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Abstract

We deal with eigenvalue problems for the Laplacian on noncompact Riemannian manifolds
M of finite volume. Sharp conditions ensuring L4(M) and L (M) bounds for eigenfunctions
are exhibited in terms of either the isoperimetric function or the isocapacitary function of
M.

1 Introduction

We are concerned with a class of eigenvalue problems for the Laplacian on n-dimensional Rie-
mannian manifolds M whose weak formulation is:

(1.1) / (Vu,Vu)ydH"(z) = W/ uvdH" ()

M M
for every test function v in the Sobolev space W12(M). Here, u € WH2(M) is an eigenfunction
associated with the eigenvalue v € R, V is the gradient operator, H"™ denotes the n-dimensional
Hausdorff measure on M, i.e. the volume measure on M induced by its Riemannian metric, and
(-,-) stands for the associated scalar product.
Note that various special instances are included in this framework. For example, if M is a
complete Riemannian manifold, then is equivalent to a weak form of the equation

(1.2) Au+yu=0 on M.

In the case when M is an open subset of a Riemannian manifold, and in particular of the
Euclidean space R™, equation (|L.1]) is a weak form of the eigenvalue problem obtained on coupling
equation (|1.2) with homogeneous Neumann boundary conditions.

Mathematics Subject Classifications: 35B45, 58G25.
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It is well known that quantitative information on eigenvalues and eigenfunctions for elliptic
operators in open subsets of Euclidean space R™ can be derived in terms of geometric quantities
associated with the domain. The quantitative analysis of spectral problems, especially for the
Laplacian, on Riemannian manifolds is also very classical. A great deal of contributions to this
topic regard compact manifolds. We do not even attempt to provide an exhaustive bibliography
on contributions to this matter; let us just mention the reference monographs [Chal, BGM], and
the papers [Bou, Br, BD, [Che, [CGY] DS, Doll, Do2l [Es, IGal |Gr2l, [HSS, [TMS|, Nal [SS| [So, ISZ, [Ya].

The present paper focuses the case when

M need not be compact,

although
H' (M) < o0,

an assumption which will be kept in force throughout. We shall also assume that M is connected.

We are concerned with estimates for Lebesgue norms of eigenfunctions of the Laplacian on
M. When M is compact, one easily infers, via local regularity results for elliptic equations,
that any eigenfunction w of the Laplacian belongs to L°(M). Explicit bounds, with sharp
dependence on the eigenvalue +, are also available [SS| [SZ], and require sophisticated tools from
differential geometry and harmonic analysis. If the compactness assumption is dropped, then
the membership of u in W12(M) only (trivially) entails that u € L?(M). Higher integrability
of eigenfunctions is not guaranteed anymore.

Our aim is to exhibit minimal assumptions on M ensuring L9(M) bounds for all ¢ < oo, or
even L (M) bounds for eigenfunctions of the Laplacian on M. The results that will be presented
can easily be extended to linear uniformly elliptic differential operators, in divergence form, with
merely measurable coefficients on M. However, we emphasize that our estimates are new even
for the Neumann Laplacian on open subsets of R™ of finite volume.

The geometry of the manifold M will come into play through either the isocapacitary function
vy, or the isoperimetric function Ay; of M. They are the largest functions of the measure of
subsets of M which can be estimated by the capacity, or by the perimeter of the relevant subsets.
Loosely speaking, the asymptotic behavior of vj; and Aps at 0 accounts for the regularity of the
geometry of the noncompact manifold M: decreasing this regularity causes vys(s) and Ay/(s) to
decay faster to 0 as s goes to 0.

The inequalities associated with vy; and Aps are called the isocapacitary inequality and the
isoperimetric inequality on M, respectively. Thus, the isoperimetric inequality on M reads

(1.3) M (H'(E)) < P(E)

for every measurable set E C M with H"(E) < H"(M)/2, where Ay : [0, H"(M)/2] — [0, 00).
In the isocapacitary inequality that we are going to exploit, the perimeter on the right-hand
side of is replaced by the condenser capacity of E with respect to any subset G D E. The
resulting inequality has the form

(1.4) vu(H"(E)) < C(E,G)

for every measurable sets E C G C M with H"(G) < H"(M)/2. Here, C(E,G) denotes the
capacity of the condenser (E;G), and vy : [0, H"(M)/2] — [0,00] (see Section [3| for precise
definitions).

Introduced in [Mal], the isoperimetric function Aj; has been employed to provide necessary
and sufficient conditions for embeddings of the Sobolev space W11 (M) when M is a domain



in R™ [Mal], and in a priori estimates for solutions to elliptic boundary value problems [Ma2]
Ma6]. Isocapacitary functions were introduced and used in [Mall Ma3l Madl, Ma5l, MaT7] in the
characterization of Sobolev embeddings for W1P(M), with p > 1, when M is a domain in R".
Extensions to the case of Riemannian manifolds can be found in [Grll [Gr2].

Both the conditions in terms of vy, and those in terms of Ay, for eigenfunction estimates in
LY(M) or L*°(M) that will be presented are sharp in the class of manifolds M with prescribed
asymptotic behavior of vy; and Ap; at 0. Each one of these two approaches has its own advan-
tages. The isoperimetric function Aj; has a transparent geometric character, and it is usually
easier to investigate. The isocapacitary function can be less simple to compute; however its use
is in a sense more appropriate in the present framework since it not only implies the results in-
volving Aps, but leads to finer conclusions in general. Typically, this is the case when manifolds
with complicated geometric configurations are taken into account.

As for the proofs, let us just mention here that crucial use is made of the isocapacitary
inequality applied when FE is any level set of an eigenfunction u. Note that customary
methods, such as Moser iteration technique, which can be exploited to derive eigenfunction
estimates in classical situations (see e.g. [Sal), are of no utility in the present framework. In fact,
Moser technique would require a Sobolev embedding theorem for W12 (M) into some Lebesgue
space smaller than L?(M), and this will not be guaranteed under the assumptions of our results.

The paper is organized as follows. The main results are stated in the next section. The
subsequent Section [3| contains some basic definitions and properties concerning perimeter and
capacity which enter in our discussion. In Section 4] we analyze a class of manifolds of revolu-
tion, which are used as model manifolds in the proof of the optimality of our results and in some
examples. In particular, the behavior of their isoperimetric and isocapacitary functions is inves-
tigated. Proofs of our bounds in L4(M) and in L*°(M) are the object of Section |5 and Section
[6] respectively, where explicit estimates depending on eigenvalues are also provided. The final
Section [7] deals with applications of our results to two special instances: a family of manifolds
of revolution whose profile has a borderline exponential behavior, and a family of manifolds
with a sequence of clustering mushroom-shaped submanifolds. In particular, the latter example
demonstrates that the use of vy, instead of Aj; can actually lead to stronger results when the
regularity of eigenfunctions of the Laplacian is in question.

2 Main results

Our results will involve the manifold M only through the asymptotic behavior of either vy, or
Ay at 0. They are stated in Subsections [2.1] and 2.2] respectively.

Although the criteria involving Aj; admit independent proofs, along the same lines as those
involving vys, the former will be deduced from the latter via the inequality:

(2.1)

1 H™ (M) /2

v (8) A (r)?

which holds for any manifold M (see the proof of [Ma7, Proposition 4.3.4/1]). Let us notice that
a reverse inequality in does not hold in general, even up to a multiplicative constant.

The proofs of the sharpness of the criteria for A\y; and vy require essentially the same con-
struction. We shall again focus on the latter, and we shall explain how the relevant construction
also applies to the former.



2.1 Eigenvalue estimates via the isocapacitary function of M

We begin with an optimal condition on the decay of vy at 0 ensuring L(M) estimates for
eigenfunctions of the Laplacian on M for g € (2,00). Interestingly enough, such a condition is
independent of q.

Theorem 2.1 [L? bounds for eigenfunctions via vy;] Assume that

(2.2) lim —>

=0.
s—0 I/M(S)

Then for any q € (2,00) and for any eigenvalue 7y, there exists a constant C = C(vpr,q,7y) such
that

(2.3) lullLaary < Cllullzzan
for every eigenfunction u of the Laplacian on M associated with ~y.

An estimate for the constant C' in inequality (2.3) can also be provided — see Proposition

Section
Let us note that condition (2.2) turns out to be equivalent to the compactness of the em-

bedding W12(M) — L?(M) [CM]. Hence, in particular, the variational characterization of the
eigenvalues of the Laplacian on M entails that they certainly exist under ([2.2)).

Incidentally, let us also mention that, when M is a complete manifold, condition is also
equivalent to the discreteness of the spectrum of the Laplacian on M [CM].

The next result shows that assumption (2.2)) is essentially minimal in Theorem in the
sense that LY(M) regularity of eigenfunctions may fail under the mere assumption that

vm(s) = s near 0.
Here, and in what follows, the notation
(2.4) frg
for functions f, g : (0,00) — [0, 00) means that there exist positive constants ¢; and ¢z such that
(2.5) c19(c18) < f(s) < cag(cas) for s > 0.

Condition is said to hold near 0, or near infinity, if there exists a constant sy > 0 such
that holds for 0 < s < sg or for s > sg, respectively.

Asin , all criteria that will be presented are invariant under replacement of vy; or Aj; with
functions = near 0.

Theorem 2.2 [Sharpness of condition (2.2)] For any n > 2 and q € (2, 00|, there ezists an
n-dimensional Riemannian manifold M such that

(2.6) vp(s) = s near 0,
and the Laplacian on M has an eigenfunction u ¢ LI(M).

The important case when ¢ = oo, corresponding to the problem of the boundedness of
eigenfunctions, is not included in Theorem This is the object of the following result, where
a slight strengthening of assumption is shown to yield L (M) estimates for eigenfunctions
of the Laplacian on M.



Theorem 2.3 [Boundedness of eigenfunctions via vy;] Assume that

(2.7) /Ods<oo.

v (s)

Then for any eigenvalue vy, there exists a constant C' = C(var,7y) such that

(2.8) [l oo (ary < Cllullz2(an
for every eigenfunction u of the Laplacian on M associated with -y.

An estimate for the constant C' in inequality ({2.8]) is given in Proposition Section @

Condition in Theorem is essentially sharp for the boundedness of eigenfunctions
of the Laplacian on M. In particular, it cannot be relaxed to , although the latter ensures
LY(M) estimates for every ¢ < oo. Indeed, under some mild qualification, Theorem below
asserts that given (up to equivalence) any isocapacitary function fulfilling but not ,
there exists a manifold M with the prescribed isocapacitary function on which the Laplacian
has an unbounded eigenfunction.

