.

Lemma 5.3 Let Q2 be an open set in R™. Then

(5.9) /S s onian oy <2 WLy fora e,

o9 |$ —y[*!
or every Borel function g on 092. Here, convention (3.7) is adopted.
Y g 4

In particular, the integral on the left-hand side of (/5.9) z's not affected by alterations of g on sets of H™ 1
measure zero on Of).

Proof. We spilt the proof of inequality (5.9) in steps.
Step 1. Denote by 1T : R™ \ {2} — S"~! the projection function into S*~! given by

I(y) = ‘z : o fory eRM\ {a}.
Then
(5.10) HU(TI(E)) < L ym-1p)

— dist(x, E)"1
for every E C 0f).

The function I is differentiable, and |VII(y)| < |y — x|~ for y € R™\ {x}. Thus, the restriction of II
to E is Lipschitz continuous, and

1
(5.11) [VII(y)| < dist(z, B)

Inequality (5.11)) implies ([5.10]), by a standard property of Hausdorff measure — see e.g. [Matl Theorem
7.5].
Step 2. We have that

for y € F.

d n—1
(5.12) HIIN(E)) < 2"/ |H|1$y)1 for every Borel set E C 0f2.
EIT—Y
The following chain holds:
dH™ 1
(5.13) / 7—[71 / H ' {y e E: |z —y|" T >t} dt
Ele—yl”

/ H I {y € B+ o — ] < 7} d(—'")

2k+1

=Y [ w e Brlo—yl < (=)
kEZ
ok+1
> e Bile -yl <2 [ d(=rt)
kEZ 2k
— (1= 27 ) Y oKy € B o — g < 24))

kEZ

> (1 -2 oty e B 2bl < |z — gy < 28},
kEZ
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Since dist(z, {y € E: 2¥! < |z —y| < 2¥}) > 281 by (5.10)
(5.14) H" '({ye E: 21 <z —y| < 2F}) > c2- =Dyl (q1({y € E: 2571 < |z —y| < 2F}))
for k € Z. From (5.13)) and (5.14)) we deduce that

d n—1
(5.15) / Lﬂ > 3y o MDDy U [({y € B 2! < o —y| < 2°))
el —yl kel
=27y H M II({y € E: 28 <z —y| < 2¥}))
kEZ

> 27" H T (Upez I({y € B : 2871 < |z — y| < 2F}))
= 27"H" N (I(Upez{y € E okl <z —y| < 2k}))
= 27"H"HTI(E)).

Inequality (5.12) is thus established.
Step 3. Conclusion.
Fix x € Q). We have that

H({y € (09)a : lg(y)| > t}) = {9 € 8" : |g(C(9)| > £} for t > 0.
Thus, by ,

n—1
/ o T(L )1 > 27" 1 ({9 €SP g(¢(w,9))| > t}) for t > 0.
{yE(@9)2:lg(y) >t} [T — Y]

Hence,

n—1
(5.16) / |g(y)i A / / dH 75 )1dt
09), |z =yl {(ye(@Q)a:lg(y) >t} 1T — Yl

> 9 /0 WL ({9 € 87+ g(C(e, )] > 1) dt

__o—n T n—1 .
=2 [ (gt o) an @)

Inequality (5.9) is thus established.
To verify the last assertion, assume that g; and go are Borel functions such that g; = go H" '-a.e.
on 0N). Let xz € Q. If

(517) Lol aw=@) = [ ln(ca o) ar @)= .
then there is nothing to prove. If both integrals in (5.17)) are finite, then they agree, since

(518) |l maw o)~ [ ool o)

_ ‘ L ool = loacto o] ar 19)'
< [ a0l = ool o)) a0
Sn—

l91(y)| = 192(»)|
< o / | dH™ 1 0
o0 |z —y|n—t W) =

where the second inequality holds by (5.9 . The case when one of the integrals in (5.17)) if finite and the
other one is infinite is excluded, since equation ([5.18]) would hold also in this case, and would lead to a
contradiction. 0
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Our analysis of the sublinear operators I, N, T and @), requires a few notations and properties from
interpolation theory. Assume that R is a measure space, endowed with a positive measure v. Given a pair
X1(R,v) and X2(R,v) of normed function spaces, contained in some common vector space, a function
¢ € Xi(R,v) + X2(R,v) and s € R, we denote by K(¢,s; X1(R,v),X2(R,v)) the associated Peetre’s
K-functional, defined as

K(s,¢; X1(R,v), X2(R,v)) = ¢:i¢fllf+¢2 (o1l x, (R + 8l D2l xa(R0)) for s > 0.
We shall need an expression for the K-functional (up to equivalence) in the case when X;(R,v) and
X2(R,v) are certain Lebesgue or Lorentz spaces, and (R, v) is either (2, L"), or (2, u) with p satisfying
(5.1), or (992, H"~1). Recall that, given o € [1,00), the Lorentz space L7}(R,v) is the Banach function
space of those v-measurable functions ¢ on R for which the norm

o 1
16l et () = /0 o7 (s)s e ds

is finite. In particular, L'(R,v) = L'(R,v). The Lorentz space L7>®(R,v), with ¢ € (1,00], also called
Marcinkiewicz space or weak-L? space, is the Banach function space of those v-measurable functions ¢
on R for which the quantity

1
9l Looo(r,r) = Sup s> ¢,(s)
S

is finite. In particular, L°*°(R,v) = L (R, v). Note that, in spite of the notation, this is not a norm if
o < co. However, it is equivalent to a norm, up to multiplicative constants depending on ¢, obtained on
replacing ¢%(s) with %fo‘s o5 (r)dr.

