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Preface

We present a unified approach to various sharp pointwise inequalities for ana-
lytic functions in a disk with the real part of the function on the circumference
as the right-hand side. We refer to these inequalities as ”real part theorems”
in concert with the first assertion of such a kind, the celebrated Hadamard’s
real part theorem (1892). The inequalities in question are frequently used in
the theory of entire functions and in the analytic number theory.

We hope that collecting these inequalities in one place, as well as generaliz-
ing and refining them, may prove useful for various applications. In particular,
one can anticipate rich opportunities of extension of these inequalities to ana-
lytic functions of several complex variables and solutions of partial differential
equations.

The text is based on revised and enlarged recent publications of the authors
[55]-[57] and contains some new material as well. The research of G. Kresin was
supported by the KAMEA program of the Ministry of Absorption, State of
Israel, and by the College of Judea and Samaria, Ariel. The work of V. Maz’ya
was supported by the Liverpool University and the Ohio State University. The
authors record their thanks to these institutions.

We are most grateful to Lev Aizenberg and Dmitry Khavinson for inter-
esting comments and enhancing our knowledge of the history of the topic.

Ariel, Israel Gershon Kresin
Columbus, USA Vladimir Maz’ya

May, 2006






Contents

Preface . ...... ... .

Introduction ... ... .. . . . .

1

Estimates for analytic functions bounded with respect to
their real part ...... ... ... .. .
1.1 Inmtroduction ........... ... i
1.2 Different proofs of the real part theorem....................
1.3 Extremal values of the real part of the rotated Schwarz kernel .
1.4 Upper estimate of R{e**Af} by the supremum of RAf ......
1.5 Two-sided estimates of R{e!* Af} by upper and lower bounds
of A f
1.6 Inequalities for the modulus, real and imaginary parts........
1.7 Variants and extensions ............ ... ... .. i

Estimates for analytic functions with respect to the
Ly-norm of RAf onthecircle ........................... ..
2.1 Imtroduction ......... ... ... i
2.2 Estimate of [R{e'*®*Af}| by the L,-norm of RAf on the
circle. General case ......... .. .. ... .. . i
23 Thecasesp=landp=2........ccouiiiiiiiniiininnnon..
24 Thecase P =00 .. ...t
2.5 Generalization of the Carathéodory and Plemelj inequality . . . .
2.6 Variants and extensions ........... ... ..o oo i

Estimates for analytic functions by the best
Ly-approximation of ®f on thecircle ................. ... ..
3.1 Imtroduction ......... ... ..
3.2 Estimate of [R{e'®*Af}| by the L,-norm of Rf — ¢ on the
circle. General case ............coiiiiiiiiiii
33 Thecasesp=landp=2..... ...t



viii Contents
3.4 The case P =00 .. ..uuuii i 43
3.5 Inequalities for the real and imaginary parts ................ 49
3.6 Estimate for the oscillation of R{e?® f} and its corollaries . .. .. 51
3.7 Variants and extensions ............ ... .. . il 53
4 Estimates for directional derivatives of harmonic functions 57
4.1 Introduction .......... ... .. 57
4.2 Interior estimates for derivatives in a domain ............... 58
4.3 Estimates for directional derivatives with constant direction... 61
4.4 Estimates for directional derivatives with varying direction ... 63
5 Estimates for derivatives of analytic functions ............. 69
5.1 Introduction ............. .. 69
5.2 Estimate for |f((2)| by ||R{f — P }|l,- General case ....... 72
5.3 Estimate for | £ (0)] by [|R{f — P Hlp--cvveevreeneeiain. 75
5.4 The case p=1 and its corollaries . ......................... 77
5.4.1 Explicit estimate in thecasep=1................... 7
5.4.2 Hadamard’s real part theorem for derivatives ......... 78
5.4.3 Landau type inequality............. .. .. .. .. ... .. 81
5.4.4 Generalization of the Landau inequality .............. 84
5.4.5 Generalization of the Carathéodory inequality......... 86
5.5 Thecase p =2 ... .ot 87
56 The case p=100 .. ..ottt 92
6 Bohr’s type real part estimates and theorems.............. 95
6.1 Introduction ......... ... .. .. 95
6.2 Estimate for the /; -norm of the Taylor series remainder by
TSI oo 96
6.3 Others estimates for the [;-norm of the Taylor series remainder 98
6.4 Bohr’s type modulus and real part theorems ................ 104
7 Estimates for the increment of derivatives of analytic
functions . ......... .. .. 107
7.1 Introduction ......... ... i 107
7.2 Estimate for |[Af(™ (2)| by ||R{f — Pm}||p- General case. .. ... 109
7.3 The case p=1 and its corollaries . ......................... 110
7.3.1 Explicit estimate in thecasep=1................... 110
7.3.2 Hadamard-Borel-Carathéodory type inequality for
derivatives. .. ... 111
7.3.3 Landau type inequalities .............. ... ... ..... 113
7.3.4 Carathéodory type inequality .................... ... 116
74 Thecasesp=2and p=00 ....c.cuuuirniiuinuuninnennen... 118
References........ ... i 121



List of Symbols

Contents






Introduction

Estimates for analytic functions and their derivatives play an important role
in complex analysis and its applications. Among these estimates which enjoy
a great variety, there are the following two closely related classes having a
wide range of applications.

The estimates of the first class contain only modulus of the analytic
function in the majorant part of an inequality. In particular, they em-
brace Cauchy’s inequalities, maximum modulus principle, Schwarz lemma,
Hadamard three circles theorem (see, for example, Titchmarsh [86], Ch. 2,
5), Bohr’s theorem [17], estimates for derivatives due to Landau, Lindelof, F.
Wiener (see Jensen [50]), Makintyre and Rogosinski [68], Rajagopal [78, 79],
Szdsz [85]. In addition to that, the first class embraces estimates of Schwarz-
Pick type for derivatives of arbitrary order obtained by Anderson and Rovnyak
[10], Avkhadiev and Wirths [11], Bénéteau, Dahlner and Khavinson [12], Mac-
Cluer, Stroethoff and Zhao [65, 66], Ruscheweyh [82]. Among other known
estimates of the same nature are generalizations on analytic operator-valued
functions of a Schwarz-Pick type inequality for any order derivatives by An-
derson and Rovnyak [10] and Carathéodory’s inequality for the first derivative
by Yang [89, 90] .

During last years the so called Bohr’s inequality attracted a lot of atten-
tion. A refined form of Bohr’s result [17], as stated by M. Riesz, I. Schur, F.
Wiener (see Landau [61], K. I, § 4), claims that any function

f2) =) caz", (1)
n=0
analytic and bounded in the disk D = {z € C : |z| < R}, obeys the inequality

> len"| < |?\£%‘f(o‘7 (2)

n=0

where |z| < R/3. Moreover, the value R/3 of the radius cannot be improved.
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Multi-dimensional analogues and other generalizations of Bohr’s theorem
are treated in the papers by Aizenberg [1, 2, 9], Aizenberg, Aytuna and Djakov
[3, 4], Aizenberg and Tarkhanov [5], Aizenberg, Liflyand and Vidras [7], Aizen-
berg and Vidras [8], Boas and Khavinson [14], Boas [15], Defant, Garcia and
Maestre [29], Dineen and Timoney [31, 32], Djakov and Ramanujan [34],
Kaptanoglu [51].

Various interesting recent results related to Bohr’s inequalities were ob-
tained by Aizenberg, Grossman and Korobeinik [6], Bénéteau and Koren-
blum [13], Bénéteau, Dahlner and Khavinson [12], Bombieri and Bourgain
[19], Guadarrama [42], Defant and Frerick [30].

Certain problems of functional analysis connected with Bohr’s theorem
are examined by Defant, Garcia and Maestre [28], Dixon [33], Glazman and
Ljubic [39], Nikolski [71], Paulsen, Popescu and Singh [72], Paulsen and Singh
[73].

In estimates of the second class the majorant involves the real part of
the analytic function. Among these inequalities are the Hadamard-Borel-
Carathéodory inequality for analytic functions in Dg with Rf bounded from
above

2r

17 (2) = f(0)] <

sup R{f(C) - f(0)}, 3)

T KI<R

frequently called the Borel-Carathéodory inequality, and the Carathéodory-
Plemelj inequality for analytic functions in Dg with bounded R f

97:) - 3700 = 210 (520 ) IR{7 - 7O} )

(see, for example, Burckel [22], Ch. 5, 6 and references there), where |z| = r <
R. The same class includes Carathéodory’s inequality for derivatives at the
center of a disk [23], M. Riesz’ theorem on conjugate harmonic functions [80]
and many other estimates (see, for example, Jensen [50], Koebe [52], Rajagopal
[77]). The sharp constant in M. Riesz inequality for analytic functions in the
half-plane was obtained by Gohberg and Krupnik [40], Pichorides [74] and
Cole (see Gamelin [36]). Note that sharp constants in parametric M. Riesz
inequalities for analytic functions in the half-plane and in the disk were found
in the paper of Hollenbeck, Kalton and Verbitsky [47], where a wide range of
questions relating Fourier and Hilbert transforms was treated.

We note that different sources give different formulations of inequalities
containing the real part as a majorant. In fact, Cartwright ([26], Ch. 1),
Holland ([46], Ch. 3), Levin ([62], Lect. 2), Titchmarsh ([86], Ch. 5) formulate
the Hadamard-Borel-Carathéodory inequality for functions which are analytic
in Dg. Unlike them, in the books by Burckel ([22], Ch. 6), Ingham ([49], Ch.
3), Littlewood ([64], Ch. 1) and Polya and Szegd ([75], III, Ch. 6) the same
estimate is derived for functions which are analytic in Dg and have the real
part bounded from above.
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The Hadamard-Borel-Carathéodory inequality is used in an essential fash-
ion in the theory of entire functions (see, e.g. the books Boas [16], Ch. 1 and
Holland [46], Ch. 4). In particular, this inequality and its variants are applied
for factorization of entire functions (see Hadamard [43]), in the proof of the
Little Picard theorem (see Borel [20], Zalcman [91]) and in approximation of
entire functions (see Elkins [35]).

The Hadamard-Borel-Carathéodory inequality is of use also in the analytic
number theory (see Ingham [49], Ch. 3) and in mathematical physics (see
Maharana [67]).

During the last years, generalizations of the Hadamard real part theorem
(the first form of the Hadamard-Borel-Carathéodory inequality) for holomor-
phic functions in domains on a complex manifold (see Aizenberg, Aytuna
and Djakov [3]), the Carathéodory inequality for derivatives (see Aizenberg
[9]) in several complex variables, and an extension of the Hadamard-Borel-
Carathéodory inequality for analytic multifunctions (see Chen [27]) appeared.

The estimates in one of the classes mentioned above have their analogues
in the other class. For example, this relates Bohr’s theorem as well as its
analogues containing the real part (see Aizenberg, Aytuna and Djakov [3],
Paulsen, Popescu and Singh [72], Sidon [84], Tomi¢ [87]).

Sharp pointwise estimates, being a classical object of analysis, occupy a
special place in analytic function theory. In a way, they provide the best
description of the pointwise behaviour of analytic functions from a given space.

The subject matter of this book is sharp pointwise estimates for analytic
functions and their derivatives in a disk in terms of the real part of the function
on the boundary circle. We consider various inequalities of this type from one
point of view which reveals their intimate relations.

All inequalities to be obtained result from the analysis of Schwarz integral
representation

1 C(+z
2R I¢|=R C—Z

RF(ONd],

where |z| < R. The sharp estimates for the increment of an analytic function
are written in a parametric form, where the role of the parameter is played
by an arbitrary real valued function «(z) in Dp.

The book contains seven chapters.

In Chapter 1 we obtain sharp estimate for analytic functions in D with
Rf bounded from above

2r(R — rcos a(z)) sup R{f(¢) — f(0)}, (5)

R* =12 yq<r

R{eP (f(2) - fF(O)} <

where 7 = |z| < R, and « is a real valued function on Dp. This estimate
implies various forms of the Hadamard-Borel-Carathéodory inequality and
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some other similar inequalities. The sharpness of inequality (5) is proved with
the help of a parameter dependent family of test functions, each of them being
analytic in Dg.

Chapter 2 deals with a sharp estimate of |[R{e’**)(f(z) — £(0))}| by the
Ly-norm of Rf — Rf(0) on the circle |¢| = R, where |z| < R,1 < p < oo, and
« is a real valued function on Dg. In particular, we give explicit formulas for
sharp constants in inequalities for |R{e?*(®)(f(z) — f(0))}| with p = 1,2, cc.
We find also the sharp constant in the upper estimate of |[Sf(z) — S f(0)| by
[IRf —Rf(0)||p, for 1 < p < oo which generalizes the classical Carathéodory-
Plemelj estimate (4) with p = oo. The evaluation of sharp constants is reduced
to finding the minimum value of integrals depending on a real parameter
entering the integrand.

In Chapter 3 we give sharp estimates of |R{e’**)(f(z) — f(0))}| by the
Ly-norm of Rf — ¢ on the circle |(| = R, where |z| < R,1 < p < 00, and « is
a real valued function on Dg. Here c is a real constant. More specifically, we
obtain similar sharp estimates formulated in terms of the best approximation
of Rf by a real constant on the circle |(| = R. As corollaries, we give explicit
formulas for sharp constants in inequalities for |R{e’*(*)(f(z) — f(0))}| with
p = 1,2, 00. In particular, an estimate containing ||®f — ¢||; in the right-hand
side implies

2r(R +;"\cos2a(z)|) sup R{F(C) — F(0)),
R = ICI<R

[R{e'(2)(f(2) = F(0)}] <

which contains Hadamard-Borel-Carathéodory inequality (3) and similar es-
timates for the real and imaginary parts.

Other corollaries of the main results in Chapters 2 and 3 are estimates for
‘ log |f(2)]|, |2| < R, given in terms of Ly-norm of log|f| on the circle || = R,
where f is an analytic zero-free function in Dg. The results of Chapters 1-3
also imply sharp inequalities for |f’(z)| in terms of various characteristics of
the real part of f on the disk.

Using previous results, in Chapter 4 we obtain sharp estimates for direc-
tional derivatives (in particular, for the modulus of the gradient) of a harmonic
function in and outside the disk Dg, and in the half-plane. Here the majo-
rants contain either characteristics of a harmonic function (interior estimates
for derivatives), or characteristics of its directional derivative. In the last case
we differ between estimates with a fixed and with a varying direction. In
particular, using an estimate for |f’(z)| inside of the disk Dg, obtained in
Chapter 3, we derive a refined inequality (see, for comparison, Protter and
Weinberger, [76], Ch. 2, Sect. 13) for the gradient of a harmonic function
inside of the bounded domain.

In Chapter 5 we find estimates with the best constants of |f()(z)| for
n > 1 by the Ly-norm of R{f — P,,} on the circle |(| = R, where P, is a
polynomial of degree m <n—1, |z| < R,1 < p < oo. For z = 0 explicit sharp
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constants are found for all p € [1, cc]. In particular, from the above mentioned
sharp estimates for |f(™)(z)| with p = 1, we derive inequalities analogous to
the Hadamard real part theorem, as well as to the Carathéodory and Landau
inequalities. Sharp inequality for |f(™(z)| similar to Hadamard’s real part
theorem is known (see, for example, Ingham [49], Ch. 3 and Rajagopal [77]).
Unlike the approach used in these works, the method developed in Chapter
5 yields sharp estimates for the modulus of derivative formulated in terms of
L,-characteristics of the real part.

In Chapter 6 we show that given a function (1) with Rf in the Hardy
space hi(Dpg) of harmonic functions on Dg, the inequality

[e'S) 1/q .
s I
{T;1|an ‘ } S me(Rq—rq)l/q H§Rf”1

holds with the sharp constant, where r = |z| < R, m > 1, ¢ € (0, 00]. This
estimate implies sharp inequalities for the l;-norm (quasi-norm for 0 < ¢ <
1) of the Taylor series remainder for bounded analytic functions, analytic
functions with bounded R f, analytic functions with ®f bounded from above,
as well as for analytic functions with &8 > 0. Each of these estimates, specified
for ¢ = 1 and m = 1, improves a certain sharp Hadamard-Borel-Carathéodory
type inequality. As corollaries, we obtain some sharp Bohr’s type modulus and
real part inequalities.

Chapter 7 is devoted to sharp estimates of | f(™)(z) — f(™(0)| for n > 0 by
the Ly-norm of R{f — P,,,} on the circle |(| = R, where P, is a polynomial
of degree m < n, |z] < R,1 < p < oo. In particular, from the estimate
for | £ (2) — f(™(0)] by the value ||R{f — P, }||1 in the right-hand side we
obtain sharp estimates for the increment of derivatives of the type similar to
Hadamard-Borel-Carathéodory, Carathéodory and Landau inequalities.

The sharpness of estimates for derivatives, similar to the Hadamard-Borel-
Carathéodory, the Carathéodory and the Landau inequalities is proved in
Chapters 5 and 7 using a family of test functions, analytic in Dp. Besides, in
these chapters, sharp pointwise estimates for the modulus of the derivatives
and their increments are formulated in terms of the best approximation of the
real part of f by the real part of polynomials P, in the norm of L,(0Dg). In
particular, for p = 2 the best constants are given in an explicit form.

The index and list of symbols are given at the end of the book.
The reader we have in mind should be familiar with the basics in complex
function theory. The references are limited to works mentioned in the text.



1

Estimates for analytic functions bounded with
respect to their real part

1.1 Introduction

Hadamard’s real part theorem is the following inequality

IF(z) < max Rf(C), (1.1.1)

R —r|¢|=R

where |z| =7 < R and f is an analytic function on the closure Dy of the disk
Dpr = {z:|z| < R} and vanishing at z = 0. This inequality was first obtained
by Hadamard with C' = 4 in 1892 [43].

A more general estimate for |f(z)| with f(0) # 0 was obtained by Borel
[20] and applied in his proof of Picard’s theorem independent of modular
functions. The inequality

R+r 2r
i i A

If ()] < ISF0)] + [Rf(0)]
was found by Carathéodory (see Landau [59], pp. 275-277, [60], pp. 191-194).
A detailed historic survey on these and other fundamental inequalities for
analytic functions can be found in the paper by Jensen [50].
The following generalization of the real part theorem with C' = 2 resulting
from (1.1.1) after replacing f(z) by f(z) — f(0),

1) = FO)] € = max R{FQ) = F(O)} (1.1.2)
and its corollary
R+r
£ < O] + 5 max RO, (1.1.3)

are often called the Borel-Carathéodory inequalities.
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Sometimes, (1.1.2) and (1.1.3), as well as the related inequality for Rf

Rf(x) < X7

2r
<m0+ max Rf(Q), (1L1.4)

are called Hadamard-Borel-Carathéodory inequalities (see, e.g., Burckel [22],
Ch. 6 and references there).

In this chapter we obtain sharp estimates for

R{eP(f(2) - f(0))}

by the upper (or lower) bound of Rf on the disk Dg, where « is an arbitrary
real valued function on Dg.

In Section 1.2 we give three known proofs of the real part theorem: based
on a conformal representation and the Schwarz lemma, on the Schwarz integral
representation, and on a series expansion.

Section 1.3 is auxiliary. Using a lemma proved in Section 1.3, in Section
1.4 we derive the following sharp pointwise estimate

. 2r(R —rcosa(z
REeO(1(2) — £10))) < TS v (7(0) - 700}, (1.05)
where f is analytic in Dg and |z| = r < R.

The lower estimate for the constant in (1.1.5) is obtained with the help of
a family of test functions which are analytic in Dg. As a corollary of (1.1.5)
we obtain the inequality with the same sharp constant for analytic functions

f in Dg with Rf bounded from above

2r(R — rcosa(z)) sup %{f(o — f(())}, (1.1.6)

R{eE (f(2) = f(O)} <
(7)) = T s
Sections 1.5-1.7 contain various corollaries of estimate (1.1.6). Among
them, there are Hadamard-Borel-Carathéodory inequalities for the modulus
as well as for the real and imaginary part of an analytic function, Harnack
inequalities, and analogues of (1.1.6) for R{e**(®)(f(2) — f(£))} in the case of
a disk and the half-plane.

1.2 Different proofs of the real part theorem

Proofs of (1.1.1) with C' = 2 or (1.1.3) are given in Borel [21], Burckel ([22],
Ch. 6), Cartwright ([26], Ch. 1), Holland [46], Ingham ([49], Ch. 3), Levin
([62], L. 11), Littlewood ([64], Ch. 1), Maz’ya and Shaposhnikova ([69], Ch.
9), Polya and Szegé6 ([75], III, Ch. 6), Rajagopal [77], Titchmarsh ([86], Ch.
5), Zalcman [91].
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In this section we provide three different proofs of the real part theorem
with the constant C' = 2. In all these proofs we assume that f = u + v is an
analytic function in Dg with f(0) = 0. We introduce the notation

Af(R) = sup Rf(z) (1.2.1)

|z|<R

to be used henceforth.
We recall that according to the Schwarz lemma, every analytic function f
in Dg with |f(z)] < M and f(0) = 0 satisfies

If(2)] < MR™Yz| for |2| <R

(see, for example, Littlewood [64], p. 112).

A combination of conformal mappings and the Schwarz lemma form the
basis of the so called subordination principle, used, in particular, in the proof
of the Hadamard-Borel-Carathéodory inequality and similar estimates (see
Burckel [22], Ch. 6, § 5, Polya and Szego [75], III, Ch. 6, § 2). The following
proof is of the same nature.

Proof based on a conformal mapping and the Schwarz lemma
(see Littlewood [64], pp. 113-114, Titchmarsh [86], p. 174-175). When proving
the inequality

2T nax RE(O), (1.2.2)

P < o max

we may assume that f # 0. Then, by the maximum principle for harmonic
functions, Ay (R) > u(0) = 0. The function

w=(0) = ~2A/(R)

performs the conformal mapping of the disk || < 1 onto the half-plane Rw <
Ayg(R) so that, 1(0) = 0. Using the inverse mapping

p(w)

w

" w—2A4;(R)’
consider the function

f(2)

w(z) =p(f(2)) = f(z)——Z.Af(R)’

2| < R. (1.2.3)
According to the conformal representation theory, the function w is analytic
in Di and |w(z)| < 1. These properties of w can be also justified by other
arguments. The function w is analytic in Dpg, since the denominator in the
right-hand side of (1.2.3) does not vanish. Furthermore, since

—2A¢(R) + u(z) < u(z) < 2A7(R) — u(z),
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then |u(z)| < 2Af(R) — u(z) and hence

= u2(z)+1}2(z)
= {2Af(R) — u(z)}z T02(2) <1

Note that w(0) = 0 because f(0) = 0. Thus, by the Schwarz lemma,

Jw(2)]*

w(z)] <

==

Now, taking into account (1.2.3), we find

2A;(R)w(2)

2A¢(R)r
1—w(z) <

R—r "~

eI=|

which proves (1.2.2). O

Another proof of the real part theorem is based on the integral represen-
tation of analytic functions in a disk.

Proof based on the Schwarz formula (see Levin [62], p. 75, Rajagopal
[77]). Consider the Schwarz formula

1 [ i Re™ + 2

Combining it with

1 2 ;
= = L
0=u(0 o7 J, u(Re™)d,
we obtain )
1 " ; 2z
= Wy 7
f(z) 5 /0 u(Re )Rei’/f — Zdw.

Using the equality

1 27 d¢ _ L d( _
%/0 Re® — 2z~ 2mi /\q:R C(¢C—2) 0

we find 1 o 2
)= 5 /0 {u(Re') = A (R)} oo dv.
Hence,
P < 2 [T AR — u(Re)) =2y
<o, f R—r "’

which implies (1.2.2). O
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There are proofs of the Hadamard-Borel-Carathéodory inequality, based
on series expansions (see Borel [20, 21], Cartwright [26], Ch. 1, Ingham [49],
Ch. 3, Littlewood [64], Ch. 1, Zalcman [91]). We now give a proof of the
real part theorem, close to that proposed by Hadamard, but with the sharp
constant C' = 2 in (1.1.1).

Proof based on the series analysis (see Maz’ya and Shaposhnikova

[69], p. 277-278). Put
f(Z) = Z anz",

n>1

which means that we assume f(0) = 0. Define the maximum term
p(p) = max |an|p"

of f(z). Clearly,

@I <R (5) = n(B). (1.2.4)

One verifies that )
1 B )
apR" = —/ u(R,9)e”"™do.
0

™

Since )
/ u(R,9)dd = 0,
0

and, for any ¢ € C, _
- R(e9¢),
1= g )
we obtain
1 2
lan|R™ = — max / (1 + cos(nd — ¢))u(R, 9)dv.
T ¢€0,27] Jg

Using the identity

27
1 /0 (1 + cos(nd — ¢))dd = 2,

™

we arrive at the inequality

<9 0]
p(R) < ﬂg[l(ggﬂu(R, );

which, together with (1.2.4), yields estimate (1.2.2). O
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1.3 Extremal values of the real part of the rotated
Schwarz kernel

In what follows, by h,(Dgr), 1 < p < 0o, we mean the Hardy space of harmonic
functions in Dp which are represented by the Poisson integral with a density
in L,(0Dg). We shall adopt the notation Af(z) = f(z) — f(0), |z| =r <
R, v=r/R.

It is well known (see, for example, Levin [62], L. 2), by Schwarz formula

1 ¢+ =z

Rf(Q)ldC] (1.3.1)

one can restore any analytic function f in Dp with Rf continuous in Dg.

We show that (1.3.1) can be extended to analytic functions f in Dy with
Rf € hy(DRr), 1 < p < oo. It is known (see Hoffman [45], Ch. 3, 6 and Koosis
[63], Ch. 1, 2) that nontangential limit values of the Poisson integral

1 C+ =z
27TR ¢|=R é‘*Z

with density g € L,(0Dg) coincide with ¢(¢) almost everywhere on dDg. The
last equality can be written as the representation

1
- R { Ctz

for w € hy(Dg). Then formula (1.3.1) for an analytic function f = u + iv
with Rf € hy(Dg) results from (1.3.2). In fact, by (1.3.2), the real parts of
the right and left- hand sides of (1.3.1) coincide in Dg. Hence, these functions
may differ only by pure imaginary constant, and f(0) = u(0)+iv(0) by (1.3.1).