A precise statement of this result involves the notion of function of class As. Recall that a non-
decreasing function f : (0,00) — [0,00) is said to belong to the class Ag near 0 if there exist
constants ¢ and sy such that

(2.9) f(2s) <ef(s) if 0 < s < sp.

Theorem 2.4 [Sharpness of condition (2.7) | Let v be a non-decreasing function, vanishing
only at 0, such that
s
lim — =0
SliI(l) I/(S) ’

gy =

Assume in addition that v € Ao near 0, and that either n > 3 and

but

(2.10)

~ a non-decreasing function near 0,

orn =2 and there exists o > 0 such that

(2.11) v(s)

~ a non-decreasing function near 0.
Then, there exists an n-dimensional Riemannian manifold M fulfilling
(2.12) v (s) = v(s) near 0,

and such that the Laplacian on M has an unbounded eigenfunction.

Assumption (2.10)) or (2.11]) in Theorem is explained by the fact that, if M is compact, then

n—2
s n ifn>3
2.13 v (s) = _ -7

near 0, and that vy;(s) cannot decay more slowly to 0 as s — 0 in general. The assumption that
v € Ag near 0 is due to technical reasons.



2.2 Eigenvalue estimates via the isoperimetric function
The following criterion for L¢(M) bounds of eigenfunctions in terms of the isoperimetric function

Ay can be derived via Theorem and inequality (2.1)).

Theorem 2.5 [L? bounds for eigenfunctions via \y/] Assume that

S
2.14 lim — =
(2.14) B WAL

Then for any q € (2,00) and any eigenvalue vy, there exists a constant C = C(Apr,q,7y) such
that

(2.15) lull Lacary < Cllullz2(ar
for every eigenfunction u of the Laplacian on M associated with ~y.

An analogue of Theorem on the minimality of assumption in Theorem is contained
in the the next result, showing that, for every ¢ > 2, eigenfunctions which do not belong to L(M)
may actually exist when

Av(s) = s near 0.

Theorem 2.6 [Sharpness of condition (2.14))] For anyn > 2 and q € (2, 00|, there exists an
n-dimensional Riemannian manifold M such that

(2.16) Av(s) = s near 0,
and the Laplacian on M has an eigenfunction uw ¢ LI(M).

A condition on Aps, parallel to (2.7), ensuring the boundedness of eigenfunctions of the
Laplacian on M follows from Theorem and inequality ([2.1)).

Theorem 2.7 [Boundedness of eigenfunctions via \y;] Assume that

(2.17) /0/\1\43(3)2ds < 00.

Then for any eigenvalue vy, there exists a constant C' = C(Apr,7y) such that

(2.18) [l oo (ary < Cllullz2(an
for every eigenfunction u of the Laplacian on M associated with -y.

Our last result tell us that the gap between condition (2.17)), ensuring L°°(M) bounds for
eigenfunctions, and condition ([2.14)), yielding L9(M) bounds for any ¢ < oo, cannot be essentially
filled.

Theorem 2.8 [Sharpness of condition (2.17)) | Let A be a non-decreasing function, vanishing

only at 0, such that
lim L 0,

s—0 )\(S)



but

Assume in addition that

A(s)

n—1
n

(2.19) ~ a non-decreasing function near 0.

S

Then, there exists an n-dimensional Riemannian manifold M fulfilling
(2.20) A (s) = A(s) near 0,
and such that the Laplacian on M has an unbounded eigenfunction.

Assumption (2.19) in Theorem is required in the light of the fact that

n—1

(2.21) Av(s) s n near 0

for any compact manifold M, and that Ay/(s) cannot decay more slowly to 0 as s — 0 in the
noncompact case.

3 Background and preliminaries
Let E be a measurable subset of M. The perimeter P(FE) of E is defined as
P(E) =H"1(0"E),

where 0*F stands for the essential boundary of E in the sense of geometric measure theory,
and H"~! denotes the (n — 1)-dimensional Hausdorff measure on M induced by its Riemannian
metric ([AFPL MaT7]). Recall that 0*E agrees with the topological boundary 0E of E when E
is sufficiently regular, for instance an open subset of M with a smooth boundary. In the special
case when M = , an open subset of R", and E C €, we have that P(E) = H" (05, E N ),
where J3, I/ denotes the essential boundary of E in R™.

The isoperimetric function Ay of M is defined as

(3.1)  Au(s) = inf{P(E): s < H"(E) < H"(M)/2} for s € [0, H"(M)/2].

The isoperimetric inequality is just a rephrasing of definition . The point is thus to
derive information about the function Aps, which is explicitly known only for Euclidean balls and
spheres [BuZal, [Ci2], [Ma7], convex cones [LP], and manifolds in special classes [BC| [CF, [CGL]
GPlL, MHH, K1, M.J, [Pi, Ri]. Various qualitative and quantitative properties of \y; are however
available — see e.g. [BuZal [Cill HK]| [KM| [La, MaT7]. In particular, since we are assuming that M
is connected,

(3.2) Ar(s) >0 for s € (0,H™(M)/2],

as an analogous argument as in [Ma7, Lemma 3.2.4] shows.
The Sobolev space W1P(M) is defined, for p € [1, 0], as

WP(M) = {u € LP(M) : wu is weakly differentiable on M and |Vu| € LP(M) }.



We denote by WO1 P(M) the closure in WHP(M) of the set of smooth compactly supported
functions on M.
The standard p-capacity of a set E C M can be defined as

(3.3) Cp(E) = inf {/ IVulP dx :u € Wol’p(M),u > 1 in some neighbourhood of E} .
M

A property concerning the pointwise behavior of functions is said to hold Cj-quasi everywhere

in M, Cy-q.e. for short, if it is fulfilled outside a set of p-capacity zero.

Each function v € WHP(M) has a representative #, called the precise representative, which is

Cp-quasi continuous, in the sense that for every € > 0, there exists a set A C M, with C,(A) < e,

such that fiyn 4 is continuous in M \ A. The function @ is unique, up to subsets of p-capacity zero.

In what follows, we assume that any function v € WP(M) agrees with its precise representative.
In the light of a classical result in the theory of capacity ([Da, Proposition 12.4], [MZ,

Corollary 2.25]), we adopt the following definition of capacity of a condenser. Given sets E C

G C M, the capacity C,(E, G) of the condenser (E, G) relative to  is defined as

(3.4)

Cp(E,G) = inf {/ |VulP de :u € WHP(M),u > 1 Cp-qee. in E and u < 0 Cp-q.e. in M \ G} .
M
Accordingly, the p-isocapacitary function vy, : [0, H™(M)/2] — [0, 00] of M is given by

(3.5) vamp(s) =inf {Cp(E,G) : E and G are measurable subsets of M such that
ECGCMand s <H"E)<H"G) <H"(M)/2} for s € [0, H™(M)/2].

The function vy, is clearly non-decreasing. In what follows, we shall always deal with the
left-continuous representative of vy ,, which, owing to the monotonicity of vy, is pointwise
dominated by the right-hand side of (3.5)). Note that

(36) VM,l = )\M

as shown by an analogous argument as in [Ma7, Lemma 2.2.5].
When p = 2, the case of main interest in the present paper, we drop the index p in C,(E, G)
and vy, and simply set
C(E,G)=CyE,G),

and
Vnp = VM2-
By (3.2) and , one has that
(3.7) var(s) >0 for s € [0, H™(M)/2].

For any measurable function v on M, we define its distribution function p,, : R — [0, 00) as
pu(t) =H"({z € M : u(x) > t}) for t € R.

Note that here p,, is defined in terms of u, and not of |u| as customary. The signed decreasing
rearrangement u° : [0, H"(M)] — [—o0, 00| of u is given by

u®(s) = sup{t : uy(t) > s} for s € [0, H™(M)].



The median of u is defined by

(3.8) med(u) = u’(H"(M)/2).
Since u and u® are equimeasurable functions, one has that
(3.9) 1wl Lago,2m(ary) = 1wl Laar)

for every ¢ € [1,00]. Moreover, by an analogous argument as in [CEG, Lemma 6.6], if u €
WLP(M) for some p € [1,00], then

(3.10) u® is locally absolutely continuous in (0, H™(M)).
Given u € W2(M), we define the function v, : R — [0,00) as

t dr
(3.11) Py (t) = /0 f{u:T} Yl i1 (z) fort e R.

On making use of (a version on manifolds) of [Ma7, Lemma 2.2.2/1], one can easily show that if

(3.12) med(u) =0,
then
(3.13) vt (K ({u > 1) < wul(t) for t > 0,
and
1 n
(3.14) vy (s) < @ (5) for s € (0,H™(M)/2).

4 Manifolds of revolution

In this section we focus on a class of manifolds of revolution to be employed in our proofs
of Theorems and [2.4] Specifically, we investigate on their isoperimetric and isocapacitary
functions.

Let L € (0,00], and let ¢ : [0, L) — [0,00) be a function in C'([0, L)), such that

(4.1) p(r) >0 forre(0,L),

(4.2) ©(0)=0, and  ¢'(0)=1.

Here, ¢’ denotes the derivative of ¢. For n > 2, we call n-dimensional manifold of revolution M
associated with ¢ the ball in R™ given, in polar coordinates, by {(r,w) : 7 € [0,L),w € S"~!}
and endowed with the Riemannian metric

(4.3) ds? = dr® + p(r)*dw? .

Here, dw? stands for the standard metric on S*~!. Owing to our assumptions on ¢, the metric
([4.3)) is of class C'(M). Note that, in particular,

L
(4.4) / udH"™ = / / wp(r)" L drdo, 1,
M Sn—1Jo
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for any integrable function u : M — R. Here, 0,1 denotes the (n — 1)-dimensional Hausdorff
measure on S* 1.

The length of the gradient of a function u : M — R is defined by |Vu| = \/(Vu, Vu), and
takes the form
ou\ 2 1
4. - (7) V14|,
(45) Vu \/ 5) * ool Vel
where Vgn-1 denotes the gradient operator on S™~!. Moreover, if u depends only on r, then
1 d du
4.6 Au= ———— el ),
(40 = e (20 )

Thus, for functions u depending only on 7, equation (1.2]) reduces to the ordinary differential
equation

(4.7) dir (4,0(7“)”_12:) +yo(r) "ty =0 for r € (0, L).

The membership of u in W12(M) reads

(4.8) /OL (u2 + <§‘>2> o(r)"tdr < oo.

Now, fix any ro € (0, L), set

L
dp

4.9 S0 = / )
(4.9) " S o)t
and define ¢ : (0,L) — R as
(4.10) w(r) = / T_dp for 1 € (0, 1)

' ro P(p)" o
Under the change of variables

s =(r),

and

equations (4.7) and (4.8) turn into

d?v

4.11 —
( ) d32

+p(s)v =0 for s € (—o0, s0),

and

(4.12) /:o <v2p(8) + (j;)>2>ds < 00,

respectively.
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We finally note that if » € (0, L) and B(r) = {(p,w) : p € [0,7),w € S* 1}, a ball on M centered
at 0, then

(4.13) HL O\ B(r)) = H (0B(r)) = wn_10(r)"
and

L
(4.14) HY M B(r)) = wn1 / ()" Ldp.

where w, 1 = H"~1(S"71).