If (R,v) is one of the three measure spaces mentioned above, then both the Lorentz space L7} (R,v)
and the Marcinkiewicz space L7°°(R,v) are contained in the vector space Mo(R,v) of finite-valued v-
measurable functions on R. This is a standard fact when (R, v) is o-finite [BS, Theorem I1.1.6], and hence
when (R, v) is either (Q,L£"), or (Q, p) with p satisfying (5.1)). The measure space (02, H" ') need not
be o-finite for an arbitrary domain Q. However, if either ¢ € L% (9Q, H" 1) or ¢ € L7>°(9Q, H" 1),
and we set B = {z € 9Q : ¢(x) # 0}, then [[¢[| L1 o0 nn-1) = 19l Lo1 90 1n-11m) OF [|0]|Lo00 90 34n-1) =
|9l oo (92,2071 | E)» Tespectively. Moreover, if o < oo, then a standard argument based upon a Chebi-
shev type inequality ensures that (9, H" !|E) is o-finite. Hence, by [BS, Theorem I1.1.6] again, both
Lo (0Q, H1) and L7 (09, H™ 1) are contained in Mo (9, H"~'). The same conclusion trivially holds
for L (9, H™1).

When (R, v) is one of the three spaces in question,
(5.19) K(p,s; LR, v), L°°(R,v)) :/ ¢ (r)dr for s >0,
0

for every ¢ € LY(R,v) 4+ L>®(R,v). Indeed, if well known if (R,v) is o-finite [BS, Chapter 5,
Theorem 1.6], and hence it holds for (€2, £) and (2, it). As far as (99, H" ') is concerned, one can reduce
the problem to the o-finite case, on replacing, for every function ¢ € L'(9Q, H" 1) + L>°(0Q, H"~1), the
measure H" ! with H"~!| E, where E is the set defined as above.

As a consequence of , via Holmsted’s reiteration theorem, if ¢ > 1, then

1
(5.20) K (9,5 L7(R), L(R)) ~ [r# ¢ (1)l 0,00 for s >0,

for every ¢ € L7*°(R) + L*>°(R) [Hol Equation (4.8)]. Moreover,

(5.21) K(¢,s;L(R), L7 (R)) ~ / &% (r) dr + s/oo P ¢ (r)dr  for s > 0.
0 so’
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for every ¢ € L'(R) + L% (R) [Hd, Theorem 4.2]. In and (5.21), the notation “ ~ ” means that
the two sides are bounded by each other up to multiplicative constants depending on o.

Let (R,v) and (S,v) be positive measure spaces. An operator L defined on a vector space Mr(R,v) of
measurable functions on (R,v), and taking values into the space of measurable functions on (S,v), is
called sub-linear if, for every ¢; and ¢2 in the domain of L and every A1, Ao € R,

|L(A101 + A2¢2)| < [A1]|Lo1| + [Aa||Loal.

A basic result in the theory of real interpolation tells us what follows. Assume that L is a sub-linear
operator as above, and X;(R,v) and Y;(S,v), ¢ = 1,2, are normed function function spaces such that
the spaces X;(R,v), i = 1,2, are contained in My (R, v), the spaces Y;(S,v), i = 1,2, are contained in a
common vector space of measurable functions on (S,v), and

(5.22) L:X;(R,v) = Yi(S,v)

with norms not exceeding IV;, i = 1, 2. Here, the arrow ” — ” denotes a bounded operator. Then,
(5.23) K(L¢,s;Y1(S,v),Ya(S,v)) < max{Ny, Na} K(¢,s; X1(R,v), X2(R,v)) for s > 0,
for every ¢ € X1(R,v) + X2(R,v).

Lemma 5.4 Let Q be an open set in R", n > 2, and let v € (0,n). Assume that p is any Borel
measure in Q fulfilling (5.1) for some o € (n — v,n| and for some Cy, > 0. Then there exists a constant
C=C(n,a,v,C,) such that

(5.21) N3l 2 ey < gl
for every g € L*(0Q).

Proof. We make use of an argument related to [AdIl [Ad2]. Given g € L'(09Q) and t > 0, define
= {z € Q : Nyg(x) > t}, and denote by p; the restriction of the measure p to E;. By Fubini’s
Theorem,

625 ey =t [ dulo) < [ Nogaldu(o //W_ o ) dy )
< [ ot [ OB
Next,

dus(x o0
(5.26) [ ey [T | dpe() do
alr—yl 0 {zeQ:|z—y|T—">p7—n}
< (n—v)/ oy (By(y)) do for t > 0.
0

From ([5.25)) and (5.26) we deduce that, for each fixed r > 0,

(5.27) tu(Le) < (n =) / l9(»)] / T (By(y)) dod ()
o2 0
= (n — —n—+y—1 . 0 n—1
= ( 7)/0 0 /m l9(y) |t (By(y)) dH" (y) do
+ (n —7)/ Q_TH_W_I/ |g(y)|ﬂt(39(y))d7{n_1(y) do fort>0.
r o0
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We have that

628 [ o | glm(Baty) a0 w) de
0 o0
< Cullllon) | 77 do = Cu oo
On the other hand,

RN VRS /a ol B " ) do < () [ VRS /8 Lol d 0) do

—n+~y

< w(Le) = llgll L on)-

Q=

Combining (5.27)—(5.29), and choosing r = <“ (ci t)> , yield

Toz—n—&—w r_”+7
. < — _
(5.30) (L0) < (=19l o (Cu gy + (L))
n—y 1_n=

= oo Mgl ea) Cu® 1Ly

Thus,
n—y 2=
(5.31) tp(Ly) o < o= C0u” llgllpon) for t > 0.
Hence, inequality (5.24)) follows. O

Lemma 5.5 Let Q be an open set in R™, n > 2. Assume that p is any Borel measure in Q fulfilling (5.1
for some a € (n —1,n] and for some Cy, > 0. Then there exists a constant C = C(n, o, C),) such that

n—1

n—1

(5.32) (Tg)(s) < Cs~"F / T () dr fors >0,
0

for every H"~'-measurable function g on ON.
Proof. By Lemma there exists a constant C' = C(n) such that
(5.33) Tg(z) < CNig(xz) forz €,

for every H" '-measurable function g on 9. Hence, owing to Lemma with v = 1, there exists a
constant C' = C(n, o, C},) such that

(534) ||Tg||L%’OO(Q7M) S C”Q”Ll(aﬂ)

for every for every function g € L'(9Q).
On the other hand,

(5.35) 0< Tg(a) < lgllieion) | dH"'(0) = monlglimian) for every v € 9

Sn—1

and hence

(5.36) 1Tgll oo () < nwnllgll Lo (002)
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for every function g € L*°(99). We thus deduce from (5.19)), (5.20)), (5.23)), (5.34) and (5.36] that
631 ST < 05 TG g e, ~ K (g, L0, ), L(2, )

< CK(g,s; L' (09), L°(09Q)) = C/ Gyn-1(r)dr for s >0,
0

for some constant C' = C(n, a, C},), and for every H"-measurable function g on 9. Hence, inequality

(5.32)) follows. O

Lemma 5.6 Let Q be an open set in R™, n > 2, and let v € (0,n). Assume that p is any Borel
measure in Q fulfilling (5.1]) for some o € (n —~,n] and for some C,, > 0. Then, there exists a constant
C =C(n,v,a,C,) such that

n
[e%

(5.38) (I, f)5(s) < c(y”ﬁ ) fin(r)dr + / OO P fa(r) dr) for s >0,
0 sa

o

for every measurable function f in ).

