Positive Definite Collections of Disks

VLADIMIR TKACHEV

ABSTRACT. Let Q(z,w) = —[I¢_,[(z — ax)(w — ax) — R?].
The main result of the paper states that in the case when the nodes
aj are situated at the vertices of a regular n-gon inscribed in the
unit circle, the matrix Q(a;, a;) is positive definite if and only if
R < py, where z = 2p2 — 1 is the smallest # —1 zero of the Jacobi
polynomial Prlzy v = [n)2].

1. INTRODUCTION

Let B := {B(aj,Rj)}1<j<n denote the collection of open disks centered at a j with
radii Rj > 0. The function

Q(z,w) = - [ [[(z — ax) (w — ax) — RE],
k=1

defines the polarized equation of the union of disks in B. Throughout this paper
Q2 denotes the matrix with entries

n

(1.1) Q= Qai,aj) = - [ [lawax - R],
k=1

where

(1.2) aij = ai — aj.

We will say that a collection of disks B is positive if the corresponding matrix
Q3 is positive definite. Our start point is a recent result of B. Gustafsson and M.
Putinar which states: If'B consists of disjoint disks, then B is positive [6, Lemma
3.1].

This result was obtained as a corollary of the general positivity property of
the exponential transform for quadrature domains. We only mention that the
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exponential transform is regarded as a renormalized Riesz potential, and it is in-
strumental in recovering a measure from its moments. The above positivity phe-
nomenon goes back to the operator theoretic origins of the exponential transform
and these involve the highly sophisticated theory of the principal function of a
semi-normal operator (the interested reader is referred to [4] and [5]). This is
why the authors of [6] proposed a problem of finding a direct proof of the above
mentioned positivity results.

One of the interesting and intriguing aspects of the above problem is a rather
unexpected interplay between geometry and analysis (the disjointness condition
and the positivity of a certain matrix). Nevertheless, it turns out that in gen-
eral the positivity of a collection of disks does not yield its disjointness. Namely,
straightforward calculations for n = 2 show that matrix Q remains positive defi-
nite even if the discs overlap a little. It is easy to check that the positive definiteness
is equivalent to the inequality

2, p2 2
Rl +R2 < |0l1 —(12| y

whereas the disjointness condition is expressed as
Ry +R; < la; —ayl.

On the other hand, the method of [6] is completely based on the geometry of
disjoint disks and it is no more applicable to general collections. In this connec-
tion, the main problem is to find an adequate language, geometrical or functional,
for understanding of the above phenomena in the general case.

In the present paper, we completely solve this problem in the case when B
consists of 1 congruent disks centered in the vertices of a regular n-gon. The
main result, Theorem 2.1 below, states that the positivity of such a collection can
be characterized in terms of the zeroes of the Jacobi polynomials.

The paper is organized as follows: In Section 2 we introduce the main nota-
tion and state the main results. In Section 3 we treat the general collections. In
Section 4 we establish an explicit factorization of the determinant function and
reformulate the positivity problem to a problem for the zero distribution of the
Jacobi polynomials. The concrete study of the zeroes is given in Section 5. In
Section 6 we give the proof of Theorem 2.1. In the final sections we establish
two-side estimates on the maximal radius.

2. MAIN RESULTS

Letaj = w/, j =1, ..., n, be the vertices of the regular n-gon inscribed in the
unit circle, where w = ?™/" denotes the nth root of unity. We will denote by

(2‘1) Bn(r): {B(wJ)T)’ j: 1,...,11}
the corresponding collection consisting of 1 congruent disks and introduce

(2.2) pn =supi{p > 0| B, (r) is positive for all ¥ € (0, p)},
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which we refer to as the maximal radius of B, (v).
We recall also the definition of Bessel function of the first kind

xRS (cmx2)m
Jilx) = (5) 2 m ek D

It is well-known that Jx(z) has an infinite sequence of positive zeroes; we denote
them ji ;.

Theorem 2.1. In the above notation, p> = \/2, p3 = 1, and forn > 4

Pn =41+ Un,

where Py, denotes the smallest + —1, zero of the hypergeometric polynomial

1
zVF (—v,v—n; 1-n; ——).
z

Here F is the classical Gauss hypergeometric function and v = [n/2] is the integer
part of n/2. Furthermore, the following asymprotic holds

(2.3) VILLH(}Q NPn = Ji,1,

where ji1,1 = 3.831706... is the first positive zero of the Bessel function J1(z).

The above asymptotic behavior admits a clear geometric interpretation. Namely,
given a general (not necessarily symmetric) collection B, let us define

Ri + R;
B(B) := min ————.
i+j la; —ajl

This quantity can be characterized as a measure of overlapping of the disks in B
in the following sense: B < 1 if and only if B is a disjoint collection. In the
symmetric case By, (v) this quantity is easily found as

_r
sin(1t/n)

B(Bn(r)) =

Hence, the measures of overlapping for positive symmetric collections of n con-
gruent disks lie in the following interval

Pn .
0 < B(Bn(r)) < s Bn.

Due to (2.3), we have the following asymptotic behaviour for the upper bound of
the previous interval

By ~ Jl?l ~ 1.219669891 ...
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as m goes to infinity. It is interesting to note that asymprotically the overlapping
measure stays greater than 1.

