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The problems I will discuss today lie in a common area between:

differential geometry (minimal and isoparametric submanifolds)

polynomial solutions to nonlinear PDEs,

regularity theory fully nonlinear PDEs

Jordan algebra theory and general metrized algebras

general commutative metrized algebras

This is why the content is appropriately changed accordingly to a choice of relevant concepts/problems in a given community.

But the original source of my interest here is uniquely determined: it is a paper of Wy-Yi Hsiang of 1967.

Wu-yi Hsiang (Trondheim, Norway, October 2016)
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How it started: motivations

(Cubic forms, Yu. I. Manin)

AMS Math. Surv. Monographs, 2014; Vol.200

Interest in this topic is partly due to Irina Nikolaevna Sosnovtseva in 1980-1981,

postgraduate student prof. Isabella Bashmakova (Moscow State University).

Later, in 1981, when my future supervisor Vladimir Mikhailovich Miklyukov came to

VolSU, I began to study the global geometry of minimal submanifolds.

One of Miklyukov’s favorite themes was to achieve a conceptual understanding of

Bernstein’s theorem in the higher-dimensional case. He liked to mention that it

would be interesting to find something in common between different ”phenomenona

of eight”, for example, between Milnor’s exotic spheres and the termination of

Bernstein’s theorem in dimensions starting from eight.

There is an interesting collection of about 100 references on this topic much later in

Eight in algebra, topology and mathematical physics on Andrew Ranicki’s page

In 2008, I became interested in the problem of algebraic minimal cones, a topic that

turned out to be almost unexplored, except for one paper by Wy Yi Hisang in 1967.

From about that time, my research was in the geometric theory of non-associative

algebras, in particular together with S. Vladuts, N. Nadirashvili, Ya. Krasnov,

D.J. Fox. Some papers and my talks are available at this page
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Theorem (V.T., 2008) Let s(x) = sn(x,
√
−1) be the Jacobi lemniscatic sinus, s(t + ω) = −s(t), ω =

Γ(1/4)2

2
√

2π
. Then

M = {x = (x1, x2, x3, x4) ∈ R4
: F (x) := s(x1)s(x2) − s(x3)s(x4) = 0},

is a connected minimal 4-fold periodic embedded hypersurface in R4 with isolated singular points at the lattice Z4 ⊔ (h + D4).

The Lipschitz integers Z4 = {m ∈ H : mi ∈ Z}, the checkerboard lattice D4 = {m ∈ Z4 :
∑4

i=1 mi ≡ 0 mod 2},
the Hurwitz integers H = Z4 ⊔ (h + Z4) (the densest possible lattice packing of balls in R4), where h = ( 1

2
, 1
2
, 1
2
, 1
2
).

M have isolated Clifford cone type singularities (note that the cones are given by the split quaternion norms)

Singularities of Z4-type: if a ∈ Z4 then F (a + x) = ±x1x2 ± x3x4 + O(|x|4), as x → 0.

Singularities of D4-type: if a ∈ h + D4 then F (a + x) = ±(x2
3 + x2

4 − x2
1 − x2

2) + O(|x|4), as x → 0,

A natural question: given a family F of algebraic minimal cones in Rn, can one find an embedded minimal hypersurface with

singularities in F? When I started looking for available algebraic minimal cones it turned out that there were only few known. . .
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S.N. Bernstein (1880 – 1968)

A Russian and Soviet mathematician, known for contributions to partial differential equations, differential

geometry, probability theory, and approximation theory:

1904 solved Hilbert’s 19th problem (a C3-solution of a nonlinear elliptic

analytic equation in 2 variables is analytic)

1910s introduced a priori estimates for Dirichlet’s boundary problem for

non-linear equations of elliptic type

1912 laid the foundations of constructive function theory (Bernstein’s

theorem in approximation theory, Bernstein’s polynomial).

1915 the famous ‘Bernstein’s Theorem’ on entire solutions of minimal

surface equation.

1917 the first axiomatic foundation of probability theory, based on the

underlying algebraic structure

1924 introduced a method for proving limit theorems for sums of

dependent random variables

1923 axiomatic foundation of a theory of heredity: genetic algebras

(Bernstein algebras)
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Minimal surface equation and minimal cones

The following definitions of a regular minimal hypersurface in Rn are equivalent:

A critical point of the area functional

The mean curvature = 0

If xn+1 = u(x) is a graph over Rn then div Du√
1+|Du|2

= 0

Theorem (S. Bernstein, 1915). If u is an entire analytic solution on R2 then u = ax + by + c.

REMARK. The regularity assumptions become important starting with higher dimensions. The

topological/geometrical assumption is also important: if one removes a tiny disk from a plane, there is a

function defined everywhere outside that disk whose graph is a minimal surface (a half-catenoid).

The Bernstein result for C2- entire solutions holds true for all 2 ≤ n ≤ 7. A key ingredient: blowing-down

entire graphs yields area minimizing cones Fleming (1962), De Giorgi (1965), Almgren (1966), Simons (1968).