Proof . A standard weak-type inequality for Riesz potentials tells us that there exists a constant C; =

Ci(n,v,a,C,) such that
(5.39) 2 fll s o0 g, < Crllfllzr o)

for every f € L'(Q) (a proof of inequality (5.39) follows, in fact, along the same lines as that of (5.24))).
Furthermore, there exists a constant Co = Ca(n,~, «, C,) such that

(5.40) 17, f Lz < Callfl 2,

for every f € L%’l(Q). Inequality (5.40)) can be derived from (5.39)), applied with = £™ and a = n, via
a duality argument. Indeed,

Iy
GA) L flewy = s [ [5(o) L)n',ydydz
A1 oy <19 aly !
— o / |/ —dydr< s Ol g LA, e
Al 1)<t ‘ 17l g1 0y <1 L~ L Q)

< s c'||f||ﬁ,1(m||h||p(mgo’nfuﬁ,lm)

||h||L1(Q)§1

for some constants C' = C(n,v) and ¢’ = C’'(n,v,«,C,), and for every f € L%’l(Q). Note that the first
inequality holds owing to a Holder type inequality in Lorentz spaces. As shown by a standard convolution
argument, the space of continuous functions is dense in L?’l(Q). Inequality (5.41]) then implies that I f

is continuous for f € L™ Q). Thus ”I'yf”Loo(Q #) < Hl»yf”Loo(Q), and (5.40) follows from

By (5.39) and ( -, via , and ( , we deduce that there exists a constant C =

C(n,v,a, C ) such that

(5.42) s(Lf)(s™ ) < s (I ) (r M e guon2ry & KUy 5 L (9, 1), L(Q, 1)
noq sni_’y R n—vy
< CK(f,s;L'(Q),L"7(Q)) =~ / frn(r)dr + s/ oor n fia(r)dr for s >0,
0 sn—7
for every measurable function f in §2, where the equivalence is up to multiplicative constants depending
on n,7, o, Cy. Hence, (5.38) follows. 0
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Lemma 5.7 Let Q be an open set in R™, n > 2, and let v € (0,n — 1). Assume that p is any Borel
measure in Q fulfilling (5.1) for some o € (n — y,n| and for some Cy, > 0. Then there exists a constant
C=C(n,v,a,C,) such that

s a [e’e)
n—1—~

g;“{nl(r)dwr/nl T T g (T )dr) for s >0,

0 s «a

59 Qi <c(s
for every H" -measurable function g on 0.

Proof. By inequality , with = £", there exists a constant C' = C'(n) such that
(5.44) 79Il 72r 0 ) = CllgllLro0)

for every function g € L'(99). Moreover, there exists a constant C' = C(n,~, o, C,,) such that

(5.45) (LS RPERYo V[ —

for every function f € L#1 1°°(Q). Indeed, by (55.38)), for any such f,

(L f)u(s)

n
«

(5.46) =sups o '

s>0

= *

< Csup (s_i fin(r )d?“+8n A /n r Zn(r)dr>
0 sa

s>0 @

EERY A e Y s
S«
(©)’

/
= CfI, g oo
where C' is the constant appearing in (5.38), and C' = C’(n,~,a, C),) . If follows from and ( -
that

n
[e3

(547) HQ’ngLn‘:’f—i’Y’w(Q,u) < C”Q”L1(89)7

for some constant C' = C(n,v,a,C},), and for every function g € L*(99).
On the other hand, by (5.32]), applied with g = £, there exists a constant C' = C(n,~y) such that

oo 1 oy oo 1 5 ne1 Sn"i_Ll
(5.48) ||Tg||L%,1(Q) :/ (Tg)in(s)s Hnds < C'/ s~ +n_n/ Gyn—1(r) drds
0 0 0
oo oo oo
- / Gopns (7) / i s Ty / s ()R
O rn—1 0

for every function g € L%’l(aﬁ). Coupling inequalities (5.48)) and (5.40) tells us that there exists a
constant C' = C(n,~, o, C},) such that

(5.49) |Qullzeng < Clgl 2zt

n—1
for every function g € L7 " (99).
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Now, by (5.20)), (5.21)), (5.23), (5.47) and (5.49), there exists a constant C' = C(n,~, o, C},) such that

fe n—1— * e ,00 0o
$(Qyg)u(sm=177) < flr e V(ng)u(r)llm(oﬁﬁ)%K(ng,S;L"—l—v (€, ), L=(2, 1))

n—1

1 n—14 st e _n=l—vy
< CK(g,s; L (0Q),L v " (09)) =~ / Gyn— () dr + s/ noy T 1 gymoa(r)dr for s >0,
0 ST

for every H" '-measurable function ¢ on 0, where equivalence holds up to multiplicative constants
depending on n, v, o, C,. Inequality (5.43) follows. O

Proof of Theorem Inequality (4.2) can be written as

m—h—1
IVu(z)| < C([mh(yvmu\)(x) + 30 QugTETIREE (@) 4 T(g[h;rl]’”(h))(x)) for a.e. € Q.
k=1

Hence, (5.3)) follows via Lemmas - owing to property (5.2]) of rearrangements. O

6 Sobolev inequalities

We present here a sample of Sobolev type inequalities that can be established via the universal pointwise
and rearrangement estimates of Sections 4] and [5l respectively. We limit ourselves to inequalities for
standard norms, such as Lebesgue norms and Orlicz norms of exponential or logarithmic type, which
naturally come into play in borderline situations. Measures u satisfying will be included in our
results. Let us emphasize, however, that inequalities for more general norms can be derived from the
relevant pointwise bounds. Virtually, any Sobolev type inequality for rearrangement-invariant norms,
which holds in regular domains, has a counterpart in arbitrary domains, provided that appropriate
boundary seminorms are employed.