The main result of this section is contained in the following theorem, which provides us (up
to equivalence) with the functions Ay; and vy for a manifold of revolution M as above. In what
follows, we set n’ = —=, the Hélder conjugate of n.

Theorem 4.1 Let L € (0,00] and let ¢ : [0,L) — [0,00) be a function in C*([0,L)) fulfilling
(4.1) and (4.2) and such that:

(1) lim, 1, (r) = 0;

(i) there exists Ly € (0, L) such that ¢ is decreasing and convex in (Lo, L);

. L n—1
(iii) [y ¢(p)" " dp < oo.
Then the metric of the n-dimensional manifold of revolution M built upon ¢ is of class C* (M),
and H™(M) < co. Moreover, let Ny be the function implicitly defined by

L
(4.15) Ao <wn_1/ cp(p)nldp> = wn_lap(r)"fl forr e (Lo, L),

and such that \o(s) = Ao (wn—1 ffo o(p)"dp) for s € (0,wn—1 fLLO o(r)"~tdr). Then

(4.16) Anr(s) = Ao(s) near 0,
and
1
(4.17) v (s) = TN a4 near 0.
fs Ao(r)?

Proof The fact that M is a Riemannian manifold of class C! follows from assumptions (4.1
and (4.2). Furthermore, by (iii),

L
H'(M) = wn—l/ p(p)"dp < oo.
0

As for (4.16) and (4.17)), let us begin by observing that, since ¢ is decreasing in (Lg, L), the

function Ag is increasing in (O,wn_l J LLO go(r)”_ldr). Moreover, there exists a constant C' such
that

(4.18) Xo(s) < Cst/™

for s € (0,wn—1 fLLO @(r)"~tdr). Indeed, since lim,_,; ¢(r) = 0 and —¢'(r) is a nonnegative
non-increasing function in (Lg, L), one has that

L L
(419)  —¢(Lo) / (0" de > —/(r) / (0" do

L
. o
> [ —@e@ o= o) tor e (Lo, D,
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whence (4.18]) follows, owing to (4.15)).
Define the map ® : M \ B(Ly) — R" as

(4.20) D(r,w) = (o(r),w) for (r,w) € (Lo, L) x S™1.

Clearly, @ is a diffeomorphism between M \ B(Lg) and ® (M \ B(Lo)).
Given any smooth function v : M \ B(Lg) — R, we have that

(4.21)

®(Lo) 1
/ |V(UO<I)—1)|CZ:L‘:/ / \/(qu)l)g_|_2|vSn_1(Uo¢1)29n—1deanl
Q(M\m) Snfl 0 zQ
L 1 Ov\ 2 1
e - — I e 2 n—1 /
L, \/ o) * Ve e (e

<21+ swp | / / ¢ Ve () drdr
r€[Lo,L) Sn=1JLg

=2(1- go/(Lo))/ | VuldH™.
M\B(Lo)

By approximation, the inequality between the leftmost side and the rightmost side of
continues to hold for any function of bounded variation v, provided that the integrals of the
gradients are replaced by the total variations. In particular, on applying the resulting inequality
to characteristic function of sets, we obtain that

(4.22) HHO(®(E))) < CH" Y (OE)

for every smooth set E C M \ B(Ly), where C = 2(1 — ¢/(Lg)). Given any such set E, the
classical isoperimetric inequality in R" tells us that

(4.23) V" ) L (@(B)) Y < 7T (0(0(E))),

where L™ denotes the Lebesgue measure in R™. On the other hand,

©(Lo)
(4.24) L£™( / / Xa(E)Q “Ldodo,_1 —/ / xee(r)" e (r)|drdo, 1 ,
S§n—1 Sn—1 LO

where x g and Xg(g) stand for the characteristic functions of the sets £/ and ®(F), respectively.
Define A : [0, L) — [0, H"(M)] as

L
A(r) = wnl/ e(p)" dp for r €0, L),

whence, by ([£.14), A(r) = H"(M \ B(r) for r € [0, L). Since |¢'| = —¢' in (Lo, L), and —¢' is a

non-increasing functlon in (Lo, L),

(4.25) / / xee(r)" ¢ (r)|drdoy, >/ / )Y (7)|drdo,—
Sn=1 JLg §n—1 JA-1 (H™(E

- / p(r)" (= (1)dr = LG (AN (H(B))"
—L(H™(E))

n
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Combining — yields
(4.26) Co(ATH(H"(E))" ™ < H"1(0F)

for some positive constant C'. By (4.15)),

L
@2) gl D) = e [ Ao ) = Mol (E)).

AT (H(E))

From (4.26]) and (4.27) we obtain that
(4.28) Cho(HY(E)) < H" 1 (0E),

from some constant C' and any smooth set £ C M \ B(Ly).

Now, let Ly € (Lo, L) be such that H"(B(L1)) > H"(M)/2. Observe that B(L1) is a smooth
compact Riemannian submanifold of M with boundary 0B(L;) diffeormorphic to a closed ball
in R™. Thus, an isoperimetric inequality of the form

(4.29) CHME)'/™ < H" 1 (OE)

holds for some constant C' and for any set of finite perimeter £ C B(L1). Moreover, there exists
a positive constant C' such that

(4.30) H' Y ENOB(L)) < CH" Y OE N B(Ly))

for any smooth set E C B(L1) such that H"(E) < H"(M)/2 (< H™(B(L1)), by our choice of
Ly).
Owing to (4.28)-(4.30), for any smooth set £ C M such that H"(E) < H"(M)/2

(4.31)

HHOE) = H" YW (O(EN B(I))) + H Y O(EN (M \ B(I4)))) — 2H" Y ENOB(Ly))
> CH™(ENB(L1)Y™ + CX(HY(EN (M \ B(Ly))) — CH" Y(B(L1) N 9E)
> CH™M(E N B(L1)Y"™ + CA(H"(EN (M \ B(L1))) — CH" ™ (9E),

for some positive constant C'. Consequently, there exists a constant C' such that
(4.32) CH" YOE) > H"(E N B(L1)™ + X(H"(EN (M \ B(L1)))

for any smooth set £ C M such that H"(E) < H"(M)/2. Now, we claim that there exists a
constant C' such that such that

for s,0 € [0, H"(M)/2].

(4.33) s 4 xo(o) > C)\()(S J; 0)

Indeed, if o < s, then, by (4.18]),

(4.34) ST > Cols) = O (° + 7

for some positive constant C, whereas, if s < ¢, then trivially

(4.35) Xo(0) = Ao +") .
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Coupling (4.32)) and - yields
(4.36) Cho(H™(E)/2) < H"L(OE)

for some positive constant C' and for every smooth set £ C M such that H"(E) < H"(M)/2.
By approximation, inequality (4.36]) continues to hold for every set of finite perimeter £ C M
such that H"(E) < H™(M)/2. Since )\ is non-decreasing, inequality (4.36]) ensures that

(4.37) Ai(s) > Cho(s/2) for s € [0, H™(M)/2].

On the other hand, equation (4.15)) entails that Apys(s) < Ao(s) for small s, and hence there
exists a constant C such that

(4.38) Ai(s) < Cho(s) for s € [0, H™(M)/2].

Equation (4.16)) is fully proved.

As far as (4.17)) is concerned, by (2.1)) and (4.37)),

1 HUM)/2Z gy 1 Hrenze g,
(4.39) < / T S e / (/)2
vm(s) ~ Js Am(r)? = C? g Ao(r/2)
2 [ s 0,
< — or s € (0,H" .
—C? [y Ao(r)?

In order to prove a reverse inequality, set R = max{Lo, A~1(H"(M)/2)}. Moreover, given s €
(0,H™"(M)/2), let r € (R, L) be such that

L
(4.40) s=H"(M\ B(r)) = wn—1 / o(r)"tdr.

Let u = u(p) be the function given by

0 if p € (0, R],
fR o(r d) .
u(p) R if p € (R,7),
R o(r)n=T
1 if p € [r, L),
and let
E =M\ B(r) and G =M\ B(R).
Hence,
(4.41) vai(s) < C(E,G) < / Vuf2dH" (z) = <
M Jr 7wy
1 C .
= A® 4y S ez 4 for s € (0,H"(M)/2],
A Mo

for some constant C'. Note that the second equality is a consequence of (4.15)), owing to a change

of variable. Equation (4.17) follows from (4.39) and (4.41)). O
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From (4.16)) and (4.17)), it is easily verified that conditions (2.2)) and (2.14]) are equivalent for

manifolds of revolution as in Theorem [{.I} Moreover, these conditions can be characterized in
terms of the function ¢ appearing in its statement. The same observation applies to (2.7]) and
(2.17)). These observations are summarized in the following statement.

Corollary 4.2 Let ¢ be as in Theorem[{.1], and let M be the n-dimensional manifold of revo-
lution built upon . Then:
(i) Conditions (2.2), , and
([ ([ o)
lim / — 0)" *do| =0
i (, wgrer) (oo
for any R € (0, L) are equivalent.
(ii) Conditions (2.7)), , and

/L <¢(r;n1 /TL go(p)n_ldp> dr < oo

The remaining part of this section is devoted to showing that, given functions v and X as in
the statements of Theorems and respectively, there do exist a manifold of revolution M
fulfilling v3; ~ v and a manifold of revolution M fulfilling Aj; &~ . This is accomplished in the
following Proposition dealing with A, and in Proposition dealing with v.

are equivalent.

Proposition 4.3 Let n > 2, and let A : [0,00) — [0,00) be such that

Als)
gl/n’
Then there exist L € (0,00] and ¢ : [0,L) — [0,00) as in the statement of Theorem such
that:

(i) the n-dimensional manifold of revolution M associated with ¢ fulfills (4.15)) for some function
Ao such that

(4.42) ~ a non-decreasing function near 0.

(4.43) Ao~ A near 0;
(ii) the isoperimetric function Aprof M fulfills
(4.44) Av A near 0.

Moreover, L = oo if and only if

(4.45) /0 ;é:) = 00

Remark 4.4 If

"
4.46 / ——=dr =0,
49 0 307

then (4.45) holds. Indeed, if (4.45) fails, namely if

(4.47) |55 <=

then lim,_q ﬁ = 0, and this limit, combined with (4.47)), implies the convergence of the integral
in (4.46).
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Proof of Proposition Let V be a positive number such that (4.42)) holds in (0, V'); namely,
there exists a non-decreasing function 9 such that

)\ n
(Z) ~ 9(s) for s € (0,V).
Thus, the function
Ai(s) = (s9(s))'/"
satisfies
AR in (0,V),
and
A ()"
(4.48) 1(s) is non-decreasing in (0, V).