But for n ≥ 8 there appear counterexamples:

Theorem (Bombieri-De Giorgi-Giusti, 1969). The Clifford-Simons cone

{(x, y) ∈ R4 × R4
: |x|2 − |y|2 = 0}

is area-minimizing in R8. In particular, Bernstein theorem fails for n ≥ 8
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A.T. Fomenko, Multidimensional variational methods in the topology of extremals, Russ. Math. Surv., 36:6 (1981), 127–165

All known explicitly given minimal cones are algebraic, i.e. zero level sets of homogeneous polynomials. In fact, many of them

cones over the so-called isoparametric hyperesurfaces in Euclidean spheres, see below.
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A curious remark on the n-dimensional spheres and balls

Graphs of volumes Vn and surface areas Sn−1 of n-balls of radius 1 (Wiki).
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Isoparametric hypersurfaces

A hypersurface M is called isoparametric if its principal curvatures are constant;

by g one denotes the number of distinct principal curvatures.

Münzner (1980) used algebraic topology to prove that

the number g of distinct principal curvatures: g ∈ {1, 2, 3, 4, 6}

M = u−1(0) ∩ Sn−1, u(x) is a homogeneous polynomial in Rn:

deg u(x) = g

|∇u(x)|2 = g2⟨x, x⟩g−1,

∆u(x) = C⟨x, x⟩(3g−4)/2.

(1)

there are at most two multiplicities (m1,m2) for the g principal

curvatures, dimM = 1
2
(m1 + m2)g

E. Cartan (1938) completely characterized the cases g = 1, 2, 3. In particular, he

proved that for g = 3, there are exactly four isoparametric hypersurfaces

M
3d ⊂ S

3d+1 ⊂ R3d+2
, d = 1, 2, 4, 8,

given by the zero level set of the degree 3 homogeneous polynomials. For example,

for d = 1, the Cartan isoparametric cubic in R5 given by the zero-level set of

x
3
5 + 3

2
x5(x

2
1 + x

2
2 − 2x

2
3 − 2x

2
4) + 3

√
3

2
x4(x

2
2 − x

2
1) + 3

√
3x1x2x3

Remarks.

1) Note that for g = 4 there are infinitely many

inhomogeneous isoparametric hypersurfaces.

2)The following table (by Quo-Shin Chi) is

the collection of all symmetric spaces G/K

whose isotropy representations give homogeneous

isoparametric hypersurfaces M :

2) Chern’s conjecture for isoparametric hypersur-

faces in a sphere: Any closed, minimally immersed

hypersurface of a sphere with constant scalar cur-

vature is isoparametric.
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Some explicit examples of algebraic minimal cones in Rn

In R8: u = (x2
1 + x2

2 + x2
3 + x2

4) − (x2
5 + x2

6 + x2
7 + x2

8) (the norm of split octonions).

In R5 (a Cartan isoparametric cubic)

u(x) = x
3
5 +

3

2
x5(x

2
1 + x

2
2 − 2x

2
3 − 2x

2
4) +

3
√
3

2
x4(x

2
2 − x

2
1) + 3

√
3x1x2x3

In general, in R3d+2:

u(X) = trX
3
, X ∈ Herm3(Fd), trX = 0,

Here Herm3(Fd) should be understood as a hermitian rank 3 Jordan algebra over a Hurwitz algebra Kd.

In R3d: u = Re((z1z2)z3), zi ∈ Kd, d = 1, 2, 4, 8 (the triality polynomials).

In R9:

u(x) = det

 x1 x2 x3

x4 x5 x6

x7 x8 x9


and in the general case for detX in Rn×n in (Tkachev 2010). Recently generalized for various determinantal and

Pfaffian varieties producing minimal cones: Bordemann, Choe, Hoppe, Heaton, Kozhasov, Venturello.

Observe that all the above solutions can be written in a very compact form using norms, determinants, traces. A natural

question arises: what is a natural context for all these examples? Isoparametric? Determinantal? Jordan algebraic?...
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Truly C1,α viscosity solutions

Somewhat very strange appearance of minimal cones in the context of ‘truly’ C1,α-viscosity solutions constructed in 2007-2011

by Nikolai Nadirashvili and Serge Vlǎduţ (2010 ICM Invited Speakers in PDEs)

Vladimir G. Tkachev Non-associative algebras of minimal cones MSU, Moscow, 2023, September 11th, 2023 (12 of 43)



Truly C1,α viscosity solutions

Evans, Crandall, Lions, Jensen, Ishii: If Ω ⊂ Rn is bounded with C1-boundary, ϕ continuous on ∂Ω, F uniformly

elliptic operator then the Dirichlet problem

F (D
2
u)= 0, in Ω

u= ϕ on ∂Ω

has a unique weak (the so-called viscosity) solution u ∈ C(Ω);

Krylov, Safonov, Trudinger, Caffarelli, early 80’s: the solution is always C1,ε

Nirenberg, 50’s: if n = 2 then u is classical (C2) solution

Nadirashvili, Vlǎduţ, 2007-2011: if n ≥ 12 then there are solutions which are not C2.

