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Explicit formulas for sharp coefficients in estimates of the modulus of an analytic func-

tion and its derivative in the upper half-plane are found. It is assumed that the boundary

values of the real part of the function are in Lp. As corollaries, sharp estimates for the

modulus of the gradient of a harmonic function in R
2
+ are deduced. Besides, a represen-

tation for the best constant in the estimate of the modulus of the gradient of a harmonic

function in R
n
+ by the Lp-norm of the boundary normal derivative is given, 1 � p <∞.

This representation is formulated in terms of an optimization problem on the unit sphere

which is solved for p ∈ [1, n]. Bibliography: 6 titles.

1 Introduction

In this paper, we deal first with a class of analytic functions in the half-plane C+ = {z ∈ C :

Im z > 0} represented by the Schwarz formula

f(z) =
1

πi

∞∫

∞

Re f(ζ)

ζ − z
dζ (1.1)
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and such that the boundary values on ∂C+ of the real part of f belong to the space Lp(−∞,∞), 1 �
p <∞.

In what follows, by hp(R2
+), 1 � p � ∞, we mean the Hardy space of harmonic functions

in the upper half-plane R
2
+ which are represented by the Poisson integral with a density in

Lp(−∞,∞). It is well known (cf., for example, [1, Section 19.3]) that f belongs to the Hardy

space Hp(C+) of analytic functions in C+ if Re f ∈ hp(R2
+), 1 < p < ∞. Besides, any function

f ∈ Hp(C+), 1 < p <∞, admits the representation (1.1) since Re f ∈ hp(R2
+).

We consider two inequalities with sharp coefficients

|Re{eiαf(z)}| � Cp(z;α)||Re f ||p (1.2)

and

|Re{eiαf ′(z)}| � Kp(z;α)||Re f ||p , (1.3)

where z ∈ C+ and || · ||p stands for the norm in Lp(−∞,∞). Here and in what follows, we adopt

the notation ||Re f ||p for ||Re f |∂C+ ||p. We find representations for Cp(z;α) and Kp(z;α) and

also obtain explicit formulas for the sharp coefficients

Cp(z) = max
α

Cp(z;α) (1.4)

and

Kp(z) = max
α

Kp(z;α) , (1.5)

in pointwise estimates for the absolute value of an analytic function and its derivative in C+.

As a corollary, we obtain explicit sharp pointwise estimates for the gradient of a harmonic

function in R
2
+ for any p ∈ [1,∞). In the second part of the paper, we deal with problems

concerning harmonic functions of n variables. They are connected with the following analogue

of D. Khavinson’s extremal problem [2] stated in [3]. Let H be a class of harmonic functions in a

domain D ⊂ R
n, let x ∈ D be a fixed point, and let Φ be a positively homogeneous nonnegative

functional defined on functions in H and such that

∣∣(∇u(x), �)∣∣ � C(x)Φ(u)

for all |�| = 1 and u ∈ H . One is looking for a direction � for which the sharp coefficient

KΦ(x; �) in the following inequality:

∣∣(∇u(x), �)∣∣ � KΦ(x; �)Φ(u), u ∈ H ,

attains its largest value, and for the corresponding value of KΦ(x; �).

An analogue of the above extremal problem for analytic functions is the evaluation of optimal

values of α in (1.4) and (1.5). Note that the inequalities (1.2) and (1.3) for analytic functions

belong to the class of sharp real-part theorems (cf. [4] and the references therein) which go back

to Hadamard’s real-part theorem [5].

Now we describe the results of this paper in more detail. Introduction is followed by three

sections. The first of them concerns the representation for the sharp coefficient Cp(z;α). We

show that the sharp coefficient in

|f(z)| � Cp(z)||Re f ||p , (1.6)
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with 1 � p <∞ is defined by

Cp(z) =
Cp

(Im z)1/p
, (1.7)

where

C1 =
1

π
, C2 =

1√
2π

,

and

Cp =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1

π(p+1)/(2p)

⎧⎨
⎩
Γ
(

p+1
2p−2

)

Γ
(

p
p−1

)
⎫⎬
⎭

1− 1
p

for 1 < p < 2 ,

1

π

⎧⎨
⎩

Γ
(
2p−1
2p−2

)
Γ
(

1
2p−2

)

Γ
(

p
p−1

)
⎫⎬
⎭

1− 1
p

for 2 < p <∞ .

Note that the maximum in (1.4) is attained at α = 0 for 1 � p < 2 and at α = π/2 for p > 2.

The coefficient C2(z;α) is independent of α.

As a corollary of (1.6), we arrive at the sharp estimate

|∇u(z)| � Cp

y1/p

∣∣∣∣
∣∣∣∣∂u∂ν

∣∣∣∣
∣∣∣∣
p

, (1.8)

where z = (x, y) ∈ R
2
+ and u is a solution of the Neumann problem for the Laplace equation in

R
2
+ with boundary data in Lp(−∞,∞), 1 � p <∞. Here and henceforth, ||∂u/∂ν||p stands for

the Lp-norm of the boundary normal derivative of u. It turns out that the largest value of the

modulus of the directional derivative of u at a point z, with ||∂u/∂ν||p � 1, is attained at the

direction normal to ∂R2
+ if 1 � p < 2, at any direction if p = 2, and at the tangential direction

if 2 < p <∞.