S

Assumption (4.48)) in turn ensures that, on defining

’

Nals) = < /0 ) Wdr) T s ),

r

we have that Ay € C°(0,V), 7" is convex in 0,V), and Ay &~ A1 = A in (0,V). Similarly, on
2

setting
Sdo(r)” ™
Aa(s) = < / rdr) for 5 € (0, ),
0

we have that A3 € C1(0,V), A% is convex in (0,V), and A3 = Ay ~ A\; ~ A in (0, V).
Thus, in what follows we may assume, on replacing if necessary A by As near 0, that A is a
non-decreasing function in [0, L) such that A € C*(0,V), A(0) = 0, and

(4.49) A is convex in (0, V).
Define

V2 gy
4.50 L=2 / o
20 o AW

and note that L = oo if and only if (4.45]) is in force. Next, set

R— L/2 if L < oo,
)1 if L = o0o.

Let N : [R,L) — [0,V/2] be the function implicitly defined by

(4.51) / Ve dr R f (R, L)
) —— =7 — orr e |R,L).
N(ry A(T)

Clearly, N € C1(R, L) and N decreases monotonically from V/2 to 0. Define ¢ : [R, L) — [0, c0)
as

(4.52) o(r) = (W> o forr e (R, L),

Wn—1
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and observe that ¢ € C*(R, L). Since,
(4.53) A(N(r)) = —=N'(r) forr € [R,L),
and N (L) = 0, one has that

L
(4.54) / AN (p))dp = N(r) for r € [R, L),
whence

L
(4.55) A(/ /\(N(,o))dp) = A(N(r)) forr € [R,L),
and finally, by (4.52)),

L
(4.56) A(wn_l/ cp(p)”ldp> = wp_1(r)" ! forr € [R,L),
namely (4.15) with A replaced by A.

Now, observe that the function ¢ is decreasing in (R, L) and lim,_,;, ¢(r) = 0. Furthermore, ¢

is convex owing to (4.49)). Indeed, by (4.53]),
1

@5 we) = (W)Y =

— 1A'<N<r>>A<N<r>>ﬁ—1NI<T>
= L XNE)MNE)TT forr e (R.L).

Thus, since N(r) is decreasing, ¢'(r) is increasing if and only if —) (s))\(s)ﬁ is decreasing,
1

namely if and only if N (s)\(s)»—1 is increasing, and this is in turn equivalent to the convexity

of A\(s)™.

Finally, let us continue ¢ smoothly to the whole of [0, L) in such a way that (4.1]) and (4.2) are

fulfilled, and that

R L V
Wn—1 / o(r)" tdr = wy_y / o(r)" tdr = N(R) = —.
0 R 2
The resulting function ¢ fulfils the assumptions of Theorem Hence, the conclusion follows.
|

Proposition 4.5 Let n > 2, and let v : [0,00) — [0,00) be a function such that v € Ay near 0,
and either n > 3 and

v(s
(4.58) 572 is equivalent to a non-decreasing function near 0,

S n

orn =2 and there exists o > 0 such that

(4.59) Lj) is equivalent to a non-decreasing function near 0.

s
Then there exist L € (0,00] and ¢ : [0,L) — [0,00) as in the statement of Theorem [{.1], such
that:
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(i) the n-dimensional manifold of revolution M built upon ¢ fulfills (4.15) for some function Ao
such that Ao = Ay near 0;

(i)

(4.60) v(s) = up(s) = near 0.

Moreover, L = oo if and only if

(4.61) /o:‘iur(r) = 0

Remark 4.6 If

(4.62) /OVC(ZZ) o,

then (4.61)) holds. This is a consequence of the fact that there exists an absolute constant C

such that , /2 ) ;
S
(Af@%Q <c [ 9%

for every non-increasing function f : (0,1) — [0, 00).

Proof of Proposition [4.5 Let us assume that n > 3, the case when n = 2 being analogous.
Let V' be a positive number such that v € Ag in (0, V) and holds in (0, V). An analogous
argument as at the beginning of the proof of Proposition tells us that on replacing v, if
necessary, by an equivalent function, we may assume that v € C*(0,V), v/(s) > 0 for s € (0,V),
and

(4.63) sV (s) =~ v(s) for s € (0, V).
Define A : (0,V) — (0,00) by

(4.64) A(s) = v(s) for s € (0,V).

1 1 @ dr
4. — = f
(4.65) ol / o frse(.y),
and hence there exists s such that

1 @ dr 1
4.66 < < — if 0 5.
(4.66) ww <) NSy H0<e<3
Moreover,
(4.67) )\1(/8), is non-decreasing in (0, V).

S n

Indeed, by (4.63) and by the Ay condition for v in (0,V),

) AP v vty

sn Vi(s)sw s n

for s € (0,V).
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Owing to and (| - the function A fulfills the assumptions of Proposition E Let M
be the n d1mens10nal manifold of revolution associated with A as in Proposition |4.3] “ By (4.43] -,
(4.44), (4.16) and (4.17),

L eanz g
4.69 ~ 0
(1.69) 5~ s wew
On the other hand, by (4.66)),

wone g
(470) / W ~ m near 0.

Equation (4.60) follows from and -

As for the assertlon concernlng 14 61)), by Proposition one has that L = oo if and only if
the function A given by (4.64) fulfils 1445}. One has that

(4.71) /V ds /\ﬁ C/ m

\ﬁ

for suitable constants C' and C’, where the first inequality holds by (4.63)) and the last one by
the Ay condition for v. An analogous chain yields

/ ds \/7

for a suitable positive constant C. Hence, equation (4.61)) is equivalent to L = occ. O

5 L% bounds for eigenfunctions

We begin with the proof of Theorem on LI(M) bounds for eigenfunctions.
Proof of Theorem Given s € (0, H"(M)) and h > 0, choose the test function v defined

0 if u(x) <u®(s+h
(5.1) v(z) = u(x) —u(s+h) if u(s+h) <u(z) <u(s)
u®(s) —u(s+h) if u(s) < u(z),

in equation (I.1)). Notice that v € WH2(M) by standard results on truncations of Sobolev
functions. We thus obtain that

(5.2) |Vul> dH"™ (z)

Auo (st+h)<u<u°(s)}
u(z) (u(z)—u’(s+h)) dH™(z) + (uo(s)—uo(s—i—h))fy/ u(z)dH" (x) .
{u>ue(s)}

/{u°<s+h><u<u°<s>}

Consider the function U : (0, H"(M)) — [0, 00) given by

(5.3) Ul(s) :/{ oy T for 5 € (0, H"(M)).



20

By (3.10), the function u° is locally absolutely continuous (a.c., for short) in (0, H™(M)). The
function

(0,00) Dt |Vu|* dH" (2)
{u<t}

is also locally a.c., inasmuch as, by the coarea formula,

t
(5.4) / \Vul|? dH" () = / / \Vu|dH" ™ (x)dr for t € R.
{u<t} —oo J{u=r}
Consequently, U is locally a.c., for it is the composition of monotone locally a.c. functions, and
(5.5) U'(s) = —u®'(s) / VuldH™ " (z) for ace. s € (0, H™(M)).
{u=u°(s)}

Thus, dividing through by A in (5.2)), and passing to the limit as h — 07 yield
(5.6)

—u(s) VuldHm Y (2) = (' (s)) / wdHMz)  for ae. s € (0, HP(M)).
fumue ()} fusue(s))

On the other hand, it is easily verified via the definition of signed rearrangement that

(5.7) (—uO/(s))/ u(z)dr = (—uO/(s))/ u®(r)dr for a.e. s € (0, H"(M)).
{u>ue(s)} 0

Coupling (5.6) and (5.7) tells us that

-V

o/ _ U (’I”)’}’ " o n
(5.8) —u’(r) = f{u:uo(r)} Vul dH1(2) /0 u®(o)do for a.e. 7 € (0, H™(M)).

Let 0 < s <e <H"(M)/2. On integrating both sides of (5.8) over the interval (s,¢), we obtain
that

69w - [ ([ @)~ nwm)a-wee  orseo),

where 1, is the function defined as in (3.11)). Define the operator T" as

(5.10) ri6) = [ ([ 10de) (~wtwr ) ar torse ),
for any integrable function f on (0,¢). Equation thus reads

(5.11) (I —~T)(u’) =u’(e).

We want now to show that, if holds, then

(5.12) T :L%0,e) — LY0,¢),

and there exist an absolute constant C' such that

(5.13) 1Tl (za0,e)—La(0,6)) < CO(e) s



where O : (0, H" (M

(5.14)

Set
(5.15)
and observe that

(5.16)

and
(5.17)
Moreover,

(5.18)

)/2] — [0, 00) is the function defined as

r
O(s) = sup —— for s € (0, H"(M)/2].
(s) S () (0, H"™(M)/2]

v =u — med(u),

med(v) =0,

v° = u® — med(u),

(Vu(u®(s))) = (¥u(v°(s)))  for s € (0, H*(M)).

v°(s) >0 if s € (0, H™(M)/2).

Given any ¢q € [2,00), f € L9(0,¢) and 0 < s < e < H"(M)/2, the following chain holds:

(5.19) ITf(s)

</f dg) (u?(r))’ dr

s (/0f0d9> — u(v°(r)))" dr
(by (5.17))

3 r d UO(T‘) dT
</ (] !f(g)\dg)clr(— / T d,Hnl(x)>dr
“ d v (r) 0
B (/s dr _/0 f{v _n (V| dH—1( )dr)/ |f(0)|deo
: ©d Vi) dr
+/s </g dr<_/0 f{v:-r} |Vv|d7{”1(x)>dr>‘f(g)|d‘g

(by Fubini’s theorem)

N (/U:) f{v 1 |V1il‘TdHn—1(x)> /Os|f(é’)|dé)
/ / @ Jiomr waHn or )l (0)|do
= (/0 f{v:T}|V1C;l|Td’Hn 1($)>/08\f(9)|d9

[ T (0
+ g)|ap
D T )

21
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(v°(¢) = 0 by (5.18))

= y(0°(5)) / f(@)ldo+ / i (0°(2)] £ (0)de

1 s R |
— [ 1o+ [ —lfd

(by (3.14) with u replaced by v).