Theorem (Nadirashvili-Vlăduţ-V.T, 2012) The function w(x) :=
u1(x)
|x| where

u1(x) = x
3
5 + 3

2
x5(x

2
1 + x

2
2 − 2x

2
3 − 2x

2
4) + 3

√
3

2
x4(x

2
2 − x

2
1) + 3

√
3x1x2x3,

is a singular viscosity solution of a uniformly elliptic Hessian equation. This also gives the best possible dimension (n = 5)

where homogeneous order 2 real analytic functions in Rn \ {0}.

Some further comments can be found in Tkachev V., Spectral properties of nonassociative algebras and breaking

regularity for nonlinear elliptic type PDEs. Algebra i Analiz, 31(2019)
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Hsiang’s 1967 paper

In the 1st volume of J. of Diff. Geom., 1967, W.-Y. Hsiang published a paper ”Remarks on closed minimal submanifolds in the

standard Riemannian m-sphere”, where he remarks:

The classically known examples of closed minimal submanifolds of condimension one in Sm, namely, those of

the type Sm−1, Sp×Sq , are exactly the real algebraic minimal submanifolds of degree 1 and 2. In addition to the

homogeneous examples given in the list of observation 2, §1, we produce some new algebraic minimal submanifolds

which are no longer homogeneous. Hence the set of algebraic minimal submanifolds in Sm is essentially larger

than that of homogeneous ones. It is then quite interesting to classify real algebraic minimal submanifolds of degree

higher than two up to equivalence under the orthogonal transformations. It turns out that the algebraic difficulties

involved in such a problem are rather formidable. As a by-product, we derive the existence of some kind of a normal

form for homogeneous polynomials of arbitrary degree and arbitrary number of variables over real closed fields with

respect to the orthogonal linear substitutions. . .

Any algebraic cone comes from a polynomial solution u ∈ R[x1, . . . , xn] of deg u = m to

∆1u(x) := |∇u|2∆u − 1
2
⟨∇u,∇|∇u|2⟩ = P (x)u(x) (2)

where P (x) is undefined homogeneous polynomial of degree 3m − 4. In particular, if m = 3 then

∆1u(x) = a quadratic form · u(x) (3)

Explicitly, in dimension n = 2 one has a quasilinear PDE:

u
2
yuxx − 2uxuyuxy + u

2
xuyy = (ax

2
+ 2bxy + cy

2
)u, where a, b, c are unknown constants. (4)

It is difficult, but a possible task to solve (4). But already for m = 3 the corresponding LHS contains almost 300 terms!
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Hsiang’s 1967 paper

Remark. Even if one is able to find an explicit solution, it will still be a nontrivial task to identify a relevant algebraic context

where this solution appears in?... Hsiang mentions a ”normal” form (similar to the diagonal form of a matrix) and suggested an

elegant method which does not work in general, but is good enough to produce at least some further solutions.
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Hsiang’s 1967 paper

W.-Y. Hsiang suggests the following problem:

On other words, Hsiang asked to classify all cubic polynomial solutions of the following PDE in Rn :

∆1u(x) = |∇u|2∆u − 1
2
⟨∇u,∇|∇u|2⟩ = λ⟨x, x⟩u(x)

Such a solution u(x) is called a Hsiang eigencubic.
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Hsiang’s trick

Let K = R or C and let Herm′
N (K) be the real vector space of trace free hermitian matrices of order N ≥ 3 with the inner

product ⟨X, Y ⟩ := trXY . Define

u(X) := trX
3
, X ∈ Herm

′
N (K).

Hsiang shows that ∆1u = |∇u|2∆u − 1
2
⟨∇u,∇|∇u|2⟩ is an O(N)-invariant operator, which implies

∆1u ∈ K[��trX, trX
2
, . . . , trX

N
].

Note that deg∆1u(x) = 5 therefore

∆1u ∈ K[trX
2
, trX

3
, trX

4
, trX

5
] = c1trX

2
trX

3
+ c2trX

5
.

Therefore if we additionally assume that N ≤ 4 then c2 = 0 implying that

∆1u(X) = c1 trX
2
trX

3
= c1⟨X,X⟩u(X).

This yields the four Hsiang examples in R(k−1)(2+k dim K)/2, i.e.

k = 3 : Herm
′
3(R) ∼= R5 and Herm

′
3(C) ∼= R8

k = 4 : Herm
′
4(R) ∼= R9 and Herm

′
4(C) ∼= R15

If k = 3, K = R then u(x) = C5(x) :=

∣∣∣∣∣∣∣∣∣
x1√
3

+ x2 x3 x4

x2
−2x1√

3
x5

x4 x5
x1√
3

− x2

∣∣∣∣∣∣∣∣∣ = a Cartan isoparametric cubic in R5

Vladimir G. Tkachev Non-associative algebras of minimal cones MSU, Moscow, 2023, September 11th, 2023 (18 of 43)



Outline

1 Introduction, motivations

2 Hsiang’s 1967 paper

3 How metrized algebras come into play

4 Basic notation and terminology

5 Algebras of minimal cones

Vladimir G. Tkachev Non-associative algebras of minimal cones MSU, Moscow, 2023, September 11th, 2023 (19 of 43)



How Cartan approached isoparametric equations?

