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ABSTRACT. We consider systems of linear partial differential equations, which
contain only second and first derivatives in the z variables and which are
uniformly parabolic in the sense of Petrovskil in the layer R™ x [0,7]. For
such systems we obtain necessary and, separately, sufficient conditions for
invariance of a convex body. These necessary and sufficient conditions coincide
if the coefficients of the system do not depend on t. The above mentioned
criterion is formulated as an algebraic condition describing a relation between
the geometry of the invariant convex body and coefficients of the system. The
criterion is concretized for certain classes of invariant convex sets: polyhedral
angles, cylindrical and conical bodies.

1. Main results and background
We consider the Cauchy problem for parabolic systems of the form
ou " 0*u - ou
1.1 — = ; t)———— — (z,)=— =0
(11) i~ X Al g = Y A =0

where u = (u1,...,un) and (z,t) € R = R™ x (0, 7).
By & we denote the closure of an arbitrary convex proper subdomain of R™. We
say that & is invariant for system (1.1) in R’:"" if any solution w of (1.1), which is

continuous and bounded in R;H, belongs to & under the assumption that u(-,0) €
S. Note that the classical maximum modulus principle and the componentwise
maximum principle for parabolic and elliptic systems can be obviously interpreted
as statements on the invariance of a ball and an orthant, respectively.

In the present paper we are interested in algebraic conditions on the coefficients
Aji, A; ensuring the invariance of an arbitrary convex 6.

The notion of invariant set for parabolic and elliptic systems and the first results
concerning these sets appeared in the paper by Weinberger [26]. Nowadays, there
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exists a large literature on invariant sets for nonlinear parabolic and elliptic sys-
tems with principal part subjected to various structural conditions such as scalarity,
diagonality and others (see, for example, Alikakos [1, 2], Amann [3], Bates [4], Be-
bernes and Schmitt [6], Bebernes, Chueh and Fulks [5], Chueh, Conley and Smoller
[7], Conway, Hoff and Smoller [8], Cosner and Schaefer [9], Kuiper [15], Lemmert
[16], Redheffer and Walter [20, 21], Schaefer [23], Smoller [24], Weinberger [27]
and references there).

We note that maximum principles for weakly coupled parabolic systems are
discussed in the books by Protter and Weinberger [19], and Walter [25] which
also contain rich bibliographies on this subject. The criteria on validity of the
componentwise maximum principle for linear parabolic system of the general form
in R were obtained in the paper by Otsuka [18]. In our papers [11]-[13] and
[17] (see also monograph [14] and references therein) the criteria for validity of
other type of maximum principles for parabolic systems were established, which
are interpreted as conditions for the invariance of compact convex bodies.

Henceforth we assume: o

(i) real (m x m)-matrix-valued functions A;x = Ay, and A; are defined in Rz
and have continuous and bounded derivatives in z up to the second and first order,

respectively, which satisfy the uniform Hélder condition on Rgﬁ“ with exponent
o € (0,1] with respect to the parabolic distance (|z —2/|? + [t — t’\)l/Q;

(ii) system (1.1) is uniformly parabolic in the sense of Petrovskii in R7:,

i.e., for any point (z,t) € R%H, the real parts of the A-roots of the equation
det (szzl Ajp(x,t)ojor + )J) = 0 satisfy the inequality Re \(z,t,0) < —6|o|?,
where d=const > 0, for any o = (01,...,0,) € R", T is the identity matrix of
order m, and | -| is the Euclidean length of a vector.

The main result of the paper is the following assertion.

THEOREM. (i) Let the unit outward normal v(a) to 06 at any point a €
06 for which it exists, is an eigenvector of all matrices A%y (x,t), Aj(x,t), 1 <
gk <mn, (z,0) € R%H, Then & is invariant for system (1.1) in R;H. Here and
henceforth * means passage to the transposed matriz.

(ii) Let & be invariant for system (1.1) in R, Then the unit outward normal
v(a) to 96 at any point a € S for which it exists, is an eigenvector of all matrices

i(2,0), Aj(2,0), 1 < j,k <n, z €R"

We note that this result was obtained in our paper [13] for the case of a compact
Gand A; =0,1<j<n.

If the coefficients of the system do not depend on ¢, the theorem just formulated
contains the following exhaustive criterion of the invariance of &.

