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Explicit formulas for sharp coefficients in estimates of the modulus of an analytic func-
tion and its derivative in the upper half-plane are found. It is assumed that the boundary
values of the real part of the function are in LP. As corollaries, sharp estimates for the
modulus of the gradient of a harmonic function in ]1%2+ are deduced. Besides, a represen-
tation for the best constant in the estimate of the modulus of the gradient of a harmonic
function in R’y by the LP-norm of the boundary normal derivative is given, 1 < p < oo.
This representation is formulated in terms of an optimization problem on the unit sphere
which is solved for p € [1,n]. Bibliography: 6 titles.

1 Introduction

In this paper, we deal first with a class of analytic functions in the half-plane C; = {z € C :
Im z > 0} represented by the Schwarz formula

IR
)= 5 [

d¢ (1.1)
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and such that the boundary values on C of the real part of f belong to the space LP(—o0,00),1 <
p < 00.

In what follows, by hP(Ri), 1 < p < oo, we mean the Hardy space of harmonic functions
in the upper half-plane Ri which are represented by the Poisson integral with a density in
LP(—00,00). It is well known (cf., for example, [1, Section 19.3]) that f belongs to the Hardy
space HP(C.) of analytic functions in C4 if Re f € h?(R%), 1 < p < co. Besides, any function
f € HP(Cy), 1 < p < oo, admits the representation (1.1) since Re f € h?(R%).

We consider two inequalities with sharp coeflicients

| Re{e™f(2)} < Gp(z5 )l Re fll, (1.2)

and
| Re{e™ f'(2)} < Hp(z o)l Re fllp , (1.3)
where z € C4 and || ||, stands for the norm in LP(—o0, 00). Here and in what follows, we adopt

the notation || Re f||, for [|Re f|ac_||,. We find representations for %,(z;a) and %,(z; ) and
also obtain explicit formulas for the sharp coefficients

Cp(z) = max Cp(z; ) (1.4)

and

Hy(2) = max Sy (=) | (L5)

in pointwise estimates for the absolute value of an analytic function and its derivative in C,..
As a corollary, we obtain explicit sharp pointwise estimates for the gradient of a harmonic
function in Ri for any p € [1,00). In the second part of the paper, we deal with problems
concerning harmonic functions of n variables. They are connected with the following analogue
of D. Khavinson’s extremal problem [2] stated in [3]. Let 2 be a class of harmonic functions in a
domain 2 C R", let x € Z be a fixed point, and let ® be a positively homogeneous nonnegative
functional defined on functions in # and such that

’(Vu(x), 0)| < C(x)®(u)

for all €] = 1 and u € . One is looking for a direction £ for which the sharp coefficient
Hg(x; ) in the following inequality:

|(Vu(z), €)| < Ho(z;0)®(u), ue A,

attains its largest value, and for the corresponding value of .7 (z; £).

An analogue of the above extremal problem for analytic functions is the evaluation of optimal
values of o in (1.4) and (1.5). Note that the inequalities (1.2) and (1.3) for analytic functions
belong to the class of sharp real-part theorems (cf. [4] and the references therein) which go back
to Hadamard’s real-part theorem [5].

Now we describe the results of this paper in more detail. Introduction is followed by three
sections. The first of them concerns the representation for the sharp coefficient €,(z; ). We
show that the sharp coefficient in

[F () < G(2)l| Re fllp (1.6)
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with 1 < p < oo is defined by

Cp
Cgp(z) (Imz)l/p ) (17)
where 1 1
Ch=—, Cy=—,
1= 2 o
and

’U
+

By RICE)

)

L350 ()|

— for 2<p<oo.
“Lor(h)
p—1

Note that the maximum in (1.4) is attained at & = 0 for 1 < p < 2 and at o = 7/2 for p > 2.
The coefficient %2(z; ) is independent of «.

'ﬁ

for 1<p<2,

As a corollary of (1.6), we arrive at the sharp estimate

Cp ||Ou

[Vu(z)] < W v ) ) (1.8)

where z = (z,y) € Ri and w is a solution of the Neumann problem for the Laplace equation in
R?2 with boundary data in LP(—00,0), 1 < p < co. Here and henceforth, ||0u/0v||, stands for
the L,-norm of the boundary normal derivative of u. It turns out that the largest value of the
modulus of the directional derivative of u at a point 2z, with [|[0u/0v||, < 1, is attained at the
direction normal to 8]1%1 if 1 < p < 2, at any direction if p = 2, and at the tangential direction
if 2 < p< 0.