In Section 2, we consider the multi-dimensional analogue of (1.8):

|∇u(x)| � Cn,p(x)

∣∣∣∣
∣∣∣∣∂u∂ν

∣∣∣∣
∣∣∣∣
p

, (1.9)

where x ∈ R
n
+ = {x = (x1, . . . , xn) : xn > 0} and u is a solution of the Neumann problem for

the Laplace equation in R
n
+ with boundary data in Lp(Rn−1), 1 � p < ∞. With respect to the

notation ||∂u/∂ν||p , we keep the same meaning as above for the two-dimensional case. We show

that

Cn,p(x) =
Cn,p

x
(n−1)/p
n

and find a representation for Cn,p in terms of an extremal problem on the unit sphere in R
n. By

solving that problem for p ∈ [1, n], we find

Cn,p =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

1

ωn
for p = 1 ,

21/p

ωn

⎧⎨
⎩
2π(n−1)/2Γ

(
n+p−1
2p−2

)

Γ
(

np
2p−2

)
⎫⎬
⎭

1− 1
p

for 1 < p � n .
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Note that the maximal value of the sharp coefficient Cn,p(x; �) in

∣∣∣∣∂u(x)∂�

∣∣∣∣ � Cn,p(x; �)

∣∣∣∣
∣∣∣∣∂u∂ν

∣∣∣∣
∣∣∣∣
p

for a fixed x is attained at the direction normal to ∂Rn
+ if 1 � p < n. It turns out that Cn,n(x; �)

is independent of �.

In Section 3, we find a representation for the sharp coefficient Kp(z;α) in (1.3). We show

that the sharp coefficient Kp(z) in

|f ′(z)| � Kp(z)||Re f ||p (1.10)

is given by

Kp(z) =
Kp

(Im z)1+
1
p

, (1.11)

where

K1 =
1

π
, K2 =

1

2
√
π
, K∞ =

2

π
,

Kp =
1

(2
√
πp+1)1/p

⎧⎨
⎩

∞∑
n=0

(
1/(p− 1)

2n

) Γ
(
(2n+1)(p−1)+p

2p−2

)

Γ
(
2(n+1)(p−1)+p

2p−2

)
⎫⎬
⎭

1− 1
p

if 1 < p < 2, and

Kp =
2

π

⎧⎨
⎩

Γ
(
2p+1
2p−2

)
Γ
(
2p−1
2p−2

)

Γ
(

2p
p−1

)
⎫⎬
⎭

1− 1
p

for 2 < p < ∞. It is shown that the maximum in (1.5) is attained at α = π/2 if 1 � p < 2 and

at α = 0 if 2 < p <∞. For p = 2 and for p = ∞, the coefficient Kp(z;α) is independent of α.

Note that the value K∞ is obtained by passage to the limit of Kp as p → ∞. It was found

in [4] by a different method.

As a corollary of (1.10), we arrive at the sharp estimate

|∇u(z)| � Kp

y1+
1
p

||u||p (1.12)

for harmonic functions u ∈ hp(R2
+).

An analogue of (1.12) for harmonic functions in R
n
+, n � 3, is found in our article [6]. Namely,

in [6] a representation for the best coefficient Mp(x) in the inequality

|∇u(x)| � Mp(x)
∣∣∣∣u∣∣∣∣

p

was obtained, where u is harmonic function in R
n
+, represented by the Poisson integral with

boundary values in Lp(Rn−1), || · ||p is the norm in Lp(Rn−1), 1 � p � ∞, x ∈ R
n
+. It was shown

that

Mp(x) =Mp x
(1−n−p)/p
n

and explicit formulas for Mp for the cases p = 1, 2,∞ are given.
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2 Best Real-Part Estimates for an Analytic Function

We start with the following assertion.

Proposition 1. Let Re f ∈ hp(R2
+), 1 � p <∞, and let z be an arbitrary point in C+. The

sharp coefficient Cp(z;α) in the inequality

|Re{eiαf(z)}| � Cp(z;α)||Re f ||p (2.1)

is given by

Cp(z;α) =
Cp(α)

(Im z)1/p
, (2.2)

where

Cp(α) =
1

π

⎧⎪⎨
⎪⎩

π/2∫

−π/2

| cos(ϕ− α)|q cosq−2 ϕdϕ

⎫⎪⎬
⎪⎭

1/q

, (2.3)

and 1/p+ 1/q = 1.

Proof. By (1.2),

Re{eiαf(z)} =
1

π

∞∫

−∞
Re

{
ei(α−

π
2 )

ζ − z

}
Re f(ζ)dζ . (2.4)

Let z = x+ iy. We write (2.4) as

Re{eiαf(z)} =
1

π

∞∫

−∞
Re

{
(sinα− i cosα)(ζ − x+ iy)

(ζ − x)2 + y2

}
Re f(ζ)dζ

=
1

π

∞∫

−∞

(ζ − x) sinα+ y cosα

(ζ − x)2 + y2
Re f(ζ)dζ . (2.5)

Hence the sharp constant Cp(z;α) in (2.1) has the form

Cp(z;α) =
1

π

⎧⎨
⎩

∞∫

−∞

∣∣∣∣(ζ − x) sinα+ y cosα

(ζ − x)2 + y2

∣∣∣∣
q

dζ

⎫⎬
⎭

1/q

. (2.6)

We introduce the new integration variable ϕ ∈ (−π/2, π/2) by the equalities

sinϕ =
ζ − x√

(ζ − x)2 + y2
, cosϕ =

y√
(ζ − x)2 + y2

. (2.7)

Then

ϕ = arctan
ζ − x

y
(2.8)

and therefore,

dϕ =
y

(ζ − x)2 + y2)
dζ . (2.9)
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Using (2.7)–(2.9) and the equality

1

[(ζ − x)2 + y2]q/2
=

1

yq−1

(
y√

(ζ − x)2 + y2

)q−2
y

(ζ − x)2 + y2
, (2.10)

we can write (2.6) as

Cp(z;α) =
1

πy(q−1)/q

⎧⎪⎨
⎪⎩

π/2∫

−π/2

| cos(ϕ− α)|q cosq−2 ϕdϕ

⎫⎪⎬
⎪⎭

1/q

, (2.11)

which implies (2.2) with coefficient (2.3).