COROLLARY. A convex body & is invariant for parabolic system

ou “ 8%u - ou
(1.2) 5 > Aj(z) Ty T ZAj(m)aTj =0

J,k=1 Jj=1

n R%H if and only if the unit outward normal v(a) to 06 at any point a € 06 for
which it exists, is an eigenvector of all matrices A;k(x), Ai(z), 1 <j,k<n,z¢€
R™.

We give four examples of invariant convex bodies & to show usefulness of this
corollary. Here conditions on the coefficients are quite explicit.
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FIGURE 1. Invariant dihedral angle in R3. Nondiagonal elements
of the second and third rows of all (3 x 3)-matrix-valued functions
Aji and A; are equal to zero.

FIGURE 2. Invariant rectangular cylinder in R3. Nondiagonal el-
ements of the second and third rows of all (3 x 3)-matrix-valued
functions A;j, and A; are equal to zero.

The next two examples concern the case of invariant cones. Here conditions on
the coefficients are different for polyhedral and smooth cones.
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FIGURE 3. Invariant polyhedral cone in R? with three facets. All
(3 x 3)-matrix-valued functions Aj; and A; are similar to diagonal
with the transforming matrix [vy, va, v3]*.

FIGURE 4. Invariant cone in R? with a smooth guide. All (3 x 3)-
matrix-valued functions Aj, and A; are scalar.

We note that the conditions of smoothness of the coefficients of system (1.1) in
Theorem can be relaxed but we leave this extension outside the scope of the present

paper.
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2. Necessary conditions for invariance of a convex body

By [Cp,(R%)]™ we denote the space of continuous and bounded m-component

vector-valued functions defined on R . By [C2D (RZ)]™ we mean the space of
m~component vector-valued functions on R;‘H whose derivatives with respect to x
up to the second order and first derivative with respect to ¢t are continuous.

Let v be a fixed m-dimensional unit vector, let a be a fixed m-dimensional
vector, and let R (a) = {u € R™ : (u — a,v) < 0}.

For the convex body & by 9*& we mean the set of points a € 96 for which there
exists the unit outward normal v(a) to 96. We denote Ng = {v(a) : a € 9*S}.

The next assertion contains a necessary condition for the invariance of a convex
body for parabolic system (1.1) in R,

PROPOSITION 2.1. Let a conver body & be invariant for the system (1.1) in
RZ*L. Then there exists a function g : R x R™ x Ng — R such that

(2.1) G*(t,0,z,nv = g(t,z;m; V)V,
where G(t,7,x,n) is the fundamental matriz of solutions for system (1.1).

PROOF. Suppose that & is invariant for system (1.1) in RE™.  According
to Eidel’'man [10] (Theorem 1.3), there exists a unique vector-valued function in

[C(z’l)(R;}H)]m N [Cp(RETH))™, which satisfies the Cauchy problem

: n+1
ZAjkxt &’Ek ]Z::Axt— OmRTJr7

J,k=1

(2.2)
u|t:0 =,

where 1) is a bounded and continuous vector-valued function on R™. This solution
can be represented in the form

u(x,t) = G(taO,iﬂ,Tl)U’(mdU

R™

We fix a point a € 9*G& and denote v(a) by v. Since

(2.3) | ct0.nmin =1

the vector-valued function

(2.4) ua(z,t) = w(a,t) —a= | G(t,0,2,7)(¥(n) — a)dy
Rn

satisfies the Cauchy problem

aua 0?u, n1
ZAjkxtaj(?xk ZA xt——OmR
7,k=1 j=1

(2.5)
ua|t:0 =1v—a.
We fix a point (x,t) € R%H and represent G*(t,0,x,n)v as
(2.6) G (t,0,z,n)v = g(t, z;m;v)v + f(t, z5m;v0)
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where

(2.7) g(t,z;m;v) = (G*(t,O,x,n)u,u)

and

(2.8) ft,z;nv) =G (t,0,z,n)v — (G*(tO,xm)u, V)V .

Let us fix a point (x,t),t > 0. By the boundedness and continuity in 1 of G(¢,0, z,7n)
(see, e.g., EideI'man [10], pp. 72, 93), f(t, z;n;v) is also bounded and continuous
in 7.

