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ABSTRACT. Old and new author’s results on equivalence of various isoperimet-
ric and isocapacitary inequalities, on one hand, and Sobolev’s type imbedding
and compactness theorems, on the other hand, are described. It is proved that
some imbeddings into fractional Besov and Riesz potential spaces are equiva-
lent to isoperimetric inequalities of a new type. It is shown also that Sobolev
type inequalities follow from weighted one-dimensional inequalities with the
weight expressed in terms of a capacity minimizing function. The proof ap-
plies to functions on Riemannian manifolds, so that, for such functions, this
result provides a substitute for the rearrangement techniques used to obtain
sharp constants in Sobolev inequalities in R".
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Preface
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surveyed my results on applications of isoperimetric and isocapacitary inequalities
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I began to work on this topic many years ago, when as a fourth year un-
dergraduate student I discovered that Sobolev type inequalities are equivalent to
isoperimetric and isocapacitary inequalities [3], [4]. It turned out that classes of
domains and measures involved in imbedding and compactness theorems could be
completely described in terms of length, area and capacity minimizing functions.
Moreover, without change of proofs, the same remains true for spaces of functions
defined on Riemannian manifolds [8], [1]. Nowadays, it is a vast domain of research
with applications to nonlinear partial differential equations, geometry, spectral the-
ory, Markov processes, and potential theory.

Most results presented in this paper can be found in the books [8] and [10],
where a lot more related information is contained. Sections 6 and 7 and Theorem
8.9 are new.

I prove in Sections 6 and 7 that some imbeddings into fractional Besov and Riesz
potential spaces are equivalent to isoperimetric inequalities of a new type. Theo-
rem 8.9 shows that Sobolev type inequalities follow from weighted one-dimensional
inequalities with the weight expressed in terms of a capacity minimizing function.
The proof applies also to functions on Riemannian manifolds, so that, for such
functions, this result provides a substitute for the rearrangement techniques used
to obtain sharp constants in Sobolev inequalities in R™.

I preserve a colloquial style of exposition and I make no attempts to achieve
generality. Some technical proofs are replaced by plausible arguments supplemented
with references to corresponding places in [8].

It gives me a great pleasure to thank the organizers of the special program Heat
Kernels, Random Walks, Analysis on Manifolds and Graphs at the Institut Henri
Poincaré for inviting me to give these lectures.

My heartfelt gratitude goes to Matti Vuorinen for the opportunity to give the
course Classical Inequalities in Bad Domains at the Department of Mathematics of
the University of Helsinki.

I express my appreciation to Antti Rasila who took notes during the course
and prepared the final text in LATEX, and also for editing the text and correcting
a number of slips. In particular, all the figures below were made by him.

1. Introduction

DEFINITION 1.1. Let 2 be an open set in R™. Following Sobolev, let us denote
by Wzﬁ(Q) the space of functions in L,(£2), p > 1, whose distributional derivatives
belong to L, (). This space is supplied with the norm

lullw) = [IVeullL, @) + llullz,@)>
where Vju = {91%1/0z8" ... 0z}, |a| = L.

DEFINITION 1.2. A set Q C R”™ has the cone property if each point of  is the
vertex of a cone contained in €2 along with its closure, the cone being represented
by the inequalities 2% +...+22_; < az?, 0 < x,, < b in some Cartesian coordinate
system, where a, b are constants.

The following two theorems are known since Sobolev’s work of 1936 except for
the case p = 1 in Theorem 2 which is due to Gagliardo (1958) and Nirenberg (1958).
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FIGURE 1. Sobolev’s cone property. (Cones have fixed size.)

FIGURE 2. This domain does not satisfy the cone property, and
thus it is bad for Sobolev theory whereas the complement is good.

THEOREM 1.3. (First Sobolev’s theorem) Let Q be a domain in R™ satisfying
the cone property and let

{p>17 pl > n,

p=1, [>n.
Then W}(Q) C C(Q) N Loo(). The inequality
(1.1) ull L) < Cllullwio)

holds, where C' depends only on €0, I, p, and n but not on u.

REMARK 1.4. We cannot put pl = n for p > 1 in this theorem. Counterexam-
ple: Let u(x) = log|log |||, where |z < 1/2. By the asymptotic relation
1
I~
|log ||| - ||

dxr 12 pn=lgy
/ e ¢ / A
jel<1/2 |z[P!] log ||| o " |logr|

Hence u € W)(|z| < 1/2) while u(x) — oo as  — 0. If one wants a bounded
but not continuous function in Wé(Q), pl = n, one can choose, for example u(z) =

|Viu(x for |z| < 1/2

it follows that

sinlog | log |z||.

THEOREM 1.5. (Second Sobolev’s theorem) Let Q be a domain in R™ satisfying
the cone property. Let pl < n. Then W;,(Q) C Ly(Q) forp > 1, ¢ < pn/(n—pl),
n > pl and for all p < g < oo, if n = pl. The inequality

(1.2) lullz,) < Cllullwiq)
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holds.

0 X1

FiGure 3. The simplest domain without cone property is
{(z1,22) : 0 < 1 < 1,0 < 22 < af}, where @« > 1. The do-
main has a cusp at 0 where the cone property fails.

REMARK 1.6. Let Q be as in Fig.3 and let u(z1,22) = z; 7, v > 0. When does
this function belong to the Sobolev space I/Vp1 (Q)? Clearly,

—(v+1
V()P = cay OTVP,

1 3y 1
// |VulPdxidze = c/ / dxo ~xfw+1)pd:cl = c/ x?7(7+1)pd:cl.
Q o Jo 0

Since the last integral converges for a — p(y+1) > —1 it follows that u € VVp1 (Q) if
and only if this inequality holds. Let us show that there is no Sobolev’s imbedding
Wpl(Q) C Lo(92) for some p > 2. We must find p satisfying

2<p<

y+1
We need to check that 2y + 2 < a + 1, which is the same as o > 2y + 1. Clearly

we can choose 7y small enough to satisfy the last inequality. Since the function wu is
not bounded, the result follows.

REMARK 1.7. Sobolev’s assertion concerning p/ = n, p > 1 in Theorem 1.5
has been strengthened by Yudovich (1961) and Trudinger (1967) who showed that
u € WE(2) implies

/exp (c|u|%)dm < 00.

For u € W}(Q) we know that

e All assumptions concerning p, [, ¢ and n in Sobolev’s theorems are essential.
e The cone property cannot be omitted.

But the following remark shows that the cone property is not necessary for the
Sobolev’s imbedding theorem to hold.

REMARK 1.8. The domain in Figure 4 does not satisfy the cone property be-
cause there is not enough space for a cone of any fixed size with the vertex on the
dashed line to be placed inside. On the other hand, this is a good domain for both
Sobolev’s assertions concerning W, ().
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FIGURE 4. A non-cuspidal domain without cone property.

FI1GURE 5. A domain with the cone property.

In fact, let u € W, (Q) and let @ be its mirror extension onto Q (see Fig.5).

Then (1.1) and (1.2) hold with [ = 1 for & and Q, which implies (1.1) and (1.2) for
u and €.