Consider the isoparametric system, that for g = 3 takes the form

|∇u(x)|2 = g
2⟨x, x⟩g−1

= 9⟨x, x⟩4, ∆u(x) = 0. (5)

To simplify analysis of (5), Cartan makes use of the so-called normal coordinates To get it, note

that u(x) ̸≡ 0 is a cubic form then it has at least one local maximum c ∈ Rn at the unit

sphere, which is automatically a stationary point of u(x)/|x|3 in Rn, which easily implies by

the Lagrange principle that ∇u(c) is proportional to ∇|x|2 at c, i.e. ∇u(c) = λc, where by

(5) λ = 3 and by the Euler homogeneous function theorem

0 ̸= 3 max
Sn−1

u(x) = 3u(c) = ⟨∇u(c), c⟩ = λ|c|2 = 3

Thus λ ̸= 0. Let x = (y, t) ∈ Rn−1 × R1 be the new orthonormal coordinates such that t = ⟨x, c⟩ and y⊥c, then

u(y, t) = t
3 − 3tP (y) + Q(y),

where degP (y) = 2, degQ(y) = 3. Substitution into (5) yields

9t4 + 9t2(|∇P |2 − 2P ) − 6t⟨∇P,∇Q⟩ + (9P2 + |∇Q|2) = 9t4 + 18t2|y|2 + 9|y|4

|∇P |2 − 2P = 2|y|2 implies that P (y) has two eigenvalues: −1 and 1
2

of multiplicities n1 and n2 resp.;

∆u = 3t(2 − ∆P (y)) + ∆Q(y) = 0 implies that 2n1 = n2 + 2, and n = 3n1 − 1.

this naturally decomposes the y-subspace: Rn−1 = V−1 ⊕ V1/2 and further considerations;

the remaining part is much more difficult, see my paper [Tka10].
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An alternative approach

A commutative algebra satisfying the identity x2 • (x • x) = x • (x2 • y) is called a Jordan alegrba.

Theorem([Tka14])

There is a natural correspondence between the following categories:

cubic solutions of |∇u(x)|2 = 9|x|4 ↔ rank 3 formally real Jordan algebras

Given a cubic form u : V → K, consider its linearizations

u(x, y, z) = u(x + y + z) − u(x + y) − u(x + z) − u(y + z) + u(x) + u(y) + u(z)

u(x; y) = 1
2
u(x, x, y)

The Freudenthal-Springer Construction (McCrimmon, 1969). A cubic form N : V → K with a distinguished point e,

N(e) = 1, is called a Jordan cubic form if

the bilinear form T (x; y) = N(e; x)N(e; y) − N(e; x; y) is a nondegenerate

the map # : V → V uniquely determined by T (x#; y) = N(x; y) satisfies the adjoint identity (x#)# = N(x)x.

If N is Jordan then the multiplication

x • y = 1
2
(x#y + N(e; x)y + N(e; y)x − N(e; x; y)e)

defines a Jordan algebra structure on V , where x#y := (x + y)# − x# − y#.
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Yet another approach: by metrized algebras
Approach by the normal coordinates Approach by metrized algebras

1. A cubic homogeneous form u(x) on a Euclidean space A metrized algebra (A, •, ⟨, ⟩):
⟨x • y, z⟩ = ⟨Hessu(x)y, z⟩

2. The isoparametric (eiconal) equation

⟨∇u(x),∇u(x)⟩ = 9⟨x, x⟩4
The defining equation of a metrized algebra A
1
4
⟨x • x, x • x⟩ = 9⟨x, x⟩4

The linearized defining equation:

x • (x • x) = 36x⟨x, x⟩

3. A stationary point c ∈ Rn of u(x)/|x|3 and t = ⟨x, c⟩. An idempotent c ∈ A

4. The “normal” orthonormal coordinates x = (y, t) ∈ Rn−1 × R1

u(y, t) = t3 − 3tP (y) + Q(y), where degP = 2, degQ = 3.

the Peirce decomposition

Rn =
⊕

j Ac(λj)

5. The diagonal form of the quadratic form P (y) is diag(−1, 1
2
). The Peirce spectrum σ(A) = {−1, 1

2
}

6. The source PDE by equating coefficients of tα reduces to a PDE

system involving ∇P , ∇Q, for example

9t
4
+ 9t

2
(|∇P |2 − 2P ) − 6t⟨∇P,∇Q⟩ + . . .