Suppose there exists a set M C R", meas, M > 0, such that for all n € M,
the inequality
(2.9) f(t,zsmv) #0
holds, and for all n € R\ M the equality f(¢,z;n;v) =0 is valid.

Further, we set
(210) 17[)(77) 7a:af(t7x;77; V)fﬂy )
where o, 8 > 0. It follows from (2.8) and (2.10) that

(211)  (¢(n) —a,v)=-B<0, |¥n) —al = (?f(t,z;nv)* + )

and

(2.12) (¥(n) —a,G*(t,0,z,n)v) = a| f(t, z;n; 1/)|2 — 5(G*(t, 0,z,n)v, V).

We introduce a Cartesian coordinate system O¢&; ... &, in the plane, tangent
to 06 with the origin at the point O = a. We direct the axis Of,, along the
interior normal to 06. Let ey, ..., e, denote the coordinate orthonormal basis of
this system and let { = (&1,...,&m—1).

We use the notation

1/2

p = sup{|f(t,z;n;v) :n € R"}.
Let 06 be described by the equation &, = F(£') in a neighbourhood of O, where

F is convex and differentiable at O.
We put 8 = max {F(&') : |¢'| = au}. By (2.11),

(W) —a,en) =5>0, [p@) —a| < (oPp®+ %),

which implies ¥ (n) € & for all n € R™.
By invariance of &, this gives

(ualesthv) = [ (G(t.0.00)(wln) - a).v) dr
(2.13)
= [ @ - a G w0 <o,
Now, by (2.13) and (2.12),
0> (unlr).v) = [ ol = 56" (.0.0.0w,)]dn

which along with (2.3) leads to

(2.14) 0> (ua(z,t),v) =a (/M |f(t, 25 m;0)|Pdn — 6) :

«
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By the differentiability of F at O, we have /a — 0 as o« — 0. Conse-
quently, one can choose a so small that the second factor on the right-hand side of
(2.14) becomes positive, which contradicts the condition meas, M > 0. Therefore,
f(t,z;m;v) = 0 for almost all n € R™. This together with (2.8) and the continuity
of G(t,0,2,n) in n shows that f(t,z;n;v) = 0 for all n € R™.

Since (z,t) € R and a € 0*& are arbitrary, we arrive at (2.1) by (2.6). O

We introduce the space [C{?Q(R”)]m of m~component vector-valued functions
defined in R™ and having continuous and bounded derivatives up to order %k, which
satisfy the uniform Hoélder condition with exponent o, 0 < o < 1.

By [CE’Q(R§+1)]m we denote the space of m-component vector-valued functions

defined in R’%+17 having continuous and bounded z-derivatives up to order k, which
satisfy the uniform Holder condition with exponent o with respect to the parabolic

distance (|z —a/|* + |t — t’|)1/2 between the points (z,¢) and (z/,¢') in R%:"!. For

the space of (m x m)-matrix-valued functions, defined on Rg‘fl and having similar

properties, we use the notation [Cp®(R2F)mxm,
Let

2

i 0 i 0
U@, t,Dy) = Ajk(x,t)m + ZAj(x,t)@ + Ao(z,1).
j=1

J k=1
We quote the following known assertion (see Eidel’'man [10], Theorem 5.3), which

will be used in the sequel.

THEOREM 2.1. Let (m x m)-matriz valued coefficients Aji, A;, Ao of the oper-
ator A(z,t, Dy) belong to [CY*(RETH]™*™ and let ug € [Co* (R™)]™. Let, further,
the system

0
8—1; — Az, t,Dy)u =0,
u = (U1,.-.,Un), be uniformly parabolic in the sense of Petrovskii in the layer

R;ﬂ“ and let G(t,7,z,m) be its fundamental matriz.
Then the vector-valued function

u(z,t) = [ G(t,0,2,n)uo(n)dn
Rn

belongs to [CE’Q(RQEH)]’” and it is a unique solution of the Cauchy problem

Jou
ot
The following assertion gives a necessary condition for the invariance of & which

is formulated in terms of the coefficients of system (1.1). It settles the necessity
part of Theorem from Sect. 1.

—A(z,t,Dy)u=0 inRE™,  w|,_ =uo.