In Section 2, we consider the multi-dimensional analogue of (1.8):

ou
< — .
V(@) < Gan@) | || (1.9
where x € R? = {z = (z1,...,2,) : , > 0} and u is a solution of the Neumann problem for

the Laplace equation in R} with boundary data in L” (R"1),1 < p < oo. With respect to the
notation ||0u/0v||, , we keep the same meaning as above for the two-dimensional case. We show
that o
n,
Cnp(T) = FS/I,
n

and find a representation for (), ;, in terms of an extremal problem on the unit sphere in R". By
solving that problem for p € [1,n], we find

1
— for p=1,
Wn,

1—
ol/p [ 2n(=D/21 <—n241_,p__21) !

wn r (2252)

for 1<p<n.
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Note that the maximal value of the sharp coefficient €, ,(x;£) in

Ou(x)
ol

ou
g (gn,p(a:;’e) Ha_’/

for a fixed x is attained at the direction normal to OR"} if 1 < p < n. It turns out that €, ,,(z; £)
is independent of £.

In Section 3, we find a representation for the sharp coefficient J#,(z; ) in (1.3). We show
that the sharp coefficient J7,(z) in

/()] < Hp(2)l| Re flIp (1.10)
is given by
Ky
%(Z - 10 (111)
142
(Imz) "r
where ) ) 5
Kl = I K2 - KOO —

r (<2n+1>(p—1)+p> -3

1 1(p—1)
Ky=——F7—7F7—1—
P (2V/pt1)L/p T;O ( 2n ) r (2(”+12;(f;1)+p>

if 1 <p<2, and

for 2 < p < oco. It is shown that the maximum in (1.5) is attained at o« = 7/2 if 1 < p < 2 and
at a =01if 2 < p < co. For p =2 and for p = oo, the coefficient .#,(z; o) is independent of .

Note that the value K, is obtained by passage to the limit of K, as p — oo. It was found
n [4] by a different method.

As a corollary of (1.10), we arrive at the sharp estimate

K,
o Nl (1.12)
Yy

[Vu(z)| <

for harmonic functions u € h?(R?.).

An analogue of (1.12) for harmonic functions in R’} , n > 3, is found in our article [6]. Namely,
in [6] a representation for the best coefficient .#,(x) in the inequality

V(e @),
was obtained, where u is harmonic function in R’, represented by the Poisson integral with
boundary values in LP(R"™1), || -||, is the norm in LP(R"™1), 1 < p < oo, z € R". It was shown
that

M) = My LD

and explicit formulas for M, for the cases p = 1,2, 0o are given.
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2 Best Real-Part Estimates for an Analytic Function

We start with the following assertion.

Proposition 1. Let Re f € hp(Ri), 1 < p<oo, and let z be an arbitrary point in Co. The
sharp coefficient €,(z; o) in the inequality

|Re{e f(2)}] < G(2; || Re fl], (2.1)
s given by (@)
Cy(a
Cp(za) = (IHTW 5 (2.2)
where
/2 1/q
Col) = 14 [ leosto = alfteost Zdot (23)
—7/2
and 1/p+1/q=1.
Proof. By (1.2),
. 7 i(a=3)
Re{e™® f(2)} — % / Re { e( — }Ref(()d( . (2.4)

Let z = z +iy. We write (2.4) as

‘ 1 yi sina—icosa)(( —x+1
Refef:)) = + [ oAz toma)ico st

™

}Ref(C)dC

B l/(C—x)sina—i—ycosaRef(OdC' (2.5)

™ (C—x)2+y?

—00

Hence the sharp constant 6, (z; a) in (2.1) has the form

1/q
{/‘ —z s1noz+gy/cosa qu} . (2.6)

We introduce the new integration variable ¢ € (—7/2,7/2) by the equalities

sing = ¢-@ , cos p = Y . (2.7)
C—2)*+y° -2 +y°
Then

¢ = arctan ~— (2.8)

and therefore,

Y

dp = dc . 2.9
R 29
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Using (2.7)—(2.9) and the equality

q—2
1 1 y y

we can write (2.6) as

/2 1/q
1
P — a9 cog?2
Cp(z;a) = — I / | cos(p — a)|? cos?™ = pdp , (2.11)
—7/2
which implies (2.2) with coefficient (2.3). O

The next assertion concerns the sharp constant in the estimate for the modulus of an analytic
function.