A straightforward computation for small values of n = 2 shows that B>, and
Ban-1 are increasing subsequences. Though we are unable to prove this observa-
tion, we show in Corollary 7.2 below that f,, > 1 for all n > 2. In other words,
the extremal symmetric collections By (pn) have non-trivial overlapping for all
n=x=2.

3. GENERAL COLLECTIONS AND THE MAXIMAL RADIUS

In this section we consider the general collections B := {B(a;,R;j)}j<n if not
stated otherwise. Such a collection is said to be admissible if for any k, 1 < k < n,
and any j # k

(3.1) 0 <Rk < laj— axl.

Geometrically (3.1) means that ax € B(aj,R;) forall k # j.

Proposition 3.1. Let {a;}j<n be an arbitrary collection of pairwise distinct
points. Then there is an € > 0 such that the collection {B(aj,Rj)}j<n is positive
for any choice of radii, subject to condition 0 < R;j < &.

Proof. By (3.1) we have
laikakl > R}

forall k # i, j. Hence fori = j

R
Qii:R%|ai|2n(1_ —— >,

kii AikAik

and for i # j by virtue of (1.2)

2
- _ R2p2 Bi%
a=rimit 11 (- aias)

ki, j alkajk

where

n
ai:= || aw#0.
k=1,k#i

In particular, Q;j = 0 ifall Rj = 0.
Let E denote the matrix with normalized entries

Eij=1_[(1— .Ré )

X aikdjk
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where the product is taken over all indices k such that k # i, j, and set

1, Jj=1i,
Sij = .
RiRj/laijl*, j#1,

so that Q;j = E;jSij - (Rii) - (Rj&;). Hence the quadratic form

Q@) = > Q4&E,

ij=1

is equivalent (up to a linear change of variables: n; = R;x;&;) to the form

n
Q'(n) = > EijSijnif;.
ij=1

But for the latter form we have
1111% EijSij =1,

where R = (Ry,...,Ry) and I denotes the unit matrix. Hence by a continuity
argument, Q' (n) is positive definite for all vectors R with sufficiently small norm
and the desired property follows. O

Proposition 3.2. Let {B(aj,Rj)} j<n be a positive collection. Then the following
assertions hold:
(i) Any subcollection {B(ai,R;)}icr wherel C {1,2,...,n} is positive.
(ii) For0 < vj < Rj the new collection {B(aj,v;)}j<n is positive.

Proof. It suffices to prove (i) only for I = {1,...,n — 1}. Consider the qua-
dratic form

QE1,...,&n) := . Q&)

i,j=1
where [|Q;ll is the matrix in (1.1), and let
n-1
(3.2) Ql(nl,...,r’nfl) = Z Q{Jnlﬁ_]l
i,j=1
where IIQ{J- | corresponds to the reduced system {B(ai,R;i)}icr. We have

n-1
I - 2
R 1_[ laikajx — Ri],
k=1
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where aij =ai —aj.
Since Q is positive definite we have

n-1

(33) Q(nl,---,nnfl,o) = Z Ql]nlr—]] > O
ij=1

for all nontrivial vectors (n1,...,nn_1) # 0.

On the other hand, for 1 < i, j <1 — 1 we have

n
Qij = — | [laiajk — R}] = (@indjn — R},) QL.
k=1

Hence substituting the last identity into (3.2) and using (3.1) yields

(3.4) Ql(nl,---,nnfl) = _72'71,_7]

Il
S IMe i

2,

3

S _
Ve
3|l
313

]
3

.
N—————

and the series above converges absolutely because of (3.1).

Taking into account (3.3), we see that the strict inequality in (3.4) holds for
all (n1,...,nn-1) # 0, and the first assertion of the theorem is proved.

In order to prove (ii) we assume that Q is a positive definite form, and let 7;
be any arbitrary reals subject to condition 0 < ¥; < R; and denote by [/g;;|l the
corresponding matrix. Then we have

. ) " Aikdjk — 1§
(3.5) aij = — | [lawaj — {1 = Qi [ ] Zoa4 —R2
k=1 k=1 Aikdjk — R
We claim that for any k the matrix with the entries
AikAjk — T,%
(3.6) Kij = ————5
AikAjk — Rk

is positive definite. Indeed, t;j = 1’,% /Ri when i = k or j = k, and

m
1_ Ri_’rlg _ R2 2 ad 1 Ri
Qij == A R _Rz—(k—rk)Ea.d, A
ik jk k m=o %ikAjk ik jk
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otherwise. Thus

n - 7t r¢ n -
(3.7) > wij&i&j = SIEIP+2- 5 ReX + X7+ D> (a5 — DEE,
o R} R} -
i,j=1 i,j#k
2 2 2
v R —7r
= Klg+ X2+ K X2
R Ry

) n m+1
- 1
+(RE-71H) D R D §i§j( = ) ,

m=0 itk AikAjk

where

Hence the last expression in (3.7) is non-negative for all vectors & # 0.