DEFINITION 1.9. Let LL(Q) = {u € D' : D*u € Ly(Q), V|a| = I}. By using
Sobolev’s inequalities one can show that each u belongs to L joc(€2) when u € LL(Q)
with

=25 n>pl,
vq, n = pl,
q = 00, n < pl.

There are no requirements on 2. However, there is a price to be paid and this is
the ’loc’ in the result; the functions may be very bad at the boundary.

Clearly,
WL(Q) = LL(Q) N L,y(Q2).
Let us supply Lé(Q) with the norm
lullz @) = IViullL, @) + lull, @)

where w is an arbitrary open, nonempty set with w C €.
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Let us consider another space:
V@) = oo LE@),

endowed with the norm

!
lullv, @) = Z IViulz,0)-
k=0

It turns out that L (€2), W}(Q), and V/(Q) might be nonisomorphic.

ExampLE 1.10. In 1933, Nikodym constructed the domain depicted in Figure
6 with a certain strange property.

27m
3
Am
2
Bm
1 e
C

FIGURE 6. Domain of O. Nikodym (1933).

Let us introduce a continuous function u on the domain €2 of Fig.6 by setting:

0 on C,
Qy On Ay,
linear on B,,.

u(z)

Let the width of the rectangle A,, be equal to 2=™ and the width of the thin
passage B, be denoted by €, << 27™. Consider the Dirichlet integral

/|Vu|2d:c: g mesy B,a?, = E €ma?,.
Q2 m

m

On the other hand,

/ lul?dz > Z a2, mesy A, = Z a2 27m.
Q m m
Clearly, a,,, can be chosen so that

Zemoﬂm < oo and Zaan_m = o0.

m m

We see that the gradient is in Lo(£2) but the function itself is not. Thus:
Ly(Q) & La(9).
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FIGURE 7. The domain ) showing that derivatives of the first
order can be worse than derivatives of the second order.

EXAMPLE 1.11. ([8], Sect. 1.1.4) Let us check that the spaces WZ(Q2) and
V£ () do not coincide for the domain  shown in Figure 7.
Let the width of S, be equal to 274™ and let

0 on P,
u=q 4"(y—1)° on S, (m=1,2,..
27 (y—1) =1 on P, (m=1,2,...).

We can easily check that

/ |VoulPdedy ~ 27™,
/ widedy ~ 27°™,
Sm

/ widedy ~ 272,
P,

/ \Vu|*dedy ~ 2737,

m

/ \Vul?dedy ~ 2m/2
Pr,

Therefore, [[Vul|r,q) = oo and ||ullwzq) < co.

2. Classical isoperimetric inequality and its applications to integral
inequalities
Consider the problem of maximizing the area a of a plane domain ) with
rectifiable boundary of a fixed length [.

The maximizing property of the disk can be written as the isoperimetric in-
equality

(2.1) dra < 12

The following simple proof of (2.1) is borrowed from the book Inequalities by Hardy,
Littlewood and Polya.
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Fi1cURE 8. The disc gives the best result.

Let 2 = z(p), y = y(¢) be parametric equations of 9, where ¢ = 2w/l and
A is the arc length on 9. For simplicity, we assume that the derivatives x’ and 3’
are continuous. We have

2 2
(@) + (@) -1+ (@) =

(Here we have used the fact that the differential of the arc % has the unit length.)

Now,
12 moeodeNe dyy2 R
Lo [ () [
27ra/o d<p+d<p sHoydso(p
Indeed, let (@) = >, 2%, y(p) = >, yne™¥. We have

> 2 (|zal? + yal?) + 2R[1 D ynin - n]

>3 w2 (eal? + yal?) 23 fallyaln > 0.

which gives (2.1).
The n-dimensional generalization of (2.1) is

(2.2) (mesng)nv_L1 < enHn-1(99),
where ¢ is a domain with smooth boundary d¢g and compact closure, and H,,_1 is
the (n — 1)-dimensional area. The constant c,, is such that (2.2) becomes equality
for any ball, that is ¢, = n"'v, 1n with vy, standing for the volume of the unit
ball. Inequality (2.2) holds for arbitrary measurable sets with H,,_; replaced by
the so called perimeter in the sense of De Giorgi (1954-1955).

How does this geometric fact concern Sobolev imbedding theorems? The answer
is given by the following result [2], [3].

THEOREM 2.1. Let u € C§°(R™). There holds the inequality:

(2.3) (/ lu ﬁdx)T < C(n)/R’|Vu|dx,

where the best constant is the same as in the isoperimetric inequality (2.2).

PROOF. First we prove the lower estimate for C'(n). Figure 9 shows the graph
of the function u.(]z|) to be inserted in (2.3). (The function is not smooth but it is
Lipschitz and can be approximated by smooth functions in the norm ||Vul|z®n)).
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FIGURE 9. The function u..

We have

n—1 n not
Un" (/ e ﬁdac) < C(n)/ |Vue|dx
n Rn

1+
C(n)nuvy, /
1

IN

due
dr

r“dr = (14 O(e))nv,C(n).

It follows that
n~ o tm < (1+0(g))C(n).
and finally
C(n) > (nv}/”)fl =cp.

In order to prove (2.3) we need the coarea formula:

(2.4) /|Vu|dx=/ Ho 1 (E)dt,
Rn 0

where Ey = {x : |u(x)| = t}. It is known by Sard’s lemma that almost all level sets
are C'*° manifolds. (Note that by Whitney’s extension theorem, any multidimen-
sional compact set can be a level set of a C* function and thus the words “almost
all” cannot be omitted.)

Next we give a plausible argument in favour of the coarea formula. This is not
a rigorous proof, as we assume all level sets to be good.

FIGURE 10. Level surfaces and lines of quickest descent, i.e. the
lines orthogonal to the level surfaces.
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We write de = dH,_1dv and |Vu(z)| = dt/dv, where dv is the element of the
trajectory orthogonal to F;. We obtain

<t
Vu(x d:c:/ / —dH,_1dv
/Ww @l = [ [ Gt
:/ dt/ dH, :/ M1 (Ey)dt.
0 E; 0

A rigorous proof of the coarea formula for smooth functions can be found in [8],
Sect. 1.2.4. This formula was proved for the so called asymptotically differentiable
functions of two variables, by A. S. Kronrod (1950). H. Federer obtained a more
general result for Lipschitz mappings R” — R™ (1959). The result was extended
to the functions of bounded variation by Fleming and Rishel (1980).

Let us prove (2.3). By the coarea formula and by the isoperimetric inequality
(2.2),

/ |Vu|dm=/ Hn_l(Et)da:va,ll/”/ (meant)%dt,
n 0 0

where Ny = {z : |u(x)| > t}. Tt follows from the definition of the Lebesgue integral
that

(/ |u|ﬁdm) B = (/000 meantd(tn_zl)) -

n—1

n—1

n o 1 =
(2.5) = ( / (meant) " (meant) "tﬁdt) .
n—1J,

By using the obvious inequality

n—1

t(meant) ™

n—1

t
< / (mes,N,) ™ dr.
0

we conclude that the right-hand side of (2.5) does not exceed

n—1

1

n oo n—1 t n—1 = n
< / (meant) B (/ (meanT) B dT) dt)
n—1J 0
0 n—1
:/ (meant)Tdt
0

Thus we have obtained (2.3) with the best possible constant. The proof of Theorem
is complete. [l

Now, we consider a more general inequality:

1/q
(2.6) (/Q|u|qdu) < C’/Q|Vu|dx,

where ¢ > 1, 2 is an open subset of R™, u is an arbitrary measure and u € C5°(12).