PROPOSITION 2.2. Let a convex body & be invariant for system (1.1) in R’%H,
Then there exist functions aji, a; : R" x Ne — R, 1 < 5,k < n, such that

Al (z,0)v = ajp(z;v)v,  Aj(z,0)v = aj(z;v)v.
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PROOF. Suppose that & is invariant for system (1.1) in R%H. We fix a point
a € 0*G and denote v(a) by v. Let the function v in (2.5) is defined by

n

(2.15) @) =a+ [ > aple; —y) e —y) + Y Bilz; —v5) | Gl —y)T,

k=1 =1

where i, 5; are constants, y is a fixed point in R", {, € C®(R™), 0 < (-(z) < 1,
¢r(z) =1 for |z| <r/2 and (-(z) =0 for |z| > r, T is a unit m-dimensional vector
which is orthogonal to v.

It follows from (2.4) and Proposition 2.1 that

(wawt)v) = [ (@)~ a6 (t00mw)dy

= [ sty b0) - a. v,
which, by (2.15), gives ('u,a(a:,t),u) = 0. This and (2.5) imply

- 0%u, . "L Ou, .
> (8%8%, jk(x,t)u> +j§::1 (axj’ Aj(z,t) 1/) =0.

Jik=1
By Theorem 2.1, we pass to the limit as t — 0 to obtain

(2.16) > (ax;ap;k’ ;k(xﬂ)u) +)° (af;’ A;(x,O)u) =0,
j=1

jk=1

where 9, (z) = ¥ () — a. Now, (2.15) leads to

0%, v oY,
01,0z o=y F Ox;

:ﬁjT.

=y

Then, by (2.16),

n

Z Qjk (7'7 A;k(%O)V) + iﬂj (T, A;(y70)1/) =0.
=1

k=1
Hence, by arbitrariness of o, ;5 and T, we arrive at the equalities

Ay, 0)v = aju(y)v, Aj(y,0)v =a;(y)v, 1<jk<n

with ¥ = v(a), where y € R™ and a € 0*G are arbitrary fixed points. The proof is
complete. ([l
3. Sufficient condition for invariance of a convex body

Let v be a fixed m-dimensional unit vector and let a stand for a fixed point in
R™.

PRrROPOSITION 3.1. Let the equalities
(B1) Ay = aple v, At = (v, 1<4,k<n,

hold for all (z,t) € RETT with aji, a; : RETY — R. Then the half-space RZ(a) is
an invariant set for system (1.1) in R
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PROOF. Let u € [Cp(RETH)]™ N [CED(REH)])™ be a solution of the Cauchy
problem (2.2). Then the vector-valued function u, = u — a is solution of the
Cauchy problem (2.5).

Hence,
8 - ( 0%u, ) " ( Ou,
'U/a, Z ]k &€, t V| — A]('T?t)ia v
k=1 8 jaxk = 8xj
8 Ug * " a'U/a *
gy~ 3 (5. At -3 (axﬁ Aot ) =0
By (3.1) we arrive at
) - 8%u, " [ du,
A, \Ua, - » Wy 7t - YRR ’t
)= 3 (g asntantiv) > (e oo w)
= g(u v)— Zn: i t);(u v)— " i(x t)i(u v)=0
= ot as e Ajp\T, 895]8:1% as - a;\x, 8$j as =Vv.
7,k=1 j=1
Thus the function u, = (u,, V) satisfies
ou = 0%u
2 ajk(x,t) - a; xt =0 in R%Y w, =(Y—a,v
ot j;l ik 83: Oz, ; 7 T t=0 (v )

Therefore, by the maximum principle for solutions to the scalar parabolic equation
n R?‘H with the unknown function u,, we conclude

yieann (u(y,()) —a, V) < (u(m,t) - a,l/) < yseuﬂgl (u(y,O) —a, 1/),

i.e., the half-space R (a) is invariant for system (1.1) in Rz, O

The next assertion results directly from Proposition 3.1 and the known assertion
(Rockafellar [22], Theorem 18.8):

(3.2) &= () Ry,la
aco*6
PROPOSITION 3.2. Let G be a convex body and let the equalities
@y = aj(z, vy, Al(z, v =aj(z, vy, 1<j,k<n,

hold for all (x,t) € R and v € Ne with aji, a; : RET x Ng — R.
Then & is an invariant for system (1.1) in R,

Hence, the proof of sufficiency in Theorem from Sect.1 is obtained.