The next assertion concerns the sharp constant in the estimate for the modulus of an analytic

function.

Theorem 1. Let Re f ∈ hp(R2
+), 1 � p < ∞, and let z be an arbitrary point in C+. The

sharp coefficient Cp(z) in the inequality

|f(z)| � Cp(z)||Re f ||p (2.12)

is given by

Cp(z) =
Cp

(Im z)1/p
, (2.13)

where

C1 =
1

π
, C2 =

1√
2π

, (2.14)

and

Cp =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1

π(p+1)/(2p)

⎧⎨
⎩

Γ
(

p+1
2p−2

)

Γ
(

p
p−1

)
⎫⎬
⎭

1− 1
p

for 1 < p < 2 ,

1

π

⎧⎨
⎩
Γ
(
2p−1
2p−2

)
Γ
(

1
2p−2

)

Γ
(

p
p−1

)
⎫⎬
⎭

1− 1
p

for 2 < p <∞ .

(2.15)

The maximum value of Cp(α), defined by (2.3), is attained at α = 0 if 1 � p < 2 and at

α = π/2 if 2 < p <∞. The coefficient C2(α) is independent of α.

Proof. It follows from Proposition 1 that the sharp coefficient in (2.12) is defined by

Cp(z) = max
α

Cp(z;α),

where Cp(z;α) is given by (2.2) and (2.3). Hence (2.13) is valid with

Cp = max
α

Cp(α) =
1

π
max
α

⎧⎪⎨
⎪⎩

π/2∫

−π/2

| cos(ϕ− α)|q cosq−2 ϕdϕ

⎫⎪⎬
⎪⎭

1/q

. (2.16)
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We adopt the notation

Fq(α) =

π/2∫

−π/2

| cos(ϕ− α)|q cosq−2 ϕdϕ . (2.17)

While calculating the maximum in (2.16) we assume that α ∈ [−π/2, π/2] since Fp(α) is a π-

periodic function. Besides, we can limit our consideration to the interval [0, π/2] since Fp(α) is

even, which is easy to check.

(i) Cases p = 1 and p = 2. By (2.16), we have

C1 =
1

π
max

α∈[0,π
2
]

max
ϕ∈[−π

2
,π
2
]
| cos(ϕ− α)| cosϕ =

1

π
, (2.18)

and the maximum in α is attained at α = 0.

Further, we find

F2(α) =

π/2∫

−π/2

cos2(ϕ− α)ϕdϕ =
π

2
.

Since F2(α) is independent of α, it follows from (2.16) and (2.17) that

C2 =
1√
2π

. (2.19)

Now, (2.18) and (2.19) prove (2.14).

(ii) Cases 1 < p < 2 and 2 < p <∞. We write (2.17) in the form

Fq(α) =

−π
2
+α∫

−π
2

[− cos(ϕ− α)]q

cos2−q ϕ
dϕ+

π
2∫

−π
2
+α

cosq(ϕ− α)

cos2−q ϕ
dϕ

=

−π
2
+α∫

−π
2

cosq(ϕ+ π − α)

| cosϕ|2−q
dϕ+

π
2∫

−π
2
+α

cosq(ϕ− α)

| cosϕ|2−q
dϕ .

Hence

dFq

dα
= q

−π
2
+α∫

−π
2

cosq−1(ϕ+ π − α) sin(ϕ+ π − α)

| cosϕ|2−q
dϕ

+ q

π
2∫

−π
2
+α

cosq−1(ϕ− α) sin(ϕ− α)

| cosϕ|2−q
dϕ .
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We make the change of variable ψ = ϕ+ π in the first integral on the right-hand side to obtain

dFq

dα
= q

π
2
+α∫

π
2

cosq−1(ψ − α) sin(ψ − α)

| cosψ|2−q
dψ + q

π
2∫

−π
2
+α

cosq−1(ϕ− α) sin(ϕ− α)

| cosϕ|2−q
dϕ

= q

π
2
+α∫

−π
2
+α

cosq−1(ϕ− α) sin(ϕ− α)

| cosφ|2−q
dϕ .

The change of variable ϕ− α = ϑ in the last integral leads to

dFq

dα
= q

π/2∫

−π/2

cosq−1 ϑ sinϑ

| cos(ϑ+ α)|2−q
dϑ . (2.20)

This implies F ′
q(0) = F ′

q(π/2) = 0. Let us show that F ′
q(α) > 0 for 1 < q < 2 and F ′

q(α) < 0 for

q > 2 in (0, π/2). For this purpose, we write (2.20) as the sum

dFq

dα
= q

0∫

−π/2

cosq−1 ϑ sinϑ

| cos(ϑ+ α)|2−q
dϑ+ q

π/2∫

0

cosq−1 ϑ sinϑ

| cos(ϑ+ α)|2−q
dϑ ,

and replace ϑ by −ϑ in the second integral. This gives

dFq

dα
= q

π/2∫

0

cosq−1 ϑ sinϑ

| cos(ϑ+ α)|2−q
dϑ− q

π/2∫

0

cosq−1 ϑ sinϑ

| cos(ϑ− α)|2−q
dϑ . (2.21)

For 1 < p < 2 (2 < q <∞), we write this equality as

dFq

dα
= q

π/2∫

0

(
| cos(ϑ+ α)|q−2 − | cos(ϑ− α)|q−2

)
cosq−1 ϑ sinϑdϑ , (2.22)

while for 2 < p <∞ (1 < q < 2) we express (2.21) as

dFq

dα
= q

π/2∫

0

| cos(ϑ− α)|2−q − | cos(ϑ+ α)|2−q

| cos(ϑ− α) cos(ϑ+ α)|2−q
cosq−1 ϑ sinϑdϑ . (2.23)