The “fusion laws” on A:

• Rc A(−1) A( 1
2
)

Rc Rc A(−1) A( 1
2
)

A(−1) A(−1) Rc A( 1
2
)

A( 1
2
) A( 1

2
) A( 1

2
) Rc ⊕ A(−1)

7. There appear some distinguished PDE relations Hidden algebra structures (Clifford, Hurwitz, Jor-

dan etc) inside of A

8. etc. . . etc. . .
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Summary: three equivalent problems

(DG) Algebraic degree three minimal cones u(x) = 0 (Hsiang’s problem, 1967). For example, the minimal tree

given by the zero level set of u(x1, x2) = Re(x1 + ix2)
3

(PDE) Homogeneous degree 3 polynomial solutions to the Hsiang equation:

|∇u|2∆u −
1

2
⟨∇u(x),∇(|∇u(x)|2)⟩ = Q(x)u(x), Q(x) is an undefined quadratic form.

The above example satisfies the PDE with Q(x) = −54(x2
1 + x2

2).

(NA) Commutative nonassociative algebras over R with an associative bilinear form ⟨, ⟩ and defining identities

trL•(x) = 0

x
•4

+ 1
4
(x • x)(x • x) − ⟨x, x⟩(x • x) − 2

3
⟨x • x, x⟩x = 0.

The corresponding to the above example metrized algebra spanned by three nonzero equilateral idempotents, known also

as the two-dimensional Koichiro Harada algebra with automorphism group ∼= S3 (1984).

The correspondence between (PDE) and (NA):

u(x) = 1
6
⟨x, x • x⟩ ⇆ algebra multiplication: x • y = Hessu(x)y
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Basic notation and terminology

Many interesting algebras (not all!) are defined by/satisfied identities. For example, the standard multiplication is both

commutative and associative. But the vector (cross) product in R3 is neither commutative nor associative and in fact,

(R3,×) is a Lie algebra.

The left multiplication operator is denoted by: L•(x) : y → x • y. The (left) spectrum of an element x ∈ A is the

multiset of eigenvalues of L(x).

c ∈ A is called an idempotent if c • c = c. The set of nonzero idempotents is denoted by Idm(A).

A commutative algebra is metrized if there exists a nondegenerate bilinear form ⟨, ⟩ such that:

⟨x • y, z⟩ = ⟨y, x • z⟩.

A commutative metrized algebra generates the distinguished cubic form u(x) := 1
6
⟨x • x, x⟩. Conversely, a cubic form

u(x) on an inner product vector space induces a structure of commutative nonassociative metrized algebra by

x • y := D2u(x)y (see an example below).

Idempotents and their spectra play a prominent role in nonassociative algebra. An idempotent c is semisimple if A decomposes

into a direct sum of eigenspaces of L•(c) (Peirce subspaces):

A =
⊕

λ∈σ(A) Ac(λ)

A fusion law is a set F ⊂ K together with a symmetric binary map ∗ : F × F → 2F ,

Ac(λ) • Ac(µ) =
⊕

α∈λ∗µ Ac(α)

For example, the Peirce spectrum of an eiconal algebra is {1,−1, 1
2
} with fusion laws:

⋆ −1 − 1
2

−1 1 − 1
2

− 1
2

− 1
2

1,−1
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Now let u(x) be an arbitrary cubic form in Rn and let

x • y := (D
2
u(x))y.

Recall that any quadratic form comes from a symmetric bilinear form. Similarly, any cubic form u comes from a symmetric

trilinear form U . In other words,

u(x) = 1
6
U(x, x, x), U(x, y, z) = U(x, z, y) = . . . for any permutation

In fact,

U(x, y, z) = u(x + y + z) − u(x + y) − u(x + z) − u(y + z) + u(x) + u(y) + u(z)

Example 1. If u(x) = x1x2x3 then U(x, y, z) =
∑

σ∈S3
xσ(1)yσ(2)zσ(3).

The by the definition of the Hessian: ⟨(D2
u(x))y, z⟩ = U(x, y, z) = ⟨x • y, z⟩ .

This implies have the following important properties:

(i) x • y = y • x (the algebra A(u) is commutative)

(ii) ⟨x • y, z⟩ = ⟨y, x • z⟩ ⇔ ⟨L(x)y, z⟩ = ⟨y, L(x)z⟩ ⇔ L(x) is self-adjoint!

(in other words, A(u) is a Euclidean metrized algebra)

(iii) x • x = 2∇u(x) (by Euler’s homogeneous function theorem)

(iv) ⟨x • x, x⟩ = 6u(x) (by Euler’s homogeneous function theorem)

Important: these formulae and properties do NOT depend on a concrete represenation of u(x)!

We don’t know, for instance, what is x • x exactly? In fact, if one computes (iii) and (iv) explicitly by u(x), it will imply the

algebraic identities for A(u) in the spirit of (6).
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An example

Consider a cubic form u(x) = 1
6
x1(x

2
1 − 3x2

2 − 3x2
3).

Notice that the Hessian matrix of u(x) is a symmetric matrix with entries linearly depending on x:

H(x) := D
2
u(x) =

 x1 −x2 −x3

−x2 −x1 0

−x3 0 −x1


Define on R3 an algebra A(u) with multiplication

x • y := H(x)y = H(y)x = (x1y1 − x2y2 − x3y3, −x2y1 − x1y2, x3y1 − x1y3)

The obtained multiplication is commutative and the corresponding Peirce decomposition satisfies the following fusion rules:

• e1 e2 e3

e1 e1 −e2 −e3

e2 −e2 −e1 0

e3 −e3 0 e1

• A1 A−1

A1 A1 A−1

A−1 A−1 A1

A = A1 ⊕ A−1, Aλ = {x : e1 • x = λx}

In particular, e1 ∈ Idm(A), its Peirce spectrum of e1 is {1,−1}, the eigenvalue −1 of multiplicity 2.