A key tool in our approach is the reduction principle to one-dimensional inequalities, stated in Theo-
rem [6.1]below, for Sobolev inequalities involving arbitrary rearrangement-invariant norms. A rearrangement-
invariant space X (R,r) on a positive measure space (R, v), can be defined as a Banach function space
(in the sense of Luxemburg), endowed with a norm || - || x (g, having the property that there exists a
rearrangement-invariant function norm || - 1%(0,00) 01 (0, 00) such that

(6.1) 19l x(R) = [100lIx(0,00) for every ¢ € X(R,v).

Recall that a function norm || - ||Y(0 o) is a functional defined on the set of nonnegative measurable
functions on (0, 00), taking values into [0, o0], such that, for all such functions ¢, ¥ and {yg}ren, all
constants A > 0, and all measurable sets E C (0, 00):

(i) H‘P”Y(o,oo) = 0 if and only if ¢ = 0; H)\SDHY(O,OO) = )‘”SOHY(O,oo);
o+ Yllx0,00) < 1l1%(0,00) T 1% %(0,00):
(ii) ¢ < ¢ ae. implies [|@]5 g o) < 191l (0,00);
(iii) or /¢ ae. implies [0kl (0 00) /10115 (0,00)3

(iv) IXE 50,00y < 00 if L1(E) < 00
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(v) fE lp(s)|ds < C”SOHY(QOO) if LY(E) < oo, for some constant depending on X (0,00) and on
LY(E);
(iv) H‘PHY(Q,OO) = ||¢||y(0700) whenever ¢* = ¢*.

In particular, the space X (0,0), of all measurable functions ¢ on (0,00) such that | |4 1% (0,00) < 0

is a rearrangement-invariant space, equipped with the norm || | - | HY(O o) The space X(0,00) is called a
representation space of X (R,v).
Clearly, if X(R,v) is a rearrangement-invariant space, then

(6.2) 16llx(rw) = 1Yl x(R.) whenever ¢ =1y

In customary situations, an expression for the norm ||-||5 ) immediately follows from that of [|- || x(,»)-
The Lebesgue spaces and the Lorentz spaces, whose definition has been recalled above, are standard
instances of rearrangement-invariant spaces. The exponential spaces, which have already been mentioned
in Section [2 can be regarded as special examples of Orlicz spaces. Recall that the Orlicz space LA(R, v)
built upon a Young function A : [0,00) — [0,00], namely a left-continuous convex function which is
neither identically equal to 0 nor to oo, is a rearrangement-invariant space equipped the Luxemburg
norm given by

(6.3) 160l acr, = inf{A>O : A(W;)’) v(z) < 1}.

The class of Orlicz spaces includes that of Lebesgue spaces, since LA(R,v) = LP(R,v) if A(t) = t? for
p € [1,00[, and LA(R,v) = L®(R,v) if A(t) = 00X (1 o0y (t)- Given o > 0, we denote by exp L?(R,v) the
Orlicz space built upon the Young function A(t) = e!” —1, and by LP(log L)° (R, v) the Orlicz space built
upon the Young function A(t) = t?log”(c + t), where c is a sufficiently large positive number.

We refer to [BS] for a comprehensive account of rearrangement-invariant spaces.

Theorem 6.1 [Reduction principle for Sobolev inequalities| Let Q2 be any open set in R™, n > 2.
Assume that p1 is a measure in Q fulfilling (5.1) for some a € (n — 1,n], and for some constant C,,.
Let m € N, and h € Ny be such that 0 < m — h < n. Assume that X (), Y(,p) and Xi(052),

k=0,---,m—h—1, are rearrangement-invariant spaces such that
7n—m+h) S%
(6.4) [ | < Cllel
0 Y(0,00)
S _nf'm+h)
(6.5) | < Cllelgom,
sa Y (0,00)
n—1
(6.6) g neke / o(r)dr < COllellx, 000y *=1iesm—h—1,
0 Y (0,00)
0 _n—k-1
(6.7) /n—l T (r)dr|| < Clellx, 000 k=1...,m—h—-1,
B Y (0,00)
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_n—1 s
(6.8) s a p(r)dr < Cllellx, (0,00):
0 K
Y (0,00)

for some constant C, and for every non-increasing function ¢ : [0,00) — [0,00). Then

m—h—1

(6.9) IVl < O (19" ullx@ + D= Tl seges; . o)
k=0

m—1y __
for every u € V"X (Q)N C’,E 2 ](Q), for some constant C' = C'(n,C).

Remark 6.2 The statement of Theorem [6.1] can be somewhat generalized, in the sense that assumptions
(6.4)-(6.8) can be weakened if either p(2) < oo, or L*(Q) < oo, or H"1(90) < oo. Specifically: if
() < oo, it suffices to assume that there exists L € (0,00) such that inequalities (6.4)—(6.8) hold with
the integral operators multiplied by X (o z) on the left-hand sides; if £"(2) < oo, it suffices to assume
that inequalities f hold with ¢ replaced by yx (o ) for some M € (0, 00); if HH(090) < oo,
it suffices to assume that inequalities f hold with ¢ replaced by ¢x(o ) for some N € (0, 00).
Then inequality holds, but with C" depending also on either on L and u(€2), or on M and L£"(Q2),
or on N and H" 1(9f2) < oo, according to whether u(Q) < oo, or L™(2) < oo, or H*1(9) < oo.

Our first application of Theorem yields the following Sobolev type inequality, in arbitrary domains,
with usual exponents.