<

Thus, if we show that there exist constants C'; and C5 such that

(5.20) ([ (G [1o0iar) as) e o [ 1) "

and

(5.21) </0E </: VMl(T)\f(T)\ dr>qu> . < CQ</OE \f(s),qd3> e

for every f € L4(0,¢), then we obtain that

(5.22) 1T fllzaoe) < (C1+ C2)l fllLa(o,e)

for every f € L(0,¢) By standard weighted Hardy inequalities (see e.g. [Ma7, Section 1.3.1]),
inequalities (5.20) and (5.21)) hold if and only if

(5.23) sup s (|1 /var| pag ) < 00
s€(0,e)

and

(5.24) sup sY9|[1/varll o ey < 00
s€(0,e)

respectively. Furthermore, the constants C7 and C5 in and are equivalent (up to
absolute multiplicative constants) to the left-hand sides of and , respectively.

The left-hand sides of (5.23)) and (5.24) agree if ¢ = 2. We claim that, if ¢ € (2, 00), then the left-
hand side of does not exceed the left-hand side of , up to an absolute multiplicative
constant. Actually, since vy, is non-decreasing,

(5.25) sup T |1/var
re(0,s)

Y

(/2" 1/ varll Lot (s 2.0)
S
QVM(S)

Y

for s € (0,H™(M)/2).
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Thus,
1-4 !
5 7! ‘ v
(5.26) s |1/vnllpagse) < 8¢ (VM(S)) Hl/VMHLq/(&E)
q—2 o
_ S 1/q -
= VM(S)> s Hl/VMHLq’(s,5)>
a=2 1
<201 sup 79 |[1/var]| o e
re(0,e)
1
<2 sup r« ||1/VM||Lq/(r,5) for s € (0,e),
re(0,e)

where the last but one inequality holds owing to (5.25). Thus, our claim follows. On the other
hand,

€ q 1/¢
(5.27) sup Sl/q ||1/VMHLq/(s,€) = Ssup Sl/q(/ < . > dT;)

s€(0,e) s€(0,e) vm(r)) 7

5 e dr\ V7 1
< | sup ) sup 31/q</ ,> <——0(e).
<s€(0,a) VM(S) s€(0,e) s 11 (q, - 1)1/q ( )

Hence, (5.13)) follows as well.
On denoting by (I — 7T'), the restriction of I — 4T to L?(0,¢), we deduce via a classical result
of functional analysis that the operator

(5.28) (I —~T)q: L0,e) = LI(0,¢)

is invertible, with a bounded inverse, provided that € is so small that
(5.29) CyO(e) < 1,

where C' is the constant appearing in . Moreover,

1

(5.30) (I =D))< 1000

The next step consists in showing that there exists an absolute constant C’ such that also
the restriction (I — vT)2 of I — 4T to L?(0,¢) is invertible, with a bounded inverse, provided
that

(5.31) C'vO(e) < 1.

An analogous chain as in (5.26)) tells us that

(5.32) s1/2 11/ vl 250y < 2r21(1()p€)7'1/q Hl/VMHLq/(m) for s € (0,¢).
Consequently,
(5.33) sup /2 [1/v 2y < 20(2)

s€(0,e)
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Hence, the invertibility of (I — 4Ty under (5.31) follows via the same argument as above.
Owing to assumption (2.2)), both (5.29) and (5.31) hold provided that ¢ is sufficiently small. In

particular, one can choose
(5.34) e=071(1/(2vC"),

where ©1 is the generalized left-continuous inverse of ©, and C” = max{C,C'}.
We have that u® € L?(0,¢), for u € L*(M). Thus, since the constant function u°(g) trivially
belongs to LI(0,¢) C L?(0,¢), from (5.11)) we deduce that

(5.35) u® = (I =T)y " (u%(e)) = (I = /1) (u°(e)) -
Hence, u® € L9(0,¢), and, by (5.30) and (5.34),

(5.36) [l < 100 _ /1)
. €

= < 92:V410(2)] .
ST-0ve) 1-cre) =X e

Since € < H"(M)/2, one can easily verify that
(5:37) lullz2qary > € /%u(e)

From (5.36|) and (5.37) one has that

o 2|ull 2 s
(5.38) 16| zao.e) € =1
g2 a
Next, observe that
(5.39) Imed(u)| < (2/H™(M))"?||ul| 12(0)-

By (5.37)) and (5.39)), there exists a constant C' = C(H"(M)) such that

o o] q;z (o) %
(5.40)  [lu® — med(w)]l gaqern(anyz) < (u°(E) — med()*T lu® — med(w)|[ L2 . yun(ary2)

< C(e277 + 1) ull2an.

From (5.37), (5.39) and (5.40) we deduce that

(5:41) lu®llLao,2n(any72) < Nu®llpaqo,e) + [[w” — med ()| La(e pn(ar)/2) + [[med(w) || pa(e, 2m (a1)2)
1_1
< (e? « + 1) |lullz2(ar

for some constant C' = C'(H"™(M)). Hence, there exists a constant C' = C(H"(M)) such that
CHU||L2(M)
(071(1/(x)))

A combination of (5.41)) with an analogous estimate for [[u°(|za(pn(ar) 2,3 (ar)) Obtained
via the same argument applied to —u, yields (2.3)), since (—u)°(s) = —u®(H"(M) — s) for
s € (0,H™(M)). O

(5.42) [0 Lago,1m (ary 2) <

D=
S
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An inspection of the proof of Theorem reveals that, in fact, the following estimate for
the constant appearing in (2.3)) holds.

Proposition 5.1 Define the function © : (0, H"(M)/2] — [0,00) as

for s € (0, H"(M)/2].

Then inequality (2.3) holds with
Cq
T_1
(O071(Ca/7))? =

where C1 = C1(q, H"(M)) and Cy = Cy(q, H"(M)) are suitable constants, and ©~' is the
generalized left-continuous inverse of ©.

C(VquafY) =

)

Example 5.2 Assume that there exists 8 € [(n — 2)/n,1) such that the manifold M fulfils
var(s) > CsP for some positive constant C and for small s. Then (2.2) holds, and, by Proposition
for every ¢ € (2,00) there exists an constant C' = C'(q, H™(M)) such that

q—2
lull Lacary < Cy2a= ||lull 2(ar)

for every eigenfunction u of the Laplacian on M associated with the eigenvalue ~.

We now prove Theorem

Proof of Theorem Given ¢ > 2 and n > 2, we shall construct an n-dimensional manifold
of revolution M as in Theorem fulfilling and such that the Laplacian on M has an
eigenfunction u ¢ LI(M).

In the light of the discussion preceding Theorem in order to exhibit such eigenfunction it
suffices to produce a positive number v and a smooth function p : R — (0, c0) such that

/ Vp(0)de < o0 for s € R,

and

/ Vp(e)do = 0,
R
and a function v : R — R fulfilling (4.11)) and (4.12), and such that
(5.43) / v(s)ip(s)ds = 0.

R
The function ¢ in the definition of M is recovered from p by

1

(5.44) o(r) = p(F~1(r))2m-D for r > 0,

and ¢(0) = 0, where F': R — [0, 00) is given by

(5.45) F(s) = /_S Vvp(o)do  for s € R.
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We define the function p piecewise as follows. Let s1 < —1 < 1 < s9 to be fixed later, and

set
1.
(5.46) p(s) = 2 if s > s9.
Let
0<y< 1
TS
and
1—1—4y
a=—-—".
2
With this choice of «, the function
(5.47) v(s) = s

solves equation (4.11)) in [s2,00). On the other hand, if p is defined in (—oo, s1] by

_de?s e
Ti—e) if n=2,

5.48 = Zpoz2
(5.48) p(s) (—s)Tn ] 0>

2n—2
(n—2) =2 _W(_S)an

then the function given by

1— e? if n =2,

(549) ’U(S) == { 2n—2 7(”‘2)2 2

(n — 2) n—2 — T(—S)ﬁ lf n > 2,

solves equation (4.11) in (—o0, s1]. Next, given > 0 and neighborhoods /_; and I; of —1 and

1, respectively, let p be defined in I; U I; as

6
o(s) = SF=(s=1)) for s € I,
m for s € I_]_.

Then the function v given by

{ﬁ(S—l)—(s—1)3 for s € I,
v(s) =
—B(s+ 1)+ (s+1)3 forsel q,

is a solution to (4.11)) in Iy U I;. Moreover, v is convex in a left neighborhood of 1 and in a right
neighborhood of —1, whereas it is concave in a right neighborhood of 1 and in a left neighborhood
of —1. It is easily seen that, if 8 is sufficiently large, so and —s; are sufficiently large depending
on 3, and I; and I_q have a sufficiently small radius, then v can be continued to the whole of

R in such a way that:
v € C?(R);

v <—Candv>CinR\ (I_1U(-1,1)U ), for some positive constant C;

v >C and v < —C in (—1,1) \ (I-1 U 1), for some positive constant C.

Thus, p can be continued to the whole of R as a positive function in C?(R) in such a way that v
is a solution to equation (£.11)) in R. Also, the function v fulfils (£.12)) for every v € (0, 1), and

. . . 1
(5.43) provided that v is sufficiently close to ;.
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The manifold of revolution M built upon the function ¢ given by (5.44]) satisfies the assumt-
pions of Theorem Indeed, ¢(r) > 0 if r > 0, and (4.2)) holds, as a consequence of the fact
that

/
. S
(5.50) im 2 o).

5——00 p(S) 55

Assumptions (i)—(iii) of Theorem are also fulfilled, since there exists b > 0 such that
(5.51) o(r) = be nT for large r.

Finally, if Ao denotes the function given by (4.15]), then we obtain via (5.51)) that

1 oo
52 li ~ lim ——— nlgy = 1.
(5-52) 520 Ao(s) rr00 o(r)n—1 /T #(p) p

Hence, by (E17),

lim ~ lim s
s—0 Vpr 5) s—0

Hence (2.6 follows. O

We conclude this section by sketching the proofs of the results dealing with L?(M) estimates
in terms of ;.

s /H”(M) 2 g ' 2

2

Proof of TheoremBy (2.14]), given € > 0, there exists s, such that W <eif0 < s < s..
By inequality (2.1)), if 0 < s < s., then

s HHM)/2 gy Se HU(M)/2 gy
(5.53) () gs/s Wgas/s 7”2+S/s€ VVITE
HMM)/2 g,
S v
The rightmost side of tends to € as s — 0. Hence follows, owing to the arbitrariness
of €. Inequality in thus a consequence of Theorem O

Proof of Theorem The proof is the same as that of Theorem One has just to notice
that (5.52) and (4.16) imply (2.16). O

6 Boundedness of eigenfunctions

Our main task in this section is to prove Theorem which provides a condition on vy; for
the boundedness of the eigenvalues of the Laplacian, and Theorem showing the sharpness
of such condition. The proofs of the parallel results of Theorems [2.7] and [2.8] involving Ays are
sketched at the end of the section.