A simple examination reveals the identities in the spirit of ”3D-complex numbers”:

x • x = (x
2
1 − x

2
2 − x

2
3, −2x1x2, −2x1x3)

(x • x) • x = (x
2
1 + x

2
2 + x

2
3)x = ⟨x, x⟩x

(6)
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Jordan algebras

The most natural in the commutative context are ‘stepsisters’ of the classically known Lie algebras: Jordan algebras.

How to multiply two Hermitian matrices?... unfortunately

Matrix · Matrix = Matrix, but

Hermitian · Hermitian ̸= Hermitian

In 1932 Pascual Jordan proposed a program to discover a new algebraic setting for quantum mechanics such that it is

independent on an invisible but all-determining metaphysical matrix structure. By linearizing the quadratic squaring operation,

Jordan replaces the usual matrix multiplication by the anticommutator product (called also the Jordan product)

x • y =
1

2
(xy + yx);

A commutative algebra satisfying the identity x2 • (x • x) = x • (x2 • y) is called a Jordan algebra.

Example (H. Freudenthal 1954, T. Springer 1961) Let V = H3(Fd) be the vector space of self-adjoint 3 × 3-matrices with

coefficients in a Hurwitz algebra Fd and

u(x) = Det(x) := 1
6
((tr x)

3 − 3 tr x tr x
2
+ 2 tr x

3
).

Then V (u) is a Jordan algebra w.r.t. the multiplication x • y = 1
2
(xy + yx).
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Idempotents in a Euclidean metrized algebra

Let S be the sphere ⟨x, x⟩ = 1. Then

x is a stationary point of u(x) on S ⇔ ∇u(x) = k∇⟨x, x⟩ = 2kx, k ∈ R

⇔ x • x = 4kx (by (iv) 4k = 6u(x))

⇔ either x2
= 0 or c • c = c, where c := x/4k

Any stationary point of u(x) is proportional to either a 2-nilpotent (if u(x) = 0) or an idempotent (if u(x) ̸= 0).

If u(x) is a point of a local maximum on S then the corresponding idempotent is called maximal.

Theorem. A maximal idempotent c ∈ A(u) is semisimple, primitive and its Peirce spectrum is subset of (−∞, 1
2
] and

A( 1
2
)A( 1

2
) ⊂ A( 1

2
)
⊥ (‘Jordan type fusion law’).

The Peirce eigenvalue 1
2

is very special. It turns out that this eigenvalue is

universal and it appears in the Peirce spectrum of any commutative nonasso-

ciative algebra (over an arbitrary field char̸= 2, 3) possessing a polynomial

identity [Tka21].
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How to connect a PDE and a nonassociative algebra?

Example 2. The simplest example is the Laplace operator. To solve a cubic equation in Rn for a cubic form is not a difficult

problem, but on the nonassociative algebra side we obtain

∆u(x) = trD
2
u(x) = trL(x) = 0

So, in the corresponding metrized algebra A(u), any multiplication operator is trace-free.

Example 3. A less trivial example. Let us consider with the eiconal equation

|∇u(x)|2 = 1
4
|x|4, x ∈ Rn

. (7)

Suppose we are searching a cubic homogeneous polynomial solution (a cubic form). By (iii): ∇u(x) = 1
2
x • x, hence

⟨x • x, x • x⟩ = ⟨x, x⟩2

Now you can work as in calculus: the directional derivative along y (it is called linearization in Algebra) gives

4⟨x • x, x • y⟩ = 4⟨x, x⟩⟨x, y⟩

⟨(x • x) • x, y⟩ = ⟨⟨x, x⟩x, y⟩

implying that

(x • x) • x = ⟨x, x⟩x (think of x3
= |x|2x) (8)

The converse is also true (why?), i.e. (8) ⇔ (7). Compare with (6).
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How to connect a PDE and a nonassociative algebra?

Example 3. The Hsiang equations (2) reads as:

∆1u := |∇u|2∆u − 1
2
⟨∇u,∇|∇u|2⟩ = α⟨x, x⟩u(x). (9)

Recall that

∆u(x) = trL(x),

∇u(x) =
1

2
x • x,

∇|∇u|2 = D
2
u(x)∇u(x) =

1

2
x • (x • x)

Then

1
4
⟨x • x, x • x⟩ trL(x) − 1

4
⟨x • x, x • (x • x)⟩ = 1

6
α⟨x, x⟩⟨x, x • x⟩

therefore we arrive at the Hsiang algerba defining relation:

⟨x2
, x

2⟩ trLx − ⟨x2
, x

3⟩ =
2

3
θ⟨x, x⟩⟨x2

, x⟩

This is an ‘equation of order 5’ and therefore it is quite nontrivial (for example, the Jordan algebra identity x2(xy) = x(x2y)

has an order 4. My next story only starts here.
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Main results

A solution u is called a trivial eigencubic if u(x) = ⟨b, x⟩3, i.e. the corresponding cone is a hyperplane ⟨b, x⟩ = 0.