In order to prove that it is in fact strictly positive, we assume the opposite.
Since all the terms in the right hand side of (3.7) are non-negative we conclude
that

X=&=0
Hence there is p # k such that §, # 0. On the other hand we see that

) m+1
> rn S ek () - S|

i,jtk Aikdjk ik @

whence our assumption yields

Z =0, m=0,1,2,....

m+1
1#k

The last system of linear equations, together with the characteristic Vandermonde
determinant property and the fact that &, # 0, imply that there are two indices
i # j distinct from k such that

aik = Ajk-

But the latter immediately yields a; = a; and this contradiction proves that (3.6)
is a positive definite matrix.
By (3.5) we have
ij = Qij&ij,
where [|Q;;ll and || ;|| are Hermitian positive definite matrices. Hence the theo-
rem of I. Schur about the Hadamard product yields that (g;;) is positive definite
and the proposition is proved completely. O
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4. FACTORIZATION OF THE DETERMINANT FUNCTION

Now we return to the symmetric collections B = B, (¥) given in (2.1). Then the
corresponding matrix (1.1) takes the form

(4.1) Qij(r) =—n(ffj+l—72),

k=1

where
k i _ k=i — @ik,
Lemma 4.1. Let py, be given by (2.2). Then for alln = 2, py is equal to the
smallest positive zero of the determinant function det |Qj(v)|l. Moreover, py is the

maximal possible in the sense that By (v) is positive if and only if v € (0, pn).

Proof. By Proposition 3.1 B, (¥) is positive for all ¥ > 0 sufhiciently small.
Hence for those values 7 the corresponding matrices |Q;; (%)l have only positive
eigenvalues.

On the other hand, the first principal minor of [|Q;;(¥)|l (i.e., the first diag-
onal element Q1;(7)) changes its sign at 7y = |aix| > 0 forall k = 2, ..., n.
Hence [|Q;;(7)|l cannot be positive definite for all ¥ > 0. The latter implies (by
Sylvester’s criterium and a standard continuity argument) that det[|Q;;(¥)|| has a
zero in the semi-interval (0, ming {7k }].

Denote by « the smallest zero of det||Q;;j(v)[l. By virtue of positivity of
Bn(r) for small v, |Q;;(¥)|l stays positive definite until ¥ reaches . Hence, by
virtue of (2.2) we have py, = «.

In order to prove the last assertion of the lemma, let us assume that [|Q;; () |
is positive definite for some ¥ > py. Then property (ii) in Proposition 3.2 would
yield the positive definiteness of [|Qj(x)|l. But the latter contradicts the defini-
tion of «. |

Now we change the notation by setting
n
Aij(2) = -Qij(N1+2) = [[ (€}, - 2),
k=1

where

(4.2) z=r>-1=-1.

Then the corresponding determinant function takes the form
A(z) :=det[|Ajj(2) 1<, j<n-

Corollary 4.2. p,, = \/1 + Cn, where py, is given by (2.2) and T, is the smallest,
but not equal to =1, zero of A(z).
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We will see below that the above matrix has a rather special form which allows
us to express its discriminant explicitly. First we recall some standard definitions
and facts from linear algebra. A matrix is called circulant if each of its rows is
obtained from the previous row by displacing each element, except the last, one
position to the right, the last element being displaced to the first position:

gr 92 -+ In
gn gl [ gn—l
G=Cgi1,....,gn) = T :
g2 95 - G

or what is the same,

g“ _ {ngrli’ J = i!
Y In+jri-i, J <1

The determinant of a circulant matrix admits the following factorization (see [11,
p- 80]):
n n )
(4.3) detC(g1,...,gn) = [| D @k Vg,
k=1j=1

Hence the characteristic polynomial of G is

n n
det(G = AD = C(g1 = A, g2,--.90) = [ ][ A+ 2 0 iV g)],
k=1 j=1
and the eigenvalues of G are
n .
(4.4) Ak = Z wk(f”gj.
j=1
Lemma 4.3. Let
n
(4.5) Tam(2) := > ™" VA (2),
j=1
where
(46) AJ(Z) :AI,J(Z), J: 1’---’n1
and w = e2™IN Then
n
(4.7) A2) = [] Tum(2).

m=1
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Furthermore, the eigenvalues of the A matrix are exactly the values of the T -polynomials
at point z:
Ak =Tux(z), 1<k=n.

Proof. By using the identity

k _ ni=J _ g k—j-m _ i—k+m _ _k-m
Eitm,jrm = @ w w =&

we gCt
n n
Aivmjim(2) = [ (€ jim —2) = [[ (5" = 2) = Aj(2).
k=1 k=1

This shows that A(z) = ||Aij(2)|l1<i,j<n is a circulant matrix.
Furthermore, we have A(z) = C(A1(2),A>(2),...,An(2)), where A;(z) are
defined by (4.6). Applying (4.3) and (4.4) we obtain for the determinant

Az) =[] D @D A (2).
k=1j=1

and for the eigenvalues of A(z)

n
Ak=> ki VA(2), k=1,...,n,
j=1

which completes the proof. O

Corollary 4.4. The symmetric collection By (v) is positive if and only if all the
numbers Ty m (v>—1) are negative, | <m < n. In particular, P2 — 1 is the smallest,
greater than —1, zero of polynomials Ty (z), 1 <m < n.