Proof of Theorem We start as in the proof of Theorem define the operator T' as in
(5-10), and, for € € (0, H"(M)/2), we write again equation as

(6.1) (I = T)(w°) = u°(e).
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We claim that, if (2.7)) is satisfied, then

(6.2) T :L>®(0,e) — L™>(0,¢),
and
€ dr
. T o0 o0 < .
(6.3) 7]l (Lo (0,6)— Lo (0,6)) _/0 o ()

To verify our claim, define v as in (5.15]), recall (5.17)), and note that

6.4 T ) Td —d e dr d
( ) || f”L (0,e) = ”fHL (0,5)/) </0 Q) dr /) f{U:T} ]Vv|d7-[”_1(x) r
e re ( v°(r) dr
1lz<e) 0 J, dr 0 Jpery VUl dHP 1 (2)

fliwion [ [ T
= oo Q
L=2(0,¢) 0 Juo(e) f{U:T} V| dH ()

flswosr [ [ e dr y
< (0, 0
L>(0,¢) o Jo f{U:T} \Vv\ d’]_[n—l(x)

= £ =0 /O Do(v°(0)) do

€ dQ
< ) .
= ||f”L (0,8)/0 y (Q)

Observe that we have made use of the inequality v(g) > 0, due to (5.18), in the last but one
inequality, and of (3.14) (with u replaced by v) in the last inequality. Now, define the function
E:(0,H™(M)/2] — [0,00) as

(6.5)

[1]

S dr n
(s):/o () for s € (0, H™(M)/2].

If ¢ is sufficiently small, in particular
e <E7H1/(27)),

where Z~! is the generalized left-continuous inverse of =, then we deduce from (6.3]) that the
restriction (I — 7T )e of I —~T to L*(0,¢),

(6.6) (I —7T)so : L(0,e) — L*(0,¢)

is invertible, with a bounded inverse, and

1
6.7 Iy < ————<2.
(6.7) I =~vT) | Py

v (o)

Since E(g) > O(e), where O is the function defined by (5.14)), we infer from (5.33]) and from the
proof of Theorem [2.1] that there exists an absolute constant C' such that the restriction

(6.8) (I —~T)g: L*(0,e) — L*(0,¢)
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of I —~T to L?(0,¢) is also invertible, with a bounded inverse, provided that CZ(¢) < 1. Set

C’ = max{2,C}, and choose

e=E"1(1/(rC").
Since u°® € L%(0,¢) and u°(e) € L>(0,¢) C L*(0,¢), from (6.1 we deduce that
(6.9) u’ = (I =T); ' (w(e)) = (I = 11) (w(e)) .-

Hence, u® € L*(0,¢), and

(6.10) 4 o) < - _f}(f)’dg < 2u’()]
0 va(o)
Since
(6.11) lullz2ar) > /% |us(e)| = (5_1(1/(70/)))1/2|U0(5)|,
we have that
2|ull 2(ary

(6.12) u?(0) < [[u®lLoeo,e) <

— 12"

(5 (1/(en))

The same argument, applied to —u, yields the same estimate for —u°(H"™(M)). Since
[l Lo (ar) = max{w®(0), —u®(H"(M))},

inequality (2.8|) follows.

The following estimate for the constant in (2.8) is provided in the proof of Theorem

Proposition 6.1 Assume that (2.7)) is in force. Define the function = : (0, H™(M)/2] — [0, c0)

as
dr

E(s) :/0 () for s € (0,H"(M)/2].

Then inequality (2.8)) holds with

Cy
(E-YCa/))

Y

Clvar,v) =

N[

where Cy and Co are suitable absolute constants, and Z~' is the generalized left-continuous

inverse of =.

Example 6.2 Assume that there exists 8 € [(n — 2)/n,1) such that the manifold M fulfils
vy (s) > C's? for some positive constant C' and for small s. Then (2.7)) holds, and, by Proposition

there exists an absolute constant C such that

1
[l oo (ary < CY2E=A |[ull 2 (ary

for every eigenfunction u of the Laplacian on M associated with the eigenvalue ~.
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Next, we give a proof of Theorem

Proof of Theorem By Proposition if v is as in the statement, then there exists a
function ¢ such that the associated n-dimensional manifold of revolution M (as in Section

fulfils , and hence
(6.13)

im 5 lim LI 0
s—0 I/M(S) 550 I/(S) N

and

(6.14) Lot = o =

In particular, the latter equation entails, via Remark that (4.61) holds, and hence that
L = oo in Proposition Thus, ¢ : [0,00) — [0,00). Now, recall that the function ¢ given by
Proposition is defined in such a way that (4.2) holds. Hence,

Loar
(6.15) /0 o)1 =00,

and

1 dp > r
6.16 lim / — (/ © p"ldp) =0.
(616 i ([ e ) () o
Moreover,

*  dr

6.17 / = 00,
(617 o

since lim,_,o ¢(r) = 0 by property (i) of Theorem
Owing to Corollary condition (6.13)) is equivalent to

(6.18) lim (/IT <p(§)9”‘1> </roo @(Q)"‘1d9> =0,

and condition (6.14)) is equivalent to

(6.19) /oo (SO(T;“ /TOO go(p)nldp> dr = o00.

By the discussion preceding Theorem the conclusion will follow if we exhibit a number v > 0
and an unbounded solution v : R — R to equation (4.11)) fulfilling (4.12)). Note that sy = oo in

(4.9) owing to (6.17)). Conditions (6.16]) and (6.18|) are equvalent to

(6.20) Egl s/ p(t)dt =0,
and
(6.21) li)m s/ p(t)dt =0,

respectively. Condition (6.19) amounts to

(6.22) /OO sp(s)ds =o0.
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Assumptions (6.20) and (6.21]) ensure that the the embedding
(6.23) WHA(R) — L*(R, p(s)ds)

is compact — see e.g. [KK]. Here, L?(R,p(s)ds) denotes the space L? on R equipped with the
measure p(s)ds. Consider the functional

)2
(6.24) J(v) = M.

By the compactness of embedding , there exists min J(v) among all (non trivial) functions
v € WH2(R) such that [, vp(s)ds = 0. Moreover, the minimizer v is a solution to equation
(4.11) with v = min J.

By Hille’s theorem [Hi|, condition entails that equation is nonoscillatory at
infinity, and hence that every solution has constant sign at infinity. Thus, we may assume that
v(s) > 0 for large s. Consequently,

d2
d—sg <0 for large s,

and hence v is concave near co. Now, assume by contradiction that v is bounded. Then there
exists limgs_00 v(s), and, on denoting by v(oo) this limit, one has that v(co) € (0, 00) . Moreover,

Integration of (4.11) and the last equation yield

dv

i 7/8 p(t)v(t)dt for large s.

Hence, there exists 5 such that

dv v(oco) [ ~
— >N ——" fi > 3.
75 = vy 5 /8 p(t)dt or s>s

By a further integration, we obtain that

o) = v(8) 22 "5 [7 [ paas =12 ( [ wttrar -3

thus contradicting (6.22)). O

oo

T~

plo)ir)

Proof of Theorem Assumption (2.17) implies (2.7), via Fubini’s theorem. Hence, the
conclusion follows via Theorem 2.3 O

Proof of Theorem By Corollary the same argument as in the proof of Theorem
provides a manifold M, fulfilling (2.14)), but not (2.17)), on which the Laplacian has an unbounded
eigenfunction. 0
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7 Applications

We conclude with applications of our results to two special instances. Both of them involve
families of noncompact manifolds. However, the former is less pathological, and can be handled
either by isoperimetric or by isocapacitary methods, with the same output. That isocapacitary
inequalities can actually yield sharper conclusions than those obtained via isoperimetric inequal-
ities is demonstrated by the latter example, which deals with a class of manifolds with a more
complicated geometry.

7.1 A family of manifolds of revolution with borderline decay

Consider a one-parameter family of manifolds of revolution M as in Section [d whose profile
¢ :[0,00) — [0,00) is such that

o

(7.1) o(r)=e" for large r,

and fulfills the assumptions of Theorem (Figure 1). This theorem tells us that

Figure 1: A manifold of revolution

(7.2) A (s) = s(log(l/s)))l_l/a near 0,
and
HOD2 g\ o
(7.3) v (s) = (/ )\Md(r)2> A s(log(l/s))2 2/ near 0.

An application of Theorem ensures, via ((7.3), that all eigenfunctions of the Laplacian on M
belong to LY(M), provided that

(7.4) a> 1.

On the other hand, from Theorem and equation ([7.3)) one can infer that the relevant eigen-
functions are bounded under the more stringent assumption that

(7.5) a> 2.

The same conclusions can be derived via Theorems and respectively. Thus, as for any
other manifold of revolution of the kind considered in Theorem (see Corollary , isoperi-

metric and isocapacitary methods lead to equivalent results for this family of noncompact man-
ifolds.
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Note that, if @ > 1, then, by Proposition there exist constants C1 = C1(g) and Cy =
C5(q) such that

]l zagary < C1e% ™ [|ull g2 ar)

for any eigenfunction u of the Laplacian associated with the eigenvalue v. Moreover, if a > 2,
then by Proposition [6.1
Cyya—2
1wl Loo(ary < C1=27" " [ull L2 ar
for some absolute constants C; and Cy and for every for any eigenfunction u associated with ~.

In both cases, the existence of eigenfunctions of the Laplacian is guaranteed by condition ([2.2)
— see the comments following Theorem

7.2 A family of manifolds with clustering submanifolds

Here, we are concerned with a class of non compact surfaces M in R?, which are patterned on an
example appearing in [CH] and dealing with a planar domain. Their main feature is that they
contain a sequence of mushroom-shaped submanifolds { N*} clustering at some point (Figure 2).
Let us emphasize that the submanifolds { N*} are not obtained just by dilation of each other.

N

( FLAT)

M3Q

Figure 2: A manifold with a family of clustering submanifolds

Roughly speaking, the diameter of the head and the length of the neck of N* decay to 0 as 27%
when k — oo, whereas the width of the neck of N* decays to 0 as o(27%), where o is a function
such that

o(s)

lim —= = 0.
s—0 8

The isoperimetric and isocapacitary functions of M depend on the behavior of o at 0 in a way
described in the next result (Proposition [7.1)). Qualitatively, a faster decay to 0 of the function
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o(s) as s — 0 results in a faster decay to 0 of Ays(s) and vjys(s), and hence in a manifold M
with a more irregular geometry. Proposition [7.1]is a special case of Proposition[7.2] dealing with
the isocapacitary function vy, of M for arbitrary p € [1,2], stated and proved below. We also
refer to the proof of Proposition [7.2] for a more precise definition of the manifold M.