Theorem 1. Let Re f € hp(Ri), 1 < p<oo, and let z be an arbitrary point in C. The
sharp coefficient €,(z) in the inequality

£ (2)] < ()| Re fllp (2.12)
s given by c
_ P
p(2) = (Tm )77 (2.13)
where . 1 o 1 o)
1= T 9 2 = \/ﬂ 9 .
and
( 1—1
1
! g <%> p for 1<p<?2
et/ | T (L) p=2,
p—1
C, = (2.15)

for 2<p<oo.

3
-
VR
3
e
N—

\

The mazimum value of Cp(«), defined by (2.3), is attained at « = 0 if 1 < p < 2 and at
a=m/2if 2 < p<oo. The coefficient Cay() is independent of c.

Proof. It follows from Proposition 1 that the sharp coefficient in (2.12) is defined by
%(2) = max %, (z:a),
where %, (z; a) is given by (2.2) and (2.3). Hence (2.13) is valid with
/2 1/q

1
Cp = max Cp(a) = —max / | cos(p — a)|? cos?2 pdy . (2.16)

a
—7/2
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We adopt the notation

w/2

/ | cos(p — a)|? cos?™ 2 pdy . (2.17)
—7/2

Fyla) =

While calculating the maximum in (2.16) we assume that o € [—7/2,7/2] since Fp(«) is a -

periodic function. Besides, we can limit our consideration to the interval [0,7/2] since Fj,(«) is
even, which is easy to check.

(i) Cases p=1 and p = 2. By (2.16), we have

Cq

1 1
— max max |cos(p —a)|cosp = — | 2.18
L memax[cos(ip — o) - (2.18)
and the maximum in « is attained at o = 0.

Further, we find

/2
s
Fa) = [ cot(o-a)edp =7
—7/2

Since Fy(«) is independent of a, it follows from (2.16) and (2.17) that

= o= (2.19)
Now, (2.18) and (2.19) prove (2.14).

(ii) Cases 1 <p <2 and 2 < p < oo. We write (2.17) in the form

~+e :
[— cos(p — a)]? cos?(p — a)
ml) = [ i e [ S e
= ~f+a
Y

| cos |24 14
3 —gta
Hence
—%4‘04
dFy cos? Ho+m —a)sin(p + 71— a)
- = (9 o— de
do | cos |24
-3
i = ) sin )
cos —a)sin(p — «
+ q / 2 2— z dip
| cos p|*
3ta
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We make the change of variable ) = ¢ 4 7 in the first integral on the right-hand side to obtain
5+a

dF, cos? (1) — a)sin(y) — ) cos? L (p — a)sin(p — a)
—4a = d d
sy [cos g2 vra | [cos o7 7
; ~§+a
o
cos?™H(p — a) sin(p — a)
pum— d .
o/ [cos 9P 7
—§+Oé
The change of variable ¢ — a = 9 in the last integral leads to
/2 )
dFy cos?™ " ¥ sin
— = dog . 2.20
da 1 / | cos(¥ + a)|>~¢ (2:20)
—m/2

This implies F}(0) = Fy(7/2) = 0. Let us show that Fy(a) > 0 for 1 < ¢ < 2 and F(a) <0 for
g > 2 in (0,7/2). For this purpose, we write (2.20) as the sum

dF,
da 1
—7/2

w/2
29 + cos?™ 1 ¥sin
1 |cos(¥ + a)|>~9 7

cos? 1 9 sin 9
| cos(d) + a)|?2—4

and replace ¢ by —9 in the second integral. This gives

w/2

w/2
dry cos?™1 9 sin cos?™1 ¥ sin ¥
— = di — dv . 2.21
fe / | cos(¥ + a) |4 1 / | cos(¥ — a)|>~4 (221)
For 1 < p<2(2<q< o0), we write this equality as
/2
dF
d—q =q / <\ cos(V + a)|7% — | cos(¥ — a)]q*2> cos? 19 sin¥dv (2.22)
o'
0
while for 2 < p < 0o (1 < ¢ < 2) we express (2.21) as
" cos( — ) P~1 — |cos(i + )
dF, cos( — )| —|cos(P+ )" g
— = Y¥sin 9dd . 2.23
da 1 | cos(¥ — ) cos(¥ + )24 o8 S (2:23)