Our next step is to express the above T-polynomials in terms of the hypergeo-
metric functions. We recall that the Gauss hypergeometric function is defined by
the series

[ee]

(4.8) F(a,b;c;x) =1+ >
k=1

(@ (b x*
(x kI

where (a)g = 1, and (a)x = ala+ 1) ---(a + k — 1) is the Pochhammer sym-
bol. Note that in the case when a and b are negative integers, the corresponding
hypergeometric function is just a polynomial in x of degree min{—a, —b}.
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Theorem 4.5. Letn = 2. Thenforl <m <n -1
(4.9) Tam(z) =nClH(—z)"™F <—m,m -n;1 —ng —é) ,

where C* denote the binomial coefficients and
(4.10) Tan(z) =n((-2)" - 1).
Proof. We have from (4.6)
n . .
Aj(z) = Ayj(2) = n(wl‘f —wk I — ik 2)
n _ . . .
=(-D"[Jo M + (zw! — w)wk + wI )

k=1

n
_ (_l)nwn(n+1)/2 n(ka + (ij _ (D)(Dk + wj-f-l).
k=1

In order to reorganize the last product we consider an auxiliary quadratic poly-
nomial

(4.11) C+ (zw! —w0)C+ 0wt = (A -0 (uj - 0).

where Aj and p; are the corresponding zeroes. In view of ™" 1/2 = (—1)n-1
we obtain

Aj(2) = = [TQAj = ") (uj — wb).
k=1

Applying .
n(x—wk) =x"-1,

and ATl = DN = 1 we arrive at
(4.12) Aj(z) ==QAF7 =D} -1) = @A} +puj) -2

The latter expression, as a symmetric function of Aj and pj, may be polyno-
mially expressed in the coeflicients of polynomial (4.11). Namely, by the Cardan
identity [8] we have

[n/2] n
z (— l)k Ck 0(1”L—2kBkl
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where @ = x + ¥ and B = x¥, and [p] stands for the integer part of x. Hence,
applying Viete’s formulas
A=A+ =w-zw!, B=Ajuj=w/

we can rewrite (4.12) as follows:

[n/2] n _ _
(4.13)  Aj(2)=-2+ > (- 1)’< i (0 =z )Rtk

k=0

On the other hand, for any m

n—1
(4.14) > w™ =Ny,
j=0

where
1, ifm =0 modn;
5m =

0, otherwise,

is the Kronecker symbol modulo #. Therefore we have from (4.5) and (4.13)

[n/2] an n-1
(4.15)  Tum(2) = 208m + > (D1 N (1 — zT)yn-2k i kem)
’ k
k=0 n- j=0
[n/2] Ck
= 2N, + > (~Dk—kg,
k=0 —k
where
n-1 ) n-1n-2k
Sm,k _ z (1- Zw])n—zk jk+m) _ Z Z ok wj (k+m) ( Z)pwjp
Jj=0 j=0 p=0
n—-2k n-1
- Z Cz,Zk(—Z)p Z o (k+m+p)
p=0 j=0
Applying (4.14) we obtain
n-2k '
(4.16) Smk=n z C£,2k(_2)p5k+m+p =n Z C,anlz% (- Z)nq—m—k’
p=0 qez

where C/ = 0 for j > iand j < 0.
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For g < 0 we have an M=k _ 0. On the other hand, in view of k = 0 and
m = 1 we have for all g > 3

am-m-k=3n-m-k>n-2k,

hence an mk .

Thus the only non-trivial terms in (4.16) may occur for g = 1 and q = 2,
which yields

(4.17) Smi = nC-mk(_zyn-m-k 4 pc2n-m-k(_zy2n-m-k,
The first binomial coefhicient in (4.17) is non-trivial if

n-m-k=0 k<m
<
n-m-k<n-2k k<n-m

which gives
0<k<mAnN:=mn{m,n—-m}.
A similar analysis of the second binomial coefficient in (4.17) shows that it is
non-trivial only if 0 < k < m — n, which is equivalent to

m=n and k=0.

In order to finish the proof we return to (4.15). Assume first that m = n.
Then m A n = 0, that is, Sy is non-zero only for k = 0. Applying the above
argument we obtain

Tan(z) = 2n+nl+ (-2)") =n((-2)" - 1),

which proves (4.10).
Now let m satisfy 1 < m < n — 1. Then the second term in (4.17) vanishes
and the first term is non-trivial only if 0 < k < m A n, which implies

mAan n
(4.18) Tum(2) = Z( D G i Smk
man. o
_ (_s\n-m n— m k —k
=(-2) kZ — Cn kG
=0
After simple reorganizing
n2 Ok 2 (n—k-1)!

P T T Km -k n-m-k)!’
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and using the Pochhammer notation we obtain
n?
n-k

which finally yields, in view of (4.18),

(—m)r(m —n)k

CoaCrie " = (Dm0

mAan
Tpm(2) = Cltn(-z)"™™ >
k=0

=C'n(-z)""™F (—m,m -n;1-—mn; —é)

(—m)r(m —n)i

-k
T R

and the theorem is proved completely. o

We complete this section by identifying the T-polynomials with the classical or-
thogonal polynomials. Recall that the Jacobi polynomials of degree k are defined
for two real parameters « > —1, B > —1 by the following formula

— 1\
419  PMPz) = (22 ) Cvors

2
><F( k,—k —o; -2k — x— B, z—l)
(see [7, p. 212]). Within the above restrictions on « and S, these polynomials
constitute an orthogonal family on (—1,1) with respect to the weight function
w(z) = (1 = 2)%(1 + 2)#, as k runs through Z*. It is well known that the
zeroes of orthogonal polynomials are real, distinct, and lie in the interior of the
orthogonality interval (-1, 1).