Proposition 7.1 Let M be the 2-dimensional manifold in Figure 2. Assume that o : [0,00) —
[0,00) is an increasing function of class Ay such that
Bt

(7.6) )

18 MON-INCreasing

for some B > 0.

(1) If
52
—— is non-decreasing,
a(s)
then
(7.7) A(s) = o(s'?) near 0.
(i) If
83
—— is non-decreasing,
a(s)
then
(7.8) v (s) = 0(51/2)5_% near 0.

Owing to equation (|7.8)), one can derive the following conclusions from Theorems and
[2.3] involving the isocapacitary function vps. Assume that

83

7.9 lim — =0.

(7.9) i

Then any eigenfunction of the Laplacian on M belongs to LY(M) for any ¢ < oo. If ([7.9)) is
strengthened to

2
(7.10) /Oa(s)ds < 00,

then any eigenfunction of the Laplacian on M is in fact bounded.
Conditions ([7.9) and ([7.10)) are weaker than parallel conditions which are obtained from an

application of Theorems and and ([7.7)), and read

52
(7.11) ilg(l) o(s) =0,
and
$3
(7.12) /OU<S>2ds<oo,
respectively. For instance, if b > 1 and
o(s) = s for s > 0,
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then ((7.9) and (7.10)) amount to b < 3, whereas (7.11)) and (7.12) are equivalent to the more

stringent condition that b < 2.

Since, by (7.8)), var(s) ~ sb_Tl, from Examples and We deduce that there exists a constant
C = C(q) such that

q—2
ullLaary < CyaG=9 [lullp2(ar)

for every q € (2, 00] and for any eigenfunction u of the Laplacian associated with the eigenvalue
~. The existence of such eigenfunction follows from condition ({2.2)), as explained in the comments
following Theorem

Proposition 7.2 Let M be the 2-dimensional manifold in Figure 2. Let 1 < p < 2, and let
o :[0,00) — [0,00) be an increasing function of class Ay. Then there exist a constant C' such
that

(7.13) v p(s) < 00(81/2)87%_1 near 0.

Assume, in addition, that

B+l

(7.14) o

18 NON-INCreasing

for some B >0, and

p+1
(7.15) % is non-decreasing.
Then
(7.16) U p(s) &~ <7(31/2)SJDT_1 near 0.

Note that equation ([7.7) of Proposition follows from ([7.16|), owing to property (3.6)),

whereas equation ([7.8)) agrees with ([7.16|) for p = 2.
One step in the proof of Proposition makes use of Orlicz spaces. Recall that given a

non-atomic, o-finite measure space (R, m) and a Young function A, namely a convex function
from [0,00) into [0,00) vanishing at 0, the Orlicz space L4(R) is the Banach space of those
real-valued m-measurable functions f on R whose Luxemburg norm

1l = inf{A 0 /RA ({‘) dm < 1} |

is finite. A generalized Holder type inequality in Orlicz spaces tells us that if A;, ¢ = 1,2, 3, are
Young functions such that A;*(r)A; ' (r) < CA3'(r), then there exists a constant C’ such that

(7.17) 1943 (my < C'lIfllLar () ll9ll LAz (r)

for every f € LAY(R) and g € L42(R) [Onl.

Proof of Proposition
Part I. Here we show that, if ((7.14) and ([7.15)) are in force, then there exists a constant C' such
that

(7.18) U p(s) > 00(31/2)3_% for s € (0, H™(M)/2).
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7 NSZQUPSURg

Figure 3: An auxiliary submanifold

We split the proof of is steps.
Step 1. Fixed €g > 0 and € € (0,¢), let N. = QU P-U R. be the auxiliary surface of revolution
in R? depicted in Figure 3.

Let q = 2%) if p < 2, and let ¢ be a sufficiently large number, to be chosen later, if p = 2.

We shall show that

(7.19) (/ \uchm?)q < C(/ yvude2+/ yude1>
QUP: € e ON.

for every u € W1P(N,), and for some constant C' independent of & and .
Let (p,9) € [0,p — €) x [0,27] be geodesic coordinates on N, with respect to the point (0,0, 1),
and

x = ¢(p)cos I
y =¢(p)sin v
z =9(p)

be a parametrization of N, for some given smooth functions ¢,1 : [0,p — ¢] — [0,00). In
particular, ¢/(p)% +v¢/(p)? = 1 for p € [0,p — ¢). The functions ¢ and 1/ are independent of ¢
in [0, po] and (up to a translation, of lenght &, in the variable p ) in [p — ¢, p — ¢]; on the other
hand, since P. is a flat annulus, we have that ¢(p) = 0 for p € [pg, p — €] and that ¢ is an affine
function in the same interval.

Thus, the metric on M is given by

ds® = dp* + ¢(p)*dv*.

/ g = / " / " o0) dpa

In particular,
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for any integrable function f on M. Moreover, if u € WHP(N.),

2

(7.20) V| = 4 [u + (;52 a.e. in N..

Define

(7.21) () J——— / P o 0)6(p)dp  for ae. 0 € [0,21]
o @(p)dpJo

One has that

2 P 2
q q q
(7.22) (/ \u|‘1dH2> < 2P1K/ |u—u|qd’H2> + </ \u|qu2> ]
QUP: QUP: QUP:

where wu is regarded as a function defined on N¢. It is easily verified that the function u — @ has
mean value 0 on Q U P.. Thus, by a standard Poincaré inequality,

(7.23) </ |u—uqd’H2>q < c/ VulPdH?
QUP: QUP:

for some constant C' independent of € and u. This is a consequence of the fact that ) is inde-
pendent of e, and P- is an open subset of R? (an annulus) enjoying the cone property for some
cone independent of .

Next, the following chain holds:

oo (o) ([ [

P

<z><p>dpdz9> '

q

—&
/ r)dr
pa r)dr Jo
p

~(f eomn) ([ dr/o atroptryi| av)’
/ ” 6u(r,19)¢)(r)drp

p—e a
< do )" (2 o
([ o) @t s | |

<o [ ¢<p>dp)g ( 02” T [ ot ootryaras)’

0

T <217r O%W /0 " E|u(r,19)¢(r)drd19>p]

< c( / . ¢<p>dp>5 [( 0% w / " \Vu|¢<r>2drdz9>p

4 <217T O%M;(T)dr /0 " E|u(r,19)qb(r)drd19>p]

0

<o [ ¢<p>dp>5 macior ([ e [ ulotran )

0

+ <217T O%;()Ch“ / p_5|u(r,19)¢(r)drd19>p]

0

U]
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< c( - ¢(,,)dp>§ [max r<z>\p< / - (W / " \Vuw(r)dr)l/pdﬂ)p
; (;ﬂ / ) <P;<>d7« / " 0) !qu(r)dr) l/pcw)p}

0

p—e a max|¢)|p (2r)p—t [T rpE »
gc( O qb(p)dp) [ / / VulPé(r)drdd

27r pe
D) Po(r)drdd
27Tfp€ dr/ / (r ) o(r)dr ]

2r  pp—e
< C’[ / \VulPdH? + / / |u(r, 19)|pq§(r)drdz9],
QUP: 0 0

for some constants C' and C’ independent of € and u. Note that a rigorous derivation of the in-
equality between the leftmost and rightmost sides of ([7.24]) requires an approximation argument
of u by smooth functions. Since, for a.e. ¥ € [0, 27],

p—e
(7.25) u(p,¥) =u(p—e,9) — / up(r, V)dr for p € (0,p —¢),
o
we have that
(7.26)
p—e
[u(p, )P < Clu(p— 2, 9)P +C / [up(r, )Py for ace. (p, ) € (0,5 —e) x (0,27),

p

for some constant C' independent of € and u. Thus,

(7.27)

o e
L[ s

sc/o%/op ) (/pp 8|up(r,79)‘pdr>¢(/))dpd19+C/027r /Oﬁ_a\u(,;_gyﬂ),%(p)dpdﬂ
o [T ([ wtn o) st ¢ [T [ uto - e opotoyapan
c/% /p |V, 19)\p(/r¢(p)dp>drdi9+0( Oﬁgqﬁ(p)dp) (/O%\u(ﬁ_w),pdﬁ)

SC(resup Js ((p dp) /%/p |V, )P (r)drdy

(O,ﬁ—S)

n c( / "~ ¢<p>dp) ( / o — <. ) !pcw)
< C'M [ wueopsesarso [ owan)( [ o oear)

1
_ oL /]Vu\deerC/ uPd
/2 € JON.

for some constants C', C' and C” independent of ¢ and u. Note that the last inequality holds
since ¢ is increasing in a neighborhood of 0.

IN
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Inequality (7.19)) follows from ([7.22), (7.23)), (7.24]) and (7.27]).

Step 2. Let IV, 5 be the manifold obtained on scaling IV, by a factor . Thus, NV, ;5 is parametrized

by (,y,2) = (6(p) cos ¥, 6¢(p) sin v, 54 (p))-
Let u € WYP(N, 5). From (7.19) we obtain that

D
(7.28) 5 < / yu\qu) "< ¢ (510_2 / \VulPdH? + 6 ]upd”;‘-{1>,
QsUP: 5 € Nes ONc 5

£

where Q)5 and F. ;5 denote the subsets of N, s obtained on scaling @) and F;, respectively, by a
factor §. Now, let A be a Young function whose inverse satisfies

op—1
2 AN )~ — fi .
(7.29) (679) = ord >0

Notice that such a function A does exist. Indeed, the function H : (0,00) — [0,00) given by
_pol
H(t) = -2 for t > 0 is increasing by (7.14)), and the function @ is non-increasing by ([7.15]).

o(t=7)

H-(r) . . . .
Thus, % is a non-decreasing function, and, on taking

t -1
A(t) = / B (7) dr for t > 0,
0 T

equation (7.29) holds, inasmuch as A(t) ~ H~!(t) for t > 0. Next, we claim that a Young
function E exists whose inverse fulfils

(7.30) EY )~ ==  for7>0.