Theorem 6.3 [Sobolev inequality with measure| Let Q be any open set in R™, n > 2. Assume that
p is a measure in § fulfilling (5.1) for some o € (n —1,n], and for some constant C,,. Let m € N, and
h € Ng be such that 0 < m —h < n. If 1 < p < o then there exists a constant C = C(n,m,p,a,Cy,)
such that

m—h—1

6.10 Vil e <OV - )
( ) H uHLn—(mp—h)p (97“) - || UHLP(Q) + kz—o ||u”v[7k+}21+1]ah(k"rh)Lnf(I:Ethlf)k)p (6Q)

m—1y __
for every u € V"™P(Q) N Ct[) 2 ](Q)

The next result tells us that, as in the classical Rellich theorem, the Sobolev embedding corresponding
to inequality (6.10]) is pre-compact if the exponent % is replaced with any smaller one, and
w(Q) < oco.

Theorem 6.4 [Compact Sobolev embedding with measure| Let ), i1, n, m and h be as in Theorem
. Assume, in addition, that p(Q) < oo. If 1 < g < —~L-~ and {u;} is a bounded sequence in

n—(m—h)p’
m—1y __
VmP(Q)NC, 2 ](Q) endowed with the norm appearing on the right-hand side of (6.10)), then {V"u;} is
a Cauchy sequence in LI(S2, ).

The limiting case when p = - which is excluded from Theorem , is considered in the next
statement, which provides us with a Yudovich-Pohozaev-Trudinger type inequality in arbitrary domains.
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Theorem 6.5 [Limiting Sobolev inequality with measure| Let Q and p be as in Theorem .
Assume, in addition, that L™()) < oo, u(2) < co and H"1(0Q) < co. Let m € N and h € Ny be such
that 0 < m — h < n. Then there exists a constant C = C(n,m, a, C,,, L(2), u(), K" 1(0Q)) such that

m—h—1

m
exan—(:rLL—h) (Q’ ) (”V u”Lm h( + ; ||'LL” k+h+1] h(k+h)L (10 L)%(ag)

(6.11) ||Vl

+ HUH exp L™ m=h) (BQ))

(5]

for every u € Vmﬁ(Q) nec, * ().

"+ is the object of the following theorem.

Theorem 6.6 [Super-limiting Sobolev inequality] Let Q be a open set in R", n > 2, such that
L) < 0o and H"1(0Q) < oo. Assume that m € N, h € Ny, — and py >
"T_l fork=1,...,m—h—1, then there exists a constant C = C(n,m,p,p1, - ., Pm—n—1, L (), H*~1(0Q))
such that

m—h—1

h
612) [V 0l < C(IT 0l + 30 Tl kst 1y ooy 1521200 )
k=1

m—1y __
for every w € V™P(Q2) N Cl[) 2 ](Q)

Proof of Theorem Since, for any measure space R, a representation space of the Lebesgue space
LP(R) is just LP(0,00), the conclusion can be easily deduced from Theorem via standard one-
dimensional Hardy type inequalities for Lebesgue norms (see e.g. [Ma8, Section 1.3.2]). O

Proof of Theorem Fix any € > 0. Then, there exists a compact set K C 2 such that u(Q\ K) < e.
Let o € C§°(f2) be such that 0 < 9o <1, p=11in K. Thus, K C supp(p), the support of p, and hence

(6.13) p(supp(l — 0)) < u(Q\ K) < e.

Let €' be an open set, with a smooth boundary, such that supp(o) C Q' C Q. Let {u;} be a bounded

(%5

m-1y _
sequence in V™P(Q)NC, 2 }(Q) Then, by Theorem (applied with p = L"), it is also bounded in

the standard Sobolev space W™P(Q'). By a weighted version of Rellich’s compactness theorem [Ma8],
Theorem 1.4.6/1], {V"u;} is a Cauchy sequence in L?(Y', u1), and hence there exists igp € N such that

(6.14) IV u; = V" pagor ) < €

if 4,7 > ig. On the other hand, by Hélder’s inequality,

h h h h ap—(n—mp)q
(615) [I(1 = ) (V"ui = V'u)llpaq < IV ui = VPl _ep mp(gﬂ),u(supp(l—Q))

ap—(n—mp)q
apq

a T Il

el ———

ap—(n—mp)q

<Ol am

for some constants C' and C’ independent of ¢ and j. From (6.14) and (6.15]) we infer that

[m—l] — )5
vmp(@)nclz (@)

ap—(n—mp)q

(6.16) [V i =V"ujll Loy < 11V i = V"0 oy + 11 (1= 0) (Vi = V")) || oy < e+C'e o

if 4,7 > ip. Owing to the arbitrariness of ¢, inequality (6.16) tells us that {V"u;} is a Cauchy sequence
in LI(Q, p). O
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Proof of Theorem If R is a finite measure space , then the norm of a function ¢ in the Orlicz
space exp L7 (R), with o > 0, is equivalent, up to multiplicative constants depending on ¢ and v(R), to
the functional

1
(14108 %) 77 83| e 0y

Moreover, the norm in the Orlicz space LP log” L(R) is equivalent, up to multiplicative constants depend-
ing on p, o and v(R) to the functional

(1 + log “B) v g (s M o0.m)):

Thus, owing to Theorem and Remark inequality (6.11) will follow if we show that

n

(m h)

( ) _n=(m=h) sa
s (1+log 22) " ; o(r)dr

(6.17) < Cllel

Lo2(0,u(52))

LR (0,£7(9))]

_n—(m=—h) o0 n—(m—
(6.18) H(l+log L /n r =5 o (r)dr

<Ol

Lo (0,(9)) LR 0.£7(2)’

for every non-increasing function ¢ : [0,00) — [0, c0) with support in [0, £"(92)], and

n—1

n—k— __n—(m—=h) s @
(6.19) ||s~ i (1+log @) " / o(r)dr
0
Lo (0,u(92))
n (m—h)(n—k—1)
< CJ|(1 +log D) "G o (s)| nm k=1,...,m—h—1,

L (0,H"1(8Q))’

o0 n—k—1

7n7(m7h)
(6.20) H(l + log @) n /nl r~ 1 o(r)dr

L>2(0,u(2))
(m—h)(n—k—1)

n-1(09
O (1 + log H— ) "=t POt sy B = Lm ==,

n—1

n— __n—(m—h) s «
(6.21) S_Tl(l + log @) " / o(r)dr
0
L(0,1(%))
—(m—h)

1
< CO||(1+log w) " ()l pee (0,271 (002))

for some constant C' and every non-increasing function ¢ : [0, 00) — [0, 00) with support in [0, H"~(9£2)].
Inequalities (6.17)—(6.21)) are consequences of classical weighted Hardy type inequalities ([Ma8, Section
1.3.2]). O

Proof of Theorem Inequality (6.12)) follows from Theoremand Remark via weighted Hardy
type inequalities ([Ma8, Section 1.3.2]). O
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7 Sharpness of results

In this section we work out in detail some examples, announced in Sections [I] and [2} in connection with
certain sharpness features of the inequalities presented above.