Further, since ϑ, α ∈ [0, π/2], it follows that

| cos(ϑ− α)|−| cos(ϑ+ α)|=
⎧⎨
⎩

cos(ϑ− α)−cos(ϑ+ α) for ϑ ∈ [ 0, π2 − α
]
,

cos(ϑ− α)+cos(ϑ+ α) for ϑ ∈ (π2 − α, π2
]
,

i.e.,

| cos(ϑ− α)|−| cos(ϑ+ α)|=
⎧⎨
⎩

2 sinϑ sinα for ϑ ∈ [ 0, π2 − α
]
,

2 cosϑ cosα for ϑ ∈ (π2 − α, π2
]
.
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Hence

| cos(ϑ− α)| � | cos(ϑ+ α)| (2.24)

for α, ϑ ∈ [0, π/2] and the equality sign holds for α = 0 or for α = π/2 provided that ϑ ∈ (0, π/2).

Thus, (2.22)–(2.24) imply that F ′
q(α) < 0 for 1 < p < 2 and α ∈ (0, π/2), and F ′

q(α) > 0

for 2 < p < ∞ and α ∈ (0, π/2). Therefore, the maximum of Fq(α) is attained for α = 0 if

1 < p < 2 and for α = π/2 if 2 < p <∞. Now, by (2.16) and (2.17),

Cp =
1

π

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎧⎪⎨
⎪⎩

π/2∫

−π/2

cos2(q−2) ϕdϕ

⎫⎪⎬
⎪⎭

1/q

for 1 < p < 2 ,

⎧⎪⎨
⎪⎩

π/2∫

−π/2

| sinϕ|q cosq−2 ϕdϕ

⎫⎪⎬
⎪⎭

1/q

for 2 < p <∞ .

(2.25)

Evaluating the integrals in (2.25), we arrive at (2.15).

Let u be a harmonic function in R
2
+ given as the single layer potential

u(x, y) =
1

2π

∞∫

∞
log

1

(ξ − x)2 + y2
∂u

∂ν
(ξ, 0)dξ (2.26)

with the boundary value of ∂u/∂ν on ∂R2
+ in Lp(−∞,∞), 1 � p <∞. Then ∂u/∂ν ∈ hp(R2

+).

The next assertion follows from Theorem 1.

Corollary 1. Let u be a solution of the Neumann problem for the Laplace equation in R
2
+

with ∂u/∂ν ∈ hp(R2
+), 1 � p <∞. For any point z = (x, y) ∈ R

2
+ the inequality

|∇u(z)| � Cp

y1/p

∣∣∣∣
∣∣∣∣∂u∂ν

∣∣∣∣
∣∣∣∣
p

(2.27)

is valid with the sharp coefficient and the same Cp as in Theorem 1.

The maximum absolute value of the directional derivative of u at z with ||∂u/∂ν||p � 1 is

attained at the direction which is normal to ∂R2
+ if 1 � p < 2, at any direction if p = 2, and at

the tangential direction if 2 < p <∞.

Proof. By (2.26),

∇u(z) = 1

π

∞∫

∞

(ξ − x)i− yj

(ξ − x)2 + y2
∂u

∂ν
(ξ, 0)dξ . (2.28)

Let �α be the unit vector at an angle α with respect to the x-axis. In view of (2.28),

∂u

∂�α
=

1

π

∞∫

∞

(ξ − x) cosα− y sinα

(ξ − x)2 + y2
∂u

∂ν
(ξ, 0)dξ . (2.29)
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Setting z = x+ iy and ζ = ξ + i0, we can write (1.1) in the form

f(z) =
1

π

∞∫

∞

y − (ξ − x)i

(ξ − x)2 + y2
Re f(ξ, 0)dξ .

Hence

Re
{
ei(

π
2
+α)f(z)

}
=

1

π

∞∫

∞

(ξ − x) cosα− y sinα

(ξ − x)2 + y2
Re f(ξ, 0)dξ . (2.30)

Comparing (2.29) and (2.30), we conclude that the sharp constants in
∣∣∣∣ ∂u∂�α

∣∣∣∣ � Sp(α)

y1/p

∣∣∣∣
∣∣∣∣∂u∂ν

∣∣∣∣
∣∣∣∣
p

(2.31)

and

|Re{eiαf(z)}| � Cp(α)

y1/p
||Re f ||p

are related as follows:

Sp(α) = Cp

(π
2
+ α

)
. (2.32)

Therefore,

max
α

Sp(α) = Cp , (2.33)

with the same Cp as in Theorem 1. This proves the inequality (2.27).

It follows from (2.32), (2.33) and Theorem 1, that the maximum value of Sp(α) is attained

for α = π/2 if 1 � p < 2, for α = 0 if 2 < p < ∞ and S2(α) is independent of α. The corollary

is proved.

3 Sharp Estimates for the Gradient of a Solution
of the Neumann Problem

We introduce some notation used in the present section. Let R
n
+ =

{
x = (x′, xn) : x′ =

(x1, . . . , xn−1) ∈ R
n−1, xn > 0

}
, Sn−1 = {x ∈ R

n : |x| = 1}, and S
n−1
− = {x ∈ R

n : |x| = 1, xn <

0}. Let eσ stand for the n-dimensional unit vector joining the origin to a point σ on the sphere

S
n−1. We suppose that n � 3.

By || · ||p we denote the norm in the space Lp(Rn−1), i.e.,

||f ||p =

{ ∫

Rn−1

|f(x′)|p dx′
}1/p

if 1 � p <∞ and ||f ||∞ = ess sup{|f(x′)| : x′ ∈ R
n−1}.