Further, since 9, « € [0,7/2], it follows that

cos(¥ — a) —cos(¥ + ) for ve[0,5—qa,
| cos(¥ — a)|—| cos(¥ + a)|=

5—&

cos(¥ — o) +cos(V + «) for e (5-a 3],
ie.,

2 sin ¥ sin o

for ¥ € [0,%—04] ,
| cos(¥ — a)|—| cos(V + a)| =

2 cos J cos for 196(
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Hence
| cos( — )| = | cos(¥ + )| (2.24)

for o, € [0, 7/2] and the equality sign holds for v = 0 or for a = 7/2 provided that ¥ € (0,7/2).

Thus, (2.22)-(2.24) imply that Fy(a) < 0 for 1 < p < 2 and a € (0,7/2), and Fy(a) > 0
for 2 < p < oo and o € (0,7/2). Therefore, the maximum of F,(«) is attained for o = 0 if
1 <p<2andfor a =7/2if 2 < p < co. Now, by (2.16) and (2.17),

71./2 l/q

/ c0s2972) pdep for 1<p<2,

1 —7/2

Cp=— (2.25)
T /2 1/q

/ | sin |7 cos?™2 pdy for 2<p<oo.

L -7/2

Evaluating the integrals in (2.25), we arrive at (2.15). O

Let u be a harmonic function in R%r given as the single layer potential

1 T 1 ou
u(z,y) = Y /logm 6—1/(570)615 (2.26)

with the boundary value of u/0v on OR? in LP(—00,0),1 < p < oo. Then du/dv € hP(R2).
The next assertion follows from Theorem 1.

Corollary 1. Let u be a solution of the Neumann problem for the Laplace equation in Ri
with Ou/dv € hP(R2),1 < p < co. For any point z = (z,y) € R the inequality

v
yl/p

ou

[Vu(z)] < £

(2.27)

p

is valid with the sharp coefficient and the same C, as in Theorem 1.

The mazimum absolute value of the directional derivative of u at z with [|0u/0v||, < 1 is
attained at the direction which is normal to 3]1%1 if 1 < p <2, at any direction if p= 2, and at
the tangential direction if 2 < p < oo.

Proof. By (2.26),

Vu(z) = - / % g—Z(g,O)dg. (2.28)

Let £, be the unit vector at an angle a with respect to the z-axis. In view of (2.28),

ou 1 7(§—x)cosa—ysina ou

= G 5, (6 0)dé (2.29)

o0
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Setting z = x + iy and ¢ = £ 440, we can write (1.1) in the form

1) =+ [ A2 e e 0

mJ (§—x)
Hence -
i(Z+a) _ 1 (£ —z)cosa —ysina
Re{e ; f(z)} - oy RelE0dE. (2.30)
Comparing (2.29) and (2.30), we conclude that the sharp constants in
ou Sp(a) || Ou
ot | < v |aw ), (231)
and 0o (@)
o p\&
[Re{e"f(2)} < JUp [Re f11,,
are related as follows: .
Sy(a) = C, (5 + a> . (2.32)
Therefore,
max Sp(a) = C (2.33)

with the same C), as in Theorem 1. This proves the inequality (2.27).

It follows from (2.32), (2.33) and Theorem 1, that the maximum value of S,(c) is attained
fora=7m/2if1<p<2 fora=0if 2 <p < oo and Sy(«) is independent of . The corollary
is proved. ]

3 Sharp Estimates for the Gradient of a Solution
of the Neumann Problem

We introduce some notation used in the present section. Let R} = {a; = (2 zp) : 2 =

(x1,.. . an—1) ER" 1, >0}, S 1 ={z € R": |z| =1}, and St ={zeR:|z|=1, z, <
0}. Let e, stand for the n-dimensional unit vector joining the origin to a point ¢ on the sphere
Sn—1. We suppose that n > 3.