}wm«\

u(z)

}mowa (1.32)

The following two lemmas will be used in the next three chapters.

Lemma 1.1. Let f be analytic on Dr with Rf € hy(Dr),1 < p < co. For
any real function a on Dy the relation

io(2) B i eia(z)z
ReeOare) = g [ (S ) mronc (133
holds.
Proof. By (1.3.1), we obtain
Af(z) = — 2 RA(QldC)

TR Jig-r C—2

which implies (1.3.3). O



1.3 Extremal values of the real part of the rotated Schwarz kernel

In the next Lemma, we find the extremal values of the function

io(z)
Gz,a(z) (g) =R <8C — ZZ>

on the circle (| = R, where « is a real function on Dp.

(1.3.4)

Since z plays the role of a parameter in what follows, we frequently do not

mark the dependence of « on z.

Lemma 1.2. For any point z with |z| = r < R and an arbitrary real function

a on Dg, the relations

<em<z>z> _ r(reosa(z) - R)

ek T\ ¢—2 R -2
el(z) 4 r(rcosa(z) + R)
R —
‘13:3% (sz> R2 — 2

hold.

Proof. With the notation ¢ = Re®, z = re!™,v = r/R one has

eZOtZ e'L(Jt,r,eZT ,yel(l

C—z T Reft — pett  pi(t—T) — 7'

Setting ¢ =t — 7 in (1.3.5), we obtain

G.a(C) =R < ez ) I~ ( e > _ (cos(p —a) —ycosa)

(—=z

Consider the function

el — 1—2ycosyp + 42

cos(p — a) —ycosa

9(¢) = 1 —2ycosp+ 72

el <

‘We have

/ —
9'te)= (1—2ycosp +92)?

Solving the equation g '(¢) = 0, we find

) (1 —~%)sina 2y + (1 + %) cosa
singy = —————>——— cos 4 = ,
1+ 2vycosa + 72 1+ 2ycosa + 72
and
) (1 —~?)sina 2y — (1 + %) cosa
singp_ =————*- cosp_ =

" 1—2ycosa+42’ 1—2ycosa+~2 "’

(72 —1)cosasing + (y2 + 1)sinacosp — 2ysina

(1.3.5)

(1.3.6)

(1.3.7)

(1.3.8)

(1.3.9)
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where ¢4 and ¢_ are critical points of g(y). Setting (1.3.8) and (1.3.9) into
(1.3.7), we arrive at

ycosa + 1
gle4) = ﬁ’ 9(p-)

_yeosa—1
=
It follows from (1.3.7) that

COSQ Y COS(x — COS v
T+ 1—~2

g(=m) = g(m) =

Since g(p+) > g(p-) and

_ Y COSx — COS «x ’YCOS(I‘i’l _ ( )
- 1_72 1_’_}/2 —9504»,

ycosa —cosa _ ycosa — 1
= =g(p-),

1— 72 - 1— ,YQ
it follows from (1.3.6), (1.3.7) that

max R

<emz> (o) :vvcosaJrl _r(rcosa+ R)

I¢|=R (—z2 1—~2 R2—7r2
. ety vyeosaa—1  r(rcosa— R)
R = )= = .
\?\13112 (C - z) 79(e-) 1—~2 R% — 2
The proof of Lemma is complete. ad

1.4 Upper estimate of R{e’*Af} by the supremum of
RAS

We start with the following assertion.

Proposition 1.1. Let f be analytic on Dr. Then for any z with |z| =r < R
and an arbitrary real valued function o on Dg the inequality

< rRoreosalz) L wafe) (14)

%{eia(z)Af(Z)} =3 max

holds with the sharp constant.

Proof. 1. Proof of inequality (1.4.1). We fix a point z with |z] = r < R. Let

i (z)

e z
= min R .

"= 02k (C*z>

By the inequality
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ia(z)
R(E—)-nzo,
(—=z

for all ¢ on the circle || = R there holds

[ (S52) -0 < R (S22) - b may wr0 (1a2)

It follows from d(/i¢ = |d{|/R that for all z € Dg

eiu(z)z ) ) dg
d¢| = —iRe™(®) =0.
/(\:R (-2 dc] e Z/\g\:R (C—2)¢

Consequently,

eia(z)z
/;R%<<_Z>uq—o (1.4.3)

and therefore, (1.4.2) implies

1 e’ia(z)z
R, I<|=R {%< (—=z ) _“} ROl < —2p

Taking into account the mean value theorem

max Rf(C)-

1

57 M(O1dC] = RIO)

we rewrite the last inequality as

1 eia(z) 5
R lqu% ( (-2 > RF(Q)IdC] < —2p max R{F(O) — £(0)}-

Hence, and by relation (1.3.3), one has

§]ﬁt{em(z)Af(Z)} < —-2u EﬁﬁéﬁAﬂo.

Using Lemma 1.2 and setting in the last inequality

ei(2) 2 2r(R — rcos a(z))
C—2) R2 — 2 ’

—2u = —2 min R
H I¢I=R

we arrive at (1.4.1).

2. Sharpness of the constant in inequality (1.4.1). Let us show that the
constant or(R )
r(R —rcosa(z
Cla(z) = T
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in (1.4.1) is the best possible. Owing to (1.4.1), the estimate

R{eAf(2)} < Cr(a(2)) max RAS(C) (1.4.4)

holds, where
Ch(a(2)) < Cla(z)). (1.4.5)

We verify that the constant in estimate (1.4.1) is sharp, i.e. Ci(a(z)) >

Cla(2)). N
_ Let &= pe? where p > R. Consider the family of analytic functions in
Dr

z
z—¢&’

depending on a complex parameter £. Putting z = ¢ = Re® in (1.4.6), we find

_ g _ Reit
O R =)

R(R—peos(t—9)) 1 <1 2 R? ) |

B p?2 —2pRcos(t—9)+ R2~ 2\ p? —2pRcos(t — V) + R?

fe() = (1.4.6)

This implies

RAS() = =+ max (1 o B
m = — 1M —
|c2)}(2 ¢ 9 P p? —2pRcos(t — ) + R?
2 p2
iR _ B (1.4.7)
2 p? +2pR + R2 p+R

Further, by (1.4.6),

ia(z) i(a(z)+m)
R G R

By Lemma 1.2,

max {%‘: (emmﬂ)z) } _ r(p—rcos a(z)).

lél=p -z p*—r?
We fix 2o, |20| = r, and choose a point & = pe’’ so that

R (ei(“(zt’)"'”)zo) _r(p—rcosa(z))

&0 — 20 p?—r?

Then, using (1.4.8), we find
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r(p —rcosal(z))
02— 12 :

R {ew(zomko(go)} - (1.4.9)

It follows from (1.4.4), (1.4.7), and (1.4.9) that

r(p—rcosa(zy)) p+ R

01(04(2’0)) > pg 2 R

Passing to the limit as p | R in the last inequality, we obtain

2r(R — rcosa(zp))
R2 _ 2

Ci(a(20)) = = C(a(20))-

Hence, by the arbitrariness of the point zg on the circle |z| = r, we arrive at
Ci(a(z)) > C(a(z)), which together with (1.4.5), proves the sharpness of the
constant in estimate (1.4.1). O

The main objective of this chapter is

Theorem 1.1. Let f be analytic on Dg with Rf bounded from above. Then
for any z with |z| = r < R, and for an arbitrary real valued function o on Dy
the sharp inequality

2r(R —27“00520((2)) sup R{f(¢) — f(0)} (1.4.10)
R —r I<I<R

R{e“P(f(2) = (0))} <

holds.

Proof. Let z be a fixed point in Dg, and let o € (r, R). Then, by Proposition
1.1,

2r(o — reosa(z))

R{eB) (f(2) = £(0))} < {As(0) = Rf(0)},

92_7,2

where

Ag(0) = max Rf(().
[¢l=e
Replacing Ay (o) by the upper bound of Rf on Dp in the last inequality, we
obtain

2r(o — rcosa(z))

RO (f(2) - £(0))} < up RO = FO}

o —r? CI<R

Passing here to the limit as o T R, we arrive at (1.4.10). The sharpness of the
constant in (1.4.10) follows from Proposition 1.1. O
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1.5 Two-sided estimates of R{e**Af} by upper and
lower bounds of RAf

The upper estimate for R{e!*Af} in Theorem 1.1 can be equivalently written
as a lower estimate. Namely, replacing «(z) by a(z)+ 7 in (1.4.10), we obtain

Corollary 1.1. Let f be analytic on Dg with Rf bounded from above. Then
for any z with |z| = r < R, and an arbitrary real valued function o on Dy
the inequality

R (f(2) = f(0))} = —

ZT(R;-szOSQOZ(Z)) sup %{f'(C) —f(O)} (15.1)
r [¢C|<R

holds with the sharp constant.

Inequalities (1.4.10) and (1.5.1) provide the two-sided estimate of

R{e") (f(2) - £(0))}
in terms of

sup RAS(C) = sup R{f(C) — f(0)} = sup Rf(¢) —Rf(0).

ICI<R [CI<R [CI<R

Replacing f by —f in (1.4.10) and (1.5.1), we can obtain similar inequalities
in terms of

sup {—RAF(()} = sup R{f(0) — f(C)} = Rf(0) — inf Rf(().
CI<R ICI<R ICI<R

Corollary 1.2. Let f be analytic on D with Rf bounded from below. Then

for any z with |z| = r < R, and an arbitrary real valued function o on Dy

the inequalities

%{eia(z)Af(z)} > _2r(R —rcosa(z))

{Rf(0) - \gififR RF(QOY  (152)

RZ_ 2
il 2r(R+rcosa(z)) .o, . &
R{e“FIAf(2)} < 2 {Rf(0) - Kllng%f(C)} (1.5.3)

hold with the sharp constants.

1.6 Inequalities for the modulus, real and imaginary
parts

We note that various Hadamard-Borel-Carathéodory type inequalities (see
Burckel [22], Ch. 6, § 5, Jensen [50], Polya and Szego [75], III, Ch. 6, § 2,
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Rajagopal [77, 78] and the bibliography in Burckel [22]) are corollaries of
Proposition 1.1.

1.6.1. Estimates for the real and imaginary parts

Introducing the notation

A¢(R) = sup Rf((), By(R) = inf Rf(C), (1.6.1)
Ic|<R ICI<R

and letting a(z) = 0 in (1.4.10), (1.5.1) and (1.5.2), (1.5.3), we arrive at
two-sided estimates

R+r 2r R—r 2r
R_rﬂ?f(O) - R—rAf(R) <Rf(z) < R—&—r%f(()) + 71%_’_74./4f(R)7 (1.6.2)
R—r 2r R+r 2r
FRIO) + o By(R) S RF() € o RI(0) — —By(R). (163)

Inequality (1.6.2) was obtained by Jensen [50] (see also Rajagopal [77]).

If Rf(¢) > 0 on the disk Dg, then Bf(R) > 0 and (1.6.3) imply the
classical Harnack inequality

R—r R+r
2, O SRfG) <

Rf(0).
Another Harnack’s inequality

2r 2r
Ay (R) SRI() €

(see, e.g. Koebe [52]) follows from (1.6.2) where Rf(0) = 0.

Putting a(z) = 7/2 in (1.4.10) and (1.5.1), we arrive at the inequality for
imaginary part of analytic functions

As(R)

SAfG) < 03 EllipR?ﬁ‘fAf(C)- (1.6.4)

This inequality was formulated by Rajagopal [78].
1.6.2 Estimates for the modulus

Putting a(z) = —arg Af(z) in Theorem 1.1, we arrive at the following
assertion.

Corollary 1.3. Let f be analytic on Dgr with Rf bounded from above. Then
for any z with |z| = r < R the sharp inequality

2r(R — rcosarg Af(z)) sup RAS(C) (1.6.5)

|[Af(2)] <
R? —r2 cI<R

holds.
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From (1.6.5) one gets the estimate for Af(z) = f(z) — f(0) on the circle
|z| =7 < R called the Hadamard-Borel-Carathéodory inequality

AFG)] < 22 sup RAF(Q) (1.6.6)

T IgI<r
As its consequence we obtain the inequality

R+r 2r

7, O+ 57— ‘?&pR%.f(C% (1.6.7)

If(z)] <

where |z| = r, also called Hadamard-Borel-Carathéodory inequality.

The next two-sided estimate is well known (see, for example, Polya and
Szego [75], 111, Ch. 6, § 2, Rajagopal [77], Levin [62], L.2).

Corollary 1.4. Let f be a bounded analytic and zero-free function on Dg
with f(0) =1 and let

My(R) = sup [f(C)]-
KI<R

Then for any z with |z] = r < R the two-sided inequality

M (R)™H7 < |f(2)| < My(R) T (1.6.8)
holds.

Proof. Let z be a fixed point in Dg, and let r € (g, R). Applying estimate
(1.6.2) to log f(z), where f(z) # 0 for |z| < o, f(0) = 1, we obtain

My (o)™ 77 < |f(2)| < Ms(o) 7.

Passing here to the limit as ¢ T R, we arrive at (1.6.8). ad

Remark 1.1. A similar estimate for |f(z)| with f(0) # 1 can be obtained from
(1.6.8) with f(z) replaced by f(z)/f(0).

1.7 Variants and extensions

We present some corollaries of Theorem 1.1 which can be obtained via con-
formal mapping.

Consider a bounded domain G in C, bounded by a Jordan line. Given an
arbitrary point ¢ in G, let z = ®(w) be the conformal mapping of the disk
Dy ={w e C: |w| < 1} onto G such that $(0) = £ and let w = ¥(z) denote
the inverse mapping.
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In what follows, we adopt the notation A¢f(z) = f(z) — f(£) and write
Af(z) in place of Agf(z).

1.7.1 Upper estimate of R{c**(*)A.f(2)} by the supremum of
RA:f(¢) in a domain. Estimate for the first derivative

Let f(z) be an analytic function in G with real part bounded from above.
Then F(w) = f(®(w)) is analytic in D; and has R®f bounded from above.

Given an arbitrary real valued function « in G, we introduce ¥(w) =
a(P(w)). By Theorem 1.1, the function F(w) satisfies

2|w|(1 — |w| cos I(w))
sup RAF(w).
A

R{eVWAF (w)} <
Hence, going back to the variable z, we arrive at a generalization of (1.4.10)
for a domain G and an arbitrary fixed &

21 (2)|(1 — [¥(2)| cos a(z))
1—[w(z)] sup RAF Q- (171)

Rie®Af(2)} <

Putting here a(z) = —arg A¢ f(z), we obtain

2|¥(2)|(1 — |¥(z)| cosarg A¢ f(2)) “
1—[U(2)) Cegmgf(é“)- (1.7.2)

Dividing both sides of (1.7.2) by |z — £| and using ¥(£) = 0, we pass to the
limit as z — & in the resulting inequality and thus arrive at the estimate

IF' ()] < 21¥ ()] ?ggﬂ?{f(é) —f(©)} (1.7.3)

1Acf(2)] <

with the sharp constant.

1.7.2 Upper estimate of R{e**(*)A.f(2)} by the supremum of
RA:f(¢) and an estimate for the first derivative in the disk

Suppose, G = Dp and &(w) = R(é — Rw)/(R — &w). Then ¥(z) = R(¢ —
2)/(R? — z£) and (1.7.1) becomes

2q(2,8)(1 — q(z, &) cosa(z))
1-¢*(2,6) o RAS(C),  (L.74)

Rie“FAcf(2)} <
where q(z,£) = R|¢ — z|/|R? — 2€|. The last estimate coincides with (1.4.10)

for £ = 0.
Note that in the case of the disk Dp, inequality (1.7.3) becomes

PO S o sup (RAQ) — R}, (L.7.5)
R? — |22 ¢|<r
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where z is an arbitrary point of Dg.
The last estimate was previously obtained by Lindeldf [63] (see also Jensen
[50], p. 24).

1.7.3 Upper estimate of R{c**(*)A.f(z)} by the supremum of
RA:f(¢) and an estimate for the first derivative in the half-plane

Consider the class of functions f analytic in the upper half-plane C; =
{z € C: 3z > 0} such that Rf is bounded from above.

Given a fixed point £ € Cy, we map D; onto C, using the mapping
z = (£ — &w)/(1 —w) whose inverse is w = (2 — £)/(z — €). The analogue of
(1.4.10) for Cy is

?R{eia(z)ﬂgf(z)} < 25(2,&)(1 — 5(z,£) cos a(z)) sup RA£(0), (1.7.6)
1- 82(27£) CeCy

where s(z,€) = |2 — £]/|z — €.
An immediate corollary of this inequality is the estimate of the first deriva-
tive

sup {Rf(C) — Rf(2)} (1.7.7)

o~
SN2 ¢eCy

of a function f, analytic in C; with ®f bounded from above.



2

Estimates for analytic functions with respect
to the Ly,-norm of RAf on the circle

2.1 Introduction

There exist inequalities for analytic functions with the bounded real part in
the disk D with ||Rf — Rf(0)||cc as a majorant. One of them, generally
known as the Schwarz Arcustangens Formula, is

4
[RF(z) = RFO) < ~arctan () [Rf —RFO) s (211)
T
(see Schwarz [83], p. 190 and pp. 361-362). The following inequality
2 R+
97(:) = 3701 < 2tog (0 ) IIRF = RAO (212

is due to Carathéodory and Plemelj (see Carathéodory [24], p. 21). For the
proofs of these estimates see Burckel ([22], Ch. 6, § 5), Carathéodory ([25],
Ch. IV, § 76), Koebe [52], Polya and Szegé ([75], I1I, Ch. 6, § 2).

One more known inequality is

)~ 101 < 21og (2

) IRT — REO)]|oc (2.13)

(see Burckel [22], Ch. 6, § 5).

Estimates (2.1.1)-(2.1.3) are particular cases of more general sharp esti-
mates presented in this chapter, which is devoted to sharp pointwise estimates

for .
[R{“P)(f(2) - FO)}]
by the L,-norm of Rf — Rf(0) on the circle dDg, where f is an analytic
function on Dg with Rf € h,(Dg), a is a real valued function on Dg, |z| =
r<R,and 1 <p < .
In Section 2.2 we prove a general but somewhat implicit representation of
the best constant Cp(z, a(z)) in the inequality
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[R{e P (f(2) = F(0)}] < Cp (2,0(2)) RS = RFO)]p- (2.1.4)
Namely, we find the representation for the constant in (2.1.4)

Cp(2,a(2)) = RTPC,(r/ R, a(2)),

where
™ 1/q
v cos(p — o) —ycosa ?
C = — - d 2.1.5
»(7, @) wrflén%{/,w I 27 cosp o2 ee ,  (215)
1/g+1/p=1.

As a corollary of (2.1.4) with a = 0, for analytic and zero-free functions
f on Dpg such that f(0) = 1 and log|f| € h,(Dr), we deduce the two-sided
estimate

exp {—Cp(z,O)H log | f] Hp} < ’f(z)‘ < exp {Cp(z,O)Hlog |f] Hp} .
Section 2.3 contains the explicit formulas

Cl(’%a):ﬁv 02(%04):ﬁ~

In Section 2.4 we prove that the constant Co (7, @) is equal to

2y sina + \/(1 —2)2 4 442 sin? o
1—172

2 cos a)

+ cos o arcsin < 1542

2.
— ¢ sina log
T

Inequality (2.1.4) for p = oo, and the formula for Cuo (7, ) imply classical
estimates (2.1.1)-(2.1.3).

In Section 2.5 we show that the inequality
[3/(2) = SF(0)] < R7VPC, (r/R,m/2) |IRS = RF(O)]], (2.1.6)
holds with the sharp constant defined by
- 1/q
) f, [F =)
Cp(y,m/2) = o {2/_1 = ()17 dt , (2.1.7)

where ¢ = p/(p — 1), s(v) = (2v)/(1 +~?). We note also that the constant
Cp(7,m/2) can be written in the form
p—1
#(7) 2y s = gy (20— 1 20+ 1Y v
— 1— 2(1-p) I — n
Col7,7/2) = = {2 [1=5(7)] ;B w2 3 )<

where B(u,v) is the Beta-function. Inequality (2.1.6) with the sharp constant
Cp(v,m/2) is a generalization of the classical Carathéodory-Plemelj estimate
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(2.1.2) for any p > 1. For natural values of ¢, the value Cy (v, 7/2) is expressed
in elementary functions. For instance,

2

3~ 1/4
Cayz(v,7/2) ZV{W} )

and /8
1 (v(1+4%) 1, 147~
C ,T)2)=—q -2 — —log—— .

o207 /2) w{(l—%)? 2% T
The concluding Section 2.6 contains analogues of inequality (2.1.4) with
p = oo for |R{e ) (f(z) — f(€))}| with sharp constants in the case of a disk
and a half-plane. As corollaries we obtain sharp estimates for |f’(z)| in these

two domains. In particular, we prove the sharp inequality

4R
_— Rf—-NR ,
(2P \?Ez' f=Rf(2)

where z is an arbitrary point in Dg. The last estimate is similar to Lindelof’s
inequality (1.7.5).

[f'(2)] <

2.2 Estimate of |R{e**Af}| by the L,-norm of RAf on
the circle. General case

For real valued functions g; and go defined on the circle |¢| = R, we set

(91,92) = /‘C‘:Rgxogz(owa

and by ||g||, we denote the Ly-norm, 1 < p < oo, of g on the circle |[¢| = R.
The following assertion is basic in the present chapter.

Proposition 2.1. Let f be analytic on Dr with Rf € hy(Dgr), 1 < p < 0.
Further, let a(z) be a real valued function, |z| < R. Then for any fized point
z,|z| = r < R, there holds

REEO A} < Cy (2 a(2)) [IRAS I, (22,1
with the sharp constant Cp(z, a(z)), where

1 T
Cp(Z,OZ) = ch (E,Q) N (222)

and the factor

Cp(v, @) = % min {/

—T

cos(¢p — a) —ycosa

A
1—2vycosp + 2

q 1/q
dap} , (2.2.3)
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is even w-periodic function of a, 1/q+1/p = 1.
In particular,

[Af(2)] < Cp (z,arg Af(2)) [[RAS]]p- (2.2.4)

Remark 2.1. The case p =1 (¢ = 00) in (2.2.3) is understood in the sense of
the relation

lglloc = lim ||g|g-
q—o0

Note also that all inequalities in the present chapter with Af(z) in the left-
hand side and [|RAf||, in the right-hand side can be written in an equivalent
form provided f is subject to the condition f(0) = 0. For example, inequality
(2.2.1) takes the form

R f(2)} < Cp (2, 0(2)) [IRf ]y,
where f(0) = 0.

Applying Proposition 2.1 with «(z) = 0 to log f(z) , where f(z) # 0 for
|z] < R, f(0) =1, and log|f| € hy(Dg) , we obtain

Corollary 2.1. Let f be an analytic and zero-free function on D with f(0) =
1, and let log|f| € hp(Dgr), 1 < p < oo. Then for any z with |z2| = r < R
there holds

|[log|f(2)]] < Cp(2,0)|[log | £] ], (2.2.5)

with the constant C,(z,0) given by (2.2.2),(2.2.3) with o = 0.

We can write inequality (2.2.5) in the equivalent form

exp {=C,(2,0)||10g 171]],} < |£(2)] < exp {C,(=,0)]|10g 11|, } . (22.6)

which is the Ly-analogue of (1.6.8).

The following standard assertion (see, for instance, Korneichuk [54], Sect.
1.4) follows from the Hahn-Banach theorem and will be used in the proof of
Proposition 2.1.

Lemma 2.1. Let g and h be fized elements of Ly(0Dg), 1 < ¢ < oo, and let
the functional Fy() = (g,v) be defined on the subspace

L ={y € L,(90Dg) : (h,v) =0}
of L,(0DR), where 1/p+1/q =1. Then

[1Eyllz = min [lg — ARl (2.2.7)
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Proof. It suffices to consider the functions i novanishing on a set of positive
measure. Let A be an arbitrary real constant. Consider the extension of Fj
from L onto the whole space L,(0Dg) given by

Hence, by ||Fy||r < ||Fy|| and due to the arbitrariness of A
1l < i sup {(g — A, )] i, < 1. (22.9)

We show that any linear continuous functional extending F, from L onto

L,(0DRg) is of the form (2.2.8). Given u € L,(0Dg) with (h,u) = 1, we have
o =1—(h,¥)u € L for any ¢ € L,(0Dg). This means that any ¢ € L,(0DR)
admits the representation

=@+ (h,)u, (2.2.10)

where ¢ is a certain element of L. Let @, denote an extension of F, from L
onto L,(0DR). By (2.2.10) and ®,(¢) = Fy(p) with ¢ € L we obtain

Py (1) = Fy() + (h, 1)) By (u) = Fy (v — (h,v)u) + (h, 1)) Py (u)
= (971/) - (hv 1/’)“) + (h’ 1/))@9('“) - (gv ZZ’) - {(gvu) - ng(’u,)} (h’7 1/’)7
which proves the representation (2.2.8) for @, with the constant A = (g, u) —

Dy(u).
Then by the Hahn-Banach theorem, there exists a constant p such that

1Fyllz = sup {|(g, 1) — pu(h, )]  [[¥]], < 1}-
This and (2.2.9) imply

[|E5llz = min sup {|(g — M, )| = |[9]], < 1},

which is equivalent to (2.2.7). O

Proof of Proposition 2.1. 1. Representation of the sharp constant in in-
equality (2.2.1). Using (1.3.3) and notation (1.3.4), we have

ReafEy = p [ GO RIOMA @21
Suppose first that
1
RIO) =5 | RIOIdC] =0 (2.2.12)

Therefore, applying Lemma 2.1 to the functional Fy(v) with
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9(¢) = (TR) ™ G=.a(Q)

and h = 1,9 = Rf, we arrive at the representation

1 .
Cp(z,0) = = )\el]{{}HGz,a —Alq (2.2.13)
for the sharp constant Cp(z, ) in
R AF(2))] < Cp (2, 0) ||| (2.2.14)

Setting f(z) —Rf(0) instead of f(z) in (2.2.14), we conclude that (2.2.1) holds
with the sharp constant (2.2.13).
Now, suppose 1 < p < co. Combining (2.2.13) with (1.3.4) and (1.3.5) we

have
,yeia
R{————— | — A
<6z(t—‘r) _ 'Y)

which after the change of variable ¢ =t — 7 becomes

_ 1 . ™ ,yeia
0= ] [ R (25)

Using the notation

q 1/q
Rdt} ,

1 ) T+T
Golz0) = ﬁ&%{é{/ N

q 1/q
dgp} . (2.2.15)

1 s ,yeia q 1/‘1
= —mi - — 2.2.1
Cp(v, @) wriléﬁ%{/,ﬁ ?R<ew_7> A dso} ; (2.2.16)
we rewrite (2.2.15) as
1 r
Cy(2,0) = =7=Cy (E,a) 7 (2.2.17)

which together with (1.3.6) proves (2.2.2) and (2.2.3) for 1 < p < 0.
The case p =1 (¢ = 00) in (2.2.3) is handled by passage to the limit.