Next, we denote by hp(Rn
+), 1 � p � ∞, the Hardy space of harmonic functions on R

n
+,

which can be represented as the Poisson integral

u(x) =
2

ωn

∫

Rn−1

xn
|y − x|n u(y′, 0)dy′ (3.1)
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with boundary values in Lp(Rn−1), where y = (y′, 0), y′ ∈ R
n−1, and ωn is the area of the unit

sphere in R
n.

Let u be a harmonic function in R
n
+ given as the single layer potential

u(x) =
2

(n− 2)ωn

∫

Rn−1

1

|y − x|n−2

∂u

∂ν
(y′, 0) )dy′ (3.2)

with the boundary values of ∂u/∂ν on ∂Rn
+ in Lp(Rn−1), 1 � p <∞. Then ∂u/∂ν ∈ hp(Rn

+).

Now, we find a representation for the best coefficient Cn,p(x; �) in the inequality for the

absolute value of derivative ∂u/∂� in an arbitrary direction � ∈ S
n−1 with ||∂u/∂ν||p on the

right-hand side.

Proposition 2. Let u be a solution of the Neumann problem for the Laplace equation in R
n
+

with ∂u/∂ν ∈ hp(Rn
+), 1 � p < ∞, and let x be an arbitrary point in R

n
+. The sharp coefficient

Cn,p(x; �) in the inequality

|(∇u(x), �)| � Cn,p(x; �)

∣∣∣∣
∣∣∣∣∂u∂ν

∣∣∣∣
∣∣∣∣
p

(3.3)

is given by

Cn,p(x; �) =
Cn,p(�)

x
(n−1)/p
n

, (3.4)

where

Cn,1(�) =
2

ωn
max

σ∈Sn−1
|(eσ, �)||(eσ, en)|n−1 , (3.5)

and

Cn,p(�) =
21/p

ωn

{ ∫

Sn−1

|(eσ, �)|p/(p−1)|(eσ, en)|(n−p)/(p−1)dσ

}1− 1
p

(3.6)

for 1 < p <∞.

In particular, the sharp coefficient Cn,p(x) in the inequality

|∇u(x)| � Cn,p(x)

∣∣∣∣
∣∣∣∣∂u∂ν

∣∣∣∣
∣∣∣∣
p

(3.7)

is given by

Cn,p(x) =
Cn,p

x
(n−1)/p
n

, (3.8)

where

Cn,p = max
|�|=1

Cn,p(�) . (3.9)

Proof. By (3.2),

∇u(x) = 2

ωn

∫

Rn−1

exy
|y − x|n−1

∂u

∂ν
(y′, 0) )dy′ ,

where exy = (y − x)/|y − x|. Hence the sharp coefficient Cn,p(x; �) in (3.3) has the form

Cn,p(x; �) =
2

ωn

{ ∫

Rn−1

|(exy, �)|q
|y − x|(n−1)q

dy′
}1/q

, (3.10)
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where 1/p+ 1/q = 1. Since

1

|y − x|(n−1)q
=

1

x
(n−1)(q−1)
n

(
xn

|y − x|
)(n−1)q−n xn

|y − x|n ,

it follows that (3.10) can be written in the form (3.4), where

Cn,p(�) =
2

ωn

{ ∫

S
n−1
−

|(eσ, �)|q(eσ,−en)
(n−1)q−ndσ

}1/q

=
2

ωn

{
1

2

∫

Sn−1

|(eσ, �)|q|(eσ, en)|(n−1)q−ndσ

}1/q

. (3.11)

The last equality is equivalent to (3.6). Formula (3.5) is the limit case of (3.11) as q → ∞.

Formulas (3.8) and (3.9) for the best coefficient in (3.7) are direct consequences of (3.3) and

(3.4).

The next assertion provides a solution of the optimization problem (3.9) on the unit sphere

in R
n for p ∈ [1, n].

Theorem 2. Let u be a solution of the Neumann problem for the Laplace equation in R
n
+

with ∂u/∂ν ∈ hp(Rn
+), p ∈ [1, n], and let x be an arbitrary point in R

n
+. The sharp coefficient

Cn,p in the inequality

|(∇u(x)| � Cn,p

x
(n−1)/p
n

∣∣∣∣
∣∣∣∣∂u∂ν

∣∣∣∣
∣∣∣∣
p

(3.12)

is given by

Cn,p(x; �) =
Cn,p(�)

x
(n−1)/p
n

, (3.13)

where

Cn,1 =
2

ωn
, (3.14)

and

Cn,p =
21/p

ωn

⎧⎨
⎩
2π(n−1)/2Γ

(
n+p−1
2p−2

)

Γ
(

np
2p−2

)
⎫⎬
⎭

1− 1
p

(3.15)

for 1 < p � n.

The maximum in � in (3.9) is attained for � = en or for � = −en if 1 � p < n. The

coefficient Cn,n(�) is independent of �.

Proof. First, let p = 1. It follows from (3.5) and (3.9) that

Cn,1 =
2

ωn
max
|�|=1

max
σ∈Sn−1

|(eσ, �)||(eσ, en)|n−1 . (3.16)

Interchanging the order of maxima, we obtain

Cn,1 =
2

ωn
max

σ∈Sn−1
max
|�|=1

|(eσ, �)||(eσ, en)|n−1 =
2

ωn
max

σ∈Sn−1
|(eσ, en)|n−1 =

2

ωn
,
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which proves (3.14). The maximum in � in (3.16) is attained at � = ±en.

The equality (3.6) with p = n takes the form

Cn,n(�) =
21/n

ωn

{ ∫

Sn−1

|(eσ, �)|n/(n−1)dσ

}1− 1
n

. (3.17)

Thus, Cn,n(�) is independent of �.

Next, let p ∈ (1, n). By (3.6) and (3.9),

Cn,p=max
|�|=1

Cn,p(�) � Cn,p(en) =
21/p

ωn

{ ∫

Sn−1

|(eσ, en)|n/(p−1)dσ

}1− 1
p

. (3.18)

We show the estimate opposite to (3.18) also holds.