Example 7.1 We observed in Section [2| that the term |ul| p(n—1) can be dropped on the right-
VLOL n=p (99)
hand side of (2.3)) if €2 is a regular domain. Here, we show that, by contrast, the term in question is

indispensable for an arbitrary domain. To this purpose, we exhibit a domain 2 C R" for which the
inequality

(7.1) < C(IV?ull o) + HUHL%—Q; )

Jull _en_
Ln=2P (Q) (6Q)

fails for 1 < p < 7, for every constant C' independent of u. The relevant domain is the union of a
sequence of axially symmetric “cusp-shaped ” subdomains 2, about the x,-axis, which are connected by
thin cylinders Hj, joining the vertex of {2 with the basis of Qi1 (Figure 1, Section . Each subdomain

Q. is the set of revolution about the x,-axis of the form
Q= {z: 2] < (2 — 2k + )% 2, € (2, 2% + hy)}
for some xﬁ > 0 and 0 < g < hg. The cylinder Hy has a basis of radius ef. Define the sequence {uy} by

:Jcnfmlfl

up(z) =1— === for x € Q,

up = 0in Q; for j # k and in Hj for j # k,k + 1, and is continued to Hj, and Hy; in such a way that
u € C?(9Q).
One can verify that

[(n=1)8+1)(n—2p)

np

(72) el 5, ) & P ,

W
7.3 u n— ~h e
( ) H kHL%%}(EJQ) k >

as k — oo, and

(7-4) ||V2Uk||Lp(Q) = HVQUICHLP(HkuH;H_l)

for k € N. If &, decays to 0 sufficiently fast as k — oo, the norm ||V?ur|| 1o (pr,0m, ,,) decays arbitrarily
fast to 0. Thus, inequality ([7.1)) fails when tested on the sequence uy, whatever C' is.

Example 7.2 Our purpose here is to demonstrate that, whereas the seminorm |[[ul|y10zr50) can be
replaced with [|ul|zr(a0) in (2.8) when § is a regular domain, this is impossible, in general, if no regularity
on € is retained. Precisely, we construct an open set € in R? for which the inequality

(7.5) IVull ooy < C(IVull o) + [1ull Lo(ag))

for u € V2P(Q) N C(Q) fails for 1 < p < 2 and for every ¢ > 1. The relevant set ) is represented in Figure
2, Section [2
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Let u : Q — R be a function such that v € C?(2) N C°(Q), u(z,y) = 1+ i(y —1—¢) if (z,y) € Ry,
u(z,y) =0if (z,y) € R, and u(z,y) depends only on y in Ni. One has that

(7.6) [ull oo (a02) = 2,

and

(7.7) [Vl ) > Z IVullLy(r,) = Z b Zak = 0.
k=1 k=1 k=1

On the other hand, o 1
IV?ull o () = (Z ||V2“||ip(1vk)) g
k=1
Thus,
(7.8) IV2ull ooy < o0,

provided that the sequence ¢ decays sufficiently fast to 0. Equations (7.6)—(7.8) tell us that inequality
(7.5) cannot hold in €.

Example 7.3 We are concerned here with the sharpness of the exponent ¢ given by in inequality
. An open set set 2 C R" is produced where inequality fails if g exceeds the right-hand side
of . Consider the domain Q C R”, with n > 3, depicted for n = 3 in Figure 3, Section [2| By the
standard Sobolev inequality, one necessarily has ¢ < %. Thus, it suffices to show that

rm

. < .
(7.9) ¢

Let {us} be a sequence of functions uy, : 2 — R enjoying the following properties: u; € C?(2) N C%(Q);
up(a,xy) =1+ é(wn — 1 —¢g) if (2/,2,) € Ry; ug(2, z,) depends only on z,, on Ny; ug(z',x,) = 0 if
(', ) ¢ R, U Ng. One has that, for k € N,

IVurll Loy > 1Vurllomy = b

n—1—r

lukllviopr o) < Cb, ™

and
HVZUkHLp(Q) = HVQUICHLP(Nk)a

for some constant C'. Thus, inequality (2.8]) entails that

n—q —1—

(7.10) b," < C(IVurllrvgy +bp 7 )

for some constant C, and for every k € N. The norm on the right-hand side of ([7.10|) decays to 0 arbitrarily
fast, provided that dj tends to 0 fast enough. Hence, if (2.8) holds, then ¢ must necessarily satisfy ((7.9)).
Example 7.4 We conclude by showing that the number [mT_l} of derivatives to be prescribed on 0f2,
appearing in our inequalities, is minimal, in general, for an m-th order Sobolev inequality to hold in an
arbitrary domain 2. This will be demonstrated by two examples.
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First, given p > 1 and h,i,n € N such that p(m —h) < nand 0 < h < i < %, we produce a
counterexample to the inequality

h m
(7.11) IV UHL%(Q) < CIV™ul|pp (o)

for all u € V™P(Q) N C*~1(Q) such that u = Vu = --- = Vi=lu = 0 on 9. Note that the condition

i < % is equivalent to i — 1 < [mT_l]

Second, in the case when p(m — h) > n > pmax{m — i,2i — h} and 0 < h < i < T we produce a
counterexample to the inequality

(7.12) IV ]| oo ) < CIIV™ | Lo

for all uw € V™P(Q) N C*~1(Q) such that u = Vu = --- = V"lu = 0 on 99.