THEOREM 2.2. Inequality (2.6) with ¢ > 1 holds if and only if
(2.7) 1(9)"7 < CHoo1(9g)

for every bounded open set g with smooth boundary, g C €.
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PRrROOF. We start with the necessity. Let u. € C§°(Q2), ue = 1 on g, g C Q
with smooth d¢ and u. = 0 outside of the e-neighborhood of g. By (2.6)

()t < C/ |Vue|dr — CH,—1(dg) as e — 0,
Q

for all bounded g with smooth Og.

FIGURE 11. The function u,.

Sufficiency can be established by repeating the previous proof with ¢ instead
of n/(n—1), and p instead of mes,. O

Note that we have obtained a Sobolev type inequality (2.6) with the best pos-
sible constant y
p(g)e
C=sup-—""———.
g Hn-1(99)

ExAaMPLE 2.3. Consider the inequality of the Hardy-Sobolev type:

1
(2.8) (/ w2 <o [ |vulde,

|| Rn

where ¢ > 1 and a < n. We try to find ¢ and the best constant.

@a

FIGURE 12. The volumes of B and g are equal.

Let B = {z € R": |z| < R}, mes, B = mes,g. We write

dx dx a
wlg) = — < / T + R %mes, (B \ g)
g |$| gNB |$|
d r n
_’JJ _ nvn/ pnflfadp — nv Rnfa,
B |zl 0 n—a
where R = vy, /" (mes,g)"/™.
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This means that

a/n _
nuv n—a
(2.9) nwlg) < ———(mesng) *
Now by (2.2)
n n_o n—o
N(g) < ,Ug/n (77,711),;1/”) n—1 an(ag)m

n— o
It follows that

n—1

)P < () (D (),
with ¢ = (n — «)/(n — 1) and with the best constant
C = (n— o)1=/ (=) (g Y1)/ (n—e)

EXAMPLE 2.4. Let u € C§°(R™). Using Theorem 2.2, we obtain the inequality:

1
/ lu(a’, 0)|da’ < 5/ V()| dr,
Rn—1 R™

where ©' = (x1,... ,2,-1), where 1/2 is the best constant. This example shows
that the measure p in (2.6) might be not absolutely continuous with respect to the
Lebesgue measure.

REMARK 2.5. If 2 = R"”, the inequality
(2.10) (@) < CH, 1 (9g)

follows from
,U/(Bp(x))l/q S Clpn_l-
for all balls B,(x) = {y : |y — z| < p}. (See [8], p. 56-57.)

REMARK 2.6. There is the following simple generalisation of the coarea for-
mula:

(2.11) / ()| Vu(z)|de = / dt | ¢(x)dHn-1,
Q 0 E¢
where ¢ is a Borel function, and E; = {x : |u(z)| > t}. Moreover, we can write

(2.12) /QF(:L’, Vu)dz = /OOO dt /Et F(z,v(x))dHnp-1,

where v(z) = vul*) je. the normal unit vectors and F is a continuous positive
[Vu(@)]

homogeneous function of degree 1, i.e. F(x,ay) = |a|F(z,y) for all real a.

Now one can easily characterise more general Sobolev type inequalities. Let us
consider the inequality

(2.13) (/Q|u|qd,u>1/q < C/QF(I,VU)CZ&C,

where ¢ > 1 and p is an arbitrary measure. Repeating the proof of Theorem 2.2
(with obvious changes), one arrives at the following assertion.
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THEOREM 2.7. The inequality (2.18) with q > 1 is equivalent the inequality
pgte<c F(z,v(x))dHn-1,

QNaog

for all sets g such that’ g C Q and Og is smooth.

REMARK 2.8. Consider the interpolation inequality

([ wran) " < e [ rouiar)'( [ pupa)™""

which may be written as

1-6

lull 2y < CIVUllL, llull 7, G-

This integral inequality is equivalent to
w(g)/1 < CHuo1(99) v(g) =0

The proof is rather similar to that of Theorem 2.2. For more information see [8],
Chapter 2.

3. Sobolev type inequality for functions with unrestricted boundary
values

Let us consider the functions, which are not zero on the whole boundary. Let u
be a function in C*°(2), u =0 on a ball B, B C Q. Let us consider the inequality

(3.1) llullz, ) < ClIVullL, (-

1y

FIGURE 13. The level sets are not closed if the function u is not
constant on 0f).

Let ¢ > 1. Repeating the above proof of the Gagliardo-Nirenberg inequality
(2.3), we make use of the coarea formula

/|Vu|dx=/ Hp—1(E:)dt
Q 0

and we also need the inequality

(meant)l/q < CHp-1(E),

where as before
Ny ={z € Q:|u(z)| > t}.
But now F; is not the whole boundary of V;, just a part.



14 VLADIMIR MAZ’YA

REMARK 3.1. If 092 does not contain inward cusps then it is clear intuitively
that

for all g, g N B = () and we can use the classical isoperimetric inequality (2.2) in
order to obtain (3.1) with a certain C' = C(Q).

If we have a cusp, (n — 1)-measure of the interior part of dg is small and we
may not apply the isoperimetric inequality (2.2).

FIGURE 14. The set g in a domain with cusp. Hi(2 N dyg) <<
H1 (022N Ag)

ExaMPLE 3.2. What can we expect for bad domains? Let us consider the
curvilinear triangle given in Fig.15.

X,

FiGURE 15. The domain 2 is bounded by lines x5 = 0, z; = 1,
and the curve z3 = ¢, a > 1.

Here g = {z € Q : 21 < a}, H1(2N dg) = a® and mesz(g) = a®™/(a + 1).
Hence L
(mesag) Y = (a4 1)7*/ @D, (N dg).
One can show that there exists a constant C' such that

(mes2g)®/ @+ < CH1 (N dg)

for all g, g € Q\ B. Inequalities of such a form are called relative isoperimetric
inequalities (Dido’s problem). The last inequality enables one to prove the Sobolev
type estimate (3.1) with ¢ = (a4 1)/a. The proof is the same as that of Theorem
2.2.

DEFINITION 3.3. We introduce the area minimizing function
A(s) = inf H,—1 (2N Ag)

where infimum is extended over all admissible sets g with mes, g > s. In case n = 2
it is more appropriate to speak about the length minimizing function but we shall
not mention this any more.
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The following visible technical assertion was proved in [8], Sect. 3.2.2. In its
formulation and in the sequel we call an open subset g of Q admissible if Q N Jg is
a smooth surface.

LEMMA 3.4. Let g be an admissible subset of Q such that H,—1(QNdg) < co.