2. Properties of Cp(7, &) and inequality (2.2.4). We show that Cp(vy, —a) =
Cp(7, ). Let 1 < p < 0o. By (2.2.16),

v 27 e*ia
Cp(via) = Jming [ R = ) =X

which after the change of variable ¢ = 27 — 1) becomes

27 —io
v e
Cp(%a):;&nelﬁ{/o §R<—eiw77>_)‘

q 1/q
dso} :

q 1/q
awh =Gy a)
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The equality Cp(y,a + m) = Cp(7, ) follows also from (2.2.16). Obviously,

Cp (7, @) remains even and m-periodic in the limiting case p =1 as well.
Putting a(z) = —argAf(z) in (2.2.1) and taking into account that

Cp(7, ) is even in «, we arrive at (2.2.4). O

The next two subsections contain explicit formulas for the sharp constant
Cp(z, @) in inequality (2.2.1) with p = 1,2, co. As corollaries, we obtain sharp
estimates for the real and imaginary parts of an analytic function in the disk
|z|] < R, as well as for its modulus, in terms of its real part on the circle
|z] = R.

2.3 The cases p=1and p = 2

The next assertion specifies Proposition 2.1 for p = 1.

Corollary 2.1. Let f be analytic on D with Rf € h1(DRr). Further, let a(z)
be a real valued function, |z| < R. Then for any fized point z,|z| = r < R, the
sharp inequality

R{e P AL(2)}] < mHMml (2.3.1)
holds.

Proof. By (2.2.13),

1
Ci(z, @) = — min max G=a(C) = Al (2.3.2)

Since A is subject to one of the three alternatives

)\< i GZ.O[ bl i GZO( <A< GZ.O( I )\Z GZO( 3
< min Ga(Q), - min Gza(C) max G,a(C) max G-.a(C)

it follows that the minimum with respect to A in (2.3.2) is attained at

1
A= =< min G, o(¢) + max G, , ,
5 { min Goa O+ 6200
which by 1.3.4 and Lemma 1.2 implies
. r? cosa
R2 _ 2
Putting the value of X into (2.3.2) and using Lemma 1.2 we obtain
r
C = —— 2.3.3
1(2,0[) 7T(R2—7"2)7 ( )

which proves (2.3.1). O
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Corollary 2.1 with p = 1 and formula (2.3.3) imply

Corollary 2.2. If f is an analytic and zero-free function on Dg with f(0) =
1, and log|f| € hi1(DRg), then for any z with |z| = r < R the inequality

’10g|f |‘ 7702)”10g‘f|”1 (2.3.4)

holds.

Note, that the inclusion log | f| € hi(Dg) holds for f € Hy(Dgr),1 <p < o0
(see, for example, Koosis [53]).

The next assertion specifies Proposition 2.1 for p = 2.

Corollary 2.3. Let f be analytic on D with Rf € hao(Dg). Further, let a(z)
be a real valued function, |z| < R. Then for any fized point z,|z| = r < R, the
sharp inequality

oz r
[R{e D Af(2)} < m||§RAf||2 (2.3.5)

holds.

Proof. Combining

G.ol2)|dC] =R Aol G Rtz |
/|<|=R «(2)ladl {/|<|=R<Z d} {/<=Ri(cz)< e

with (2.2.13) for p = 2, we have

1
Ca(z@) = G alle- (2.3.6)

Let us calculate ||G. q||2. Using (1.3.5) and setting ¢ =t — 7 we obtain

eiozz 2 T+ em 2
Gualt = [ 2 )Mz?/ [ ()|
H > ||2 =R C — | C‘ Y i 87'(t_T) —

cos(p —ycosa)?
d 2.3.7
R/ 1—27005(,0—}—7) 4 ( )

and making elementary calculations, we arrive at

/’T (cos(p — @) — 7y cos a)2d ™

(I—2ycosp+72)2 © 1-72

which together with (2.3.7) gives

TR
R2 _ 2

1G=alls = (2.3.8)
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Hence and by (2.3.6) we conclude

Co(z,a) = m. (2.3.9)

a

The following assertion results directly from Corollary 2.1 with p = 2 and
formula (2.3.9).

Corollary 2.4. If f is an analytic and zero-free function on Dg with f(0) =
1, and log |f| € ha(DR), then for any z with |z| = r < R the inequality

|log|f(z (2.3.10)

)| < \/ﬁ!!bglﬂm

holds.

2.4 The case p = oo

The next assertion gives a sharp constant in (2.2.3) for p = co.

Theorem 2.1. Let f be analytic on Dg with bounded Rf. Further, let a(z)
be a real valued function, |z| < R. Then for any fized point z, |z| = r < R, the
estimate

RO AL () < Coe (5.0(2)) RSl (2.4.1)

holds with the sharp constant

2y sina\/(l —72)2 + 4925sin a
1—1~2

2
+ cos acarcsin ( 7COSO[> } . (2.4.2)

2
Coo(y,0) = - sin alog

1+ 2

Proof. The representation for the sharp constant in (2.4.1)

Coo(v,a) = 7 Inin/

mXER J_ .

eia
R — —Ald 2.4.3
(=) -2 ey
results by (2.2.16) and (2.2.17) with ¢ =1 (p = o0).

1. Solution of the extremal problem in (2.4.3). Let the function o and the
point z with |z] = r < R be fixed. Suppose that A = \g is a solution of the
equation
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™ ) eia
[W51gn{%(ei¢ —’y) f)\} dp =0. (2.4.4)

ﬂ@:%<-w >7%. (2.4.5)

Let

Then, for any p € R,

™

/”M@M¢=/WQMﬁ*@$@yWM¢S/ 9() — ulde,

—r —r -

which together with (2.4.3) and (2.4.5) leads to

™ eia
Coo('yaa):%/ %<ei%"—’y>_)\0

We show now that (2.4.4) holds with A = —y(1 4+ 72)~! cos a, where 7y €
[0,1). We rewrite the left-hand side of the equation

%(.e >+Wma:0 (2.4.7)

dep. (2.4.6)

el — 1+ ~2

as

el cos «
NERr
e —y 147

1 (-~ %) cospcosa+ (1 +72)singsina

T 1172 1 —2vycosp + 2 (2.48)
Let 9 be the solution of the system
cost = % cos a, sind = % sin (2.4.9)
where
(1 —=~4%)%cos? a4 (1 4+ ~%)%sin? a] /2. (2.4.10)

From (2.4.8), (2.4.9) we obtain

) =
)
(zso_ > yeosa  k(a,y)  cos(p — D)

= . . 2.4.11
+1+72 1+42 1—2ycosp+~2 ( )
Thus, the equation (2.4.7) with unknown ¢ is reduced to cos(p — ) = 0.
The distance between two successive roots ¢, = ¢ — 7/2 + 7n, n =
0,+1,£2,..., of the equation cos(p — ¥) = 0 is equal to 7. We put (
eivo () = et with go =9 — /2, ¢1 = U + 7/2. Then
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el 7 cos el 7 cos
R + =R + =0.
<C0—W> 1+72 <C1—7> 1472
Thus, for fixed v € [0,1) and «, the points (y and ¢; divide the circle
|¢| = 1 into two half-circles such that the left-hand side of (2.4.7) is positive

on one of them and negative on another one. Hence (2.4.4) holds with A =
—v(1 +~%)~ cos @ and, therefore, by (2.4.6),

71 ™ 6ia 5 ]
Coo(,a) = 7T/_ﬁ §R<e*”f'y> + 152 cos &

2. Calculation of Coo (7, @) by (2.4.12). The last equality and (2.4.11) imply

7(14+92) J_r 1 —2ycosg + 2

where k(a, ) is defined by (2.4.10) and ¢ is the solution of (2.4.9) in (-, 7.
We denote, for brevity

)
J = / _eosle =) B Rl L (2.4.14)
1—2ycosp + 2

dep. (2.4.12)

COC (77 a) =

Equality (2.4.14) can be written as

g 4 /2 COS((p o 19) o /19+37r/2 COS(QD - 19) g
9—n/2 1 —2ycosp+ 72 o4nj2 L —2vcosp+ 2 &
In the first integral we make the change of variable 1) = —¢ and in the second

integral we put n = 7 — ¢. Then

T /2—19 COS(ZZ) + 19) d,l/) N T/2—9 COS(’I’] + 19)

J =
—ny2—p 1 = 2ycostp + 2 —nja—g L+ 2ycosn + 42

which implies

T/2—19

J=2(1+72)/ coszpcosﬁfsinwsinﬂdw. (2.4.15)

—nj2—9 (1+7%)% =492 cos? v

Substituting the integrals
/29 cos 1 27y cos ¥
dy = arctan ,
/—77/2—19 (1+72)? —4y%cos? ¢ v (1 —~2) < 1—~2 )

/”219 sin 1) i 1 1472 + 2vsin¥
=— o
—rj2—9 (1+72)? =4y cos? ¢ 29(1 4 ~?) & 14+~2 — 2ysind

into (2.4.15) we obtain
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7= 2(1+~?%) { cos? 27 cos sin ¥ 142 + 2sin? }

t
y 1—792 retan 1—72  2(1+412) 0g1+'y272vsim9

Hence, taking into account (2.4.9), (2.4.10) and (2.4.13), (2.4.14), as well as
the identity arctan[z(1 — x2)~/2] = arcsin z, we arrive at formula (2.4.2). O

Remark 2.1. Using the equality

sup |g(¢)] = [lg]loo;
CI<R

which is valid for bounded harmonic functions g in Dg, we can replace
[[RAf||oo in (2.4.1) and its corollaries by

sup [Rf(C) —Rf(0)].

[CI<R

The next assertion contains particular cases of (2.4.1), well known esti-
mates (2.1.1)-(2.1.3) for |RAf(2)[, |SAf(2)] and |Af(z)| by ||RAf]|cc-

Corollary 2.4. Let f be analytic on Dg with bounded Rf. Then for any fixed
point z,|z| = r < R, the sharp inequalities

4 r
[RAf(2)] < — arctan <§) IRAF o (2.4.16)
2 R+r
23 < — 4.
SAS(2)] < 2 log - IRAT 1, (2.4.17)
2 R+
< — 4.
Af() < 2 log T IRAT L (2.4.18)

hold.

Proof. 1. Inequalities for |RAf(z)|. Estimate (2.4.16) follows from (2.4.1) and
(2.4.2) with a = 0. In fact, by (2.4.2),

2y

2
Coo(7,0) = - arcsin <1 i

4
) = —arctan~y. (2.4.19)
T

2. Inequality for |SAf(z)|. Inequality (2.4.17) stems from (2.4.1) and
(2.4.2) with a = 7/2. In fact, by (2.4.2),

2 1+~
Coo(y,m/2) = ;log T

3. Inequality for |Af(z)]. Since C (7, @) is an even 7w-periodic function in
a, it follows that
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max{Cu(v,) : =7 < a <7} = max{Coo(v,) : 0 < a < 7/2}.  (2.4.20)
We show that Coo (7, @) is an increasing function of « on [0, 7/2] and hence
1+7y

max{Cu(7,) : 0 < a <7/2} = Cuoo(7,7/2) = %log (2.4.21)

Let us consider C (7, @) for 0 < a < /2. By (2.4.2) we have

2’yblna+\/1— )2 + 442 sin” o
1—2

. . [2vycosa
— sin avarcsin .
1+~2
Note that the relations

2'ysma+\/lf +4/y sin? o /Q’Ysina dt
0 (1 —~2)2+1¢2

ICs(y,0) _ 2
da B

cos alog (2.4.22)

1 =
og 1_7

—1

. (2ycosa (1) Heosar gy
arcsin = ,
( 1572 ) / Vie

and the mean value theorem imply

Zysina dt 2’y cosasin
0 V(= +t2 )2 + 442 sin? a]1/2’

' /2w(1+w fteosa gy < 27 cos asin
S« )
0 VI=12 (1 —92)2 + 442 sin” a]1/2

where a € (0,7/2). Therefore, it follows from (2.4.22) that
9C (7, )
Oa

Thus, Coo (7, @) increases on the interval [0, 7/2] and by (2.4.1), (2.4.20) and
(2.4.21) we arrive at (2.4.18). O

COs &

> 0.

As a corollary, we give an estimate for ! log | f(z H in terms of || log | f] H
Corollary 2.5. If f is an analytic and zero-free function on Dgr with f(0) =
1, and log |f| € hoo(DR), then for any z with |z| = r < R the inequality

‘log\f ) < —arctan( )Hlog\fm (2.4.23)

holds.

Proof. Estimate (2.4.23) results from (2.2.5) combined with (2.4.19) and
(2.2.2) with p = co. O



30 2. Estimates with respect to the Ly-norm of RAf on the circle

2.5 Generalization of the Carathéodory and Plemelj
inequality

2.5.1. The general case p € [1, x|

The next assertion contains a sharp inequality which is a generalization
for 1 < p < oo of the classical estimate

97(:) = 350 < 2 1og (5

) RF = REO) oo

-Tr

due to Carathéodory and Plemelj (see Carathéodory [24], p.21, Burckel [22],
Ch. 5, § 3 and Notes to Ch. 5).

Corollary 2.6. Let f be analytic on Dr with Rf € hy(Dr), 1 < p < 0.
Then for any fized z,|z| = r < R, there holds

ISAF(2)| € BV Cap () R) [IRASI), (2.5.1)

with the sharp constant

_ Y
Cs1(7) = T1—2)’ (2.5.2)
and
_>0) L1 - 2)a-n/2 M
Csp(7) = on {2/_1 Wdt} (5.3
- (p—1)/p
= %? {2 [1- %2(7)]1/(27217) ;)B (%7 Qn—;l> %2”(7)} |

for 1 < p < oo, where () = (27)/(1 +~?) and B(u,v) is the Beta-function.
In particular,

v

Cs2(7) = - 2.5.4
2(7) S (2.5.4)

Proof. By Proposition 2.1, inequality (2.5.1) holds with the sharp constant
Cop(7) = Cp(y,7/2), (2.5.5)

where
Q i q 1/q
v sin ¢

2)=— ——— A d . 2.5.

Cp(7,7/2) nl&néﬁ{/_,r [ A p———" <p} (2.5.6)

The formulae (2.5.2), (2.5.4) were obtained in Corollaries 2.1 and 2.3,
respectively.
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Let 1 <p<oo(l<g<oo). Wefixvye[0,1) and put

sin ¢

9(p) = T 2eonp T2 (2.5.7)
Taking into account the equality
| latoirsien g(erde =0,
which holds since g is odd, for any p € R we have
lally = [ latotao = [ (ate) = ) ot s ).
This implies
lally < [ late) = lla(olap. (25.5)

Further, by Holder’s inequality

/ l9(e) — u|lg(e)| " de < [lg — pllqllglld"

—T

Hence, by (2.5.8),
llglla < lg = pllq-

Combining this with (2.5.6) and (2.5.7), we arrive at

~ ™ sin q 1/q
Cyly,m/2) = 2 {/_W <—1 72700880H2> dcp} :

which in view of (2.5.5), results at

- . q 1/q
v sin
Cy =—92 — | d . 2.5.9
»(7) 77{ /0 (1—2’ycos<p+*y2> @} ( )

Making the change of variable t = cos ¢ and setting s(y) = (27)/(1+~2), we
arrive at the first equality for the constant Cg ,(7y) in (2.5.3).

We shall write the sharp constant Cg () in (2.5.1) in a different form.
Using the equality (see, for example, Gradshtein and Ryzhik [41], 3.665)

T i B 11 2
/ (*) d¢:B<i7,>F<q’g;&;v2>7
o \1—2ycosp+~ 2 2 2" 2

where F'(a,b;c;z) is the hypergeometric Gauss function, and the relation
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F(a,b;a—b+ 1;2) =

+1 a 4x
1 1-2b(q 2b—a-1p (@ .Y 1 b b1

we conclude by (2.5.9) that Cg () is equal to

“}<><>}

() ( 1 on41 (r=1)/p
»\7Y 1/2 2p) n on

=2V o - B

%{[ Z(2p2 2)%@)} ,

that is, we arrive at the second equality for Cg () in (2.5.3). O

The integral

L1 —¢2)@-1/2
ne= [

n (2.5.3) is the sum of each of two series

S () [a s

Y () / T

m=0

and

The first of these series becomes a finite sum for odd ¢ and the second one for
even q.

2.5.2. The case of odd ¢

For odd ¢, the recurrence relation

2(2n — 2)\! 1 1
Lo () = g 0 s sy 1)
with ) -
x
Ty (5) = ;log 1=
implies

1)ntk( 2k—2)” 2\ (=) 14
Tan1() = Sna Z (2k—1)! (17%2) T 08 T

Hence, putting s = (27)/(1 ++?) in the last equality and taking into account
(2.5.3), we find
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_ 1 " loe LT
Cq, 2n+l ()= o {4( "l e 1~
1+’Y Z n+k 2]€—2)” 2’y 2k 2t
(2k — 1)! 1—~2 '
k=
For example,
1/3
1fy(1+9%) 1 149
<3 e —1 e — .
CJ,3/2(’Y) {(177) 2 Ogl*’y

2.5.3. The case of even ¢

For even ¢, the recurrence relation

m(2n — 1)l 1
Tony2(5) = @)l 21— s2)eninE ?Izn(%)
with
1—.2
oy = "L V1I—)
221 — 32
leads to
D (o — D)1 [ 52\ 2R/
Lons2(%) = 575 Z (2k)! 1—
w(—l)” (1 —V1-32)
HE Y e

Hence, putting » = (27)/(1 + +?) in the last equality and using (2.5.3), we
obtain

Cy, zmi2(7) =

» InF1 2

1 {4(—1)%72

1—~2

1
1+7 U (—1)n R 2k—1)” 2y O\ 2K
k=1

In particular,
3 — ,)/2 1/4
Cs = D .
0,4/3(’7) 7{47{_3(1_ 2)3}
2.6 Variants and extensions

Here we collect some estimates which result from Theorem 2.1 by conformal
mappings.
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Similar to Section 1.7, we assume that G is a bounded domain in C,
bounded by a Jordan curve. By £ we denote an arbitrary fixed point of G. Let
z = §(w) be a conformal mapping of D; = {w € C : |w| < 1} onto G such
that ¢(0) = € and let w = ¥(z) stand for the inverse mapping.

We preserve the notation A¢ f(2) = f(z) — f(§) introduced in Chapter 1
and write Af(z) in place of Ay f(z).

2.6.1 Estimate of |R{c'*(*) A¢ f(2)}| by the supremum of |RA. f(C)]
in a domain. Estimate for the first derivative

Let f(z) be an analytic function in G with bounded Rf. Then F(w) =
f(®(w)) is an analytic function in D; with bounded RF.

Given an arbitrary real valued function « in G, we introduce ¥(w) =
a(P(w)). By Theorem 2.1 we have

[R{e”" ™ AF(w)}| < O (lw], 9(w)) sup [RAF(w)],

Jw|<1

where Coo (7, @) is defined by (2.4.2).
Coming back to the variable z, we obtain the following generalization of
(2.4.1) for a domain G and arbitrary &

[R{ P Af (2)}] < Cos (1¥(2)], a(2)) sup [RAf(O)]- (2.6.10)

Putting here a(z) = —arg A¢ f(2), we obtain

|[Ae f(2)] < Coo (|¥(2)], *argﬂzf(Z))?elgl%Aff(Ol-

After dividing this inequality by |z — &| and taking into account (2.4.2) and
U(£) = 0 we make the limit passage as z — £. As a result, we arrive at the
sharp estimate

N sup ()~ R (€)1 (26.11)

™ Ceaq

[F(©)] <

2.6.2 Estimate of [R{e'*(*) A, f(2)}| by the supremum of |[RA.f(¢)]
and an estimate for the first derivative in the disk

Let G = Dg and ®(w) = R(¢ — Rw)/(R — €w). Then ¥(z) = R(£ —
2)/(R? — 2£). In concert with (2.6.10),

RO A @ < O (BEEL ale)) sup RASOL (2612
|R? — &z I¢I<R

which coincides with (2.4.1) for £ = 0.
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In this case the sharp inequality (2.6.11) takes the form

B p [RAQ) — REE), (2:6.13)

PO ST

where z is an arbitrary point of Dg.

2.6.3 Estimate of [R{e'**) A, f(2)}| by the supremum of |[RA.f(¢)]
and an estimate for the first derivative in the half-plane

Consider a function f, analytic in the upper half-plane C; = {z € C :
Sz > 0} with bounded Rf .

Given a fixed point £ € Cy, we map D; onto C; using the mapping
z = (£ — éw)/(1 — w) whose inverse is w = (z — &)/(z — £). An analogue of
(2.6.10) for Cy is

R A f(2))] < Cn (ﬂ a(z)) sup [RASQ). (26.14)
|z — ¢ cec,

Hence, in the same way as in Section 2.6.1, we obtain the sharp inequality

()] < — sp RF(C) R () (2.6.15)

Tz

where z is an arbitrary point of Cj..






3

Estimates for analytic functions by the best
L,-approximation of R f on the circle

3.1 Introduction

Along with (2.1.1) and (2.1.2), there exist other inequalities for the increment
of the real and imaginary parts at zero of a function f which is analytic in the
disk D and has a bounded real part. In particular, we mean the inequalities

[RF(2) = RFO)] < = awesin (5 ) RSl (3.1.1)
and
R P
1S7() - S£(0)] < %log(Rt;J R fl]oo (3.1.2)

(see, for example, Hurwitz and Courant [48], III, § 9). The first inequality is
known as the Schwarz Arcussinus Formula.

The estimates (3.1.1), (3.1.2) are special cases of more general sharp in-
equalities presented in this chapter. Here we deal with sharp pointwise esti-

mate for ‘
[R{e)(f(2) — £(0))}]

by the L,-norm of Rf on the circle 0D and its corollaries, where f is an
analytic function on Dg with Rf € h,(Dg), « is a real valued function on
Dg,|z|=r<R,and 1 < p < .

In Section 3.2 we obtain a general representation for the best constant
Kp(z,a(z)) in the inequality

[R{P(f(2) = FO)} < Kp (2, (2)) [IRF — el (3.1.3)

where c¢ is an arbitrary real constant. Namely, we find the representation for
the sharp constant in (3.1.3)

Kp(z,a(z)) = Rfl/pr(r/R,a(z)), (3.1.4)



38 3. Estimates with respect to the best Ly-approximation of Rf on the circle

Kp(y,a) = % {/:T ngp}l/q, (3.1.5)

1/q+1/p = 1. The value ||Rf — c||, in the right-hand side of (3.1.3) can be
replaced by E,(Rf), where

where

cos(p —a) —ycosa
1—2vcosp+ 2

Ep(g) = min |lg — cf[p. (3.1.6)

stands for the best approximation of g by a real constant in the norm of
L,(0Dg).
As a corollary of (3.1.3) with a = 0 one gets the two-sided estimate

exp { =K, (2,0) Bp(log|f])} < |F(2)] < exp {Ky(2,0) By (log f])}
where f is an analytic and zero-free function on Dg with f(0) = 1, log|f| €
hp(DR), 1 < p < oo.

The explicit formulas

1+ ~|cosa
_ (1 +9fcosal) K(y,0) = —

Ky (v, a) r1—72) (-2

are derived in Section 3.3. In particular, for p = 1 and ¢ = sup{Rf(¢) : |[¢| <
R} inequality (3.1.3) and formula for Kj(v,«) imply the Hadamard-Borel-
Carathéodory inequality (1.1.2).

In Section 3.4 we show that the constant K (7, ) is equal to

1/2

: 2 a2
4 {sinalog ysina+ (1-7 1COS %) + cos aarcsin (7 cos a)} .
4 (1=2)"?
We note, that by (3.1.3) with ¢ = 0,p = oo and by formula for K. (7, )
with @ = 0, and @ = 7/2 one gets the estimates (3.1.1), (3.1.2). Besides,
(3.1.3) with ¢ = 0,p = oo and the above formula for K. (v, «) imply the
sharp inequality

£) — F(O) < g (R”) R o (3.17)

—-r
A direct corollary of (3.1.3) with p = oo and the formula for Ko (y,a) is
the explicit sharp estimate for |R{e’*(*)(f(z) — £(0))}| in terms of O ;(Dgr)
which stands for the oscillation of the real part on the disk Dg.