Nevertheless, for general & and B the mentioned orthogonality property is no
longer valid, but the corresponding Jacobi polynomials are still applicable and a
part of their properties can be suitably extended to the general case. The corre-
sponding facts needed for the proof of Theorem 2.1 are summarized in the next
section.

Our formula (4.9) gives form <n — 1

2-n-2m
(4.20) Ty (2) = (—1)"—"1%%*““(22 +1).

Returning to the old variable 7 by (4.2), we get the following explicit representa-
tion of the determinant function.

Corollary 4.6. Let ||Qij(v) | be the matrix in (4.1). Then

n-1
det|Qi; (1)l = cul1 — (1 —73)"] 1_[ PRIl 042 ),

m=1

where Cn = (_1)(n—1)(n—2)/2n2n—1/(n -1
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5. THE DISTRIBUTION OF ZEROES

Throughout this section we will suppose that 1 < m < n — 1 if not stated other-
wise. Let us consider the auxiliary polynomials

Vi (©) = - CRUF(-m, 1~ ms 1 = m ).

which are obviously of degree exactly m — 1. Applying the Pfaff transformation
[7, p. 47]

F(a,b;c;x) = (1 —x) %F <a,c - b;c;i)
1-x
we obtain
m
F (—m, m-n; 1-n; —l> = MF (—m, 1-m; 1-n; — L )
z zm 1+z
that in view of (4.9) yields
1
5.1) Tom(2) = (~=1)"Mn2zn2m (1 4 Zymy, (1 . Z) .
Lemma 5.1. Forallm=1,...,n—1
(52) Vn,n—m(C) = (1 - C)"‘ZmVn,m(C),
1
(5.3) Vim-1(x) = L[Vn,m]a

m+1-my(m-1)

where

Lifli=xf"-mn-1f".

Proof. The first formula follows easily from the symmetry of the hyperge-
ometric function with respect to permutation of a and b, and the second Pfaff
transformation [7, p. 47]:

F(a,b;c;x) = (1 —x)"%PF(c—a,c—b;c;x).

In order to prove the recurrence relation, we apply the standard formula

i(xc‘lF(a, b;c;x)) = (c — 1)x°2F(a,b;c — 1;x),
dx

hence

(5.4) T (x "Vpm(x)) = —C"x " 1F(-m,1 - m;-n;x)

=—m-m+ Dx" Wy m(x).
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We rewrite this formula as Vyy+1.m = 0n.m Vin,m, where

n+l
ad i(x*"f).

a”’Wlf:_n—m+1dx

On the other hand, applying formula for the derivative of the hypergeometric
function

iF(a,b;c;x) = %bF(a-Fl, b+1; c+1; x),

dx
we get
1 d
e
Hence,
1 p
(55) Vn,m—l = an—l, m—lvn—l, m—-1 = —man—l, m—l(vn,m)y
which is equivalent to (5.3). The lemma is proved. O

Now we are ready to formulate the main result of this section.

Theorem 5.2. Letn = 4 and
v =[n/2].

Then Vnm (x) has only real zeroes and

() 72 = m < v, then all zeroes of Vinm (X) are distinct and contained in the
interval (1, +0);

(i) ifv+1<m<n-—1, then Vym(x) has exactly n — m — 1 simple zeroes in
the interval (1;+00) and x =1 is a zero of multiplicity 2m — n.

Proof. The proof will be given by induction on the index n. For n = 4 we
have v = 2 and
3-2x

Vio=—"F5— Vizg=(x- 1)%,

which easily yields our claim.

Now suppose that the theorem is valid for some n = N = 4.

First we establish (i) for n = N + 1. By the induction hypotheses, for any
m such that 2 < m < [N/2], the polynomial Vy,» (x) has exactly m — 1 real
distinct zeroes in the interval (1; +0). Denote them in the ascending order &; <
-+ < &1 and note that & > 1.

Consider an auxiliary function

F(x) = Vm(x)x™N.
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Then f(x) has exactly m — 1 distinct finite zeroes, and since deg Vyym = m—1 <
N,

Jim fx) =0

Applying Rolle’s theorem we conclude that the derivative f”(x) has at least m — 1
distinct finite zeroes. On the other hand, by virtue of (5.4),

x—N

-1
moN_1 *)-

VN+1m(x) = TN

Since Vn11,m (x) is a polynomial of degree m — 1, it has exactly m — 1 distinct
zeroes. Denote them by {ni}1<k<m-1. Then

Ei<m<&< - <Nm-2<&m-1<Nm-1 < .
This proves (i) for all m < [N/2], and since [N/2] = [(N + 1) /2] for even N, (i)
is proved for even N.

To complete this inductive step we suppose that N is odd. Then N = 2v + 1,
where [N/2] = v. By induction hypothesis (ii) is valid forn = Nand m = v + 1.
This shows that Vi, +1(x) has one zero x = 1 of multiplicity 2(v +1) - N =1
and additionally it has

N-(+l)-1l=v-1=m-2
real distinct zeroes, all in (1; +00). Hence Vi, +1(x) has m — 1 distinct zeroes.