By || - ||, we denote the norm in the space LP(R"™1), i.e.,

1/p
1£llp = { / )P dx'}
]Rnfl

if 1 <p <ooand ||f]le = ess sup{|f(z)|: 2" € R*"1}.
Next, we denote by hP(R’}),1 < p < oo, the Hardy space of harmonic functions on R},
which can be represented as the Poisson integral

(@) = = / Ty, 0)dy (3.1)

Wn ly — x|
Rn—l
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with boundary values in LP(R"~!), where y = (¢/,0), ' € R""!, and w, is the area of the unit
sphere in R™.

Let u be a harmonic function in RS‘F given as the single layer potential

o) = o= [ o 0 ) (32)

Rn 1

with the boundary values of du/dv on OR"} in LP(R"!),1 < p < co. Then du/dv € hP(R%).
Now, we find a representation for the best coefficient %), ,(x;£€) in the inequality for the
absolute value of derivative du/0€ in an arbitrary direction £ € S"~! with ||0u/0v||, on the
right-hand side.
Proposition 2. Let u be a solution of the Neumann problem for the Laplace equation in R’}
with Qu/ov € hP(R"}),1 < p < 0o, and let = be an arbitrary point in R’ . The sharp coefficient
Gn,p(;€) in the inequality

ou
(Vu(a). 0] < Guplast) | 5 (3.3
p
s given by
oy — Cnp(®)
(gn,P(xvf) - ;L‘?(ln_l)/p ) (34)
where 5
_ = n—1
Cn1(£) = on Ugﬁxl (€5, £)[|(€5 €n)] ) (3.5)
and )
91/p =y
Cnpll) = — / \(ea,z)]p/(p*1)|(ea,en)\(”*f’)/(pfl)da (3.6)
W’I’L Snfl
forl <p< 0.
In particular, the sharp coefficient €, p(z) in the inequality
ou
< —_— .
V)] < Fun@) || 5| (37)
s given by
G, _ _Cup 3.8
n,p(x) - x%n_l)/p ’ ( ' )
where
Chp =maxCp,(£) . (3.9)

g]=1
Proof. By (3.2),
e
/ s S /0) )

where e, = (y — x)/|y — x|. Hence the sharp coefficient €, ,(z;£) in (3.3) has the form

o 1/q
Cnp(; ) = {/‘y_x;’nl ’} , (3.10)
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where 1/p+1/qg = 1. Since

1 1 Tn (n=1)g—n Tn
ly = a[=Da ~ LD <|y = xl) ly — x|’

n

it follows that (3.10) can be written in the form (3.4), where

2 1/q
Cn’p(g) = w_{ / |(60'7‘e)|q(60'7 _en)(nl)qndﬂ}

st
2 (1 Ha
:;{5 / r<eg,e>\qr<emen>\<n-1>q-”da} . (3.11)
" Sn—l

The last equality is equivalent to (3.6). Formula (3.5) is the limit case of (3.11) as ¢ — oo.

Formulas (3.8) and (3.9) for the best coefficient in (3.7) are direct consequences of (3.3) and
(3.4). O

The next assertion provides a solution of the optimization problem (3.9) on the unit sphere
in R™ for p € [1,n].

Theorem 2. Let u be a solution of the Neumann problem for the Laplace equation in R’}
with Ou/0v € hP(RY), p € [1,n], and let x be an arbitrary point in R.. The sharp coefficient
©Gn,p in the inequality

Chp ||Ou
(Vu(z)] < =7 || 7w (3.12)
n p
s given by
Cnp(£)
(gn,p(.T;E) = x(nfl)/p ) (313)
where 5
Cpi=— 3.14
1= (3.14)
and )
1—1
ol/p [ 2n(=D/2r <—n;;p__21) '
Crp = - - (3.15)
L T(55)
for 1 <p<n.
The mazimum in £ in (3.9) is attained for £ = e, or for £ = —e, if 1 < p < n. The
coefficient Cy, ,(€) is independent of £.
Proof. First, let p = 1. It follows from (3.5) and (3.9) that
2
Cp1 = — max max l(es,2)||(es, €n)" L. (3.16)

Wn |€|=1 cesn—1
Interchanging the order of maxima, we obtain

2 2 2
Cy,1 = — max max |(eq, ?)||(es, €n) = — max |(es,en)

i |
Wy, oeSn—1 |£\:1 Wp, oeSn—1 Wn,

Pi==,
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which proves (3.14). The maximum in £ in (3.16) is attained at £ = +e,,.
The equality (3.6) with p = n takes the form

21/n 17%
Crn(£) = — / (€5, £)[" "V do . (3.17)
n Sn—l

Thus, Cy, »(€) is independent of £.
Next, let p € (1,n). By (3.6) and (3.9),

21/p 1= %

Ch p—‘m‘a)l(C'np(E) > Chpley) = / (e, en) | P Vdo . (3.18)

We show the estimate opposite to (3.18) also holds.