Then there exists a sequence of functions {wm tm>1 with the properties:
1) wu, s locally Lipschitz in );

wm(z) =01in Q\ g,

wm(x) €[0,1] in Q,

for any compactum K C g there exists an integer N (e), such that wy,(x) =1

forx € K and m > N(e),

5) limsup,,_, . / |Vw, (z)|dr = Hp—1(22N dg).
Q

)
)
)
)

Now we are in a position to obtain a necessary and sufficient condition for the
Sobolev type inequality (3.1) to hold for all functions u € C*°(Q), u = 0 on a ball
B, B C .

THEOREM 3.5. The best constant in (3.1) with ¢ > 1 is given by

C = sup 7mesn(g)l/q ;
g anl(Q ﬂ ag)
where the supremum is extended over all admissible sets g.

The proof of sufficiency is the same as that in Theorem 2.2. Necessity follows
by setting the functions w,, from Lemma 3.4 into (3.1).

REMARK 3.6. This theorem means that (3.1) holds if and only if the last supre-
mum is finite which is equivalent to the inequality

lim i(glf sTHaN(s) > 0.

ExaMpPLE 3.7. Consider the union 2 of the squares
Qm={(z,y): 27" <x<3.27m 2 0<y<2 ™%}
and the rectangles
Ry ={(z,y):3-27m 2 <2 <2™™ 0<y<1}
where m = 0,1,... (Fig. 16). One can show that there exist constants ¢; and co
such that
18 < A(s) < cas

(see [8], p. 171).

EXAMPLE 3.8. Let  be an n-dimensional “whirlpool” {z = (2/,z,), |2/| <
f(xn), 0 < x, < 1}, where f is a continuously differentiable convex function on
[0,1], f(0) =0 (see Fig. 17). The area minimizing function satisfies

(33) A <A (e [ LHOPar) < o

for sufficiently small ¢. (See [8], p. 175-176).
In particular, for the B-cusp

n—1
Q:{:c:z:n?<:ciﬁ, 0<xn<1} B>1)
i=1
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0 1 X

FIGURE 16. For this domain the inequality (3.1) holds for ¢ = 1
and does not hold for any ¢ > 1.

FIGURE 17. For the (-cusp, inequality (3.1) holds if and only if
q<1+1/8(n—1).

one has
B(n —1)

c18* < A(8) € ¢8%, a=—""-——.
15 < As) S €2 Bln—1)+1

EXAMPLE 3.9. Let us consider a tube of finite volume narrowing at infinity
O ={z = (2,2,), |2'| < f(zn)}, where f is a convex continuously differentiable
function on [0, o] (see Fig. 18). One can show that for sufficiently large ¢ the area

minimizing function satisfies

AOP <Aoo [ 701 ar) < [0

(see [8], p. 176-178).

In particular, the area minimizing function of the ” #-tube” of finite volume

Q={z:]2'| <1 +z,)7" 0<z, <00}, Bn—1)>1,
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n

tx

FIGURE 18. For the ”(-tube” inequality (3.1) holds if and only if
g<1-1/8(n-1).

is subject to the inequalities
Bn—1)
B(n—1)—1

18 < A(s) < c2s8%, a=

4. Compactness criterion

The following theorem was proved by Sobolev’s student Kondrashov (1938).
An earlier compactness result of the same nature which concerns the imbedding of
Li(Q2) into Ly(9) is called Rellich’s lemma.

THEOREM 4.1. Let Q be bounded and satisfy the cone property. Then
(1) WL(Q) is compactly imbedded in Loo(S2) if pl > n.

(2) Wll)(Q) is compactly imbedded into Lqy(Q) if ¢ < n’i”pl, n > pl.

In the following compactness theorem, €) is an arbitrary open set of finite
volume. Compare this result with Remark 3.6 where the boundedness criterion for
the same imbedding operator is formulated.

THEOREM 4.2. The ball
{ue Li(Q): lullro) < 1}
is precompact in Lq(?), n/(n—1) > ¢ > 1 if and only if
. A(s)
(4.1) limy 17 =

Proor. (Sufficiency) Consider the domain 2. Take a subdomain w such that
@ C Q and mes, (2 \ w) < s, where s < mes, .
Now we take another domain w; such that

WwCw Cwy CAO.

Define a smooth function n with 7 =1 on w and n =0 on Q \ wy.
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Now for all u € Li(£2)

lullz, 0 < (X =n)ull, @ + lImulL, @

1/q

< sup BT (0= ) + Dol
Sl/q

< @IIV((l —mu) |z, + lullL, @)
sl/a

< E(HVUHLI(n) + max [Vylllull L, @) + 1l 2, @)
sl/a

< mHVUHLl(m+C(5)||u||Lq(w1)~

Let {ug}r>1 be a sequence satisfying
Vukllr@) + lluell L) < 1.

Since the boundary of wy is smooth, the imbedding operator L}(w1) — Lg(w1) is
compact and we may suppose that {ux}r>1 is a Cauchy sequence in Lq(w1). We
have

231/q
Hum - U’lHLq(Q) S )\(S) + C(S)H’U;m - ulHLq(Wl)
and hence
. Sl/q
1;13115 lum — wllL,) < o)

It remains to pass to the limit in the right-hand side as s — 0 and take (4.1) into
account.

(Necessity) Let the imbedding L}(Q) C L4(Q) be compact. Then Li(Q2) C
L,(9) and the elements of a unit ball in W (2) have absolutely equicontinuous
norms in Ly (). Hence, for all u € Li (2

(4.2) (/g |u|qdm) i < E(s)/Q (IVul + |u|)dz,

where ¢ is an arbitrary admissible subset of ) whose measure does not exceed s
and £(s) tends to zero as s — +o0.

We insert the sequence {w,,} from Lemma 4.3 into (4.2). Then for any com-
pactum K C g

mes,, (K)Y7 < ce(s) (Hn—1(2N 8g) + mes,(g))
and hence
mes, (9)/? < c1e(s)Hpn_1(2 N dyg).
The theorem is proved. ([l

EXAMPLE 4.3. The compactness condition (4.1) for the whirlpool domain in
Example 3.8 is equivalent to

iy ([ rp—ar) i@ =o.

z—0
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Let, in particular, f(z) = 2”, 8 > 1. Then L}(Q) is compactly imbedded into
L4(€) if and only if
Bn—1)+1
Bn—1)
EXAMPLE 4.4. For the domain shown in Fig.19, the imbedding operator from

Lél)(Q) into L9(f2) is compact for o < 3, bounded and noncompact for oo = 3 and
unbounded for ae > 3 (see [8], Sect. 4.10.3).

q <

FIGURE 19. This domain is borrowed from vol.2 of Courant-Hilbert

5. The case p=1, ¢ <1 in the Sobolev type inequality (3.1)

Let w be a function in €2 measurable with respect to the Lebesgue measure
mes,,. We associate with u its nonincreasing rearrangement «* on (0, 0o) which is
introduced by

(5.1) u*(t) = inf{s > 0 : mes, (M;) < t},
where My = {z € Q: |u(z)| > s}.
Clearly w* is nonnegative and nonincreasing on (0,00); u*(¢) = 0 for ¢t >
mes, (2). Furthermore, it follows from the definition of u* that
(5.2) u* (mes, (M,)) < s
and
(53) mesy (Mu*(t)) S ta

the last because the function s — mes, (M) is continuous from the right.
The nonincreasing rearrangement of a function has the following important
property.
LEMMA 5.1. If p € (0,00), then
o0
0

/Q|U($)I”dm=/ (u*(t))"dt.
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PROOF. The required equality if a consequence of the formula

/Q lu(a)Pdz = /O " s, (My)d(t?)

and the identity

(5.4) mes; (M) = mes, (M), s € (0,00),
in which M} = {t > 0: u*(t) > s}. To check (5.4), we first note that
(5.5) mesy (M) = sup{t > 0: u*(t) > s}

by the monotonicity of u*. Hence, (5.2) yields
mes; (M) < mes,, (M,).