Arguing as above, we conclude that the polynomial V41,41 has m —1 simple
real zeroes {Ni}1<k<m—_1 such that

l<m<& < <nNm2<&ua2<Nm1<o®
which finishes the proof of (i).
In order to prove (ii) we make use of the symmetry property (5.2). Namely,
let vi = [(N + 1)/2] and take m such that
vi+1l<m<N.
Then we have for the complement index m’ = N + 1 — m:
l<m=N+1-m<N —v.

Since N is integer, we have 2v; = N. Hence

1<m' <vy,
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that is, m’ satisfies the hypotheses of item (i) for n = N + 1. Next, by virtue of
(5.2)

(5.6) Viim(C) = (1 =)™ ™ Vi (©).

By the first part of our proof, we know that Viy41,m’ () has exactly m’ — 1 distinct
zeroes in (1, +00). Hence by virtue of (5.6), VN11,m(C) has the same zeroes and
additionally it has a zero at T = 1, of multiplicity m — m’ = 2m — N — 1. This
proves the inductive step for (ii) and the theorem is proved completely. m

Our next result establishes the collective properties of the zeroes.

Theorem 5.3. Letn = 4 and?2 < m < v = [n/2]. Denote by {E;} and {n;}
the zeroes of Vinm and Vi m—1 respectively. Then

I<&<m<&<--<nNma2<&n.
Proof. Let @ (x) = Viym(x). Then by (5.5)

1
m+1-mim-1)

(5.7) Pm-1(x) = Llpnl],

where L[ f] = xf"" — (n—1)f"'. The second derivative @,,, (x) can be eliminated
by using the basic hypergeometric equation for F(a, b; c; x):

(1-x)xF"+(c—(a+b+1)x)F —abF = 0.
Namely, by virtue of the definition of @y, = Vi we can write

144 1 4
P = 7 [+ 1=2m)x@, + m(m = Dom],

hence applying the definition of L and (5.7), we arrive at

__2n-m) d :
(5.8) Ligml = —= —1— 2 (aX)@p(x) + a@m(x)),
where ( " .
mm — n —
“2mom) 0 A =X TG Ty

Since v = [n/2] and m < v we have

n-1 - n-1 <1
2m-m) ~ 2(n-v) )

Therefore g(x) > 0 for all x > 1.
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Thus, we may rewrite (5.8) as follows

2(n—m) i

oD G dx 4 XPm ),

L [ Pm ] =
so that (5.3) in our new notation becomes

d (6.4
Pm-1=M(x) - E(q (X)Pm(x)),

where 2 \
n-m
MO = = G T —mm - D~ Do)
Now the theorem easily follows from Rolle’s theorem. O

The following property is a corollary of the previous theorem and symmetry rela-
tion (5.2).

Corollary 5.4. Letn = 4. Then the maximal zero among all polynomials Viym
when M runs between 2 and n — 1 coincides with the maximal zero of polynomial
Vi, where v = [n/2].

6. PROOF OF THEOREM 2.1

The trivial cases n = 2 and n = 3 are straightforward in view of (4.7) and (4.9).
Namely, we find p, = v/2 and p3 = 1.

Now let n > 4 and denote the full set of zeroes of family { Ty m (2)}1<m<n by
E. Then Corollary 4.4 reads as

Py = p5—1=min{EN (=1,+0)}.

On the other hand, the first statement of Theorem 2.1 is equivalent to that p;,
is the smallest # —1 zero of the central polynomial Ty -y (z), where v = [n/2].
So, what we have to do is to prove that the number p,, is the smallest + —1 zero of
the central polynomial Ty n—v(z), where v = [n/2].

First we note by using (4.8) that form =1

Tni(z) =n?(-1)" 11 +z)z" 2
Hence 0 € E and it follows that —1 < p;, < 0. Furthermore,
Thn(z) = n((=2)" - 1),

whence Ty (p;,) # 0.
Therefore p;, can be characterized as the smallest greater than —1 zero of
subfamily
{Tum(2) Y 1<men—1,
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or equivalently,
z=(1+p,)"!

is the largest real zero of family {Vym(z)}1<m<n—1. But by Corollary 5.4 we
know that this maximum is attained for m = v, hereby becoming the maximal
zero of Vy,, (2). Moreover, the symmetry relation (5.2) shows that the same holds
also for Vyy -y (2).

Hence by virtue of (5.1) we conclude that

0="Tonnv (,0,/@) = Tn,n—v(p% -1)

which proves the first assertion of Theorem 2.1.
In order to finish the proof we return to the asymptotic behavior (2.3). In
view of (4.20) we see that
20" +1=2p2 -1

is the smallest # —1 real zero of P12V "1 (2). By using the transformation formula

(10, p. 59]
6.1) PR (x) = (kPP (~x),
we obtain for even n = 2p
6.2) Py (2) = (-1)PP, 0 (-2),
and forodd n =2p +1
P, (2) = (-1D)PP, L (-2).
Thus, z = 1 — 2p2 is the largest zero of P,y (z), where v = [1/2], and

0, M is even;

(6.3) O‘:2V—n=«i_1’ N is odd.