Section 3.5 contains corollaries of (3.1.3), (3.1.4) and (3.1.5) giving esti-
mates for the modulus of the increment at zero of the real or imaginary parts

of an analytic function. In particular, we find an explicit formula for K, (v, 0)
with p = 2n/(2n — 1). For instance,
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34792 1/4
K 0) = — % .
4/3(77 ) ’7{47_[_3(1_72)3}
For a = /2 and any z with |z| = r < R, inequality (3.1.3) and formulas
(3.1.4), (3.1.5) imply the estimate

3/(2) = SS(0)| < R™YPE, (r/R,7/2) Ey(Rf)- (3.1.8)

In general, (2.1.5) and (3.1.5) lead to the inequality Cy (7, a) < Kp(v, @) which
becomes equality for some values of p and «. In particular, this is the case
for p = 2. We also show that K,(v,7/2) = Cp(v,7/2), that is the inequality
(3.1.8) holds with the sharp constant defined by (2.1.7).

In Section 3.6 we deduce a sharp estimate for the oscillation of R{e?*(*) f(2)}
on a subset of Dp stated in terms of the oscillation of the real part on Dg. The
constant in that estimate is specified for symmetric with respect to the ori-
gin subset of Dg. This, in turn, leads to sharp inequalities for the supremum
modulus of the increment of an analytic function, as well as for the oscillation
of the real or imaginary parts by Ox¢(Dg). Such estimates for the oscillation
of the real and imaginary parts in the disk D,,r < R, are well known (see
Koebe [52], Polya and Szegé [75], 111, Ch. 6, § 2).

The last Section 3.7 contains analogues of (3.1.3) with p = oo for
IR{e*) (f(2) — £(€))}] in the disk and the half-plane. These estimates im-
ply sharp inequalities for |f’(z)| with explicit constants. In particular, if f is
analytic function in Dr with bounded Rf, then for any point z € Dg

2R

|f(2)] < mow(D}z). (3.1.9)

This inequality is used in the next chapter. Note that (3.1.9) is an analogue
of (1.7.5) and (2.6.13).

3.2 Estimate of [R{e’*Af}| by the L,-norm of Rf — ¢
on the circle. General case

The next assertion is basic in this chapter. It contains a representation of the
best constant in the estimate of |[R{e’**) Af(2)}|, |2| < R, by the L,-norm
of Rf — c on the circle |z] = R, where ¢ is an arbitrary real constant. As a
direct corollary, we obtain sharp estimates for [R{e**(*) Af(2)}| with the best
approximation E,(Rf) of Rf by a real constant in the norm of L,(0Dpg) in
the right-hand side.

Proposition 3.1. Let f be analytic on Dg with Rf € hy(Dr), 1 < p < oo.
Further, let a(z) be a real valued function, |z| < R, and let ¢ be a real constant.
Then for any fized point z,|z| = r < R, we have
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[R{“BAF(2)}] < Ky (2,0(2)) |IRf = clly (3:2.1)

with the sharp constant Kp(z, a(z)), where

1 T
K(z:0) = - K, (E,a) 7 (3.2.2)
and the factor
T 1/q
5y cos(pp — a) — ycosa|?
K =— d 3.2.3
p(12) 77{/_7T 1 —2ycosy + 72 tp} ( )

is an even m-periodic function of o, 1/p+1/q = 1.
In particular,

[R{e“PAf(2)}] < Ky (2, 0(2) Bp(RS), (3.2.4)
where the notation E,(g) is defined by (3.1.6).

Proof. 1. Representation of the sharp constant in inequality (3.2.1). By (1.3.3),
(1.3.4) and (1.4.3), we have

1

RieAr@l =g [

G=a(O{RF(C) — c}ldd], (3.2.5)
where ¢ is an arbitrary real constant. By (3.2.5) we obtain the formula
Ky(2.0) = = 116l (3.26)
z,0) = — ||G; 2.
P\ TR ’ q
for the sharp constant K,(z, «) in
[R{e"* Af(2)}| < Kp (2, @) [[RS = cllp.
Now, suppose 1 < p < co. Combining (3.2.6) with (1.3.4) and (1.3.5) we

have Y
1 T+T ,yeia q q
= (e Y )
p R et et(t—7) _ ol

which, after the change of variable ¢ =t — 7, becomes

1 n e q 1/q
Kplo0) = — {/ R <ew . 7) de} . (3.2.7)
Using the notation
1 7r eia q 1/q
Ky(7,0) = — {/ R (61 - 7) dcp} , (3.2.8)
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we write (3.2.7) as

Kp(z,a) = #Kp (%,a) ,

which together with (1.3.6) proves (3.2.2) and (3.2.3) for 1 < p < occ.
The equality (3.2.3) with p =1 (¢ = 00) results from the limit relation

llglleo = Tim {[g]g-
q—00

Inequality (3.2.4) follows directly from (3.2.1).

2. Properties of K,(7,a). The m-periodicity of K,(vy,«) in « follows di-
rectly from (3.2.8). One shows that K, (7, ) is an even function of « in the
same way as in Proposition 2.1. ad

Writing (3.2.8) as

7 N agh
Ky(.0) =2 {/<=1 R(2) dCI}

and making the change of variable ¢ = (w +v)/(1 + yw), we obtain

N R {0 +m| .
Kp(v,a) = (1 —~2)1/p {/w:l |1+ ywl|? |dw| .

Hence, Kp(v, @) can be given in the form different from (3.2.3):

™ 1/q
_ ol |cos(i) — ) — ycosal?
Ky, 0) = (1 —~2)1/p {/,,T 1 —2ycosy + 72 & - (329)

We give two more corollaries of Proposition 3.1. The first of them follows
by putting a(z) = —arg Af(z) in Proposition 3.1 and taking into account
that K, (v, «) is even in o.

Corollary 3.1. Let f be analytic on Dr with Rf € hy(Dr), 1 < p < 0.
Further, let ¢ be a real constant. Then for any fized point z,|z| = r < R, the
estimate

|Af(2)| < Kp (z,arg Af(2)) [[Rf — cllp (3.2.10)

holds with the sharp constant IC,(z, ), given by (3.2.2) and (3.2.3).

The next corollary is an analogue of (2.2.5). It results from (3.2.4) with
a(z) =0 and log f in place of f.
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Corollary 3.2. Let f be an analytic and zero-free function on Dg with f(0) =
1, and letlog|f| € hp(DRr),1 < p < 0o. Then for any z with |z| =r < R there
holds

| log | f(2)] | < Kp(2,0) Ep(log]f]) (3.2.11)
or, in equivalent form,

exp {71617(270) Ep(IOg |f|)} < |f(z)| <exp {ICp(z,O) EP(IOg |f‘)} )

where the constant Kp,(2,0) is given by (3.2.2) and (3.2.3) with a = 0, and
E,(g) is defined by (3.1.6).

The values of ICp,(2, o) for p = 1,2, 00 and corresponding inequalities from
Proposition 3.1, Corollaries 3.1 and 3.2 will be given in the next sections of
this chapter.

3.3 The cases p =1 and p = 2

Next, we present the inequalities from Proposition 3.1 and Corollary 3.2 with
explicit constants for p = 1. They follow from (3.2.1) and (3.2.11), combined
with (3.2.6) for ¢ — oo as well as (1.3.4) and Lemma 1.2.

Corollary 3.3. Let f be analytic on Dg with Rf € hi(Dg). Further, let a(z)
be a real valued function, |z| < R, and c be a real constant. Then for any fized
point z,|z| = r < R, the sharp inequality

r(R +r|cosa(z)])
7R(R2 —r?)

[R{ @ Af(2)}] < [1Rf = clh (3.3.1)

holds.
Corollary 3.4. If f is an analytic and zero-free function on D with |f(0)| =
1, log|f| € hi(DRg), then for any z with |z| = r < R the inequality

[log|f(2)]] < B (log|f1) (3.3.2)

.
TR(R —1)
holds.

Note that inequalities (1.6.4) and (1.6.6) are consequences of (3.3.1). In

fact, putting
c= sup Rf(C)
ICI<R

into (3.3.1) with p € (r, R) and passing to the limit as p T R, we arrive at

2r(R + r|cosaf) sup RAF(C).

R{e A
R Af I < T
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The last inequqlity contains both (1.6.4) and (1.6.6).

Consider the case p = 2 in Proposition 3.1 and Corollary 3.2. By (3.2.6)
with p = 2 and (2.3.8),

r
Note also that
Ey(Rf) = |[Rf — Rf(0)]]2- (3.34)

Indeed, we have

RS = clla = {R | mitme) - c]2dso}1/2,

—T
which implies the representation

1/2

E>(Rf) = min|[Rf — |, = {R[ [RF(Re'®) — Ag]” dw} ,

where | g
Ag= o [ RE(RE®)dp = RF(O)
™ —1T
which gives (3.3.4).
By (3.3.3) and (3.3.4), inequalities (3.2.4) and (3.2.11) with p = 2 coincide
with (2.3.5) and (2.3.10), respectively. Hence estimates (2.3.5) and (2.3.10)
are corollaries of the next assertion which follows from Proposition 3.1 and

(3.3.3).

Corollary 3.5. Let f be analytic on D with Rf € hao(DRg). Further, let a(z)
be a real valued function, |z| < R, and ¢ be a real constant. Then for any fized
point z,|z| =1 < R, the sharp inequality

r

SR =12

[R{e @ Af(2)}] < I[Rf = cll2 (3.3.5)

holds.

3.4 The case p = o©

The next theorem contains sharp constants in (3.2.1) and (3.2.4) for p = oo.
When using (3.2.4) with p = co we take into account that

Eu(Rf) = 5007 (D), (3.4.1)
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where Ogy(DR) is the oscillation of Rf on the disk Dg. Note that (3.4.1) is
true since the minimal value in

EooRf) =min||Rf — ¢||loc = min sup |R —c
(Rf) = min |87 —ellc = min sup [RF(Q)

is attained at ¢ = (Af(R) + Bf(R))/2, where Af(R) and Bf(R) are the
supremum and the infimum of Rf on the disk Dg, respectively.

Theorem 3.1. Let f be analytic on D with bounded Rf. Further, let a(z)
be a real valued function, |z| < R, and ¢ be a real constant. Then for any fized
point z,|z| = r < R, the inequality

ia(z "
RO AF()} < Koo (F0(2)) RS = el (3.4.2)
holds with the sharp constant
4 . 1 ~2 cos? o)/
Ko(y,a) = — < sinalog ysina (1-9 cloz %)
T (1-~2)"
+ cos aarcsin (7 cos ) } (3.4.3)
In particular,
io(z 1 T
[REPAF()H < S Koo (550(2)) Ons (D). (3.4.4)
Proof. By Proposition 3.1,
Koo(z, ) = Koo (r/R, ), (3.4.5)
where
v [T |cos(p —a) — ycosal
Kooly,a) =2 dp, 3.4.6
(7,0) 7r/_7T 1—2ycosp+ 2 4 ( )

which implies (3.4.2) with the sharp constant (3.4.6). Estimate (3.4.4) results
from (3.2.4) with p = oo together with (3.4.1) and (3.4.5).

We evaluate the integral in (3.4.6). By Proposition 3.1, Ko (7, @) is a
m-periodic and even function of «, therefore we take 0 < a < /2.

Since for any z,|z| < R, there holds

e
=1 (C=2)¢ 7
it follows that

ez T cos(p —a) —ycosa
0="%x =% gl = 4
{/|CI—1 i(¢—2)¢ C} ’y/,7T 1—2ycosp+~2 L
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Using the last equality and (3.4.6), we conclude

2 Pa(a) — o) —
Koo(%a)=—7/ coslp — @) —yeosa (3.4.7)

T Jyra) 1= 2vcosp+92
where
P1(a) = a — arccos(ycos ),  a(a) = a + arccos(y cos av). (3.4.8)

By (3.4.7) we have

Koo(v,a) = l{27]1(7, a)sina + ((1 — V) (v, a) — I3(, a)) cos a}, (3.4.9)

T
where
V2(e) sin ¢
L(y,a) = P g, 3.4.10
1(7, @) /wa) [ ———L ( )
P2 (a) d
¥
Iz (v, a :/ T o o
(e di(a) 1—2ycosp+7?
P2 (a)
Is(y,a) = / dyp = 2 arccos(7y cos ). (3.4.11)
Y1 (a)

We evaluate the integral (3.4.10)

2 sina + (1 —42cos?a)/?
L(y,a) = Zlog L (-7 - ) (3.4.12)
v (1=7%)
Next, note that
2 1+~ (p) P2 (a)
I(v,a) = arctan | —— tan — ,
270 = 73 <1—7 2 ) Ly (o)
because
arctanz — arctany = 7 + arctan — (3.4.13)
1+ 2y
Hence
% (tan LQQ(O‘) — tan —Wéa))
L(y,a) = T—2\" + arctan 5 (3.4.14)
7 1+ (}f—l) tan £2(%) gap Y2(0)

The conditions z > 0 and zy < —1, necessary for (3.4.13) to hold, are satisfied,
since by (3.4.8) and 0 < o < 7/2,
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Ya(a) ,  i(a)  1-—v
B tan 9 771‘*‘7.

— >0, tan

Combining this with

Pa(a) o ¥1(a)  2sin (arccos(ycosa))

t =
Ty 2 (14 7)cosa

and (3.4.14) we find

sin ( arccos(y cos o
L(y,a) = 3 {71' + arctan ( o ) } ,
1—7 —y cos o
that is 9
L(y,a) = 2 (ﬂ' — arccos(7y cos a)).
-

This and (3.4.11) imply

(1= a(y,a) = I3(y,a) = 2(7r — 2arccos(y cos a)),
which together with arcsina = (7/2) — arccos x gives
(1 —4*)I5(7, @) — I3(7y, @) = 4arcsin(7y cos a).

The last inequality together with (3.4.9) and (3.4.12) leads to (3.4.3). O

The next corollary specifies inequality (3.4.2). Namely, it contains the es-
timates for |RAf(2)],|SAf(2)| and |Af(z)] by ||Rf — ¢||co, Where ¢ is an
arbitrary real constant. In particular, two first inequalities below imply (for
¢ = 0) estimates (3.1.1) and (3.1.2). We show that the right-hand side of the
inequality for |SAf(z)| is, in fact, the sharp majorant for |Af(z)|.

Corollary 3.6. Let f be analytic on Dr with bounded Rf. Further, let ¢ be
a real constant. Then for any fized point z,|z| = r < R, the inequalities with
sharp constants

4 . r
[RAf(2)] < — arcsin (E) [IRf — ¢l|co, (3.4.15)
2 R+r
R < - - 4.
ISAf(2)] < WIOgR—r||§Rf /|00, (3.4.16)
2 R+r
|Af(2)] < —log o[RS — clloa (3.4.17)
T r

hold.
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Proof. 1. Inequalities for |RAf(z)| and |Sf(z)|. Inequalities (3.4.15) and
(3.4.16) follow from (3.4.2) and (3.4.3) with a(z) = 0 and «a(z) = 7/2, re-
spectively.

2. Inequality for |Af(z)|. Since Ko (7, ) is an even and m-periodic in «
we have

max{K(y,a): -7 <a <7} =max{K(y,a) : 0 <a<7/2}. (3.4.18)

We show that Ko (7, @) is an increasing function of « on [0, 7/2] and hence

2 1
max{Ku(y,0) : 0 < a < 7/2} = Koo (1,7/2) = = log —2. (3.4.19)
p —
Let us consider Ko (7, a) for 0 < a < 7/2. In view of (3.4.3),
0Koo(v,a) 4 L ’ysinaJr(lffygcosZoz)l/Q 5490
0 7;{(:05@ og (12172 (3.4.20)

— sin avarcsin(7y cos ) }
Using the equalities

ysina + (1 — 42 cos? a)'/? o v sina dt
= cos

(=27 0o VI

7 cos o dt

0 \/1—t27

cos a log

sin avarcsin(y cos ) = sin
and the estimates

yeme dt ~sin a cos a
cos o
0

>
VI— 2+ \J1-42+2sin?a

. /WOSO‘ dt ~sin a cos a ~sin a cos a
sin o < = ’
0 VI—12  \/1—-12cos2a /1—72+12sin’a

which follow from the mean value theorem for oo € (0,7/2), we obtain from
(3.4.20)

O (2, )
—F— > 0.
Oa ~
Thus, Ko (7, @) increases on the interval [0, 7/2], and by (3.4.2), (3.4.18) and
(3.4.19) we arrive at (3.4.17). O

The next assertion contains particular cases of (3.4.4) giving estimates for

IRAF(2), [SAf(2)] and [Af(2)].
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Corollary 3.7. Let f be analytic on D with bounded Rf. Then for any fized
point z,|z| =1 < R, the sharp inequalities

2 . (T
RAS(2)] < — arcsin (E) Ox¢(Dr), (3.4.21)
1 R+r
A7) < L1og T 0y (D), (3.422)
1 R+r
< = - 4.
[Af(2)] < —log 55— Ows(Dr) (3.4.23)

hold.

Proof. Inequalities (3.4.21)-(3.4.23) follow from relations between sharp con-
stants in (3.4.2) and (3.4.4) together with Corollary 3.6. O

Next, we specify (3.2.11) for p = oo in terms of

Mf(R):‘Ztg;If(C)\ and mf(R):lglng\f(C)l,

where f is an analytic and zero-free function on Dg.

Corollary 3.8. If f is an analytic and zero-free function on Dy with f(0) =
1, and log |f| is bounded, then for any z with |z| = r < R the inequality

|log |f(2)]] < %arcsin (%) log </n\j;((}§))> (3.4.24)

holds.

Proof. Inequality (3.4.24) results from (3.4.21) after replacing f by log f with
f(2) #0 for |z| < R, |f(0)] =1, together with

Olog |£|(DR) = log M (R) — logm(R).

Estimate (3.4.24) is a particular case of (3.2.11) for p = oo, where
1
EOO(log |f|) = iologlf\(DR)'

Inequality (3.4.21) is a corollary of the Schwarz Arcussinus Formula. In
fact, putting f — ¢ in place of f in inequality (3.1.1) and minimizing in ¢, we
arrive at (3.4.21).
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Note that estimate (3.4.21) with f(0) = 0 does not coincide with the
inequality

|Rf(2)] < %arctan (%) Ox¢(DRr), (3.4.25)

obtained by Koebe (see [52], p. 70) for functions f vanishing at z = 0.

The next section contains corollaries of Proposition 3.1, generalizing
(3.4.21) and (3.4.22) for p € [1,00] in view of Eo(Rf) = Oxs(Dr)/2. A
different proof of (3.4.22) was given by Koebe in the above mentioned paper.

3.5 Inequalities for the real and imaginary parts

3.5.1. Sharp constant in an inequality for the real part

The next assertion follows from Proposition 3.1 and (3.2.9) with &« = 0
together with Corollaries 3.3, 3.5 and 3.6. We shall use the notation Ky ,(7)
in place of K,(v,0).

Corollary 3.9. Let f be analytic on Dr with Rf € hy(Dr), 1 < p < 0.
Then for any fixed point z,|z| = r < R, there holds

IRAf(2)| < R™Y? Ky (r/R) Ep(Rf)

with the sharp constant

~y
Kpa(y) = .
=
and
Kpp(y) = 2l 2/7r jeosp =", v (3.5.1)
R,p\Y _71_(1772)1/;; o 1—2vcosp+12 P 9.
for 1l <p < oo.
In particular,
v 4 .
Kypa(v) = > Ky oo(y) = — arcsiny.
m(1—~2) ™

Note that (3.5.1) can be written as

Kgpp(v) = # {2/;

Hence, straightforward calculations for ¢ = 2n imply

1—27c0550+72

1
1—~2

q dp 1/q
1—27005(,0—&—72} '

1
2n k-1 2m 2n

R (15 > (0 oy R o

k=1m=0
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For example,
34+ 792 1/4
i

Ky, a4/5(7) =7 {m

3.5.2. Sharp constant in an inequality for the imaginary part

Comparing the formulas (2.2.2), (2.2.3) and (3.2.2), (3.2.3) we conclude
that the sharp constants in the inequalities

[R{e P Af(2)}] < Cp (2,a(2)) [RAf],

[R{e P Af(2)}] < Ky (2, 0(2)) [IRF — el

are related in general as Cp(z,a) < Kp(z,«). For example, by (2.3.1) and
(3.3.1),

r r(R+ r|cosal)

Cl(z,a) = p K:l(z7a) = m

(=)
However, for certain values of p and « the equality C,(z, o) = Kp(2, ) may
hold. This is, clearly, the case for p = 2 in view of (2.3.5) and (3.3.5).

Another case of equality is

Cp(z,m)2) = Kp(z,m/2) (3.5.2)

for any p € [1, 00]. Indeed, in the proof of Corollary 2.6 it was shown that for
« = 7/2 the minimum in A in (2.2.3) is attained at A = 0. Hence, comparing
(2.2.3) and (3.2.3) for @« = 7/2 and taking into account (2.2.2), (3.2.2) we
arrive at (3.5.2).

Thus, by Corollary 2.6 and (3.5.2), together with Proposition 3.1, we ob-
tain the following inequality for |SAf(z)| in terms of the best approximation
E,(Rf) of f by a constant on the circle |¢| = R in the norm of L,(0Dpg). We
shall denote K, (v, 7/2) by Kg (7).

Corollary 3.10. Let f be analytic on Dr with Rf € hp(Dgr), 1 < p < 0.
Then for any fixed point z,|z| = r < R, the inequality

ISAf(2)| < R™Y?Kg (r/R) Ep(Rf)

holds with the sharp constant

_ Y
K%,I(FY) - m,
and
_ =) L= g2ya-n/z Ve
Kap(v) = =5~ {2[1 Wdt}

e (p—1)/p
#(7) 2, \11/(2—2p) 2p—1 2n+1Y\ o,
=2 - SB(— T
27-[- { [ > (’Y)] o <2p _ 2’ 2 x (’7) )
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for 1 < p < oo, where () = (27)/(1 +~?) and B(u,v) is the Beta-function.
In particular,

o 2
Kop() = ey Kouoly) = = log

(1 -12) -y

Formulas for Kg p,(v) = Cg () for even and odd values of ¢ = p/(p — 1)
were given in Sect. 2.5.

3.6 Estimate for the oscillation of R{e’*f} and its
corollaries

In this subsection we obtain a sharp estimate for the oscillation of R{e f}
on a set G C Dg by the oscillation Ogpy(Dp) of the function Rf on the disk
Dpg. The following assertion holds.

Theorem 3.2. Let f be analytic on Dp with bounded Rf. Further, let G be
a subset of Dgr. Then for any real a the inequality

z2,6€G

sup [R{e"(f(2) = £(€))}] < % Ko (nglepcw,f)L a> Ons(Dr) (3.6.1)

holds with the sharp constant, where Ko (7, «) is given by (3.4.3), and

R(€ — 2)

V(z6) = —pm = (3.6.2)

Proof. Let £ be a fixed point of the disk Dg and let 2 = R({ — Rw)/(R —
¢w), |w| < 1.If f obeys the conditions of the theorem, the function

R(€ — Rw))

F(“’):f( (R—Ew)

is analytic in Dy and its real part is bounded in D;.
By Corollary 3.1, F(w) satisfies

[R{e"AF (w)}] < Koo (0], @) [[RF — ¢f|oo,

where K (7, ) is defined by (3.4.3). Hence, returning back to the variable
z, we find

[R{e™ (f(2) = FO)H < Koo (12(2,6)], @)[|RS = clloc, (3.6.3)

with ¥(z,€) defined by (3.6.2).
It follows from (3.4.3) that



52 3. Estimates with respect to the best Ly-approximation of Rf on the circle

Koo 4 1 5in?
9 (o) _ — (sm a2+coszo¢> > 0.
1—ov

Oy 7/ T-7%co2a
Since Koo(7,@) is an increasing function of v, the sharp inequality (3.6.1)
results from E(Rf) = Ory(Dgr)/2, and (3.6.3). O

In particular, for a set G, symmetric with respect to the origin, we arrive
at the following assertion.

Corollary 3.11. Let f be analytic on Dg with bounded Rf. Let G be a subset
of Dr such that z € G implies —z € G, and let diam G = 2d. Then for any
real o there holds

. 1 2dR
s |R{e(f(2) = ()} < 5 Koo (mv a) Oxs(Dr)  (3.6.4)

with the sharp constant, where K (v, a) is given by (3.4.3).
In particular,

z?;lepc: |Rf(2) —Rf(E)] < %arctan <%> Ox¢(Dr), (3.6.5)
s [31() - 97| < 2toe (55 ) OnsD) (309

and
sup |1() = (0] < 21og (375 ) OnslDw). (300

Proof. Since for some ¥ the point de®’ belongs to G, and

(a0 = R (]2 — 2R +[€P) (B~ |=P) (B> ~ [¢P)
ST BT ORERGE) 6P T R 2RPR(E) + [P

the maximum of [¥| on G x G is attained at z = de’”, & = —de™, i.e.
(R Y2 94R
(R2 =+ dz)z -

R% 4 d?’
which by Theorem 3.2 proves (3.6.4).
It follows from (3.4.3) that

_2dR N _ 4 (297 N8 an (2
“\mtaz ) 78\ Rre) " 7Y \R)

which together with (3.6.4) gives (3.6.5). Inequality (3.6.6) follows from (3.6.4)
and (3.4.3) with a(z) = 7/2. The estimate (3.6.7) results from(3.6.4) and
(3.4.3) combined with (3.4.18) and (3.4.19). O

/2 -
max [¥(z, )|
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Inequality (3.6.5) for the oscillation of the real part in the disk D,.,r < R,
was obtained by Neumann (see [70], p. 415). The estimate (3.6.6) with G = D,
for the oscillation of the imaginary part of the analytic function was found by
Koebe [52].

3.7 Variants and extensions

Next we derive some estimates which follow from Theorem 3.1 by conformal
mapping.

As in Sections 1.7 and 2.6, we assume that G is a bounded domain in C,
bounded by a Jordan curve. Given an arbitrary point £ of G, by z = &(w) we
denote a function which maps D; = {w € C: |w| < 1} conformly onto G so
that ¢(0) = &, and let w = ¥(z) denote the inverse mapping.