For the inverse inequality, let € > 0 and ¢t = mes, (M) + . Then (5.5) implies
u*(t) < s and therefore

mes,, (M) < mes, (My-y)) <t
by (5.3). Thus mes, (M) < mes; (M) and (5.4) follows. O

Let u € C*°(Q), u=0on a ball B, B C €, as in Section 4. Here we show that
the case ¢ < 1 in inequality (3.1), also admits a complete solution (see [8], Sect.
4.4 and [9]). Let, as before, A(s) be the area minimizing function.

THEOREM 5.2. Let Q be a domain in R™, B is an open ball, B C Q and
0<g<1.

(1) (Sufficiency) If

mes, () Sl/q dS
. D=
(5.6) / . (S)> < o0,
then (8.1) holds for all w € C*°(Q), u =0 on B. The constant C satisfies
C < ci(q)DU~9/a,
(i) (Necessity) If there is a constant C > 0 such that (3.1) holds for all u €
C>®(9Q), ulp = 0, then (5.6) holds and C' > c3(q)D1~9/4,

PrOOF. (Sufficiency) Note that (5.6) implies mes,(£2) < oo and that A is a
positive function. By monotonicity of mes, (N;), one obtains

2J+1

/ |u|dx = Z / mes,, (N )d(t?)
]7 oo
< Z 2Q(J+1) qu)’
j=—00
where ;1; = mes, (Ng;). We claim that the estimate
(5.7) D o pi (2000 —29) < D' Vud o
j=r

is true for any integers r,m, r < m. Once (5.7) has been proved, (5.6) follows by
letting m — oo and r — —oo in (5.7). Clearly, the sum on the left in (5.7) is not
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greater than

m
(5.8) P 290D N (0 — )27,
j=14r
Let S, denote the sum over 1 +r < j < m. Hoélder’s inequality implies

(5.9) Srm < | i 2jA(uj1)]q{ i (ui(;j_f;gzﬁlq>Q)}lq'

j=14r j=14r

We have
(j—1 = 1 0,

Hence, by the monotonicity of A, the sum in curly braces is dominated by

3 /’”’1 A2/ 8= g2/ =)y,
3

j=14r"7H

)1/(1711) < 'u;{(ll*q) _

which does not exceed D/(1—¢q). By the coarea formula the sum in square brackets
in (5.9) is not greater than

2 i /N |Vu|dz.

j=—00 zjfl\NQJ'

Thus

m

Z (-1 — pj)2% < CD17q|‘VU||%1(Q)'
Jj=14r
To conclude the proof of (5.7), we show that the first term in (5.8) is also
dominated by the right part of (5.7). Indeed, if g, > 0, then

2™ < (2N 1)t/ ) )

Bmo g Na/(1=q) \1-q
q i
C||V“”L1<Q></O ()\(t)) at)
The sufficiency of (5.6) follows. O

IN

In the proof of necessity we need the following simple observation.

LEMMA 5.3. Let {v1,... ,un} be a finite collection in the space C(S2) N Ly(S2),
p € [1,00). Then for x € Q the function

x — v(z) = max{vi(z),... ,on(2)}

belongs to the same space and

N
Vo)l @) < D IVl @)-

i=1
PROOF. An induction argument reduces consideration to the case N = 2. Here
v =(v1 +v2+|v1 —v2])/2.
Furthermore

1
Vv = 5 (Vo1 + Vv + sgn(vr + v2) (Vo — Vog))

almost anywhere in ). Therefore,
[Vo(z)| < max{[Vui(z)|, [Voa ()|}
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for almost all x € €. The last inequality gives
[Vo(a)| < [Voi(2)] + Vs ()],
thus concluding the proof. O
CONTINUATION OF PROOF OF THEOREM 5.2. (Necessity) First we remark that

the claim implies mes,, (2) < co and that A(t) > 0 for all ¢ € (0, mes,,(Q2)]. Let j be
any integer satisfying 2/ < mes,,(©2). Then there exists a subset g; of Q such that

mes,,(g;) > 27, and H,_1(2 N g;) < 2X(27).

By the definition of A and the coarea formula there is a function u; € C*(Q)
subject to u; > 1 on g;, u; =0 on B and

VUil @) < 4M27).
Let s be the integer for which 2° < mes,,(Q) < 2°*1. For any integer r < s, we put

frs(x) = Tr%a%(s Bijuj(x), =€,

where
B = (/@)
By the above lemma

IV frsllzoe) < €D Bl VL, @)

j=r

and one obtains the following upper bound for ||V f.. 4| 1, )

L1(Q) S CZ[}])\(QJ)

j=r

(5.10) IV fr.s]

We now derive a lower bound for the norm of f, s in L,(€2). Since fr s(x) > 5,
for x € g;, r < j < s, and mes,(g;) > 27, the inequality

mes, ({:c €Q:|frs(x)] > T}) <2
implies 7 > ;. Hence
fro(t) > Bj for t € (0,27), r<j<s,

where f is the nonincreasing rearrangement of f,. ;. Then

mes,, (2) s 2d s
JRRNRORED Y ERCSRTES St
0 oS =

which implies
S

(5.11) 1rsll?, o = 28727,

Jj=r
Next, we note that if inequality (3.1) holds for all u € C>°(2)N L1(Q), then it holds
for all u € C(Q) N L}(Q). In particular,

Hfr,SHLq(Q) < CHVf,«,S|

Li(92)-



LECTURES ON ISOPERIMETRIC AND ISOCAPACITARY INEQUALITIES 23

Now (5.10) and (5.11) in combination with the last inequality give

(X5 6q2j)1/q g 21/(1=a) )(1*‘1)/11

o W:(ZW

By letting r — —oo and by the monotonicity of A\, we obtain

1—q
s 2j ﬁ ] 1% mes,, () ¢ ﬁ e
cxe(X (i) ) e[ () ) T
2 G 0 XD
This completes the proof of Theorem 5.2. O

ExAMPLE 5.4. Consider the Nikodym domain depicted in Figure 6. Let ¢, =
§(27™~1) where ¢ is a Lipschitz function on [0, 1] such that ¢;(t) < §(2t) < e26(2).
Then c30(s) < A(s) < cad(s) (see [8], Sect. 3.4). Therefore, inequality (3.1) holds

if and only if
/1 (sl/q)q/u—q) ds _
— — < 0
o \d(s) s

6. Imbeddings into fractional Sobolev spaces

DEFINITION 6.1. We introduce the seminorm

(6.1) Yo = //|u ~ uly)|"ulda, dy)) "

where p is a measure on Q x Q, u(€,F) = u(F,E), and  is any open set.
Here we shall deal with the inequality

(6.2) (g < C / IVuldz,
Q

where u € C°°(Q) N L1(Q).
We show that inequality (6.2) is equivalent to an isoperimetric inequality of a
new type.