Theorem A
u is a trivial eigencubic if and only if ∆u ̸= 0.

In what follows we assume that u is a normalized Hsiang eigencubic, i.e. ∆1u = −2|x|2u(x), x ∈ V = Rn.

Theorem B
Given a nontrivial normalized u, there exists a commutative metrized algebra such that

1 u(x) = 1
6
⟨x, x2⟩ (the recovering property)

2 x3x + 1
4
x2x2 − |x|2x2 − 2

3
⟨x2, x⟩x = 0 (the defining identity)

3 trLx = 0 (the harmonicity property)

In the converse direction, given a commutative metrized algebra with properties (2) and (3) above, the cubic form u defined by

(1) is a (normalized) Hsiang eigencubic.

A commutative metrized algebra with (2) and (3) above is called Hsiang algebra.
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Theorem C
Let V be a Hisang algebra. Then

(i) For any nonzero idempotent c, the associated Peirce decomposition is

V = Vc(1) ⊕ Vc(−1) ⊕ Vc(− 1
2
) ⊕ Vc(

1
2
) and dimVc(1) = 1;

and the following fusion laws hold:

1 −1 − 1
2

1
2

1 1 −1 − 1
2

1
2

−1 −1 1 1
2

− 1
2

⊕ 1
2

− 1
2

− 1
2

1
2

1 ⊕ − 1
2

−1 ⊕ − 1
2

1
2

1
2

− 1
2

⊕ 1
2

−1 ⊕ − 1
2

1 ⊕ −1 ⊕ − 1
2

(ii) The Peirce dimensions n1 = dimVc(−1), n2 = dimVc(− 1
2
) and n3 = dimVc(

1
2
) do not depend on a particular

choice of c and n3 = 2n1 + n2 − 2;

(iii) All idempotents have the same length and the same fusion law

(iv) Vc(1) ⊕ Vc(−1) is a subalgebra. It carries a hidden Clifford algebra structure.

(v) Vc(1) ⊕ Vc(− 1
2
) is a subalgebra. It carries a hidden rank 3 Jordan algebra structure.
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Any polar algebra is Hsiang

Definition. A commutative algebra V with associating form ⟨x, y⟩ is called polar if

(i) there is a Z2-grading V = V0 ⊕ V1 (the orthogonal sum),

(ii) V0V0 = 0,

(iii) x(xy) = ⟨x, x⟩y for x ∈ V0 and y ∈ V1.

Definition. (X, Y,A), is called a symmetric Clifford system, or A ∈ Cliff(X, Y ), if A is a linear map X → Endsym(Y )

and A(x)2 = |x|21Y , ∀x ∈ X.

Example. Let us consider A(x) = x1A1 + x2A2 ∈ Endsym(R2), where

A1 =

(
1 0

0 −1

)
, A2 =

(
0 1

1 0

)

Theorem (Radon, Hurwitz). The set Cliff(X, Y ) is nonempty if and only if dimX ≤ 1 + ρ( 1
2
dimY ), where the

Hurwitz-Radon function ρ is defined by ρ(m) = 8a + 2b, if m = 24a+b · odd, 0 ≤ b ≤ 3.

For example, ρ(2) = 2, ρ(3) = 1, ρ(4) = 4, ρ(6) = 2, ρ(7) = 1, ρ(8) = 4, but ρ(16) = 9.

The Correspondence If A ∈ Cliff(X, Y ) then X ⊕ Y is a polar algebra of the cubic u(z) = 1
2
⟨y,A(x)y⟩, z = x ⊕ y.

Conversely, if V = V0 ⊕ V1 is a polar algebra then Lx ∈ Cliff(V0, V1), x ∈ V0.

The classification of symmetric Clifford system is well-known (D. Husemöller Fibre bundles, 1994.)
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Polar vs exceptional

Definition. A Hsiang algebra V isomorphic to a polar algebra is of Clifford type; otherwise it is exceptional.

Hsiang
algebras

Polar algebras

Exceptional algebras

Symmetric Clifford
systems

?

Proposition. Any commutative pseudocomposition algebra V , i.e. an algebra with x3 = |x|2x and trLx = 0 is an

exceptional Hsiang algebra.

Proof. The scalar product by x2: ⟨x3, x2⟩ = |x|2⟨x, x2⟩, therefore V is Hsiang. Let us assume by contradiction that V is

polar, and let V = V0 ⊕ V1. If x ∈ V0 then x2 = 0, hence 0 = x3 = |x|2x, i.e. x = 0, this proves that V0 = {0} is

trivial. Similarly V1V1 ⊂ V0 implies that V1 = {0}, a contradiction.