We keep the notation A¢ f(z) = f(z) — f(§), introduced in Chapter 1 and,
as before, write Af(z) instead of Agf(z).

3.7.1 Estimate of |R{e"*(*) A¢ f(z)}| by the supremum of |Rf(¢) —¢|
in a domain. Estimate for the first derivative

By f(z) we denote a function analytic in G with bounded Rf. Then
F(w) = f(?(w)) is an analytic function in D; whose real part is bounded
in Dl.

Let o be an arbitrary real-valued function in G and let ¥(w) = a(P(w)).
By Theorem 3.1,

[R{e” AR (W)} < Koo (|wl], 9(w)) A [RE(w) =,

where K (7, «) is defined by (3.4.3). Hence, returning to the variable z, we
find a generalization of (3.4.2)

R{“B A f(2)}] < Koo (17(2)], a(2)) sup [R7(C) = el (3.7.8)

Putting here a(z) = —arg A¢ f(z), we obtain

[Aef(2)] < Koo (1W(2)], —arg Aef(2)) Sup IRf(C) —cl.

Then we divide both sides by |z — &|, use (3.4.3) and ¥(§) = 0, and make
passage to the limit as z — £. As a result we obtain the inequality

A ()]

™

If (&) < Egglmf(é) — ¢ (3.7.9)

with the sharp factor in front of the maximum.
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Taking into account

. 1
min sup (RF(C) =l = 50ns (G),

where Ox¢(G) is the oscillation of Rf on G, by (3.7.9) we obtain

217" (€]

(€)1 < Oxs(G). (3.7.10)

3.7.2 Estimate of |R{e*(*) A f(2)}| by the supremum of [Rf(() — |
and an estimate for the first derivative in the disk

Let G = Dg and &(w) = R(£ — Rw)/(R — &w). Then

W(z) = R(§ — 2)/(R? = 2€)
and (3.7.8) implies

. Rlz —
IR{e P A f(2)}] < Koo (%, a(z)) sup [Rf(¢) —¢|. (3.7.11)
|R? — & KI<R
The last estimate coincides with (3.4.2) for £ = 0.
Now, the sharp estimate (3.7.9) takes the form
4R
[1'(2)] < sup |[Rf(C) — ¢, (3.7.12)

m(R? — |2?) <R
where z is an arbitrary point of Dg. A corollary of the last inequality

2R

If'(2)] < mow(DR) (3.7.13)

is a particular case of (3.7.10) for the disk.

3.7.3 Estimate of |R{e*(*) A f(2)}| by the supremum of [Rf(() — |
and an estimate for the first derivative in the half-plane

Consider the class of functions f analytic in the upper half-plane C; =
{z € C: 3z > 0} such that Rf is bounded in C,.

Given a fixed point £ € Cy, we map D; onto C, using the mapping
2z = (£ — &w)/(1 — w) whose inverse is w = (z — £)/(z — &).

The analogue of (3.7.8) for Cy is

RO A < Ko (F2 ) sup RAO -cl- (370

|z —¢|’ cecy
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Hence, in the same way as in Section 3.7.1, we obtain the inequality

()] < —— sup [RF(C) — (3.7.15)

Y
T3Z (eCy

with the sharp factor in front of the supremum, where z is an arbitrary point
in C+.
A direct corollary of the last inequality is the sharp estimate

|f'(2)] < é Oxt(Cy), (3.7.16)

where

Oxys(Cy) = s Rf(C) — ciélci Rf(C)-






4

Estimates for directional derivatives of
harmonic functions

4.1 Introduction

In the present chapter we deduce various estimates for directional derivatives
(in particular, for the modulus of the gradient) of harmonic functions inside of
a planar domain in terms of various characteristics of harmonic functions and
their directional derivatives in the domain or on the boundary. These inequal-
ities follow from the estimates for analytic functions obtained in Chapters 1-3.
Henceforth in this chapter we assume that a real valued function is defined on
a set of points z = (z,y) of the real plane, while a complex valued function
is defined on a set of points z = x + iy of the complex plane. However, the
sets in R? and in C, which differ in notations of points, will be denoted in the
same way.

In Section 4.2 we obtain sharp pointwise estimates for the gradient of a
harmonic function inside of a bounded domain G' C R? with Jordan boundary
in terms of certain characteristics of the function itself on G. Such character-
istics are the supremum of the increment, the supremum of the modulus of
the increment, and the oscillation of the function on G. Particular cases of
these estimates are given for the disk Dg. Similar sharp inequalities are given
for the upper half-plane R% = {(z,y) € R* : y > 0}.

In particular, we show that for any harmonic function v in Dr and any
point z € Dp the sharp estimates hold

2R
[Vu(z)| < P \?\ILPR{U(O —u(2)},

4R
[Vu(z)| < m |§|11<PR [u(¢) — u(z)],
Vu(2)] € — i 0,(Dp),

T (R - [2?)
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where O, (Dpg) is the oscillation of a function u defined on Dg. As corollaries of
sharp pointwise estimates for the gradient inside of the disk, we obtain precise
interior estimates for the gradient of a harmonic function in any bounded
domain.

Section 4.3 contains sharp estimates for the directional derivative of a
harmonic function inside of a domain stated in terms of certain character-
istics of the derivative with respect to any fixed direction on the boundary.
These inequalities imply sharp estimates for the modulus of the increment of
the gradient with right-hand sides containing different characteristics of the
derivative in the domain with respect to a fixed direction. In particular, we
obtain the sharp estimates

Vi)~ ue) < ik N {6u<<> . au(@}?

A-2—¢ cem | 00 O

du(C) _ du(§)

ol ol

I

. 2, (l=dtl-g
vute) V) < Zos ([Tt ) s

where z,& € RZ, and / is an arbitrary fixed unit vector.

Section 4.4 is devoted to estimates for directional derivatives and, in partic-
ular, for the gradient of a harmonic function in the disk. We show, for instance,
that a harmonic function u with bounded directional derivative du/0l in D
obeys the following sharp inequality at any point z with |z| =r < R

2R R+r
< —1
Vulz)l < mr o8 <R—r> ‘

Ou
ol

o0

where [ is a unit vector such that the angle between [ and the radial direction
is constant. In particular, [ can be directed either normally or tangentially to
ODpg. A related theorem from Hile and Stanoyevitch [44] states that |Vu(z)]
has logarithmic growth as z approaches the smooth boundary G of a bounded
domain G under the assumption that the boundary values of a harmonic
function are Lipschitz.

4.2 Interior estimates for derivatives in a domain

In this section we are concerned with sharp or improved pointwise interior
estimates for the gradient of a harmonic function formulated in terms of some
characteristics of the function.

In the next assertion we assume that G is a bounded domain in R?,
bounded by a Jordan curve. By & we denote an arbitrary fixed point of G. Let
z = @(w) be a conformal mapping of D; = {w € C: |w| < 1} onto G such
that ¢(0) = £ and let w = ¥(z) stand for the inverse mapping.
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Given harmonic function u in G, we put f'(z) = uj, — iuy in (1.7.3),
(2.6.11), (3.7.9) and (1.7.5), (2.6.13), (3.7.12). The result is contained in the
following assertion.

Corollary 4.1. For any harmonic function v in G and any real constant c
the inequalities

IVu(§)| < 2[#'(§)] sup{u(C) — u(§)},
Ceq

Vu(©)] < = 1#(€)]sup u(C) ~ u(c)], (12.1)
cec
IVul©)] < = 19(€)] sup u(c) ¢ (422)
ceG
with the sharp coefficients hold. In particular, for any z € Dg,
2R
[Vu(z)| < R |§|11<PR{U(C) —u(z)}, (4.2.3)
4R
[Vu(z)| < (=P |?|U<PR [u(¢) — u(z)], (4.2.4)
Vuz) < —2  sup Ju(¢) — . (4.2.5)

(R~ [2?) ¢|<r

As a particular case of (4.2.5) one has

2R
[Vu(z)| < m

Now, let G be a bounded domain in R2, z € G, and let d, = dist(z, 0G).
According to Protter and Weinberger ([76], Chapt. 2, Sect. 13),

Ou(Dp). (4.2.6)

2
0@ (4.2.7)

for any harmonic function u in G, where O, (G) is the oscillation of the func-
tion u on G.

[Vu(z)] <

The estimate (4.2.7) can be improved. This simple application of inequality
(4.2.6) is given in the next assertion.

Corollary 4.2. Let z be a fized point in a bounded domain G C R?, and let
n be a point on OG for which |n — z| = d,. Further, let R be the radius of
the largest disk lying entirely in G with center on the straight line L passing
through z and n. Then, for any harmonic function u in G

2R

Vel = S eR =)

Ou(G). (4.2.8)
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The last estimate follows from (4.2.6) with |z| = R —d,, R > d., and the
inequality O, (Dgr) < O,(G). We note that the factor
2R
m(2R —d,)

before 1/d, in (4.2.8) tends to 1/m, as z — 1, z € L, whereas the similar
coefficient in (4.2.7) is equal to the constant 2/7.

Analogously, from (4.2.5) we obtain the interior estimate for the gradient

4R
[ —
[Vu(z)| < AR —d) sgplu\,

where z € G and w is harmonic in D. The last inequality is a refinement of
the estimate

2
[Vu(z)| < 7 Sup [ul (4.2.9)
z G

which can be found in Gilbarg and Trudinger ([38], Ch. 2, Sect. 2.7). We note
also that (4.2.3) implies

2R
Vel < g gm— g Lo~ ()}

which improves the inequality
2
[Vu(z)| < —{ supu — u(z)} (4.2.10)
dz G
(see [38], Ch. 2, p. 29).
Putting f'(2) = u}, — iuy in (1.7.7), (2.6.15) and (3.7.15), we arrive at

Corollary 4.3. For any harmonic function u in ]R?F and any real constant c
the sharp inequalities

Vu(z)| < & sup {u(¢) - u(2)},
Y cer
Vu(2)] < %, s ) =)L
[Vu(z)| < %y gséuR% |u(¢) — ¢ (4.2.11)

hold at any point z = (z,y) € R%.
As a particular case of (4.2.11) one has

1 2
<
V()] < = Ou(®S)

2
for every z € R%.
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4.3 Estimates for directional derivatives with constant
direction

In this section we reformulate inequalities for analytic functions obtained in
the three preceding chapters for directional derivatives of harmonic functions.

We are going to present sharp estimates for the increment of the directional
derivative and the gradient of a harmonic function inside of a domain in terms
of various characteristics of directional derivatives.Within this section by £y
we mean a unit vector at an angle ¥ with respect to the z-axis.

In the next statement we assume that G is a bounded domain in R?,
bounded by a Jordan curve. Putting a(z) = o = const and

g (Ou  Ou
=P [ — —i— 4.3.1
s = (G -ig) (43.1)
in (1.7.1), (2.6.10) and (3.7.8), and using the equalities
max Coo (7, @) = max Koo (7, ) = 2 log 1y
« o m 1—7v

(see Corollaries 2.4, 3.6), we arrive at

Corollary 4.4. For any harmonic function u in G any real constant ¢ and
any points z,€ € G the sharp inequalities

du(z)  du(§) - 2|¥(2)] (1 —|¥(2)|cosa) sup {3u(§) 8u(£)}
ceq

oy Oloarp — 1—[w(2)2 s Ol

‘ Ou(z) _ du(§)

< COO(W(,Z)\, a) sup

Ou(¢) _ du(§) ‘ 7

Morp  Oloig cec| 0l 9l
Ju(z)  Ou(§) du(C)
—_\ NN <« Z A
s | < K (PO ) sup | o

hold with arbitrary constants a, 3 and the coefficients Coo(7y, ), Koo(7, @)
defined by (2.4.2) and (3.4.3), respectively.
In particular,

20 (2)] u(¢)  du(§)
[Vu(z) — Vu(§)] < T ()| ?28{7 Y, }7

du(C) _ du(§)
¢ ¢

—Vu g O, M su
[Vu(z) — Vu(g)] < Fl g(l— \W(Z)\> Ceg

. (43.2)
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du(C)
ot

[Vu(z) — Vu()] < 2 log <1 + W(Z)‘) sup -/, (4.3.3)
™ CeG

1—[o(z)]

where £ is an arbitrary fized unit vector.
As a particular case of (4.3.3) one has

1+ [2(2)]

1
Vute) - vate) < 1og (121

) Oauyoe(G).

Remark 4.1. Each inequality in Corollary 4.4 can be written, in particular,
for the disk Dg and an arbitrary point £ € Dg. We arrive at corresponding
estimates putting &(w) = R(¢ — Rw)/(R — &w) and setting ¥(z) = R(& —
2)/(R? — 2€) in Corollary 4.4. For example, inequality (4.3.2) takes the form

- R cl) 240 240
|R? — 2€| = RI§ — 2| ) 1c|<r| OC ot |

|[Vu(z) — Vu()| < %log (

Next we write explicit sharp estimates for the increment of the directional
derivative and the gradient of a harmonic function in the half-plane. Putting
a(z) = a = const and combining (4.3.1) with (1.7.6), (2.6.14), and (3.7.14)
we obtain the following assertion.

Corollary 4.5. For any harmonic function u in Ri , any real constant ¢ and
any z,& € Ri the sharp inequalities

ou) _ oulg) _ 2 —el(lz 8 |~ Eeosa) oue) _oute)),
Cer?

ovp  Olatp — |z =€) — |2 — €2 % s

' du(z)  Ou(e)

<C. <|zf§|7 a> sup | 249 OU(é)'7
|z = ¢ CeR%

Morp  Oarp g g
‘8u(2) _ou@) ] Ko <Iz7§|7 a) sup Iu(Q) 70’
Olatp  Olatp |z =€ cer2 | Olp

hold with arbitrary constants «, 3 and the coefficients Coo(7, @), Koo(7, @)
defined by (2.4.2) and (3.4.3), respectively.
In particular,

[Vu(z) = Vu(§)] <
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B 2 |Z—E|+\Z—€|) o [0u(Q)  du(§)
[Vu(z) = Vu(§)] < ~log <|Z T e—e) 2 | 50 |
- 2 M) ap [24€) _ ‘
[Vu(z) — Vu(g)] < - log <|Z e o 50 cl, (4.3.4)
where £ is an arbitrary fized unit vector.
As a special case of (4.3.4) one has
[z — €l + |2 — ¢

[Vu(z) — Vu(&)] < %log < > Oau/gg(Ri).

2 =€l = |z = ¢

4.4 Estimates for directional derivatives with varying
direction

Here we collect another group of sharp inequalities for directional derivatives
of functions harmonic in a disk. Unlike estimates in the previous section,
we take directional derivatives on the boundary in the directions having a
constant angle with respect to the radial vector.

In this section we put «(z) = a = const. By Iy we denote a unit vector
having a constant angle ¥ with the radial direction. As before, we use the
notation |z| = r.

The corollary below is based on an inequality for analytic functions ob-
tained in Section 1.4. This assertion contains an estimate of the directional
derivative of a harmonic function in the disk Dg by the maximum of the di-
rectional derivative on 0Dpg. The direction vector in question has a constant
angle with the radius.

Corollary 4.6. Let u be either a harmonic function on Dg in C* (DR), or a
harmonic function on R2\Dg in C1(R?2\Dg). There hold sharp inequalities

du(z) _ 2R(R —rcosa) ou
< max ——,
Olovs — R? —r2 oDg Olg

r <R, (4.4.1)

du(z) _ 2R%(r — Rcosa) ou
< max ——,
8la+g - 7‘(7’2 — RQ) ODg alg

r>R, (4.4.2)

where lg can be directed, for instance, either normally or tangentially to 0Dp.
In particular

2R ou

< —_
Vel < 7= 38 i,

r <R, (4.4.3)
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2
Vu(z)| < 2R ou

R — — . 4.4.4
S r-m e,y "R (44.4)

Proof. Inequality (4.4.1) can be deduced from (1.4.10) by putting

£ = (e —igh ).

5 iy (4.4.5)

where 8 € [0,27] and v is a harmonic function on Dg in C'(Dg). It fol-
lows from the sharpness of the constant in (1.4.10) that the factor 2R(R —
reosa)/(R? —r?) in (4.4.1) cannot be diminished.

Let u(z) be a harmonic function on R?\Dg in the class C'(R?\Dg). By
2* € Dy we denote a point symmetric to z with respect to the circle 9Dg: z* =
R?/ z. The Kelvin transform of u(z) is u*(2*) = u(R%2*/|2*|?). Let (r, ) and
(r*, ) be polar coordinates of z and z*, and let a(r, p) = u(z), @*(r*, ) =
u*(z*). Since u(r, p) = 4*(r*,¢) and rr* = R? we have

a () = w(R*/r*, o).
This implies
ou* 1 ou* r? 0u r Ou

— _ﬁaer—k ﬁ%ew

VU*(Z*) — o e + 'r_* 890 e, =

and therefore

wiey T2 [ 00 104

Let n = (n1,7m2), |n| = 1 and let the unit vector nie, + n2e, form a constant
angle § with the radial direction, i.e. nie, +mn2e, = lg. Thus, —nie, +12e, =
lr—p and by (4.4.6)

ou*(z*)  r? (0u 10a 12 Ou(z)
Oy 22l (E m +  0p 772) iy} dly (4.4.7)
Therefore
ou*(z*) _ Ou(z)
alﬂ—_ﬁ r*=R B alﬂ r:R' (448)
By (4.4.1)

ou*(z*) _ 2R(R —r*cosa) ou*(z*)
< max .
8la+ﬂ—_ﬁ - R?Z — 7‘*2 ODRr 3177_5

This and (4.4.7), (4.4.8) imply

r?2 Qu(z) _ 2R(R—r*cosa) Ou(z)
r < .
R Olg_o = RE—12  obn 0Ol
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Replacing here o by —a and using 7r* = R? we arrive at (4.4.2) with the
sharp constant.
Inequalities (4.4.3), (4.4.4) follow immediately from (4.4.1), (4.4.2). O

Using the equality
ou(z) ou(z)

Olnrg  Oly
and putting 7+ « in place of « in (4.4.1) and (4.4.2), we obtain the following
lower estimates for the directional derivative

ou(z) > _ 2R(R + rcosa) ax %7
ala+ﬁ R2 — 7‘2 ODR 8[5

r <R, (4.4.9)

ou(z) S 2R%2(R+rcosq) Ou
- max —
alaJrﬁ - 7’(7‘2 — RQ) 9DR alg ’

r>R. (4.4.10)

Setting & = 0 in (4.4.1), (4.4.2) and (4.4.9), (4.4.10), we get the two-sided
estimates

2R a ou < ou(z) < 2R e, ou
max — ——— max —
R—r ODRr 8l5 - 8lﬁ - R+’I” ODgr 8[/@7

r <R, (4.4.11)

2 2
2R ou < ou(z) < 2R Ou

e LN o O e 1412
R SN a, S e, SrRen) g, o @41

Similarly, putting o = 7/2 in (4.4.1), (4.4.2) and (4.4.9), (4.4.10), we
obtain

2R? ou

ou(z)
— 4.4.1
‘azgw = R 2 obx aly’ r<H& (4.4.13)
Ou(z) 2R? ou
— . 4.4.14
‘8l§+ﬂ ~r2-R? 15132(615’ r> R ( )

All inequalities (4.4.9)-(4.4.14) are valid under assumptions in Corollary 4.6.

The next assertion is based on inequalities for analytic functions derived
in Sections 2.3-2.5. We give an estimate of the directional derivative of a
harmonic function inside or outside the circle 9D by the L,-norm of the
directional derivative on 0Dg.

Corollary 4.7. Let u be either a harmonic function on Dg with

R{ze (ul, — iuy,)} € hy(Dr)
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or a harmonic function on R2\Dg with
R{ze (ul, — iuy,)} € hy,(R*\Dg),

1 <p < 0. There the sharp inequalities

(P—l)/P
ou(z) | R , r <R, (4.4.15)
8la+5 r 8[5

(,,,1)/,,
Oulz)| . R : r>R, (4.4.16)
6la+[3 T 6[[1

hold, where the coefficient Cp(7y, c) is given by (2.2.3). Here lg can be directed,
for instance, either normally or tangentially to 0Dg.
As particular cases of (4.4.15) and (4.4.16) one has

Vulo)| €~y H | (1.4.17)
|Vu(z) 1/ 7742 Halg (4.4.18)
2R R+r
<
[Vu(z)| < o log< ) Halg (4.4.19)
forr <R, and
R |
< — 4.
[Vu(z)| < " R2 Hf)lﬁ (4.4.21)
2R r+R
< — 4.
vaz) < 2o ( el (1.422)

forr > R.

Proof. Applying inequality (2.2.1) to the function

i Oou . Ou
P = (e -ig).
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we obtain

(4.4.23)

‘ u(2)
Olars

< Cp(2,0) R || Ou
|| As

p
Taking into account (2.2.2) and (2.2.3) we arrive at inequality (4.4.15).

Now we pass to the case of a harmonic function outside a disk. Keeping
the notation used in Corollary 4.6 and replacing 3 by © — 8 in (4.4.23) we get

' ou*(z*) ‘ < Cp(z*,0) R H ou*
Oloyr—p| ™~ |2*] Olx_p p7
which together with (4.4.7) and (4.4.8) implies

i ou(z) < Cp (2", a) R || Ou

R? 8lg_a ‘Z*‘ 8[5 »

Using the relation C,(z, —a) = Cp(z, ), proved in Proposition 2.1, and the
equality r7* = R? we rewrite the last inequality as

. (4.4.24)

Ou(z)
alﬁ+a

< Cp (2", a) R || Ou
- Ol

P

Using again (2.2.2), (2.2.3) and the equality rr* = R? we deduce

. 1 R
Cp (Z ,Oz) = ch (?,a) .

Combining the last equality and (4.4.24) we arrive at (4.4.16).

Sharp inequalities for the gradient (4.4.17), (4.4.18) and (4.4.20), (4.4.21)
follow directly from (4.4.15), (4.4.16) and (2.3.3), (2.3.9) together with (2.2.2).
Finally, sharp estimates (4.4.19), (4.4.22) result from (4.4.15), (4.4.16) to-
gether with relation (2.4.21). O

Putting o = 0,p = oo in (4.4.15), (4.4.16) and using (2.4.2) we obtain the
sharp estimates

du(z)| 4R r || Ou
< — — —
8lg - o7r arctan (R) ' 8!5 oo’ r<&
ou(z)| 4R R\ || Ou
< — — — . 4.4.2
oy | S arctan(r>HalB K r>R ( 5)

Note that the constant in (4.4.25) does not exceed the unity, hence |Ou/dlg]
obeys the maximum principle outside the disk.
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For a = 7/2 the constant Cp(vy,7/2) = Cg () in (4.4.15) and (4.4.16)
was found in Section 2.5. In particular, from (4.4.15), (4.4.16) and (2.4.2) we
obtain the sharp inequalities

ou(z) S%I R+r r <R,
al%+ﬂ T alﬂ
ou(z) < %1 T+ R v R
al%+g T alﬁ
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Estimates for derivatives of analytic functions

5.1 Introduction

In Chapters 1-3 we derived estimates (1.7.5), (2.6.13), (3.7.12) for the modulus
of the first derivative of an analytic function in the disk Dr with sharp factors
in the right hand-sides. In particular, the estimate

4R
"(2)] € —=5——5- sup |R —c
and its corollary
PG € e Ony(Dr)
I FD R

are closely related to the questions we address in the present chapter. Here we
obtain sharp pointwise estimates for the modulus of higher derivatives of an
analytic function f in the disk Dg. The right-hand sides in these estimates
involve the L,(0Dpg)-norm of the real part of the difference of f and a polyno-
mial. Similar sharp estimates with the L, (8Dg)-norm of | f| in the right-hand
side were obtained by Makintyre and Rogosinski [68] and Szdsz [85].

We mention some known estimates for [f("(0)|,n > 1. If the real part of
f is positive in Dg, then the following Carathéodory inequality holds

F™(0)] < %W(O) (5.1.1)

(see Carathéodory [23]). Another known estimate

n 2n!
PO = Zr max R{/(Q) - (0)} (5.12)

for functions f analytic on Dy (see, for example, Holland [46], Ch. 3, Ing-
ham [49], Ch. 3, Rajagopal [77]), is closely connected with the Carathéodory
inequality (5.1.1) and the Landau inequality
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F™(0)] < 22 ax {|£()| — [£(0)|} (5.1.3)

R" cI2R
(see Landau [61], I, § 4, pp. 33-34). Namely, the Carathéodory inequality
and the Landau inequality are corollaries of (5.1.2). Indeed, replacing f by
fei® in (5.1.2), estimating then R{f(¢)e*®} by |f(¢)| and using the equality
max{e?“Rf(0) : « € R} = |f(0)] we deduce (5.1.3). Further, setting —f in
place of f in (5.1.2) we obtain

o)< 2 ‘Igr‘laﬁéﬁ{f 1}, (5.1.4)
which implies (5.1.1) whenever Rf(¢) > 0 for |¢(| = R. Another proof of
(5.1.1) is given by Aizenberg, Aytuna and Djakov [4]. For sharp estimates of
[f (2)|/Rf(2), where f is analytic in Dy with Rf > 0 see Ruscheweyh [81],
Yamashita [88].