Let

s =
n

p
, t =

n

n− p
. (3.19)

Then
1

s
+

1

t
=
p

n
+
n− p

n
= 1 . (3.20)

Using the Hölder inequality and (3.19), we obtain

∫

Sn−1

|(eσ, �)|
p

p−1 |(eσ, en)|
n−p
p−1 dσ �

{ ∫

Sn−1

|(eσ, �)|
ps
p−1 dσ

}1/s{ ∫

Sn−1

|(eσ, en)|
(n−p)t
p−1 dσ

}1/t

=

{ ∫

Sn−1

|(eσ, �)|
n

p−1 dσ

}1/s{ ∫

Sn−1

|(eσ, en)|
n

p−1 dσ

}1/t

. (3.21)

Since the first integral in the last equality is independent of �, it follows that∫

Sn−1

|(eσ, �)|
n

p−1 dσ =

∫

Sn−1

|(eσ, en)|
n

p−1 dσ ,

which, in view of (3.20), allows us to write (3.21) as
∫

Sn−1

|(eσ, �)|
p

p−1 |(eσ, en)|
n−p
p−1 dσ �

∫

Sn−1

|(eσ, en)|
n

p−1 |dσ .

This, together with (3.6) and (3.9), implies

Cn,p �
21/p

ωn

{ ∫

Sn−1

|(eσ, en)|n/(p−1)dσ

}1− 1
p

.

This estimate and (3.18) imply

Cn,p =
21/p

ωn

{ ∫

Sn−1

|(eσ, en)|n/(p−1)dσ

}1− 1
p

. (3.22)
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Besides, the maximum in � in (3.9) is attained at � = ±en.

Evaluating the integral in (3.22), we find

∫

Sn−1

|(eσ, en)|n/(p−1)dσ = 2ωn−1

π/2∫

0

cosn/(p−1) ϑ sinn−2 ϑdϑ

= ωn−1B

(
n+ p− 1

2(p− 1)
,
n− 1

2

)
=

2π(n−1)/2Γ
(
n+p−1
2(p−1)

)

Γ
(

np
2(p−1)

) ,

which, together with (3.22) and (3.17), proves (3.15).

4 Best Real-Part Estimates
for the Derivative of an Analytic Function

By (1.1),

f ′(z) =
1

πi

∞∫

∞

Re f(ζ)

(ζ − z)2
dζ , (4.1)

where z ∈ C+.

Proposition 3. Let Re f ∈ hp(R2
+), 1 � p <∞, and let z be an arbitrary point in C+. The

sharp coefficient Kp(z;α) in the inequality

|Re{eiαf ′(z)}| � Kp(z;α)||Re f ||p (4.2)

is given by

Kp(z;α) =
Kp(α)

(Im z)(p+1)/p
, (4.3)

where

Kp(α) =
1

π

{ π/2∫

−π/2

| sin(2ϕ− α)|q cos2(q−1) ϕdϕ

}1/q

(4.4)

and 1/p+ 1/q = 1.

Proof. It follows from (4.1) that

Re{eiαf ′(z)} =
1

π

∞∫

−∞
Re

{
ei(α−

π
2 )

(ζ − z)2

}
Re f(ζ)dζ .

Putting here z = x+ iy, we obtain

Re{eiαf ′(z)} =
1

π

∞∫

−∞
Re

{
ei(α−

π
2 )[(ζ − x) + iy]2

[(ζ − x)2 + y2]2

}
Re f(ζ)dζ .
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Hence the sharp constant Kp(z;α) in (4.2) takes the form

Kp(z;α) =
1

π

⎧⎨
⎩

∞∫

−∞

∣∣∣∣∣Re
{
ei(α−

π
2 )[(ζ − x) + iy]2

[(ζ − x)2 + y2]2

}∣∣∣∣∣
q

dζ

⎫⎬
⎭

1/q

. (4.5)

We introduce a new variable ϕ ∈ (−π/2, π/2) by the equalities (2.7). Since

ei(α−
π
2 )

{
(ζ − x) + iy√
(ζ − x)2 + y2

}2

= ei(α−
π
2 )
(
sinϕ+ i cosϕ

)2
= ei(α+

π
2
−2ϕ)

and

1

[(ζ − x)2 + y2]q
=

1

y2q−1

(
y√

(ζ − x)2 + y2

)2(q−1)
y

(ζ − x)2 + y2
,

one can, using (2.7)–(2.9), write (4.5) as

Kp(z;α) =
1

πy(2q−1)/q

⎧⎪⎨
⎪⎩

π/2∫

−π/2

| sin(2ϕ− α)|q cos2(q−1) ϕdϕ

⎫⎪⎬
⎪⎭

1/q

.

The last representation is equivalent to (4.3) and (4.4).

The next assertion contains the sharp constant in the estimate of the modulus of the deriva-

tive of an analytic function in C+. Here, K∞ is understood as the limit of Kp as p→ ∞.

Theorem 3. Let Re f ∈ hp(R2
+), 1 � p � ∞, and let z be an arbitrary point in C+. The

sharp coefficient Kp(z) in the inequality

|f ′(z)| � Kp(z)||Re f ||p (4.6)

is given by

Kp(z) =
Kp

(Im z)(p+1)/p
, (4.7)

where

K1 =
1

π
, K2 =

1

2
√
π
, K∞ =

2

π
, (4.8)

Kp =
1

(2
√
πp+1)1/p

⎧⎨
⎩

∞∑
n=0

(
1/(p− 1)

2n

) Γ
(
(2n+1)(p−1)+p

2p−2

)

Γ
(
2(n+1)(p−1)+p

2p−2

)
⎫⎬
⎭

1− 1
p

(4.9)

for 1 < p < 2 and

Kp =
2

π

⎧⎨
⎩

Γ
(
2p+1
2p−2

)
Γ
(
2p−1
2p−2

)

Γ
(

2p
p−1

)
⎫⎬
⎭

1− 1
p

(4.10)

for 2 < p <∞.