Let n n
S = — t = (3.19)
p n—p
Then L1

S I (3.20)

s t n n

Using the Holder inequality and (3.19), we obtain

1/t
L= s (n—p)
/ |(eUa£)’#(eaaen)|p__fd0<{ / |(60,E)|T’pjd0'} { / |60,en | p ﬁtda}
Sn71 Snfl
1/s 1/t
:{ /!(ea,é)\P_nlda} { /y(eg,en)\ﬁda} . (3.21)
Sn—l Sn—l

Since the first integral in the last equality is independent of £, it follows that

/u%aﬁw—/u%%wﬂm
Sn—l Sn—l

which, in view of (3.20), allows us to write (3.21) as

/w%mﬁwwm%w</meﬁm-
Sn—l

S§n—1

This, together with (3.6) and (3.9), implies

1/ -5

p p

Chp < e { / \(eg,en)]"/(”l)da} .
Wn,

S§n—1

This estimate and (3.18) imply

1

1—
1/p P
Cn,pZQW—{ /\(ea,en)l”/(p”da} . (3.22)

S§n—1
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Besides, the maximum in £ in (3.9) is attained at £ = +e,,.

Evaluating the integral in (3.22), we find

/2
/ (€0, en) ™ P~ Vdo = 2w,y / cos™ 1) 9 gin"2 9y
Snfl 0
n—1)/2 n+p—1
n+p—1 n—1 2 )/F(z(pp_l)>
b 2(p—1) " 2 B np ’
d (2(%1))
which, together with (3.22) and (3.17), proves (3.15). B

4 Best Real-Part Estimates
for the Derivative of an Analytic Function

By (1.1),
re = [ 725 (4.1

where z € C,.

Proposition 3. Let Re f € hp(Ri), 1 < p<oo, and let z be an arbitrary point in Co. The
sharp coefficient J#,(z; o) in the inequality

|Re{e’ f'(2)} < (2 @)l Re fll, (4.2)
s given by
L) Kp()
Hp(z;0) = W ) (4.3)
where
/2 1/q
1 : 2(g-1)
Ky(a) = = |sin(2¢ — a)|? cos™ 9™ pdp (4.4)
T
—7/2

and 1/p+1/q = 1.

Proof. It follows from (4.1) that

} 1 i(a—%
mwwvnz—/R%e }Rﬁ@%-
T
Putting here z = x + iy, we obtain

) 7 ei(o‘_%) —x iy]?
Re{e"“f'(2)} = % / Re{ 6 _[(5)2 +)Z/2+]2 vl }Re f(Q)d¢ -

—0o0
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Hence the sharp constant .#,(z; «) in (4.2) takes the form

o] 1/q
R B —a) +iy? | ||
%(Z,Oé) - ; _ZO Re{ [(C _ x)Q + y2]2 } dg¢

We introduce a new variable ¢ € (—m/2,7/2) by the equalities (2.7). Since
ei(a_g) {

2(g—1)
1 1 Y Y
[(C—2)> 4927 32T ( (C—:L‘)2—|—y2> (C—2)+y7

one can, using (2.7)-(2.9), write (4.5) as

((—2) +iy
(C—z)? +y?

2
} = ei(a_%)(singo + i cos <p)2 — eilat3-20)

and

/2 1/q
1 . _
Ky(za) = Py / |sin(2p — a)|7 cos?@™Y pdy
—7/2

The last representation is equivalent to (4.3) and (4.4).

0

The next assertion contains the sharp constant in the estimate of the modulus of the deriva-

tive of an analytic function in C,.. Here, K is understood as the limit of K, as p — 0.

Theorem 3. Let Re f € hP(Ri), 1 < p < oo, and let z be an arbitrary point in C. The

sharp coefficient J,(z) in the inequality

()] < Hp(2)]| Re fl]p

s given by
Kp
H(2) = oy w07
where 1 1 5
K - — K = — KOO = —,
1 T ) 2 2\/7—_(_ ) T
1
o @n+)p-D+p) ) 7P
o1 A o )
P (o/me e on I (2(n+1>(p71)+p)
n=0 2p—2
forl<p<2and
1
2p+1 2p—1
2 | T (2272) r (2&2)
K,=—
T

()

for2 <p< .