—1
To see this, note that the function J(7) = A~ (1) i5 equivalent to an increasing function F° (1)

rr/4a
(for sufficiently large ¢, depending on 3, if p = 2) by (7.14), and that the function @ = ‘:‘; :1573
is trivially decreasing. Set Ji(7) = @ Thus, @ ~ Ji(1) for 7 > 0. As a consequence, one

RO 1
t T L(FLR)

can show that £— , an increasing function. Thus the function F given by

t dr
E(t)—/ — = fort>0,
o S(FHT))
is a Young function, and since E(t) ~ =t ~ F~(t), one has that E~(7) = F(1) ~

- EI0))
J(r) =217 whence (730) follows.
Owing to ([7.30)), inequality (7.17)) ensures that

(T31) Welllzauor.) < CONabllomgur, oz @or.s
1 I 1
o) BT THEQy U Beg)) — © 1rt@str) BT/

= Cllullq

for some constants C' and C’ independent of ¢, 6 and u. Combining (7.28)—(7.31)) yields

p \wni4 p
(7‘32) H’u| HLA(QéLJPs,é) < ) /Na(s ’ U| " 6P /BNE 5 |u’ e
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Now, choose

_ (%)
e=—5""
and obtain from ((7.32])
(7.33) Nl acguup, e ) < C / VulPdH? + C5L / ufPd!
P s N ON
5 a(d) 5 2(8) 8
5 o
Note also that
(7.34) HY(ON 5 5) = 2ma(d),
6 b
a fact that will be tacitly used in what follows.
Step 3. Choose 6, = 27F for k € N, and denote
k _ k _ k _
@ =CQa FU=FPoon s NT=No s

Define the manifold M in such a way that the distance between the centers of the circumferences
ON* and ON*+1 equals 27%+1. Given u € W1P(M), one has that

(7.35) ulllLauaqrorry < D ulPllizagrops »
k
and
(7.36) / VulPdH? =) / [VulPdH?.
Uka keN Nk

Now, notice that the manifold M is flat in a neighborhood of UpN*. For k € N, let us denote
by Q% the open set on M bounded by the circumference ON* (having radius (&) and by the
boundary of the square on M, with sides parallel to the coordinate axes, whose side-length is
30(6y), and whose center agrees with the center of 9N*. Hence, in particular,

(7.37) H2 () < 90(0r)%

Observe that

(7.38) / (P dH < Co(6)7~! /
ONE

VulPdH? + Co(5)~ / P2
Qp

Q
for some constant C' independent of k and wu. Inequality (7.38]) can be derived via a scaling

argument applied to a standard trace inequality for subsets of R™ with a Lipschitz boundary.
Thus,

7.39 51—1’/ ulP dH*
(7.39) % K WI |
<C> 5, P (o) / [VulPdH? +C Y6, Po(5) " / luPdH? .
keN Q, keN Qk

Assumption ([7.14) ensures that



41

and hence, in particular, there exists a constant C' such that

(7.40) GE;S)SC’ if0<do<1.

Consequently,

(7.41) > 6 Po(d)P! / |VulPdH? < C / |VulPdH?
keN L M

for some constant C'. As far as the second addend on the right-hand side of ((7.39) is concerned,
if 1 < p < 2 by Holder’s inequality and ((7.37]) one has that

(7.42) > 6 Po(dr) ! /

[ pupan = /M S X8t P (0) " ulPdH?
keN k

keN
2—p

< (/Ukﬂk |u|22ppd7-[2> i (93 o(60)* (5o (61) 7))

keN

2 2 e0)r B
< 0</ |u]2pd’}-[2> </ . d5> ,
U Qg 0 53_;

for some constant C' independent of k and u. If p = 2, then given a > 1 one similarly has that

1 Lo (5)2 5
7.43 5o (6 1/ u2d7-[2§C</ u2“d7-£2> (/ U(/d5> .
(7.43) Z r 0(0k) Qk! \ Uka\ | | oita

keN

ya
2

2_2 —d
Thanks to ((7.14]), 01 U(?_gp do < o0 if 1 <p <2, and fol qOP" 5 < oo if p = 2, provided that
p

5 §l+a’
a is sufficiently large.
On the other hand, by our choice of §; and of the distance between the centers of IN* and
ON*+1 any regular neighborhood of U,dN* in M, containing U, is a planar domain having
the cone property. Hence, by the Sobolev inequality, if 1 < p < 2

2—p
</ \u|fppcm2> 2 <C/ (IVul + |ufP)dH?,
Uk Qg M

and, if p = 2,

1
</ |u2“d7-l2>a < c/ (IVul? + [u]?)dH?
UrQp M

for some constant C' independent of u. Altogether, we infer that there exists a constant C' such
that

(7.44) > 6, o () /

keN 9

uPd! < C(/ \vuyde/ yu\pda;).
Nk M M

Combining ([7.33), (7.35)), (7.36]) and (7.44)) tells us that there exists a constant C' such that

(7.45) a1} oromey < CUITullrn + lull o)
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for every u € W1P(M).
Step 4. Denote by Ra@) P the manifold obtained on scaling R.(s by the factor . We shall show

that inequality - contmues to hold if Uk(Qk U Pk) is replaced by U, R, where

RN = RU(5k)

ok

7616 ’

Let p;, i =1,...,m, be such that p; =p—¢, pm = p — ¢, the difference p;+1 — p; is independent
ofifori=1,...,m—1, and

(7.46) 1§%g2 fori=1,...,m—1.
Let A
Rf;z{(p,l?)ER@ﬁS:pigpngl} fori=1,...,m—1.

Define

1 2w

u(p) = / u(p, 9)dv forae.pe(p—e,p—e).

2 0
We have that
(7.47) |Hu|p||LA(R$’6) < 27 H|fu — 7:L|p||LA(R@’5) + 2p_1|||ﬂ|p||LA(R$’5) ,

where 4 is regarded as a function defined on R, ., and A is the Young function introduced in
B

75,
Step 2. Furthermore,

m—1
(7.48) H!u—ﬁlpHLA(R@(S) <D M= aPllpags) -
’ i=1
The mean value of u— 4 over each Rg is 0. The manifolds R§7 cee Rg"*Q agree, up to translations,

with the same cylinder. The manifolds R(% and Rg”_l also coincide, up to isometries. Moreover,
H?(Rj) ~ 0(6)?,
owing to assumption ([7.46). An analogous scaling argument as in the proof of Step 2 tells us

a(5)P~2

(7.49) I = a0l < O 4=y 1V

for some constant C'. Next, since

—&

P < ¢l -2+ / o a’<r>|dr)p> for ac. p € (p—e,p— ),
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one has that

(7.50) || |a|p”LA(Rg(5) 5)
2,

< Colu(p — 5)|p||1HLA(RU(5) 5) +Co

p—e 1 2m p
L (p,wrdﬂdp)
(Lo ]

a(8) LA(R (s 5)
T?
CO ﬁfs 1 27 p
< w(p—e)lP + Co (/ / Vudz?dp)
AT (R ) ) o)y Y PR )
T?
Co
< w(p —e)lP
= Al(]_/HQ(Rg-(&é)’a))‘ (p )’
C ﬁ—E 1 2 p
PR E— ( =y |Vu|¢<p>cwdp)
MMy (p—e,p—e) ¢(p) p—c 21 Jo LA(R 55 6)
Tv
CQ AN D Cl (/ 2 P
— ulp —¢ + \Vu]d?-[
1(1/H2(R@ 5))‘ ( )’ 0(5)19 R, LA(R (5 )
T LI LG,
Co A Ci 0 -1
< a(p—e)|P + H*(Rows) )P | Vull?, 1|z
A_l(]./Hz(Rc/—E;(S)75))‘ (10 )’ 0_(5)13 ( %75) H HL (RQV(;)H HL (R@J;)

Cs 1 0\ CodP~la(8)P~ ull?
< G /aNC,M ')+ S iy oy

C, i Cpor~! .
= S0 A T (Cs /(00 (0))) /aNow),(;‘ Mt A cea) | e

for suitable constants C;, i = 0,...,4. Here, we have made use of the fact that
H(Row) ;) ~ 60(0) .

6 b
An approximation argument for u by smooth functions is also required. Owing to (7.40)), for any
C > 0, there exists a constant C’ > 0 such that

a(6)P2 < C'ep—1

“1(C/a(0)?) T a(8)ATL(C/(00(9)))
Thus, from ([7.47)—(7.51)) one deduces that there exists a constant C' > 0 such that

(7.51)

(7.52) H’u‘pHLA(Rﬁ’B)

¢ w 1 cop1 . )
= S®AT(C/(650))) /aNm' A+ S A GG ) /R [T

Consequently,
(7.53)

Mal?llLa,mey < D MulPllacs)
keN

¢ 1 C(Sp_l )
< Z o(6x)A~L(C/(6xo (1)) /8Nk |u|PdH —|—Z (¢ /(000 00)) /Rk |Vul|PdH? .
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By ) and (729),

5Pt sP1
(7.54)

k 1
) AT(C]Gro(8)) ~ a(omA-1(0e) =

for some positive constants C’ and C”. Thus,

(7.55) NPl me <D

keN

o1 [ vl

! )’

for some constant C. Hence, since o(dy) is bounded for k € Z, we deduce from (7.44) that
1
(7.56) Iul?ll /p ey < CUINVullLoary + llullzeany) -

Step 5. A variant of [Ma7, Theorem 2.3.2], with analogous proof, tells us that given a (2-
dimensional) Riemannian manifold Z with H?(Z) < oo, and a Young function B, the inequality

(7.57) Il 2 ) < CUIVullo(z) + el o)

holds for some constant C' and for every u € W'P(Z) if and only if

1

(7.58) EETYE]

< C'vgy(s) for s € (0,H%(Z)/2),

for some constant C’. In Step 3 we have observed that a regular neighbourhood of U,ONF is
a planar domain fulfilling the cone property. Hence, the standard Sobolev inequality holds on
M\ (UpN*), and, consequently, holds with Z = M\ (UpN*) and B(t) = 77 if 1 <p<2,
and with B(t) = t* for any a > 1 if p = 2. Thus, since the right-hand side of is equivalent
to a non-decreasing function, inequality also holds with B = A. Hence, there exists a
constant C' such that

1
(7.59) ([l /4 v AM\(UENFY) S C(IIVull oar e veyy + 1l Lean g vey))

for u € WHP(M). Combining (7.45)), (7.56) and (7.59) tells us that

(7.60) NP1} oy < OOVl zoqany + lullzoqan)

for some constant C' and for every u € WHP(M). Hence,

1
A-1(1/5)

and follows, owing to ([7.29)).

Part II. Here we show that, if p > 1 and o is non-decreasing and is of class As near 0, then
inequality holds. Consider the sequence of condensers (Q¥ U P¥, N*). Let {uz} be the
sequence of Lipschitz continuous functions given by uy = 1 in Q¥ U P*, uj, = 0 in M \ N* and
such that uy depends only on p and is a linear function of p in R*. For k € N, we have that

(7.61) < Cupp(s)  for s e (0,H*(M)/2)

(7.62) H2(QF U PF) ~ 62,
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and

HA(RY)  o(0k)
o ot

(7.63) / |Vug[PdH? ~
M

Thus, there exist constants C' and C’ such that

C'o(0r)
—1 -
Ok

(7.64) v p(C67) < Cp(QF U P* NF) <

It is easily seen that ([7.64]) continues to hold with dj replaced by any s € (0, H™(M)/2). Hence
(7.13) follows.

The proof is complete. O
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