4. Corollaries

Let us introduce a layer Rf}l = R" x (1,T], where 7 € [0,T). We say that

a convex body & is invariant for system (1.1) in Rf}l, if any solution u of (1.1),

which is continuous and bounded in R’TLJ}l, belongs to G under the assumption that

its initial values u(-,7) lie in &.
Let 7 € [0,T). Repeating almost word for word all previous proofs replacing

Uli—o by w|i=r, Rg}l by Rf}l, G(t,0,2,n) by G(t,7,2,n) and making obvious
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similar changes, we arrive at the following criterion for the invariance of & for the
parabolic system (1.1) in any layer Rf}l with 7 € [0,T).

PROPOSITION 4.1. A convex body & is invariant for system (1.1) in the layer
Rﬁ}l for all 7 € [0,T) simultaneously, if and only if the unit outward normal v(a)

to 06 at any point a € 06 for which it exists, is an eigenvector of all matrices
so(@t), Ax(z,t), 1< gk <n, (z,t) e RET

All criteria, formulated below, concern invariant convex bodies for system (1.2)
in R?‘l. We note that similar assertions are valid also for system (1.1) in any layer
R with 7 € [0, 7).

Polyhedral angles. We introduce a polyhedral angle

RT(am—k-i-h e 705m) - {u - (ula cee 7um) L Um—k+1 Z Am—k41y -+ Um Z am}a
where & = 1,...,m. In particular, R (o) is a half-space, R} (atp—1, ) is a
dihedral angle, and R (a1, ... a,,) is an orthant in R™.

Using Corollary stated in Sect. 1, we derive

COROLLARY 4.1. The polyhedral angle R (t—t1, ..., uy) is invariant for
system (1.2) in R’}‘H if and only if all nondiagonal elements of m — k + 1-th,. ..,
m-th rows of the matriz-valued functions A, and A;, 1 < j,k < n, are equal to
zero.

In particular, a half-plane R2 (o) is invariant for system (1.2) in R;ﬂ“ if and
only if all (2 x 2)-matriz-valued functions Aj, and Aj, 1 < j,k < n, are upper
triangular.

Cylinders. Let

RT(ﬁm—k—i—lv o ;ﬁnL) - {U - (uh e 7um) CUm—k+1 S B?n—k-‘rla ey Um S Bm}
be a polyhedral angle and a—k+1 < Brm—k+1s - -+ Wm < Bm-
Let us introduce a polyhedral cylinder C™ (cm—k+1, -« - @ Bkt 1y« - - s Bm) =

R (am—ks1s- -5 0m) DR Bty -+ Bm), k< m.

In particular, C™(ayy,; Bm) is a layer and C™(qm—1, Qm; Bm—1,Bm) is a rect-
angular cylinder.

The following criterion stems from Corollary stated in Sect. 1.

COROLLARY 4.2. The polyhedral cylinder C™(tm—k+41; - - -y Om; Bm—k+1s - - - Bm)
is invariant for system (1.2) in R;}ﬁ'l if and only if all nondiagonal elements of
m —k+1-th, m — k + 2-th,. .., m-th rows of matriz-valued functions Aji, and A;,
1 <j,k <n, are equal to zero.

In particular, a strip C?(ag; B2) is invariant for system (1.2) in R%H if and
only if all (2 x 2)-matriz-valued functions Aj, and Aj, 1 < j,k < n, are upper
triangular.

Let us introduce the body
SZI(R) = {’LL = (uh' . 7um) : ugn_k_;,_l + e +u72n S RQ},

which is a spherical cylinder for k£ < m.
Using Corollary stated in Sect. 1, we arrive at the following criterion.

COROLLARY 4.3. The body Si*(R) is invariant for system (1.2) in R if and
only if:
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(i) all nondiagonal elements of m — k + 1-th, m — k + 2-th,..., m-th rows of
matriz-valued functions Aji, and A;, 1 < j,k < n, are equal to zero;

(ii) allm—k+1-th, m—k+2-th,..., m-th diagonal elements of matricv Aj,(x)
(.Aj (x)) are equal for any fized point x € R™ and indices j,k=1,...,n.