Now we can apply a Mehler-Heine type formula [10, Theorem 8.1.2]:

Let &1 > &k > - - - be the zeroes of ’P,:X’ﬁ(x) in (-=1,1) in decreasing
order (&, B real but not necessarily greater than —1). If we write Ex g = cos Ok 4,
0 < Ox,q < T, then for a fixed q,

(64) ]!lm k@k’q = j(x’q,

where ju,q is the qth positive zero of J«(z), and J«(z) is the Bessel function of
order K.
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In our notation g = —1, so we have
2
gn,l =1- 2pn,

where {&y,j} denotes the sequence of zeroes of P,19(2) in the interval (=1,1)
encountered in decreasing order. Then we have from (6.4)

7%i{rolo(v — o)arccos(1 —2p2) = j 11,
which in view of (6.3) is equivalent to

lim npy = j_1,1.

n—oo

On the other hand, the Bessel function J;(x) = —J_1(x), so ji11 = j-1,1, which
yields (2.3) and completes the proof. o

7. TwWO-SIDE ESTIMATES FOR py

Denote by xyx(a, b) the sequence of zeroes, in decreasing order, of the Jacobi
polynomial ’Pﬁ‘b (z). A classical result of A. Markov states that

(7.1) xpila,b) <xpr(e,), VmneN, Vk=1,...,n,

if-1<a<aandb < B <1([10, p. 120], see also [1]).

Note that this result is still true in the limit case: & = —1 and B < 1. Indeed,
for—1<a<B<1,PYF(z)isa polynomial of degree exact n and its coefficients
(in view of (4.19)) are continuous functions of u, v outside the lines

u+v=-n-1,...,-2n.

Therefore for any k, 1 < k < n, functions X,k (4, V) are continuous everywhere
outside these lines. Hence (7.1) extends by continuity for all @ > « = —1 and
b<B<l.

We will also need the extension of the above monotonicity result in the degen-
erate case due to Stieltjes [9] (see also [2] and [3] for further discussions). Namely,
in the wltraspherical case a = b = A — % the positive zeroes

1

1
Xn,k(A) = Xn,k (A - E'A — 5

), k=1,...,v=[n/2]

decrease when A increase.
Now we are ready to formulate the main result of this section.

Theorem 7.1. The sequence py, has the following properties:
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(i) it is decreasing for n = 3;
(ii) for allm = 3 the lower estimate holds

- T
Pn =S 2]
with equality only if n = 3;
(i) foralln > 4
. 31T
Pn < sin

4{(n+1)/21
with equality only if n = 5.

Proof Let us apply the Markov result fora = b = =1 and a = -1, B = 0.
In the first case we obtain the Chebyshev polynomials of the first kind

(2n)!

22np2

fPﬁl/z’*l/z(z) = cosnf, z=cos0,

so the corresponding zeroes are

. <_1_1)_ m(2k - 1)
n,k D) = COS m .

Then it follows from the proof of Theorem 2.1 and formula (6.2) that for
n=2z=1-2p}, isthe largest zero of P, 0(z) which is distinct from 1. Since
z = 1 is a simple zero of P10 (2) (see [10, Section 6.7.2]) we have

(7.2) Xn1(=1,0) =1, xp2(=1,0) = 1 -2p3,,

and by virtue of (7.1)

1 1 31
Xn,2 (_E’_§> = cosﬁ <xpp(-1,0) =1 —Zp%n.

Thus forn = 2

.3
(7.3) Pon < sin %
Letnow A; = 0and A, = —% in the Stieltjes theorem. Then for all n > 4

1 31T
Xno (—5) =1-2p3,_1 > xn2(0) = cos P

that is,

. 3m
Pon—1 < SIN ——.

4n
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Notice also that ps = +/2/2 so that the previous inequality becomes an equality
for n = 3. Combining this with (7.3) we obtain (iii).

By (6.2), z = 1 - Zp%n,l is the largest zero of P, " 1(z) which is distinct
from 1. Hence, by repeating the argument similar to that in the beginning (but
fora = b = —1) we obtain

1-2p3, <1-2p3,.
Hence we have forall n = 2
(7.4) Pan-1> Pon.

We recall the alternation formula [7, p. 210]

1\ k
(7.5) ckp k™ x) = ¢k, (XTl) PR (x).

Then for k = 1, m = —1 this formula and (6.1) yield

_ x—-1 _
Py (x) = (—1>"*lc}1_17 D (x),

- x -1
C,%l?nl‘ I(X) = C;L—l 2

hence

x—1

(7.6) CaPn" ' (X) = (1)1 C = PRl (- x).
On the other hand, by using (6.1) and making the change of variables x — —x

in (7.6), we see that

- 1+x
nPr N x) = (m—-1) > Pl (x).

Hence in our notation we have x,, ,(—1,-1) = —1,and alsofork =1, ..., n—1:
Xnk(=1,-1) = xp_1k(=1,1).
Furthermore, applying (7.1) to Py (x) and P, "0 (x), we obtain
Xnk(=1,0) <xpi(=1,1),
and as a consequence

Xnk(=1,0) <xpi(=1,1) = Xpp1k(=1,-1).
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Substituting k = 2 into the latter inequality we obtain for all n = 2
Xn,k(_l,o) = 1 - 2p%n < x11+1,k(_1’ _1) = 1 - 2p%n+],

or pan > Pan+1. Combining this with (7.4), we conclude that py is a decreasing
sequence for all k > 3. Since py = /2 > 1 = p3, the statement (i) in the theorem
is proved completely.
In order to prove (ii), we apply again (7.5) with k = 1, m = 0, which together
with (6.1) yields
1-x

P (x) = (—U”T?,‘i’ll(—x).