Among estimates of |f(™)(2)| by values of Rf on the circle |¢| = R, there is
a corollary of the Hadamard-Borel-Carathéodory inequality (1.1.3) (see, e.g.,
Holland [46], Ch. 3, Titchmarsh [86], Ch. 5)

2R max {RF(C) +1£(0)]} (5.1.5)

IF(2)] < R=ryit

where |z| =r < R,n > 1, f is an analytic in Dg and Rf € C(Dp).
We note also that the inequality

n! [Ms(R)? — |£(0)2
R" M;(R) ’

IF0)] < &= (5.1.6)

with f bounded on D and M;(R) being the supremum of |f(z)| on D, was
obtained by Landau (see [59], pp. 305-306) for n = 1 and by F. Wiener (see
Bohr [17], Jensen [50]) for all n. A proof of (5.1.6), different from that given
by Wiener was found by Paulsen, Popescu and Singh [72]. A generalization of

(5.1.6) is due to Jensen [50].
As corollary of (5.1.6), Rajagopal [78] obtained the inequality

R [Ms(R)2—|£(0)2
(R—r)ntt M;(R)

1F™(2)] < (5.1.7)
for derivatives in any point z € Dg. Another direction of generalizing (5.1.6)
is related to the following so called invariant form of Schwarz’s lemma due to
Pick (see Garnett [37], Ch. 1, § 1 and Jensen [50], Lindeldf [63]):

: R MR 1))
'l < s ME)

(5.1.8)

The following sharp estimate for derivatives of f at an arbitrary point of Dg,
which includes (5.1.6) and (5.1.8),
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n!R (Ms(R)]? = |f(2)
R+ (R—r)" M;(R) ’

F(2)] < (5.1.9)

is due to Ruscheweyh [82] who applied classical methods. A different approach
to Schwarz-Pick type estimates and their generalizations was worked out by
Anderson and Rovnyak [10], Bénéteau, Dahlner and Khavinson [12] as well as
by MacCluer, Stroethoff and Zhao [65]. Extensions to several variables can be
found in the articles by Bénéteau, Dahlner and Khavinson [12] and MacCluer,
Stroethoff and Zhao [65].

In the present chapter, we consider analytic functions in Dg with the real
part in h,(Dg), and obtain estimates with sharp constants for | (™) (2)[,n > 1,
z € Dpg, formulated in terms of various characteristics of Rf on the circle
|¢] = R. As before, |z| =r < R and ||- ||, denote the Ly-norm of a real valued
function on the circle |¢| = R, where 1 < p < cc.

In Section 2 of this chapter we find a representation for the best constant
in the inequality
[F (@) < Hap(IRLF = Prn}lps (5.1.10)

where n > 1, and Py, is a polynomial of degree m,m < n — 1. From (5.1.10)
we obtain estimates with right-hand sides containing the best polynomial
approximation of ®f on the circle || = R in the L,(0Dg)-norm

7™ ()] < Hop(2) En1,p(RS) (5.1.11)

with n > 1. Here and henceforth

Eyp(RS) L IR{S = Pilp,

p
where the infimum is taken over the set {;} of all polynomials of degree not
higher than k.

In Section 3 we find the values H,, ,(0) for 1 < p < oco. For instance,

! nl 4n)!
Hn,Q(O) = W7 Hn,oo(o) = Tar.

Hn,1(0) = oy TEn

Section 4 concerns corollaries of inequality (5.1.10) for p = 1. First, we

prove the equality
n!

(R —r)nt’

where |z| = r < R. From (5.1.10) with p = 1 and m = 0 we deduce the sharp
estimate

H'n,l(z) -

2n!Rn+1 sup R{f(¢) - £(0)}, (5.1.12)

(n) et
SIS Gy S,
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where n > 1, and z is a fixed point of the circle |z2| = r < R. The last
inequality can be viewed as a generalization of the real part theorem (1.1.1)
to higher order derivatives. We also show that the sharp constants in (5.1.5)
and (5.1.12) coincide. For other proofs of (5.1.12) see Ingham ([49], Ch. 3)
and Rajagopal [77].

Similar sharp estimates are obtained when the right-hand side of (5.1.12)
involves the expressions

sup {|Rf(O)] = [Rf(0)]}, E&DR{If(C)I—If(O)\},

ICI<R

as well as Rf(0) provided that Rf(¢) > 0 for |{| < R. As particular cases,
the estimates just mentioned contain the Landau inequality (5.1.3), and the
Carathéodory inequality (5.1.1).

The lower estimates for the constants in (5.1.12) and above mentioned
similar estimates are obtained with the help of a family of test functions
which are analytic in Dg.

In Section 5 we deduce corollaries of (5.1.11) for p = 2. In particular, we
show that the inequality (5.1.11) with p = 2 holds with the sharp constant

1 r
Hoo(2) = mmerya e (%)
where 1/2
Hy,2(v) = . {i (”)27%}
n, = _ ~A2)(2n+1)/2 ’
V(1 —A2)@nt/ k=0 g
and

nof(k) k
Ena(Rf) = Hg}e{f_ Z%}
k=0 :

In Section 6 of the chapter, we deduce corollaries of (5.1.11) for p = oco.
They contain an estimate for |f(™)(z)| formulated in terms of

2

Onnr(Dr)= inf Oxrr_py(DRr),
=7(Dr) Pel?%} w{f—P}(DR)
where Ox¢(Dpg) is the oscillation of Rf on the disk Dp.
5.2 Estimate for |f™ (z)| by ||R{f — Pm}||p- General

case

In the sequel, we use the notation

EopRf) = inf |R{f =P}l (521)
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for the best approximation of $tf by the real part of algebraic polynomials in
L,(0Dg)-norm, where {9,,} is the set of all polynomials of degree at most
m. The notation E,(Rf), introduced previously, coincides with Eq ,(Rf).

In what follows by P,, we denote a polynomial of degree m.

The following lemma will be used in the next chapters, in particular, in
the proof of the main assertion of this chapter.

Lemma 5.1. Let f be analytic on Dr with Rf € hy(Dr),1 < p < co. Then
for all real o and for any point z € Dgr there holds

wes @y =2 [ w{ R, 622

where n > 1, and

i n _ n! Cn+1_(<—_z)n+l i
R{ci® Af )(z)}_ﬁ/C:R%{ e }S%f(g)|d§|, (5.2.3)

where n > 0.

Proof. Differentiating with respect to the parameter z in the right-hand side
of (1.3.1) we obtain

(n) _ L‘ 4
1@ =75 e T MOl (524

which leads to (5.2.2).
By (5.2.2), for n > 1 we have

n! <n+1 _ (C _ Z)nJrl
R
{ (¢ —z)ntien

In view of Lemma 1.1, the last equality, i.e. (5.2.3), holds also for n =0. O

R{e™(f)(2) = f™(0)} =

= ol R dg|.
=y e L Rr(© 1

We introduce the notation
eia
gn,z,a (C) = 3% { @E-W} 5 (525)

where |{| = R, |z| < R and « is a real constant.

The main objective of this section is

Proposition 5.1. Let f be analytic on Dr with Rf € hp(Dgr),1 < p < 0.
1 < p < 0. Further, letn > 1, and let Py, be a polynomial of degree m < n—1.
Then for any fized point z,|z| = r < R, the inequality

[FO ()] < Hugp (2)|RLS = P}l (5.2.6)
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holds with the sharp factor

1 r
Hyp(z) = WHn,p (E) ) (5.2.7)

n! (et
Hyp(y) = - Sup {/|<|—1 %{W}

and 1/p+1/q=1.
In particular,

where

q 1/q
IdCI} ; (5.2.8)

[F™(2)] < Hip(2) En—1,p(RS). (5.2.9)

Proof. Using Lemma 5.1 and notation (5.2.5), we have

n!
IfM (@) = — sup/ Gz (C) RF(C) |dCI. (5.2.10)
TR o Jicl=r
The last equality implies the representation
n!
Hap(2) = 5 sup[Gn.z.ally (5.2.11)

for the sharp constant H, ,(z) in
17" ()] < Hop (2[R - (5.2.12)

Suppose 1 < p < co. The case p = 1 (¢ = o0) in (5.2.11) is handled by
passage to the limit.
Representation (5.2.11) can be written, in view of (5.2.5), as

ol gef
Hnol) = 2R 5P {/m:R " e )

We rewrite this representation to have it in the form stated in Proposition.
Setting z = 7e'7,£ = Re®t o =t — 7 in (5.2.13), we obtain

nl 2+
S
nl o
e
n!
~swr

q 1/q
|d§} . (5.2.13)

q 1/q
Rdt}

q 1/q
Rd(p}

q 1/q
a)”

o Retteis
(Reit — peim)ntl

5 Reivei(B—nT)
(Reiap _ 7«)7z+1

Cei(,@—nr)
" { (e }
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where ( = Re'¥. Putting here o = 3 — n7 and using 27-periodicity of the

resulting function in «, we find
n! (et
o= ol [ (o
n,p TR o Ic|=R (C _ T)n+l

Adopting the notation

! i
Hup(v) = %Sgp {/q_l %{(Cfeﬁ}

where v = r/R, we rewrite (5.2.14) as

q 1/q
|d§} . (5.2.14)

q 1/a
|d(} , (5.2.15)

1 r
Hools) = o ().

which together with (5.2.15) proves (5.2.7) and (5.2.8).
Replacing f by f — Py, with m <n—11in (5.2.12), we arrive at inequality
(5.2.6), which leads immediately to (5.2.9). O

5.3 Estimate for |f(™(0)| by ||[R{f — Pm}lp

The following assertion contains an estimate for |f(™(0)| with explicit sharp
constant as a consequence of the representation for H, ,(z) given in Proposi-
tion 5.1.

Corollary 5.1. Let f be analytic on Dr with Rf € h,(Dgr),1 < p < 0.
Further, let n > 1, and let Py, be a polynomial of degree m <n — 1. Then

1F(0)] < Hap(OIRLS = P}l (5.3.1)
and the exact constant Hy, ,(0) is given by

n!

TR for p=1,
_ (p—1)/p
H, ) (0) = 9(p—1)/pp) r (22—,;)
WP T ) A1)/ (2p) Rt 1) /p I (3p_2) for 1<p< oo,
2p—2
4n!
ﬂ;n for p=o0

In particular,
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n!
= JrR@D2

As a special case of (5.3.1) one has

Hn,2(0)

|F(0)] € Honp(0) B p(RF). (5.3.2)

Proof. Inequalities (5.3.1) and (5.3.2) are particular cases of (5.2.6) and (5.2.9)
for z = 0, respectively. We derive explicit formulas for H, ,(0).

From (5.2.8) with p = 1 it follows that

eia
R <—>‘ = sup sup
¢ Cl=1 o

and, by (5.2.7), we obtain

H, 1(0) = sup sup
a |¢l=1

el 1
%(—)‘: sup —— =1,
¢ lcl=1 I¢|™

n!

HnJ(O) = W

For 1 < p < oo, by (5.2.7) and (5.2.8) we have

o ()
(&

p/(p=1) (p=1)/p
|d¢ } :

n!
Hypp(0) = —————su /
»(0) 1 R(np+1)/p ap{ cl=1

Putting here ¢ = e’ we find

ol 27 1) (p=1)/p
™ (o -1
Hosl) = s [ leosta—np 0 Vap L (533)

Changing the variable ¥ = a — ny in the last integral, we obtain

27 a—2nm
1
[ teosta—ng) @ Dap =~ [ easip0—ay
0 nJa

1 a 1 2nm
—/ | cos I[P/ P~V gy = —/ | cos 9[P/ P~V
a nJo

n —2nm

27 /2
:/ |c0s19\p/(p_l)d19 = 4/ (cosﬁ)p/(p_l)dﬂ.
0 0

Taking into account the equality

gives
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2(p—1)

on 1—1( 2p—1 )

| Teosta = mo)p/-Dap =2/ —TE0L,

0 I’( 3p—2 )
2(p—1)

which together with (5.3.3) implies

. r (22(2:})> (p—1)/p
r(

2?5:%)

n!

Hp(0) = e

In particular,

Hn2(0) = A3/AREn+1)/2

V2n! {F(3/2)} v n!
F(2) ﬁR(2n+1)/27

2! I'(1) 4n!

HnoeO) = g P ) ~ nl

5.4 The case p = 1 and its corollaries

5.4.1 Explicit estimate in the case p =1

In this section, we deal with inequality (5.2.6) for p = 1 and its consequences.
First we derive an explicit representation for H, 1(z).

Corollary 5.2. Let f be analytic on Dr with Rf € hy(Dg). Further, let
n > 1, and let P, be a polynomial of degree m < n — 1. Then for any fized
point z,|z| = r < R, there holds

[F(2)] € Hop ()IR{F = P}l (5.4.1)

with the sharp constant

n!

anl(z) = W

(5.4.2)

In particular,
[F(2)] € Ho1 (2) Ene11(RS)- (5.4.3)

Proof. Inequalities (5.4.1) and (5.4.3) are particular cases of Proposition 5.1.
Representation (5.2.11) for p = 1 can be written as
n! Cel
Hn,1(2) = —5 sup sup |R {7}‘ (5.4.4)
TH o |¢=r (C—2)ntt
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Permutating the suprema in (5.4.4), we obtain the equality

n! Cete n! ¢
Hp,1(z) = — sup sup %{7}‘:—sup —
1(2) TR |¢|=R « (¢ —z)ntt TR =g | (( — 2)" !
which proves (5.4.2). O

The next four assertions contain corollaries of inequality (5.4.1). They are
obtained in the following manner.

We put for brevity w = RPy(z). Letting first m = 0, we put in (5.4.1)
successively

w= sup Rf((), w= sup [Rf(()], w= sup |f({)],

[CI<R [CI<R [CI<R

and arrive at inequalities for derivatives of an analytic function with right-
hand sides

sup RAF(C),  sup ARF(Q)],  sup Alf(C)],
I¢I<R <R I¢I<R
respectively.

The first of the resulting inequalities has the same right-hand side as that
in the Hadamard-Borel-Carathéodory inequality (1.1.2). It can be viewed as
a generalization to derivatives of Hadamard’s real part theorem (1.1.1). We
shall also obtain a sharp constant in the related estimate (5.1.5).

The second inequality we shall get is similar to the third which contains
the Landau inequality (5.1.3) as a particular case.

Besides, we obtain estimates for derivatives of an analytic function subject
to the condition R f(¢) > 0 for ¢ € Dg with Rf(0) in the right-hand side. Such
inequalities generalize the Carathéodory inequality (5.1.1). We show that all
inequalities we get are sharp.

5.4.2 Hadamard’s real part theorem for derivatives

The estimate for | (™) (z)| with n > 1 below contains the value

sup Rf(C) —Rf(0)

[CI<R

in the right-hand side. In particular, for f(0) = 0, this inequality generalizes
the Hadamard’s real part theorem (1.1.1) for derivatives.

Corollary 5.3. Let f be analytic on Dgr with Rf bounded from above. Then
for any fized z,|z| = r < R, the inequality holds with best constant

il RAF(O), (5.4.5)

(n) _oaer
e < (R=7)"1 <R
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where n > 1.
In particular, for functions f vanishing at z = 0, the inequality

|
2 RF(O) (5.4.6)

") (4
DS gy

holds with the sharp constant.
Proof. 1. Proof of inequality (5.4.5). By Corollary 5.2,

n!
7(p— ryntt IRf = wllL,0p,): (5.4.7)

) (4
<

where p € (r, R), w is a real constant and n > 1.
We set
w=As(R) = sup Rf(()
ICI<R

in (5.4.7). Since, by the mean value theorem,
RS~ ArB)llsonn = [ (AR) = RIO} 1
=p

=2mp{A;(R) — Rf(0)} = 2mp sup RAF(C),(5.4.8)

it follows from (5.4.7) that inequality

(n) _ by RA
I (2)] < DG |§|u<pR 1)

holds, where n > 1. Passing to the limit as p T R in the last inequality, we
obtain (5.4.5).

2. Sharpness of the constant in inequality (5.4.5). Consider the family of
analytic functions on Dp

fe(2) = (5.4.9)

where ¢ is a complex parameter, [£] > R.
We are looking for max{RAf¢(2) : |2| = R}. Putting £ = pe'™, 2 = Re®

we find ¢ " (Ro-t oy
) _ _ p@ZT e it _ pe—z‘r
wiie =w{ S p =i )

that is

~ (cosp—1)
Rie(z) = 75— —— oot 7 (5.4.10)
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where v = p/R, ¢ = t — 7. Hence, taking into account that v > 1 we obtain
(cosp — )
RA = —— 41
max RASe(2) = max, { 1= 2ycosp+72 }

1 1—72 1 R
= — max 1+ = = .
2 0<p<2n 1—2vycosp+ 72 1+ p+R

(5.4.11)

Let z = re be a fixed point in the disk Dy and let ¢ = pe'*. For any
natural number n by (5.4.9) we have

\fg(n)(zﬂ = ((Z_j)§“7;ZEI = ‘Ziﬂglﬁl O _nif))nﬂ‘ (5.4.12)
Let H,(z) denote the best constant in the inequality
1 (2)] < Ha(2) sup RAF(Q).
[CI<R
By (5.4.5),
Ha(z) < #. (5.4.13)
Using

8 ()] < Haz) max RAL()

together with (5.4.11), (5.4.12), we find

nlp(R+ p)

Hn(z) > =R

Passing here to the limit as p | R, we conclude that
2n!R
Hn(2) 2 55
(Z) - (R _ ,,.)nJrl

which together with (5.4.13) proves sharpness of the constant in (5.4.5).
3. Inequality (5.4.6). This sharp inequality is an immediate consequence
of estimate (5.4.5) with the best constant. O

The estimate (5.1.2) follows as a particular case of (5.4.5) with z = 0.
Observe also that replacing f by —f in (5.4.5), we deduce

2R up RA{-1(O)} (5.4.14)

() ()] < 2t
SO < gy
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for analytic functions f on Dg with Rf bounded from below, where n > 1.
Unlike inequality (5.4.5) with

As(R) = E‘lipR RAF(C) = |§|u<pR RF(C) —RNf(0)

in the right-hand side, inequality (5.4.14) contains the expression

B;(R) = sup RA{—()} = RF(0) — inf RF(C).
[¢|<R [CI<R

Unifying (5.4.5) with (5.4.14), we arrive at the sharp inequality

2n'R

IF(2)] < R—ryntt min {A(R),Bs(R)}

for analytic functions f on Dpg with bounded R f, where n > 1.

We conclude this subsection by noting that Corollary 5.3 implies the fol-
lowing inequalities similar to (5.1.5)

" 2n!R -
117 (2)] < By {?lipRW(O + |§Rf(0)|} (5.4.15)
and
n 2n!R
|f( )(Z)| < W {I?Ilg;?%f(o + |f(0)|} : (5.4.16)

Remark 5.1. The sharpness of the constant in (5.4.15) and (5.4.16) is estab-
lished in the same way as in inequality (5.4.5).

5.4.3 Landau type inequality

The following assertion contains a sharp estimate for |f(™)(z)| with

sup [Rf(C)] — [RF(0)]

ICI<R

in the right-hand side. The estimate below is closely related to the Landau
inequality (5.1.3).

Corollary 5.4. Let f be analytic on Dg with bounded Rf. Then for any fixed
z,|z| = r < R, the inequality
2n!R

1 SUP ARF(C)] (5.4.17)

(n) (4
@< 7= sup

holds with the best constant, where n > 1.
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Proof. 1. Proof of inequality (5.4.17). We set

w="Rs(R) = |<S\u<%%‘%f(o‘

in (5.4.7). Since

RS = Ry (R)llz,(om,) = 2mp (R (R) — RF(0)} (5.4.18)
it follows from (5.4.7) that

£ < 2ty Ry (R) = RO

where n > 1. Passing to the limit as p T R in the last inequality, we obtain

1 (2)] < # {Rs(R) — Rf(0)}. (5.4.19)

Replacing f by —f in (5.4.19), we have

2n!R

1 {Rs(R) +Rf(0)},

IFM(2)] < R—r)t

which together with (5.4.19) implies

£ () < (RQ_”% (Ry(R) — IRFO)]}. (5.4.20)

The last inequality proves (5.4.17).

2. Sharpness of the constant in inequality (5.4.17). We show that the con-
stant in (5.4.20), that is in (5.4.17), is sharp.
Introduce the family of analytic functions in Dg

ge(z) = d + ﬁ, (5.4.21)
z=¢ [EP-R?
depending on a complex parameter & = pe'™, p > R.
Let, as before, v = p/R. Clearly,
2

¥ 1
=|-14—=——|= . 4.22
Rae(0)] = |1+ | = (5.4.22)

We find Ry, (R). Let z = Re', o =t — 7. Using (5.4.10) in (5.4.21), we
obtain
2

3 v Y(cosp — ) gl
é}% :§R =
9¢(2) {sz +7271 172’ycosap+72+7271

1 vy v? -1
= —= — . 5.4.23
2+fy2—1 2(1 — 2ycosp + v?) ( )
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Hence ) )
1 Y v -1 0
R - = _ -
Ik 9e¢) =5+ -1 2(y+1)2 2-1
. 1 2 72 -1 y
R - = _ _
in, 9¢(C) 2+7271 50 1) rep—g
that is
7
Ry (R) = T (5.4.24)
Thus, by (5.4.22) and (5.4.24),
v 1 1 R

Rq.(R) — |Rge(0)] = - = = .
gg( ) | 95( )| 21 42-1 v+1 p+R

(5.4.25)

Let z = re® be a fixed point with » < R and let £ = pe®*. For any natural
number n by (5.4.21) we have

my, =DMl nllgl nlp
lgg" (2)| = | = i g = (o (5.4.26)
By H,(z) we denote the best constant in
[F® ()] < Hu(2){Ry(R) — [RF(0)]}.
In view of (5.4.20),
2n!R
Ho(z) < (RJLW' (5.4.27)

Using
195 (2)] < Ha(2){Rye (R) — [Rge (0]}
together with (5.4.25), (5.4.26) we find

nlp(R+ p)

Hy(2) = m

Passing here to the limit as p | R we find

2n!R
>
Hn(z) 2 (R — ryn+t’

which, along with (5.4.27), proves sharpness of the constant in inequality

(5.4.17). O

Remark 5.2. Note that (5.4.17) can be obtained as a consequence of estimate
(5.4.5) without proof of its sharpness.
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5.4.4 Generalization of the Landau inequality

The next assertion contains a sharp estimate of |f(™ (z)| with

sup |f(C)| = [£(0)]

ICI<R
in the right-hand side. This estimate contains the Landau inequality (5.1.3).
Corollary 5.5. Let f be analytic and bounded on Dg. Then for any fized
z,|z| = r < R, the inequality

2nlR
(B ynit S A 4.
(R —r)ntt |S_|u<pR LF(O (5.4.28)

If™(2)] <
holds with the best constant, where n > 1.
Proof. 1. Proof of inequality (5.4.28). We put

w = M;(R)= sup |f(Q)I.
KI<R

in (5.4.7). Since
[[Rf = Ms(R)l|L,(op,) = 2mp{Ms(R) = Rf(0)}, (5.4.29)
it follows from (5.4.7) that

2nlp
(p—r)tt

Passing to the limit as p T R in the last inequality, we obtain

1™ ()] < {M;(R) = Rf(0)}

2n!Rn+1 {My(R) —Rf(0)}. (5.4.30)

1F™(2)] < B= )t

Replacing f by fe'® in (5.4.30) we arrive at

2R M (R) - R(FO)e )]

IFM(2)] < (R= )it

which due to the arbitrariness of « implies (5.4.28).

2. Sharpness of the constant in inequality (5.4.28). For the analytic func-
tion ge¢(2) defined by (5.4.21) we have

1
-1

,72
0)] = -1 =
9¢(0) \ +72_1\

(5.4.31)

We are looking for My, (R). Let z = Re™,& = pe'™,y = p/R,o =t — 7. In
view of (5.4.21),
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13 pe’™ ysin g
& = = = — .
S9¢(2) =S <z —£ S\ Reit — peit 1—2vycosp + 2

Taking into account (5.4.23), we have

2 .
|95(Z)|2 — W(COS¢ 77) + '72 _ ysme
1—2ycosp+v2 ~2-1 1—2ycosp++2

This simplifies to
2 _ v
|g§(2)| - 2 _ 1)2

Thus,

(5.4.32)

and by (5.4.31),

1 1 R
Mg (R) = ge(0)] = —

— = = . 5.4.33
-1 ~42-1 ~y+1 p+R ( )

Let n be a natural number and let H,,(z) denote the best constant in

11 (2)] < Ha(2){M;(R) = |£(0)]}. (5.4.34)
As shown above,
2n!R
Ho(z) < Rt (5.4.35)

We take an arbitrary fixed point z = re? with » < R, and let & = pe. By
(5.4.26), (5.4.33), and (5.4.34)

9 (R + p)
)2 M R O]~ o R

Passing to the limit as p | R in the last inequality, we obtain

2n!R
>
Ha(2) 2 (R — ryn+t’

which, along with (5.4.35), proves sharpness of the constant in inequality

(5.4.28). O

Remark 5.3. Inequality (5.4.28) follow from (5.4.5) without proof of its sharp-
ness.



86 5. Estimates for derivatives of analytic functions

5.4.5 Generalization of the Carathéodory inequality

The following assertion contains estimate for | f(™)(z)] in terms of R f(0) under
the assumption that Rf(¢) > 0 for |¢| < R. This estimate generalizes the
Carathéodory inequality (5.1.1).

Corollary 5.6. Let f be analytic with Rf({) > 0 on the disk Dg. Then for
any fized z,|z| = r < R, the inequality

2n'R

‘f(n)(z)‘ < W

R£(0) (5.4.36)

holds with the best constant, where n > 1.

Proof. Suppose Rf(¢) > 0 for |¢| < R. We put w =0 in (5.4.7). Since

[IRf[lz, op,) = 2mp Rf(0),
it follows from (5.4.7) that
2nlp

‘f(n)(z)| < W Rf(0).