(4.6)

(4.10)

The mazimum of the function K,(c) defined by (4.4) is attained for « = w/2 if 1 < p < 2

and for oo =0 if 2 < p < 00. The coefficients Ka(a) and K («) are independent of c.
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Proof. It follows from Proposition 3 that the sharp constant J#,(z) in (4.6) is defined by
(4.7), where
K, = max Kp(«) , (4.11)

and Kp(«) is given by (4.4).
(i) Cases p =1,2, and co. By (4.4) and (4.11),
1

K= -max max |sin(2p —a)|cos®y .
T eel-5.5]

The maxima in ¢ and « are attained at 29 — o = £7/2 and ¢ = 0, i.e., for a« = £7/2, ¢ = 0.
Thus, K; = 1/7 which proves the first formula in (4.8).
Evaluating the integral (4.4) for p = 2, we find

Ks(a) = (4.12)

2/’
i.e., Ko(a) is independent of a. Now, the second equality in (4.8) follows from (4.11) and (4.12).
The value Ko, = lim K, admits a straightforward calculation. By (4.4),
pP—00

w/2
1
Koo(a) = — / |sin(2¢ — o) |dyp .
m
—7/2
The change of variable ¥ = 2¢ — a implies
T—a 2
1 . 1 . 2
Ky(a) = — |siny| dip = — [ |siny| dyp = — . (4.13)
27 2 T
—T—Q 0

Thus, K () is independent of . Now, the third formula in (4.8) results from (4.11) and (4.13).

(ii) Cases 1 < p < 2 and 2 < p < oco. Making the change of variable ¥ = 2¢ — « in the

integral
w/2

Gy(a) = / |sin(2p — a)|9 cos?@™ Y pdyp | (4.14)
—7/2
which is involved in (4.4), we find
Gyla) = = / | sin ] cos?(@V) d}% dip .

Hence
mT—Q

an_ q—]_ . q Qq_3w+05 . w‘i‘a
S 5 /|s1nw| cos 5 Sin— di .

—T—a
Returning back to the variable ¢ = (¢ + «)/2, we obtain
w/2
(1-9q) / | sin(2¢ — @)|? cos??3 psin @ dy . (4.15)
—7/2

0Gy _
da
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We divide the integration interval into two: over (0,7/2) and over (—m/2,0), and make the
change of variable ¥ = —¢ in the integral over (—m/2,0). As a result, (4.15) can be written in

the form
w/2
9Gq i q ; q 2¢-3 i
%:(1— ) [|Sln(2<p—|—oz)| — |sin(2¢ — )| ]cos psinp dp .
0

Next we make the change of variable 8 = 2¢p in the last integral to obtain

ﬁGq_q—l r . q . q 2q_39. 0
%_T/“smw—kaﬂ — |sin(g — )|? | cos 5 sing do
0
9 wk/2
qg—1 : q : q 2q-39 . 0
= TZ [ [sin(6 + a)|? — |sin(f — a)|? | cos sing o . (4.16)
k=11"1)/2

The change of variable n = m — 6 in the integral

™

I'= / [ |sin(@ + a)|? — |sin(0 — a)|? | cos®~? g sing de

w/2
gives
w/2
I=- / [ Isin(n + a)|? — [ sin(n — a)|* ] cos®® ”T_”sin T . T,
0

which enables one to write (4.16) as

/2

-1
% =- 2 / [ [sin(0 + @)|? — [ sin(0 — a)|* | 24(6)d6 (4.17)
0

where P 0 0
Dy(0) = cos?13 3 sin 5~ cos?173 % sin ~ ; .

(4.18)

We find the signs of the factors under the integral in (4.17).

It follows from (4.14) that G4(a) is m-periodic in . Hence one can assume that o €
[—7/2,7/2]. Besides, (4.14) implies that Gy(«) is even in o

/2
Gy(—a) = / | sin(2¢ 4 a)|? cos?@™Y ¢ dyp
/2
/2
= / | sin(—20 + @)|? cos?@™ D (—19) (—dv))
/2
/2
= / |sin(20 — a)]? cos® 1Y 9 d = Gy (a) .