THEOREM 6.2. Inequality (6.2) holds with ¢ > 1 if and only if for any g C Q
such that Q2N g is smooth, the isoperimetric inequality

(6.3) 11(g, 2\ )1 < 27V ICH,,_1 (2 N dg)
holds.

Proor. (Sufficiency) Denote by u, and u_ the positive and negative parts of
u, so that uw = u4 — u_. Since,

(g < (Ut )+ (U=)gu

/|Vu+|dx+/|Vu |dx—/|Vu|dx

it suffices to prove (6.2) for nonnegative Lipschitz functions u. We have uy and u_
are Lipschitz but not smooth

= [ [ 1w —wintazan = [ [ ][ ?j)dt\quwx,dy).

and
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By Minkowski’s inequality

1/ 1/q
91/4 ) >t > u(y)) p(da, dy)) dt

_ 21/‘1/ (Nt,Q\Nt)l/th.
0

By using (6.3) we obtain

(Wqn <C’/ Hp—1(Ey)dt = /|Vu|dx

(Necessity) Let {w,,} be the sequence from Lemma 3.4. Then

IN

(W)q,u

(wm) < 21/20/ |V, |de — 2Y2CH, 1 (2N dg) as m — oo
)

n}i_rgo/g/glwm(x)—wm(y)lqu(daf,dy)

21 [ [ (dn,dy) = 219,01\ 9)1
gJQ\g
The result follows. O

and

COROLLARY 6.3. (One-dimensional case) Let
= (o, ), — o< a<f<oo.

(@) — ) uldnndy)) < C [ @)z
(L) ) <l

with ¢ > 1 holds for all u € C*(Q) if and only if
(6.4) w(I,Q\ Y1 <27V

The inequality

for all intervals I, T C Q, and
(6.5) u(I,Q\ DY < 2=V
for all intervals I C Q such that I contains one of the ends of €.

PROOF. Necessity follows directly from (6.3) by setting g = I. Let us prove
the sufficiency of (6.4). Represent an arbitrary open set ¢ C Q as the sum of
non-overlapping intervals Ij,. Then by (6.4) and (6.5)

:u(gaQ\g)l/q = (ZM(IkaQ\g))l/qg(ZM(Ika\Ik))l/q
k k

< ) u(I, Q\ )Y < 27190 " Ho (N OI,)
k k
which is the same as (6.3). The result follows from Theorem 6.2. |

EXAMPLE 6.4. We deal with functions in R™ and prove the inequality:

|q 1/q
(6.6) |$ - y|n+aq ———————dzdy <C |Vu|dx,

where u € CP(R™), n > 1, 0<a<1andq—n/(n—1+a)
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Let us introduce the set function

dxdy
g Jrn\g |2 — y[" T

By Theorem 6.2 we only need to prove the isoperimetric inequality
n—1
(6.7) (Z(9)) " < e(a,n)Hn-1(99)

for ¢ = n/(n — 1+ ). Let A be the Laplace operator in R™. If u = r*, we may
write

1

Tn—l

Au = (r"Yu,), = A\ +n —2)r 2,

Setting A = 2 — n — agq, we arrive at
Aylz =y = (n =2+ ag)|z —y| 7"
Using (2.2) and Example 2.3, we obtain

1
I(g) = ————— Aylz — y[* " *dyd
(9) agin =2+ ag) //n\g sz =l ydz

1 9 q
= - B — nadd
q(n —2+ aq) //agc‘)yylx Yl yax

< —/ /|£L’ y|" I dxds,
69
l1—agq
- L(mesng) Sy @) < T T g gy
- ag(l-ag) ~ aq(l—ag)
Since
n-—1(1-a
] o= )
aq n—1+a '’

inequality (6.7) follows.
REMARK 6.5. Inequality (6.6) can be interpreted as the imbedding
LI(R™) C W (R™)
where L!(R") is the completion of the space C§°(R™) in the norm |Vul L, ®n) and
an (R™) is the completion of C§°(R™) in the fractional Sobolev norm

|q 1/q
(// |:c—y|n+aq To—gprras @ dy) |

7. Imbedding into a Riesz potential space
It is possible to obtain a similar criterion for the imbedding
(7.1) Lt e Reu),

where 0 < a < 1,¢ > 1 and Ra( ) is the completion of the space C§° in the norm

W Ry (n) = H/ |x— |n+a 1dy‘

where p is a measure in R™.

g>1

- )

Lq(#)’
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In the case ¢ > 1 and g = mes,, this norm is equivalent to the norm
I(=2)*"2ul|z,

in the space of Riesz potentials of order o with densities in L,. We shall see that
imbedding (7.1) is equivalent to the isoperimetric inequality of a new type.

THEOREM 7.1. Let g > 1 and 0 < o < 1. Inequality

(7.2) (u)Rg () < C/ ®|Vu|de,
]Rn

where ® s a continuous nonnegative function, holds for all w € C§° if and only if
for any bounded open g € R™ with smooth boundary Og the isoperimetric inequality
holds

v, ds
7.3 H/ W%y ‘
) oy T =y

PROOF. Necessity of (7.2) follows by substitution of a mollification of a char-
acteristic function of g into (7.2).
Let us prove the sufficiency. By the coarea formula,

vydsy
=, 2

Hence it follows from Minkowski’s inequality and (7.3) that

vydsy
(wrs / H/E & — y[rtes |
<C/ / x)dsydt = / Q| Vuldz.
By n

The result follows. O

Lq(p)

< C’/ O(x)dsy.
9g

Lo(w)’

Lq(p)

REMARK 7.2. The set of the inequalities of type (7.4) is not void. Let us show,
for example, that for

n

g=——, n2>2, 0<a<l
n—1—a«a

there holds the isoperimetric inequality

(7.4) H /8 _ sy HL < ¢(n, &) Hp_1(dg).

g |ﬂ? - y|n+a !
In fact, since ¢ < 2 we have the well-known inequality
ullrg < cllullzg,

the norm in By in the right-hand side does not exceed c||[Vu| 1, and it remains to
refer to Theorem 6.2.



LECTURES ON ISOPERIMETRIC AND ISOCAPACITARY INEQUALITIES 27

8. Capacity minimizing functions and their applications to Sobolev
type inequalities

DEFINITION 8.1. Wiener’s capacity of a compact set F' C ) with respect to
is defined by

1 F= _inf *d

(8.1) capF = _inf [ |Vula) e

where u € C§°(Q2). Its obvious generalization is the p-capacity
= 1 p

(8.2) cap, F' uzinoan/Q|Vu(x)| dz,

where u € C§°(Q2), p > 1.

For basic properties of the p-capacity see [8], Ch. 2.

The following arguments are very convincing but not fully rigorous because of
the presence of critical points. The complete proof can be found in [8], Ch. 2.