The maximum of the function Kp(α) defined by (4.4) is attained for α = π/2 if 1 � p < 2

and for α = 0 if 2 < p <∞. The coefficients K2(α) and K∞(α) are independent of α.
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Proof. It follows from Proposition 3 that the sharp constant Kp(z) in (4.6) is defined by

(4.7), where

Kp = max
α

Kp(α) , (4.11)

and Kp(α) is given by (4.4).

(i) Cases p = 1, 2, and ∞. By (4.4) and (4.11),

K1 =
1

π
max
α

max
ϕ∈[−π

2
,π
2 ]
| sin(2ϕ− α)| cos2 ϕ .

The maxima in ϕ and α are attained at 2ϕ − α = ±π/2 and ϕ = 0, i.e., for α = ±π/2, ϕ = 0.

Thus, K1 = 1/π which proves the first formula in (4.8).

Evaluating the integral (4.4) for p = 2, we find

K2(α) =
1

2
√
π
, (4.12)

i.e., K2(α) is independent of α. Now, the second equality in (4.8) follows from (4.11) and (4.12).

The value K∞ = lim
p→∞Kp admits a straightforward calculation. By (4.4),

K∞(α) =
1

π

π/2∫

−π/2

| sin(2ϕ− α)|dϕ .

The change of variable ψ = 2ϕ− α implies

K∞(α) =
1

2π

π−α∫

−π−α

| sinψ| dψ =
1

2π

2π∫

0

| sinψ| dψ =
2

π
. (4.13)

Thus, K∞(α) is independent of α. Now, the third formula in (4.8) results from (4.11) and (4.13).

(ii) Cases 1 < p < 2 and 2 < p < ∞. Making the change of variable ψ = 2ϕ − α in the

integral

Gq(α) =

π/2∫

−π/2

| sin(2ϕ− α)|q cos2(q−1) ϕdϕ , (4.14)

which is involved in (4.4), we find

Gq(α) =
1

2

π−α∫

−π−α

| sinψ|q cos2(q−1) ψ + α

2
dψ .

Hence

∂Gq

∂α
= −q − 1

2

π−α∫

−π−α

| sinψ|q cos2q−3 ψ + α

2
sin

ψ + α

2
dψ .

Returning back to the variable ϕ = (ψ + α)/2, we obtain

∂Gq

∂α
= (1− q)

π/2∫

−π/2

| sin(2ϕ− α)|q cos2q−3 ϕ sinϕ dϕ . (4.15)
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We divide the integration interval into two: over (0, π/2) and over (−π/2, 0), and make the

change of variable ϑ = −ϕ in the integral over (−π/2, 0). As a result, (4.15) can be written in

the form

∂Gq

∂α
= (1− q)

π/2∫

0

[ | sin(2ϕ+ α)|q − | sin(2ϕ− α)|q ] cos2q−3 ϕ sinϕ dϕ .

Next we make the change of variable θ = 2ϕ in the last integral to obtain

∂Gq

∂α
=
q − 1

2

π∫

0

[ | sin(θ + α)|q − | sin(θ − α)|q ] cos2q−3 θ

2
sin

θ

2
dθ

=
q − 1

2

2∑
k=1

πk/2∫

π(k−1)/2

[ | sin(θ + α)|q − | sin(θ − α)|q ] cos2q−3 θ

2
sin

θ

2
dθ . (4.16)

The change of variable η = π − θ in the integral

I =

π∫

π/2

[ | sin(θ + α)|q − | sin(θ − α)|q ] cos2q−3 θ

2
sin

θ

2
dθ

gives

I = −
π/2∫

0

[ | sin(η + α)|q − | sin(η − α)|q ] cos2q−3 π − η

2
sin

π − η

2
dη ,

which enables one to write (4.16) as

∂Gq

∂α
=
q − 1

2

π/2∫

0

[ | sin(θ + α)|q − | sin(θ − α)|q ]Φq(θ)dθ , (4.17)

where

Φq(θ) = cos2q−3 θ

2
sin

θ

2
− cos2q−3 π − θ

2
sin

π − θ

2
. (4.18)

We find the signs of the factors under the integral in (4.17).

It follows from (4.14) that Gq(α) is π-periodic in α. Hence one can assume that α ∈
[−π/2, π/2]. Besides, (4.14) implies that Gq(α) is even in α:

Gq(−α) =
π/2∫

−π/2

| sin(2ϕ+ α)|q cos2(q−1) ϕ dϕ

=

−π/2∫

π/2

| sin(−2ϑ+ α)|q cos2(q−1)(−ϑ) (−dϑ)

=

π/2∫

−π/2

| sin(2ϑ− α)|q cos2(q−1) ϑ dϑ = Gq(α) .
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Therefore, when looking for the maximum of Gq(α) one cane assume that α ∈ [0, π/2]. Next,

consider the function

g(θ, α) = | sin(θ + α)| − | sin(θ − α)| ,
with θ, α ∈ [0, π/2]. Since 0 � θ + α � π and −π/2 � θ − α � π/2, we have

g(θ, α) =

⎧⎨
⎩

sin(θ + α)−sin(θ − α) for 0 � θ − α � π/2 ,

sin(θ + α)+sin(θ − α) for − π/2 � θ − α � 0 .

Thus, g(θ, α) = 2 cos θ sinα for 0 � θ − α � π/2 and g(θ, α) = 2 sin θ cosα if −π/2 � θ − α � 0.