—7/2
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Therefore, when looking for the maximum of G,(a) one cane assume that o € [0,7/2]. Next,
consider the function

6(6,0) = |sin(0 + )] — [sin(0 — )],
with 6, € [0,7/2]. Since 0 <+ a < 7 and —7/2 < 6 — a < 7/2, we have
sin(f 4+ «) —sin(0 — «) for 0<O—a<n/2,

9(0,a) =
sin(f + a)+sin(f — «) for —7m/2<0—-a<0.

Thus, g(f,a) = 2cosfsina for 0 < 0 —a < 7/2 and g(0,a) = 2sinfcosa if —7/2 <0 —a <0.
Therefore, g(f, ) > 0 for 6, € [0,7/2]. This implies

|sin(6 + «)|? > |sin(0 — ) |4 (4.19)
if 0, € [0, /2] and the equality sign in (4.19) is attained for o« = 0,7/2 or 6 = 0, 7/2.

Next, consider the function ®,(6) defined by (4.18). We have

in cos ? (cos2ta2 ¥ gn2a-2?
0 b _ AN 49
D, (0) = sin 5 COS 5 <cos 5 — sin 5 (4.20)
Since cos(#/2) > sin(0/2) for 0 < § < 7/2, it follows from (4.20) that ®4(8) > 0 for 2 < ¢ <
00 (1 <p<2)and $4(f) <0for1 <g<2(2<p<o0)asbe(0,m/2). Hence, by (4.17) and
(4.19), for a € (0,7/2) one has

%>0 for 1<p<?2,
O

and 00
—2 <0 for 2<p<oo.
Oa

In view of (4.4) and (4.14), we have K,(a) = 7~ {G,(a)}"/9. Hence

K,(m/2) for 1<p<2,

K, =max Kp(a) = (4.21)
“ K,(0) for 2<p<oo.
By (4.4),
w/2 1 /2 1
1 . 2g-1) /a 9(a+1)/q ) 309 /4
K,(0) = = | sin(2¢)]? cos™ ™ pdyp = sin? ¢ cos®?™“ pdp ,
—7/2 0
which, together with (4.21), leads to (4.10).
Now, by (4.4),
1 /2 1/q
K, (g) = ;{ / | cos 2] cos?(@1) godcp} ,
—7/2
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or, equivalently,

51/q w/4 w/2 1/q
K, (g) = —{ /cosq 20 cos?™ ) pdp+ /(— cos 27 cos(41) godgo} .
™
0 w/4

We put ¢ = (7/2) — ¢ in the second integral on the right-hand side to obtain

m/4 /4 1/q
i 21/a 2(g—1 2(g—1
K, <§> = — /cosq 2 cos? T pdyp + /cosq 20 sin?01) pdyp
T
0 0
21/(] 7r/4 1/(1
= / cos? 2¢p (cos2(q_1) © + sin?@ V) gp) dy .
0
Letting 2¢p = ¢, we find
w/2 1/q
9l/a
K, (g) = 2—{ / [(1+cosd) ! + (1 —cos?)?! ] cos? 19d29} :
™
0
The use of the binomial series gives
1 o] 1 /2 1/q
7I' _ q— 2n+
5 (3) - W{QZ (%) [ e qﬁ‘w} ’
n=0 0
which leads to (4.9) because of (4.21). O

Note that the series in (4.9) is a finite sum if (p — 1)~! is a natural number.

Concluding this section, we give an explicit estimate for the gradient of a harmonic function
in R%. Let u be a harmonic function in A?(R%), and let f be an analytic function in C with

Re f = u. Setting
ou .Ou
/ _Je vy
in Theorem 3, we arrive at the following assertion.

Corollary 2. Let u € hp(]R%r), 1 < p<oo, and let z = (x,y) be an arbitrary point in ]R%r.
The sharp coefficient ., (z) in the inequality

[Vu(2)| < Hp(2) |[ull, (4.22)
s given by -
_ P

‘%(2) - y(erl)/p ’ (423)

where the constant K, is defined by formulas (4.8)(4.10).

The maximum value of the modulus of the directional derivative of u at a point z with
lull, < 1 is attained at the direction of the normal to OR? if 1 < p < 2, at any direction if p = 2
and p = 0o, and at the tangential direction if 2 < p < 0.
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