Let v € C§°(£2). We write |u| in the form of a composition A(v), where v(x) is
the volume of the set bounded by the level surface of |u| passing through the point
x. By the coarea formula (2.4),

mesy, (Q) 1/p
53 Ve ={ [ WP [ v @
0 v(x)=v

We note that by Holder’s inequality we have the following estimate for the area
s(v) of the surface {z : v(z) = v}

Is(0)]? (/ﬂ(x)zy (%) (P*U/P(%) (Pl)/Pds)p
R A

where dv is an element of the trajectory orthogonal to a level surface. Because of

the obvious identity
/ dvds = dv
v(z)=v
we find

(5.4 [, IT@r s 2 o)

where s(v) is the area of the level surface v(z) = v.
Minimizing the integral

/Q V(A (0(a)) P da

over all smooth functions on the segment [0, mes, 2] such that A(0) = 0 subject
to the inequality A(v) > 1 for v < mes, (F'), we obtain another expression for the
p-capacity

(85)  cap,(F) = inf{/mesn(m {/v(z)_v|Vv(x)|p1ds(z)} 1/(1_p)dv}1_p

mes,, (F)
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Here the infimum is taken over all functions u in the definition (8.2). This useful
identity is known as the Dirichlet principle with prescribed level surfaces, Pélya-
Szego [1951].

Estimating the integral over the level surface v(z) = v with the aid of (8.4), we
derive the following lower estimate from (8.5) for p-capacity

) mes,, (Q) dv 1—p
(8.6) cap,(F) > inf { /mesn(F) 7[5(1})]]0/@71) }

From (8.6) and (2.2) we obtain

P — p—1 p—n p—n _
(8.7) cap,,(F) > nvg P 711‘ |[mesy, ()] 7@=D — [mes, (F)]7-1 ‘1 P
p—
if p # n, and
mes,, () 11-n
. > —nA
(8.8) cap,(F) > n"v, [10g mesn(F)} ,

if p = n. In particular, if n > p then

— -1
(8.9) cap,(F) > nvg/” (%)p [mesn(F)](n—p)/n.
p—

The application of p-capacity to imbedding theorems is based on following inequal-
ity which plays the same role for p > 1 as the coarea formula for p = 1.

THEOREM 8.2. (see [5], [8]) The inequality

P’
) Py< 2 P
(8.10) /o cap, Ny d(t?) po1p T /Q |VulPdx

holds, where uw € C§°(2), p > 1 and the constant is the best possible.

For p > 1 this inequality is obtained in the following manner. In view of (8.3)

p(mes,, Q) d p
8.11 Vul? :/ ‘—)\ v(p ‘ dep,
(3.11) IVl o = | L\l

where ¢ is a new independent variable defined by the formula

mesy,, (2) 1/(1—p)
o(v) = / [ / [Vo(e) P~ ds(a)] " .
v v(z)=v

In view of Hardy’s inequality the right hand side of (8.11) majorizes

p—1 ”/‘X’ Alv(p)) 1P (p— 1! /°° -
dp = Pd[\(v P,
() [ [T ae=F—— [ e rare))
It remains to apply identity (8.5) which implies

(8.12) Capp(N)\(y(<p))) < (,017;”.

REMARK 8.3. Inequality (8.10) with a rougher constant can be obtained quite
simply by the following truncation argument.
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Let as before Ny = {z : |u(x)| > t}. Clearly,

oS k
— 2% P
/|Vu|pdx = Z / |Vu|pdac=z:2kp/ ‘Vu—k‘ dx
Q b= —oo Y Nok \Nyk+1 Nk \Nyk+1 2
> Z QchappN2k+1 > C(p) Z cap, Nax (2(k+1)p _ Qkp)
k=—o0 k=00
ok+1
>

C(p) cap, N¢d(t*) = C(p) OOca o (Ne)d(tP),
p zk:/Qk P p /0 p

concluding the proof.

REMARK 8.4. Inequalities (8.6)-(8.9) may be called isocapacitary inequalities.
In the next theorem we deal with the isocapacitary inequality

(8.13) p(g)P'? < Ceap,g

where p is an arbitrary measure, g is an arbitrary open set with smooth boundary
such that g C Q, and ¢ > p > 1. By (2.4), this inequality coincides with the
isoperimetric inequality (8.14) for p = 1.

The following criterion shows the importance of (8.13).

THEOREM 8.5. (i) Assume that there exists a constant C' such that (8.13) holds
with ¢ > p > 1 Then the inequality

1/a
(3.14) ([ udn) ™" < DIVl 0
Q
holds for all u € C§°(2) with
D < p(p—1)d-pn/rct/p,

(i) Conversely, if (8.14) holds for all uw € C3°(2) with ¢ > 0 and p > 1, then the
isocapacitary inequality (8.13) holds with

D> CYr,

PROOF. The assertion (ii) follows directly from the definition of p-capacity.
Let us prove (i). We have

[ttt = [ uviaue) = [ vt uvy e winera,
Q 0 0

Since p(NVy) is a nonincreasing function,

t
(N, )P/ 9¢P Sp/ (NP 4P,
0

It follows that

/ fuftdp
Q

a—p

00 t a=p
q/ (N )P/ 9Pt (p/ ,u(NT)p/qufldr) Todt
0 0

= (p /OOO u(NT)”/qT”’ldT)Q/p~

IN
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Now by (8.13) and (8.10)

e / o /
(p/ u(NT)p/quda)q ? < Qi (p/ capp(NT)TpfldT)q ’
0 0

D a/p
< q/p p p )
< C ((p ~ 1y /Q [Vul d:c)

The proof is complete. [l
DEFINITION 8.6. We introduce the capacity minimizing function

v,y(8) = inf ca
n(5) {g:n(g)>s} Ppd

which coincides with the area minimizing function

A(s)= inf H,-1(dg)

 {gnle)zs)
forp=1.
REMARK 8.7. Clearly, the isocapacitary inequality (8.13) is equivalent to
p/q
*_<c
Vp(s)

Let p(f2) < co. One can show that for ¢ > p > 1 the ball {u € C§°(Q) :
[Vull @) < 1} is precompact in Ly(Q2, p) if and only if

sp/a

—0ass—0
vp(s)

(see [10], Sect. 8.6).
Making obvious changes in the proof of Theorem 5.2 one can show that in-
equality (8.14) with ¢ < p holds if and only if

1(Q) Sp/q q/(r—q) ds
/ (=) Zcx
0 vp(s) s

If () < oo, the same condition is necessary and sufficient for the precompactness
of the ball {u € C§°(2) : [VullL, ) < 1} in Ly(Q,p), ¢ < p (see [10], Sect. 8.5,
8.6).

REMARK 8.8. The following important statement formulated in terms of the
p-capacity minimizing function shows that the Sobolev type inequality (8.14) is
a consequence of a certain weighted integral inequality for functions of one vari-
able. This result leads to the best constants in inequalities of type (8.14) and, as
most of the previous results, can be directly extended to functions on Riemannian
manifolds.