Passing to the limit as p T R in the last inequality, we obtain

2nlp
(=7

We show that the constant in (5.4.37) is sharp. Introduce the family of
analytic functions in Dg

f™M ()] < R1(0). (5.4.37)

& _ld
§—z [+ R

he(z) = (5.4.38)

which depend on the complex parameter £ = pe’™, p > R. Putting z =
Re* vy =7/R,p =t — 7 and taking into account (5.4.10), we find

%hg(z)zgﬁ< 5) v y(y—cosyp) y

E—z) y+1 1—2ycosp+12 ~+1
1Ly 7 -1
=5- - :
2 v+1 2(1—2ycosp+v2)
Hence )
: 1 8l -1
min Rhe(z) == ———+ ———- =0,
I¢|=R ¢(z) 2 41 2(y+1)2
that is

Rhe(C) >0, [¢] =R (5.4.39)
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According to (5.4.38),

7 _ 1 R
Y+1 ~y+1 p+R

Rhe(0) = 1 (5.4.40)

Let n be a natural number. By H,,(z) we denote the sharp constant in
11 (2)] < Ha(2)R(0) (5.4.41)
where Rf(¢) > 0 for |¢| = R. By (5.4.37) we have

2n!'R

Hn(z) < Ryt

(5.4.42)

Let z = re® be a fixed point with » < R, and let & = pe'. It follows from
(5.4.38) that

n" (2)] = #. (5.4.43)

Taking into account (5.4.39), (5.4.40), (5.4.41), and (5.4.43) we find
()] nlo(B+p)

Tl = o) -

Passing to the limit as p | R in the last inequality, we obtain

2n!R
> T
H”(z) = (R _ 7")"+1 ’

which, along with (5.4.42), proves sharpness of the constant in inequality
(5.4.36). O

5.5 The case p = 2

The next assertion is a particular case of Proposition 5.1 for p = 2.

Corollary 5.7. Let f be analytic on Dr with Rf € ho(Dg). Further, let
n > 1, and let P, be a polynomial of degree m < n — 1. Then for any fized
point z,|z| =r < R, there holds

£ (2)] < Huo(2)|R{f — P }ll2 (5.5.1)

with the sharp constant
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1 r
Hpo(z) = Wan (E) ) (5.5.2)
where
| n ) 1/2
n: n ok
Hn = . . .
2(7) V(1 — A2)@nt1)/2 {kz% (k) v } (5.5.3)
In particular,
1" (2)] < Hn2(2)Ene12(Rf), (5.5.4)

where

En2(Rf) =

g

1/2
2 2k
{II?Rf RAO)3 - RZ'f A } . (5.5.5)

2

Here the sum in k from 1 to n is assumed to vanish for n = 0.

Proof. 1. Sharp constant in inequalities (5.5.1) and (5.5.4). Inequalities (5.5.1),
(5.5.4) follow from Proposition 5.1. Consider the integral in (5.2.8) for p = 2.
Putting ¢ = 1/¢, we find

Cem 2 { gneia } 2
R N - RO ¢| 1dél, (556
ALFJ {(C“79”+1} /Lbﬂ (1 — &)+t jdel, (5:5.6)
where v =r/R < 1 and « is a real parameter. Similarly,
o - [ s (o) "l (557
/;1¢{(C—7V”1} %gzld (1 —~g)ntt (5:5.7)

We use the following property (see, e.g. Polya and Szegé [75], Ex. 234): if
the function
f(z)=ao+a1z+ax2® +...

is regular in the disk |z| < R, and the equality

/ " RF(pei?) 20 = / "8 (pe?) P (5.5.8)
0 0

holds for p = 0, then it holds for any p € (0, R).
The function

éneioz

9(&) = W’

0<y <1,
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analytic in the disk |¢] < y71, satisfies (5.5.8) with p = 0. Therefore, the
equality

/0 " Rg(pe )29 = / 1S90

is valid for p = 1, which together with (5.5.6) and (5.5.7) implies
2

Joul =T = [P Aesm)

Using this identity and (5.2.8) with p = 2 we obtain

1/2
n! |1 |d¢|
Hnp(7) = — {5 /|<|=1 R EC] } . (5.5.9)

Putting here ¢ = (w+7)(1+~yw) ™!, we find (see, e.g. Gradshtein and Ryzhik
[41], 3.616)

|d¢] 1 / ,
= 1+ ~yw|*" |dw
/I<|:1 C—APOFD T (=2t | |*" | dw]

2
|d¢].

1 27 .
:W/o (1+2ycosp +~2)"dp
27 2 ok
- Ao 3 (k) 2k (5.5.10)
k=0

which together with (5.5.9) leads to

. 1/2
- n! n\2 o
Hy2(y) = J(1 — A2)@nt1)/2 { (k) v } .

k=0

This and (5.2.7) with p = 2 imply (5.5.2), (5.5.3).
2. Proof of relations (5.5.5). We prove the first equality in (5.5.5). Let
z = Re'?. We write the real part of the algebraic polynomial

n

Palz) = crek, (5.5.11)

k=0

where ¢ = ay, + ib, as a trigonometric polynomial T}, ()

RP,(Re™¥) = R {Z(ak + ibk)Rke“W’}

k=0

= ag+ Y _(aycoske + B sinkp) = T, (p),
k=1
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oo = ag, o = R¥ag, B = —R*by, 1 <k <n.
Conversely, given a trigonometric polynomial

n
To(p) = o+ Z(ak cos ky + B sin k)
k=1

and introducing the coefficients ¢y = g + iB0,cx = R™*(ay — iBy), where
Bo is an arbitrary real number, one restores the algebraic polynomial (5.5.11)
(up to an imaginary constant) such that %P, (Re!?) = T, ().

Let {%,} be the set of trigonometric polynomials of degree at most n.
Using the above relation between algebraic and trigonometric polynomials
and the minimizing property of Fourier coefficients, we obtain

Ea(Rf) = int RS = P)a

1/2
el {/m”’*f () = RP() dcl}

g, ([ e o]

_ \/E{/_:[ﬂ%f(Rei“") —Fn(tp)]2dap}1/2, (5.5.12)

where
Fulp) =Y Age'®? (5.5.13)
k=—n
and
1 [ , ,
Ay = 2—/ RF(Re™)e ™ dnp. (5.5.14)
T™J-m

We rewrite coefficients Ay using the Schwarz formula (1.3.1) and its corollary
(5.2.4) for z = 0:

. 1

FO)=iSf0) + 57 o RF(C)|dC], (5.5.15)
® gy = F R ()

R0 = — en G ldc|, (5.5.16)

where k£ > 1. By (5.5.14) and (5.5.15) we have
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1 " ;
Ay = — Rf(Re™)dy
2m J_ .
1 .
=o 5 Rf(OldC] = f(0) —i Sf(0) = Rf(0). (5.5.17)
2R Ji¢l=r
In view of (5.5.14) and (5.5.16), we have for 1 <k <n
_ RF [T Rf(Re™)
A= 5R . RFeikd Ry
Rk-1 / %f(o Rk i
== d¢| = = f*(0). 5.5.18
s o = o (5.5.18)
Similarly, by (5.5.14) and (5.5.16), for —n < k < —1 there holds

RIF ™ Rf(Rei¥)
A = QWR[W RIklgilklv Ry

Rk—l/K?Rf(C)WI B0, (55.19)

21 Jieer (MM 2[k[!

Using (5.5.17)-(5.5.19) in (5.5.13), we find

n k
Fule) = 27(0) + 30 B {100 + TR @)

— Zn: lgﬁg{ F®) (0)RFeike } 7

which implies that (5.5.12) can be written as

. 9 1/2
E,2Rf) = VR {/ [?Rf(ReW) — Z %9%{ f(k)(o)Rkeiw }} d@} ,
- k=0 """

and, equivalently,

En.,2 (%f) =

n (k) Q)R
MR

This proves the first equality in (5.5.5).
Taking into account (5.5.13), (5.5.17), we write (5.5.12) as

n n 1/2
En2(Rf) = {I?Rf —Rf(0)|3 —27RY Akl —27R) |A_k|2} :

2

k=1 k=1
Hence, by (5.5.18) and (5.5.19) we arrive at the second representation in
O

(5.5.5).
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5.6 The case p = oo

For p = oo inequality (5.2.9) can be written in terms of the infimum of the
oscillation of Rf(¢) — RP(¢) on the circle, where the infimum is taken over
the set {P,—_1} of polynomials P of degree n — 1.

We introduce the notation

Onnf(Dr)= inf Oxrs_py(Dgr), 5.6.1

%/ (Dr) pail | Onis P1(DR) (5.6.1)
where Ogs(Dp) is the oscillation of ®f on the disk Dg. For n = 0 we use the
notation Oxy¢(Dpg) introduced earlier.

Corollary 5.13. Let f be analytic on Dgr with bounded Rf, and let n > 1.
Then for any fized point z,|z| = r < R, there holds

1
|f(n)(z)| < iHn,oo(Z)Onflg}?f(DR) (5.6.2)
with the sharp constant
1 r
where
Hoo0) = Zsup [ %{Lm}'\dd (5.6.4)
" T oo Jig=r o LE=y)" ' o
In particular,
2n!
[F(0)] € —-On_1.27(Dr). (5.6.5)
TR

Proof. Suppose w € R. Then
E,oo®f)= inf [IR{f—PHlew= inf [|[|R{f—-—P}—vw||lw
wRF) = inf RS = PHlo = int RS =P} —w]

= inf inf [|R{f—P}— v||co-
Inf ol IIR{f =P = wll
Hence, permutating the infima and taking into account (3.4.1) and (5.6.1), we
obtain

Bre(Rf) = inf inf [R(f ~ P} ~wllac = inf  Fon(R{S =P}
1

1
— inf O (Dr) = =0 5:(Dg),
pdf L 5OR Py (Dr) %=t (DRr)

2

which together with (5.2.9) and (5.2.7), (5.2.8) proves (5.6.2)-(5.6.4). Inequal-
ity (5.6.5) follows from (5.6.2) and Corollary 5.1. O
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Note that the sharp inequality (3.7.13)

2R

If'(2)] < =P

Owf(Dr)

is a particular case of (5.6.2) with n = 1.
The last estimate is somewhat similar to the Carathéodory inequality

/ R .
()| < m |§|11<PR|f(C)|'

As a corollary of (3.7.13) we obtain

7O)] < Z0ns (D)

(see Polya and Szego [75], III, Ch. 5, § 2 and references there). Inequality
(5.6.5) can be viewed as generalization of the last estimate to derivatives of
arbitrary order.






6

Bohr’s type real part estimates and theorems

6.1 Introduction

This chapter is connected with two classical assertions of the analytic functions
theory, namely, with Hadamard-Borel-Carathéodory inequality

7() = SO < 2 sup R{F(C) - FO)}, (6.1.1)
ICI<R
and with Bohr’s inequality
> lenz"] < sup |£(Q)] (6.1.2)
n=0 ICI<R

for the majorant of the Taylor’s series

o0

f2) = cn", (6.1.3)

n=0

where |z| < R/3 in (6.1.2) and the value R/3 cannot be improved.

In the chapter we deal, similarly to Aizenberg, Grossman and Korobeinik
[6], Bénéteau, Dahlner and Khavinson [12], Djakov and Ramanujan [34], with
the value of [;-norm (quasi-norm, for 0 < ¢ < 1) of the remainder of the
Taylor series (6.1.3).

In Section 1, we prove the inequality

00 1/q m
n r
{Z |CnZ q} < m Ha?f”l (6.1.4)

with the sharp constant, where r = 2| < R, m > 1, 0 < g < oc.



96 6. Bohr’s type real part estimates and theorems

Section 2 contains corollaries of (6.1.4) for analytic functions f in Dpg
with bounded R f, with Rf bounded from above, with ®f > 0, as well as for
bounded analytic functions. In particular, we obtain the estimate

o 1 "
{Z |cnz”|q} < i S R = S0,

n=m ICI<R

with the best possible constant. This estimate, taken with ¢ =1, m = 1, is an
improvement of (6.1.1). Other inequalities, which follow from (6.1.4), contain
the supremum of |Rf(¢)|—|Rf(0)] or |f({)|—|f(0)] in Dg, as well as R f(0) in
the case Rf > 0 on Dg. Each of these estimates specified for g =1 and m =1
improves a certain sharp Hadamard-Borel-Carathéodory type inequality.

Note that a sharp estimate of the full majorant series by the supremum
modulus of f was obtained by Bombieri [18] for r € [R/3, R/V/2].

In Section 3 we give modifications of Bohr’s theorem as consequences of
our inequalities with sharp constants derived in Section 2. For example, if the
function (6.1.3) is analytic on Dg, then for any ¢ € (0, cc], integer m > 1 and
|z] < Ry,q the inequality

o0 1/q
Doleaz™®r < sup R{e " EO £()} —|£(0)] (6.1.5)
n=m ICI<R
holds, where R, y = 7 ¢R, and 7, 4 is the root of the equation
29™I 491 —-1=0

in the interval (0,1), and Ry, 4 is the radius of the largest disk centered at
z =0 in which (6.1.5) takes place.
In particular,

rig= (142977 and oy =2Y9(14+ /14 2072) 9 (6.1.6)

Some of the inequalities presented in Section 3 contain known analogues
of Bohr’s theorem with R f in the right-hand side (see Aizenberg, Aytuna and
Djakov [3], Paulsen, Popescu and Singh [72], Sidon [84], Tomi¢ [87]).

6.2 Estimate for the [, -norm of the Taylor series
remainder by ||Rf]||1

In the sequel, we use the notation r = |z| and D, = {z € C : |z| < p}.
We start with a sharp inequality for an analytic function f. The right-hand
side of the inequality contains the norm in the space L1(0DRg).
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Proposition 6.1. Let the function (6.1.3) be analytic on Dp with Rf €
hi1(Dgr), and let ¢ > 0, m > R, |z| = r < R. Then the inequality

m

o0 1/q
n s
{Z ez q} < P YT IR f]|1 (6.2.1)

n=m
holds with the sharp constant.

Proof. 1. Proof of inequality (6.2.1). Let a function f, analytic in Dg with
Rf € h1(Dgr) be given by (6.1.3). By Corollary 5.1

1 .
lenl < —r IRl (6.2.2)

for any n > 1.
Using (6.2.2), we find

S} <25y i
" = 7R R !

n=m n=m
T,m
= V— - ?]%
’ﬂ'Rm(Rq _ Tq)l/q H f||1
for any z with |z| =r < R.
2. Sharpness of the constant in (6.2.1). By (6.2.1), proved above, the sharp
constant C(r) in

[e’s} 1/q
{Z annq} < C(r) [IRfllx (6.2.3)

satisfies
ol L — 6.2.4
(T)—,H_R,,,L(Rq_rq)l/q' ( e )
We show that the converse inequality for C(r) holds as well.
Let p > R. Consider the families of analytic functions in Dg
z
fol2) = = > wy(2) = fp(2) = Bp, (6.2.5)

depending on the parameter p, with the real constant 3, defined by
1Rfp = Bpllr = min[[Rf, — cf]1.
ceR
Then, for any real constant ¢

[[Rwp = clls = |[Rwpl[1.
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Setting here
c=A, = max Rw,(¢)

I<l=
and taking into account

1R, — A, |ls = / [4, — R, ()] 1dc]

= 20R{A, — Ru,(0)} = 20 R ymax R{w, () — wp(0)},

I<l=
we arrive at
2R mase R{10,() = 0, (0)} > [[ R, . (6.26)
In view of )
C’n(p) = o |(0_) =—— for n > 17
n! pr
we find
00 [eS) A\ g .mq
njg _ o
;g;kmuﬂzl —Eg%(p> = S (6.2.7)
By (6.2.5), (1.4.6) and (1.4.7) we have
R
max R{w,(() —wp(0)} = max R{S,() =[O0} = =7 (628)

It follows from (6.2.3), (6.2.6), (6.2.7) and (6.2.8) that
(p+ R)r™

C(r) > SRy (1 — )1/ (6.2.9)
Passing to the limit as p | R in the last inequality, we obtain
C(r) r (6.2.10)

>
~ nR™(RY — rq)l/q
which together with (6.2.4) proves the sharpness of the constant in (6.2.1).0

6.3 Others estimates for the [;-norm of the Taylor series
remainder

In this section we obtain estimates with sharp constants for the [, -norm
(quasi-norm for 0 < ¢ < 1) of the Taylor series remainder for bounded ana-
lytic functions and analytic functions whose real part is bounded or on-side
bounded.
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We start with a theorem concerning analytic functions with real part
bounded from above which refines Hadamard-Borel-Carathéodory inequality
(6.1.1).

Theorem 6.1. Let the function (6.1.3) be analytic on Dr with Rf bounded
from above, and let ¢ >0, m > 1, |z| = r < R. Then the inequality

0 1/q
" 2r™
{Z |cnz "} < R iR o)1 lﬁ&pR%{f(C)*f(O)} (6.3.1)

n=m
holds with the sharp constant.

Proof. We write (6.2.1) for the disk D,, ¢ € (r, R), with f replaced by f —w,
where w is an arbitrary real constant. Then

S 1/q m
n r )
{ > lenz ,|q} < Y P IRf — ||z, 0p,)- (6.3.2)

n=m

Putting here

w=As(R) = sup Rf(()
CI<R

and taking into account that

[IRf — Ap(R)||L,op,) = 2mp{As(R) — Rf(0)} = 27rp|§|u<pR R{f(C) — f(0)},

we find

00 1/q
n 2r™
{Zn v 'q} T AL UORNON

which implies (6.3.1) after the passage to the limit as o T R.
Hence, the sharp constant C(r) in

ICI<R

o0 1/q
{Z Ian"Iq} < C(r) sup R{f(¢) — f(0)} (6.3.3)

n=m
obeys

< 2rm
- Rm—Y(Re —ra)t/a’

O(r) (6.3.4)

To get the lower estimate for C(r), we shall use functions f, given by
(6.2.5). Taking into account equality

£5(0) = w(M(0),
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as well as (6.3.3), (6.2.7) and (6.2.8), we arrive at

(p+ R)r™
C(r) > Ry (pi — )1/ (6.3.5)
Passing to the limit as p | R in the last inequality, we obtain
2 m
c(r) ! (6.3.6)

= Rm—l(Rq — rq)l/q’

which together with (6.3.4) proves the sharpness of the constant in (6.3.1). O

Remark 6.2. Inequality (6.3.1) for ¢ = m = 1 is well known (see, e.g. Polya
and Szeg6 [75], III, Ch. 5, § 2). Adding |co| and |f(0)| to the left- and right-
hand sides of (6.3.1) with ¢ = m = 1, respectively, and replacing —Rf(0) by
|£(0)] in the resulting relation, we arrive at

= R+r 2r
lenz|" < LF(O)] + sup Rf(¢),
T;) R—r R—r [¢|<R

which is a refinement of the Hadamard-Borel-Carathéodory inequality

AHFO)+ s RFQ)

R—r _T‘C‘<R

IF(z) <

(see, e.g., Burckel [22], Ch. 6 and references there, Titchmarsh [86], Ch. 5).

The next assertion contains an sharp estimate for analytic functions on
Dpg with bounded real part. It is a refinement of the inequality

£E) = FO) € o sw (IRFQ)] - [RFO)]}
T KI<R

which follows from (6.1.1).

Theorem 6.2. Let the function (6.1.3) be analytic on Dg with bounded real
part, and let ¢ >0, m > 1, |z| = r < 1. Then the inequality

. 1/q
n 2’[‘77]
{Z len |q} < ey SRR RO (637

n=m
holds with the sharp constant.

Proof. Setting

w="Rs(R) = sup [Rf(Q)
[CI<R
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in (6.3.2) and making use of the equalities

IRf =Ry (R)l|Liop,) = 2mp{R¢(R) = Rf(0)} = 27p E‘lipR{I%f(C)l —Rf(0)},

we arrive at
(e} 1/q om
r
en2"[? < ———— sup {IRf(O| —Rf(0)}.
{§n| | } om=1 (g1 — ra)l/a |C|<R{‘ (9] 0)}

This estimate leads to

o0 1/q m
{Zmznw} sRm_l(” 77 swp {IRS(O| - RO} (638)

Re—ra)ta g

after the passage to the limit as ¢ T R. Replacing f by — f in the last inequality,
we obtain

o 1/q m
{chz”w} < G S (RFO]+ RAO),

n=m [CI<R

which together with (6.3.8) results at (6.3.7).
Let us show that the constant in (6.3.7) is sharp. By C(r) we denote the
best constant in

o0 1/q
{ > |} < C(r)

As shown above, C(r) obeys (6.3.4). -
We introduce the family of analytic functions in Dg

sup {|Rf(C)| — [Rf(0)[}- (6.3.9)
ICI<R

2
P P

depending on a parameter p > R. By (5.4.21) and (5.4.25) we have

sup {|Rg,(C)] — [Rg, ()]} = ——.

6.3.11
IC|<R pt+R ( )

Taking into account that the functions (6.2.5) and (6.3.10) differ by a
constant, and using (6.3.9), (6.2.7) and (6.3.11), we arrive at (6.3.5). Passing
there to the limit as p | R, we conclude that (6.3.6) holds, which together
with (6.3.4) proves the sharpness of the constant in (6.3.7). O
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The following assertion contains an estimate with the sharp constant for
bounded analytic functions in Dpg. It gives a refinement of the estimate

2r

1£2) = FO0)] < =

sup {|f(O)] = [f(0)[}
T |¢I<R

which follows from (6.1.1).

Theorem 6.3. Let the function (6.1.3) be analytic and bounded on Dg, and
let g >0, m>1, |z| =r < 1. Then the inequality

oo 1/q
n 2rm )
{;zmj leaz } < Ty SR Q- FO) (6312

holds with the sharp constant.
Proof. Setting

w=M;y(R) = sup |f(C)]
ICI<R

in (6.3.2) and using the equalities

I[Rf = Myp(R)l|z,op,) = 2mp{M;(R) —=Rf(0)} = 27Tp|§|u<pR{‘f(O| - Rf(0)},

we obtain

o 1/q
n 27‘m
{,,Zm'C”Z 'q} < gt = 2P (FO1 - RFO).

Passing here to the limit as ¢ T R, we find

o 1/q m
{Z |cnz”|q} < w2, 01 - RFO)

n=m

Replacing f by fe'®, we arrive at

oo 1/q
n 2rm {26
{ > lenz |q} < Rm—1(Ra — ra)1/a ‘?‘ug%ﬂf@)\ = R(f(0)e™)},

n=m

which implies (6.3.12) by the arbitrariness of a.
Let us show that the constant in (6.3.12) is sharp. By C(r) we denote the
best constant in

o 1/q
{ > annq} <C(r) \,?\lipRﬂf(O' —[£(0)[}- (6.3.13)

n=m



6.3 Others estimates for the /;-norm of the Taylor series remainder 103

As shown above, C(r) obeys (6.3.4). -
We consider the family h, of analytic functions in D, defined by (6.3.10).
By (5.4.33) we have

sup {lg,()] — lg, O]} = 2

= —. 6.3.14
ICI<R ptR ( )

Taking into account that the functions (6.2.5) and (6.3.10) differ by a con-
stant, and using (6.3.13), (6.2.7) and (6.3.14), we arrive at (6.2.9). Passing
there to the limit as p | R, we obtain (6.2.10), which together with (6.2.4)
proves the sharpness of the constant in (6.3.12). O

Remark 6.3. We note that a consequence of (5.1.6) is the inequality

00 1/q
n|a r [M4(R)]2 — | £(0)]2
{7;%@2 | } =< Rm=1(R1 — r4)1/4 M (R) (6.3.15)

with the constant factor in the right-hand side twice as small as in (6.3.12)
and sharp, which can be checked using the sequence of functions given by
(6.3.10) and the limit passage as p | R. Inequality (6.3.15) for ¢ = 1,m =1
with M(R) <1 was derived by Paulsen, Popescu and Singh [72].

The next assertion refines the inequality

2r
R—r

1£(z) = f(0)] < Rf(0)

resulting from (6.1.1) for analytic functions in Dg with Rf > 0.

Theorem 6.4. Let the function (6.1.3) be analytic with positive Rf on Dpg,
and let g >0, m > 1, |z| =r < 1. Then the inequality

o0 1/q
2 N
{ > |cnzn|q} < Rm—l(RTQ 7 Rf(0) (6.3.16)

n=m
holds with the sharp constant.

Proof. Setting w = 0 in (6.3.2), with f such that Rf > 0 in Dg, we obtain

R a 2™
n r
{ > fews |‘I} e RIO),

n=m

which leads to (6.3.16) as o T R.
Thus, the sharp constant C(r) in
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[e's} 1/q
{ > |ann|q} < C(r) Rf(0) (6.3.17)

n=m

obeys the estimate (6.3.4).
To show the sharpness of the constant in (6.3.16), consider the family of
analytic functions in Dp
p p

h = -— 3.1
o) =2 -t (63.13)

depending on the parameter p > R. By (5.4.39), the real part of h,, is positive
in Dg. Taking into account that the functions (6.2.5) and (6.3.18) differ by
a constant and using (6.3.17), (6.2.7) and Rh,(0) = R(p+1)~!, we arrive at
(6.3.5). Passing there to the limit as p | R, we obtain (6.3.6), which together
with (6.3.4) proves the sharpness of the constant in (6.3.16). O

6.4 Bohr’s type modulus and real part theorems

In this section we collect some corollaries of the theorems in Sect. 2.
Corollary 6.1. Let the function (6.1.3) be analytic on Dg, and let

sup R{e 8O f(()} < oo,
CI<R

where arg f(0) is replaced by zero if f(0) = ¢y = 0.
Then for any q € (0,00], integer m > 1 and |z| < Ry, 4 the inequality

o 1/q
{Z |} < sup R{e O F(C)y — | £(0)] (6.4.1)

ICI<R

holds, where Ry, .q = rm qR, and v, q is the root of the equation 29r™94 4 4 —
1 =0 in the interval (0,1). Here Ry, 4 is the radius of the largest disk centered
at z =0 in which (6.4.1) takes place for all f. In particular, (6.1.6) holds.

Proof. The condition
2r™

Rmfl(Rq — rq)l/q =1

ensuring the sharpness of the constant in (6.3.1) holds if |z| < R, ,, where
R, g = rm R, and 7, 4 is the root of the equation 2977 4 r? —1 = 0 in the
interval (0,1).