Example. The trace free subspace of the Jordan algebra (M3, ◦) of all 3 × 3 real symmetric matrices with the Jordan

multiplication x ◦ y = 1
2
(xy + yx) is a pseudocomposition algebra.
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The hidden Jordan algebra structure

Theorem D
Let V be a Hsiang algebra and c ∈ Idm(V ). Let Λc = Rc ⊕ Vc(− 1

2
) be an isotope with the new multiplication

x•y = 1
2
xy + ⟨x, c⟩y + ⟨y, c⟩x − 2⟨xy, c⟩c, x, y ∈ Rc ⊕ Vc(− 1

2
), (10)

Then Λc is a rank 3 Jordan algebra with ec being the unit and the trace bilinear trace form T (x; y) = ⟨x, y⟩ (associative

with respect to •). In particular, the Jordan algebra Λc is Euclidean and any element x ∈ Λc satisfies the cubic identity

x
•3 − 2⟨x, c⟩x•2

+ (2⟨x, c⟩2 − 1
2
|x|2)x − 1

3
⟨x, x2⟩c = 0. (11)

Furthermore, n1 − 1 ≤ ρ(n1 + n2 − 1), where ρ is the Hurwitz-Radon function. In particular, for each n2 there exist only

finitely many possible values of n1.

Theorem E

The following conditions are equivalent:

1 A Hsiang algebra V is exceptional

2 The Jordan algebra Λc is simple for some c

3 The Jordan algebra Λc is simple for all c

4 The quadratic form x → trL2
x has a single eigenvalue and n2(V ) ̸= 2
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The finiteness of exceptional Hsiang algebras

Theorem F
There are at most 24 classes of exceptional Hsiang algebras. For any such an algebras n2 ∈ {0, 5, 8, 14, 26} and the possible

corresponding Peirce dimensions are

n 2 5 8 14 26 9 12 15 21 15 18 21 24 30 42 27 30 33 36 51 54 57 60 72

n1 1 2 3 5 9 0 1 2 4 0 1 2 3 5 9 0 1 2 3 0 1 2 3 7

n2 0 0 0 0 0 5 5 5 5 8 8 8 8 8 8 14 14 14 14 26 26 26 26 26

The cells in blue color represent non-realizable Peirce dimensions and the cells in gold color represent unsettled cases

If n2 = 0 then n2 ∈ {2, 5, 8, 14, 26}. The corresponding Hsiang algebras are V FS(u), u = 1
6
⟨z, z2⟩,

V = H3(Kd) ⊖ Re, d = 0, 1, 2, 4, 8.

If n1 = 0 then n2 ∈ {5, 8, 14}. The corresponding Hsiang algebras are V FS(u), 1
12

⟨z2, 3z̄ − z⟩, where z → z̄ is

the natural involution on V = H3(Kd), d = 2, 4, 8.

If n1 = 1 then n2 ∈ {5, 8, 14, 26}. The corresponding Hsiang algebras are V FS(u), u(z) = Re⟨z, z2⟩, where
z ∈ V = H3(Kd) ⊗ C, d = 1, 2, 4, 8.

If (n1, n2) = (4, 5) then V = V FS(u), u = 1
6
⟨z, z2⟩ on H3(K8) ⊖ H3(K1)
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Two basic examples in dimensions 2 and 3

Example 1. Let V be the 2 dimensional algebra generated by three idempotents ci, i = 0, 1, 2 which can be realized as unit

vectors in R2 subject to the conditions:

⟨ci, cj⟩ = − 1
2
, i ̸= j,

c0 + c1 + c2 = 0

Then for any triple {i, j, k} = {1, 2, 3} we have

ck = c
2
k = (−ci − cj)

2
= ci + cj + 2cicj = −ck + 2cicj

c0

c1

c2

hence cicj = ck and ck(ci − cj) = −(ci − cj). This implies V = Vci
(1) ⊕ Vci

(−1), the both Peirce subspaces being

1-dimensional. The corresponding fusion rules are

⋆ 1 −1

1 1 −1

−1 1

The Peirce dimensions are n1 = 1, n2 = n3 = 0, the ambient dimension n = 2.

The minimal cone is given by x3
1 − 3x1x

2
2 = 0.
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Two basic examples in dimensions 2 and 3

Example 2. Similarly, let V be the 3 dimensional algebra generated by four idempotents ci, i = 0, 1, 2, 3 realized as unit

vectors in R3 subject to the conditions:

ci + cj is a 2-nilpotent, i.e. (ci + cj)
2 = 0 (i ̸= j)

Then similarly to the above, one easily verifies that

V = Vci
(1) ⊕ Vci

(− 1
2
),

where dimVci
(1) = 1 and dimVci

(− 1
2
) = n2 = 2.

c0

c1

c2c3

The corresponding fusion rules are

⋆ 1 − 1
2

1 1 − 1
2

− 1
2

1,− 1
2

The underlying algebra structure after a 1-rank perturbation becomes a Jordan algebra of Clifford type. The minimal cone is

given by x1x2x3 = 0, i.e. the triple of coordinate planes in R3.
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