To this purposes, consider a domain €2 similar to the one constructed in Example save that the
sequence of cusp-shaped subdomains €2, is replaced with a sequence of balls Bs, (x1), with radius d5 to
be chosen later, again connected by thin cylinders (Figure 4).

Bs, (x;)

Figure 4: Example [7.4] Section [7]

Let vy, : Bs, (x1) — [0,1] be the function defined as

(7.13) ve(z) = (1 - %)i for # € By, (z1).

We have that Viu, = 0 on 0Bs, (xy) for 0 < ¢ < i —1, and hence, given ¢ < ¢ and ¢; € (0, %’“), there
exists a positive constant ¢ such that

(7.14) |Viu,| < C(Sk_isfc_z
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in an e neighborhood of 0Bjs, (z). Moreover, if ¢ < 2i, then there exists a positive constant ¢ such that
(7.15) V| > o, ~*

in a subset of Bs, (x)) of Lebesgue measure ~ §;", whereas, if £ > 2i, then

(7.16) Vi, = 0.

Next, denote by yi and z; the north and the south pole of Bs, (xf), respectively, and let p : [0,00) —
[0,1] be a smooth function, which vanishes in [0, 3] and equals 1 in [1,00). Let us define the function
w2 — [0,00) as

(7.17) wi(w) = vk(@)p(|z — yel fer)plle — 24l /2k) for @ € By, (),
and wy = 0 elsewhere, where ¢ will be chosen later.

If j < 24,

(7.18) [VIwg| > cbp ™7

in a subset of Bj, (z1) of Lebesgue measure ~ 6", and, if j > 21,
(7.19) Viup =0 in Bs, (vx) \ (B, (yx) U B, (2)).

Thus, there exists a constant ¢ such that

min{j,2¢}
(7.20) Viwg| <e Y 7|V in B, (yk) U Bz, (2)
=0
Consequently, if j < m, then
(7.21) (Viwg| < el 76" in Be, (yx) U Be, (21),

for some constant c. Hence, if j > 24, then

(7.22) < oy PP

N

for some constant c. On the other hand, if j < 2¢, then
. o o plie)t
(7.23) ijwkHzif’(Bak(wk)) < C(dkn P+ 0 ngi(% 7 n)

for some constant c.

Set e, = 6}, with o to be chosen later. Then, by (7.22)) and (7.23),

(7.24) ”wkH]x?/m,p(35k (z1)) < c(ék*Pi+a[p(i7m)+n} + 5kn72pi + 5k*pi+a(*pi+n))

< C((Sk_Pi+a[P(i—m)+n} + 5kn_2pi)

)

where the last inequality holds since p(i —m) 4+ n < —pi 4 n, owing to the assumption that i < .
Let us consider ([7.11]). Note that

(7.25) n > pi.
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Indeed, since we are now assuming that p(m —h) <n and 0 < h < i < %, we have that n > p(m —h) >

p(m — i) > p(2i — i) = pi, namely (7.25).
We may choose a such that

(7.26) —pi + afp(i —m) +n] < n — 2pi.
Actually, if p(i — m) + n > 0, then inequality (7.26)) holds provided that

(7.27) l<a< b

Note that the two inequalities in (7.27)) are compatible since i < 7. If, instead, p(i —m) +n < 0, then
any choice of a > 1 is admissible, since —pi + a[p(i — m) + n] < —pi, whence ([7.26)) follows, owing to
7.25).

By (20) and (720),

(7.28) < gy, Pitalp(i-m)+n]

p
1kl o5 ) <

for some constant c. Given a sequence {\;}, define wy, as

(7.29) u(z) = Z Apwi(x)  for z € Q.
Note that w = Vu=--- =V ly =0 (})Lnﬂﬁfl.
Set ¢ = %, and choose A\, = 0, * for k € N. By (7.18]), there exists a positive constant ¢ such
that
(7.30) IVl = Z Aq/ Vhugfide > ¢ 3 AL = ¢ 371 = o0
(Sk(xk k=1 k=1

On the other hand, by ([7.28) there exists a constant ¢ such that

—pitalp(t—m)+n a—1 i—m)+n
(7.31) el ZApuwkuvmp (85, (ax) < ¢S Apsprellimm il (§ s ipmm) ]
k=1 k=1

Our assumptions ensure that p(i —m) +n > p(h —m) +n > 0. Thus, (a — 1)[p(i —m) +n| > 0, and
hence the last series in (7.31]) converges, provided that J; decays to 0 sufficiently fast. Clearly, equations

(7.30) and ([7.31] contradict -

Let us next focus on . Consider again the function u given by ((7.29). Fix o € (0, h), and choose

N = 8177, By (719,

(7.32) IV Ul () > ¢ Jim A0 = = c lim 677 = cc.

—00
Moreover, by (7.24),

> = h—o —pitalp(i—m)+n n—2pi
(7.33) lulfmny = D ANk mn 5y, ) < e S gt (g pitelptizmytel y gn2ey
k=1 k=1

o
— ¢ (5propfpi+a[p(ifm)+n] + 5Zp—ap+n—2pi)‘

k=1
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The assumption n > pmax{m — i,2i — h} ensures that
hp+mn—2pi >0, and hp—pi+«ap(i—m)+n]>0,

provided that « is sufficiently large. Since o can be chosen arbitrarily small, we may assume that both
exponents of d in the last series of (7.33)) are positive, and hence that

(7.34) [ullymae @) < oo,

provided that d; decays to 0 fast enough. Equations ((7.32)) and (7.34)) contradict ([7.12]).

Appendix

A result in the theory of Sobolev functions tells us that, if v is any weakly differentiable function in R™,
then

(7.35) u(z) —u(y)] < C(M(|Vul)(z) + M(|Vul)(y)) for ae. 2,y € R",

for some constant C'. Here, M denotes the maximal function operator defined, for f € L%OC(R"), as

1
M) = sup s [1iwldy  fora e

where B denotes a ball in R". Thus, M (|Vu|) is an upper gradient for u in the sense of metric measure
spaces, as defined in [Hal.

The following proposition provides us with a higher-order counterpart of , and gives grounds for
definitions (3.13) and (3.14).