The disk of radius R, , centered at z = 0 is the largest disk, where the
inequality
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oo 1/q
{Z |cnz"|q} < sup RF(Q) ~RF(O) (6.42)

[CI<R

n=m

holds for all f. The last inequality coincides with (6.4.1) for f(0) = ¢y = 0.
Suppose now that f(0) # 0. Setting e~?##f(0) f in place of f in (6.4.2) and

noting that the coefficients |c,| in the left-hand side of (6.4.2) do not change,

when Rf(0) is replaced by |f(0)| = |co|, we arrive at (6.4.1). O

Inequality (6.4.1) with ¢ = 1,m = 1 becomes

D lenz" < sup R{e =IO F()} — |£(0)] (6.4.3)
n=1

ICI<R

with |z] < R/3, where R/3 is the radius of the largest disk centered at z = 0 in
which (6.4.3) takes place. Note that (6.4.3) is equivalent to a sharp inequality
obtained by Sidon [84] in his proof of Bohr’s theorem and to the inequality
derived by Paulsen, Popescu and Singh [72].

For ¢ = 1, m = 2 inequality (6.4.1) is

D lenz"| < sup R{e O F(O) — |£(0)], (6.4.4)
¢I<R

n=2 |

where |z| < R/2 and R/2 is the radius of the largest disk about z = 0 in
which (6.4.4) takes place.

The next assertion follows from Theorem 6.3. For ¢ = 1, m = 1 it contains
Bohr’s inequality (6.1.2).

Corollary 6.2. Let the function (6.1.3) be analytic and bounded on Dg. Then
for any g € (0,00], integer m > 1 and |z| < Ry, q the inequality

0 1/q
{Z annlq} < sup LA = 1£0)] (6.4.5)

n=m ‘ ‘ <R

holds, where Ry, ¢ = i R, and ry, 4 is the Toot of the equation 297 4 r? —
1 =0 in the interval (0,1). Here Ry, 4 is the radius of the largest disk centered
at z =0 in which (6.4.5) takes place for all f. In particular, (6.1.6) holds.

For ¢ = 1, m = 2 inequality (6.4.5) takes the form

ol + D len2"| < sup [£(Q), (6.4.6)
n=2 [CI<R

where |z| < R/2. The value R/2 of the radius of the disk where (6.4.6) is valid
cannot be improved. Note that the inequality
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leo + ) lenz"| < 1, (6.4.7)

n=1

was obtained by Paulsen, Popescu and Singh [72] for functions (6.1.3) satisfy-
ing the condition |f({)] < 1in Dg and is valid for |z| < R/2. The value R/2
of the radius of the disk where (6.4.7) holds is largest. Comparison of (6.4.6)
and (6.4.7) shows that none of these inequalities is a consequence of the other
one.

We conclude this section by an assertion which follows from Theorem 6.4.

Corollary 6.3. Let the function (6.1.3) be analytic, and R{e=?28/O) f1 >0
on Dg. Then for any q € (0, 0], integer m > 1 and |z| < Ry, 4 the inequality

0 1/q
{Z |Cn2"|q} < |£(0)] (6.4.8)

holds, where Ry, ¢ = rm R, and r, 4 is the root of the equation 29r™ 4 r9 —
1 =0 in the interval (0,1). Here R, 4 is the radius of the largest disk centered
at z =0 in which (6.4.5) takes place for all f. In particular, (6.1.6) holds.

Note that the inequality (6.4.8) for ¢ = 1,m = 1 with |z| < R/3 was
obtained by Aizenberg, Aytuna and Djakov [3] (see also Aizenberg, Grossman
and Korobeinik [6]).
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Estimates for the increment of derivatives of
analytic functions

7.1 Introduction

The present chapter is connected with the contents of Chapters 1 and 3. One
inequality, proved in Chapter 3, intimately relates the questions we address
in this chapter. We mean the inequality which stems from Proposition 3.1:

1£(2) = F(O)] < Kop(2)[|IRf = cllp- (7.1.1)
Here
Kop(z) = sup{Ky(2,) : 0 < a < 27},
z € Dpg, cis an arbitrary real constant, || - ||, denote the Ly-norm of a real

valued function on the circle |(| = R, 1 < p < o0, and Kp(z, @) is given by
(3.2.2) and (3.2.3).

In this chapter, we generalize (7.1.1) to derivatives of an analytic function
f in Dgr. As a consequence, we derive a generalization of the Hadamard-
Borel-Carathéodory inequality (1.1.2) for derivatives as well as analogues of
the Carathéodory and Landau inequalities (5.1.1), (5.1.3) for the increment
of derivatives at zero.

In Section 2 we find a representation for the best constant in the general-
ization of estimate (7.1.1)

11 (2) = F™(0)] < K ()| IRLS = PrHls (7.12)

where n > 0, P, is a polynomial of degree m, m < n. From (7.1.2) we obtain
the following estimate with right-hand side containing the best polynomial
approximation of ®f on the circle || = R in the L,(8Dg)-norm:

£ (2) = £7(0)] < K p(2) En p(R), (7.1.3)

with n > 0.
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Section 3 of this chapter concerns corollaries of inequality (7.1.2) for p = 1.
First, we show that
nl[R"H — (R — r)"*Y
Kna(z) = (R — r)n+1Rn+l

where |z| = r < R. From inequality (7.1.2) with p = 1 and m = 0 we deduce
estimates with sharp constants for the increment at zero of derivatives,

2n![R" ! — (R —r)"*] sup R{f(C) — f(0)}, (7.1.4)

M) () — fn)
£06) = 10 < = s

for n > 0, where z is a fixed point of the circle |z| = r < R. As a particular
case, the estimate just mentioned contains the Hadamard-Borel-Carathéodory
inequality (1.1.2). Similar sharp estimates are obtained when the right-hand
side of (7.1.4) contains the expressions

sup {[Rf(C) = [Rf(0)[}, \ZILPR{WO' = £ 0)[}

ICI<R

in analogues of the Landau inequality, as well as R f(0) provided that R f(¢) >
0 for |¢| = R in the analogue of the Carathéodory inequality.

In Section 4 of this chapter, we deduce corollaries of (7.1.3) for p = 2 and
p = oo. In particular, we show that inequality (7.1.3) with p = 2 holds with
the sharp constant

1 r
’Cn,Q(z) = WKTL’Q (E) ’

where

n 1/2
n! Z n\? o 2\2n+1
Kn,?('}/) = \/7_T(1 — 72)(2,1_‘_1)/2 { (k) Y- (]- -7 ) )

k=0

and with E, o(Rf) given by (5.5.5).
We note, that a corollary of (7.1.3) for p = oo contains estimates for the
modulus of the increment at zero of derivatives of f in terms of

On.»t(0DR) = Pei?qg }O%{f—P}(DR)a

where Oy (Dp) is the oscillation of Rf on the disk Dpg.
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7.2 Estimate for |Af(™(2)| by ||R{f — Pm}||p,- General
case

The main assertion of this section is

Proposition 7.1. Let f be analytic on Dr with Rf € hy(Dgr), 1 < p < 0.
Further, let n > 0, and let Py, be a polynomial of degree m < n. Then for any
fized point z,|z| = r < R, there holds

1™ (2) = L0 < Ko ()RS = P}l (7.2.1)

with the sharp constant

1 7
Knp(2) = Reptn/p K (E) ; (7.2.2)

where

n!
Kn,p(fy) = —sup / R
T a [¢]=1

and 1/p+1/q = 1.
In particular,

{4”“ (e ’Y)n+1em}
C=)rric

q 1/a
|d§|} , (7.2.3)

110 (2) = FO0)] < Ko p(2) B p (RS- (7.2.4)

Proof. By Lemma 5.1 and notation (5.2.5), we have

() ()| = _
A7) = 2 sup /‘C‘:R {Gnea(0) = Gu0alO)} RFQ) 1], (7.2.5)
By (7.2.5) we arrive at the formula

n!
’Cnyp(z) = 7TR sup ||gn,z,a - gn,O,qu (726)
a

for the sharp constant IC,, ,(2) in

£ (2) = FM0)] < Ko (2) RS ] p- (7.2.7)

In view of (5.2.5), representation (7.2.6) can be written as

| n+1l _ _ o \n+l q 1/q
Knp(z) = :—és%p {/MR 3‘%{5 (£—2) e“’} d§|} . (7.2.8)

(€ —z)ntter
where the case p = 1 (¢ = o) is understood in the sense of passage to the
limit.
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Suppose 1 < p < co. Setting z = r7e'™, £ = Re’, y =r/Rand p =t — 7 in

(7.2.8), we obtain
n! 2741 q /4
Knp(z) = ﬁsg}p {/ Rdt}
q 1/q
dcp} .

n| 27
:MWMW$A

Putting here a = 8 — n7 and using 2m-periodicity of the resulting function in
a, we find

ei(nJrl)t _ (eit _ ,Yei'r)nJrl s
(eit _ ,yeif)rH-aneint €

P — (e — )™ 5y
(eiga _ ,Y)nJrleimp

1 r
Knp(2) = Rnp+1)/p Ko (E) '

where

n!
Kn,p(’)/) = —Ssup /
T oo K=t

q 1/q
|d¢ |} ;
which proves (7.2.2) and (7.2.3).
Replacing f by f — P, with m < n in (7.2.7), we arrive at inequality
(7.2.1), which leads to (7.2.4). O

<n+1 _ (C _ ’y)"+1 M}
R
{ (¢ —prign ©

7.3 The case p = 1 and its corollaries

7.3.1 Explicit estimate in the case p =1

In this section we obtain an explicit representation for the sharp constant in
(7.2.1) for p =1 and derive some corollaries. In particular, the next assertion
contains an explicit formula for &Cp, 1(2).

Corollary 7.1. Let f be analytic on Dr with Rf € hi(Dg). Further, let
n >0, and let Py, be a polynomial of degree m < n. Then for any fized point
z,|z| = r < R, there holds

|F(2) = £(0)] < Kna ()IIR{f = P} (7.3.1)
with the sharp constant

n![R"Jrl _ (R _ 7.)n+1]

Kna(z) = (R — r)n i Rgn+1

(7.3.2)

In particular,

£ (2) = FT(0)] < K1 (2) En1 (RS). (7.3.3)
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Proof. Inequalities (7.3.1) and (7.3.3) follow as particular cases from Propo-
sition 7.1. Representation (7.2.6) for p = 1 can be written as

n+1 _ _ n+1 )
%{C (C—S"“Zg" em.}‘ (7.3.4)

Permutating the suprema in (7.3.4), we obtain the equality

!
Kni(z) = n sup sup
’ T o=k

! e (e
Kn1(2) = — sup sup §R{ e
1(2) TR (=R o (€ —z)ntign
n[ <n+1 _ (C _ Z)nJrl
= — sup 7.3.5
TR =r| (C—2)"TICn (7.3.5)
On one hand, (7.3.5) implies
n! |C‘n+1 o |C o z|"+1 n![Rn+1 o (R o r)n+1]
Kn > — 7.3.6
1(2) = R ‘Zu:pR IC— 2" Ter = x(R—r)ntiRnTL ( )
On the other hand, (7.3.5) gives
n! ¢\
n =— 1-
Kn(2) TR |§|u:r;3 <C _ z)
n! RIS ( ¢ )’“
=—— sup |1 —
n+1 — —
TR IC|=R (—z P C—=z
n! R
< sup .
TR 2R | = 2] kz;; ¢ —z|*
From the last inequality it follows
nlr = RF nl[R"H — (R — r)nt!
Kni(z) < n Z = [ ( 1 )1 ]’
TR (R —r) = (R—r) m(R — r)" TR
which together with (7.3.6) proves the equality (7.3.2). O

7.3.2 Hadamard-Borel-Carathéodory type inequality for
derivatives

The estimate for [ (z) — (") (0)| with n > 0 below contains the value

sup Rf(¢) —Rf(0)
[¢I<R

in the right-hand side and generalizes the Hadamard-Borel-Carathéodory in-
equality (1.1.2) for derivatives. In particular, for n = 0 that inequality coin-
cides with (1.1.2).
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Corollary 7.2. Let f be analytic on Dg with Rf bounded from above. Then
for any fized z,|z| = r < R, the inequality

! Rn+1_ R— n+1
& (R_r)gl+1RZ) } ‘Z%%Af(() (7.3.7)

11" (2) = 1™ (0)] <
holds with the best constant, where n > 0.
Proof. By Corollary 7.1,

nl[p"tt — (p — )"t
m(p — ryntipntl IIRf = wllL,(oD,): (7.3.8)

17 (z) = f™(0)] <

where p € (r, R), w is a real constant and n > 0.
We set
w=As(R) = sup Rf(()
ICI<R

in (7.3.8). Taking into account (5.4.8), we arrive at

2nlfp™1 — (p—r)"+]
RAF(C)-
G RO

|f™) (2) = f™(0)] <

Passing to the limit as p T R in the last inequality, we obtain (7.3.7).
Now, we show that the constant in (7.3.7) is sharp. Consider the family of
analytic functions on Dg

fe(z) = (7.3.9)

where ¢ is a complex parameter, [£] > R.
Let n be a nonnegative integer. The function f¢(z) defined by (7.3.9) sat-
isfies

nllent! — (€ — 2+

(n) n)
z) — 0)| = 7.3.10
7 - 100 = i (7.3.10)
Fixing z = 7e®* in Dp and putting £ = pe®, by (7.3.10) we obtain
(n) (m) gy — " = (p =)™
|f5 (2) — € 0) = (p—r)ntipn (7.3.11)
Let K, (z) be the best constant in
[/ (2) = O (0)] < Kn(2) sup RAF(C). (7.3.12)
ICI<R

As shown above,
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Ko(z) < 2n! { R — (R —r)"t1}

< Ty (7.3.13)

By (7.3.12),

1187@) = £ )] < Kn2) max RASE(Q),

which together with (5.4.11), (7.3.11) implies

nllp"t — (p—r)"(p+ R)
IC"(Z) = (p _ T)n+lan )

Passing here to the limit as p | R, we obtain

2n! {R"*! — (R — )"t}
Kn(z) > (R— 7a)n+1an ’

which, along with (7.3.13), proves the sharpness of the constant in the in-
equality (7.3.7). O

Observe also that replacing f by —f in (7.3.7), we deduce the inequality

2n! {R*! — (R —r)"*+1} )
(R —r)"+iRn |§|u<pR RA{-F(O)} (7.3.14)

1f™(2) = f™(0)] <

for analytic functions f on D with Rf bounded from below, where n > 0.
Unlike (7.3.7) with

As(R) = \?&p}a RAL(C) = |§|u<pR RF(C) —RNf(0)

in the right-hand side, inequality (7.3.14) contains the expression

Bj(R) = sup RA{—f(()} = Rf(0) — inf Rf(C).
[¢|<R [CI<R

Unifying (7.3.7) with (7.3.14), we arrive at the estimate

(n) A n) on! {Rn+1 _ (R _ T)n+1}

min {A(R),Bs(R)},
for analytic functions f on D with bounded R f, where n > 0.

7.3.3 Landau type inequalities
The following assertion contains a sharp estimate for |f(™(z) — f(™(0)| with

sup [Rf(C) = [Rf(0)]
CI<R

in the right-hand side. The estimate below is similar to the Landau inequality
(5.1.3).
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Corollary 7.3. Let f be analytic on D with bounded Rf. Then for any fized
z,|z| =7 < R, the inequality

2R - (R ARFQ) (7.3.15)

() () _ £(n)
|f (Z) f (O)| S (R—T')"Jran ICI<R

holds with the best constant, where n > 0.
Proof. Setting

w=Rs(R) = sup |Rf(C)|
[CI<R

in (7.3.8) and taking into account (5.4.18), we arrive at

n n 2n/! {pn+1 — (p _ T)n+1}
SR ol (p—r)ntipn

Passing to the limit as p T R in the last inequality, we obtain

{Ry(R) —Rf(0)}

- 2n! {R"*! — (R — 7)™}

(n) _ f(n)
‘f (Z) f (0)| (R—T)n+1Rn

{R;(R) —Rf(0)}. (7.3.16)

Replacing f by —f in (7.3.16), we have

n n 2n! { R — (R —r)" 1}
‘f( )(Z)_f( )(0)|§ (R —r)"+1Rn

{Rs(R) +Rf(0)},

which together with (7.3.16) implies (7.3.15).
Let us show that the constant in (7.3.15) is sharp. We introduce the family
of analytic functions in Dg
£ |1

9¢(2) = - 5+ GEEE (7.3.17)

depending on a complex parameter & = pe'™, p > R.

Let z = re® be a fixed point, r < R, and let £ = pe’*. Taking into account
that the functions (7.3.9) and (7.3.17) differ by a constant, for any nonnegative
integer n by (7.3.11) we have

" — (p = r)" ]

|gén)(2) _ gén)(0)| _ PRy . (7.3.18)

By K,.(z) we denote the best constant in
[F7 () = F70)] < Ku(2){Ry(R) = [RF(O)]}. (7.3.19)

As shown above,
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Ko(z) < 2n! { R — (R —r)"t1}

< Ty (7.3.20)

By (7.3.19),

195 (2) = g (0)] < Ko (2){Rge (R) — [Rge (0)1},
which together with (5.4.25), (7.3.18) implies

"= (p ="+ R)

n!lp
y >
,C”(Z) (p* r)n+1an

Passing to the limit as p | R in the last inequality, we obtain

2n! {R"*! — (R — 7)™}
) >
,C”(Z) = (R _ T)n+1Rn ’

which, along with (7.3.20), proves the sharpness of the constant in (7.3.15).0

The assertion below contains a sharp estimate of | () (2) — f(")(0)| with

sup | f(C)] = [£(0)]

ICI<R

in the right-hand side. This estimate is closely related to the Landau inequality
(5.1.3).

Corollary 7.4. Let f be analytic and bounded on Dg. Then for any fized
z,|z| =7 < R, the sharp inequality

n! n+1 _ —r n+1
< TR (RO} Al (a2

() () _ £(n)
|f (Z) f (0)| (R—T)n+1Rn \C|<R

holds for n > 0.

Proof. Setting

w=M;(R)= sup |f(Q)
[CI<R

in (7.3.8) and taking into account (5.4.29), we arrive at

. N 277,' pn+1 _ (,0 _ r)n+1
|f( )(z) _ f( )(0)‘ < { RO }

Passing to the limit as p T R in the last inequality, we obtain

{My(R) = Rf(O)}

2n! {Rn+1 _ (R _ T)nJrl}
(R—r)ntlRn

£ (2) = F(0)] < {Mf(R) — Rf(0)}. (7.3.22)
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Replacing f by fe® in (7.3.22), we have

< 2n! {R”'H —(R- T)"'H}

() () — £(0)
|f ( ) f (0)‘ (R— r)nJran

{My(R) = R(f(0)e'™)},

which due to the arbitrariness of a implies (7.3.21).
We check that the constant in (7.3.21) is sharp. Let n be a nonnegative
integer and let IC,,(2) denote the sharp constant in

11T (2) = F(0)] < Ka(2) {My(R) = |£(0)]} - (7.3.23)
As shown above,

2n! {R"*! — (R — )"t}

< 3.
Kn(z) < (R— iR (7.3.24)
A particular case of (7.3.23) is
198 (2) = 98 (0)] < K (2) { Mg (R) = 19 (0)]} (7.3.25)

where ge¢(2) is the analytic function defined by (7.3.17). For any fixed z =
relt,r < R, and £ = pe®® by (5.4.33), (7.3.18), and (7.3.25) we have

nt{p"™ —(p—r)""'} (p+ R)
Kn(2) 2 (p— )" pnR ‘

Passing to the limit as p | R in the last inequality, we obtain

2n! {R"*! — (R — 7)™}

>
’Cm(Z) = (R _ T)7L+1Rn ’

which, along with (7.3.24), proves the sharpness of the constant in the in-
equality (7.3.21). O

7.3.4 Carathéodory type inequality

The following assertion contains estimate for |f(™(z) — f(™(0)| in terms of
Rf(0) under the assumption that Rf(¢) > 0 for |(| < R. This estimate is
closely related to the Carathéodory inequality (5.1.1).

Corollary 7.5. Let f be analytic with Rf({) > 0 on the disk Dg. Then for

any fized z,|z| = r < R, the inequality

2n! {R"*! — (R — )"t}
(R _ ,,.)n+1 R'n

1M (z) — f(0)] < Rf(0) (7.3.26)

holds with the best constant, where n > 0.
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Proof. Suppose Rf(¢) > 0 for |¢| < R. We put w =0 in (7.3.8). Since

IRfllz,op,) = 2mp Rf(0),
it follows from (7.3.8) that

M) () — #(n) 2n! {p" 1t — (p — 1)1}
77 = 70 < (p—r)ntipn

where n > 0. Passing to the limit as p T R in the last inequality, we arrive at
(7.3.26).

We prove that the constant in (7.3.26) is sharp. Introduce the family of
analytic functions

R1(0),

& I
§—z [+R

which depend on the complex parameter ¢ = pe'”, p > R. By (5.4.39),
Rhe(C) >0, for [¢| = R.

Let z = re® be a fixed point, r < R, and let £ = pe?’. Taking into account
that functions (7.3.9) and (7.3.27) differ by a constant, for any nonnegative
integer n by (7.3.11) we have

he(z) = (7.3.27)

= (p =)t

il
(" (2) — b (0)] = 2 7.3.28
[he 7 (2) = he 7 (0)] (=i ( )
By K, (%) we denote the sharp constant in

10 (2) = F7(0)] < Kn(2)RF(0). (7.3.29)
As shown above,

2! {RP+1 — (R — r)n!
Kn(z) < 22 { (R—r)m} (7.3.30)

- (R—r)nt1lRn
By (7.3.29),
1" (2) = B (0)] < K (2)Re (0),
Hence, by (5.4.40), (7.3.28)
nt {p"t —(p—7)""'} (p+ R)
(p—r)*tpmR '
Passing to the limit as p | R in the last inequality, we obtain

2n! {R" T — (R — )"t}
>
Kn(z) > (R—r) R ;

Kn(z) >

which, along with (7.3.30), proves the sharpness of the constant in the in-
equality (7.3.26). O
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7.4 The cases p = 2 and p = o©

The next assertion is a particular case of Proposition 7.1 for p = 2.

Corollary 7.6. Let f be analytic on Dr with Rf € ho(Dg). Further, let
n >0, and let Py, be a polynomial of degree m < n. Then for any fized point
z,|z| = r < R, there holds

1M (2) = £(0)] < Koo (2)|[R{f = P} l2, (7.4.1)

with the sharp constant

1 r
Kn2(z) = WKnQ (E) ) (7.4.2)
where
n 1/2
n! n\2 ok 2\2n+1
Kna(v) = 2)(2n+1)/2 { LA U - (743)
V(1 — 42) @it/ kzo(k)

In particular,

£ (2) — £(0)] < Ky a(2) Bna(RF), (7.4.4)

Eus(Rf) = H {f Zf(k) }
2 2 /
{II?Rf RO Rz'f 'R'“} |

Here the sum in k from 1 to n is assumed to vanish for n = 0.

where

Proof. Consider the integral in (7.2.3) for p = 2. Putting { = 1/£ there, we
obtain

[
I¢l=1

{4"“ — (¢—)H } i
(C _ 7)n+1<‘n

‘5"[1 — ( 75)7L+1] za}
= R 7.4.5
/|§|:1 { (1 —~8)ntt ( )
where v =r/R < 1 and « is a real parameter. Similarly,
n n 2
[ S (le) +}
I¢|=1 (=)t
— Cx gn[ (1 - 7£)n+1] La} 7 4
- /|§|:1 N { (1 =)+t (745)
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The function

=1 —2"
(1 =g+t ’

analytic in the disk |¢| < 471, satisfies (5.5.8) for p = 0. Therefore, the equality

9(§) =

0<y <1,

/0 " Rg(pei?)]2d0 = / " [Sg(pei?) 20

holds for p = 1, which together with (7.2.3) for p = 2 and (7.4.5), (7.4.6) leads

to
1/2
n! 1 Kn+1 _ (C _ ’Y)"+1|2
Kna(y) = — —/ d¢ .
2( ) T {2 =1 \C—’Y|2("+1> | |

By straightforward calculations we find

n! |1 ¢ nt1|?
s =203 [ (65)

n! 1 C n+1 1 1/2
_?{5/'“(1‘”(—4-7) +W>'d<} -

Now, taking into account the equality

C n+1 1 Cn
% _— = % — _— =
/\q=1 (C*V) 1] {z‘/<=1 (Cv)"*ldg} o

and (5.5.10), we arrive at

1/2

|d¢]

" 1/2
n! Z n\? o 2\2n+1
K’n,?(’}/) = \/7?(1 _,Y2)(2n+1)/2 { (k) v (1 -7 ) )

which together with (7.2.2) for p = 2 results at (7.4.2), (7.4.3).
The formula for £, 2(Rf) stated in Corollary 7.6 was obtained in Corol-
lary 5.7. a

Remark 7.1. For n = 0, inequalities (7.4.1) and (7.4.4) were obtained in pre-
vious chapters (see (3.3.5) and (2.3.5), respectively).

For p = oo inequality (7.2.4) can be written in terms of O,, gf(Dg) which
is the infimum of the oscillation of Rf({) — RP({) on the disk Dg taken over
the set {8, } of polynomials P of degree at most n. The next assertion follows
from Proposition 7.1 for p = co and can be proved in the same manner as
Corollary 5.13.
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Corollary 7.11. Let f be analytic on Dg with bounded Rf, and let n > 0.
Then for any fixed point z,|z| = r < R, the inequality

1) = FPO)] € 5K el2)0n s (D) (7.47)

holds with the sharp constant

)= o (3),

where

T «

n+1 _ _ n+1 )
{C (C _ §§71+;)/<)n ela}‘ ‘dq

Remark 7.2. Note that the sharp inequality (3.4.23)

|
ot = o [
I¢l=1

1 R+r
A7) < Slog B 1T 0y (D)

—r

is a particular case of (7.4.7) for n = 0.
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