Therefore, g(θ, α) � 0 for θ, α ∈ [0, π/2]. This implies

| sin(θ + α)|q � | sin(θ − α)|q (4.19)

if θ, α ∈ [0, π/2] and the equality sign in (4.19) is attained for α = 0, π/2 or θ = 0, π/2.

Next, consider the function Φq(θ) defined by (4.18). We have

Φq(θ) = sin
θ

2
cos

θ

2

(
cos2(q−2) θ

2
− sin2(q−2) θ

2

)
. (4.20)

Since cos(θ/2) > sin(θ/2) for 0 < θ < π/2, it follows from (4.20) that Φq(θ) > 0 for 2 < q <

∞ (1 < p < 2) and Φq(θ) < 0 for 1 < q < 2 (2 < p < ∞) as θ ∈ (0, π/2). Hence, by (4.17) and

(4.19), for α ∈ (0, π/2) one has

∂Gq

∂α
> 0 for 1 < p < 2 ,

and
∂Gq

∂α
< 0 for 2 < p <∞ .

In view of (4.4) and (4.14), we have Kp(α) = π−1{Gq(α)}1/q. Hence

Kp = max
α

Kp(α) =

⎧⎨
⎩

Kp(π/2) for 1 < p < 2 ,

Kp(0) for 2 < p <∞ .

(4.21)

By (4.4),

Kp(0) =
1

π

{ π/2∫

−π/2

| sin(2ϕ)|q cos2(q−1) ϕdϕ

}1/q

=
2(q+1)/q

π

{ π/2∫

0

sinq ϕ cos3q−2 ϕdϕ

}1/q

,

which, together with (4.21), leads to (4.10).

Now, by (4.4),

Kp

(π
2

)
=

1

π

{ π/2∫

−π/2

| cos 2ϕ|q cos2(q−1) ϕdϕ

}1/q

,
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or, equivalently,

Kp

(π
2

)
=

21/q

π

{ π/4∫

0

cosq 2ϕ cos2(q−1) ϕdϕ+

π/2∫

π/4

(− cos 2ϕ)q cos2(q−1) ϕdϕ

}1/q

.

We put ψ = (π/2)− ϕ in the second integral on the right-hand side to obtain

Kp

(π
2

)
=

21/q

π

{ π/4∫

0

cosq 2ϕ cos2(q−1) ϕdϕ+

π/4∫

0

cosq 2ϕ sin2(q−1) ϕdϕ

}1/q

=
21/q

π

{ π/4∫

0

cosq 2ϕ
(
cos2(q−1) ϕ+ sin2(q−1) ϕ

)
dϕ

}1/q

.

Letting 2ϕ = ϑ, we find

Kp

(π
2

)
=

21/q

2π

{ π/2∫

0

[
(1 + cosϑ)q−1 + (1− cosϑ)q−1

]
cosq ϑdϑ

}1/q

.

The use of the binomial series gives

Kp

(π
2

)
=

1

21/pπ

{
2

∞∑
n=0

(
q − 1

2n

) π/2∫

0

cos2n+q ϑ dϑ

}1/q

,

which leads to (4.9) because of (4.21).

Note that the series in (4.9) is a finite sum if (p− 1)−1 is a natural number.

Concluding this section, we give an explicit estimate for the gradient of a harmonic function

in R
2
+. Let u be a harmonic function in hp(R2

+), and let f be an analytic function in C+ with

Re f = u. Setting

f ′(z) =
∂u

∂x
− i

∂u

∂y

in Theorem 3, we arrive at the following assertion.

Corollary 2. Let u ∈ hp(R2
+), 1 � p � ∞, and let z = (x, y) be an arbitrary point in R

2
+.

The sharp coefficient Kp(z) in the inequality

|∇u(z)| � Kp(z) ||u||p (4.22)

is given by

Kp(z) =
Kp

y(p+1)/p
, (4.23)

where the constant Kp is defined by formulas (4.8)–(4.10).

The maximum value of the modulus of the directional derivative of u at a point z with

||u||p � 1 is attained at the direction of the normal to ∂R2
+ if 1 � p < 2, at any direction if p = 2

and p = ∞, and at the tangential direction if 2 < p <∞.

162



Acknowledgments

The research of the first author was supported by the KAMEA program of the Ministry of

Absorption, State of Israel, and by the Ariel University Center of Samaria. The second author

was partially supported by the Scandinavian Network “Analysis and Applications.”

References

1. B. Ya. Levin, Lectures on Entire Functions, Am. Math. Soc., Providence, RI (1996).

2. D. Khavinson, “An extremal problem for harmonic functions in the ball,” Canad. Math.
Bull. 35, No. 2, 218–220 (1992).

3. G. Kresin and V. Maz’ya, “Sharp pointwise estimates for directional derivatives of harmonic
functions in a multidimensional ball,” J. Math. Sci., New York 169, No. 2, 167-187 (2010).

4. G. Kresin and V. Maz’ya, Sharp Real-Part Theorems. A Unified Approach. Lect. Notes in
Math. 1903, Springer, Berlin etc. (2007).

5. J. Hadamard, “Sur les fonctions entières de la forme eG(X),” C. R. Acad. Sci. 114, 1053–1055
(1892).

6. G. Kresin and V. Maz’ya, “Optimal estimates for the gradient of harmonic functions in the
multidimensional half-space,” Discr. Continuous Dynam. Syst. Ser. B 28, No. 2, 425-440
(2010).

Submitted on August 21, 2011

163


	Abstract
	1 Introduction
	2 Best Real-Part Estimates for an Analytic Function
	3 Sharp Estimates for the Gradient of a Solutionof the Neumann Problem
	4 Best Real-Part Estimatesfor the Derivative of an Analytic Function
	Acknowledgments
	References