Proposition 7.5 Let n,¢ € N. Then there exists a constant C = C({,n) such that, if u € VVlii_l’l(R"),
then

20 — 2 — |a|)! —x)¢

< O(M(|V* ul) (@) + M(|IV*lu|)(y))  for a.e. 2,y € R™.

Proof. By [Bo, Proposition 5.1], if 0 < || < 2¢ — 2, then there exists a measurable function Ry o(u) :
R™ x R™ — R and a constant C' = C'(¢,n) such that
— )Y
(7.37) D%u(y) = Z MDO"MU(:E) + Roy—1,0(u)(z,y) for ae. z,y € R",
TN
and
(7.38)  |Rar—1,0(u)(z,y)| < Clz — y|* M (V2 ) (@) + MV u|)(y)]  for ae. o,y € R™.

We claim that there exist constants C'(«, £), for |a| < ¢ — 1, such that

> (20 =2~ |a])! (y = 2)*[D%u(z) + (=1)*F' Du(y)]

(7:39) (—1—]a])a! y— 221

lal<t—1

Cla, )y — x
_ v el

(03
= 2 Roy—1,0(u)(z,y) forae. z,y e R"™

la|<e-1
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Inequality ((7.36]) will then follow from ([7.39)) and ((7.38]).
Let us establish ([7.39). By (7.37)), after exchanging the order of summation and relabeling the indices,

one obtains that there exist constants A(a,¢) and B(a,¢), for |a| < ¢ — 1, such that

3 (20 =2 — |af)! (y— x)a[DO“U(x) + (=1 Du(y)]

4
(7.40) (L—1—|a])la! ly — x|2t-1

jal<e-1

20 — 2 — |a|)! —x)¢
S ( la))! (y — =)

(0 —1—|a))la! |y — x|2t-1

lal<t—1
O (x _1)\|ef+1 M Yo w)(z
« [ Duta) + (<) (VSMZW D o) + Rar- )|
> A OD W@+ Y i B R0
|a|<20—2 y |a|<l—1 Y

for a.e. x,y € R™.
Now, let us choose u = P in ((7.40|), where P is a polynomial of the form

(7.41) Py) = Z bo(y — ) fory e R",
| <20—2

with b, € R. Clearly,
(7.42) D¥P(z) = alb, if |of < 20 -2, DYP(z) =0 if |a| > 2¢ — 2.

Hence, Ryy—1,4(P)(x,y) = 0, and from ([7.40) we obtain that

(143) Y (20=2= o)t _m)a[DaP(xH(—1)|a‘+1Da7>(y)] 5 e

= O)ald
(L—1—|a])la! 4 ly — 2|21 ly — o2 (v, £)alba

|a|<e—1 |a|<20—2

for a.e. x,y € R™. We next express the leftmost side of (7.40) in an alternative form. Define ¢ : R — R
as
o(t) =u(x +td) forteR,

where .
9=
ly — |
Given j € {1,...,2¢ — 1}, we have that
. 1l
(7.44) eV (t) = Z ﬁﬂo‘Dau(l‘ +t9) for ae. t €R.

laf=j

Thus, by the Taylor formula centered at ¢t = 0, if k € {1,...,2¢ — 1}, then

22 G5) |
15) Oy e = X = ol 4 Qa2
i=k
2

[\
NK}

1 ]' | —k g o
1 O Ly —al D (@) + Qa1 Iy — )

— k).
P
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for a.e. z,y € R", where Q2,1 1(¢) denotes the remainder in the (2¢ — 2 — k)-th order Taylor formula
for p*), centered at t = 0. By (7.44)) and (7.45)), there exist constants A’(c,£) and B’(a, ) such that

(7.46)

20 — 2 — |a)! o [D2u(z) + (=)l Doy (
LS k=2t [P0 + (<)M - o)
N — K6 —k—1)! ly — x|2-k-1

/-1
B (20— k — 2)! 1
= (- 2T — k= 1)y — a7 ]

20—2 .
| T Eorpoute) + 0P (X Ll ol Y LoD + Querato)ly - )|
la|=k j=k la|=j
=2: MﬁjjilAhL@D%mw+|§j et B0 0Qar () (2~ )
a|<20—2 a|<l—-1

for a.e. x,y € R™. If P is again a polynomial in ¢ of the form (7.41]), then ¢ is also a polynomial of degree
not exceeding 2¢ — 2 , and from ([7.42)) and ((7.46|), applied with « = P, we obtain that

(rar) % @e=2-aD! a[DP(a) + (-1)*DP(y)] 5 |(y_x)a P

y —
— 1 = 1! _ p|20-1 _ p|20—-1

(o, £)alby

for a.e. z,y € R™. Owing to the arbitrariness of the coefficients b,, we infer from (7.43]) and (|7.47) that

(7.48) Ala, 0) = A(a, 0)

for every multi-index « such that |a| < 2¢ — 2. On the other hand, by (4.23) and (4.24), applied with
<=9 =, a=0andb=|y— |, and by (7-46) and (T-47),

ey (47 o(t) d=1 [ o(t)
(749) O‘¢%”“*‘bﬂ%(@—w—mv)hyﬂw*(tf)hyx]
(1) o 20—k =2)! [pP(0) + (=)o@ (|y — )]
- prt k(0 —k—1)! ly — x|2-k-1
_ (20 =2 — |a)! (y — 2)°[(=1)*F Do(y) + Du()]
‘agilw—l—mmm [y — 2Pt
_ | |Z my(a,z)a!ba
a|<20—2

for a.e. x,y € R™. By the arbitrariness of the coefficients b, again, A’(«,¢) = 0 for every « such that
|a] < 2¢ — 2. Hence, owing to (7.48]),

(7.50) Aa,0) =0
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for every a such that |a| < 2¢ — 2. Equations (7.40]) and (7.50)) tell us that

(7.51) Z M< — ) Du(x) + (—1)\a|+1Dau(y)]

Wt (0 —1—|a))la! ly — x[2-1

= > MB(a,ﬁ)Rzé—l,a(u)(%y) for a.e. 2,y € R,
|o]<l—1

whence (7.39) follows with C(a, ) = B(a,{). O
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