Cones. By K} we denote a convex polyhedral cone in R™ with p facets. Let,

further, {v1,...,v,} be the set of unit outward normals to the facets of this cone.
By [v1,...,vm] we mean the (m X m)-matrix whose columns are m-component
vectors vy, ..., Um,.

We give an auxiliary assertion of geometric character.

LEMMA 4.1. Let K} be a convex polyhedral cone in R™ with p facets, p > m.
Then any system v1, ...,V of unit outward normals to m different facets of Ki'
is linear independent.

PROOF. By F; we denote the facet of KJ' for which the vector v; is normal,
1 <i < m. Let T; be the supporting plane of this facet. We place the origin of the
coordinate system with the orthonormal basis ey, ..., e, at an interior point O of
K} and use the notation z = Og, where ¢ is the vertex of the cone. Further, let
d; = dist (O, F;), i =1,...,m. Since

m
g=\T:,
i=1
it follows that © = (x1,...,x,,) is the only solution of the system

(vi,z)=d;y, i=1,2,...,m,
or, which is the same,
m
Z(Vi, ej)xj = di, 1=1,2,...,m.
j=1
The matrix of this system is [vq,...,v,,]*. Consequently,
det[vy, ..., vm]" #0.
This implies the linear independence of the system vq,...,v,,. ([l
COROLLARY 4.4. The convex polyhedral cone K7 is invariant for system (1.2)
in R;ﬂ“ if and only if

-1

(4.1) Ajp(@) = ([v1, .-, vml®) Djn(@) [v1,...,vn]*
and
(4.2) Aj(@) = (W1, o)) D) 1, o]

for allz € R*, 1 < j,k < n, where Djj, and D; are diagonal (m x m)-matriz-valued
functions.

The convex polyhedral cone K" with p > m and convex cone with a smooth
guide are invariant for system (1.2) in R%:T! if and only if all matriz-valued func-
tions Aji, and Aj, 1 < j, k <n, are scalar.
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PROOF. We fix a point & € R™. By A we denote any of the (m x m)-matrices
Ajp(x) and Aj(z), 1 < j,k <n.

By Corollary stated in Sect. 1, a necessary and sufficient condition for invari-
ance of & is equation

(4.3) A*v = pv for any v € Ng,
where p = pu(v) is a real number.

(i) If & = K, we write (4.3) as
(4.4) A*vy = v, ..o, AWV = Vi

where {v1,...,v,} is the set of unit outward normals to the facets of the K.
These normals are linear independent by Lemma 4.1. Let D = diag {u1, ..., thm }-
Equations (4.4) can be written as

A i, v =i, ., Vm] D,
which leads to the representation
* _1 *
(4.5) A= ([v1,...,vn]") Dlvr,...,vn]" .
Now, (4.5) is equivalent to (4.1) and (4.2).

(ii) Let us consider the cone K} with p > m. By {vi,...,v,} we denote
a system of unit outward normals to m facets of Kj'. Let also v be a normal
to a certain m+ 1-th facet. By Lemma 4.1, arbitrary m vectors in the collection
{v1,...,Um,v} are linear independent. Hence there are no zero coefficients «; in
the representation v = aqvq + -+ + @V,

Let (4.3) hold. Then

(4.6) A*v = v, A*vy = v, ..., A"V = Vi -

Therefore,

m m m
)\Zail/i =w=Av=A4" Zail/i = Zaiuiui.

i=1 i=1 i=1
Thus,

Z()\ — ,ui)ozivi =0.
i=1
Hence, p; = A for i =1,...,m and consequently A is a scalar matrix.
Conversely, if A = A diag {1,...,1}, then (4.3) with u = X holds for & = K}
with p > m.
The proof is complete for p > m.

(iii) Let (4.3) hold for the cone K with a smooth guide. This cone K can be
inscribed into a polyhedral cone K7 |. Let {v1,...,vy,, v} be a system of unit
outward normals to the facets of K7, ;. This system is a subset of the collection
of normals to the boundary of K. By Lemma 4.1, arbitrary m vectors in the set
{v1,...,Um,v} are linear independent. Repeating word by word the argument
used in (ii) we arrive at the scalarity of A.

Conversely, (4.3) is an obvious consequence of the scalarity of A for & = K.

The proof is complete. O
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