THEOREM 8.9. Let p > 1 and q > 0. Assume that the capacity minimizing
function v,(s) has the inverse l/p_l. If for all absolutely continuous functions h on
(0,00) such that h(0) =0:

(8.15) (/OOO |h(7‘)|q|dy;1(1/7')|)1/q - D(/Ooo |h'(T)|PdT)1/P,

then (8.14) holds for all u € C§°(2).
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PROOF. Let
1/(1-p)

W(t) = /too UW)_T \Vu(z)P~Lds(z) dr.

and let t(¢)) denote the inverse function. Then
o0
0

/Q futdps = / (N ) ())

Vuprds = [ ¢
/Q| ulPdz /O|t<w>|w

(see Sect 2.2 and 2.3. of [8] for more details). Clearly,
W(Nuw)) < v " (cap, (Ney))

and it remains to note that

and

1
P(t)r=t
(see (8.12) and Lemma 2.2.2/1 in [8]). O

Capp(Nt(«ﬂ)) <

REMARK 8.10. It is obvious that similar results with the same proofs remain
valid for functions with unrestricted boundary values. This influences only the
definition of the corresponding p-capacity. In particular, if the set of admissible
functions in the definition of cap,(F) consists of functions vanishing on a ball B,
B C Q, and such that « > 1 on F, then everything said about Sobolev inequalities
before in this section holds for functions with unrestricted boundary values which
are equal to zero on B.

9. An application of p-capacity to Poincaré’s inequality

The p-capacity has other applications to the theory of Sobolev spaces, quite
different form those dealt with before. To give an example, I shall discuss the
usefulness of p-capacity in the study of the Poincaré type inequality for functions
defined on the cube {z € R" : |z;| < d/2,i=1,... ,n}

(9.1) / lu(z)Pde < C |VulPdz.
Qa Qa
We assume that the function « vanishes on a compact subset F' of @d.
Clearly, (9.1) fails if F' is empty. For the one-dimensional case, one point
(F = {0}) is sufficient for the Poincaré inequality to hold:

(@) = u(x) — u(0) = /0 .

1 1 x P 1
/ |u(:c)|pd:c§/ ‘/ u’(t)dt‘ dng ! [Pda.
0 0 0 0

By using Sobolev’s imbedding theorem one can prove that this is also sufficient
(and, of course, necessary) for (9.1) if p > n > 1. However, for 1 < p < n a
one-point set F' is not sufficient for (9.1). Let us check this for the more difficult
case p = n.

and thus
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Consider the function
() (\ log |z| )
us(z) = —
c K loge
where 7 is a piecewise linear function on (0, c0) such that

n(t)=1fort <1, n(t) =0 fort > 2.

Clearly,
!
Ve (z)] < M,
|z|| log £

and hence

1 d
[ < L[ @
Qa |10g5| e>|x|>e? |l‘|

1 /E dr 1 0
- - [ =Z=_-_ -
|loge|™ J.o v |loge|n—! ’

as € — 0, contradicting (9.1).

We will show that the positivity of p-capacity is necessary and sufficient for
inequality (9.1) with n > p > 1. The case n = p is similar, but differs slightly in
details and therefore will not be discussed here. The complete treatment including
the non-trivial case of derivatives of higher order can be found in Ch. 10 of [8].

Let C%! be the space of functions subject to the uniform Lipschitz condition
in R™. Also, let C’g’l be the subspace of C%! containing functions with compact
supports. For any subset E C R™ we denote by C%1(E) the set of all Lipschitz
functions on E.

The following inequality is well-known

9.2) lu—al? g < cdp/ IVl dz,
i Q

d
where {Qg} is the family of closed concentric cubes with edge length d > 0 and
faces parallel to the coordinate planes, u € C%*(Qq) and 4 = d™" de udz is the
mean value of u.
Another classical inequality to be used in the sequel is Hardy’s inequality:

|uf”
(9.3) ——dr <c |VulPdz,
R?L n

x|P

where p < n and u is an arbitrary function in Cg'* (R").
In this section, we deal with the p-capacity of compact sets in R”, i.e. we set
) = R" in Definition 8.

THEOREM 9.1. (see [5] and [8], Ch. 10) Ifu € C%Y(Qq) vanishes on a compact
set F C Qg, then

dn
(9.4) /|u|pd:c§ < /|Vu|”dx,
Qu cap,F' Jq,

P

where n > p > 1 and ¢y depends only on n and p.

PROOF. (The proof is the same for any Lipschitz domain.) We normalize |u]

by de |u|Pdx = d™ i.e. |ulP = 1. By the Holder inequality we obtain

Jul < (ful) " =1.
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Clearly,
1= TJu[ = d™"P(|full, = [[Tulllp) < d™"P]lu—ull,,

where [[ull, = (f,, lul"de) /7.
Hence and by the well-known inequality

[u =l < cd||Vull,

we obtain

1/
1—ul < cdl_”/p(/ |Vu|pdac) g
Q

d

Denoting ¢ =1 — |u|, we have @ > 0 and we can rewrite the inequality above as

oF < cdp*"/ |VlPde.
d

Then

lelly =[l(e — @)+ &llp <l — @l + 2l
and
(9.5) lellp < cdl|Vellp,

Let us extend ¢ outside Q4 by reflection in the faces of @4, so that the extension

 satisfies
A L e R e o s
Q34 Qa Q34 Qa

Denote by 1 a piecewise linear function, equal to 1 on @4 and zero outside @24, so
that |[Vn| < ed™!. Then

cap, I’ S/ [V (pn)|Pde < c(/ |V<p|”dac—|—d_”/ go”dx).
Q24 Qa Qa
Taking into account that |Vy| = |Vu| almost everywhere and using (9.5), we obtain
cap, F' < co/ |Vu|Pdz.
d
The last inequality is equivalent to the desired estimate. ([l

The following assertion shows that the previous theorem is precise in a certain
sense.

THEOREM 9.2. Letn >p>1 and let

(9.6) / |u|Pdx < C’/ |Vu|Pdz

Qay2 d
for all w € C*Y(Q,) vanishing on the compact set F C Q. If
(9.7) cap, [ < ~yd""?,

where v is a sufficiently small constant depending on n and p, then

cd™
9.8 C > .
(9:8) - cappF
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PROOF. Let ¢ > 0 and let ¢, be a function in CJ'* (R™) such that ¢, = 1 on

F,0<p:. <1and

/ |Vpe|Pdr < cap,F +¢.

Put u=1— ¢, in (9.6). Then

n 1
(9.9) (/27 ~ | pell 1, (@uym) < C7 (cap, F +€)"7.
Using Hardy’s inequality (9.3), we obtain

IN

H(‘DEHLP(an)

cd(/n @g%)l/p

cod||[Veell L, ®ny < cod(cap, F' + e)l/e.

IN

This estimate and (9.9) imply
(9.10) (d/2)"'? < (CY* + cod) (cap, F)'/?.

If the constant -y satisfies

NP < g len/p

we obtain from (9.7) and 99.10) that

271(d/2)"? < C'/P(cap,F)'/P.

The result follows. |

Results of a similar nature, more general than Theorems 9.1 and 9.2 can be

found in [5] and [8], Ch.10.
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