Hence we have for the zeroes: x1(—=1,0) = —1,and alsofork =1, ..., n — 1:
Xnnt1-k(=1,0) = =xn_1k(0, 1).
In particular, by (7.2)
Xn2(=1,0) = 1 =203, = ~Xn-11-1(0, 1).

Then applying (7.1) fora = b = % and & = 0, B = 1 we obtain

11
(77) Xn—],n—l <§; E) < Xn—l,n—l(on 1) = 2p%n - 1
On the other hand,
| .
T}q/_zil/z(z) _ (2”) sinnd Z = cos 0

22n-1pnl2 5in @’

(see, for example, formula (4.1.7) in [10]). Hence xn,lyk(%, %) = cos(mtk/n),
k=1,...,n— 1. Applying these formulas to (7.7) we obtain for all n = 2

s cos ML _ g, T
Pan > COS n =3 o

Letting k = 1, m = —1 in (7.5) and repeating the above argument, we get

2 _
nPNx) = (m+ DX 7 L

?11,"12 (X)i

which implies xp,2(—1,-1) = x,-2,1(1,1). Therefore by the Stielgjes inequality
in the beginning of this section we obtain for all n > 3

'
n-1’°

11
Xno2(=1,-1) = xp-21(1,1) < xXp-2, (E’E) = cos
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that s,

1-2p3, 4 < cos .

Hence we have

Poin-1> sin m_2

Moreover, p3 = 1 and we have the equality sign in the latter inequality for n = 2.
Thus (ii) is proved, and the theorem follows. O

Corollary 7.2. For alln = 2 we have
> sin -
pn > sin .

In particular, for alln = 2 the overlapping coefficient By, satisfies the inequality By >
1.
8. APPENDIX: CASEn =3
Let and define
B(R1,R2, R3) := {B(w,R1), B(w?,Ry), B(w?, R3)}

denote the collection of three circles with arbitrary radii R and centered at the
vertices of the right triangle:

aj=w’, j=1,2,3, w=e"3,
Theorem 8.1. B(R1,R2, R3) is positive if and only if
(8.1) R} + R} + R} < 3.

Proof. Define x; = R? and note that R; are subject to the condition (3.1)
which is equivalent to x; < 3 in the new notation. Let Q := (Qj)1<,j<3 denote
the matrix in (1.1) and by A; its principal minor of order i. Then

A= Qi =x1(3 - x2)(3 — x3)
and the second principal minor
Ay =ql(3-p)x5—x3(18 +q-6p) +93 - p)],

where p = x1 + x3 and g = x1x2. The third minor is found by straightforward
computation as

xilxy gt - A
27(3 —x1 — X2 — X2)

(8.2) =9+ X1X2 + X2X3 + X1X3 — 3(X1 + X2 + X3).



1932 VLADIMIR TKACHEV

Then by Sylvester’s inertia law, B(x1, X2, x3) is positive if and only if Aj > 0
forall j =1, 2, 3.

First we prove that (8.1) is a sufficient condition for positivity. Indeed, by
0 < xj < 3 we have Ay > 0. On the other hand, x; > 0 and applying (8.1) we see

3(3 - (x1+ X2 +X3)) +X1X2 + X2X3 + X1X3 > 0,

which immediately yields Az > 0.
In order to prove that A, > 0 we notice that 0 < p = x; + x2 < 3 and
consider the quadratic polynomial

. Ay 2 18+q—06p

Sf(x3) := 1G-1) = X3 x373_p +9.

We see that Ay and f(x3) have the same sign. On the other hand, the symmetry
point x3 = v of the parabola f(x3) is

_ 18+q—6p:3+4(3—r?)+61
2(3—-p) 2(3-p)

> 3,

hence f(x3) is decreasing in (0, 3). Therefore x3 < 3 — p implies
f(x3)>fB-p)=p?—a=xi{+x1x2+x35>0.

Thus A; > 0 forall j =1, 2, 3 and positivity of B(R1, R2, R3) is proved.

Now we assume that B(Ry, Rz, R3) is positive. As above, it suffices only to
consider the variable x = (x1,x2,x3) ranges in the cube Q: 0 < x;j < 3 for all
i=1,23

Let @ (x1, X2, x3) denote the polynomial in the right hand side of (8.2). Since
@ is a harmonic polynomial we obtain by the strong minimum principle

(8.3) @(x) > I?iQn @, VxeqQ.

In order to estimate the minimum in the right hand side we denote by GY and G?
the edges of Q which correspond to the planes x; = 0 and x; = 3 respectively.
One can readily check that the following symmetry relation holds

(p(3 - X1,3 - X2,3 _xi) = (p(XIIXZ,xﬁ)-

Hence it suffices only to evaluate the minimum on the edges GY. Moreover, by
the usual permutation symmetry, it suffices only to consider one edge G3. Then
we have x € 0Q and x3 = 0, so that

®(x1,x2,0) = (3-x1)(3-x2) =0,
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which implies infzo @ > 0.

Hence by virtue of (8.3) we have @ > 0 in Q. By (8.2) we conclude that
inside the cube Q, the function 3 — x; — x, — X3 is either zero or it has the same
sign as Az. But the latter sign is positive for all values of x corresponding the
positivity condition. Hence positiveness of 3 — x1 — X2 — X3 is proved and the
theorem follows. |
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